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Gravitational lensing by Born-Infeld naked singularities
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We examine the gravitational lensing phenomenon caused by photon spheres in the Born-Infeld naked
singularity spacetime, where gravity is coupled with Born-Infeld electrodynamics. Specifically, our focus
lies on relativistic images originating from a pointlike light source generated by strong gravitational lensing
near photon spheres, as well as images of a luminous celestial sphere. It shows that Born-Infeld naked
singularities consistently exhibit one or two photon spheres, which project onto one or two critical curves
on the image plane. Our analysis reveals that when appropriately regularized, the singularity allows
photons entering the photon sphere(s) to traverse it. This, in turn, leads to the emergence of new relativistic
images within the innermost critical curve. Furthermore, the presence of two photon spheres doubles
the number of relativistic images compared to the scenario with only a single photon sphere. Additionally,
the transparency inherent to Born-Infeld naked singularities results in the absence of a central shadow in the

images of celestial spheres.
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I. INTRODUCTION

Gravitational lensing, the phenomenon of light bending
in curved space, is a captivating and fundamental effect
predicted by general relativity [1-3]. Due to its pivotal role
in astrophysics and cosmology, extensive research has been
conducted on gravitational lensing in the past decades.
It has contributed significantly to addressing crucial topics
such as the distribution of structures [4—6], dark matter
[7-9], dark energy [10-13], quasars [14—17], and gravita-
tional waves [18-20]. In an idealized lens model involving
a distant source in a Schwarzschild black hole, the slight
deflection of light in a weak gravitational field gives rise to
the observation of a primary and a secondary image.
Moreover, strong gravitational lensing near the photon
sphere generates an infinite sequence of higher-order
images, known as relativistic images, on both sides of
the optic axis [21]. Remarkably, relativistic images are
minimally affected by the characteristics of the astronomi-
cal source, making them valuable for investigating the
nature of the black hole spacetime.

Recently, the remarkable achievement of high angular
resolution by the Event Horizon Telescope (EHT)
Collaboration [22-35], has facilitated the study of gravi-
tational lensing in the strong gravity regime, reigniting
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interest in the shadow of black hole images and the
associated phenomenon of strong gravitational lensing
[36—71]. It has been demonstrated that strong gravitational
lensing exhibits a close connection to bound photon orbits,
which give rise to photon spheres in spherically symmetric
black holes. Intriguingly, certain horizonless ultracompact
objects have been discovered to harbor photon spheres,
effectively mimicking black holes in numerous observa-
tional simulations [72—-82]. Among these objects, naked
singularities have garnered significant attention. Although
the cosmic censorship conjecture forbids the formation of
naked singularities, it is possible for these entities to arise
through the gravitational collapse of massive objects under
specific initial conditions [83—89]. Given that the presence
of photon spheres allows naked singularities to emulate the
optical appearance of black holes, the gravitational lensing
phenomena associated with naked singularities have been
extensively investigated [90-97].

In the context of Reissner-Nordstrom (RN) naked
singularities characterized by a mass M and charge Q,
it is noteworthy that a photon sphere exists only if

1 < Q/M < /9/8, whereas no photon sphere is present

when Q/M > /9/8. The phenomenon of strong gravita-
tional lensing by the photon sphere has been investigated
within the spacetime of RN naked singularities [95,97].
Analogous to the case of black holes, two sets of relativistic
images can be observed beyond the critical curve, which
arises from photons originating from the photon sphere.
Remarkably, two additional sets of brighter relativistic
images have been identified within the critical curve due
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to the absence of an event horizon and the existence of a
potential barrier near the antiphoton sphere. Furthermore,
as demonstrated below, when a celestial sphere illuminates
an RN naked singularity, the absence of a shadow at the
center of the image is observed since light rays entering
the photon sphere are reflected by the potential barrier at
the singularity. These distinctive observational character-
istics can serve as means to differentiate between RN
singularities and RN black holes.

The Born-Infeld electrodynamics was initially proposed
to regulate the divergences arising from the electrostatic
self-energy of point charges, achieved through the intro-
duction of an electric field cutoff [98]. Subsequently, it was
recognized that Born-Infeld electrodynamics can emerge
from the low-energy limit of string theory, which describes
the dynamics of D-branes at low energies. Coupling the
Born-Infeld electrodynamics field to gravity, the Born-
Infeld black hole solution was obtained in [99,100]. Since
then, a multitude of properties pertaining to Born-Infeld
black holes have been extensively examined [101-113].
More recently, it has been reported that Born-Infeld naked
singularity solutions can exhibit two photon spheres within
specific parameter ranges [114].

The primary objective of this paper is to investigate
gravitational lensing phenomena exhibited by Born-Infeld
naked singularities. Remarkably, our findings unveil the
ability of photons to traverse these singularities, which, in
conjunction with the presence of double photon spheres,
gives rise to distinct observational signatures. The sub-
sequent sections of this paper are structured as follows. In
Sec. II, we provide a concise overview of the Born-Infeld
naked singularity solution and present their domain of
existence. Section III focuses on the analysis of photon
trajectories in an effective geometry and explores their
behavior in proximity to the singularity. In Sec. IV, after the
naked singularity is regularized with a regular core, we
derive the deflection angle of light rays traversing the core
and establish connection formulas between the ingoing and
outgoing branches of their trajectories within the singu-
larity spacetime. The discussion then proceeds to examine
relativistic images of a distant light source in Sec. V,
followed by the analysis of images produced by a luminous
celestial sphere in Sec. VI. Finally, Sec. VII presents our
conclusions. We adopt the convention G = ¢ = 1 through-
out the paper.

II. BORN-INFELD NAKED SINGULARITY

We consider a (3 + 1)-dimensional gravity model
coupled to a Born-Infeld electromagnetic field A,. The
action S is given by

Szlé]r/d4x\/—_g[R+4E(s,p)], (1)

where

ﬁ(s,p):é(l—\/l—2as—a2p2). (2)

Here, s and p are two independent nontrivial scalars
constructed from the field strength tensor F,, = d,A, —
d,A, and none of its derivatives, i.e.,

s = —%F’”’Fﬂy and p= —éeﬂ”’”’FﬂbFﬂm (3)
where €7’ = —[uvpol]/\/=g is a totally antisymmetric
Lorentz tensor, and [uvpo| denotes the permutation
symbol. The coupling parameter a is related to the string
tension @ as a = (2za’)?. In the limit a — 0, the Born-
Infeld Lagrangian L(s, p) reduces to the Lagrangian of the
Maxwell field. The equations of motion can be obtained by
varying the action (1) with respect to g,, and A,, yielding

1 TW
R/w - ERgpw = 5’
oL(s, p) 10L(s, p)
v, |2 P) p OB P) ywpoe | 4
”[ Js Ty O e =0 “)

where T, is the energy-momentum tensor,

all(()j; p)} .

0L(s, p)

s

T;w = 4g;w |:£(S, 17) =P Fuvap' (5)

The spherically symmetric ansatz yields a solution
to the equations of motion (4) [99,100,114]. The metric
is given by

ds* = Gupdxtdx”

d 2
= —Fa(nde + -2+ 2(d6? + sin 0dg?),
foi(r)
A = A,(r)dt — Pcos0dg, (6)
where
2M 2(Q? + p?
fBI(r>:1_—_ 7 ( > )2 2
ro 3\r"+a(Q*+ P*) +3r
4(0*+ P?) 115 a(Q*+P?)
+722F1 R B
3r 4°2°4 r
AY(r) = ¢ )

JrraQ )

The mass, electrical charge, and magnetic charge of the
black hole are denoted by M, Q and P, respectively,
and ,F(a,b,c;x) is the hypergeometric function.
Moreover, the solution appears to have a singularity at
r = 0. The nature of the singularity is investigated using
the Kretschmann scalar £ = R*7°R,,,,. Our calculation
reveals that the origin is a physical singularity as
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K — a8 <r2(1/4)[a(P2 + 0?

)]3/4_ 2,,—6 r—5
)

(8)

Thus, the solution (6) describes a naked singularity at r = 0
or a black hole if an event horizon exists.

To determine the separatrix between naked singularity
and black hole solutions, we investigate extremal black
holes with horizon radius r, and mass M,. The conditions
f(re) =0=d(rf(r))/dr|,_, yield the expressions for r,
and mass M, as

L _VHO +P)—a
e 2 ’
y, = VHL+P)—a 8O+ P)
6 6,407+ P7) —a
115  16a(Q>+ P?)
X2F1<Z’5’Z"[4<Q2+P2>—aP)'

©)

It is evident that extremal black holes do not exist for
a>4(Q*+ P?). Sowhen a < 4(Q*>+ P*) and M < M,,
the spacetime is a naked singularity. However, when a > 4

(Q?* + P?), the spacetime can have at most one horizon. The
presence of the horizon can be determined by investigating
rf(r), which vanishes at the horizon radius. In fact,
one finds d(rf(r))/dr>0 and lim,_,rf(r)=4[a(Q*+
PHAT(1/4)T(5/4)/ (3a\/7) —2M, indicating the appear-
ance of a naked singularity when

r2(1/4)[a(P? + Q)PP
< N .

The left panel of Fig. 1 shows the domain of existence
for Born-Infeld naked singularities in the a/M? —

\/ Q% + P? /M parameter space, with the dashed black line
denoting the separatrix between the black hole and naked
singularity solutions. Solutions above the dashed black line
in the colored regions represent Born-Infeld naked
singularities.

M

(10)

III. PHOTON TRAJECTORIES

Nonlinear electrodynamics theories allow for self-
interaction of the electromagnetic field, leading to changes
in the direction of photon propagation and deviation from
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FIG. 1.

™

Left: The Born-Infeld metric (6) above the dashed black line describes a naked singularity at » = 0. Within the blue and orange

regions, naked singularity solutions have two photon spheres, and the effective potential at the inner photon sphere is higher/lower than
that at the outer one in the blue/orange regions. The solutions in the green region have only one photon sphere. Right: The upper and
lower panels show the effective potential Vg (r) of representative naked singularity solutions with O = 1.05 and 1.20, respectively.

A photon sphere corresponds to a local maximum of V(7).
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null geodesics. Propagation equations describing photon
trajectories can be obtained by analyzing the electromag-
netic field’s discontinuity at the characteristic surface of
wave propagation. An effective metric is then introduced,
in which photons travel on null geodesics [115]. In
one-parameter theories with the Lagrangian as a function
of s, a single effective geometry determines the photon
trajectories. However, in two-parameter theories with the
Lagrangian as a function of s and p, two possible solutions
exist, leading to birefringence. The Born-Infeld theory, on

|

0 B dr
ds? = g, dxtdx” = —f(r)dt* + W

(aP? + r*)?

= —fei(r)dr* +

N rla(Q* + P?) + r*]3/?

where g,,7" = &, and

N = (aP? + r*)? .
f( ) - FZ[CZ(QZ —|—P2) + }"4]3/2fBI( )»
B r[a(Q* + P?) + r#)/?
]’l(}”) - (aPQ + r4)2 Bl(r)’
R(r) = (aP>+r*) (13)

A QP

Although the effective metric appears to lack electric-
magnetic duality, this symmetry is present when the metric
is multiplied by a conformal factor (aP? + r*)~2, which
does not alter null geodesics. Therefore, the electric-
magnetic duality of photon trajectories is expected. Fur-
thermore near r =0, the Kretschmann scalar of the
effective metric diverges as

1488 (T2(1/4)[a(P* + Q*)]/* 2
= -M|r

a(P* + Q?) < 6a\/n >

+ 0™, (14)
indicating the persistence of r = 0 as a singularity in the
effective metric. As anticipated, the Penrose diagram of the
effective metric coincides with that of the Born-Infeld
naked singularity metric, which is depicted in the left panel
of Fig. 2.

In the Hamiltonian canonical formalism, a photon with
4-momentum vector p* = (i, 7, 0, @), where dots stand for
derivative with respect to some affine parameter A, has
canonical momentum g, = g,, p*, which satisfies the null
condition p#q, = 0. The null geodesic equations in the
effective metric (12) are separable and can be fully
characterized by three conserved quantities,

the other hand, ensures the uniqueness of the photon path
via its equations of motion, and the effective metric " is
given by [115]

(1=2as)g" + ag,,F*"F
(1 =2as — a’>p?)3/?

7v = (11)

Using the underlying Born-Infeld metric (6), the effective
metric takes the form

2
+ R(r)(d0* + sin*0dg?)

dr? a(Q*+P?) +r*
+ do* + sin*0dg?) |, (12
foi(r) r* ( )
E= Q[la‘; = =4 Lz = Qﬂdz} =4y
L? = K"q,q, = q} + L%csc?0, (15)

which denote the total energy, the angular momentum
parallel to the axis of symmetry, and the total angular
momentum, respectively. Here, the tensor K** is an
symmetric Killing tensor,

K = R*(r)(d0 ® dO + sin*0dp ® dp).  (16)
Note that 6( 1K) = 0, where V is the covariant derivative
compatible with the effective metric. The canonical
4-momentum g = g, dx* can be expressed in terms of E,
L, and L as

it it
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FIG. 2. Penrose diagrams for the Born-Infeld naked singularity
(left) and the regularized Born-Infeld singularity with a regular
core (right).
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q=—Edt£,\/R(r)dr+4/0(0)d0+ Ldgp,

i (ffijL(zr)) and ©(6)

=L1°—L%csc?0,
(17)
where the two choices of sign +, and +, depend on the

radial and polar directions of travel, respectively. Then, null
geodesic equations are given by p# = §q,, i.e.,

() £(r)
, L? — L2csc?0 , L.
T A T ON

where b = L/E is the impact parameter, and the effective
potential of photons in the effective metric is defined as

f(r)

Veff(r) = R(r) .

(19)

While black hole studies typically neglect the near-
singularity behavior of photons within the horizon, the
absence of an event horizon in naked singularities neces-
sitates analyzing photon behavior near their singularities. In
the Born-Infeld naked singularity spacetime, the effective
potential for photons approaches zero at r = 0,

§ a(P? 2113/4
Vatr) =208+ 0 (MG ),

+O(r?), (20)

indicating their ability to reach the singularity. However,
the effective potential for null geodesics in the Born-Infeld
|

. 3/7a’/*(Q* + P?)

metric diverges at r = 0,

r*(1/4)[a(P* + Q*)PM
6a\/x

Ve (r) = 2( - M) 3+ 0(r?),

(21)

precluding their arrival at the singularity. This observation
underscores that the nonlinear nature of Born-Infeld
electrodynamics permits photons to reach the singularity,
prompting investigations into photon trajectories near the
singularity. Specifically, Eq. (18) gives the behavior of
photons around the singularity at r = 0, yielding

dr (r2(1 /4)[a(P* + Q)]

4o
" 6a\/7

_ -1 0
o M)r + O(r).

(22)

Equation (22) carries a twofold implication: first, photons
originating from distant sources reach the singularity in a
finite coordinate time, and second, photons departing from
the singularity reach distant observers within a finite
coordinate time.

Furthermore, we find that, near the singularity, solutions
of the null geodesic equations (18) can be expanded as

X =xf + Z ChamA™"log™ 4| foru=t,r,0 and g,
(23)

where x/j are the constant of integration, and the coefficients
Chm are calculated recursively order by order. Particularly,
the leading coefficients are given by

a(Q* + P?)

—
0= o (1/4) (02 + PEYRER -

V@ TP

s ch
12/7a'*E2M 10

L? — L2 csc? xo

9 __
C3p = Fo

It shows the existence of two branches of light rays; the
radially outgoing one associated with the upper sign of =+,
and F,, and the radially ingoing one with the lower sign.
We adopt 4 > 0 and 4 < O for the ingoing and outgoing
branches, respectively. It is worth emphasizing that the
affine parameter approaches +oo when the light ray
approaches the singularity, leading to xj = 0. The left
panel of Fig. 2 illustrates the ingoing and outgoing
branches, denoted by red and blue lines, respectively, in
the Penrose diagram of the Born-Infeld naked singularity.

:Fr E ’

o Va(Q*+ P?)L csc? xO 24
‘ 3E° @)

30 —

The effective potential Vg (r) determines the locations
of circular light rays, with unstable and stable light rays
corresponding to local maxima and minima, respectively.
The unstable circular light rays form photon spheres, which
are critical for observing black holes. From Eq. (12), it
follows that Vg (00) = 0 = V;(0) when a > 0, indicating
the existence of at least one photon sphere in the Born-
Infeld naked singularity spacetime. The left panel of Fig. 1
illustrates the regions where one or two photon spheres

exist in the a/M? — \/Q* + P?/M parameter space:

084014-5



CHEN, WANG, WU, and YANG

PHYS. REV. D 109, 084014 (2024)

(i) The green region corresponds to a single photon
sphere in the naked singularity spacetime, as illus-
trated by the green line in the lower-right panel of

Fig. 1 for V(r) with /Q? + P>/M = 1.20 and
a/M?*=0.2.

(i) The blue regions correspond to naked singularities
with two photon spheres, as illustrated by the blue
lines in the upper-right panel of Fig. 1 for V g(r)
with \/Q? + P?/M = 1.05 and a/M? = 0.2 and 1.
The potential peak at the inner photon sphere is
higher than that at the outer one, indicating that both
photon spheres play a role in determining the optical
appearances of luminous matters [116-119].

(iii) The orange regions correspond to naked singularities
with two photon spheres, as illustrated by the orange
line in the upper-right panel of Fig. 1 for V4 (r) with
V0?4 P?/M = 1.05 and a/M?* = 1.5. The poten-
tial peak at the inner photon sphere is lower than that
at the outer one. In this case, the inner photon sphere
is invisible to distant observers since light rays near it
can not escape to infinity. Nevertheless, the inner
photon sphere is closely related to long-lived quasi-
normal modes [120], echo signals [121] and super-
radiant instability [122].

The effective potential V g (r) of RN naked singularities

with a = 0 possesses a photon sphere provided that 1 <

VO* + P?/M < \/9/8 (e.g., indicated by the black line in
the upper-right panel of Fig. 1), while no photon sphere

exists when \/Q? + P?/M > \/9/8 (e.g., the black line in
the lower-right panel of Fig. 1) [123]. In addition, V()
diverges at r = 0 for RN naked singularities, preventing
photons from approaching the singularity. Interestingly,
when the effects of nonlinear electrodynamics are present,
Ve (r) approaches zero instead of infinity as r — 0,
enabling photons with a sufficiently small impact param-
eter to overcome the potential barrier and approach the
singularity.

IV. REGULARIZED NAKED SINGULARITY

The investigation of photon trajectories in the vicinity of
Born-Infeld singularities, as denoted by Eq. (22), reveals an
intriguing observation—photons can reach the singularity
within a finite coordinate time. This phenomenon prompts
a thorough examination of the fate of photons at the
singularities as perceived by distant observers. However,
the presence of a singularity signifies a breakdown in
general relativity and its predictive capabilities. It is widely
believed that a quantum theory of gravity would supersede
general relativity at sufficiently small length scales,
resolving this singularity issue. However, the absence of
a fully established quantum gravity framework necessitates
alternative approaches. Over the years, researchers have
explored various effective models to “regularize”

singularities, leading to several intriguing proposals, such
as semiclassical loop quantum black holes [124], renorm-
alization group improved black holes [125,126], rotating
regular black hole solutions [127-132] and the application
of the Simpson and Visser method [133]. Furthermore, a
significant study has proposed that singularities can be
smoothed out by considering the complete @’ corrections of
string theory [134-136].

Effective models frequently introduce one or more
additional parameters to regularize the central singularity,
incorporating a nonsingular core. This allows for studying
the behavior of geodesics (particle paths) near the singu-
larity. Beyond the nonsingular core, the original singularity
spacetime closely approximates the regularized singularity
spacetime. Similarly, a tiny nonsingular core can be
introduced to remedy the singularity in the Born-Infeld
metric, establishing a connection between ingoing and
outgoing branches of photon trajectories. The right panel
of Fig. 2 shows the Penrose diagram of a regularized Born-
Infeld naked singularity with such a core, illustrating its
causal structure. The red line depicts a radial light ray
originating at past null infinity and propagating to future
null infinity. Thanks to the nonsingular core, the light ray
can traverse the regularized center at r = 0. It’s noteworthy
that radial light rays follow radial null geodesics of the
background metric, given that their effective metric and the
background metric are conformally related.

To simplify our analysis, we construct a regularized
Born-Infeld naked singularity spacetime by matching the
original metric with a regular core centered at r = 0. This
involves introducing a thin shell with a small but non-zero
radius e. Within this thin shell, the metric adopts the
following form:

dr?

hin(r)

where the metric functions are expanded as

ds? =—fi,(r)df* + + Ry (r)(dO* +sin?0dg?), (25)

fin(r) = fo+ fir+O(r?),
hin(l") = ho +h1r+(9(r2),
Ri,(r) = P?[Ry + Ryr + O(r?)]. (26)

To avoid a conical singularity at » =0, we require
hg! = Ry.

Furthermore, we assume that the electric and magnetic
charges within the thin shell are spherically symmetric and
smoothly distributed. The associated field strength tensor
takes the form,

F, =9dA,-0A,+¢7,0,C,, (27)
where a new gauge field C, is introduced due to the
magnetic distribution [137]. The electric and magnetic
fields £ and B are then related to the strength tensor as
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— Ri0 — ,i0po
Ei—F, B,-—G/’Fpg.

Given our assumptions of regularity and spherical sym-
metry, the electric and magnetic fields assume the form,

E,(r) = —Al(r) = E\xr + E;r* + O(r°),
B,(r) = =C}(r) = Byr + B,r* + O(r?). (28)

Substituting Eqs. (25) and (28) into Eq. (11) yields the
effective metric within the thin shell,

. dr?
ds:lzn = _fin(r)dt2 += :

+ R;(r)(d6? + sin® 0dg?),
hin(r)

(29)

with metric functions given by

» B2 _ E2 2
fin(r) = fo +—a( L 2h3 /o r? 4+ O(r),
0
2 _ R2
ﬁin(r) = I’lo +—a<3El 2 Bl)fO }"2 + 0(73),
a(3B} — EY)

Ry (r) = r*|hy' + fo ?+0(3)|. (30

2h}

When a light ray transitions from the Born-Infeld
spacetime into the regular core, the energy E;, and angular
momentum L;, within the regular core can be expressed in
relation to the energy E and angular momentum L in the
Born-Infeld spacetime, as detailed in [138,139],

_j‘in(e)

_ fri(€)
"\ Fale)”

Rin (6) 62
> Ly, =
fin(e)

R(e) | Rin(€)

L. (31)

Given the spherical symmetry, we can confine the light ray
to the equatorial plane, assuming its entry and exit from the
thin shell occur at at ¢ = ¢, and ¢,, respectively. Beyond
the thin shell in the Born-Infeld spacetime, the trajectory of
the light ray is governed by Eq. (24). This trajectory
encompasses both ingoing and outgoing branches,
with the former concluding at ¢ = ¢; and the latter
commencing from ¢ = ¢, on the thin shell. The deflection
angle Ap = @, — ¢ that arises from the influence of the
regular core is determined by the integral,

\/ fin(r>/hin(r) dr, (32)

Ap=2[°
! / Rio(r)/b32 = Fin(r)/ Rin(r)

where rq = +/fohob;, represents the turning point, and
by, = L;,/E;, ~ €'/%. As the shell radius e approaches zero,
the deflection angle asymptotically approaches z,

i,

A 2
@ — 2 arccos <a P+ 0%

) ~z  (33)

where k = %}W —2M. This indicates that the

entry and exit points on the thin shell become antipodally
opposite. Moreover, for infinitesimally small cores, the
ray’s trajectory within the thin shell can be neglected.
Consequently, the light ray can be well approximated by
combining the ingoing and outgoing branches in the Born-
Infeld metric outside the thin shell. These branches
intersect the thin shell at precisely two antipodal points,
establishing a simple relation for any light ray,

0—>nx—0, Q=@+ (34)
In summary, the condition (34), along with the conservation
of E, L, and L, determine the corresponding outgoing
branch for any given ingoing branch.

V. RELATIVISTIC IMAGES

In this section, we explore the phenomenon of gravita-
tional lensing caused by Born-Infeld naked singularities in
the context of the strong deflection limit. Our analysis starts
with determining the deflection angle, which allows us to
derive the angular positions of relativistic images. We
employ an idealized thin lens model that assumes a high
degree of alignment among the source, lens and observer.
The lens equation, as presented in [21], is expressed as

D
f=09—-"L5Aa, (35)
DOS

where f represents the angular separation between the
source and the lens, 9 denotes the angular separation
between the lens and the image, and Aa represents the
offset of the deflection angle after accounting for all the
windings experienced by the photon. Here, the distances
Doy, D;g and D g correspond to the observer-lens, lens-
source and observer-source distances, respectively.

For the sake of simplicity, we confine our analysis to the
equatorial plane, taking advantage of the spherical sym-
metry. In the idealized model, the deflection angle a(b) is
described by the following expression from [21],

a(b) = 1(b) -z, (36)

where 1(b) represents the change in ¢, and b denotes the
impact parameter related to § through the equation
b = Dy; 9. When a photon approaches a turning point at
r = ro and then gets deflected towards a distant observer,
the integral 1(b) is given by

0 1
I(b) =2 dr
(®) / VARORE (D) -1

(37)
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Alternatively, if the photon passes through the singularity at
r = 0, the azimuthal angle ¢ increases by z, resulting in the
expression,

o0 1
b) = dr+r.
1) 2/0 VRORORO @R B

In the strong deflection limit, the integral /() diverges as
the impact parameter b approaches the critical value b,
which represents the impact parameter for photon trajecto-
ries on the photon sphere at r = r.. By expanding /(b)
around b = b, (or, equivalently ry = r.), we can obtain
a(b) in the strong deflection limit.

A. Single photon sphere

We first study strong gravitational lensing in a Born-
Infeld naked singularity with a single photon sphere. When
the impact parameter of photons approaches the critical
value, whether from below or above, they undergo signifi-
cant deflections. It is important to highlight that photons
can traverse the naked singularity if their impact parameter
is smaller than b.. Moreover, photons can orbit the photon
sphere in either a clockwise or counterclockwise direction.
Consequently, a distant source yields four relativistic
images of nth-order, where n is a specified value.

044 P T

b=2.7857M
012 -

Photons with b > b,. reach a turning point r, located just
outside the photon sphere .., as depicted by the red lines in
Fig. 3. In such cases, the deflection angle in the regime of
strong lensing is described by the equation [140,141]

a(b) :—L_lll’l(b/bc— 1)+E+O((b/bc_ 1>ln(b/bc_1>)7

(39)
where
o \/ 2/ (r.)
h(rc)[RH(rc)f(rc> - R(rc)f//(rc)]’
h—aln [rg (’; '((r’f)> - ’;'((V’C))ﬂ CI(r) -7 (40)

Here, the term I (r..) represents a regular integral that can be
computed numerically. In the idealized lens model, the
angular position of the image is related to the impact
parameter by b = D, 9. By utilizing the deflection angle
formula (39) in conjunction with the lens equation (35), one
can solve for the angular position 97, for nth-order
relativistic images produced by photons orbiting the photon
sphere n times. It is noteworthy that — and + in the subscript
of 97, signify counterclockwise and clockwise orbits,

b=3.3631M

b=3.4836M

b=3.5230M

VerM?

oOob—m v L

rM

4L 4L

FIG. 3. Left: The effective potential of a Born-Infeld naked singularity with v/P? + Q?/M = 1.2 and a/M?* = 2. It exhibits a single
peak corresponding to a photon sphere at . = 1.4179M with the critical impact parameter b, = 3.4811M. The horizontal lines denote
b2 of light rays in the right panel. Right: Light rays connecting the source S with the observer O. The red and green lines represent light
rays with b > b, and b < b, respectively. The light rays with b < b, pass through the singularity and generate relativistic images inside
the critical curve in the image plane. The blue dashed lines depict the photon sphere, while the solid and dashed lines illustrate light rays

orbiting once and twice around the photon sphere, respectively.
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respectively, while the superscript > indicates photons
with b > b,. Specifically, the angular position 97, is given
by [140]

bcenDOS

97, =930 +
= 1" aD;sDoy

(B =973). (41)

where e, = "+, and 979, satisfying a(97%) = £2nx, is
given by

b
9.0 =-970=——(l+e,) (42)
Do,

When b < b,., photons emitted from the source can pass
through the singularity, resulting in the generation of
relativistic images within the critical curve, as depicted
by the green lines in Fig. 3. To facilitate the derivation of
the integral (38), we introduce a variable z defined as

2r,
ZZI_r—l—rc' (43)
The integral /(b) can then be expressed as
I(b) = /1A(Z)D(Z,b)dz, (44)
-1
where
4 R(ro)f(r)
A=\ w)
D(z,b) = ! (45)

VR(re)/b* = f(r)R(r.)/R(r)

Note that A(z) is a regular function of z, whereas D(z, b)
diverges at z =0 as b — b.. Hence, we decompose the
integral /() into a divergent part /,(b) and a regular part
Ix(b), as follows:

1

Ip(b) = /_ A(0)Dy(z. b)dz,

1

In(b) = / [AG)D(. D)~ AO)Dy(z.b)Jdz. (46)

Here, we employ a Taylor expansion within the square root
in D(z,b) to obtain

1

Vr

where y and 5 are the expansion coefficients. Consequently,
the divergent part I, (b) is given by

Dy(z.b,) = (47)

Ip(b) =

A(O)m{rw \/n(y+f1)]. (48)
Vi L=+ iy +n)

Since the coefficient y approaches zero as b — b, the
deflection angle in the strong limit is obtained by expand-
ing Ip(b) around b = b,.,

a(b)=—aln(b2/b>—1)+b+O((b./b—1)In(b./b—1)),
(49)

where

Qu
I
&}

\/ 2/(r,)
h(re) [R"(ro)f (re) = R(ro) f"(re)]

b=aln [Srg (I;/ /((r’; C)) - ";/((ri 3))] tIe(b).  (50)

Similarly, the angular position of nth-order relativistic
images is given by

bcenDOS (ﬂ_ 19i91)

9< = 9<0 _ ,
+n +n 2ZlDLSD0L (1 + 6,1)3/2

(1)

where the angles 9;° and 9=0 are defined as

—n

TABLE I.  The angular separation A&in = éﬁn — 99, between
nth-order relativistic images and the relativistic image formed at
the photon sphere in Born-Infeld naked singularities with a single

photon sphere. The parameters \/ P> + Q?>/M = 1.2and a/M? =
0.2, 1.5 and 2 are considered. The values M = 4.31 x 106MO,
Dy, = D;g = 7.86 kpc and 8 = 2° are used. The superscripts >
and < represent images produced by light rays with b > b and
b < b, respectively. The subscripts +n and —n indicate images
produced by light rays orbiting around the photon sphere in the
clockwise and counterclockwise direction, respectively. All angles
are expressed in units of microarcseconds.

a/M? 0.2 15 2

oo +4.1781 +15.8189 +18.9161
A7 1.0663 x 10~ 1.1386 0.2334
A9; 21968 x 107%7  3.4876 x 1077 1.0560 x 1072
A9;  45259x 10770 1.0682 x 10713 4.7773 x 10~*
A9T  =3.0217 x 1077 -9.4142 —2.9161
A9 —1.3715x 107" —22188 x 1072 -0.7526
A9 —6.2252 x 10730 —1.2305 x 107> —0.1679
A9Z,  —2.8311 x 1073 —-0.8133 —-0.2179
A9”, —58325x10"%¥ —24912x 1077 —9.8579 x 1073
A9Z;  —1.2016 x 10770 —7.6304 x 10~'*  —4.4596 x 10~
A9%, 16624 x 1077 8.9587 2.8385
A9,  7.5453 x 107" 1.8780 x 1072 0.7286
A9%,  3.4248 x 107 1.0412 x 1073 0.1623
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be 1
90 = 90 = = 52
; V=D TTe (52)

To obtain numerical estimations of 193 in an astro-
physical setting, we consider a Born-Infeld naked singu-
larity with parameters corresponding to the supermassive
black hole Sgr A* located at the center of our Galaxy.
Specifically, we assume a mass of M = 4.31 x 10°M and
a lens-source distance of D,; = 7.86 kpc. Additionally, a
source is positioned at D;g = 7.86 kpc with an angular
separation of f = 2°. For Born-Infeld naked singularities

with \/P?> + Q*/M = 1.2 and various values of a/M?,
Table I presents A&in E&in -8y, where 9., =
lim,,_, o, 19i2 = +b,./Dy; is the angular position of the
relativistic image formed at the photon sphere. Note that the
corresponding effective potentials of the singularities are
displayed in Figs. 1 and 3. The results demonstrate that as
the nonlinear parameter a increases, the potential peak

becomes less pronounced, leading to larger values of AS;.
This, in turn, facilitates the resolution of higher-order
relativistic images. Moreover, the relativistic images
with b < b, are more widely separated compared to those
with b > b, due to the significant bending of light rays
upon entering or exiting the photon sphere. Considering a

0.14

b=3.0037M

resolution of 0.01 microarcseconds, which is capable
of resolving the first-order relativistic image in a
Schwarzschild black hole [95,140,142], it is observed that
relativistic images associated with the singularity having
a/M?* =02 are too closely spaced to be resolved.
However, all n =1 relativistic images of the singularity
with a/M? = 1.5, as well as n <3 images of the singu-
larity with a/M? = 2, can be distinguished.

B. Double photon spheres

In the presence of a Born-Infeld naked singularity with a
double-peak effective potential, two photon spheres are
observed at distinct locations, namely, r = r;, and r = rg,
with ry, < oy The critical impact parameters b;, and b,
represent the impact parameter of light rays on the inner
and outer, respectively. If the height of the inner potential
peak is lower than that of the outer peak, the inner photon
sphere remains invisible to a distant observer, resulting in
gravitational lensing similar to the single-peak scenario.
However, when the height of the inner peak surpasses that
of the outer peak, a distant source can generate a total of
eight nth-order relativistic images due to strong gravita-
tional lensing near the inner and outer photon spheres. The
light rays responsible for these relativistic images are
categorized based on their impact parameter b,

0.10 | B

0.081 b=3.6485M |

o
§: ,,,,,,,,,,,,,, b=3.8030M _ _
5
> b=3.8371IM
0.06 |
12F
004f of
0.8
0.6
0.02f 04
0.2
I 0.0 -
0 1 2 3 4 5 6
0.00 U TN TN TR (NN TN TN TN TN NN TN TN TN TN NN ST ST SN S NN TN ST SN SN Y SO T TN 1
0 1 2 3 4 5 6
r/M

FIG. 4. Left: The effective potential of a Born-Infeld naked singularity with \/P> 4+ Q?/M = 1.2 and a/M?* = 0.2. Notably, it
displays two peaks corresponding to the inner photon sphere at r;, = 0.2919M and the outer one at r,, = 1.7833M. The horizontal
lines denote b2 of light rays in the right panel, which undergo significant lensing effects near the outer photon sphere with the impact
parameter b, = 3.8021M. Right: Light rays are depicted by red and green lines, indicating those with b > b, and b < by,
respectively. The blue dashed lines represent the photon spheres, while the solid and dashed lines demonstrate light rays orbiting once

and twice around the outer photon sphere, respectively.
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(1) For b < by,, depicted by the green lines in Fig. 3,
where the potential peak is treated as the inner one.
The light rays emitted from the source pass through
the singularity and produce two relativistic images at
9 = 91<, with the minus (=) and plus (+) signs
representing the counterclockwise and clockwise
directions, respectively.

(i) For b > by, illustrated by the red lines in Fig. 3. The
light rays reach a turning point r(, just outside the inner
photon sphere before escaping towards the observer,
generating two relativistic images at § = &‘i“,j

(iii) For b < by, shown by the green lines in Fig. 4. The
light rays are reflected at r = ry by the potential
barrier between the two photon spheres, producing
two relativistic images at § = 9.

(iv) For b > b, demonstrated by the red lines in Fig. 4.
The light rays reach a turning point rq slightly
outside the outer photon sphere, resulting in two

L — pou>
relativistic images at § = 93~

Note that the angular position of the images, 95" and
9= can be computed using Egs. (41) and (51), respec-
tively. Moreover, the deflection angle of light rays with
b < by, has been previously shown to be [95]

a(b) = —alog (b3 /b* = 1) +b

+O(<bout/b_ l)ln(bout/b_ 1))7 (53)
where
- \/ 2/ (1)
h(roul)[RU(rm)f(rm) - R(rm)f//(rm)],
1, a V2 rfm _ R//(rm) _f//(rm)
5= aee (7= 1) (5 - )
+ IR(rout) - (54)

Here, r,, is the critical turning point when b is very close to
boui- Since the divergent parts of the deflection angles (49)
and (53) share the same form, one can utilize Eq. (51) to
calculate 99"'< with the values of @ and b from Eq. (54).

Similarly, in the aforementioned astrophysical scenario
of Born-Infeld naked singularities with a single photon
sphere, the angular positions of the relativistic images can
be estimated numerically. Specifically, we present the
values of A9YZ = 975 — 90 and A = 93U= — 9ot
for a/M? = 0.2, 1 and 1.5 in Table II. Here, 9 and 93t
are the angular positions of the relativistic images formed at
the inner and outer photon spheres, respectively. We also
assume a resolution of 0.01 microarcseconds, which
enables the resolution of the first-order image in a
Schwarzschild black hole. For a singularity with
a/M? = 0.2, the inner potential peak is significantly
sharper and higher than the outer peak. Consequently,

TABLE II. Angular separation of relativistic images near the
inner and outer critical curves in Born-Infeld naked singularities
with double photon spheres. The parameters M, Dy;, Dy, f and
\/P? 4+ Q?/M are chosen to be consistent with those presented in
Table I. Left: The angular separation A= = 9= — 9 be-
tween nth-order relativistic images near the inner critical curve
and the relativistic image formed at the inner photon sphere.
Right: The angular separation A9Y'= = 9= — 99 between
nth-order relativistic images near the outer critical curve and the
relativistic image formed at the outer photon sphere.

a/M? 0.2 1

g +4.8562 +17.6478
A= 1.0197 x 1072 81.9543
A9> 1.4343 x 107! 1.2180 x 10720
A9i> 2.0176 x 10777 1.8100 x 10742
Ain< —6.1033 x 1077 —-17.6186
Adip< —7.2387 x 10720 —3.7064 x 107>
Adin< —8.5853 x 1073 —4.5184 x 1071
A9 —2.0781 x 10726 —23.2197
A9 —2.9232 x 1072 —3.4508 x 102!
A9 —4.1120 x 10778 —5.1283 x 10743
A< 3.0698 x 1077 17.6091
A5 3.6408 x 10720 2.0884 x 1073
A9"s 43181 x 1073 2.5459 x 10716
a/M? 0.2 1 1.5

9 +20.6602 +21.4264 +21.7967
A 0.2415 0.1491 0.1198
A9™> 65113 x 107 1.6409 x 1073 9.6643 x 10~
A9 17553 x 1074 1.8056 x 10~ 7.7952 x 10~°
A9§ut= —4.6237 —4.6184 —7.5266
A< —1.0356 —0.6696 —1.1980
A= —0.1813 ~7.3293 x 1072 —0.1162
A4 —0.2229 —0.1349 —0.1076
A9 —6.0086 x 107> —1.4843 x 10~3  —8.6817 x 107*
A9 —1.6198 x 107*  —1.6333 x 1075 —7.0027 x 10~°
A9 4.4968 4.4581 7.3092
A= 0.9977 0.6383 1.1403
A9y 0.1743 6.9728 x 1072 0.1102

the relativistic images at § = 191’3 are closely situated near
the inner critical curve at 9 = 9" | making them indis-
tinguishable on the image plane. However, the images near
the outer critical curve at § = 99 are well-separated from
the outer critical curve, allowing for the distinction of the
first-order images with b > b, and the first three orders
(n < 3) images with b < b,,. When a/M?* = 1, the inner
potential peak becomes flatter, resulting in greater separa-
tion among the images near the inner critical curve. It
should be emphasized that, due to the inner potential peak
not being significantly higher than the outer peak, the
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formulas for 9> and 93"~ in the strong deflection limit
may exhibit substantial errors. For the singularity with
a/M? = 1.5, the inner peak is lower than the outer peak,
leading to the existence of relativistic images solely near
the outer critical curve.

VI. CELESTIAL SPHERE IMAGES

In this section, we investigate gravitational lensing by a
Born-Infeld naked singularity through the image of a
luminous celestial sphere centered at the singularity and
surrounding the observers. To obtain the image of the
celestial sphere, we use the numerical backward ray-tracing
method to calculate light rays from the observer to the
celestial sphere. Light rays can be described either by
numerically integrating Eq. (18) or eight first-order differ-
ential equations

dxt

et
o P

dp* ~

W = —F%UPPPU, (55)

where A represents the affine parameter, and an are the
Christoffel symbols compatible with the effective metric.
Numerically solving Eq. (55) for light rays enables us to
avoid the need to account for turning points during the
integration, resulting in improved numerical accuracy.
Thus, we use Eq. (55) to calculate the light rays connecting
the observer with the celestial sphere.

For a static observer located at (¢,,r,,0,,¢,), we
introduce a tetrad basis

9, 0,
e = )T
' _gtt(r()’e()) grr(ro’g())
0y 9,
) m=F———, Oy m———, 56
(9) \/906(r0790) ) ggarp(roveo) ( )

which span the tangent bundle at the observer. To obtain
initial conditions for Eq. (55), a photon captured by the
observer is considered, whose local 4-momentum
(p, p), p p@)) in the tetrad basis is related to the

4-momentum p), = dx*/dA (to.r0:0,p,) S
P = Feaalroph, P = pi// Fealro),
p(G) = I"Opg, P((/)) = ro‘ Sin90|pg‘ (57)

The observation angles ® and @, as defined in [143], are
given by

©) (o)
sin®:p—, tanszp

: (58)
o)

which p = \/p"2 + p@2 4 p@2 We express p("), p®
and p'?) in terms of p, ® and @ as

p)=pcos@cos®, p¥=psin®, p?)=pcosOsind.
(59)

Moreover, the condition g,, pbpy = 0 and Eq. (57) give

f(ro) | h(ry)

2
o

R
p) = p\/ Bl(r")\/ pi(7) cos’@cos’® + R(r,) (sin?® + sin*®cos’®). (60)

Using Eq. (57), we can rewrite p’ in terms of p, ® and @,
which, together with the coordinates of the observer, provide
initial conditions for Eq. (55). Without loss of generality, we
set p = 1 in what follows. The Cartesian coordinates (x, y)
of the image plane of the observer is defined by

=—r,d, y=r,0, (61)
where the sign convention for @ leads to the minus sign in
the x definition. Note that the direction pointing to the
singularity corresponds to the zero observation angles
(0, 0).
|

— 2 — —
tout_tin+0(€ )7 rout_rin_M€7

t _ t roo_ r
Pout = Pin» Pout = —Pin>

gout =7 - gin + 0(63)’
Phu = =Y + O(e7 loge),

As discussed previously, when a light ray travels through
the singularity, its affine parameter A becomes divergent at
r = 0, posing a challenge for our numerical implementation.
To circumvent this issue, we introduce a small sphere of
radius Me to enclose the singularity. Outside the sphere, we
can solve Eq. (55) numerically, ensuring the accuracy and
stability of the light ray calculation. Within the sphere, we can
use the expansions in Eq. (23) to describe the light ray and
provide a connection formula for its entry and exit points from
the sphere. Specifically, we consider the light ray entering
and leaving the sphere at (t,, in, Gin, @in) and (Zoue, Fours
Oouts Pout)» Tespectively. With Egs. (24) and (34), one has

Pouwt = T+ @iy + 0(63)’
Pou = Pip + O(€ loge). (62)
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FIG. 5. The relative error (¢, — ¢¢)/ @, as a function of ¢ for a

light ray emitted from (r,,¢,) = (25M,¢,) and arriving at
(ry,9,) = (10M, z) with (©,®) = (0,3/20) on the equatorial
plane. The light ray passes through the singularity, and the
ingoing and outgoing branches are joined at r = Me during
numerical calculations. Here, ¢y = ¢@._o3, a/M?>=1 and

V0?4 P2/M = 1.05.

In this section, we employ the leading terms of
Eq. (62) to connect the ingoing and outgoing branches.
To explore the numerical error caused by the finite size of ¢,
we investigate a light ray on the equatorial plane
of a Born-Infeld naked singularity with a/M? =1 and

VO*+ P?>/M = 1.05. The light ray originates from
(res@.)=(25M,¢,), and an observer located at (r,, ¢,) =

(10M, z) captures it with observation angles (©,®) =
(0,3/20). To obtain the coordinate ¢, we trace the light
ray backward from the observer to r, =25M while
connecting the ingoing branch with the outgoing one at
r = Me. We present the relative error (¢, — @g)/@o as a
function of ¢ in Fig. 5, where ¢y = ¢._o-:. To maintain
numerical precision and efficiency, we set € = 107! in the
following numerical simulations, for which the relative
error is well below 1073,

To illustrate gravitational lensing by Born-Infeld naked
singularities, we position a luminous celestial sphere
at rcg = 25M, while an observer is situated at xj =
(0,10M, /2, ). The celestial sphere is divided into four
quadrants, each distinguished by a different color, and a
white dot is placed in front of the observer. Additionally, we
overlay a grid of black lines representing constant longitude
and latitude, where adjacent lines are separated by z/18. To
generate an observational image, we vary the observer’s
viewing angle and numerically integrate 2000 x 2000
photon trajectories until they intersect with the celestial
sphere.

Figure 7 displays images of the celestial sphere in both
RN and Born-Infeld naked singularities, both of which
possess a single photon sphere. The dashed circular lines in
the images correspond to the critical curve formed by light
rays originating from the photon sphere. Beyond this
critical curve, the images of the celestial sphere in naked

FIG. 6. Observational image of the celestial sphere in the
Minkowski spacetime. The observer is positioned at x, =
(0,10M, /2, x) with a field of view of 2z/3.

singularities bear resemblance to those observed in
black hole spacetime. Notably, unlike shadows observed
in black hole images, the celestial sphere images persist
within the critical curve due to the absence of an event
horizon. Additionally, higher-order images of the celestial
sphere can be observed both inside and outside this
critical curve.

The left panel of Fig. 7 illustrates the image of the
celestial sphere in a RN naked singularity characterized
by \/ Q% + P?/M = 1.05. Inside the critical curve, three
distinct white rings can be observed. These rings corre-
spond to the Einstein ring generated by the white dot
positioned on the celestial sphere. Specifically, the inner-
most white ring originates from light rays emitted by the
white dot, undergoes reflection at the potential barrier, and
eventually reaches the observer after experiencing an
angular coordinate change of Ag = z. Within this inner-
most white ring, the reflections from the infinitely high
potential barrier at the singularity produce a mirror image
of the celestial sphere. Moreover, the middle and outermost
white rings arise from light rays with angular coordinate
changes of Agp = 37 and 5, respectively. In the right panel
of Fig. 7, the image captured in a Born-Infeld naked
singularity with \/Q* + P?>/M = 1.2 and a/M*> =2 is
displayed. As expected, light rays passing through the
singularity and undergoing an angular coordinate change of
A = = result in a white dot positioned at the center of the
image. Additionally, two white rings emerge within the
critical curve, representing photons that traverse the sin-
gularity with angular coordinate changes of Ag = 3z and
Sn, respectively.

Figure 8 showcases images of the celestial sphere in
Born-Infeld naked singularities featuring two photon
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FIG. 7. Images of the celestial sphere in naked singularities featuring a single photon sphere. The observer is situated at x}, =
(0,10M, /2, zr) with a field of view of z/4. The dashed lines depict the critical curve formed by photons escaping from the photon
sphere. Left: The RN naked singularity with v/Q? + P>/M = 1.05. The image within the critical curve is generated by light rays that
rebound off the infinitely high potential barrier at the singularity. Three white rings, representing the Einstein ring of the white dot on the
celestial sphere, can be observed within the critical curve. Right: The Born-Infeld naked singularity with v/Q? + P?/M = 1.2 and

a/M?* = 2. The image within the critical curve is formed by light rays passing through the singularity. A central white dot is visible,
surrounded by two white rings.
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FIG. 8. Images of the celestial sphere in Born-Infeld naked singularities with \/Q* + P>/M = 1.05 for a/M? = 0.2 (left) and
a/M? = 1 (right), featuring both inner and outer photon spheres. The observer is located at x, = (0, 10M, /2, x) with a field of view of
7/4, and the corresponding inner and outer critical curves are represented by dashed lines. The image within the inner critical curve is
formed by light rays traversing the singularity, while the image between the inner and outer critical curves is a result of light rays
reflecting off the potential barrier situated between the inner and outer potential peaks.

084014-14



GRAVITATIONAL LENSING BY BORN-INFELD NAKED ...

PHYS. REV. D 109, 084014 (2024)

spheres. The inner and outer photon spheres give rise to
corresponding inner and outer critical curves, as indicated
by the dashed lines in the images. Higher-order celestial
sphere images are observed on both sides of these
critical curves. Similarly to the case of a single photon
sphere, a central white spot appears in the images due to the
transparency of the Born-Infeld naked singularity. In the
left panel, characterized by +/Q”+ P?/M = 1.05 and
a/M? = 0.2, two white rings can be observed positioned
between the inner and outer critical curves. These rings
originate from photons that are reflected by the potential
barrier located between the inner and outer potential
peaks with Ag =3z and Sz. In the right panel, with
VO>+P?/M =1.05 and a/M?>=1.5, a white ring
emerges between the two critical curves. This ring arises
from photons that undergo reflection at the potential barrier
with an angular coordinate change of Ag = 5.
Additionally, a white ring is observed inside the inner
critical curve, which occurs due to photons passing through
the singularity and experiencing an angular coordinate
change of Ap = 3.

This analysis assumes an observer-lens distance
Doy of 10M, significantly smaller than the actual dis-
tances from Earth to Sgr A* (3.80 x 10'°M) and M87*
(5.39 x 10'°M). Consequently, Figs. (6-8) display much
larger fields of view compared to what Earth-based
observers would capture. To estimate the field of view
for Earth-based observations, we can leverage the
Cartesian image plane coordinates (x,y) defined in
Eq. (61). These coordinates, exhibiting minimal depend-
ence on D, provide a robust measure of the observed
region. Figure 6 portrays the image of the celestial sphere
in Minkowski spacetime with a field of view of 2z/3,
corresponding to a Cartesian coordinate range of 20zM /3.
For Earth-based observers, this translates to roughly
113.68 microarcseconds for Sgr A* and 80.21 microarc-
seconds for M87*. Similarly, Figs. 7 and 8 depict a field of
view of /4 (Cartesian coordinate range: 5zM/2), result-
ing in approximately 42.63 microarcseconds for Sgr A*
and 30.07 microarcseconds for M87* for Earth-based
observations.

The current EHT possesses an angular resolution
of approximately 25 microarcseconds, hindering the
ability to discern features within the celestial sphere
images presented here. However, the next-generation
EHT holds the promise of a substantial enhancement in
angular resolution, expected to improve by up to 50%
to approximately 15 microarcseconds [144,145]. This
advancement has the potential to discern finer features
in these images. Additionally, space-based Very Long
Baseline Interferometry endeavors to achieve even higher
angular resolution, aiming for 1 microarcsecond as out-
lined in [146,147]. This considerable enhancement will
facilitate the resolution of additional details in these
images.

VII. CONCLUSIONS

This paper investigated the phenomenon of gravitational
lensing by Born-Infeld naked singularities, which are
solutions of a (3 + 1)-dimensional gravity model coupled
to a Born-Infeld electromagnetic field. Owing to the
nonlinearity inherent in Born-Infeld electrodynamics, pho-
tons follow null geodesics of an effective metric, deviating
from the background metric.Photons entering photon
spheres from distant sources were remarkably observed
to reach the singularity within a finite coordinate time.
Under the assumption of a regular core resolving the
singularity, these photons can traverse the regularized
singularity, resulting in the formation of new images within
critical curves. Additionally, we demonstrated that Born-
Infeld naked singularities can exhibit the presence of two
photon spheres with distinct sizes within specific parameter
ranges. The existence of these double photon spheres,
combined with the transparency of naked singularities,
significantly impacts the gravitational lensing of light
sources, leading to various effects such as the emergence
of new relativistic images. Consequently, these findings
provide a potent tool for detecting and studying Born-
Infeld naked singularities through their distinctive gravi-
tational lensing signatures.

Naked singularities with double photon spheres have
been infrequently reported; however, it has been discovered
that asymptotically flat black holes can possess two photon
spheres outside the event horizon [114,117,148]. A recent
investigation focused on studying the relativistic images
produced by pointlike light sources and luminous celestial
spheres in the presence of black holes with either a single or
double photon spheres [118]. The key findings regarding
strong gravitational lensing by black holes and naked
singularities can be summarized as follows:

(1) Black holes with a single photon sphere: In the
celestial sphere image, a shadow is observed
enclosed by the critical curve, which originates from
light rays escaping the photon sphere. For a pointlike
source, two nth-order relativistic images are present
just outside the critical curve, corresponding to
clockwise and counterclockwise winding around
the black hole.

(i) Black holes with double photon spheres: The
celestial sphere image exhibits both inner and outer
critical curves, formed by the inner and outer photon
spheres, respectively. Within the image, there exists
a shadow enclosed by the inner critical curve. Two
nth-order relativistic images of a pointlike source
appear just outside the outer critical curve, two
images are found just inside the outer critical curve,
and two additional images emerge just outside the
inner critical curve.

(iii) Born-Infeld naked singularities with a single photon
sphere: The celestial sphere image lacks a shadow,
and the image within the critical curve is formed by
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light rays passing through the singularity. For a
pointlike source, there are four nth-order relativistic
images, specifically, two images situated just inside
the critical curve and two images positioned just
outside the critical curve.

(iv) Born-Infeld naked singularities with double photon

spheres: The celestial sphere image does not exhibit
a shadow, and the image within the inner critical
curve is produced by light rays that traverse the
singularity. For a pointlike source, there are eight
nth-order relativistic images, two images on each
side of the inner and outer critical curves.

Within the uncertainties of the EHT observations, the
captured images are consistent with those expected from a
Kerr black hole, displaying a central brightness depression.
Conversely, our theoretical model allows for light rays to
traverse regularized Born-Infeld naked singularities, poten-
tially resulting in the absence of such a central brightness
depression in the corresponding images. This discrepancy
could serve as compelling evidence against modeling
MS87* or Sgr A* as Born-Infeld naked singularities.
However, it should be noted that the current observations
only weakly constrain the depth of the central brightness
depression. For instance, in the case of M87%, the center
brightness is constrained to be no more than 10% of the
average brightness in the surrounding ring [22]. This raises
the question of whether this limited constraint still permits
the possibility of regularized Born-Infeld naked singular-
ities or could even be used to establish bounds on their
parameters. To address this question definitively, numerical
simulations of accretion disks around Born-Infeld naked
singularities are required, followed by a comprehensive
comparison with the EHT observations. We leave this
important avenue of exploration for future research.

Although current observational facilities lack the
capability to distinguish higher-order relativistic images

within the Born-Infeld naked singularity spacetime, the
next-generation Very Long Baseline Interferometry has
emerged as a promising tool for this purpose [149—-151].
Furthermore, it has been demonstrated that relativistic
images located inside the critical curves are more readily
detectable compared to those outside the critical curves.
Hence, it would be highly intriguing if our analysis could
be extended to encompass more astrophysically realistic
models, such as the rotating Born-Infeld naked singularity
solution and the imaging of accretion disks.

Finally, the particular regularization method in this paper
enables us to observe images both within and outside the
critical cure. However, it is noteworthy that the method
used to regularize the singularity is not unique. Thus the
optical appearances of distant sources depend on a specific
regularization method. For instance, the singularity can also
be regularized by a wormhole throat instead of a regular
core [133], photons reaching the throat will traverse to
another universe. Therefore, the resulting observational
appearances of distant sources are dependent on the
observer’s position, whether it is in the same universe as
the source. If the source and the observer reside in different
universes, only images situated within the critical curve are
able to be observed. Such observational phenomena distinct
from those associated with black holes and worth further
research in the future.
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