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The Einstein equivalence principle in general relativity allows us to interpret accelerating black holes as
a black hole immersed into the gravitational field of a larger companion black hole. Indeed it is
demonstrated that C-metrics can be obtained as a limit of a binary system where one of the black holes
grows indefinitely large, becoming a Rindler horizon. When the bigger black hole, before the limiting
process, is of Schwarzschild type we recover usual accelerating black holes belonging to the Plebanski-
Demianski class, thus type D. Whether the greater black hole carries some extra features, such as electric
charges or rotations, we get generalized accelerating black holes which belong to a more general class, the
type I. In that case the background has a richer structure, reminiscent of the physical features of the inflated
companion, with respect to the standard Rindler spacetime. This insight allow us to build a general
type D metric, describing an accelerating Kerr-NUT black black hole. It has well defined limits to all the
type-D black holes of general relativity, including the elusive (type-D) accelerating Taub-NUT spacetime.
Extension to the presence of the cosmological constant is also provided.

DOI: 10.1103/PhysRevD.109.084038

I. INTRODUCTION

Recently a new class of accelerating black holes has been
discovered in general relativity. These solutions do not
belong to the Plebanski-Demianski family [1], thus are not
of type D in the Petrov classification [2–4]. They are
generalizations of the standard accelerating black holes,
but they are endowed with extra features such as extra
gravitomagnetic mass or a more general electromagnetic
field. These novel features give rise to accelerating Taub-
NUT black holes [2,5] or accelerating Reissner-Nordstrom-
NUT black holes [3,6], which were not known. More-
over the richer mathematical structure encoded in these
type I black holes allows us to remove some of the
unphysical properties of the standard metric, for instance
it is possible to erase the Misner string from the accel-
erating Kerr-Newman-NUT spacetime, without completely
renouncing to the NUT parameter nor introducing dramatic
changes into the physical interpretation as a periodic
time coordinate. Also it is possible to build accelerating
Schwarzschild black holes in an electromagnetic back-
ground. Even though these solutions are built thanks to the
Lie point symmetries of the Ernst equations, they are not
much related with black hole embedded in external back-
reacting Electromagnetic Bonnor-Melvin or rotational uni-
verses such as in the ones discovered in [7,8] or [9,10]
respectively.

In [4] it has been proposed that these exotic charged
accelerating black holes can be interpreted as a limit of a
charged binary system where one of the black holes is
enlarged indefinitely. We would like to consolidate this
intuition and push it also for the standard Einstein theory.
We would like to give a new interpretation to accelerating
black holes, C-metrics and Plebanski-Demianski space-
times, better explaining or motivating their typical features
such as the origin of the acceleration or of their conical
singularity. A new more general interpretation of these
spacetime would open to the possibility of further extend-
ing their properties, hence constructing a more redefined
physical model for accelerating black holes.
This new interpretation takes its first step from the well-

known fact that the near (event) horizon limit of a
Schwarzschild black hole is a Rindler horizon. In other
words zooming close to the even horizon of a standard
black hole, or making it very large, the event horizon
becomes an accelerating horizon. What happens if in this
picture we add a second black hole close by, thus we
consider a binary system? If only one of the two gravita-
tional sources grows bigger, then the model describes a
small black hole in the proximity of a larger one.
In order to answer this question more precisely, as an

introductory exercise, we take the limit where one of the
event horizons of the binary is enlarged indefinitely, so big
that it reaches spatial infinity. The simplest metric which
describes a binary black hole system is given, in vacuum
general relativity, by the Bach-Weyl metric [11]*marco.astorino@gmail.com
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ds2 ¼ −
μ1μ3
μ2μ4

dt̃2 þ 16C̃fμ
3
1μ

5
2μ

3
3μ

5
4ðdρ2 þ dz2Þ

μ12μ14μ23μ34W2
13W

2
24W11W22W33W44

þ ρ2
μ2μ4
μ1μ3

dφ̃2; ð1:1Þ

where the solution is built, in cylindrical Weyl coordinates
(ρ, z) thanks to his basic solitonics “bricks”μiðρ; zÞ defined as

μi ¼ wi − zþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ2 þ ðz − wiÞ2

q
; μij ¼ ðμi − μjÞ2;

Wij ¼ ρ2 þ μiμj: ð1:2Þ

In terms of the rod diagrams, which are an effective
graphic representations of Weyl metrics [12], the Bach-
Weyl solution can be pictured as in Fig. 1(a). It represents
two Schwarzschild black holes, where the two horizons are
located at (ρ ¼ 0; w1 < z < w2) and (ρ ¼ 0; w3 < z < w4).
In the rod picture the event horizons correspond to the two
black segments on the timelike line. Looking at picture we
notice that the rod diagram of the binary system [Fig. 1(a)]
becomes the one of an accelerating black hole [Fig. (1b)]
for w4 → ∞.

Because the correspondence between the rod represen-
tation and Weyl metrics, this observation suggests that also
at the metric level this limit should hold. Pushing w4 to
spatial infinity means, in practice, to enlarge indefinitely
the right black hole event horizon, while keeping the left
black hole and the distance between the two sources finite.
This insight from the rods representation can be proven

analytically. In fact just rescaling the time, the azimuthal
angle and the C̃f such as

t̃ → 2w4t; φ̃ →
φ

2w4

; C̃f → ð2w4Þ3Cf; ð1:3Þ

and then taking the limit for w4 → ∞ we get the standard
C-metric in Weyl coordinates

ds2¼−
μ1μ3
μ2

dt2þ16Cfμ
3
1μ

3
2μ

3
3ðdρ2þdz2Þ

μ12μ23W2
13W11W22

þρ2
μ2
μ1μ3

dφ2:

ð1:4Þ

The accelerating Schwarzschild black hole metric in
spherical-like coordinates (t; r; x ¼ cos θ;φ)

ds2 ¼
ð1 − 2m

r Þðα2r2 − 1Þdt2 þ dr2

ð1−2m
r Þð1−α2r2Þ

þ r2dx2

ð1þ2mαxÞð1−x2Þ þ r2ð1þ 2mαxÞð1 − x2Þdφ2

ð1þ αrxÞ2 ð1:5Þ

can be retrieved thanks the diffeomorphism

ρ →

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr2 − 2mrÞð1 − α2r2Þð1þ 2mαxÞð1 − x2Þ

p
ð1þ αrxÞ2 ;

z →
ðαrþ xÞ½r −mð1 − αrxÞ�

ð1þ αrxÞ2 ;

t →
ffiffiffi
α

p
t; φ →

φffiffiffi
α

p ; ð1:6Þ

and choosing the free parameters in (1.4) as follows

w1¼−m; w2¼m; w3¼
1

2α
; Cf¼

m2

α3
: ð1:7Þ

Therefore we have shown that if we enlarge indefinitely
the event horizon of one of two components of the Bach-
Weyl binary system (specifically the right one, by taking the
limit w4 → 0), while keeping the distance between the two
hole finite, we obtain the accelerating Schwarzschild black
hole, or the basic C-metric. A similar conclusion was
reached in [13]. Basically the event horizon of the blown
black hole becomes a Rindler horizon. Thuswe can interpret
the C-metric as a Schwarzschild black hole near the horizon
of a huge black companion. According to this interpretation,
the reason why the black hole is accelerating is clearer:
because it is immersed into the intense gravitational field
generated by a huge and close black hole. Also this
interpretation physically explains why it is not possible to

(a) (b)

FIG. 1. (a) Rod diagram for a collinear binary black hole system, associated to the Bach-Weyl metric. The w4 → þ∞ limit precisely
gives the rod representation of the uncharged C-metric, or a single accelerating black hole (b) Black segments on the time-like line
represent event horizons while the semi-infinite blue line the Rindler horizon.
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regularize the accelerating black hole on both poles: since
gravity is attractive, two sources alone tend to collapse one
into the other; they can be keep apart only pulling them by
some strings or inserting a strut to prevent their merging.
According to this picture the cosmic string is not the source
of the acceleration, but its tension maintains the small black
hole at finite distance from the horizon of the big black hole.
Note that when the small black hole vanishes, this limit

reduces to the well known fact that the near horizon limit of
a Schwarzschild black hole is the Rindler horizon.
A better graphical representation of the spacetimes

involved in the limiting process can be achieved by drawing
the surfaces of the horizons (before and after the w4 → ∞
limit) embedded into the Euclidean flat space E3, as
explained in [14] and pictured in Figs. 2 and 3.
As can be appreciated also from the graphics both the

binary and the single accelerating spacetime are affected by
conical singularities. A delta-like matter-energy axial dis-
tribution that is needed to maintain an equilibrium configu-
ration between the sources or in the external region avoids
the gravitational collapse. It can be interpreted as a couple of
semi-infinite strings pulling one horizon along the z-axis
toward infinity or alternatively as a finite length strut (of
repulsive matter, which violates all the reasonable energy
conditions) that support and prevent the merging of the two
horizons. A gauge freedom on the parameter Cf can be used
to reabsorb at most one of these excess or deficit angle of the
metric, but generically these possible conicities are three for
the binary system or two for the C-metric. In fact conical
singularities may be encountered on the axis of symmetry, in
the regions between the horizons. Hence, as can be seen in
the pictures, we can have three regions for the double black
hole (i.e. z < w1; w2 < z < w3; z > w4) and two in the case
of the single black hole (z < w1; w2 < z < w3). Since these
singularities are problematic both from a theoretical and

phenomenological point of view, mechanisms for complete
removal of these defects have been studied in the literature,
basically by adding back-reacting gravitational or electro-
magnetic backgrounds. The interaction of a charged black
hole with the external Maxwell field [8], the presence of
external gravitational sources [16], or the gravitational spin-
spin interaction between the angular momentum of a black
hole and the rotating background frame dragging [10] are
known methods to regularize the spacetime and, at the
same time, they provide a plausible physical reason for the
acceleration.
In [15] it has been shown how to add a generic multipolar

expansion to any axisymmetric and stationary spacetime in
general relativity. We can exploit that result to regularize
both the binary system and the accelerating metric and
remove everywhere the conical singularities embedding our
metric into a suitable multipolar background. For sake of
simplicity we can focus just on the first two terms in the
external gravitational multipolar expansion, which are
sufficient to guarantee a nonconical geometry without
constraining the characteristic physical parameters of the
black holes, such as the masses or the distances between the
sources. In practice, as a starting point, instead of the
Bach-Weyl metric (1.1), we consider the binary system at
equilibrium generated in [17]:

ds2 ¼ −
μ1μ3
μ2μ4

e2b1zþ2b2z2−b2ρ2dt̃2

þ 16C̃fμ
3
1μ

5
2μ

3
3μ

5
4k̃ðρ; zÞðdρ2 þ dz2Þ

μ12μ14μ23μ34W2
13W

2
24W11W22W33W44

þ ρ2
μ2μ4
μ1μ3

e−2b1z−2b2z
2þb2ρ2dφ̃2; ð1:8Þ

where

FIG. 2. Embedding in the three dimensional Euclidean flat space of the event horizons of a Bach Weyl metric, which describes a
couple of Schwarzschild black holes. In the pictures configuration the gauge freedom on Cf is fixed to remove the conical singularity
between the black holes, while wi ¼ i. Nevertheless conical singularities, interpreted as semi-infinite strings, are present on the axis of
symmetry, in the external region to balance an equilibrium configuration.
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k̃ðρ; zÞ ≔ e−b
2
1
ρ2−2b1ðzþ2b2zρ2−μ1þμ2−μ3þμ4Þþb2

�
b2
2
ρ4−2z2ð1þ2b2ρ2Þþ4w1μ1−μ21−4w2μ2þμ2

2
þ4w3μ3−μ23−4w4μ4þμ2

4

�
:

It is a generalization of the singular binary (1.1), which is
recovered for b1 ¼ 0 and b2 ¼ 0. The regularity on the axis
of symmetry is enforced, on the two external regions
(z < w1, z > w4) and on the central one (w2 < z < w3),
by fixing the gauge constant Cf and the external field
parameters such that

Cf¼16ðw2−w1Þ2ðw3−w2Þ2ðw4−w1Þ2ðw4−w3Þ2 ð1:9Þ

b1¼−
ðw2

4−w2
3þw2

2−w2
1Þlog

h
ðw4−w1Þðw3−w2Þ
ðw3−w1Þðw4−w2Þ

i
2ðw2−w1Þðw4−w3Þðw4þw3−w2−w1Þ

ð1:10Þ

b2 ¼
ðw4 − w3 þ w2 − w1Þ log

h
ðw4−w1Þðw3−w2Þ
ðw3−w1Þðw4−w2Þ

i
2ðw2 − w1Þðw4 − w3Þðw4 þ w3 − w2 − w1Þ

ð1:11Þ

Following the limiting procedure illustrated above, where
one of the black hole is enlarged infinitely we get an
accelerating black hole but without any conical singularity.

ds2 ¼ −
μ1μ3
μ2

e2b1zþ2b2z2−b2ρ2dt2

þ 16Cfμ
3
1μ

3
2μ

3
3kðρ; zÞðdρ2 þ dz2Þ

μ12μ23W2
13W11W22

þ ρ2μ2
μ1μ3

e−2b1z−2b2z
2þb2ρ2dφ2; ð1:12Þ

FIG. 3. The w4 → ∞ limit brings a binary black hole system (illustrated in Fig. 2) into an accelerating black hole metric (1.4), whose
embedding is pictured here. For larger values of w4 the right element of the binary grows bigger and its event horizon becomes an
accelerating horizon. If the right black hole of the binary carries no charges, then after the limit, themetric turns of special algebraic type, D,
and the accelerating horizon is a usual Rindler one.When the right black hole of the binary carries some charges, the resulting accelerating
metric remains of general type I, as the binary, and the accelerating background is endowed with that charge. The conical singularities on
the symmetry axis eventually can be removed introducing external electromagnetic or gravitational fields, as done in [8] or [15].
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with

kðρ; zÞ ¼ e−b
2
1
ρ2þ2b1ðz−2b2zρ2þμ1−μ2þμ3Þþb2

2
½b2ρ4þz2ð4−8b2ρ2Þþ2ðρ2þ4w1−μ21−4w2μ2þμ2

2
þ4w3μ3−μ23Þ�: ð1:13Þ

The constraints on Cf and b1 that assure the absence of
axial singularities become

Cf¼e4b2ðw1þw2−w3Þw3ðw2−w1Þ2ðw3−w1Þ2
�
w3−w2

w3−w1

� 2w3
w2−w3 ;

ð1:14Þ

b1 ¼ −b2ðw1 þ w2Þ −
log

�w3−w2

w3−w1

�
2ðw2 − w1Þ

: ð1:15Þ

As can be seen from Figs. 4 and 5 of the embedded
horizons into E3, the surfaces for both the binary and the
accelerating single black hole now appear smooth. That is
because the external multipolar expansion sustains the
equilibrium configurations. Note that this external gravi-
tational fields model actual sources at large spatial dis-
tances, such as galaxies [18], therefore the background
metric presents curvature singularity at spatial infinity. This
is in line with the matter interpretation of the external
gravitational field however it would be better associated
with a matter distribution to dress these divergences,
otherwise the model, in particular for the binary system,
is best suited for only a local description of the black hole
couple. The accelerating black hole picture may suffers, to
a lesser extent, from this issue because of the screen

provided by the Rindler horizon, which cover the curvature
singularities at large space-like distances.

II. NUTTY C-METRICS FROM BINARY
BLACK HOLE SYSTEMS

A natural question now arises: if we include in the above
limiting procedure the NUT parameter, would we be able to
obtain an accelerating black hole endowed also with
gravitomagnetic mass? More specifically if we consider
a static binary system with NUT charge and we enlarge one
of the two event horizons, we will obtain a NUTty
C-metric? This question is nontrivial because accelerating
black holes, without angular momentum, has been
unknown for a long time. In fact C-metrics were though
to be incompatible with the NUT parameter because these
kinds of spacetimes do not belong to the Plebanski-
Demianski family, therefore they are outside the D type
of the Petrov classification. However that solution was
found in [5] and recently it has been put in a convenient
parametrization in [2]. Then an efficient way to build a
large family of gravitomagnetic and accelerating spacetime
including the Kerr-Newman family was established in [3],
see also [4] for generalizations. This method relies on the
Lie-point symmetries of the complex Ernst equations

ðRe EÞ∇2E ¼ ∇!E · ∇!E; ð2:1Þ

FIG. 4. Embedding in E3 of the event horizons of the metric (1.8)–(1.11). In the presence of an external gravitational field the binary
black hole can be regularized and freed from conical singularities. In the picture wi ¼ i; Cf ¼ 144; b1 ¼ 5=4 logð4=3Þ;
b2 ¼ − logð4=3Þ=4.
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where the complex gravitational Ernst potential
Eðρ; zÞ ≔ fðρ; zÞ þ ihðρ; zÞ, stems from the metric (2.3)
[19] and1

∇!h ≔ −
f2

ρ
e⃗φ × ∇!ω: ð2:2Þ

Ernst equations, indeed, are equivalent to the vacuum
Einstein equations,Rμν ¼ 0 for axisymmetric and stationary
spacetimes described by the Lewis-Weyl-Papapetrou metric

ds2 ¼ −fðdt − ωdφÞ2 þ f−1
�
e2γðdρ2 þ dz2Þ þ ρ2dφ2

�
:

ð2:3Þ

The vacuum Ernst equations enjoys a SU(1,1) group of
Lie-point symmetries, however the only continuous trans-
formation with a nontrivial action on the metric is the
Ehlers transformation

E → Ē ¼ E

1þ icE
: ð2:4Þ

This one parameter transformation leaves invariant the
Ernst equations (2.1), hence when acting on a massive
solution of the theory it maps electrovacuum solutions in
electrovacuum solution, but changing the physical proper-
ties of the metrics. Specifically it rotates the gravitational
mass into the gravitomagnetic mass, see Section 4.1 of [3]

for details. In practice, depending on the value of the real
rotating parameter c, it can add to a massive solution the
NUT “charge.”
When we apply the Ehlers transformation (2.4) to the

Bach-Weyl solution we obtain2 the Bach-Weyl-NUTmetric
in the form of (2.3) with

fðρ;zÞ¼ μ1μ2μ3μ4
c2μ21μ

2
3þμ2μ4

;

ωðρ;zÞ¼2cðμ1−w1−μ2þw2þμ3−w3−μ4þw4Þþω0;

e2γðr;xÞ ¼ 16C̃fμ
4
1μ

4
2μ

4
3μ

4
4

μ12μ14μ23μ34W2
13W

2
24W11W22W33W44

: ð2:5Þ

This spacetime represents a couple of Taub-NUT black
holes, each with its own independent mass and but with
NUT parameters which are not independent, because they
have a functional dependence on just 3 parameters: c and
the two masses. It easy to check that interpretation for the
metric just by sending the first or the second couple of the
four solitons which constitute the solution to plus or minus
infinity respectively. For instance when w3 and w4 goes to
infinity simultaneously we remain precisely with the Taub-
NUT metric.
On the other hand taking exactly the same limit3 of the

section above for the basic Bach-Weyl solution, where the
right black hole grows indefinitely while keeping the finite
the distance with the left companion, we get

FIG. 5. The limit for w4 → ∞ can be carried on also for the regularized binary metric (1.8)–(1.11), pictured in Fig. 4. The embedding
of the horizons of the resulting metric, described by (1.12)–(1.15), are pictured here, b2 ¼ −1=15.

1The vector differential operators are the usual standard
gradient or Laplacian in flat cylindrical coordinates, while the
vectorial base is (e⃗ρ; e⃗φ; e⃗z), more details can be found in [20].

2For computational details see [20], where an electrically
charged double black hole with gravitomagntetic mass was built.

3Taking care of rescaling also the NUT parameter as c → w4c.
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ds2 ¼ −
4μ1μ2μ3

4μ2 þ c2μ21μ
2
3

½dt − cð2zþ μ1 − μ2 þ μ3 þ w0Þdφ�2 þ
4μ2 þ c2μ21μ

2
3

4μ1μ2μ3

	
16Cfμ

4
1μ

2
2μ

4
3ðdρ2 þ dz2Þ

μ12μ23W11W22W33W2
13

þ ρ2dφ2



: ð2:6Þ

This metric represents an accelerating black hole endowed with gravitomagnetic mass, first found in [5]. By the following
change of coordinates

ρ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½1−α2ðr− r̃þÞ2�ðr− r̃þÞðr− r̃−Þ½1−αðr̃þ− r̃−Þ�ð1−x2Þ

p
½1þαðr− r̃−Þ�2

ð2:7Þ

z ¼ ½xþ αðr − r̃þÞ�fr − r̃− − 1
2
ðr̃þ − r̃−Þ½1 − αxðr − r̃−Þ�g

½1þ αðr − r̃−Þ�2
ð2:8Þ

and choosing the parameters such as

Cf ¼ m2

α3
; w1 ¼ −

1

2
ðr̃þ − r̃−Þ; w2 ¼

1

2
ðr̃þ − r̃−Þ; w3 ¼

1

2α
; ð2:9Þ

where

r̃� ¼ m�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ l2

p
; c ¼

ffiffiffiffiffiffiffiffiffi
−
r̃−
r̃þ

s
ð2:10Þ

we can write the metric above, as in [2], in the following form

ds2 ¼ −fðr; xÞ½dt − ωðr; xÞdφ�2 þ 1

fðr; xÞ
	
e2γðr;xÞ

�
dr2

ΔrðrÞ
þ dx2

ΔxðxÞ
�
þ ρ2ðr; xÞdφ2



; ð2:11Þ

with

fðr; xÞ ¼ −ðr̃þ − r̃−ÞΔrðrÞΩ2ðr; xÞ
r̃−

	
r − r̃þ − ðr−r̃−Þα2ΔrðrÞ

1−α2ðr−r̃−Þ



2

þ ðr − r̃−Þ2r̃þΩ4ðr; xÞ
;

ωðr; xÞ ¼ −
2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
−r̃þr̃−

p f1þ αðr − r̃−Þ½αðr − r̃−Þ − 2xÞ�gΔxðxÞ
ðr̃þ − r̃−Þð1 − x2ÞαΩ2ðr; xÞ þ ω̃0;

γðr; xÞ ¼ 1

2
log

	
ΔrðrÞ
Ω4ðr; xÞ



;

ρðr; xÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ΔrðrÞΔxðxÞ

p
Ω2ðr; xÞ ;

Ωðr; xÞ ¼ 1 − αxðr − r̃−Þ;
ΔrðrÞ ¼ ½ðr − r̃þÞðr − r̃−Þ�½1 − α2ðr − r̃−Þ2�;
ΔxðxÞ ¼ ð1 − x2Þ½1 − αxðr̃þ − r̃−Þ�: ð2:12Þ

It is easy to see that the above solution for zero NUT
parameter: l ¼ 0 (so c ¼ 0; r̃− ¼ 0; r̃þ ¼ 2m), reduces to
the standard C-metric (1.5), while for zero acceleration
parameter, i.e. α ¼ 0, it recovers the Taub-NUT spacetime.

Charged and rotating generalizations have been achieved
in [3], further extensions can be found in [4].
Hence the limit of the double Taub-NUT black hole

(2.5), for one of the event horizon growing indefinitely,
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gives the accelerating type-I Schwarzschild-NUT metric,
or equivalently an accelerating Taub-NUT black hole near
the event horizon of another, but huge, Taub-NUT
companion.

III. GENERALIZED ACCELERATING
BLACK HOLES FROM BINARY SYSTEMS

The most generic double black hole system that can be
written from the inverse scattering technique in general
relativity [21], describes a couple of Kerr-NUT black holes
aligned on the axis of symmetry and at a finite proper
distance. For n even, the general metric that describes n=2
axially aligned, stationary rotating and axisymmetric black
hole can be expressed as

ds2 ¼ gabðρ; zÞdxadxb þ fðρ; zÞðdρ2 þ dz2Þ ð3:1Þ

with a; b; c∈ f0; 1g and k; l∈ f1;…; ng, so xa ¼ ft;φg.
The metric components take the form

gabðρ;zÞ¼
1

ρn

�Yn
k¼1

μk

�	
g̊ab−

Xn
k;l¼1

ðΓ−1ÞklLðkÞ
a LðlÞ

b

μkμl



; ð3:2aÞ

fðρ; zÞ ¼ 16Cff̊0
ρn

2=2

�Yn
k¼1

μk

�
nþ1

	 Yn
k>l¼1

ðμk − μlÞ−2


detΓ;

ð3:2bÞ
where LðkÞ

a ¼ mðkÞ
c ̊gca. The ðρ; zÞ sector of the background

Minkowski metric in cylindrical Weyl coordinates is
described by f̊ ¼ 1, while the ðt;φÞ part is encoded in ̊g
as follows

g̊ab¼
�−1 0

0 ρ2

�
; Γkl¼

mðkÞ
a g̊abm

ðlÞ
b

ρ2þμkμl
; mðkÞ

a ¼
�
CðkÞ
0 ;

CðkÞ
1

μk

�
;

ð3:3Þ
n solitons bring in the metric 2n physical integration
constants

Cð2i−1Þ
1 Cð2iÞ

0 − Cð2i−1Þ
0 Cð2iÞ

1 ¼ σi; Cð2i−1Þ
1 Cð2iÞ

0 þ Cð2i−1Þ
0 Cð2iÞ

1 ¼ −mi; ð3:4aÞ

Cð2i−1Þ
0 Cð2iÞ

0 − Cð2i−1Þ
1 Cð2iÞ

1 ¼ li; Cð2i−1Þ
0 Cð2iÞ

0 þ Cð2i−1Þ
1 Cð2iÞ

1 ¼ ai: ð3:4bÞ
Here mi, ai, li are respectively related to the mass, angular momentum, and the NUT parameters, with i∈ 1; n=2. We have
also defined σ2i ≡m2

i − a2i þ l2
i . The ordered poles wk, with wk < wkþ1, are taken as follows

w1 ¼ z1 − σ1; w2 ¼ z1 þ σ1; …w2i−1 ¼ zi − σi; w2i ¼ zi þ σi; ð3:5Þ

where zi denotes the position of the i-black hole. In this case
because the symmetry along the z-axis, only the distance
between the centers of the sources, jziþ1 − zij is relevant.
When n ¼ 4, four gravitational solitons, defined by

(1.2), are added to the background metric. Since each
couple of mk determine a black hole, the n ¼ 4 solitons
solution describes a binary system on Minkowski.
In that case we remain with a 7-parameter solution: the

distance jz2 − z1j and m1; m2; a1; a2;l1;l2. In the limit
where the two sources are very far these parameters can be
identified exactly as the mass, angular momentum and
NUT charge of each black hole, but if the separation is not
large, the backreaction mixes the physical nature of these
constants.
When a2 ¼ l2 ¼ 0 we have a Kerr-NUTon the side of a

Schwarzschild black hole. Indeed taking the w4 → ∞ limit
the event horizon of the static black hole grows indefinitely
until it become precisely a Rindler horizon. In that case the
resulting metric coincides with the one built with only two
solitons on a Rindler accelerating background, which
describes an accelerating Kerr-NUT. Remarkably these
resulting spacetimes are of type D, therefore they might
be included into the Plebanski-Demianski family of black
holes. The Petrov algebraic type is computed as in [2,4].

Generically, starting from the n-solitonic metric (3.1)
and (3.2), i.e., a series of n black holes, n=2 − 1 collinear
accelerating Kerr-NUT black holes can be similarly built.
On the other hand when a2 ≠ 0 or l2 ≠ 0, the limiting

metric is not of D-type; therefore it describes more general
accelerating black holes of type-I, such as the ones in the
above sections or in [2,3], as subcases.

A. Type D accelerating Kerr-NUT black holes

According to the interpretation of C-metrics as limit of a
binary system constituted by a black hole near the horizon
of a huge one, we have learned that when the big black hole
carries some charges, such as the NUT charge in the
previous section or the electric charge as in [4], the
spacetime is of type I. On the contrary when the big black
hole is just a Schwarzschild black hole we have a type D
solution, as in Sec. I. Here we show that a particular
subclass of the general solution belongs to the Petrov type
D, thus it has an overlap with the vacuum version of the
Plebanski-Demainski family. In particular we are interested
in accelerating, rotating black holes with gravitomagnetic
mass. This special class can be obtained from a general
binary black hole system where the big black hole is not
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endowed with angular momentum nor NUT parameter.
Therefore, in line with the above parametrization (3.4), it
means that a2 ¼ 0 and l2 ¼ 0. Then, after the w4 → ∞
limit, we obtain exactly the two soliton metric on a Rindler
background, which can be defined by

̊gðρ; zÞ ¼
�−μ3 0

0 ρ2=μ3

�
; f̊ðρ; zÞ ¼ μ3

ρ2 þ μ23
: ð3:6Þ

The full metric is given by (3.1) and (3.2) with n ¼ 2 on the
background (3.6). The integrating constants can be chosen
as in (3.4):

Cð2Þ
0 ¼ aþ l

2Cð1Þ
0

; Cð1Þ
1 ¼ −mþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ l2 − a2

p

aþ l
Cð1Þ
0 ;

Cð2Þ
1 ¼ −

mþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ l2 − a2

p

2Cð1Þ
0

;

where Cð1Þ
0 can be fixed to 1 without losing generality. This

is a suitable parametrization for the nonaccelerating case,
where m corresponds precisely to the mass, a with the
angular momentum for unit mass and b with the NUT
parameter. Hence, with these values, the metric has all the
desired limits in the nonaccelerating case (i.e., w3 → ∞),
without angular momentum or NUT. This observation
opens to the possibility of having an accelerating Taub-
NUT black hole of type D. In practice is sufficient to
constraint the angular momentum of the spacetime to be
zero, so that the only remaining rotational parameter is
related to the NUT charge.
However in the presence of acceleration the interpreta-

tion of the parameters may vary. For instance, in order to
avoid Misner strings, the ωðρ; zÞ ≔ −gtφ=gtt function on
the symmetry axis has to be null. It is possible to constraint

one of the parameters CðkÞ
a by requiring that on the two

sectors ð−∞; w1Þ and ðw2; w3Þ the value of ωðρ; zÞ coin-
cides:

Δω ¼ lim
ρ→0

�
−
gtφ
gtt

����
ð−∞;w1�

�
− lim

ρ→0

�
−
gtφ
gtt

����
½w2;w3�

�

¼ ðw2 − w1Þ
	

C1
1C

2
1

ðw3 − w2ÞC2
0 − C2

1

−
C2
0

ðw3 − w1ÞC2
0C

1
1 − ðw3 − w2ÞC2

1



¼ 0; ð3:7Þ

and then fix it to zero by tuning the arbitrariness of an
addictive constant in ωðρ; zÞ, which changes the angular
velocity of the observer at spatial infinity. A better insight
for this spacetime might be achieved in spherical-like
coordinates, see Sec. III B, in particular Eqs. (3.8)
and (3.9).

B. Type D accelerating Taub-NUT

The accelerating Kerr-NUT metric, written in Weyl
coordinates in the section above, take a more intuitive
form in a slightly variation of the prolate spheroidal
coordinates ðr; xÞ, where r can be considered a radial
coordinate and x is related with the polar angle θ through
x ≔ cos θ. The actual coordinate transformation is given by

ρðr; xÞ ≔
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ΔrðrÞΔxðxÞ

p
ð1þ αrxÞ2 ;

zðr; xÞ ≔ ðαrþ xÞ½ðr −mÞð1þ αmxÞ þ αxσ2�
ð1þ αrxÞ2 ;

where

ΔrðrÞ ≔ ð1 − α2r2Þ½ðr −mÞ2 − σ2�;
ΔxðxÞ ≔ ð1 − x2Þ½ð1þ αmxÞ2 − α2x2σ2�:

Choosing

w1 ¼ −σ; w2 ¼ σ; w3 ¼
1 − α2ðm2 − σ2Þ

2α
; Cf ¼ −

½1 − α2ðl2 − a2Þ�2
ð1þ α2a2Þα6 ;

Cð1Þ
0 ¼ 1; Cð2Þ

0 ¼ ðaþ lÞ½ð1þ αmÞ2 − α2σ2�
2½1þ α2ðm2 − σ2Þ� ;

Cð1Þ
1 ¼ m − αm2 þ σ þ ασ2

ðaþ lÞ½1þ αðmþ σÞ� ; Cð2Þ
1 ¼ −

σ

2
þm

�
1

1þ α2ðm2 − σ2Þ −
1

2

�
;

the single type D rotating and accelerating black hole endowed with NUT parameter can finally be written as4

4AMathematica notebook with the solution and its fundamental limiting spacetimes can be found between the arXiv source files, for
the reader convenience.
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ds2 ¼ −fðr; xÞ½dt − ωðr; xÞdφ�2 þ 1

fðr; xÞ
	
e2γðr;xÞ

�
dr2

ΔrðrÞ
þ dx2

ΔxðxÞ
�
þ ρ2ðr; xÞdφ2



; ð3:8Þ

with

f ¼ ð1þ αrxÞ−2f½1þ α2ðl2 − a2Þx2�2Δr − ½aþ 2αlrþ aα2r2�2Δxg
fα2l4x2 þ 2alðαr − xÞð1 − αrxÞ þ ð1þ α2a2Þðr2 þ a2x2Þ þ l2½1þ αxðαxðr2 − 2a2Þ − 4rÞ�g ;

ω ¼ ða − 2lxþ ax2Þ½1þ a2ðl2 − a2Þx2�Δr þ ðr2 þ l2 − a2Þðaþ 2αlrþ α2ar2ÞΔx

½1þ α2ðl2 − a2Þx2�2Δr − ½aþ 2αlrþ aα2r2�2Δx
þ ω0;

γ ¼ 1

2
log

�½1þ α2x2ðl2 − a2Þ�2Δr − ðaþ 2αlrþ aα2r2Þ2Δx

ð1þ α2a2Þð1þ αrxÞ4


: ð3:9Þ

This form of the metric is a significant improvement with
respect the previous known parametrizations derived from
the Plebabski-Demianski metric [22], because it allows to
get clear limits to all the possible physical subcases, notably
including the elusive type D accelerating Taub-NUT
spacetime, which was previously unknown in the literature.
In fact, for vanishing the angular momentum parameter,
i.e., for a ¼ 0, we remain with the C-metric-NUT metric,
described by (3.8) with

f ¼ ð1þ α2l2x2Þ2Δr − 4α2l2r2Δr

ð1þ αrxÞ2fr2 þ l2½1þ αxðαxðl2 þ r2Þ − 4rÞ�g ;

ω ¼ 2l½αrðr2 þ l2ÞΔx − xð1þ A2l2x2ÞΔr�
ð1þ α2l2x2Þ2Δr − 4α2l2r2Δr

þ ω0;

γ ¼ 1

2
log

	ð1þ α2l2x2Þ2Δr − 4α2l2r2Δr

ð1þ αrxÞ4


: ð3:10Þ

This spacetime has not to be confused with the type-I
accelerating Taub-NUT metric of Sec. I. The main differ-
ence, as detailed in the previous section, consists in the fact
that the background of the type-D is exactly the Rindler
spacetime, while the background of the type-I solution
has an extra NUT parameter.5 Clearly the standard C-metric
(1.5) can be obtained from (3.8) and (3.9) when both the
NUT and angular momentum parameters vanish: l → 0
and a → 0. While the Taub-NUT spacetime can be reached
by vanishing the acceleration and the angular momentum,
that is for α ¼ 0 and a ¼ 0.6

On the other hand, from the general solution endowed
also with angular momentum (3.8) and (3.9), we can
recover the accelerating Kerr black hole, as written in
[23], up to an adjustment of the frame of reference
described by a trivial change of (t;φ) coordinates just by
setting l to zero.

All the limits are well defined and, when the various
parameters are switched off, the limiting ordering commute,
they can be derived easily from the general metric (3.8) and
(3.9), vanishing one or more integrating constants. This is a
nontrivial fact since in the accelerating Kerr-NUT metrics
known so far in the literature [22], this was not the case. For
instance turning off the angular momentum for the
Plebanski-Demianski metrics previously known in the
literature, would also turn off the acceleration, but the vice
versa was not true. That was the reason why it was not
possible to obtain the accelerating-Taub-NUT spacetime
from previous accelerating Kerr-NUT solutions.
According to the chosen parametrization it is clear that

the Misner string is due to the presence of the NUT
parameter l. In fact, from Eq. (3.7) the discontinuity of
the ω function on the z-axis is

Δω ¼ −
4l

1þ α2ðl2 − a2Þ ð3:11Þ

cannot be removed when l ≠ 0.

C. Type D accelerating Kerr-NUT and accelerating
Taub-NUT with cosmological constant

The generalization of the accelerating Kerr-NUT space-
time (3.8) and (3.9) to the presence of the cosmological
constant cannot be achieved with the tools provided by
solution generating techniques, because some symmetries
determinant for the integrability of the model are broken
[24]. Nevertheless thanks to an educated ansatz based on
the above solution, the Einstein field equations can be
directly integrated; thus it is possible to extend the type-D
accelerating Taub-NUT and Kerr-NUT spacetime to the
presence of the cosmological constant Λ. Note that this
type-D accelerating Kerr-NUT metric seems not physically
equivalent to the standard Plebanski-Demianski, because
this latter has no limit to the type D accelerating Taub-NUT.
However it is unclear, at the moment, if these two metrics
might be diffeomorphic.

5For more details about the accelerating NUT background
see [3].

6When the acceleration parameter is null we recover the Kerr-
NUT metric of Sec. III A, up to an sign in an integrating constant.
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In practice the presence of the cosmological constant does not affect the metric form (3.8) and (3.9), but only only
modifies the function ΔrðrÞ and ΔxðxÞ as follows

ΔrðrÞ → ΔrðrÞ þ Λ
�
l2κ þ lϵrþ

	
aðαϵþ ξÞ þ α2l4χ − ð1þ a2α2Þðκ − a2ξÞ − l2

�
1

1þ a2α2
þ 2a2α2χ

�

r2

−αlr3
�

4a
3þ 3a2α2

þ ξ

�
−
�
1

3
þ α2l2χ

�
r4


;

ΔxðxÞ → ΔxðxÞ þ Λ
�
l2χ þ lξxþ

�
4al

3þ 3a2α2
þ αlϵ

�
x3 −

�
a2 þ a4α2 − 2a2l2α2 þ l4α2

3þ 3a2α2
þ l2α2κ

�
x4

þ
	
κ þ a2α2κ − α2l4χ þ l2

�
2a2α2χ −

1

1þ a2α2

�
− aðξþ aχ þ αðϵþ a3αχÞÞ



x2


;

where χ, ξ, κ, ϵ are integrating constants that can be
properly set to simplify the metric and to obtain the limit to
spacetimes without acceleration, angular momentum or
without the Misner string. The metric remains of type D
according to the Petrov classification.
We note that for a ¼ 0 we get the (type-D) accelerating

Taub-NUT metric with cosmological constant, a spacetime
previously unknown in the literature.
Unfortunately the interpretation of the accelerating

C-metrics with cosmological constant as a black hole in
the near horizon region of another huge black hole cannot
be addressed with the theoretical tools at our disposal. In
fact, when the cosmological constant is not null, binary
black hole systems, such as the ones used here cannot be
built, because of the lack of Weyl metrics and solution
generating techniques.

IV. SUMMARY, DISCUSSION, AND
CONCLUSIONS

In this article we give a novel interpretation to
C-metrics and the Plebanski-Demianski family. Thanks
to the Einstein equivalence principle, we interpret the
acceleration typical of these accelerating black holes as
caused by the presence of another indefinitely large black
hole located at a finite distance. In this alternative dual
picture the role of external gravitational fields,7 or of the
cosmic string, is to sustain the black hole at constant
distance from the accelerating horizon, instead of provid-
ing acceleration by pulling the black hole (as in the usual
C-metrics interpretation). So we can interpret the physical
system as a black hole near the horizon of another big
black hole, whose event horizon becomes an accelerating
horizon.

In fact, we can prove analytically that accelerating black
holes can be derived as limits of binary systems where
one of the black hole event horizons grows indefinitely.
In particular, accelerating type-D black holes, such as
C-metric and the Plebanski-Demianski, are derived from
a black hole couple where the bigger companion is
Schwarzschild-like, that is it carries no extra charges apart
from mass. Actually to get the uncharged C-metric both
black holes are of Schwarzschild type. When the smaller
black hole carries angular momentum, NUT or other
charges we retrieve more general accelerating black holes
of the Plebanski-Demianski class, but still of type D.
Remarkably all the limits to the subcases of the accelerating
Kerr-NUT metric are clear and well defined, therefore we
are able for the first time to write the metric for the type D
accelerating Taub-NUT spacetime, and also its cosmo-
logical generalization.
On the other hand when the bigger black hole carries

extra properties apart from the mass, these features remain
present in the spacetime also after taking the big horizon
limit. These extra physical attributes cause the spacetime of
being algebraically more general, i.e. of type I. In practice
we are left with some residual frame dragging or electro-
magnetic field related to the rotational parameters or
electromagnetic charges [4] reminiscent of the bigger black
hole before the large event horizon limit.
This interpretation allows us to build, thanks to the

inverse scattering techniques, more accelerating general
black hole configurations starting from a collinear series of
n Kerr-NUT black holes and taking the limit of large event
horizon for one of the two black holes in the external
position. In this way we get a general n − 1 series of
accelerating collinear Kerr-NUT black holes. Similar con-
siderations for the electromagnetic case can be done with
the help of the charged inverse scattering technique [21], to
obtain a general series of collinear, accelerating Kerr-
Newmann black holes.
This picture helps to understand or contextualize some

features of accelerating black holes. For instance this
interpretation clarifies why the black hole is accelerating:

7While in this article we deal only with gravitational fields to
accelerate the back hole, as Ernst have shown in [8], also external
electromagnetic fields can be used for the same purpose, however
the C-metric must contain an electromagnetic monopole charge.
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because the interaction with an adjacent huge black
companion. Moreover we understand why the conical
singularity cannot be removed from accelerating black
holes, unless introducing external fields or matter. That is
because a gravitational binary system cannot stay at
equilibrium, in fact it tends to collapse and it is plagued
by conical singularities too. Also we give an interpretation
to the nature of the accelerating horizon, which now is
considered as the event horizon of an infinitely big black
hole close to the black hole. So basically these generalized

C-metrics can be considered as the near-horizon metric of a
black hole with another small companion nearby.
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Milano, 2022).

[7] F. J. Ernst, Black holes in a magnetic universe, J. Math.
Phys. (N.Y.) 17, 54 (1976).

[8] F. J. Ernst, Removal of the nodal singularity of the C-metric,
J. Math. Phys. (N.Y.) 17, 515 (1976).

[9] M. Astorino, R. Martelli, and A. Viganò, Black holes in a
swirling universe, Phys. Rev. D 106, 064014 (2022).

[10] M. Astorino, Removal of conical singularities from rotating
C-metrics and dual CFT entropy, J. High Energy Phys. 10
(2022) 074.

[11] R. Bach and H. Weyl, Neue lösungen der einsteinschen
gravitationsgleichungen, Math. Z. 13, 134 (1922).

[12] R. Emparan and H. S. Reall, Generalized Weyl solutions,
Phys. Rev. D 65, 084025 (2002).

[13] Y. c. Wang, Vacuum C metric and the metric of two
superposed Schwarzschild black holes, Phys. Rev. D 55,
7977 (1997).

[14] A. Gnecchi, K. Hristov, D. Klemm, C. Toldo, and O.
Vaughan, Rotating black holes in 4d gauged supergravity,
J. High Energy Phys. 01 (2014) 127.

[15] M. Astorino and A. Viganò, Charged and rotating multi-
black holes in an external gravitational field, Eur. Phys. J. C
81, 891 (2021).

[16] F. J. Ernst, Generalized C-metric, J. Math. Phys. (N.Y.) 19,
1986 (1978).

[17] M. Astorino and A. Viganò, Binary black hole system at
equilibrium, Phys. Lett. B 820, 136506 (2021).

[18] G. M. de Castro and P. S. Letelier, Black holes surrounded
by thin rings and the stability of circular orbits, Classical
Quantum Gravity 28, 225020 (2011).

[19] F. J. Ernst, New formulation of the axially symmetric
gravitational field problem. II, Phys. Rev. 168, 1415 (1968).

[20] M. Astorino, Enhanced Ehlers transformation and the
Majumdar-Papapetrou-NUT spacetime, J. High Energy
Phys. 01 (2020) 123.

[21] V. Belinski and E. Verdaguer, Gravitational Solitons
(Cambridge University Press, Cambridge, England, 2001).

[22] J. Podolsky and A. Vratny, New improved form of black
holes of type D, Phys. Rev. D 104, 084078 (2021).

[23] K. Hong and E. Teo, A new form of the rotating C-metric,
Classical Quantum Gravity 22, 109 (2005).

[24] M. Astorino, Charging axisymmetric space-times with
cosmological constant, J. High Energy Phys. 06 (2012) 086.

MARCO ASTORINO PHYS. REV. D 109, 084038 (2024)

084038-12

https://doi.org/10.1016/0003-4916(76)90240-2
https://doi.org/10.1016/0003-4916(76)90240-2
https://doi.org/10.1103/PhysRevD.102.084024
https://doi.org/10.1007/JHEP08(2023)085
https://doi.org/10.1007/JHEP08(2023)085
https://doi.org/10.1103/PhysRevD.108.124025
https://doi.org/10.1103/PhysRevD.74.084031
https://doi.org/10.1063/1.522781
https://doi.org/10.1063/1.522781
https://doi.org/10.1063/1.522935
https://doi.org/10.1103/PhysRevD.106.064014
https://doi.org/10.1007/JHEP10(2022)074
https://doi.org/10.1007/JHEP10(2022)074
https://doi.org/10.1007/BF01485284
https://doi.org/10.1103/PhysRevD.65.084025
https://doi.org/10.1103/PhysRevD.55.7977
https://doi.org/10.1103/PhysRevD.55.7977
https://doi.org/10.1007/JHEP01(2014)127
https://doi.org/10.1140/epjc/s10052-021-09693-6
https://doi.org/10.1140/epjc/s10052-021-09693-6
https://doi.org/10.1063/1.523896
https://doi.org/10.1063/1.523896
https://doi.org/10.1016/j.physletb.2021.136506
https://doi.org/10.1088/0264-9381/28/22/225020
https://doi.org/10.1088/0264-9381/28/22/225020
https://doi.org/10.1103/PhysRev.168.1415
https://doi.org/10.1007/JHEP01(2020)123
https://doi.org/10.1007/JHEP01(2020)123
https://doi.org/10.1103/PhysRevD.104.084078
https://doi.org/10.1088/0264-9381/22/1/007
https://doi.org/10.1007/JHEP06(2012)086

