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Can we distinguish black holes with electric and magnetic charges
from quasinormal modes?
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We compute the quasinormal modes of static and spherically symmetric black holes (BHs) with
electric and magnetic charges. For the electrically charged case, the dynamics of perturbations separates
into the odd- and even-parity sectors with two coupled differential equations in each sector. In the
presence of both electric and magnetic charges, the differential equations of four dynamical degrees of
freedom are coupled with each other between odd- and even-parity perturbations. Despite this notable
modification, we show that, for a given total charge and mass, a BH with mixed electric and magnetic
charges gives rise to the same quasinormal frequencies for fundamental modes. This includes the case in
which two BHs have equal electric and magnetic charges for each of them. Thus, the gravitational-wave
observations of quasinormal modes during the ringdown phase alone do not distinguish between

electrically and magnetically charged BHs.
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I. INTRODUCTION

General relativity (GR) is a fundamental pillar for describ-
ing the gravitational interaction in curved spacetime [1]. The
Schwarzschild black hole (BH) [2], which is characterized
by a mass M, corresponds to a vacuum solution in GR on a
static and spherically symmetric (SSS) background. If we
take an electromagnetic field into account, the SSS BH
solution is given by a Reissner-Nordstrom (RN) metric [3,4]
containing an electric charge g besides the BH mass M. The
Einstein field equations of motion also admit the existence of
BHs with a magnetic charge ¢,.

Unlike the electrically charged case, the magnetically
charged BH is not neutralized with ordinary matter in
conductive media. Hence the latter can be a long-lived stable
configuration which is interpreted as a kind of magnetic
monopole [5,6]. Moreover, the presence of primordial BHs in
the early Universe could absorb magnetic monopoles [7-11].
Since the BH magnetic charge generates large magnetic
fields in the vicinity of the horizon [5,12,13], the signature of
such field configurations can be probed from observations.
To distinguish between electrically and magnetically charged
BHs, it is important to understand their basic theoretical
properties and confront them with observations.

From the observational side, the BH shadows probed by
the Event Horizon Telescope [14] started to put constraints
on the total charges of BHs [15]. This analysis includes not
only charged BHs in GR but also those arising in string
theory such as the Maxwell-dilaton BH [16-18] and the
Sen BH [19]. These solutions generally contain both
the electric and magnetic charges in the background
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metric components. The electromagnetic and gravitational
radiations emitted from charged binary BHs modify the
merger time [20-24] as well as the phase of gravitational
waveforms [25]. The electric dipole radiation [26,27]
should be similar to the scalar dipole radiation in scalar-
tensor theory, in that the leading-order modification to the
phase appears as the —1 post-Newtonian order [28-32].
The analysis with the BH-neutron star merger events
GW200105 and GW200115 put an upper bound on the
BH electric charge [33] (see also Ref. [34]). Note that this is
analogous to constraints on the scalar charge of neutron
stars recently analyzed with the GW200115 signal [35,36]
(see also Ref. [37]).

After the merging of compact binaries, there is a ringdown
phase in which the emission of gravitational waves is charac-
terized by a spectrum of particular frequencies and damping
proper oscillations. This signal is dominated by a so-called
quasinormal mode (QNM) with the lowest frequency. Since
the QNMs are different depending on to what extent the
BHs have hairs, it is possible to observationally distinguish
between different BH solutions (see Refs. [38-43] for
reviews). Although the current gravitational-wave observa-
tions have not precisely measured the tensor waveform in the
ringdown phase, the next-generation detectors will offer a
possibility for probing the physics in strong gravity regimes
through the quasinormal frequencies.

The QNMs of BHs can be computed by exploiting the
gravitational perturbation theory originally developed by
Regge and Wheeler [44] and Zerilli [45,46]. The pertur-
bations on a SSS background can be decomposed into
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odd- and even-parity modes according to the transforma-
tion properties under a two-dimensional rotation of the
sphere. In spite of the difference in potentials between
the odd- and even-parity perturbations, Chandrasekhar and
Detweiler [47] showed that the QNMs of the Schwarzschild
BH are the same for both parity modes. This isospectrality
can be understood by the presence of a single super-
potential generating the potentials in both odd- and even-
parity sectors [48,49].

For the RN BH with an electric charge ¢, the pertur-
bation equations of motion, which were originally derived
by Moncrief [5S0-52] and Zerilli [53], separate into the odd-
and even-parity modes. In each parity sector, there are two
dynamical degrees of freedom arising from the gravita-
tional and electromagnetic perturbations coupled with each
other. Since the solutions of even-parity perturbations can
be deduced from those of odd-parity modes [54], it is
sufficient to compute the QNMs of gravitational and
electromagnetic perturbations in the odd-parity sector. In
other words, the QNMs of electrically charged BHs can
be found by integrating two coupled differential equations
of odd-parity perturbations. The boundary conditions of
QNMs correspond to those of purely ingoing waves at the
horizon and purely outgoing at spatial infinity.

Following the numerical method of Chandrasekhar and
Detweiler [47], the QNMs of electrically charged RN BHs
were originally computed by Gunter [55]. Kokkotas and
Schutz [56] calculated the QNMs by exploiting a high-
order WKB approximation advocated in Refs. [57,58] and
showed that the WKB method reproduces the numerical
results within 1% accuracy for fundamental modes. For the
potentials containing only the powers of 1/r, it is known
that a continued-fraction representation of wave functions
[59,60] is the most accurate and efficient method for the
computation of QNMs [42]. Indeed, Leaver applied this
continued-fraction method to the calculation of QNMs for
electrically charged RN BHs [61] (see also Ref. [62]). This
analysis was further extended to the (nearly) extreme RN
BHs [63,64].

For a magnetically charged BH, the perturbation equa-
tions of motion were derived in Ref. [65] in generalized
Einstein-Maxwell theories containing nonlinear functions
of the electromagnetic field strength. Reflecting the differ-
ent properties of parities for the magnetic charge g,
compared to the electric charge g, the system of linear
perturbations separates into the two types: (I) the odd-parity
gravitational and even-parity electromagnetic perturbations
are coupled, which we call type I, and (II) the even-parity
gravitational and odd-parity electromagnetic perturbations
are coupled, which we call type II. In Ref. [66], it was
shown that the isospectrality of QNMs between types (I)
and (II) holds in standard Einstein-Maxwell theory, while it
is broken by the nonlinear electromagnetic field strength.
This means that the QNMs of magnetic BHs in standard
Einstein-Maxwell theory can be known by solving the two
coupled differential equations either for type (I) or (II).

While the past works of QNMs focused on either the
purely electric or magnetic BH (for which the pseudoscalar
F ;wF # vanishes on the SSS background) and duality
rotation among them [67], it is not yet clear whether the
coexistence of two different charges gives rise to a new
feature for the QNM spectrum. In this paper, we will
compute the QNMs of nonrotating BHs with mixed electric
and magnetic charges in standard Einstein-Maxwell theory.
Such a dyon BH is described by the RN metric with the
total squared charge g% = ¢% + g%, We also note that a
rotating dyon BH has a similar structure to the Kerr-
Newman BH with the electric charge [68].

For the nonrotating dyon BH, the pseudoscalar product
F M,,I:“”” does not vanish even at the background level. This
intrinsically different field configuration motivates us to look
into the possibility of discriminating electromagnetic BHs by
using the observables linked to the quasinormal modes of the
system. To the best of our knowledge, the same analysis on
the quasinormal mode frequencies was not performed else-
where, although a study of the structure of the perturbations
equations of motion was performed in Ref. [69]. We will
show that, for g, # 0 and g # 0, the odd- and even-parity
perturbation equations of four dynamical degrees of freedom
(two gravitational and two electromagnetic) are coupled with
each other. Thus, the computation of QNMs is more involved
in comparison to purely electric or magnetic BHs.

Upon using matrix-valued direct integration methods (see
e.g., [42] butalso [70,71]), we will show that, for a given total

BH charge \/q% + g3, and mass M, the QNMs with a fixed
multipole moment / are the same independent of the ratio
between the electric and magnetic charges. This property is
far from trivial due to the very different structure of the
coupled differential equations of four dynamical perturba-
tions. As a special case, we confirm the property that two BHs
with purely electric and magnetic charges also have the
equivalent QNMs. Thus, the gravitational waveforms during
the ringdown phase alone do not generally distinguish
between the two different BH charges.

This paper is organized as follows. In Sec. II, we revisit
the BH solution in the presence of both electric and
magnetic charges. In Sec. III, we will obtain the total
second-order action containing both odd- and even-parity
perturbations and derive the coupled differential equations
of four dynamical degrees of freedom. In Sec. IV, we will
explain the matrix-valued direct integration method for the
computation of QNMs in our Einstein-Maxwell theory. In
Sec. V, we will present our numerical results and show that,
independent of the ratio between electric and magnetic
charges, the QNMs are determined by the total BH charge
and mass. Section VI is devoted to conclusions.

II. CHARGED BLACK HOLES

We begin with Einstein-Maxwell theories given by the
action
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S= / d*x\/=g ( (2.1)
where Mp, is the reduced Planck mass, ¢ is a determinant of
the metric tensor g,,, R is the Ricci scalar, and F,, =
9,A, —d,A, is the electromagnetic field strength with a
vector field A,. The action (2.1) respects the U(1) gauge
symmetry under the shift A, — A, +d .

We study the QNMs of charged BHs on a SSS back-
ground given by the line element

1
FR- 1 FWF””>

ds? = —f(r)de*> + h='(r)dr? + r*(d6* +sin? 0de?), (2.2)
where 7, r and (0, ¢) represent the time, radial, and angular
coordinates (in the ranges 0 <6 <z and 0 < ¢ < 2x),
respectively, and f and 4 are functions of r. For the vector
field, we consider the following configuration:
A, = [Ay(r),0,0,A,(0)]. (2.3)
where A, and A,,, depend on r and 6, respectively.
On the background (2.2), the scalar product F,, F** /4 is
expressed as

[ dA,)\2 h(A/)
4- 1 24 U dg 2f

where 7 = cos @, and a prime here and in the following
denotes the differentiation with respect to r. For the
compatibility with spherical symmetry, we require that
A, « z (up to an irrelevant constant). Then, we will choose

(2.4)

A, = —quz = —q) cosb, (2.5)
where ¢,, is a constant corresponding to the magnetic
charge. Now, the vector-field configuration is given by
A, dx* = Ay(r)dt — gy cos Odg. (2.6)
Varying the action (2.1) with respect to g,, and A,, we

obtain the following gravitational and vector-field equa-
tions of motion:

2 A’ 2 Zh
M2ri + M2 (h = 1) +ﬁ+% =0, (27
2 A/2r2
MZ / M2 f( ) qu 0 — 2.
Gl h wn o =0 (2%
2 w
Al Ay =0, 2.
O+<r 2f+2h> (2.9)

where a prime represents the derivative with respect to r.
The solution to Eq. (2.9) is given by

_ \/JT dE

2Vh'
where the integration constant g corresponds to the
electric charge. Substituting Eq. (2.10) into Eqs. (2.7)
and (2.8) and imposing the asymptotically flat boundary
conditions f(o0) = h(oo0) =1, we obtain the following
integrated solutions:

Ay(r) (2.10)

M QE+CIM

, 2.11
r ZMI%1 2 (2.11)

f(r)=h(r)=1-
where M is an integration constant corresponding to the BH
mass. Thus, the squared total BH charge is given by

a1 = 4t + di- (2.12)
So long as the background metric is concerned, the
magnetic charge ¢,, is not distinguished from the electric
charge gqr. We are interested in whether the mixture of
electric and magnetic charges affects the QNMs of BHs.
For this purpose, we need to formulate the BH linear
perturbation theory on the SSS background (2.2).

III. BLACK HOLE PERTURBATIONS

Let us consider metric perturbations /,, on the back-
ground (2.2). They can be decomposed into odd- and
even-parity modes depending on the parity transformation
under a rotation in the (6, ) plane [44-46]. We expand all
the perturbations in terms of the spherical harmonics
Y. (0, ¢). We can set m = 0 with the loss of generality,
in which case Y is a function of z = cos 8. The odd modes
have the parity (—1)"*!, whereas the even modes possess
the parity (—1)".

The 11, tr, and rr components of £,
even-parity perturbations as

tt - ZHO t r YIO
htr = hrt = ZHI tr YIO(Q)’
1
)T Ho (8. 7)Y (6)
1

where H,, H;, and H, are functions of ¢ and r. The
perturbations h,,;,, where a and b represent either € or ¢, can
be expressed in the form

:—ZU (t,r)
+Z

where V, is the two-dimensional covariant derivative
operator, and E,, is an antisymmetric tensor with the

contain only the

(3.1)

)V VLY 10(0) 4 (Ep) VeV, Y 0(0)]

(t.7)9a Y 10(0) +G(1.7)V, V. Y10(0)]. (3.2)
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nonvanishing components E,y = —FEg, = —sin@. The hyy=h, = Z (. 1)V, Y 0(6 +ZW (t.1)E,VbY 10(0).
quantity U is associated with the odd-parity perturbation, 7

whereas K and G correspond to the even-parity perturba- (3.5)
tions. In the following, we will choose the gauge

where h, and h; correspond to the even-parity perturba-
tions, and Q and W are the perturbations in the odd-parity
sector. We choose the gauge

U(t,r) =0, K(t,r)=0=G(t,r), (3.3

under which all the components of %,;, vanish. The ra and

ra components of /,, can be expressed as
P g P ho(1, r) = 0. (3.6)

_p b
Ta =Tt = Zl:h()(t’ r)VaYio(0)+ ZI:Q(I’ ")Ea VY 1o(0). All of the residual gauge degrees of freedom are fixed under
the gauge choices (3.3) and (3.6). Then, the nonvanishing
(34)  metric components are

I = —f(r)+f(r)ZH0(t, r)Y (), 9ir = 9r1 = ZH1(I, )Y 0(0), 919 = Yot = _ZQ(I’ r)(sinG)Yloﬂ(H),
1 1
pr=h""(r) + ! ZHz t,1)Y (0 grﬂzgér:Zhl(t’r)YIOﬂ(e)
1

Grp = Jor = —ZW t,7)(sin @)Y (0), Joo = rz,g(/,,,, = r%sin%é, (3.7)
]

where Y99 = dY;5/d6.

The vector field A, has a perturbed component 54, = >, 8A(t,7)E,4V?Yo(0) in the odd-parity sector, where 5A
is a function of 7 and r. In the even-parity sector, the existence of a U(1) gauge symmetry allows us to choose the gauge
Ay =0 [72]. Then, the components of A, can be expressed as

A= A(r) + > SAg(t.1)Y(0), A, = SA(t.1)Yy(0),  Ag=0,
I I

Ay =—qucosf—Y 8A(t.r)(sin0)Y4(0), (3.8)
1

where 64, and 6A; are functions of r and r in the even- [>2, (3.10)
parity sector.

We expand the action (2.1) up to second order in
perturbations and integrate the quadratic-order action  in the following.
with respect to §. We drop the boundary terms after the On using the property f = h for the background BH
integration by parts with respect to r. In the second-order  solution (2.11), the second-order action of perturbations
action, the multipole moments appear as the combination can be expressed in the form S = f drdrL, where

L=I(+1). (3.9)
£:£A+£B’ (311)
Since the tensor gravitational waves are not generated from
the monopole (I = 0) and dipole (I = 1) modes, we will
focus on the case with

2 21 )2 2
L, = szlpl <W 0+ ZQ) L:]E <W 0+ 2Q> SA + L[Mp (L 45‘}” + 247 (0% — f2W?)

L. L L L
ta7 (5A2 _proan -4 5A2) TEDM O, + f M (Q6Ay — fPWEA,) — 2324 2f6A'h, — SA(Hy — Hy)).

(3.12)
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and
2 2 2 2 2_ 2 2 _ 2
_ g . |"™MuS LMy, f M (L +2)r" — gy My (f + 1) — gk — ay
EB - 8]"2 HO - |: 2 H/2 - 2 hll 4)"2 H2 -L 87”3 h] H

LM? . L. 2ME P — g3 2Mr f+1)—-q2—q2

+ = H + M, (rH2—§h1>H1 +7P18 —MH - L= ( Srg E_MH,n
LM3 ., Lf(M4P—q P .

+ SRR f "2‘r4 w2 ! 5 (64f — 84,2 qu (Ho — Hy)(8A} — 6A,)

r

—L( h 6A0—§5A2+f6A2)

Here, a dot represents the derivative with respect to ¢. The
total Lagrangian density £ contains the nine perturbations
Q,W,Hy, H{, H,, h{, 5A(, 5A;, and JA. In the following,
we will show that this system is described by four
dynamical perturbations after integrating out all the non-
dynamical fields. First of all, we introduce a Lagrangian
multiplier y; as follows:

LM> 20 2 2
L, =L — Pl(w o +22 iaA—;(l).
r r

4 M3, r?
(3.14)
Varying £, with respect to y, it follows that
=W-0 +——-—56A. 3.15
X o'+ r MR (3.15)

Substituting Eq. (3.15) into Eq. (3.14), we find that £, is
equivalent to £. By introducing y, the Lagrangian £, does
not contain the derivative terms like W2, (Q')?, and 5AQ'.
Varying £, with respect to Q and W, we obtain

MEP (x4 2x1) +2qu (rP8Ag — qefhy)

== ME(L=2)rr +24,

. (3.16)

M3y + 2qyf6A,]

A AT N PA T

(3.17)

We use these relations to eliminate Q, W and their
derivatives from the action. After this procedure, we find
that the action contains the two dynamical perturbations y;
and JA arising from the odd-parity sector.

The next procedure is to eliminate nondynamical per-
turbations in the even-parity sector. First of all, the equation
of motion for H, is given by

(3.18)

which is used to eliminate H;. As the next step, we study
the equation of motion for H,. In order to express the

(3.13)

[

r-derivative terms with respect to one single field, it is
convenient to remove H, by means of the following field
redefinition:

L
Vq :H2—7hl. (319)

At this point, we introduce for the Lagrangian density £, a
new Lagrange multiplier y, as follows:

. QE(HO—Ul)

Lqggh 2
£3:£2—3 5A1—5A6— QEI

272 + 273 R

(3.20)

whose variation with respect to y, leads to

qe(Ho—vy)  Lqgh
252 2/

22 =0A| — A} — (3.21)
Substituting Eq. (3.21) into Eq. (3.20), it follows that L5 is
equivalent to £,. The Lagrange multiplier y, has been
introduced for several purposes. First of all, we have now
removed the H} term (as well as the couplings between H,
and 5A, and 8A}), so that the simplified equation of motion
for H, can be used to integrate out /; in terms of the other
variables as follows:

2 2
9 _4qu|L

=2quLSA — 2MP1’”3fU/1 - [M%’I(L + 2)’”2 - ‘1%5 - ‘I%/I]vl

—2q57r%y>. (3.22)
The second purpose of this step is to remove the terms in
5A? and (5A})? from the Lagrangian density, so that the
fields 6A; and 0A; can be integrated out. In fact, the
couplings in Eq. (3.20) between y, and v, as well as y, and
h; have been introduced to simplify the equations of
motion for 0A, and 6A;. Indeed, the equation of motion
for 6A; is given by
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au . M12>1(L - 2)r2 + Zqﬁl

M-t T T ML -2)

. (3.23)

Eliminating the fields 6A, and 6A; from the Lagrangian
density L3, we are left with the four dynamical perturba-
tions 0A, y1, y», and v;. After a few integrations by parts,
we obtain the reduced Lagrangian in the form

where

¥ = (6A. x1.00.11)" (3.25)
Note that K, G, M are 4 x 4 symmetric matrices, whereas Q
is a 4 x 4 antisymmetric matrix. Out of the Lagrangian
(3.24), we can easily derive conditions for the absence of
ghosts. This requires that the determinants of principal

e R P e e e A P
Lr=VKY+Y GY +¥ MY+V Q¥ (324) submatrices of K are positive, i.e.,
|
L ML M3, Lr®
K, =—>0, K Ky—-K2, =—P" " _ >0, det Ky =—F— >0,
11 2f 11822 — 12 — 8f2(L_2) € 3 16f3(L_2)
M8 12
det K = Pl >0, 3.26
© 4f2[2M12)1(L+1)r2_6M12)1”2f—fI%_CI%4]2 ( )

where K3 is the 3 x 3 matrix composed by the components without the fourth subscript. For [ > 2, all these four no-ghost

conditions are trivially satisfied outside the horizon.

We vary the Lagrangian (3.24) with respect to 5A, y;, x>, v, and solve their perturbation equations of motion for A, 1,

%2, V1. They are given, respectively, by

’ y, JW=B+f) ., fISL—4p+4)(3f - ﬂ)Mmr —2q3(5f = p)]
SA = f26A" -1~ & JIGSA — oA
/ r Ml%l(3f ﬂ)
212 qu2Myrf v + My (26 — L)vy + 2qpxs]  fqe
i MRLGS )7 TR 52
:fz)(l//_f(L—ﬂ—f))(/ _f[M%1(3L+4f 2p — 2)’”24'2(]%4])(] 4_4611140(2)(2

r ! M3t M3 Lr
2qu {(5f +B)L+4f(3f =35+2) My —4fqy]

4CIEQMf2[2’”fvl + (28— L)v,]

ML (3f ﬁ) M{L(3f = p)r
Mp1(3f ﬂ)
— 2, S —ﬁ— 3f) ,  JIMH{(L +2p=8)f = 3BL + 2°}r* + 4fqy]
“ & MG = )7 2
_anfL Zqu[szPﬂ ~ ML = 2p)r v, — Lay (5f — p)oA] 320
Pt 3BT~ )7 52
o oy JULADS F3LLIL=P)] 3L =P+ 2+ fIOL+ 2P =4 ~ 202 2L - P(L - |
o Bf=Pr 1 (3f-p)r ‘
20L + 4fL — p* — 4 3f2 14
i széf 'J;)ﬂ L f( LqydA = qerya), (3.30)
Pl
|
where and k are the angular frequency and wave number,
respectively. In the limits of large @ and k, the dispersion
5= 2ME (L + 1)r? — g% — ¢, (3.31) relation corresponding to the radial propagation is given by

2MP1r

We assume the solutions to the perturbation equations in
the form ¥ « ‘Poe‘i(“”‘k’>, where W, is a constant vector, @

det |f2c2K + G| = 0, (3.32)

where ¢, is the radial propagation speed measured by a
rescaled radial coordinate 7 = [ dr/+/f and a proper time
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v = [dt\/f, such that ¢, = d7/dr. Substituting the com-
ponents of K and G into Eq. (3.32), it follows that

(c2=1)*f8det K = 0. (3.33)
Then, we obtain the following four solutions:
cz=1. (3.34)

This means that all four dynamical perturbations 6A, y1, y»,
and v; have luminal propagation speeds.
To obtain the angular propagation speeds, we assume the

solutions in the form ¥ = ‘f‘oe"ﬁ” . In the limits of large w
and /, the matrix components in G and Q do not contribute
to the dispersion relation and hence

det|fLc3K + r»M| =0, (3.35)

where cq, = rd0/dr is the angular propagation speed. In the
limit L > 1, the leading-order contribution to Eq. (3.35) is
given by

1
EMﬁlrszLz(cé -1*=0. (3.36)
This gives the following four solutions:
=1 (3.37)

From the above discussion, the four dynamical perturba-
tions have the luminal speeds of propagation for high radial
and angular momentum modes.

For gp #0 and ¢, =0, the perturbation equations
(3.27)—(3.30) separate into the two coupled equations for
0A and y in the odd-parity sector and the other two coupled
equations for y, and v; in the even-parity sector. Since the
isospectrality of QNMs between the odd- and even-parity
modes holds in this case [54], we only need to integrate the
two coupled differential equations in the odd-parity sector to
compute the QNMs of purely electrically charged BHs.

For ¢y #0 and g =0, the system described by
Egs. (3.27)—(3.30) separates into the following two types
[65]: () y; (odd-parity gravitational perturbation) and y,
(even-parity electromagnetic perturbation) are coupled with
each other, and (II) A (odd-parity electromagnetic pertur-
bation) and v; (even-parity gravitational perturbation) are
coupled with each other. In Ref. [66], it was shown that the
isospectrality of QNMs between the types (I) and (II) holds
for purely magnetically charged BHs. In this case, it is
sufficient to calculate the QNMs for the perturbations of
either type (I) or (II).

For gr #0 and gy, # 0, we observe in Eqgs. (3.27)-
(3.30) that the four dynamical perturbations 6A, y, y2, ¥;
are coupled with each other. In such cases, we need to
integrate the four coupled differential equations (3.27)—
(3.30) to compute the QNMs of BHs with mixed electric
and magnetic charges.

IV. METHODS FOR COMPUTING QNMS

In this section, we will explain how to compute the
QNMs of charged BHs given by the metric components
(2.11). The perturbation equations of motion (3.27)—(3.30)
can be expressed in the form

R N
< >l11 Ur\¥ +V(r)¥ =0,

- = 4.1
drr  dr? (4.1)

where r, = [ f~'dr is the tortoise coordinate, ¥ is defined
in Eq. (3.25), U and V are 4 x 4 matrices whose compo-
nents depend on r and /.
For the BH solution (2.11), the horizons are located at
the two radial distances r, and r_ satisfying
i+ i _

2 —=2Mr + =(r=r_)(r—ry),

(4.2)
2M3,

where r_ < r,. Then, the tortoise coordinate can be
expressed as

2 2
r r—r r r—r
+ + - -
r, =r+4+ In — In .
ry—r_ <r+—|—r_> ry—r_ ry+r_

(4.3)
There are the following relations:
2 2
9t au
2M =r_+ry, =r_ry (4.4)
2M3,

For the later convenience, we introduce the dimensionless
quantities

dE 2r_ dm 2r_ .
ap =———=,[—cosa, ay = =, /—sina,
Mpr, I+ Mpir Fy

(4.5)

which satisfy the relation o2 + a3, = 2r_/r,.

We are interested in the propagation of perturbations in
the region outside the external horizon, i.e., r, <r < oo.
For the computation of QNMs, it is convenient to introduce
the new variables y{, y», 3, w4 related to vy, yy, ya, OA,
respectively, as'

"To understand better the field redefinition for vy, let us
reconsider all the metric perturbations and pick up the gauge-
invariant combination Kg; = K — 2hh,/r + hrG'. In the gauge
we have chosen, we have that h; = —rh™'Kg;/2. Therefore
around the horizon, h; « Kg;/(r —r,). To be more specific,
the field vy, in our K = 0 = G chosen gauge, really corresponds
to the gauge-invariant combination v,g = H,—Lh;/r+
(rh' + L —2h)/(2h)K — rK' + LrG'/2, therefore around the
horizon, up to a constant, v; ~K/(r—r,)+---. Hence we
have that y| ~ Kgi, e.g., in the iy = 0 = G gauge. It should be
noted that the field K, at the horizon, becomes gauge invariant, so
the field y; ~ K is a suitable variable to describe the behavior of
perturbations close to it.

084022-7



ANTONIO DE FELICE and SHINJI TSUJIKAWA

PHYS. REV. D 109, 084022 (2024)

—iwt Y1
b

Mp(r—ry)
—iwt ﬂ
2 9

—iwt Yo

vy =e R
Mp]l"

Xr=e

r=e OA = ey, (4.6)
Then, the perturbation equation (4.1) reduces to the
following form:

o V(|- U O,

02 (4.7)

where U and V are 4 x 4 matrices depending on r and /, and

V= (v wsws) (4.8)
In the limit that » — r_, all the matrix components of U(r)
and V(r) vanish. We also have the properties U(c0) = 0 and
V(o0) = 0 at spatial infinity. This means that the perturba-
tion equations (4.7) reduce to

d2
<dr§+w2>%20’ forr->r, or r— oo, (4.9)
for each i =1, 2, 3, 4. The solution to Eq. (4.9) can be
expressed in the form y; = A;e™®" + B;e™®", where A;
and B, are constants. Hence all the fields freely propagate
around r = r, and r — co. The QNMs correspond to the
waves characterized by purely ingoing waves at the horizon
and purely outgoing at spatial infinity, so that

(4.10)

wi(r=ry) =A™ yi(r— o) = Bjet",

which are imposed as boundary conditions.

A. Expansion about the horizon

Now, we would like to find an approximate solution to
the perturbation equations of motion around r = r,. Since
we have shown the asymptotic behavior of the fields y;’s
around the horizon, we will solve the perturbation equa-
tions order by order in the vicinity of r = r, . For the
computation of QNMs, we choose a purely ingoing wave
expanded around r = r, in the form

(
i Gi n
y =y e (r=r ), (4.11)

where G\" =d"G,/dr"|,_,, is the nth derivative
coefficient.

On using Eq. (4.3), the ingoing plane wave e~*®"* in the
vicinity of r = r, can be expressed as

e—ior. — e—iwr(,. _ r+)—iwri/(r+—r_)(r _ r_)ia)r%/(u—r_)

~ Cy(r —ry ) iori/re=r-) (4.12)

where C; is a constant. Therefore, we look for an ansatz in
terms of the radial variable r of the following type:

+oo ~(n) P2

G; ior
= (r=r)?Y =i-(r—ry)". whereb=———"—,
wi=(r—ry) 2y (r—ry)", where ro—r_
(4.13)

where we absorbed the constant C; into the definition
of G

We will solve Eq. (4.7) order by order in r — r, to find
(n)

i

constraints on the coefficients G
(1)

i

. At lowest order, we can

solve for the coefficients G;’ as functions of the coef-

l(_o)' At next order, we solve for ng)
again of GEO). We repeat the iterations up to the required
accuracy. It is clear that the dimension of the space of

solutions is four, i.e., equal to the number of free parameters

chosen for the coefficients G(1(.)2),3 4. For instance, we have

ficients G as functions

G(]) __ 2(XEL(XM (0)
3 r_+r,Qir,o—1) ¢
B 2ap(r_ —ry)(L = 2ir, o) 0)
[ = L+ Dry]lr- + 7, Qirw = 1)]
_ L(ZM (0)
re+ryir,o—1) 2
iro L 0)
Y = GV,
* (r_—ry)? " r_+r,Qir,w—1)] 3

where ar and «,, are defined in Eq. (4.5).

B. Expansion at spatial infinity

Around spatial infinity, we also expand y;’s correspond-
ing to purely outgoing waves in the form

+0o0 F(”)

. — plor. i Fn
Vi E n! ’

n=0

(4.15)

where F\") = d"F,/dr"|,_.. In this case, we have that

i

) ) r—r ior [(re=r) [ p— p —iwr? /(ry—r_)
elor. — pior + -
ry+r- ry+r_

~ Cvzeia)r’,.im(nr#»r,)7 (4]6)

where C, is a constant. Then, we can assume the solutions
at spatial infinity, as
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+00 F(n)
W = ekrrb E i r—n’ k2 — _wZ’
i n!
n=

0)2

b=iw(r.+r.)=—-(r. + r_)T, (4.17)
where the QNMs correspond to k = iw. Note that we have

absorbed the constant C, into the definition of F E").

In the first iteration, the equations of motion can be
solved for F Sl) as functions of the four coefficients F EO).

We can iterate the process leading to a recursive set of

equations, which are used to express F ,(-") with n > 2 in
terms of four F l(»o)’s. Therefore, there are four free param-

eters at spatial infinity as well. For instance, we have

2apr, £ i[L=2(r% +ryr_+ri)e?

(0)
Fy.
L-21 2w 3

F =

(4.18)

If we use the expansion with higher values of n, we can
compute the QNMs with higher accuracy.

C. Shooting from both the horizon and infinity

To compute the QNMs numerically, we will make use of
the two methods explained below. These two choices are
made for the purpose of confirming whether the different
methods lead to the same results.

The first method is based on integrations of the coupled
differential equations of four dynamical variables y; (i = 1,
2, 3, 4) from the horizon toward larger r and from the
spatial infinity toward smaller r. In doing so, we will exploit
the series of solutions (4.13) and (4.17) expanded up to the
thirteenth order. They automatically implement the neces-

sary boundary conditions of QNMs. Since there are four

independent choices of the coefficients G\

;’, we have a
four-dimensional parameter space for the choices of initial
conditions with respect to the integration from the horizon.

There are also four independent choices of the boundary

conditions associated with the coefficients F EO) for the
inward integration from infinity.

Thus, we have four independent boundary conditions,
respectively, both at the horizon and at spatial infinity. We
call any of four independent solutions shooting from the

horizon l//,(»h'j ), Here, the subscript i represents the dynami-

cal perturbations, j € {1, 2, 3,4} stands for the nonzero and
(0)
J

integrated from the horizon. For instance, if j = 2, then we

have Ggo) = 1, whereas the other values of G§O> vanish.
The integration of the perturbation equations of motion

gives y/l(-h’j

solutions

equal-to-unity choice for G}, and /4 indicates the solutions

) and dy/l(-h’j ) /dr at any radial distance. For the
(c0.7)

i

integrated from infinity, we follow the

same procedure by starting the integration at a sufficiently
large distance (say, at r = 100M), where j represents the

nonzero but equal-to-unity value for the coefficients F;O).

At this point, we can form an 8 x 8 matrix A built as
follows. Each of the first four columns, which is labeled
by j, consists of the eight-dimensional column vector
[y/l(-h'j ), dl//,(»h’j )/ dr]’. The remaining four columns are
labeled again by j, but each of them is defined to be the

eight-dimensional column vector [l//l(m" ), dt//l(-°°’1 iy dr]’. We
evaluate all the contributions forming the matrix A at an
intermediate matching point denoted by the distance ry,,
say at r = ry,, where r, < ry,, < 100M. If w corresponds to
the frequency of QNMs, these solutions are not linearly
independent. This means that the determinant of A van-
ishes, i.e.,

det A =0, (4.19)
at the matching radius ry,. If we correctly compute the
QNW, it should be the same independent of the choice of
rip- This property can be used for the consistency check of
numerical computations.

D. Shooting from the horizon to infinity

In this second method, we use the shooting integration
(h.j)

method in a different way. Having the same solutions y;
and dl//,(»h’j )/ dr as explained earlier, we evaluate them up
to a sufficiently large distance, say, r = ry,, = 100M.
The resulting large-distance solutions do not generally
satisfy the boundary conditions of QNMs, but they are
the linear combinations of ingoing and outgoing waves.
We set the onset of integration at r=r.=r (1 +¢)

(with € ~ 1073), as

— — 0

Flor, = 7:(Gro). (4.20)
where . corresponds to the approximate solution whose
components are given by Eq. (4.13). Then, we solve
the perturbation equations of motion for each y; up to
the distance r,,. As mentioned above, the solutions for
w|,—, _are in general the linear combinations of outgoing
(k = iw) and ingoing (k = —iw) waves. It should be noted
that the coefficients F' l(-] ) for J > 0 are linear functions of
F 50), but they are generally functions of k as well. Since the
QNMs correspond to k = iw, we name F EO) liciw = F ?NM.
If we were to choose k = —iw, we would instead have
ingoing waves corresponding to the quasibound states, for

which F EO> lie—iw = F ?BS. The solutions at r = r,,,, can be
generally expressed in the form

BS NM
Wil o, = ByF ™ + C;F,

(4.21)
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2] BS ~ NM
l//:'|r:rmux = BUF? + CUF/Q ’

(4.22)

where B;; and C;; characterize the coefficients of quasi-
bound states and QNMs for y; , respectively (and the
same applies to B, ; and C ; for y; r=ry, ). The left-hand
sides of Egs. (4.21) and (4.22) can be numerically found by
shooting from the horizon, whereas the right-hand sides
are deduced by the Taylor-expanded solution given in
Eq. (4.17) and its r derivative. Then, we can build up an
8 x 8 matrix M with the elements defined as follows. We
choose each of the first four columns of M, which is
labeled by j, to be the eight-dimensional column vector
[Bij. B;;]" (for a fixed j). The remaining four columns are
defined so that each of them, labeled now by j + 4, is the
eight-dimensional column vector [C;;, C; ;|7 (for a fixed )).
Then, we have a linear system given by

|r:rmﬂx

Wil Wil T = MIFRS M (423)
This equation can be solved for [F 7T, We repeat
this procedure for each of the four independent boundary
conditions around the horizon, labeled by a. Then, we can

build a 4 x4 matrix B whose columns consist of the
_ FQBS.u
; .

FQBS FQNM
]

four solutions obtained for the F?BS’S, or Bj,
The QNMs can be obtained by the condition that the
determinant of B vanishes, i.e.,
det B=0. (4.24)
For the system of coupled differential equations of four
dynamical perturbations, this second method is numerically

less efficient in comparison to the first method explained
in Sec. IV C.

V. NUMERICAL DETERMINATION OF QNMS

In this section, we present the numerical results of
the QNMs frequencies obtained by implementing the
two methods explained in Sec. IV. We will show that,
for a given total charge gy and a BH mass M, the QNMs
do not depend on the value of a, where we recall that
tana = q,;/qg. In other words, we see the isospectrality
for the quasinormal frequency, i.e., the degeneracy of @’s in
terms of the parameter @. We deduce this isospectrality by
using a numerical approach. As such, we will prove it for a
finite number of the parameters of solutions. We mainly
study the two fundamental mode frequencies (gravitational
and electromagnetic) for [ = 2 by fixing the BH mass, but
changing the value of g in the range 0 < g7 < 2M3 %
(the upper bound evaluated in the extremal case, for which
r, = r_ = M). We show that, for the method explained in
Sec. IV, the solutions satisfy det .4 = 0 also when evaluated
on different values of a, i.e., changing the value of gz/qy
(while keeping the same value of g% = g% + ¢3,). We also

briefly discuss the [ = 3 gravitational fundamental tone as
well as one single example of the overtones. In all these
cases, we report that the quasinormal frequencies of the
considered modes do not depend on a.

In the following, we fix units for which the BH mass is
M =1, so that r, +r_=2. We also assume that
0<r_<ry, in which case 0 <r_ <M. In the limit
r_ — 0, we have ¢4 =2MZr_r,. — 0 and r, — 2, inde-
pendently of the value of a. In this limit, the spectrum of
QNMs tends to coincide with the one of an uncharged
Schwarzschild BH solution [47-49]. Instead, as already
mentioned, the extremal charged BH corresponds to
r.=r, - M.

Without the loss of generality, we will consider the
BHs with positive electric and (or) magnetic charges.
For the purely electrically charged BH, we have a =0,
whereas the purely magnetic BH corresponds to a = /2.
The BHs with mixed electric and magnetic charges have
the angle 0 < a < /2. For a fixed value of r_, the
external horizon r, =2 — r_ is determined accordingly.
This fixes the background metric components as f =
h=(r—r_)(r—ry)/r? with the squared total charge
g7 = 2M3r_r.. For a given g, there are infinite possibil-
ities for ¢, to give the same total charge. In particular, we
have chosen to parametrize these possibilities by introduc-

ing the parameter a such that g = Mp\/2r_r, cosa and

qu = Mp\/2r_r_sina. While the BH solutions with
different values of a are not distinguished in the metric
field profile at the background level, the perturbation
equations presented in Sec. Il do have the dependence
on a. As such, we are tempted to think that the QNMs may
also depend on the value of «, i.e., being able to discrimi-
nate a magnetic BH from an electric one. However, the
numerical results presented here will show that this is not
the case.

To compute the QNMs numerically with a given value of
a, we solve the discriminant equations (4.19) or (4.24) for
each r_, by using the QNM obtained for the previous value
of r_ as an initial guess for w. We perform the integration
procedure by starting from small values of r_ close to 0.
In the limit »_ — 0, the QNM in the gravitational sector
should agree with the one for the Schwarzschild BH. For
each value of 7_, the discriminant equations are solved with
an error at most of order 10~7. As we mentioned before, we
will mostly exploit the first method explained in Sec. IV C
due to its efficiency, but we will also carry out the
integration with the second method given in Sec. IVD
to confirm the consistency of our numerical results.

In Fig. 1, we plot the numerical values of the quasi-
normal frequency w = wp + iw; of the gravitational fun-
damental mode with [ = 2 for a = 0, where the left and
right panels represent the real and imaginary parts of oM
versus r_/M. In Fig. 2, we show the electromagnetic
fundamental modes for / = 2, which are called “electro-
quadrupole” quasinormal frequencies [61]. We can repeat
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FIG. 1.
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The QNMs for the [ = 2 gravitational fundamental mode in the purely electric case, i.e., @ = 0. The left and right panels show

the real and imaginary parts of QNM:s as a function of r_, which is in the range 0 < r_ < M. In the limit r_ — 0, the gravitational QNM
approaches the one in the Schwarzschild case: oM = 0.37367 — 0.08896i. The extremal charged BH corresponds to the limit r_ — M.

the same procedure explained above for any value of g7 by
changing the ratio ¢,,/qg, i.e., changing the value of a. In
this case, we find that the resulting quasinormal frequencies
are numerically indistinguishable from those obtained for
a = 0. This means that the QNMs are independent of a.
When a = 0, the QNMs correspond to those for the purely
electrically charged BH solution, in which case the per-
turbation equations (3.27)—(3.30) separate into those in the
odd- and even-parity sectors. When ¢,, = 0, the isospec-
trality is known to hold between odd- and even-parity
perturbations [54-56,61] and hence we only need to
compute the QNMs in the odd-party sector arising from
the gravitational field y; and the electromagnetic field JA.
When ¢, # 0 and gz = 0, the even modes couple to the
odd ones, but the perturbation equations separate into
the types (I) and (II) to give the same QNM spectra
between the two types [66].

As already stated above, for small values of r_ close to 0,
the gravitational QNMs tend to approach those of the
Schwarzschild BH. Indeed, for the case [ =2, r_ = 107°

0.70 ]

0.651 ]

wp M

0.55F ]

0.45 5

0.0 0.2 0.4 0.6 0.8 1.0
r_iM

and a=10"% we numerically obtain the value
oM = 0.37367 — 0.08896i, which is in agreement with
the value of the uncharged, nonrotating BH in GR [47-49].
In the same r_ — 0 limit, the electromagnetic QNM
approaches the value wM = 0.45760 — 0.09500; known
for a decoupling limit of the electromagnetic field from
gravity in the [ = 2 case [56]. For all values of r_ between 0
and M, we confirm that the gravitational and electromag-
netic QNMs are in good agreement with those derived
in Ref. [56].

Hence, up to this point, our results of QNMs match with
those obtained for the electrically charged BH known in the
literature. In the following, we will present new results for
the BHs with magnetic and electric charges. In Fig. 3, we
show the differences [w(a) — w(a = n/4)|M for several
different values of @ (a« = 0, #/3, z/2) in comparison to the
a = /4 case. Since very tiny differences of order 10~!! are
merely induced by the truncation of solutions at two
boundaries, we deduce that the fundamental QNMs with
[ = 2 are independent of a. In other words, for any values
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0.092 ]
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0.090 ]
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FIG. 2. The QNMs for the / = 2 electromagnetic fundamental mode in the purely electric case (o = 0). The meanings of the left
and right panels are the same as those in Fig. 1. In the limit r_ — 0, the electromagnetic QNM approaches the value

oM = 0.45760 — 0.09500i.
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Differences of the QNMs for several values of @ compared to the equally mixed charged BH (a = 7/4, or gz = q,)- The left

and right panels correspond to the differences of the real and imaginary parts of fundamental QNMs with [ = 2, respectively. The blue
and orange lines refer to the purely magnetic BH (a = /2, or g = 0) and the purely electric BH (a = 0, or ¢, = 0), whereas the green
line corresponds to the case @ = x/3. For a given value of r_, we have g% = 2Mpr_r, with r, =2 —r_and 0 < r_ <1 in the unit

M =1, so that increasing r_ means to increase the value of gr.

of a, the quantity [w(a) — w(a = x/4)|M is consistent with
0 up to the numerical precision we had to determine the
values of w themselves.

Another way to show the isospectrality of QNMs is to
evaluate the solutions found for a fixed value of a and
verify that the discriminant equation det A =0 is well
satisfied (up to numerical errors) independently of the value
of a. We recall that A is the 8 x 8 matrix derived by the
shooting from both the horizon and spatial infinity. Up to
the numerical precision of order 107, the determinant of A
does not depend on «a for any given total charge g7 (i.e.,
for fixed r_). We also confirm that different choices for
the matching distance r;, do not affect the value of the
quasinormal frequencies. The second integration method
based on the determinant of B also gives rise to the same
values of QNMs and their independence on a.

So far we have dealt with the fundamental modes for
[ = 2. In the following, we investigate other quasinormal
frequencies and show their independence on the value of a.
In Fig. 4, we plot the QNMs of purely electrically charged

0.70 8

0.68 ]

wp M

0.64 8

0.60 8

0.0 0.2 0.4 0.6 0.8 1.0

BHs (o = 0) for the / = 3 fundamental gravitational mode
versus 7_/M. In the limit r_ — 0, the gravitational QNM
approaches the value wM = 0.59944 — 0.09270i, which
coincides with the one obtained for the Schwarzschild BH.
The qualitative behavior of the real and imaginary parts of
 concerning the change of r_ is similar to that for the case
[ =2. For a # 0, we find that the QNMs for the [ =3
gravitational fundamental mode with given g and M are
the same as those derived for « = 0 up to the numerical
precision of order 1077. Indeed, this property can be
confirmed by the computation of det A for several different
values of a. We also computed the [ =3 fundamental
electromagnetic QNMs and found that, for fixed g and M,
they are independent of a.

Finally, we also study the QNM of one single overtone.
To search for the overtones, we need to further increase the
numerical precision of integration of the differential equa-
tions, leading evidently to a longer time to solve the
discriminant equation. For [ = 2 and r_ = 2/5, we obtain
the overtone frequency @M =~ 0.507 —0.234i. For this
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FIG.4. The QNMs for the [ = 3 gravitational fundamental mode. Although the numerical calculations have been performed for @ = 0,
the corresponding QNMs for a # 0 are the same up to numerical errors.
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solution, the two shooting methods explained in Secs. IV C
and IVD give good convergence to the same QNM.
Once we get this convergence, we again see the independ-
ence on «a of the discriminant equation up to the order
of 8 x 1075.

This shows that, at least up to the numerical precision we
have reached, we cannot discriminate the purely magnetic
(or electromagnetic) BHs from the purely electric BHs. In
other words, the model parameters on which the QNMs
depend are the BH mass and the squared total charge ¢ =
g% + g3, alone. As a consequence, at least regarding the
quasinormal frequencies, the most general static electro-
magnetic BHs do not acquire a new hair associated with the
extra parameter .

This conclusion is far from obvious. If we consider the
pseudoscalar invariant F WF””, which corresponds to the
inner product of the electric and magnetic fields, we
have |F,,F*| = 4|qgqg|/r*, for which both the electric
and magnetic fields are radial in the BH rest frame.
Therefore, the purely electric case (¢ = 0) or the purely
magnetic case (@ = z/2) would make the invariant vanish
at the background level. For a in the range 0 < a < 7/2,
say for a = n/4 (i.e., gg = qy), this invariant does not
vanish any longer. Hence, we could at least in principle
expect intrinsically different properties for the BHs with
mixed electric and magnetic charges. With a given total
charge g7 and mass M, however, we have shown that the
QNMs for fixed [ are the same independently of the
mixing between the electric and magnetic charges. In
other words, if the gravitational-wave observations were
to measure the same QNMs predicted by the electrically
charged RN BH, there are also possibilities that the BH
has a pure magnetic charge or a mixture of magnetic and
electric charges.

VI. CONCLUSIONS

In this paper, we studied the quasinormal frequencies of
SSS BHs carrying both electric and magnetic charges. The
QNMs of an electrically charged BH were computed in
the 1980s by using the BH perturbation theory. In this case,
the perturbation equations of motion can be decomposed
into odd- and even-parity modes, each of which contains
two dynamical degrees of freedom in the gravitational and
electromagnetic sectors. Due to the isospectrality of purely
electrically charged BHs in GR, the QNMs are the same for
both odd- and even-parity perturbations.

For purely magnetically charged BHs, there are two
types of dynamical perturbations which can be separated
into two coupled differential equations [65], i.e., (I) odd-
parity gravitational perturbation y, and even-parity electro-
magnetic perturbation y, are coupled with each other,
and (II) odd-parity electromagnetic perturbation A and
even-parity gravitational perturbation v; are coupled with
each other. In this case, the isospectrality of QNMs holds

between the types (I) and (II) [66]. Hence the two QNMs
corresponding to the gravitational and electromagnetic
degrees of freedom can be computed by using the pertur-
bation equations in type (I) or (II).

For BHs with mixed electric and magnetic charges,
we derived the perturbation equations of motion in
Eqgs. (3.27)—(3.30) for the dynamical degrees of freedom
O0A, y1, ¥2, and v;. Provided that gz #0 and ¢, # 0,
the four dynamical perturbations are coupled with each
other. For high radial and angular momentum modes, we
showed that the no-ghost conditions are trivially satisfied
outside the external horizon, with the luminal propagation
speeds of dynamical perturbations in both radial and
angular directions. The mixing between the magnetic and
electric charges is weighed by a parameter a. The main
point of this paper is to elucidate whether the charged BH
has an extra hair associated with the parameter a, besides
the BH mass M and the total charge g7.

We showed that, for a given total charge g and mass M,
the fundamental QNMs with a fixed multipole / do not
depend on the ratio between the electric and magnetic
charges.2 In Figs. 1 and 2, we plotted the funda-
mental quasinormal frequencies of gravitational and
electromagnetic perturbations for /=2 and M =1.
Depending on the value of r_ (or on the total charge
qr), the real and imaginary parts of QNMs are different
and hence they can be distinguished from those of the
uncharged Schwarzschild solution. However, as we see
e.g., in Fig. 3, both the gravitational and electromagnetic
QNMs are independent of « up to the numerical precision
of order 107!, We also studied the overtones and con-
firmed the similar independence on a.

The above results show that the electric and magnetic
BHs cannot be distinguished from each other by using
the observations of QNMs alone. In other words, the
observational identification of QNMs being the same as
those theoretically predicted by the RN BH does not
imply that the BH is purely electrically charged. It can
be magnetically charged or in a mixed state with
magnetic and electric charges. However, the dynamics
of charged (standard) particles in the vicinity of BHs are
different between the electrically and magnetically
charged BHs. Hence there should be some other ways
of distinguishing between the two cases. It is also
interesting to see whether the isospectrality of QNMs
holds for rotating BHs with mixed electric and magnetic
charges. For this purpose, we plan to compute the
QNMs of Kerr-Newman BHs by using a recently
developed numerical code METRICS [73]. These issues
are left for future separate publications.

*This result is consistent with the two decoupled master wave
equations given in Ref. [69], which depend on g7, M, and [ but
not on the ratio qg/qy.
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Note added. Recently, we became aware of the related
work in [69]. In this paper, the author could decouple the
perturbation equations of motion into those of generalized
even and odd sectors, by properly introducing new per-
turbed variables. The potentials of generalized even- and
odd-parity dynamical perturbations can be expressed in
terms of gravitational and electromagnetic “superpoten-
tials,” whose property is analogous to the case of
Schwarzschild BHs [48,49]. This suggests that the iso-
spectrality of QNMs may hold even for BHs with the mixed
electric and magnetic charges. In our paper, we showed that
such a property indeed holds by solving the coupled
differential equations of four dynamical perturbations.
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