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Novel topological black holes from thermodynamics and deforming horizons
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Two novel topological black hole exact solutions with unusual shapes of horizons in the simplest
holographic axions model, the four-dimensional Einstein-Maxwell-axions theory, are constructed. We
draw embedding diagrams in various situations to display unusual shapes of novel black holes. To
understand their thermodynamics from the quasilocal aspect, we rederive the unified first law and the
Misner-Sharp mass from the Einstein equation for the spacetime as a warped product /\_/1(2) X M( p-2)- The
Ricci scalar R of the submanifold M( p-2) can be a nonconstant. We further improve the thermodynamics
method based on the unified first law. Such a method simplifies constructing solutions and hints at
generalization to higher dimensions. Moreover, we apply the unified first law to discuss black hole

thermodynamics.
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I. INTRODUCTION

Black hole physics, especially black hole thermodynam-
ics, has brought us deep insights into theoretical physics
[1-9]. The widely studied shape of the black hole has a
spherical topology, supported by the topological theorem
for Einstein gravity [10]. According to the theorem, the
horizon of a four-dimensional asymptotically flat black
hole must be topologically spherical. Nevertheless, many
black objects beyond the spherical horizon in higher-
dimensional supergravity or string theory have been dis-
covered [11-16]. One kind of them is the topological
black hole in asymptotic anti—de Sitter (AdS) space. Its
horizon shape is not a sphere, but rather an Einstein
manifold [17-20]. Widely studied topological black holes
have planar or hyperbolic horizons [21-23]. The hyperbolic
black hole can be viewed as a gravitational description of
S-brane in string theory [24-26]. As for planar black holes,
early relevant works should be dated back to Refs. [27,28].
They are widely applied in the context of AdS/CFT
duality [29,30]. A planar nonextreme black hole in the
AdS background corresponds to a specific boundary phase
in finite temperature. Specifically, the so-called holo-
graphic axion model introduces various axions to achieve
momentum relaxation, thus implying the finite dc conduc-
tivity on the boundary [31-39]. In such a model, the planar
axionic black hole contains an axionic charge appearing in
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the first law of black hole thermodynamics [31,40]. The
first law satisfies the Gibbs-Duhem relationship, hence it
has Euler homogeneity.

The Gibbs-Duhem relationship satisfying the Euler
homogeneity leads to some insights into the thermody-
namics of topological black holes. Tian et al. first suggested
to introduce the topological charge for a nonplanar
Reissner-Nordstrom (RN) AdS black hole [41], which is
discussed in detail in Ref. [42]. This topological charge has
a similar scaling behavior to the axionic charge such that it
preserves the Euler homogeneity. In recent years, Gao and
co-workers have emphasized the importance of Euler
homogeneity for understanding the black hole thermody-
namics in a unified way with the usual thermodynamics
[43-48]. They proposed the restricted phase space formal-
ism and suggested introducing a “center charge” to the first
law of black hole thermodynamics. Such a new thermo-
dynamics quantity indicates degrees of freedom in some
sense. It is similar to the color charge introduced by Visser
in the context of extended phase space formalism [49].
These three distinct approaches, topological charge, color
charge, and center charge, attach the same issue about
adding new quantities to the first law of thermodynamics
for topological black holes.

On the other hand, Einstein’s gravity has a quasilocal
mass called Misner-Sharp (MS) mass [50,51] for spheri-
cally symmetric spacetime due to the Kodama vector [52].
It reduces to the Arnowitt-Deser-Misner (ADM) mass
when going to the spacelike infinity and the Bondi mass
when going to the null infinity in the asymptotically flat
background. Because of the quasilocal nature, the MS
mass is widely applied in the context of primordial black
hole formation [53-58], detailed study for Hawking
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evaporation [59-63], and P-V transition in cosmological
background [64,65]. Moreover, the MS mass is significant
for formulating the unified first law that unified the black
hole thermodynamics and relativistic hydrodynamics [66].
References [67,68] further generalized the unified first law
to discuss the thermodynamics of the apparent horizon
(Hubble horizon) in an expanding universe and not limited
to Einstein’s gravity. These works also inspire a novel
approach to generate spherical black hole solutions of
general relativity from thermodynamics [69], later devel-
oped in Refs. [70-74], including planar and hyperbolic
cases in or not in the context of modified gravity.

This article explores the possibility of replacing the
spherical part with an unusual shape, not limited to max-
imally symmetric space or Einstein manifold. Suppose the
part replacing the sphere is an independent manifold with
metric §;;(x), where x denotes the point in the independent
manifold, and i, j, k are the corresponding indexes. If the
manifold is maximally symmetric, the Riemann tensor from

gij(x) is

Iéijkl = k(9idji = 9udjx)- (L.1)
where k = 1 is for sphere, k = 0 is for plane, and k = —1 is

for hyperbolic surface. Furthermore, an Finstein manifold
satisfies a weaker condition

Rij(x) = 2g;;(x), (1.2)
where 1 is a constant [18]. Hence, the Ricci scalar R is also a
constant. Although cases about nonconstant curvature are
discussed in the context of modified gravity [75-78], it is
long believed that general relativity demands an Einstein
manifold. We will show that the simplest holographic axion
model contains black hole solutions with unusual shapes of
horizons. The spacetime is still a warped product, but the
transverse space is not an Einstein manifold and its R can
depend on direction x.

In addition, we will generalize the unified first law
to these nonconstant R cases. This implies an efficient
method for constructing exact solutions inspired by
Refs. [69,71-73,79,80]. We call it the thermodynamics
method and use it to justify the Ansdtze for obtaining novel
solutions. The method simply induces the constraint
equation for g;;(x). Moreover, the unified first law provides
a quasilocal viewpoint to understand the first law of black
hole thermodynamics even without precise definitions of
global parameters. It is beneficial to deal with those black
hole solutions.

The article is organized as follows. In Sec. I, we will
introduce the action of the simplest holographic axion
model in D =4 and give two novel charged topological
black hole solutions. The crucial feature is that the intrinsic
metric of the transverse space can have a nonconstant Ricci
scalar, different from topological RN black holes without

axion or planar axionic black holes. We will draw embed-
ding diagrams to visualize the shapes of horizons for
various situations. In Sec. III, we will rederive the unified
first law of general relativity from the Einstein equation and
give an improved thermodynamics method proposed in
Ref. [69] originally. Such a method simplifies solving the
Einstein equation and hence hints at generalizing the novel
solutions. We will also apply the quasilocal viewpoint
offered by the unified first law to discuss the first law of
thermodynamics for these deformed topological black
holes. Section IV will give a conclusive summary.

II. ACTION AND SOLUTIONS

We consider the following action:

S = /d4x\/—_g<16;GN (R—2A)

—LF’“’F —lg’”’a wloy! (2.1)
167z g TR VR '
where F,, = 9,A, — 0,A, is the strength of the U(1) gauge
field A, and w! with I = 1, 2 are two massless scalars. The
equations of motion are

1

R, - ERQW +Agu, = 8ﬂGN(T(em)/w + T<W)ﬂl/)’ (22)
VYV Frv — 1 i( /= FMV)—() (23)

K N \/—g oxt g - .

1 0 oy’
nV /=g o <Ng 0x”> 24
where
Tlem) 1 F F @ lF FoP 2.5
w = g \ Tl T Bt G ) (2.5)
1

T(W>ﬂu =0y — Egﬂygi"awllagyll. (2.6)

Equation (2.2) is the Einstein equation with the energy-
momentum tensor (2.5) (for electromagnetic field) and
(2.6) (for axions). Equation (2.3) is the Maxwell equation
and Eq. (2.4) is the free Klein-Gordon (KG) equations for
axions. This theory is the same as the four-dimensional case
of the holographic model proposed by Ref. [31], which
aims to achieve momentum relaxation. Their model con-
sidered (d + 1)-dimensional spacetime and introduced
d — 1 massless scalars. The action thus has global shift
symmetries, i.e., invariant under transformation

! =yl + . (2.7)
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Hence, scalars y' are usually viewed as axions. Later
extended studies are called holographic axion models,
which introduce axions to deduce the momentum relaxa-
tion, then obtain a finite dc conductivity for the strong
coupling theory living on the boundary of AdS spacetime
(Ref. [31]). Distinguished with the interest of beyond the
standard model, holographic axion models usually do not
introduce the coupling of axions y’ and topological term
F A F. Relevant investigations are well summarized
in Ref. [38].

A. Solution I

The next task is to solve those equations of motion. We
take the Ansatz as

dr? dp? )
ds?> = — d2 72 2do? ,
gt s (gt
Adxt==¢(r)dt, y'(p)=ap(p), v’ (p)=ap. (2.8)

The Ansatz for w?(¢) solves Eq. (2.4) in which I = 2,
while Eq. (2.2) gives

k—f—rﬂ—A 2 GN<d¢)
dr

dr
1 de  4nGya? dp
= - 1 1 - - ’
w2 ( o=k’ e)<dp
(2.9)
ldzf ldf A
= - A= — 2.10
2 dr? a2t rdr + G dr) "’ (2.10)
dp\?
21 —kp*—e)|—) —1=0. 2.11
P == (40) 2.1)
The last equation leads to
d 1
P _ (2.12)

dp p l—kpz—e'

Then it solved Eq. (2.4) in which I = 1. This is because the
Ansatz w'(p) = ap(p) implies

d dp 1 de\ dp
— 1—kp?>—e)— | +=p| 2kp+—|=—=0. (2.13
dp(ﬂ( p e)dp)+2p< p+dp>dp (2.13)
Furthermore, Eq. (2.3) leads to
d2¢ 2d¢
2.14
rdr =0, ( )

such that it determines the electric potential as

4zQ
Qr’

b= (2.15)

up to some freedom for gauge fixing. We have used Q to
donate the size of the unit surface S in the transverse space
in which we are interested. It is an area integral

(2.16)

p
= | ———dpdyp.
/S V1—kp*—e

The U(1) charge inside the region surrounded by such a
surface is

/ /( ) l—ip —edpd(p'

Moreover, the solution (2.15) also implies that the deriva-
tive of Eq. (2.9) with respect to r gives Eq. (2.10). Noting
that the left-hand side (lhs) of Eq. (2.9) only relates to r,
while the right-hand side (rhs) of Eq. (2.9) only depends
on p, Eq. (2.9) should be equal to a constant #. Namely,

(2.17)

df 47\ 2 Gy Q?
n="k-— f—rd——Arz— (5) ot (2.18)
1 de 8aGya?
n=—-——— , 2.19
2,0d,0 ,02 ( )

in which the solution (2.12) is substituted. One can introduce
¢ = k —ntosolve Eq. (2.18). As for Eq. (2.19), this equation
is solved by

e(p) = —np* + 16aGya*log(fp).  (2.20)

Thus, 7 contributes a —p? term to e(p). It hence shifts the

—kp? as —cp? in p(p) and the metric. In summary, the full
solution is given by

ds? — — <c 3 8aGyM n <47;>2 GNQZ ~ Ar2> o

Qr Q r 3
SﬂGNM Vi 4 2GNQ2 Ar2 -1

— - — ) dr?

+ (C o T (Q) 2 3) Y

dp?
2 2de? ).
o <1 ~op? —16xGyelog(pp) T >
4zQ

Aydxt = —p(r)dt = ———dt,

Qr

= a//’ dp
p\/1—=cp* = 162Gya*log(fp)
W’ = ap. (2.21)
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1. Compare with topological RN-(A)dS black holes

The solution (2.21) reduces to three kinds of topological
RN black holes up to some scaling of p by setting &« =0
and identifying ¢ with ¢ + 2z. This is because ¢ = k in
these cases. Then positive ¢ corresponds the zero genus
(g=0); c =0 is for g = 1; the negative c¢ is for higher
genus g > 1, see Refs. [12,81]. Meanwhile, such a period
condition for ¢ forces the field space to have a cylinder
topology though the field space metric §;; is flat. If a # 0,
the transverse space is still different from those previously
studied topological black holes even when r tends to
infinity. In the case of A =0 and positive ¢, the metric
in (2.21) is certainly not an asymptotically flat spacetime.
Such a property is similar to the global monopole space-
time, which is not asymptotically flat, since it has a deficit
angle at 7 infinity. Even when A # 0, it seems inappropriate
to treat the metric as an asymptotical (A)dS geometry due
to the deformed shapes of the transverse space.

On the other hand, the #-r part of the metric in Eq. (2.21)
is similar to the #-r metric for topological RN solutions even
though a # 0. Hence, the parameter space for the metric
should include the naked singularity and the extreme black
hole. We do not discuss these cases in the following, but
instead, we are interested in nonextreme black holes. For
situations of A < 0, we will work in the parameter regions
of the equation f(r) = 0 containing two different positive
roots. The larger one indicates the black hole horizon
location, while the smaller one corresponds to the inner
Cauchy horizon. As for A > 0, the equation f(r) = 0 may
have three positive roots. The largest one should be the
cosmic horizon rather than the black hole horizon.

We plot typical cases for nonextreme black holes in
Figs. 1-3. For simplicity, we set

S0 _
g — c=1
=15
1k ]
0 o5 0 15 20
rirg
FIG. 1. Wesetr, =8zGyM/Qand Gy(472Q/Q)* = 0.0977 to

plot f(r) = c— (82GyM/Q)/r + Gy (47Q/Q)%/r*. The blue
curve represents f(r) when ¢ =1. It has roots r=009r,
indicating the black hole horizon location, and r = O.Irg corre-
sponding to the inner Cauchy horizon; whereas the yellow curve
is for the ¢ = 1.5 case, which has roots r = 0.5594r, (black hole

horizon) and r = 0.1073r, (inner horizon).

S
o

1 — c=1

— c=15

0 1 2 3 4

rirg
FIG.2. Weset Gy(47Q/Q)? = 0.09r% and A = 0.09r, to plot

f(r)=c—(82GyM/Q)/r+ Gy (410Q/Q)*/r> = Ar?/3 in which
ry = 8zGyM /Q is the unit of r. The blue curve is for the ¢ = 1
case. The largest root of f(r) =0 is r=2.660r, which
represents the cosmic horizon, whereas other two roots are r =
1.000r, (black hole horizon) and r = 0.1000r, (inner horizon).
As for the yellow curve, the case of ¢ = 1.5, roots are r =
3.707r, (cosmic horizon), r = 0.5733r, (black hole horizon), and
r = 0.1072r, (inner horizon).

ry = 8aGyM/<Q, (2.22)

as the unit for the r coordinate, and choose the value of Q
by requiring
Gy(4nQ/Q)?* = 0.09r§. (2.23)

The value of A is taken as 0 in Fig. 1, 0.091”;2 in Fig. 2, and
—O.O9r‘,;2 in Fig. 3. It is worth noting that the black hole

N — c=-1
\_2_‘ 1] = c=0
— c=1
3L
o 1 2 T3 4

rirg

FIG. 3. We set Gy(47Q/Q)% = 0.09r§ and A = —0.09r£72 to
plot f(r) = ¢ — (8aGyM/Q)/r + Gy (472Q/Q)?*/r* — Ar?/3 in
which r, = 87GyM/Q. The blue curve is for ¢ = —1. Roots
of f(r)=0 are r=3.743r, (black hole horizon) and r =
0.08310r, (inner horizon). The yellow curve is for ¢ = 0 with
roots r = 2.201r, (black hole horizon) and r = 0.09001r, (inner
horizon). The green curve is for ¢ = 1 with roots ry; = 0.8395r,
(black hole horizon) and r = 0.10007, (inner horizon).
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horizon r = ry should satisfy f(ry) = 0 and f'(ry) > 0.
While other roots r¢ of f(r) =0 with negative f'(r¢)
should be an inner Cauchy horizon or a cosmic horizon.
When A > 0 and ¢ < 0, only the horizon with negative f’
exists. Nevertheless, cases of A <0 and ¢ <0 always
include a black hole horizon (see Fig. 3).

2. Shapes of horizons

Then we will study the geometry of the transverse space,
which is labeled as /\>l2. Its independent line element
d§* = §;;dx'dx’ seems described by three parameters ¢, a,
and g, but one of them can be set to 1 via a suitable
rescaling. We choose

t

bp F=r/p.

= pu,
¢ =c/p, M=M/p, 9,

0=0/f (224)

then obtain the line element for the whole spacetime,

PR <5 _8aGyM N (4_,,) 2Gy0* A_,,z) .

QF Q 2 3
. 8aGyM  [4n\2Gy0* AP\
- - R N
+(C QF +(Q) 2 3 "

+7 a7
1-c

p2dg? ). 2.25
7~ 16nGya’log(p) " (”> (223)

Particularly, when we omit the tilde sign, we have the line
element of M,,

dp?

ds? = 5 5
1 —cp”—162Gya”logp

+p2dg?. (2.26)

Therefore, the Ricci scalar of Mz is

167G ya?

R(p) = 2¢ + R (2.27)

which depends on the value of p rather than a constant. The

intrinsic geometry of M, is controlled by two parameters ¢
and a; a contributes the p dependence and probably leads to
a singularity p = 0. It would be interesting to study the
consequence of the existence of a singular direction for
quantum gravity, though the entropy of the horizon with
arbitrary shape is studied in a quantum gravity context [82].

On the other hand, g,, should be positive to ensure the
correct signature of the metric, such that

1 — 162Gya’logp

2

c <

(2.28)

The rhs of the above inequality as a function of p takes the
minimum

Corit = —87Gya? exp <—1 - ), (2.29)

SHGNGZ

at the location

1 1
o= -4 —. 2.30
P — X (2 ; WGWZ) (2.30)

Thus, any smaller ¢ never intersects with the function
(1 — 162Gya*logp)/p*. We take 162Gya®> = 10 to plot
this function in Fig. 4. It shows that a positive ¢ intersects
with the function (blue) only once, while a negative ¢, but
larger than —1.506, intersects twice. For instance, the case
of ¢ = —1 (yellow) has two branches satisfying the inequal-
ity (2.28). One is 0 < p < 1.313, called the small branch,
while another is the large branch p > 3.314. It is worth
noting that p = 1.313 and p = 3.314 indicate somewhere
the g,, blows up. Generally, the roots of

1
— =1-cp?—16aGya*logp =0

A

(2.31)
Ypp

serve as coordinate singularities that can be removed by
choosing a new coordinate,

lz/mdp.

The line element under the new coordinates {/, ¢} is

(2.32)

ds? = dI*> + p*(1)dg?. (2.33)
— (1-167Gya’log(p))/ p* ~—— c=-1
150 : :
10} ]
o_5§— ‘
o,oé ‘
-05F

FIG. 4. The blue curve describes the function (1 -
167G ya® logp)/p> when 162Gya’® is taken as 10. It has a
minimum value —1.506 at p = 1.822. The yellow line ¢ = —1
intersects the function at p = 1.313 and p = 3.314. Hence, we
obtain a small branch 0 < p < 1.313 and a large branch p > 3.314
to ensure ¢ < (1-167Gya*logp)/p*, namely, a positive g,,.
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Thus, roots of 1/g,, are somewhere satisfied dp/dl = 0,
indicating the minimum or maximum of p. The integral
(2.32) will introduce an integral constant. We determine
such a constant by requiring / = 0 when p becomes the
minimum or maximum.

Then we will draw embedded diagrams for several
situations to visualize the M, geometry. First, we rewrite
the line element (2.26) as

I cp? + 162Gya*logp

— d 2 d 2 Zd 2’
1= cp? —l6nGyallogp™ TP Trae

(2.34)

which hints at how to embed /\A/lz into a three-dimensional
flat space. If

cp? + 162Gya* logp

G,, — 1 = 2.35
e 1 — cp? — 162Gya*logp (235)

is positive, defining
g = / \/ g/}/) - ]dp (236)

embeds the g,, —1>0 part of M, into a Euclidean
space. Whereas g,, — 1 <0 should be embedded into a
Minkowski space via

ZM:/\/I—ﬁppdp.

Therefore, it would be beneficial to discuss the sign of
Jpp — 1 before drawing the embedding diagram.

Let us refer back to the case of ¢= -1 and
162Gya®> = 10. We plot the corresponding Jpp—1 in
Fig. 5. The function g,, — 1 also blows up at p = 1.313
and p = 3.314, which indicates the range of p for the small
branch and the large branch. g,, — 1 is negative in 0 <
p < 1.138 and positive in 1.138 < p < 1.313 for the small
branch; whereas for the large branch, g,, — 1 changes its
sign at p = 3.566 from positive to negative.

For the small branch, the 0 < p < 1.313 region should
be embedded into an Euclidean space due to its positive
Jpp — 1. Such a shape is described by the left figure of

Fig. 6. While the 1.138 <p < 1.313 region of M,
corresponds to the middle figure of Fig. 6. The right figure
of Fig. 6 shows how to join these two parts together.
Remembering the issue of coordinate singularity
1/§,, = 0, we transform the coordinate p to /. The relation
between p and [ is described by the left plot in Fig. 7, in
which we have set [ = 0 at the maximum p = 1.313. The
yellow curve describes another copy of the blue curve.
Hence, they represent the full region for the function p(I).
The right figure of Fig. 7 is the embedding diagram for the

(2.37)

whole M,. There are two sharp peaks corresponding to

-
o
]
I

P

FIG. 5. Plotforg,, — I inthe case of c = —1 of 162G ya® = 10:
9, — 1 changes its sign at p = 1.138 and p = 3.566. It also blows
upatp = 1.313and p = 3.314. Hence, the positive g,, — 1 regions
are 1.138 < p < 1.313 and 3.314 < p < 3.566; hence they can be
embedded into a three-dimensional flat Euclidean space. The
regions 0 < p < 1.313 and p > 3.566 can be embedded into a
Minkowski space due to their negative g,, — 1.

oW

FIG. 6. The small branch for the case of ¢= -1 of
162Gya® = 10: The left figure corresponds to the 0 < p <
1.313 region which is embedded into a Minkowski space; the
middle one is for 1.138 < p < 1.313 embedded in an Euclidean
space; the right figure shows two regions joined together.

Up)
o

-05

FIG. 7. The small branch for the case of ¢=-1 of
167Gya® = 10: The left figure shows the function I(p) in which
the yellow curve is for another copy. We set [ = 0 at p = 1.313,
ie., the maximum of p. The right figure is the complete
embedded diagram.

p = 0. They are intrinsic singularities because the inde-
pendent Ricci scalar is divergent when p tends to O.

The large branch is not singular since it starts from the
minimum p = 3.314 and then excludes the singularity
p = 0. The intrinsic Ricci scalar (2.27) thus has an upper
bound. Similarly, the positive g,, — 1 region 3.314 < p <
3.566 indicates that it can be embedded into a flat
Euclidean space, as shown in the left figure of Fig. 8,
whereas the middle one corresponds to the region p >
3.566 embedded into a Minkowski space. The right figure

084032-6
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FIG. 8. The large branch for the case of ¢= -1 of
162Gya* = 10: The left figure corresponds to the 3.314 < p <
3.566 region which is embedded into an Euclidean space; the
middle one is for the p > 3.566 region embedded in a Minkowski
space; the right figure shows two regions joined together.

of Fig. 8 shows the joined figure. Finally, we plot Fig. 9 to
complete the embedding. The left figure shows the function
I(p) containing another copy (yellow) in which we have set
[ = 0 at the minimum p = 3.314. The right figure shows
the entire embedding diagram. There are other interesting
cases when keeping 167Gya® = 10. If ¢ is smaller than
the minimum value —1.5059, p runs from O to infinity
without any point making g, blow up. We take ¢ = —1.6 to
plot g,, — 1 and draw the embedding diagram in Fig. 10.
Depending on the sign of g,, — 1, the lower four figures
from left to right correspond to (1) the 0 < p < 1.323

I(p)

FIG. 9. The large branch for the case of ¢= -1 of
162G ya® = 10: The left figure shows the function /(p) in which
the yellow curve is for another copy. We set [ = 0 at p = 3.566,
i.e., the minimum of p. The right figure is the complete embedded
diagram.

N

FIG. 10. The case of ¢ = —1.6 and 167G ya®> = 10: The upper
plot shows that g,, — 1 is positive in 1.323 < p < 2.253, but
negative in 0 < p < 1.323 and p > 2.253. The lower figures from
left to right are (1) the 0 < p < 1.323 region embedded into a
Minkowski space; (2) the 1.323 < p < 2.253 region embedded
into an Euclidean space; (3) the p > 2.253 region embedded
into a Minkowski space again; and (4) the whole p > 0 region,
respectively.

region embedded into a Minkowski space, (2) the 1.323 <
p <2253 region embedded into an Euclidean space,
(3) the p > 2.253 region embedded into a Minkowski
space again, and (4) the whole p > 0 region, respectively.
Furthermore, a more negative ¢ may imply that no region
can be embedded into an Euclidean flat space. For instance,
the left plot of Fig. 11 shows the case of ¢ = —2, which
satisfies 0 < g,, < 1 in the whole region of p > 0. Hence,

M, in this case should be entirely embedded into a
Minkowski space, as shown in the right figure of Fig. 11.
If we still use 162G ya® = 10, a non-negative ¢ does not
produce a new embedding diagram, but is still similar to the
small branch for ¢ = —1. They will have a very small
maximum p. Instead, we take ¢ = 1 and 162Gya® = 0.1 to
show a case with positive c¢. The equation
1—p>=0.1logp =0 (2.38)

has a root p = 1, so the range of p is 0 < p < 1. The upper
plot in Fig. 12 shows that g,, — 1 has a root p = 0.3320.
Then the lower figures show several parts of the embedded
diagram. The left plot describes the 0 < p < 0.3320 region
embedded in Euclidean space, the middle one describes the
0.3320 < p < 1 region embedded in a Minkowski space,
and the right one shows the joined embedding diagram. The
left plot in Fig. 13 shows the numerical results of I(p) in
which [/ =0 at the maximum p = 1. The yellow curve
shows another copy. Then we obtain the whole embedding

FIG. 11. The case of ¢ = =2 and 162G ya* = 10: The left plot
shows g,, — 1 < 0. Hence, the whole Mz should be embedded
into a Minkowski space, with the shape as the right figure shows.

By //

-1.0
00 01

02 03 04 05 06 07
P

FIG. 12. Thecase of ¢ = 1 and 167G ya® = 0.1: The upper plot
shows g,, —1 with a root p = 0.3320. The lower figures are
embedded diagrams: the left figure is for 0.3320<p <1
(Euclidean); the middle figure is for 0 < p <0.3320 (Minkowski);
the right one is the joined figure.
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0]

FIG. 13. The case of ¢ = 1 and 167G ya® = 0.1: The left figure
shows the function /(p). We set / = O atp = 1, i.e., the maximum
of p. The right figure is the complete embedded diagram.

diagram, the right figure in Fig. 13, which serves as a
deformed sphere.

B. Solution II

There is an alternative Ansatz without posing period
conditions in the field space. It is

d_r2+ r2e*P) (dp? + p*de?)
f(r) ’
2

A dxt =—¢(r)dt, w'=apcosp, y*>=apsing,

ds*=—f(r)d* +
(2.39)
in which the configuration of y/ has already solved two KG

equations. The Maxwell equations still give Eq. (2.14),
while the Einstein equation reduces to

dr
et (dA d*A
= (Z (1 2 47 2.4
2p <dp+p< orGe +d,02>>’ (240)
\&2f 1df A\ ?
——t+—-——+ A= — . 2.41
2dr2+rdr+ GN(dr ( )

Thus, the same f(r) and ¢(r) with Eq. (2.21) solve
Egs. (2.14) and (2.41), and imply the lhs of Eq. (2.40)
becomes a constant —c. Hence, the ths of Eq. (2.40) leads to

da d’2
2 +p <1671G,\,052 + d_p2> = 2cpe*, (2.42)

which is a nonlinear differential equation for A(p) if ¢ # 0.
It is hard to find an exact general solution. However, in the
case of ¢ =0, Eq. (2.42) reduces to a linear equation that
can be exactly solved. The solution is

Ap) = —4nGya*p* + nlog(fp). (2.43)

Therefore, the full solution for ¢ = 0 is given by

Us — _<_ 82GyM N (471)2 Gy0? _Ar2> e

Qr Q r? 3
$1GyM  (47\2GyQ> AP\
* <_ Qr + <§> 23 dr
+ },.2(ﬂp)ne—4nGN(12/12 (dp2 +p2d¢2),

4rQ
A”dx" = — E dt,

w! = apcosp, W’ = apsin ¢. (2.44)

1. Compare with the planar axionic RN-AdS black hole

On the other hand, simply demanding 4 as a constant also
solves Eq. (2.42). Then the constant ¢ should be

c = —8aGya*e™ . (2.45)

We rescale a and introduce a coordinate transformation

a= ae"l/z,
x = e?pcos g, y=e?psing,  (2.46)
such that the solution is given by
ds®> = —f( )dr2+—dr2 + r2(dx® + dy?)
sc=—f(r r*(dx y4),
f(r)
8xGyM 47\2Gy0* AP
f(r) = —82Gya* — r + <§> 2 3
4
A dxt = Y w—an  eay,  (247)

Qr

which the metric has a planar transverse space dx* + dy?. It
is worth noting that the planar D-dimensional AdS black
hole in Ref. [31] reduces to Eq. (2.47)if D =4 and A < 0.
The remarkable feature of such kind of planar black hole
achieves momentum relaxation through the configuration
of scalars to break the transition symmetries called the
holographic axion model [31,32,38]. In the holographic
context, it would be convenient to redefine parameters
M/Q, Q/Q, and A to explicitize the horizon location ry.
First, we rewrite A as A = —3/L? and then adjust the gauge
condition for A, to make

¢=—u<1—r—H>,
r

which vanishes on the horizon, but has a finite value on the
AdS boundary. Hence, we have relation

ury = 4rQ/Q.

Moreover, investigations of holographic models usually
apply the coordinate u = L/r such that the flat boundary is

(2.48)

(2.49)
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at u = 0, but we still use the coordinate r in this paper since
using r is beneficial to formulate the unified first law,
discussed in the next section. Therefore, r = oo is the AdS
boundary. As for M/Q, the requirement f(ry) gives

2, 3
M/Q:—ari,—{—'u—H—l- H

— 2.50
87  8aGyL? ( )

in which we omit the tilde sign of a. Therefore, the solution
(2.47) is reformulated as

ds* = —f(r)dt> +%+ r28;dxdx!,

Iy
f(r) = —SHGN(I —7( 87TGNa + GNﬂ +L2>

Gyplry, 12
+ 2 + 2

At = p (1 - ) dt,

Following the method summarized in Ref. [38], we con-
sider the following perturbation around the solution (2.51)
to calculate the dc conductivity:

w! = aslx’ (2.51)

5gtx = rthx(r)’ 5grx = rzer(r)’

SA, = —tE+ a(r). (2.52)
No ¢ and i/ are considered here because we only focus on
the electric dc conductivity in this paper; we leave the
thermoconductivity for future works. The perturbative
Maxwell equation leads to a conserved current

T = —f(r)sA(r) + ¢'(r)r?H,(r).  (2.53)

where ' is d/dr for short. We have considered that
d u* d
— = 2.54
dr L du ( )
will introduce a “—” sign for Eq. (2.53), different from

Ref. [38]. In addition, the rx component of the linearized
Einstein equation implies a constraint for H,.(r), such that

rap

Hidr) = E4ﬂa 2r2f

(2.55)

Then one can obtain the boundary dc conductivity by the
horizon data because values of 7 are independent of the
location r. According to Ref. [38], the perturbation should
satisfy the boundary condition near the horizon,

5A;N—§, Htx(r)Nerx<r)? (256)

Hence, we obtain

e

=|14+—=|FE. 2.57
J ( +47za2> ( )
The 4r factor different from Ref. [38] is due to the unit
selection for the Maxwell field. We use —F?/(167) rather
than —F?/(4r) as its Lagrangian in the action (2.1). Notice
that Ohm’s law is

j = Gch' (258)
We obtain the finite dc conductivity,
2
— 1+ (2.59)
4ra?

It is worth noting that the metric (2.47) has the same ¢-r
part with the hyperbolic RN-AdS black hole, though the
transverse space describes a plane. Such an observation is
also one motivation in Ref. [83] to construct a hyperbolic
black hole in an Einstein-Maxwell-dilation theory shares
the same ¢-r geometry with a planar black hole containing
axionic charges. Here, solution II given by Eq. (2.44) hints
at a continuing family of transverse shapes between the
hyperbolic solution without axions and the planar solution
with axions.

We will further calculate the dc conductivity for a general
metric describing a deformed topological black hole to
end the comparison. We replace the —87Gya® and §; j in
Eq. (2.51) to ¢ and ¢*"§;; in which the function A(x)
satisfies

0?4+ 162G ya*> = —2ce?, (2.60)
where %1 is 6"/ (9%A/dx'dx’) for short. Hence, the following
metric, gauge field, and axions also solve the equations of
motion:

dr .
ds* = —f(r)di* + —— + r*e*"5;dx' dx,
MTE ,
2 2,2 2
Ty 5, TH Gypry 1
= —_—— G _— —,
f(r) c . <C+ NH +L2> + r2 +L2
A,dxt = <1 —r—H)dt I = gl (2.61)
u H p ) 4 X .
Then consider the perturbation
89 = (r*H,(r))9,X,
6grx = (rzH (I‘))()X,
6A; = (—Et+a(r))o;X. (2.62)
Requiring X be a harmonic scalar on Mz, ie, ?X =0,

will solve most equations of motion, but leaves three
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independent equations that are similar to the simplest
holographic axion model discussed above. Those equations
ensure the validity of the current (2.53) and the constraint
(2.55) by simply replacing a* by —c/(87zGy). Hence, they
lead to the explicit result of the dc conductivity,

ZGNM2
Odc — 1- c .

(2.63)

2. Shapes of horizons

We will then study the horizon shapes of solution II.
Even if we omit cases of ¢ # 0 and only focus on cases of
¢ =0 in this article, there are various shapes of the
transverse space MZ. Again, one can introduce a suitable
rescaling to reduce the parameters in the line element

(2.44). Hence, the Mz part becomes

ds® = pre " (dp* + p*dy?). (2.64)

Thus, only the parameter n controls the M, geometry. The
independent Ricci scalar is

2
N e’
R=4—

—, (2.65)
which obviously blows up at p = 0if n > 0. When n = 0,
the point p = 0 obviously becomes a regular center, but it
becomes subtle for cases of n < 0. Suppose we start from a
finite value p and go along a direction with a fixed ¢. Such a
path is no doubt a spacelike geodesic, and its affine
parameter is the proper distant /, which is determined by

dl 2

L _ el 2.66
g e (2.66)
according to Eq. (2.64). When we get close to p = 0, dl/dp

behaves as p/2. Thus,

n/2+1
[~ {p ’
logp,

ifn#=2, (2.67)
if n=-2.

Therefore, for cases of n < —2, [ tends to negative infinity as
p tends to 0 even though R keeps finite; if -2 < n < 0, both /
and R have finite values. For cases of n > 0, the finite limit of
[ supports that p = 0 is the intrinsic singularity.

In addition, when p tends to infinity, dI/dp will rapidly
decrease due to the exponential factor e"/2. Thus, [ will
converge to a finite limit, but R will blow up within such a
finite affine parameter because of Eq. (2.65). Therefore,
p = oo is the intrinsic singularity despite the value of n.

We will draw the embedding diagram for typical cases to
visualize the above features. Hence, we should define

F= p1+"/2e_/’2/2 (2.68)
and rewrite Eq. (2.64) as
> +4
d§2 = _pie—r o _n 2 N do?
o)
+di* + Pdg?, (2.69)

in which the sign of the factor (p*> — n/2)(p> — (n +4)/2)
determines the signature of the higher-dimensional flat

space. For the region of p between values /n/2 and
(n+4)/2, we introduce

dzg 2 n n+4
— 2072 [ p2 == 2 _ 2.70
7 \/ <p 2) (p 2 > (2:70)

which specifies the embedding into an Euclidean space,
whereas the Minkowski regions should be p smaller
than \/n/2 or larger than /(n +4)/2. They lead to the
following embedding:

dzy > n n—+4
— H/2p=P*/2 2 2 . 2.71
o e \/<p 2) (p 5 ) (2.71)

We will then pick up some typical values of n to draw the
embedded diagram.

Figure 14 shows the case of n = 2, which is typical for
n > 0. Figures from left to right represent (1) the 0 < p < 1
region embedded into a Minkowski space; (2) the
1 < p < +/3 region embedded into an Euclidean space;
(3) the p > V3 region embedded into a Minkowski space;

(4) the full embedding diagram of Mz. Points for divergent
R, p =0 and p = oo, appear in two Minkowski regions.
While the geometry of the Euclidean part is smooth.

The case of n = 0 is shown in Fig. 15. The left figure

represents the 0 < p < /2 region embedded into Euclidean
space, while the middle one is for the p > /2 Minkowski

region. The right figure is for the whole M,. The regular
center p = 0 is in the Euclidean region, and the singular
p = oo is in the Minkowski region.

FIG. 14. Embedding diagrams for n = 2: from left to right, they
are (1) 0 < p < 1, the Minkowski region; (2) 1 <p < V3, the
Euclidean region; (3) p > V/3, the Minkowski region; (4) the
whole embedding diagram.
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FIG. 15.
the Euclidean region 0 < p < v/2 containing the regular center

p = 0; the middle figure shows the p > /2 region embedded into
a Minkowski space in which the p = oo is a singular direction.
The right one is the whole embedding diagram.

Embedding diagrams for n = 0: the left figure is for

The case of n = —2 also contains one Euclidean region
and one Minkowski region, as shown in Fig. 16. The left
and middle figures are for the 0 < p < 1 Euclidean region
and the p > 1 region, respectively. The whole embedding
diagram is the right figure. The infinity p also appears in the
Minkowski region, but the region near p = 0 is enlarged as
a lone tube in the Euclidean region, distinguished with the
n =0 case.

A heavier enlargement happens when n < —2. Figure 17
includes the cases for n =—4 and n = —6, entirely
embedded into a Minkowski space. They contain p = oo
as the center peaks, and the p ~ 0 regions extended to
extreme far-away proper distance.

Solutions I and II show how suitable profiles for axions
deform transverse spaces even in D = 4. The nontrivial
shape makes the physical meaning of parameters M and Q
hard to understand. Consider turning off the cosmological
constant A. Both solutions are not asymptotically flat since
the nontrivial shape extends to infinity. Taking A # 0 does
not make it better. Lacking a well-defined asymptotically
structure like Minkowski or AdS indicates the conceptual
difficulties for formulating the black hole thermodynamics
via the global parameters M and Q. To overcome such a

- o)

FIG. 16. Embedding diagrams for the n = —2 case: the left
figure is for 0 < p < 1 (Euclidean); the middle one is for p > 1
(Minkowski); the right figure is the whole embedding diagram.

@ o

FIG. 17. The left embedding diagram is for n = —4, while
the right one is for n = —6. There is no Euclidean region in
these cases.

difficulty, we will develop a quasilocal viewpoint based on
the MS mass and the unified first law in the next section.

III. THE GENERALIZED UNIFIED FIRST LAW

This section will briefly introduce the MS mass and the
unified first law and then discuss the thermodynamic
method for generating solutions based on them. The
method was originally proposed in Ref. [69] for spherically
symmetric spacetime. We aim to modify this method to
adapt other shapes with nonconstant R(x) instead of a
sphere. The modified thermodynamic method justifies
some Ansdtze in Egs. (2.8) and (2.39). Another goal of
this section is to show how the unified first law offers a
quasilocal viewpoint for black hole thermodynamics.

A. Derived from Einstein equation
This subsection will rederive the unified first law

from the Einstein equation. To keep generality, we consider
a D-dimensional warped product spacetime M ;) X

M(D_z). Its line element is

ds* = g, (X)dX*dX"

= L, (u)du®du® + r*(u)§;;(x)dx'dx’.  (3.1)
Coordinate frame {X*} of the whole spacetime is specified
as {u“, x'}. It is beneficial to choose the following view-
point. Coordinates u“ label the point in the two-dimen-
sional manifold /\_/1(2), while x' labels the point in the
(D — 2)-dimensional manifold M(D_2>. Both manifolds
have independent metrics I,,(u) and §;;(x). The areal
radius r(u) is a scalar function in spacetime, as well as a
function in /\_/1(2). Its value means enlarging the unit
M(D—Z) in r times. It is worth emphasizing again that
the manifold M(D_z) is not limited to the maximally
symmetric space investigated in Refs. [66,70]. We do
not presume a constant Ricci scalar R(x) of M(D_z).
Meanwhile, we assume that the manifold M(D_z) has a
finite (D — 2)-dimensional “unit area” €, or just the finite
part of the M( p—2) With the volume unit area is concerned.

We then decompose the Einstein equation by applying
results in Appendix A. Results of ab components are

D-2
r

(vavbr S )

D -2 -, D-3
+——1, (Vzr - (K- 1”)> + Al
r

= 87GyT,p. (3.2)

while ij components are

084032-11



JINBO YANG

PHYS. REV. D 109, 084032 (2024)

2 -
(D-3)(D-4)

* 2

(KK —1) —Ar2> =82GyT,,  (3.3)

ijo

where I'" is Va #Vr for short, V and v are the Levi-Civita
connection of /\_/1(2) and M( p-2), respectively, and K is the
reduced Ricci scalar of M(D—Z) given by

R
Do) (3.4)

D-3)
The so-called unified first law is directly derived from
Eq. (3.2) and hints at suitable definitions for the MS mass.
To show this, we need to define the energy supply vector
W and the work term W first. Namely,

1 -
Yy — (Tab - ETCdICdIab> Vbr,

1 b
W=—=T,Iv.

: (3.5)

It is worth noting that the energy supply vector is
constructed by projecting the traceless tensor

Tvab

traceless

1
=T =S T gl I, (3.6)

on the direction V*r. With the Einstein equation (3.2), W
and W should satisfy

D-2
2r

(V2r)\Vr =V, I") = 82Gy¥,,  (3.7)

2r

D-2/(D-3
r

(K-1r7) - Wr) — A =81GyW, (3.8)

where we have lowered the index of the energy supply
vector ¢, Obviously, the term with V2r factor would
disappear in the combination W, + WV,r due to the
common factor (D —2)/(2r) in Egs. (3.7) and (3.8).
Moreover, even considering the situation of nonconstant
KC, it should only depend on x, i.e.,

- oK
V.K = Fore 0 (3.9)
Therefore, we have
VI =V, (K =17, (3.10)

such that

D2_—rZ (va(ic —)+ 07—3 (k - zrr)var> _AY,r

= 872Gy (¥, + WV,r). (3.11)

The lhs of (3.11) further hints at the following simplification:

v D-2 D-3 rr AP
va<167rGNr (K=17)

872Gy D -1
= rP2(W, + WV,r),

(3.12)

which indicates that rP2(¥, + WV,r) equals a total
derivative of some scalar function on M,). Multiply the

size Q of the unit M ;,_,). The lhs of Eq. (3.12) hints at

(D -2)Q
162Gy
A QP!

81GyD -1’

Myis (u. x) = rP (K (x) = 17)

(3.13)

which defines the MS mass with x dependence. Introduce
area and “volume,”’

A= QrP2, V=Q , (3.14)
D -1
for Eq. (3.12), such that
V,Mys =AY, + WV, V, (3.15)

which serves as the unified first law with x dependence.

An alternative expression for the MS mass and the
unified first law is integrating out x to define the average
MS mass, concretely,

D—-2)Q A QrP-1
( ) rD—3(k_Irr>_ r -,
167[GN SJTGN D—-1

(3.16)

mys (1) =
in which k is the average X in the sense of
k—Q /  K@VEmdPx,  (3.17)
Mp-a
and define the average work term

w(u) = Q7! //vt W(u, x)\/§(x)dP2x. (3.18)
(b-2)

On the other hand, the energy supply vector in general
relativity does not depend on x according to Eq. (3.7).
There is no need to define the average energy supply vector
w since w* should be the same as W“. Therefore, the
unified first law has the following average version:

V, mys = Ay, +wV, V. (3.19)
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We conclude that two versions of the unified first law are
needed to include shapes for M(D_z) with a nonconstant
Ricci scalar. The nonaverage first law (3.15) and the
average one (3.19) share the same Ay term. It would be
interesting to compare the holographic viewpoint. If we
treat M(D—z) with fixed r as the holographic screen with a
fixed r, which is similar to the screen defined in
Refs. [41,42], then it is natural to view Myg/Q, A/Q,
and V/Q as some screen densities, but the Ay, term in
Eq. (3.15) will be replaced by the r°~2y, term.

B. Thermodynamics method

If all matter sources contribute an energy-momentum
tensor satisfying the following two conditions: (i) the sum
of energy supply vectors vanishes

> vl =0 (3.20)
(i)
(i) the sum of average work terms
Wiot = ZW(i) =0, (3.21)
(@)
only depends on r except the situation of
D—-2)(D-3)k A
Wit = ( X ) - (3.22)

162Gy r? 871Gy’

where (7) labels the composition of those sources, then the
line element d5° is determined as

d 2
ds? = —I"d® + ]f _ (3.23)
where the function I'" should be
162G r
I" =k- W (M/Q +/ Wtot(i)fD_2d§>
2AF?
- . 24
(D-1)(D-2) (3.24)

It is straightforward to obtain Eq. (3.24) via the average
unified first law as the first step. The average unified first
law under conditions (i) and (ii) gives

Vs = Wi (r)QrP=2V, r. (3.25)

Since the sum of average work terms serves as a function of
r, directly integrating r implies

s (r) = M +Q / "wa(E)EP2E (3.26)

where M is the mass parameter that can absorb the integral
constant from the second term. Therefore, Eq. (3.16)
implies that /" should be Eq. (3.24).

The next task is to confirm Eq. (3.23). A concrete
calculation under the Eddington-Finkelstein-like coordi-
nates makes it explicit. Appendix B gives some useful
results. First, the line element /,,du“du® can be generally
written as

2dvd
dv? + v r’
o(v,r)

f(v.7)

ds* = —
g o*(v,r)

(3.27)

where the function f(v, r) is exactly I"". Such coordinate
frame can be always chosen on M), thus respecting the
generality. In addition, the Laplacian of r on ./\_/1(2) is

Vir=f —f%/. (3.28)

Thus, Eq. (3.7) forces the total energy supply vector to
become

D-2 fo -
=- =—V 3.29
“ 162Gy r o g (3:29)
Obviously, ¥, = 0 if ¢/ = 0. In this case, o is at least a
nonvanishing function of ». Appendix B also explains why
we should have ¢ # 0. Despite the concrete expression, the
coordinate transformation
r d§

(= / .
~J e f(&)
changes Eq. (3.27) as Eq. (3.23). Hence, the proof is almost
completed. On the other hand, it is worth noting that the
case of I'" =0 may ruin such a proof. Fortunately, the

condition /" = 0 is too strong such that the average MS
mass is fixed as

(3.30)

AO D—-1
= (331)
8(D— l)ﬂ'GN

_(Db=2)Q kD=3

"M = 162G,

Therefore, the work term becomes Eq. (3.22), which we
have excluded in condition (ii).

This method simplifies solving the ab components of
the Einstein equation. Hence, it simplifies the proof of
Birkhoff’s theorem. A spherically symmetric D = 4 space-
time is a warped product /\_/l<2) x §? because the spherical
symmetry indicates the spacetime can be foliated by a set of
orbits of the SO(3) rotation group, i.e., a set of spheres (see
Ref. [84]). Thus, the metric should be Eq. (3.1), while
the g;; serves as the metric of a unit sphere with k = 1. The
vacuum condition implies y, = 0 and W = 0 hence the
MS mass is a constant M. Therefore, the above proof forces
the line element ds”> to become Eq. (3.23), where the
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function I'"" is 1 —2GyM/r. Combining with the line
element of a unit sphere dQ?, the whole metric for the
solution is

2GyM dr?
ds* = —<1 _T>dt2+1_TNM+ Vzdgzy (332)

r

namely, the Schwarzchild metric. Finally, we should
substitute this result to the constraint equations (3.3) to
ensure it is satisfied. Such a proof for Birkhoff’s theorem
can be easily generalized to higher dimensions and the
situation with a cosmological constant. Moreover, this
method hints at a simplified construction and probably a
higher-dimensional generalization for our solutions. We
will then check the Maxwell equation for gauge field A,
and KG equations for axions y/, and find out their energy
supply vectors and work terms.

1. Maxwell field
A simple Ansatz for the gauge 1-form,

A= —¢(v,r)dv, (3.33)
will solve the Maxwell equation without knowing details

about the metric. This Ansatz implies the strength 2-form
F = dA should be

F=—¢'dr A dv. (3.34)
Then, read nonvanishing components
F,,=—-F,,=—¢. (3.35)
Notice that
F'" =1"I"F,,, (3.36)
the Maxwell equations imply
0 p2_y 0 pa_u
= (P a) = = (P 20d) =0, (33)
such that the electric field strength
- = % (3.38)

is obtained without knowing the concrete expression of
functions f and ¢ in the metric. On the other hand, the
energy-momentum tensor for the Maxwell field in D
dimensions is the same with Eq. (2.5). We thus calculate
its nonvanishing components as

Ty = 27[(Q/Q>2 /

57) 2
Q0/Q\?1
T,=T,, = _27T<rD_2 ; s
(0/Q)

Then the work term for the electromagnetic field is

W = 22/

S (3.40)

while its energy supply vector vanishes, namely, ¥¢, = 0.
Since W, does not rely x, the averaged work term wy, is
the same.

2. Linear axions

Consider Ansatz
w! = aslxl. (3.41)

Scalars satisfy Eq. (2.4) if coordinates x’ are harmonic. To
simply their energy-momentum tensor, define

oy’ oy’
b, = _— 3.42
ij 1J ox! ox/ ( )
and label ®(x) as the trace of @, ;» namely,
(I)(x) = Aij(x)(l)l-j. (343)

We keep the expression @(x) and §”(x) to remind us that
they may depend on x. Hence, the axions contain the
following energy-momentum tensor:

®(x) o) .
T2 Ly, Tij :q)ij_ ) gij(x)’

T = (3.44)

in which T ,;, components only contain trace parts. Thus, it

also has a vanishing energy supply vector W¢. =~ =0,
while its work term is

®(x)

Waxions = 2

(3.45)

which may depend on x. Simply integrate out x, then we
obtain the averaged work term

¢3.X
ions = —%, 3.46
Waxions 21”2 ( )
in which
o = Q7! / ®(x)\/GdP2x. (3.47)
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3. Guide for Ansditze and generalization

The above thermodynamics method is valid since the
electric field and those axion profiles lead to a vanishing
total energy supply vector. Summing up all work terms as
functions of r, Egs. (3.40) and (3.46) will contribute

- 162Gy 1 (472Q/Q)?
! —’“‘(D_z)ra—s( [ D3 a0
Gax D3 2AF?
-3 ) " (D-1)(D-2)
162Gy M/Q 26y (410/Q)
T -2 T (D-2)(D-3) 20
2A 2
RS (3.48)
where
o 87TGN
C —k—mgbax. (349)

It is worth noting that the x-dependent unified first law
gives

SHGNCD()C)

N RO

(3.50)

which indicates that, even though X and ® may depend
on x, c is a constant. Then we will check the constraint
equation (3.3) which leads to

. (D-2)(D-3) . c.
1

If D > 4, the trace of Eq. (3.51) matches Eq. (3.50). Up to
here, the Maxwell equation is solved; KG equations are
solved by choosing harmonic coordinates, and the thermo-
dynamics method simplifies solving the ab components of
the Einstein equation. Thus, Eq. (3.51) is the only equation
left to be solved for higher-dimensional generalization of
solutions (2.21) and (2.44).
On the other hand, if D = 4, there is

because the transverse space is two-dimensional. Moreover,
the lhs of Eq. (3.51) is zero since the term with ¢ vanishes in
the case of D = 4. Therefore,

@,
®;;—59;=0

> (3.53)

is the constraint condition for axions and the spatial
geometry ;. A nontrivial geometry with nonconstant K
implies a nonconstant ®. Hence, the condition (3.53)
excludes the possibility of a single axion field. Instead,
the geometry with nonconstant X requires at least two
axions, like the theory described by the action (2.1).

The above discussion justifies Ansdtze (2.8) and (2.39)
for specifying a concrete §;;. Equation (2.8) is inspired by
the unified expression

d 2
as = Al

(3.54)

as the line element for sphere k = 1, plane k = 0, and
hyperbolic surface k = —1. Equation (2.8) only introduces
a deformed term e(p) in g,,. Though coordinate p is not a
harmonic function, it can be transformed as p(p) such that
the line element §,;dx'dx/ becomes
ds* = p*(p)(dp* + dg?), (3.55)
in which p(p) is the inversed function for p(p). Then p is
harmonic. Hence, w! = ap solved the Laplace equa-
tion (2.4) for I = 1. Finally, Eq. (2.19) is exactly derived
from Eq. (3.50).
As for Eq. (2.39), first, any two-dimensional metric with
Euclidean signature can be written as
ds§? = exp(A(x,y))(dx* + dy?), (3.56)
in which the coordinates {x,y} are already harmonics.
Then Eq. (3.50) reduces to Eq. (2.60). Furthermore, we turn
to the polar coordinate via
X = pcose, y = psing. (3.57)
If one poses a rotational symmetry by requiring that d/dg is a
Killing vector field, the constraint equation for the shape of
transverse space, Eq. (2.60), further deduces to Eq. (2.42).

C. Black hole thermodynamics

Though the parameter M is exactly the ADM mass in the
asymptotic flat case, it seems difficult to be identified as the
“mass” for more general situations due to a lack of a
suitable asymptotical structure. Nevertheless, the unified
first law provides a quasilocal viewpoint without relying on
the interpretation of global parameters. Relevant parame-
ters like MS mass, work terms of electric field [Eq. (3.40)],
and axions [Eq. (3.46)] are well defined as quasilocal
quantities. If we let them take values on the horizon, the
unified first law implies the first law of black hole
thermodynamics in terms of such quasilocal parameters.
For instance, consider a tiny falling energy package that
goes through the trapping horizon, which is defined as a
hypersurface foliated by marginal surfaces. The horizon
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FIG. 18. The time coordinate v is the null retarded time, while 7

is given by v —r. Such a sketch describes a falling process
changing the size of the trapping horizon. The red curve
represents the evolving tapping horizon. Gray arrows portray
the in-falling energy package. Both the initial and final moment
are marked by gray dotted lines, while Killing horizons are
indicated by black lines.

has vanishing expansion. Hence, the equation /" =0
determines its location (see Appendix B). As shown in
Fig. 18, during the accretion, the horizon begins as a Killing
horizon and finally settles down as a new Killing horizon.
To ensure the unified first law is valid, it is assumed that the
M(D_z) part keeps unchanged. The trapping horizon only
changes its size during the process. Select a vector z¢
tangent to the trapping horizon, i.e.,

(z9V Iy = 0, (3.58)

and donate

8f = (2Vaf )y (3.59)

then according to Eq. (3.7), contracting z* with the Ay,
generates the x,.,06A/(87Gy) term, which is the equivalent
expression of the heat flow term T6S. kg, is

1-
Kgeo = Evzr, (3.60)
namely, the geometric surface gravity given in [66,85]. The
tunneling approach for Hawking radiation in dynamical
spacetime confirms the relationship between kg, at the
horizon and the horizon temperature [59-63]

(3.61)

T = <@>
2z horizon

Remarkably, two versions of the unified first law,
Egs. (3.15) and (3.19), become

KgeoOA
5MMS - WH(SVH = 5mMs - WH6VH = 872G .
N

(3.62)

Suppose the difference between the final state and the
initial state is tiny enough such that the changes for global
parameters are

M ~ My, — Miy;, 303y =~ Qifin — Qiini--»  (3.63)
while Wy, wy, and k., are taken as values on the initial
Killing horizon, especially k4., = ky (see Appendix B).
They should satisfy

- K'HéA
- 87ZGN ’

M = @) 460 (3.64)

where @;) y should be treated as the thermoconjugate
quantity of Q. Thus, there is

5MMS - WH5VH = 5mMS(rH) - WH5VH

=M =Y @3 Q.  (3.65)

which connects the quasilocal viewpoint with the global
viewpoint (the second line) for the first law. If we apply
Eq. (3.65) to our solutions, one obtains

4 Q
SMyis(ry) = WhpéVy :5M—LQ5Q+ﬂ5(D’
Qry 2

(3.66)
in which 6A and 6K do not enter the global first law
deduced from the unified first law shown by the rhs. It
seems consistent with the restricted phase space formalism.
Despite the global mass parameter M lacking satisfactory
definitions at the present stage, the formal expression of the
rhs in Eq. (3.66) still makes sense due to the well-defined
unified first law. Moreover, both the parameter from the
curvature of the transverse space and the axionic parameter
join the first law via Eq. (3.50). It indicates that we should
consider the axionic charge and the new thermodynamical
quantity from the curvature, no matter whether the new
quantity is the topological charge, color charge, or center
charge. A more serious problem is that metrics in our
solutions violate the translational symmetries along trans-
verse directions. Thus, it seems questionable to state
“homogeneity” from the first sight. However, the validity
of the formal expression requires an appropriate interpre-
tation. We expect the scaling property may be the more
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suitable starting point. Nevertheless, those solutions
sharpen the issue of Euler homogeneity.

Nevertheless, the MS mass hints at the concept of usable
energy for a black hole with a positive Ricci scalar, i.e.,
K > 0. Suppose ry is the location of the black hole
horizon. Since the black hole horizon area does not
decrease when suitable energy conditions are not violated,
it is reasonable to treat the MS mass on the horizon as the
irreducible mass, namely,

(D-2)Q

= KrP3, 3.67
My 167TGN H ( )

Then we further define usable energy as
musable(r) = mMS<r) = My, (368)

outside the horizon r > ry. The mass parameter M does
not appear in mygye(r). Instead, the difference of work
terms between location r and horizon 7y determines such a
new definition. Let » tend to infinity, then one obtains the
total usable energy. The concept of usable energy provides
an interesting understanding for Ref. [86], which discussed
the possibility of a Schwarzchild black hole as a battery.
A charging process makes the black hole become an RN
black hole. Hence, the rest energy of the in-falling material
is transformed into the usable energy of the black hole,
while a suitable discharging process will extract such
usable energy. Such an argument seems also valid when
turning on the axions and cosmological constant.

IV. SUMMARY

In this article, we obtained two novel solutions, Egs. (2.21)
and (2.44), in the simplest holographic axion model, in which
the two axions serve as free scalars with canonical kinetic
terms. These novel solutions contain transverse spaces with
nonconstant Ricci scalars, distinguished from topological RN
solutions or planar axionic solutions or solutions with a
horizon geometry as an Einstein space [87]. When the
cosmological constant is negative, these solutions can
describe black holes with deformed horizon shapes. We draw
embedding diagrams for various situations. Their shapes
usually contain a part embedded into a flat Euclidean space
and some parts embedded into a Minkowski space. Solution I
allows a regular transverse space, while a singular direction
usually appears in other cases, including solution II. We also
calculate the dc conductivity for a topological black hole with
a generally deformed shape. Compared to the planar axionic
AdS black hole, the nonconstant Ricci scalar cancels the
direction dependence of the axion configuration. Such a
cancellation contributes to the constant that leads to the finite
dc conductivity.

In addition, we rederive the unified first law from the
Einstein equation in detail. The advantage of applying the
unified first law is twofold. First, the unified first law extracts

the crucial structure hidden in the Einstein equation. Based
on such a structure, we improve the thermodynamics method
proposed originally in Ref. [69] to adapt to the situations of
deformed transverse spaces. It is an efficient method to
construct solutions in which the metric is a warped product.
The resulting constraint equations (3.50) and (3.51) hints at
how to generalize Eqgs. (2.21) and (2.44), i.e., the charged
topological black holes with deformed horizon. Second, the
unified first law provides a quasilocal viewpoint for the
horizon thermodynamics. The MS mass is a mathematically
well-defined quasilocal mass. Despite the concrete meaning
of the mass parameter M, one can always reinterpret
the global first law of black hole thermodynamics as the
well-defined unified first law on the horizon. In recent years,
several anisotropic black holes with spacetime geometries
beyond warped products have been obtained in Gauss-
Bonnet gravity [88,89]. Moreover, the improved thermody-
namics method requires a vanishing energy supply vector,
thus it is less valid for studying black holes with scalar
hairs or other cases with hidden scalar degrees of freedom
[57,90-92]. We expect the further generalized unified first
law adapting situations including new horizon shapes, scalar
hairs, and rotation (like Refs. [74,93]) may bring some
unexpected insight for a deeper understanding of quasilocal
energy [94], the relationship between thermodynamics and
gravity [95-99], Kerr/CFT duality [100], and even quantum
gravity [82].

Nevertheless, an understanding from the global view-
point of our novel solutions is still lacking. The direction-
dependent Ricci scalar R(x) sharpens the issue of intro-
ducing new thermodynamical extended quantities to ensure
the Euler homogeneity of the first law. To the best of our
knowledge, this issue is attached by various approaches,
including topological charge [41,42], color charge [49], and
center charge [48]. They play a similar role for topological
RN black holes as the axionic charge played for planar
axionic black holes. Furthermore, our solutions show that
effects from the curvature and axions can coexist. It seems a
challenge to clarify the interconnection between these
charges. We left this issue for future work.
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APPENDIX A: CALCULATE F’lﬂy AND R’lp,w

This appendix shows an efficient method for calculating
the Levi-Civita connection and Riemann tensor. Usually,
the components of the Levi-Civita connection for a given
metric are calculated by
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1 dg dg, dg
F/I — _ 4o Ho vo Hv )
’“’ 29/1 (dx” o o

The geodesic equations give hints to finding the trick.
Consider the geodesic equations

d?x* 1 dx* dx*

dr? + medr dr

d*x dg,, dx* 109, dx* dx*
N (L il =0, (A2
dr? +d (dr dr  20x° dr dr) (A2)
in which
d 09, dx*
Yov _ 9o X (A3)

dr ox* dr’

If the second-order derivative term is ignored, then the
structure

1 dds?
Ffwdx"dx” =g (dgm,dx” o ) (A4)

2 ox°

is extracted. It serves as a coordinate-dependent rank-two
symmetric tensor, in which dds?/0dx is the short notation
of (dg,,/0x?)dx"dx". Since the coordinate frame is fixed
under a particular calculation, one can simply treat g, as
several functions of x* and dg,, represents their differential.
The trick is to calculate the structure (A4) rather than to
calculate components of Eq. (A1) one by one. Now we use
this trick to calculate the Levi-Civita connection of the
metric (3.1). The components of its inverse metric are

ab __ Iab ij Q A5
g — ) g - r2 N ( )
Thus, Eq. (A4) gives
I, detdx’ =T dubdu® — (rV°r)g;;dx'dx/,
| Vor o
l—"m/dx”dx” = ZTdu“dxl + I jkdxfdx . (A6)

Here, the property dr/ou® = V,r is used. Noticing that
product terms like du®dx’ are the short notation for
symmetric tensor product (du‘dx’ ® dx'du®)/2, every
component can be correctly read as

_ or
a _Ta a ab A
e =T T = =rl® =5 9ij»
) 1 or . . A

It is worth noting that the components I and F’}k are just
the independent Levi-Civita connection of /\_/l(2> and

A

Mp_2), respectively. The author would like to introduce

the covariant differential operator V,, for j\_/l(z) and 6,» for

A

Mp_z). The areal radius r(u) can be treated as a scalar
field in M ;). The notation V,,r also means dr/ou‘, while
Ver means 1°°(dr/ou).

Once the connection is obtained, the Riemann tensor can
be calculated through

ort, ot
y) vp Hp g
Rl =—2L—— " 14 10

A
N a ox¥ ~ 1"

vol pp:

(A8)

It can also be treated as several 2-forms due to the
antisymmetry of exchanging u and v,

1
ER’lpm,dx” Adxt = dF’ll,/, A dx*
+ (I pdx*) A (I7,,dx").  (A9)
In order to simplify the notation, label 3 R*,,, dx* A dx* as
Q*, and I ,dx* as A%, then
O, = dA, + Ay A7, (A10)

These 1-forms A* , can be viewed as the connection 1-forms
for the coordinates tetrad (9,)” = &, while @, are their
curvature 2-forms. Concretely, 1-forms Alp for the metric
(3.1) are

Aub = f“cbdu" = Aub’
AY = —(rVar)gdx/,

) Vr .. Aj dr Ai
Al':Ta(Sljdua +F1kjdxk:75lj+Alj.

; (Al1)

Then one obtains curvature 2-forms by applying Eq. (A10).
First,
Q) = dA%, + A ANAS, + A ANA =Q%,  (Al2)

since term containing §;;dx’ A dx/ vanishes. Notice that

Qi = Iab'Qbi =-Q;, = _rngiija’ (A13)
calculating Q', can avoid dealing with d§; ; here,
. V,V :
Qi =l gy A dxi (Al4)
r
Therefore,
Q4 = —rv“vhrg}ijdub A dx/. (A15)

The final 2-form Q'; is
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QL:

j ij — Irr(sikg’\jldxk VAN dxl

RI— 0,

(R = I (84 g1 — 8'391))dx* A dx!,  (Al6)

where the term I”” is the short notation for “°V,rV,r.
Remembering

dx* A dx¥ = dx* @ dx* —dx* @ dx*,  (Al7)

one can read the components of the Riemann tensor as

R%eq = R%cq,
Raibj = _Raijb = —”(Vavb’”)ﬁij’
?avbr

i — i —
Rajb__Rabj__

Rijkl = ﬁijkz - I"(éikﬁﬂ - 5ij§jk)~ (A18)

The same result can be found in Ref. [70]. Contracting
8! = D — 2, components of the Ricci tensor R, are

_ V.V,r
:Rab_(D_z) rh’

= R\” — gAij(rvzr + (D - 3)1”),

Rah
R;; (A19)

in which the V?r is V¢V, r for short. The Ricci scalar is

b g
R=I"Ru+ 3R

Vir R I

=R-2(D~2)~—+ 5~ (D=2)(D~3) 7. (A20)

This paper further focuses on two-dimensional /\_/l<2). Since
any two-dimensional metric is conformally flat (see
[101,102]), the Einstein tensor of a two-dimensional metric
always vanishes, i.e.,

_ R
Rab —Elab :0 (AZI)

In addition, we introduce K = R/((D —2)(D —3)) for
simplicity [see Eq. (3.4)]. Therefore, the D-dimensional
Einstein tensor G, becomes

Gab = —D =2 (?avbr—llava}’)
r 2
D-2 (-, D-3 .
+T1ab<v F—TUC—I )),
2 -
D-3)(D-4
L (D=3)(D-4) 3)2( )(IC—I”)>, (A22)

where we have separated the traceless part and trace part
explicitly.

APPENDIX B: GENERAL EDDINGTON-
FINKELSTEIN COORDINATES

The two-dimensional subspacetime must permit double
null coordinates {u, v} such that the line element becomes

ds? = =Q*(u, v)dudv + r*(u, v)g;;(x)dx'dx!.  (Bl)

In the region where @ar does not vanish, r itself can be a
coordinate, such that one can change to other coordinate
frames like {v, r}. Since

dr =r,du+r,dv, (B2)
where r,, r, represents dr/ou, or/dv, the line element
becomes

foX .
ds? = QL0 qu? — 2% drdv + g (x)dxidy). (B3)

Ty Iy

The line element (B3) is still general. The coordinates
frame {v, r} is called general Eddington-Finkelstein (GEF)
coordinates in this article. Define functions

2
o(v,r) = —or
4
For) == 3t (B4)
metric components under the GEF coordinates are
f(v.r)
nglzb:_o_z(v’r)’ Grr =1, =0,
1 .
Gor = Grp = Ivr = Irv = 6(1}, r) s 9ij = rzgijv (BS)

while inverse metric components are
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gvv = ] = 0’ grr =] = f(l), r)’

) : , N
g r— grj = JUr ="V — 0(’[), r)’ gl] =2 (B6)
In general, the shape of spacetime /\_/1(2) X M(D_z) with
a given metric g;; for the unit M(D_z) is described by two
functions. In double null coordinates, they are Q(u, v) and
r(u,v), while in GEF coordinates, they are (v, r) and
f(v,r). The use of function f(v, r) is convenient since it
picks up the important function /" = V#rV,r. Further, the
determinant of /,, in the GEF coordinates is simply

— |1
Therefore, the Laplacian of r in ./\_/1(2) is
_ 0 —]I1fr 0 —lIrr /
T B o NV A 1Y
ov or c

where ' donates the derivative with respect to r. The result
leads to the following simple expression:

(B9)

for the geometric surface gravity (3.60) in terms of f and o.
Then we will calculate the expansions of null vector fields
tangent to M ,). Specify those null fields as

0 o f o 0 0
== —— V—=—-0— B10
oX* v 2000 oxi =~ %5 (B0
which satisfy k1, = —1. We assume that an increasing v

indicates the future direction. Hence k* and [# are all future
pointed. Their expansion can be easily calculated by the
trick

D-2 _ f
Oy = kV, r=(D—-2)— Bl1
=7 ar=D=2)5—., (Bl
D-2 _ c
(9(1) = ; I“Var: —(D—2);, (B12)

without dealing with g#'V ,k, and ¢#*V ,1,. Such a method is
alsoused in Ref. [68]. The hypersurface /" = f = O leads to
O = 0, thus determining a trapping horizon, which is
defined as a hypersurface foliated by marginal surfaces
[51,66]. A marginal surface is a two-codimensional spatial
surface with vanishing expansion. One can further classify
types of trapping horizons according to the behavior of 0
and 519(/()7 see Refs. [51,66].
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