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General relativity predicts the existence of only two tensorial gravitational wave polarizations, while a
generic metric theory of gravity can possess up to four additional polarizations, including two vectors and
two scalar ones. These vector/scalar polarizations are in general generated by the intrinsic new vector/scalar
degrees of freedom of the specific theories of gravity. In this paper, we show that, with the violation of the
Lorentz symmetry in the framework of the standard model extension, the additional nontensorial
polarizations can be directly excited by the two tensorial degrees of freedom. We consider the
diffeomorphism invariant standard model extension in the gravity sector with the Lorentz-violating
coefficients §(@#*7 of the even mass dimension d > 4. In addition to the extra polarizations induced by the
tensor modes, the gravitational wave in this theory travels at a speed depending on the propagation
direction, experiences dispersion if and only if d > 6, and possesses neither velocity nor amplitude
birefringence. The excitement of the extra polarizations is also chiral. The antenna pattern functions of
interferometers due to such kinds of gravitational waves are generally linear combinations of those for all
polarizations. Detected by pulsar timing arrays and the Gaia satellite, the stochastic gravitational wave
background in this model could induce couplings among cross correlations, of the redshifts of photons and
the astrometric deflections of the positions of pulsars, for different polarizations. These characteristics

enable the use of interferometers, pulsar timing arrays, and Gaia missions to constrain this model.
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I. INTRODUCTION

The direct detection of gravitational waves (GWs) from
the coalescence of compact binary systems by the LIGO/
Virgo/KAGRA Collaboration (LVK) has offered new
opportunities to explore fundamental building principles
of Einstein’s general relativity (GR), including the
equivalence principle, parity and Lorentz invariance,
the spacetime dimension, etc [1-5]. One central predic-
tion of GR is the existence of only two independent
polarization modes, the tensorial plus and cross modes,
which propagate at the speed of light with an amplitude
damping rate inversely proportional to the luminosity
distance of the GW source. Any violation of the funda-
mental principles of GR could lead to possible derivations
from the above standard propagation properties of GWs
and even generate extra polarization modes beyond the
two tensorial ones. An essential observation from the
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generic metric theories of gravity is that they can allow
for up to four additional polarizations: the vector-x and
vector-y polarizations and the breathing and longitudinal
scalar ones [6—-8]. The detection or absence of these extra
polarizations can provide pivotal insights into the funda-
mental nature of gravity, potentially revealing deviations
from GR and helping constrain or even refuting alter-
native theories.

It is folklore that whenever a modified theory of gravity
provides extra degrees of freedom (d.o.f.’s), there are
non-Einsteinian GW polarizations excited by the extra
d.o.f’s [8-14]. Usually, the vectorial d.o.f.’s induce
vector-x and vector-y polarizations, the scalar d.o.f.’s excite
the longitudinal and breathing polarizations, and of course,
the tensorial d.o.f.’s cause 4 and x polarizations. These
well-known results definitely hold for a whole plethora of
theories of gravity, including GR [15], scalar-tensor the-
ories [6,7,9,16], vector-tensor theories [11], and candidates
of quantum gravity [12], etc. In this paper, we describe a
mechanism whereby the nontensorial polarizations can be
directly generated from the two tensorial d.o.f.’s, due to the
violation of the Lorentz invariance in the framework of the
standard model extension (SME).

© 2024 American Physical Society
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The SME [17] is an effective field theory incorporating
new terms responsible for the local Lorentz violation and
CPT violation into the action of the standard model of
elementary particles [18] and Einstein-Hilbert action [15].
These new terms are Lorentz-violating operators with
coefficients carrying Lorentz indices. These coefficients
may arise from some symmetry-breaking mechanism,
either spontaneous or explicit. They preferably define a
certain local Lorentz frame, violating the local Lorentz
invariance. In the framework of SME, one should clearly
distinguish two kinds of local Lorentz transformations,
the observer and the particle transformations. The former
refers to the change in the local Lorentz frame. The latter
transforms particles or local fields but leaves the Lorentz-
violating operators unchanged. In the current work, we
consider the case of the observer diffeomorphism invariant
theory, and the coefficients of the Lorentz-violating oper-
ators are taken to be constant in the flat spacetime limit. In
the following, we will simply use “diffeomorphism” to
refer to “observer diffeomorphism,” unless specified. To
analyze the GW polarizations, in this work, the gravity
sector is specifically considered, ignoring the parts of the
action directly involving fields of elementary particles.

In the gravity sector of the SME, the Lorentz-violating
terms can be grouped according to their mass dimensions d.
To maintain the diffeomorphism invariance, it is required
that d >4 [19]. Expanded around the flat spacetime
background, these operators take the following forms [20]:

1 o (d)uvpo
[’d = Zh;wK:( e h/)m (1)

”‘C(d)/wpa _ ’C(d)}wﬂ"al Oy aal gy (2)

where h,, = g, — 1y, a0d 0y ..q, , =0y, -+ 0y, ,- A gen-
eral Lorentz-violating operator is the sum of L, over
d(>4). According to the symmetries of the coefficient
K uvpoar~ass ynder the permutations of its indices, it can
be split into three pieces [20],

]AC(d)ﬂDPU _ S:(d)upua + q(d)upva + I’é(d)/wpa’ (3)
each belonging to different conjugacy classes of the per-
mutation group on the (d + 2) indices uvpoa; - - - az_, [21].
§(@urve and kDm0 are CPT even, and §'@#7ve is CPT odd.
Their impacts on the properties of /,,, and in particular, the
GW polarizations and propagation, are quite different.
The amplitude birefringence can be induced by g(@Hwe,
while the velocity birefringence is caused by §¥#**° and
k'@Dmre The tensor §(@#ve excites neither of the birefrin-
gence effects, but like §(Dreve and Je(Drer ? leads to modified
GW speed, and anisotropic propagation of the GW. In this

work, let us study the effect of §@#** on GW polar-
izations first.

As shown in the following discussion, the Lorentz-
violating operators §(#”* couple the tensor, vector, and
scalar modes of GWs together in such a way that all of the
vector and scalar modes are excited by the tensor modes. So
there are only two tensorial d.o.f.’s. They generally propa-
gate at a speed different from the speed of light in vacuum
(taken to be 1), and the dispersion occurs for d > 4. The
speed also depends on the propagation direction. Neither
velocity nor amplitude birefringence takes place. Since the
vector and scalar polarizations are excited by the tensor
d.o.f’s, the antenna pattern functions of the interferometers
for 4+ and x polarizations are different from the familiar
ones [22,23]. Now, they are linear combinations of the
individual antenna pattern functions of various polariza-
tions, as if they correspond to intrinsic d.o.f.’s. In principle,
one could use interferometers [24-32] to detect the modi-
fied antenna pattern functions and constrain SME. The
stochastic GW background (SGWB) in this theory could
also be detected by pulsar timing arrays (PTAs) [33-39]
and the Gaia mission [40—45]. The motion of the photon
coming from the pulsar or any star could be affected by the
SGWB, leading to the changes in the measured frequency
and propagation direction. The change in the frequency of
the photon is basically the redshift, and the change in the
propagation direction causes the apparent position of the
star to be altered, namely astrometric deflection. One can
form three basic types of correlation functions: redshift-
redshift, astrometric-astrometric, and redshift-astrometric
correlations. The redshift-redshift correlation function
is basically the cross-correlation function measured by
PTAs [46]. The astrometric-astrometric and redshift-
astrometric correlations can be monitored by the Gaia
mission [41]. At least, some of them are expected to be
different from the ones predicted by GR, such as the
Hellings-Downs (HD) relation for the correlation between
redshifts [47], and the standard relations for the astrometric
deflections [40] and redshift-astrometric [44]. So one may
use PTAs or the Gaia mission to constrain this theory,
too. In this work, we consider all of these correlations, as
the SME contains a lot of Lorentz-violating coefficients,
and different correlations are sensitive to different coef-
ficients. Interferometers usually bound a theory in the
higher frequency regions (~107*-10* Hz), while PTAs
and the Gaia mission provide data in the lower frequency
ranges (~10719-107¢ Hz).

The observations of GW170817 and GW170817A have
placed a very strong bound on the tensor GW speed [48—50].
Many modified theories of gravity are thus highly con-
strained, including Horndeski theory [51-56], Horava
theory [12,57], and Einstein-&theor theory [58] and gener-
alized TeVeS theory [11]. Since the theory considered in this
work generally predicts a speed different from 1, its coupling
constants should also be severely restricted. However, its
speed actually is a function of the propagation direction. The
speed bound effectively places the constraint on one of the
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coupling constants. With signals of GW events in LVK
catalogs, the Lorentz-violating effects on gravitational wave-
form of the two tensorial modes and their constraints have
been studied in a lot of works [20,59-68]. Most recently, the
North American Nanohertz Observatory for Gravitational
Waves (NANOGrav) [69], Parkes Pulsar Timing Array
(PPTA) [70], European Pulsar Timing Array (EPTA) and
Indian Pulsar Timing Array (InPTA) [71,72], and Chinese
Pulsar Timing Array (CPTA) [73] announced the evidence for
a stochastic signal that conforms to the HD relation. This
implies constraints on the modified theories of gravity. One
may use their data to constrain the SME. However, as a first
step in studying the effects of Lorentz violation on the GW
polarizations, we would like to focus on the theoretical
aspects. Using observational data to constrain the parameters
of this theory will be done in a follow-up work.

There are works that discovered the excitation of the
extra polarizations by the tensor modes, e.g., Refs. [74-76].
The first work focused on the effects of dispersion and
birefringence on GWs in SME. It did not discuss the
responses of PTAs and Gaia satellites, which are important
results of the current work. The work [75] studied the GW
polarizations in a special case of SME, the bumblebee
gravity [17], while this work is more general. Finally,
Ref. [76] analyzed the propagation of the scalar, vector, and
tensor fields in the linearized Lorentz-violating theories
with matter sources. The Lorentz-violating operator is also
of mass-dimension 4. The partial solution for the tensor
field also shows the presence of extra polarizations, excited
by the + and x modes.

This work is organized in the following way. In Sec. II,
SME will be reviewed very briefly, and its GW solution
above the flat spacetime background will be solved for
using the gauge-invariant formalism. Section III will be
devoted to the discussion of the GW polarization content.
There, the antenna pattern functions for the physical d.o.f.’s
will be computed for the ground-based interferometers. The
responses of PTAs and the Gaia mission to the SGWB in
SME will be computed in Secs. IV and V, respectively.
Finally, there will be a conclusion in Sec. VI. In the
following, the label P will refer to + and x polarizations,
specifically. The extra polarizations will be denoted by
P’ =x,y,b and I. The units have been chosen such that
G = ¢ = h = 1. Some of the calculations have been done
with xAct [77].

II. STANDARD MODEL EXTENSION

The action for the linearized gravity sector of the SME is
given by [20]

4
+ hﬂy§(d)ﬂpvahpa)’ (4)

1
S=- / d4x(€“”“"6”"mi7,<,1hﬂy0aﬁhp6

where hy,, = g,, — N> €, i the volume element com-
patible with 7,,, and the Greek indices are raised and
lowered by #* and 7,,, respectively. d is the mass
dimension, even, and at least 4. Instead of studying the
case of a single d, one could consider a general Lorentz-
violating operator, i.e., a sum over all possible d’s.
However, the treatment for any d is basically the same,
so it is sufficient to consider the case of a particular d. For
this reason, the superscript (d) will be omitted to make the
following expressions less cluttered. The first term of
Eq. (4) is just the linearized version for the Einstein-
Hilbert action [15]. In the second line of Eq. (4), one has

§ypzza — sﬂ/}tllbaaza3-~-ad,2aalazmad?z. (5)
The tensor sHP*1¥o%%%-2 gatisfies certain symmetries
under the permutations of its indices, which is specified
by the following Young tableau [20]:

12 v | as © -2
p o
a1 | Q2

This also implies that §#/*° is invariant under the infini-
tesimal coordinate transformation, and

SHPIVOX 03— — ¢ [upai][voar)as gy

— gYomppaastyy (6)

Owing to this symmetry property, define a new operator
§#¥(= §) such that [20]

SHPA Vo035 Qg )

— 1K VO AG
gy, = —€PNRETNE, (7)

Note that §# carries (d —4) partial derivatives, i.e.,
S = g9, L, - One may further decompose §# =
§ 4 s /4 with §# traceless. The action becomes

1 s -
S= Z / d*xerraxerobt |:<1 - Z) Ma — skﬂ:| hﬂbaaﬂhpa'

Therefore, the trace § of §# modifies Newton’s constant.
Generally speaking, the effective “Newton’s constant”
depends on the GW frequency, speed, and direction of
the GW propagation for d > 6. For d = 4, the effective
Newton’s constant is truly a constant. As shown below, §
does not affect the GW polarizations.

The equations of motion (EoMs) are given by [64]

eHPax gvapl [(1 - Z) Mes — 5:«1] Oaphpe = 0. (8)
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Since the action is gauge invariant, it is beneficial to use the
gauge-invariant variables to solve the EoMs [78]. So one
decomposes the components of 4, in the following way:

hy =2¢, (9)

hje = Ik + gajk + 0(jer) + (ajk - %5.,-kv2) p. (11)
with 0,/ = 9;¢/ = 6/*h}; = 0 and 90*h};" = 0. Therefore,
¢; is the transverse part of &,;, and y defines the curl-free
component of #,;, satisfying V2y = d/h,;. hjl is the
transverse-traceless part of hj. It can be checked that
H=05%h,, VV2p=30fh; —1V?H, and VZ; =
26khjk - %ajH - %0J~V2p [78]. These components
(¢.x.H,p, {j, €j, and hJT.,;F) are generally all functions of
the space and time. Under an infinitesimal coordinate
transformation, x* — x* 4+ &, one has

hy = hyy — 0,8, —0,8,. (12)

One shall also write £, = (A, B; 4+ 0,C) with ¢/B; = 0.
Then, one can check that

¢_)¢_Av )(_))(_A_C9
H — H-2V?C, p—p—2C,
{j—> =B e —>e 2B

TT TT
hjk - hjk .

So the gauge-invariant variables are

1
1
0= (1 -v) (14)
- L,
. (16)

As shown above, there are two scalar d.o.f.’s, two vector
d.o.f’s, and two tensor d.o.f.’s, although not all of them are
independent. It is easy to show that Eq. (8) can be expressed
solely in terms of these gauge-invariant variables, but
unfortunately, not decoupled, as exhibited below:

V2(20 +§hYT) = 0, (17a)

V2E, + 20,0 + 5AV2ATT + 2589TT = 0,

i = (17b)

DAL + 208k + 260 + (05 — 64 V?) (2@ + ©)
T 200,020

+ 5 (0 h}T + 0, WT = 20,;h1T) = 0,

Wi (17¢)

where T = (T — Ty;)/2 and Ty = (T j + Ty;)/2. To
obtain these equations, one has omitted the terms that
would be of the second order in §#, after these equations
are solved; otherwise, these expressions would be tremen-
dously complicated. When §** = 0, one recovers the gauge
invariant equations as in GR [78], and the solutions are

simple:

Dy =0y =0, By, =0, (18)
OhlT, = 0. (19)

It is easier to solve Eq. (8) up to the linear order in §** in
the momentum space. Let us assume
hy, = A, e, (20)
where A, is a constant amplitude, and Q* = (o, QQ) with
Q the unit vector in the propagation direction. So all the
partial derivatives d, in Eq. (17) shall be replaced by i€2,.
Similarly, d, appearing in the operator §* becomes i€2,,
that is,
SHY — HYO3 g aa;--«zd,z N l'dgllms"'f)’szUl3 - Qfldfz'
Since d is even, the rightmost term is always real, and we

will still use §#* to represent it. Up to the linear order in §#*,
one can show that

(0* = - Q,Q8)h] =0, (21a)
1 1~jk TT
E; = —-Q*nll, (21c)

after some tedious algebraic manipulations of Eq. (17).
Here, fz,, = (IQ) By Eq. (21a), the dispersion relation
should take the following form:

1 A A
® = CgyQ, Cow = 1 + EQ”QJ’“’, (22)
in order that Eq. (21a) admits nontrivial wave solutions.
Therefore, the two tensor d.o.f.’s propagate at the same
speed, which is generally different from the speed of light
in vacuum. There is no velocity birefringence. For d = 4,
Cow 18 independent of the GW frequency, so there is no

dispersion, while for larger d’s, the dispersion does happen.
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The effect of dispersion would cause the dephasing of the
GW signal after it travels a very long distance from the
source to the detector, and the dephasing can be used to
constrain the theory, as done in Ref. [64] using GWTC-3
data by LIGO/Virgo/KAGRA [5]. ¢y, depends also on the
propagation direction Q¥ of the GW, indicating the aniso-
tropic propagation of the GW. Given the violation of the
Lorentz symmetry, it is permissible that the GW speed can
be greater than 1, when QﬂQDEW > 0, as required by the
observation of the gravitational Cherenkov radiation [79].
If O happens to be an eigenvector of §%, the GW
propagates at 1. One can parametrize §** in the following
way [80]:

o —(° i 23
T\ sk gseiy3) (23)

where 6%, = 0. So the GW speed is
C A AiAr 2
ng =1 —Sij +Sij/Q +§S (24)

One may conclude that the presence of § violates the
Lorentz boost invariance, while §/ and §/¥ define several
spatial directions, breaking the rotational symmetry. In fact,
it is the breaking down of the rotational symmetry that
allows the coupling between the tensor, vector, and scalar
modes. The observations of GW170817 and its electro-
magnetic counterpart, GW170817A, have placed a very
strong constraint on the GW speed [48,82],

—3x 1075 < gy =1 <7 x 10716, (25)

If the theory of gravity could be incorporated in the
framework of SME, |Q,€,§*| < 107!, roughly [48,82].
Note that this condition highly bounds one component of
s as Qﬂ for GW170817 is fixed, in principle. The
remaining components are less constrained.

The remaining gauge-invariant variables are related to
h};r via Egs. (21b) and (21c). So although the scalars and

the vector are generally nonzero, they are excited by the
tensor modes. There are indeed only two tensorial d.o.f.’s.

Now, let &/ and &’ be two orthonormal spacelike vectors,
and Q-9 = Q- ¢ = 0. Define the polarization tensors [83]

e =0 -0i0n. e =8m+00.  (26)

for the + and x polarizations, respectively. Therefore, the
scalar variables are

1 1
o=to— L 4ny, (27)
2 2
where §° = §/*efl /2 and hp = h}} ¢/¥/2. This relation

implies that the two tensor modes contribute to the scalar

modes differently, in general. One may say that the exci-
tation of the scalar modes by the tensor ones is chiral, as the
+ and x polarization tensors are linearly related to the left-
and right-handed helicity basis in the following way:

1 -
%(eﬁ_lejk)’

L
ejk

1 .
e?k :ﬁ(efk—i—ze;k). (28)
If 57 and 5* both vanish, neither of the scalar modes exists
any longer. Similarly, the vector modes depend on the tensor
polarizations in the following way:

8 = —(Xh, + V), = (Xhe = Vh)p;  (29)
where one defines

X=—§18;+5%eX /2. V=—8p;+5% /2. (30)
So the induction of the vector modes by the tensor modes is
also chiral. Moreover, it is possible that there may exist only
the 9 ; component or the ¢; component, if XYh, + Vh, =0
or Xh, —Yh, =0, respectively. Finally, if Q! is an
eigenvector of §, both the vector modes disappear.

The GW polarizations can be detected by interferometers,
PTAs, and the Gaia mission. Note that since all polarizations
are excited by the two tensorial d.o.f.’s, the way the detectors
respond to the polarizations is quite different from that in
most of the theories studied before [8—14]. That is, in the
previous studies, different polarizations usually are gener-
ated by different d.o.f.’s, so the detector responses can be
calculated separately for each d.o.f., and they are indepen-
dent of each other. Here, in SME, one shall consider the
responses caused by the two tensorial d.o.f.’s. So formally,
the responses can be viewed as some linear combinations of
the one for each polarization, treated as if it is an independent
d.o.f. In the following sections, the response functions of the
detectors to the GW in SME will be discussed.

ITII. GRAVITATIONAL WAVE POLARIZATIONS

Although this theory possesses two tensorial d.o.fs,
there are more than two polarizations. To analyze the
polarization content of the theory, one calculates the
linearized geodesic deviation equation [9,15],

d2x/

a7 = _Rtjthk7 (31)

where x/ represents the deviation vector separating the
adjacent test particles. The electric component R, ;; of the
Riemann tensor is [11]

2
0] AL ~
Rijie == i+ Q8 Ty,

2

w 5O Vi
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It is clear that the first term on the right-hand side represents
the + and x polarizations as in GR. The physical meaning
of the remaining parts can be seen by reexpressing them in
terms of the following tensor basis [83]:

e;k = Q/'gk + 1§ij7

ezk = Q]@k + @jﬁk’ (333.)

e?k = 1@jl§k + @;Pr €}k = \/Eﬁjﬁk, (33b)
which are simply the tensor basis for vector-x, vector-y,
breathing (b), and longitudinal (I) polarizations, respec-

tively. It can be shown that

o?
> [(h_&ﬁ + hye)

— (Xhy + Yh)el = (Xh, — Vh,)e,

—(§Th, + §th)e§k] (34)

Rtjtk =

The first line of the above equation corresponds to the first
term in Eq. (32), and indeed, these are + and x polar-
izations. The second line of Eq. (34) comes from the second
term in Eq. (32), so there are vector-x and vector-y
polarizations. Finally, the last line of Eq. (34) represents
the breathing polarization, which comes from the second
line in Eq. (32). There is no longitudinal polarization. All
the extra polarizations are excited by the tensor modes, as
clearly shown by the presence of /1, and h,.. According to the
discussion in the previous section, the excitation of the vector
and the scalar modes is chiral, so the induction of the extra
polarizations is also chiral. When Xh, 4+ Yh, =0, the
vector-x polarization disappears, while if Xh, —YVh =0,
the vector-y polarization disappears. If Q¥ is an eigenvector
of §#¥, both of the vector polarizations cease to exist, which is
also true when X' = ) = 0. Similarly, if §* and §* both
vanish, the breathing polarization is absent.

With Eq. (32) or (34), one can calculate the antenna
pattern functions for the ground-based interferometers,
given by [84]

FPIFP‘F&FP. (35)

Here, Fp = Djkefk represents the standard response func-
tions, and D7k = (3/3% — $79%)/2 is the detector configu-
ration tensor for the two arms pointing in the directions X
and y [83,85]. The second term in Eq. (35) is

. A A 1 .
(SFP = Djk (Zgﬂgﬂlelf;gk - 5 63-)1{5[185) s (36)

which is the correction due to the presence of §#*. Note that
here, P = +, X, as there are only two tensorial d.o.f.’s.
Explicitly, one has

§F, = XF, - VF, —§"Fy, (37a)

OF = YFy + XFy, —§*Fy, (37b)
where Fy, Fy, and F} are the standard antenna pattern
functions for the vector-x, vector-y, and breathing polar-
izations, given by Fp = Djkef’,; with P’ =x,y,b [83].
Indeed, the “physical” antenna pattern functions Fp for +
and X polarizations are linear combinations of Fp’s and
Fp’s. Note that the coefficients X, ), and §¥ are also
functions of GW direction Q (even when d = 4). Since the
extra polarizations are induced by 4, and h,, it is better to
define the effective polarization tensors,

Ef = ef —elfi —5Peb, (38a)
for P = +, %, and here,
Xef]?k - yej.’k, P =+,
efk = 2Q(je,f>l§’”QM = (38b)
Vel + Xejy-k, P = x.
So one knows that
? P
Riju = 5 Z hpEjy, (39)

P=+,x

which is useful for the later discussion.

To visualize 6F p as functions of &/, let us consider the
case of d = 4, and use the normal font for the tensor §#* and
its components. So ¥ (i.e., the §** at d = 4) contributes to
0F p. Now, construct a coordinate system such that the two
arms X and y are parallel to the coordinate axes. As shown in
previous expressions, in terms of the parametrization (23),
§ does not contribute to 6Fp. Now, one examines the
contributions from §/ and 3/, separately. It is beneficial
to further parametrize §/ and 3/%. Since §/ is a vector, it is
natural to parametrize it in the following way:

§/ = §(sino cos ¢, sin o sin¢, cos 0), (40)

with § the magnitude of §/. By definition, 5/% is symmetric
and traceless, so one may write it as a linear combination of
five basic symmetric, traceless matrices

5
k="M, (41)

n=1
where M}t =28V8Y), M =28Vs), M =26Y5Y,
M} = 5]5k — 8,85, and MI* = 5]5% — 88%. Therefore,
is parametrized by nine constants: 3, §, 0, ¢,and 5, (n = 1, 2,
3,4,5). Since there are a lot of parameters in §#, it is better to
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4 Z
6Fy, 0 =mn/2

6F,.,0=n/2

y

6F,,0=mn/4

X y

FIG. 1. The corrections to the response functions due to /. In
all these plots, ¢ = 0.

set only one or two of them to nonzero values so as to clearly
show their impacts on 6F p, and the various correlations in
the next two sections.

First, consider the contribution of $/, so set /% = 0. It is
sufficient to choose § = 1 for the purpose of demonstration.
Let us consider two cases. In the first case, 0 = z/2 and
¢ = 0,i.e., § isin the +x direction, while in the second case,
o = r/4and ¢ = 0. 5F p for these two cases are displayed in
Fig. 1. It clearly shows that the responses due to §/ are very
different from the standard ones in GR, and the ones in some
familiar modified theories of gravity [8,83]. This is simply
because 0F p’s are linear combinations of the vector polar-
izations by Egs. (30) and (37) for the case of §/.

Second, switch off §/ and turn on 5/*. It is also all right to
set one of §,’s to 1 and the remaining to O to calculate 6 F p,
and then, iterate over the subscript n. In Fig. 2, 0F, are
shown for different types of M matrices, and one can get
OF , for M5 by rotating the one for M, around the z axis by
7/2. These plots, and those for 6F, are also different from
the response functions for the standard polarizations [8,83].
These corrections are linear combinations of the antenna
pattern functions for the vector and the breathing polar-
izations. Therefore, it is possible to measure the compo-
nents of §* based on the GW observations.

IV. RESPONSES OF PULSAR TIMING ARRAYS

Pulsars are lighthouses in the universe. They are rotating
neutron stars or white dwarfs with strong magnetic fields.
In an ideal, empty space, pulsars emit photons periodically,
and millisecond pulsars are used as stable clocks [86].
When there are perturbations to the space surrounding the
pulsar and the earth, the received rate of the photon from
the pulsar is altered. The GW is such a kind of perturbation.
When the GW is present, the propagating time of the
photon between the pulsar and the earth oscillates, which

Z

4
y x y

X

z z
6F,, M, 6F,, Ms
x Vo oy y

FIG. 2. The corrections 6F, to the response functions due to
different components of $/%. The correction due to M can be
obtained by rotating the one for M, around the z axis by z/2.

leads to the change in the time-of-arrival 7. This change is
called the timing residual R(7'). When the earth and pulsars
are immersed in the SGWB, the timing residuals R,(7T')
and R,(T) of photons from two pulsars a and b are
statistically correlated, and the correlation is given by a
function C(0) = (R,(T)R,(T)), where @ is the angle
between the lines of sight to the pulsars, and the brackets
() mean to take the ensemble average over the SGWB. The
functional dependence of C on @ is related to the GW
polarizations. For example, C(6) in GR is given by the
famous HD curve [47]. Thus, PTAs could also be used to
detect the GW polarizations [9,11,12,46,87-89]. In this
section, let us compute the responses of PTAs to the SGWB
in SME.

In Sec. II, the gauge-invariant formalism was used to
solve the EoMs. Here, in order to compute R(7'), one needs
to explicitly determine the velocities of the photon, the
Earth, and the pulsar. So, one has to fix the gauge, e.g.,
imposing the following gauge fixing conditions:

hoﬂ = 0, (42)
ie., {; =0and ¢ = y = 0. This is consistent with Eq. (8).
Then, p = -2®, and ¢; = —2E;. Let us start with the
consideration of R(f) due to a monochromatic GW,
propagating in Q. Then,

= > hpEf. (43)

P=+,x

Comparing this with Eq. (39) helps verify the correctness of
this equation, as in the current gauge, R, = —h /2. Ttis
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further assumed that when there is no GW, the earth is at the
origin of the coordinate system, and the pulsar is at
)?p — Ln, where L is the distance between the Earth and
the pulsar, and 71 is the unit vector from the earth to the
pulsar. So their four velocities are irg, = it, = &). At the
same time, photon four velocity is i, = yo(1, —#1), where
vo = dt/dA with A some arbitrary affine parameter. When
the GW is present, the four velocities of the Earth and the
pulsar remain the same. This is because the geodesic
equation for the pulsar takes the following form:

dud,
0= _dTp + ]"”W}MZ Up
dut, du)
~ (ug)z (W‘i‘r‘”oo) +Mgl/£/;7?, (44)

where 7 is the proper time, and I*y, = 0 in the chosen
gauge, then wufuj, is constant. Since initially, up|,_, =
ity = &, one concludes that u, = i, = 5. One can also
show that for the earth, ufg = &) even when there is the GW.
However, the four velocity of the photon, i}, is perturbed
by the GW. Assume the perturbed photon four velocity is
uy = iy + V¥, then the geodesic equation for the photon

becomes

duly
0= =TT uus
d/1+
dv#
~70T+F iy (45)

From this, one can obtain

ATA

h .
Yol (w+9-ﬁ)ﬁfaf;—%m, (46)

VH = =
w+Q-n

where hj; is given by Eq. (43), used here for simplicity.
So the observed photon frequencies on the Earth
(fe = —ug,uy) and on the pulsar (f, = —u,,uy) are
no longer the same. Then, the relative frequency shift, or
the redshift, is given by

fP _f@ 1 it ( ‘ h | )
~ \"Cjkle — Mjklp
fo 21 + Q- n
= > IPhpe (1 - el™), (47)

P=+.x

Z

where w = L(w + Q- f). In addition, one defines

IP = [P — 5P — 3P, (48a)
X ! i
gP = AT =Y, P = (48b)
VI* + XIY, P =x,

where I'" takes the similar form as the overlap reduction
function in GR [46,47],

Y
P — # (49)
2(1 + cguf2- 1)

differing only in the GW speed. I'” (P’ = x,y,b) in the
above equations is also given by the similar expressions to
Eq. (49) with P replaced by P’. Obviously, the overlap
reduction functions Z” are still linear combinations of the
individual ones I'", I'', with the coefficients functions of
Q. In terms of the parametrization (23), one knows that §
appears only in the denominators of the above equations,
while §/ and §/¥ appear both in the denominators and in the
squared brackets. For d = 4, c,,, is independent of the GW
frequency w. However, for d > 4, the dispersion happens,
and Z7, I'P, and I'"" are functions of .

Up to now, one finishes the computation of the relative
frequency shift due to the presence of a monochromatic
GW. If there is the SGWB, one would have to consider the
contributions to the redshift of all monochromatic GWs.
Let us assume that for the SGWB,

KT (x / / d>Qelhp()e . (50)
P=+x

The timing residual is thus

/ do / 2o’ IPhP
P=+,x
X (e—za)T ) etw) (51)

Usually, one assumes that the stochastic GW background is
isotropic, stationary, and unpolarized [46]. This assumption
could also be made for SME, even if the propagation of the
GW is anisotropic, as the sources of the GW could be
randomly distributed. Moreover, the most recent observa-
tions also highly constrained the anisotropy of SGWB [90].
So one assumes the following ensemble average [46]:

(hp(@hp(Q) = 8(@—a')s? (Q—fz’)é””/%,

where hj means to take the complex conjugation, and
h? is the characteristic strain amplitude. Then, the cross-
correction function C(0) between the timing residuals of
photons from two pulsars located at L,71, and L, is

C(0) = R{(RLUT)R,(T))}
|hp(“’ [ earrrrp. (52
> > [wl O [earize. (2

where 9 means to take the real part, and P =
1 — cosw, — cosw,, + cos(w, — w,). The average over
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T has been taken [46]. € is the angle between 71, and 71;,. In
the short-wavelength limit, wL,, oL, > 1, so P~ 1 for
0 # 0, while for = 0, P ~ 2 [46]. Although the overlap
reduction function Z% are linear combinations of I’ and
I'"', the correction C(6) is not the linear combination of
CP(0) and C*' (6), which are defined similarly to C(6) with
Z" in the integrand of Eq. (52) replaced by I’” and I'",
respectively. There are couplings among C” and C”'. This
is different from what have been found in other modified
theories of gravity previously, where C(6) is indeed a linear
combination of C¥ and C* [11,12,46,91,92].
To calculate the explicit dependence of C on 6, one
can set
n,=(0,0,1), 7, =(sin6,0,cos0), (53)
without loss of generality. At the same time, parametrize
Q = (sin Ogw COS gy, SIN By, SIN gy, COs B,y ). One can
compute C(@) as a function of @ after performing the
integration (52). It is difficult to obtain the analytic
expression, so the numeric integration shall be performed.
For the sake of being definitive, still consider the case of
d = 4. Figure 3 shows the normalized cross correlation
functions ¢(0) = C(0)/C(0) for several choices of param-
eters. Here, for simplicity, we will display () by setting
one or two of the components of 5 nonvanishing, while
the remaining are zero. The magenta curve is for
59 =35 = 1072, and the remaining components of 3
are set to zero. The brown and red curves are for
§=10"% and ¢ =0, but 0 = /2 and o = x/4, respec-
tively. The green and blue curves are for 55 = 1072 (one of
the off diagonal components of $/¥) and 55 = 1073 (one of
the diagonal components of 5/%), respectively. Finally, the
black, dashed curve is the famous HD curve [47], given by

0.5 — 5=102
— $§=10"0=17/2
04 — $§=10"%0=m/4
— 5=10"
— =107
03 [Enpep—— HD
0.2
o
0.1
0.0
0.1
0.0 05 1.0 15 20 25 30
0
FIG. 3. The normalized cross correlation function ¢(6).

3 l—cosf® 1 1—cosO 6(0)
—Z(1- 1 — .
¢(0)==(1—-cosd)In 5 +2 g + 5

Here, 5(60) is the Dirac delta function, and the last term is
nonzero when 6 = 0, in which case, the photons come from
the same pulsar, and {(0) is actually the (normalized)
autocorrelation. In principle, different components of 3
affect {(@) differently. With the chosen values for the
parameters, the magenta, cyan, and green curves are
different from the HD curve, but the remaining basically
overlap with HD. Given the recent observations by
NANOGrav [69], PPTA [70], EPTA + InPTA [71,72],
and CPTA [73], one may conclude that it is currently
difficult to use PTAs to distinguish GR and SME for the
cases considered, here, which also happens to Einstein-
@ther theory, for instance [11]. Fortunately, the Gaia
mission could also detect the SGWB. The parameters that
cannot be bounded strongly by PTAs might be restricted by
the Gaia mission as shown in the next section.

One could also use the recently published data in
Refs. [69,70,72,73] to constrain the parameters of 5.
This will be done in a follow-up work. In the current paper,
we focus on the theoretical predictions.

V. ASTROMETRIC DEFLECTIONS

The presence of the GW not only modifies the measured
frequency of a photon, but also changes the observed
(angular) position of the pulsar. This can be seen from the
perturbation to the photon velocity (46), which contains
nonvanishing spatial components, different from 7. This
leads to the change in the apparent astrometric position of a
pulsar. However, the astrometric position is not defined
with respect to a coordinate system, but to the local inertia
frame {e%(a =0,1,2,3)} of an observer on earth. Here,
e’(f) = &), no matter whether the GW exists or not [40,44].

The remaining basic vectors e’]f vary due to the GW, so set
e’;f = &; + € with the second term the perturbation. These

spacelike vectors shall be parallel transported along the
worldline of the observer, so they satisfy

=e¥0, el +TH elel
0 eoayej—ﬁ—l“p,,eoej

d

which implies
o Lo 55
€ = 5% ikle (55)

evaluated at the earth. Therefore, the observed astrometric
position changes due to the deflection of the light trajectory
and the rotation of the spatial tetrads. It is given by

Al +6n) = —ule)/f, from which one has

084011-9



HOU, FAN, ZHU, and ZHU

PHYS. REV. D 109, 084011 (2024)

= Mg o1y AgfﬁfﬁﬁkLg,_ 7k
) =2 | (W + e )1+cgvbfz-ﬁ |, (56)
evaluated at the earth, too. Note that here, the short-
wavelength approximation has been taken, so the so-called
“star terms” have been dropped, leaving only the “earth
terms” given above [40,44]. Formally, Eq. (56) is similar to
Eq. (58) in Ref. [40] and Eq. (20) in Ref. [44], where the
speed of the GW was 1. It also looks like the last term for
tensor modes in Eq. (62) in Ref. [12], in which the GW

speed can be superluminal. 67/ can also be rewritten as

o= Y JPhp =Y JMELhy.  (57)

P=+x P=+x
where J/F = J/MEP, and following Ref. [44], one defines

nkal

. 1 . N
Jf“z—[ﬁurc—lszf ——
2| " )1+c;¢9-ﬁ

- 5ﬂﬁk] . (58)

So J/P measures the response of the astrometric position to
the GW polarization P with a unit amplitude. Owing to
Eq. (38), it is certainly a linear combination,

JIP = JuiP —gP b _ P, (59a)
. XJ* Y], P =+,

3= 7 y (59b)
VI'x 4 xJY, P =x,

where J7F and J'/*" are still defined just like 777 with Ef.’k

replaced by e/, and e;.’,;, respectively.

A. Correlations between astrometric deflections

As the relative frequency shift (47), si)’s for different
pulsars or stars are also statistically correlated. To represent

the correlation between 5% and 51%{; of two pulsars a and b,
construct two sets of triads [44],

ng, o, o, (60)
for pulsar a, and
iy, ar,  ah, (61)

for pulsar b. They satisfy [93]

W' =N (g x fy) X g, 0Y=N(h,x0p) %7,  (62a)
o =i = Ny, x iy, (62b)

where N' = 1/+/1 — (f, - f1,)* is a normalization factor.

The correlation functions are defined to be

FfT :/dZQjéPj;rP’ F5A:/d2Qj£PjAP’ (63a)

re = /dZQJéPjAP’ Ffr = /d2Qj£PjTP7 (63b)

where JLP = jjpﬁ§‘, and J* = JjPﬁ}Z. with L=1, J
and X = Y, A. In GR, it has been shown that the functions
in Eq. (63b) vanish [44]. Whether they are vanishing in
SME needs to be examined. Similar to C(6), the integrands
of these correlations contain complicated coupling terms
between J7¥ and J'7*', by Eq. (59).

To compute the explicit expressions for Eq. (63), one
may still set 71, and 71;, according to Eq. (53), and further
assume

il = (1,0,0), i’ =(0,1,0),  (64)

#¥ = (cosf,0,—sind), a*=(0,1,0), (65)
consistent with Eq. (62). Then, one could compute these
correlations for P = +, X, numerically. For the case of
d = 4, the normalized correlations Iy, I}, at certain
choices of the parameters of §/* are displayed in Fig. 4, with

) e P0)

TTR0) F7A(0)

(66)

In both panels, the black, dashed curve is the normalized
7 =T(0)/7(0) in GR, in which [40,44]

1.0 — Ihat3=0.01
— P at5=0.01
0.8 ——
0.6
04
—
02
0.0
-0.2
-0.4
0.0 05 10 15 20 25 30

0

FIG. 4. The normalized correlation functions of the astrometric
deflections, Iy and I'}, (P = +, x) for several choices of the
parameters of 3. These are supposed to vanish in GR [44].
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0.02
0.01
0.00
—

-0.01

i ats =102

-0.02 — IPrats; =102

— ThHhat3;=10"

—— Thratd; =102
-0.03

0.0 05 1.0 15 20 25 30
6
FIG. 5. The normalized correlation functions of the astrometric

deflections, ffA and [ fT (P = +, x) for several choices of the
parameters of 3. In GR, these functions are identically zero.

T(9> = Ffr = F§A
2z 14z . ,0 8ﬂsin4§

.0

=3 7SI 5 co? In sin 5 (67)
In this figure, we plotted the correlations at § = 0.01 with
other parameters of 5 set to zero. The red curve is for "7y,
and the blue for lA“fA. As one can see, in GR, these two sets
of correlation functions share the same curve (the dashed
one), while in SME with 53, their curves depart from the
dashed one differently. Nevertheless, these two correlation
functions are independent of the polarizations P. In fact,
one could also draw the normalize cross correlations for the
remaining choices of the parameters as in Fig. 3. However,
their curves almost overlap with GR’s prediction. In order
to make the plots less busy, we only show the curves whose
differences from 7 are visible.

Althoughin GR, it was predicted that the correlations (63)
vanish identically [44], itis worth checking if they are zero in
SME, too. In Fig. 5, the correlations I'}, and I'?. are drawn
for some choices of the parameters of s"” These correlations
are zero in GR [40,44], but in SME, they could be non-
Vanishing, as their expressions involve couplings between

P and J'*'. As shown in Fig. 5, for the case of §; = 1072
also considered in Fig. 3, I'}, (magenta) and I'%. (green) are
definitely different from zero. The red and cyan curves are
I'P, and I'}y at §3 = 1072, Note that none of these curves is
normalized. The extreme values of these curves are of the
order of 1072, consistent with §; = 53 = 1072. When these
parameters decrease to zero, these curves become the
horizontal axis, reproducing GR’s result. The correlations
P andIl fT for the remaining choices of parameters in Fig. 3
are identically zero as in GR. Therefore, the observation of

1.00 5=10"2
§=10"%0=m/2
0.75 §=10"0=m/4
53=10"2
0.50 §5 =10 3
0.25
 0.00
-0.25
-0.50
-0.75 R " ;
——- IF at5; =102
~1.00] — f‘f,\ at§3=10"2 "S—_._. T T
0.0 0.5 1.0 15 20 25 3.0

0

FIG. 6. The normalized correlation functions of redshift and
astrometric deflection, I" fT and I fA (P =+, x) for several
choices of the parameters of 5#*.

such kind of correlations would be the smoking gun of the
Lorentz violation in SME.

B. Correlations between redshift
and astrometric deflection

Finally, the redshift (47) is also correlated with the
astrometric deflection (56). The correlation functions can
be defined to be [44]

Ir(0)= 7{ QLTI Th(0)= ]{ 2QTP TAP . (68)

where 77 is Eq. (48) evaluated for the pulsar a. In the case
of GR, one has

4 0 6 .0
Q(0) =T(0) :?ﬂsinGJr 8sin’ Jtan-Insin-,  (69)

2
Ff’I‘ = FzA - FzA =0. (70)

Numerically compute the redshift-astrometric correlations
in SME, and one obtains Fig. 6, in which the so-called
normalized correlation functions are displayed:

- I7:(0) - I, (0)
FP _ ZT FP ZA 1
O max (||} A max{|rE |} 7

following Ref. [44]. In the above denominators, “max”
means to take the maximum value of its argument. Of
course, these expressions are valid only when the maximum
values are nonzero. In Fig. 6, the solid curves actually almost
overlap with each other, which are ffT’s for various choices
of the parameters of 5/ as displayed. They are also almost
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identical to GR’s prediction Q, which is represented by the
black, dashed curve. The dot-dashed curves are [, at 5, =
1072 (green) and §; = 1072 (red). Unlike in GR, this
function is not identically zero at least for §; and §53, but
it is zero for the remaining choices of parameters except 53
listed in the legend box at the upper right corner. The extreme
value of I'?, (not normalized) for the dot-dashed green curve
is about —0.02, and the one for the dot-dashed red is about
40.04. This figure shows that although it may not be a good
idea to use the correlation function Ffr to distinguish GR
from SME, one may look for a nonvanishing I'?, .

VI. CONCLUSION

In this work, we studied the impact of the Lorentz
violation introduced in the SME on the GW polarizations.
In the diffeomorphism-invariant sector with the § tensor, the
SME systematically incorporates Lorentz-violating coef-
ficients, which either define some preferred Lorentz frame,
or provide special space directions. Owing to these coef-
ficients, the tensor, vector, and scalar modes in this theory
are coupled in such a manner that only two physical d.o.f.’s
exist. These d.o.f.’s are tensorial, and they excite all of the
vector and scalar modes. They propagate at a speed other
than 1, depending on the propagation direction and thus,
resulting in the anisotropic propagation. Neither velocity
nor amplitude birefringence could take place, and there is
no dispersion effect.

Although there are two physical d.o.f’s, five GW
polarizations exist. The extra vector-x, vector-y, and
breathing polarizations are excited by the tensorial
d.o.f’s in a chiral way. The dependence of the polar-
izations on the physical d.o.f.’s leads to the change in the
detector responses to the GW. The antenna pattern
functions Fp for the two tensorial d.o.f.’s are now linear
combinations of the standard interferometer responses
F’, F, for polarizations, as if they were independent
of each other. The motion of photons immersed in the
SGWB is also altered. The total redshift Z” and the
astrometric deflection 7/” also become some linear
combinations of I’ I'"" and J'/F  J'IF'| respectively. The
changes in various correlation functions, redshift-redshift
C(0), astrometric-astrometric Vg (L =1,J;E =T, A),
and redshift-astrometric Ffz, are more complicated, as

their integrands are quadratic in Z¥ and J/F. Therefore,
these correlation functions include couplings among red-
shifts and astrometric deflections.

Numerical calculation helps visualize F p, C(), T''y, and
I'L;. One can clearly compare Fp and Fp in Figs. 1 and 2,
justifying the use of interferometers to detect such kind of
Lorentz violation. Various cross correlation functions are
shown in Figs. 3-6. There are certainly curves very similar
to the standard ones, such as the HD curve {(6), 7 (9), and
Q(0). Very interestingly, correlations (e.g., I'/,, Ty and
Ff ) might not be zero in SME, while they identically
vanish in GR. Observation of such correlations would be
the smoking gun of SME.

In the current work, we considered mainly the theoretical
aspects of the Lorentz violation brought about by the SME.
In the follow-ups, we would like to constrain the theory
based on the actual observational data from interferometers
and PTAs. We would like to also consider the effects of

other Lorentz-violating operators, k and q, on the GW
polarizations. The induced birefringences by these oper-
ators might give more interesting phenomena and new
constraints on the SME.
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