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Effective action of the Horava theory: Cancellation of divergences
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We compute the one-loop effective action of the Horava theory, in its nonprojectable formulation. We take
the quantization of the (2 4 1)-dimensional theory in the Batalin-Fradkin-Vilkovisky formalism, and
comment on the extension to the (3 + 1) case. The second-class constraints and the appropriate gauge-fixing
condition are included in the quantization. The ghost fields associated with the second-class constraints can
be used to get the integrated form of the effective action, which has the form of a Berezinian. We show that
all irregular loops cancel between them in the effective action. The key for the cancellation is the role of
the ghosts associated with the second-class constraints. These ghosts form irregular loops that enter in the
denominator of the Berezinian, eliminating the irregular loops of the bosonic nonghost sector. Irregular
loops produce dangerous divergences; hence their cancellation is an essential step for the consistency of
the theory. The cancellation of this kind of divergences is in agreement with the previous analysis done on
the (2 + 1) quantum canonical Lagrangian and its Feynman diagrams.
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I. INTRODUCTION

The effective action is a very important object in a
quantum theory. It is very useful to study the renormaliz-
ability of field theories. Indeed, the Slavnov identities can be
established in terms of it, such that one may obtain relations
for the poles and finite parts. Since correlation or Green
functions can be conveniently derived from the effective
action, the renormalization group flow can be applied to it.
Moreover, for potentials with spontaneous symmetry break-
ing, the quantum dynamics naturally leads to the usage of
effective fields and their effective action. The program of
renormalization based on the effective action can be applied
to the Horava theory of quantum gravity [1], whose proof of
renormalizability in the case of the nonprojectable version is
still pending.

The quantization of the nonprojectable case of the
Horava theory is a delicate issue since it is a theory with
second-class constraints. On the other hand, the case of the
projectable theory shows that a particular gauge-fixing
condition is required [2]. This gauge-fixing condition is
noncanonical in the context of the basic phase space. In this
case, the Batalin-Fradkin-Vilkovisky (BFV) formalism of
quantization [3,4] is appropriate. For the nonprojectable
theory, the measure of the second-class constraints [5,6]
must be incorporated. We have studied this problem in
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previous analysis [7-9], including the projectable case,
obtaining that the Lagrangian quantization of the project-
able case with the appropriate nonlocal gauge-fixing
condition can be obtained from the BFV quantization.
With the BFV quantization we have also studied the
Becchi-Rouet-Stora-Tyutin (BRST) symmetry of the non-
projectable case rigorously [10], which is an essential
aspect for renormalization.

In this paper we obtain the one-loop effective action of
the Hofava theory based on the BFV quantization. We focus
on the nonprojectable case, which is a more general version
that we expect it is closer to general relativity in the limit of
large distances. To present the BFV quantization, we take
the case of the (2 + 1)-dimensional theory, which was
carried out in Refs. [9,11] with the required gauge-fixing
condition. We discuss the extension to the (3 + 1) case,
which is analogous to the (2 + 1) case, due to the same
functional form of the effective action and the same
classification between regular and irregular propagators.
In the common case of a field theory, the one-loop effective
action with bosonic fields is given in terms of the deter-
minant of the matrix of second derivatives of the action. In
the case of the Horava theory, one has fermionic fields that
play the role of ghost fields needed for the quantization.
There are two kinds of these fields: the BFV ghosts,
associated with the gauge symmetry, and the ghosts
associated with the measure of the second-class constraints.
We find that all these ghosts can be used to arrive at an
integrated form of the effective action, which is given in
terms of the Berezinian of the matrix of second derivatives

© 2024 American Physical Society
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of the action. The Berezinian is a generalization of the
determinant. It is well known in supersymmetric theo-
ries [12,13].

Our second goal in this study is to use the integrated form
of the effective action to analyze the cancellation of certain
kind of divergences arising in the loop expansion. We call
them divergences coming from irregular loops. This char-
acterization is related to the problem of the gauge fixing
in the original proof of renormalization of the projectable
case [2,14]. In the projectable theory, the gauge-fixing
condition chosen leads to regular propagators for all
quantum fields. We give the definition of regular propagator
in the body of the paper. The regular form is crucial to get
the renormalization; this is the origin of the nonlocal gauge-
fixing condition used on the side of the Lagrangian
quantization. It turns out that, in the case of the non-
projectable theory, the analogous gauge-fixing condition
can be imposed on the side of the BFV quantization, but the
auxiliary fields associated with the measure of the second-
class constraints acquire irregular propagators. Moreover,
irregular loops formed completely with these irregular
propagators produce a globally multiplicative divergence;
hence this divergence cannot be subtracted by counterterms
in a meaningful way. This is the reason why the irregular
loops of the Horava theory are dangerous.

In the previous analysis done in Ref. [11], we studied the
issue of the irregular propagators present in the theory. We
performed the analysis directly on the Feynman diagrams
derived from the quantum BFV formalism. We found that
all the irregular loops cancel exactly between them.
Specifically, there are two kinds of fields associated with
the second-class constraints: a Lagrange multiplier and
some ghost fields. They have the same irregular propaga-
tors, and the cancellation holds thanks to the exact matching
between bosonic-fermionic loops. Various topological
results from the diagrams of the theory and the structure
of the quantum Lagrangian support this matching [11]. The
cancellation of the dangerous irregular loops is essential for
the survival of the theory. All the remaining loops, at all
orders, are regular.

In this paper we study the irregular loops, now in the
framework of the effective action that we obtain. It is
notorious the functional dependence of the effective action
on the ghosts associated with the second-class constraints:
they arise in the denominator of the Berezinian. Due to this,
we are motivated to look for the cancellations within the
effective action. This is a very important step for the
renormalization program. The expectation is that the effec-
tive action can be used to control the poles; hence a
necessary previous step is the elimination of the dangerous
irregular loops.

The effective action of the Horava theory has been
studied previously by other authors, specifically for the
projectable version. In Ref. [15], analysis of the renormal-
ization group flow were done on a toy model in (2 + 1)

dimensions, obtaining preliminary results about the asymp-
totic freedom of the theory. Those authors performed the
heat kernel expansion. The complete analysis of the (2 4 1)
projectable case was done in Ref. [16], showing the
asymptotic freedom property of the theory. The renormal-
ization group flow for the projectable theory in (3 + 1)
dimensions has been studied in Refs. [17-19]. In particular,
in Ref. [19] asymptotically-free fixed points were found that
are connected by trajectories to the region where the low-
energy coupling constant gets the relativistic form. Non-
monotonic behavior arises in the flow. Previous studies on
the effective action and the renormalization group flow in
the projectable version can be found in [20-23].

This paper is organized as follows. In Sec. II we collect
previous results on the BFV quantization of the theory, the
appropriate gauge fixing and the propagators of the
quantum fields. The exposition is based on the (2 + 1)
theory, showing at the end the required ingredients for the
quantization of the (3 + 1) theory. In Sec. III we obtain the
one-loop effective action, and we show the cancellation of
irregular loops. Finally we present some conclusions.

II. BFV QUANTIZATION

In this section we summarize previous results about the
quantization of the Hofava theory [8,9,11].

A. Path integral

The fields representing the gravitational interaction are
the ADM variables N(z,X), N'(t,X), and g;;(r,X). We
develop the analysis for the case of d = 2 spatial dimen-
sions. At the end we comment on the d = 3 case. This
theory exhibits two cases: projectable and nonprojectable
case. The last one is defined by the condition of the lapse
function N can be a function of the time and the space,
whereas in the projectable case it is restricted to be a
function only of time. We study the nonprojectable case.
Given the foliation, the classical action of the nonproject-
able theory is [1,24]

S = / did*x\/gN(K; ;K7 —2K* = V), (2.1)

where the kinetic terms are defined in terms of the extrinsic
curvature tensor,

L
Kij (gij _Zv(iNj))’

ij = ﬁ K = glJKl‘j.

(2.2)
V is called the potential. It contains the higher-order spatial
derivatives, whose order is determined with the anisotropic
parameter z, such that the higher-order terms are of 2z order
in spatial derivatives. In the (2 + 1)-dimensional case,
which requires a potential of z =2 order for power-
counting renormalizability, the complete potential is [25]
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VY = —BR — ad® + a;R> + a,a* + azRa*> + a,a’V,a'

+ asRV;a' + agV'a’Va; + a;(V;a')?, (2.3)
where
o;N
=t 2.4
a=2 (2.4)

V; and R are the covariant derivative and the Ricci scalar of
the spatial metric g;;, and the coupling constants of the
theory are 4, 3, a, ay,...,a7.

In the canonical formalism [26-28], the primary classical
Hamiltonian results

l
H, /dzx\/_N< YL g —+ V), (2.5)
[ 9
where the canonically conjugate pairs are (g;;., 77y and N
with its conjugate momentum. This canonical momentum
is zero due to the constraints of the theory; we discard it
from the phase space. We use the combinations of con-
stants,

1-4 _ A
:m, O =———, a67:a6+a7.

=2 (2.6)

The constraint that corresponds to the involutive func-
tions under Dirac brackets in the BFV quantization is

H,’ = —2g,jvk7[k1 - (27)

This constraint is the generator of the spatial diffeomor-
phism on the canonical pair (g;;,7z"/). The second-class
constraints of the theory are the vanishing of the momen-
tum conjugate to N, which we have already considered as a
solved constraint, and

\/_N< ”—i—a——i—V)—l—\f(ZaV(Na)
—4a,V;(Na*a') — 2a;V;(NRa')

+ ay(V*(Na?) — 2V,(Na'V;a’))

+ aSVZ(NR) + 20{6V’V/(ijal)

+ 2a7V2(NViai)) = 0

(2.8)

The primary Hamiltonian (2.5) is equivalent to the integral
of this second-class constraint,

HO = /dzxel.

The BFV quantization of the Horava theory requires to
extend the phase space by adding the canonical pairs
(N, z;) and the BFV ghost pairs (C',P;), (C;,P'). The

(2.9)

definition of the BFV path integral, under a given gauge-
fixing condition, is

_ / DV, (2.10)
DV = Dgl/Dﬂ'l]DNDNkDﬂkDClD,]_)lDCID’Pl
50
x 5(0;) det— . (2.11)

ON
S:/dtdax(ﬂ’jg}j—l—n'iNi+7_7iCi+77iCL‘i—Huy). (2.12)

The factor 5(6)det(60;/6N) in (2.11) is the measure
associated with the second-class constraints, see
Ref. [10]. Dirac delta 5(6; ) can be promoted to the quantum
canonical Lagrangian by means of the integration on the
Lagrange multiplier A. The derivative 66, /5N can also be
incorporated by means of a pair of fermionic ghosts, which
we denote by #,#. Thus, the measure of the second-class
constraints becomes

50,

5(6, )det— / DADiDn exp

x [i/dtdz <A€1 ;\;nﬂ. (2.13)

The path integral is defined by the measure and the
quantum action:

DV = Dg;, Dr'/DNDN* D DC'DP,;DC;DP'DAD/Dy,
(2.14)

S = / dtd’x <7ri-7g',~j + N+ PiC + PIC; — Hy

%0
sy )

The quantum gauge-fixed Hamiltonian density is
defined by

+ A0, — (2.15)

Hy = Ho + {¥.Q)p. (2.16)

where Q is the generator of the BRST symmetry, given by

Q = /dz)((Hka + ﬂ'kPk - CkakC17_71). (217)

¥ is a gauge-fixing fermionic function and {, }, indicates
Dirac brackets.

B. Gauge fixing and propagators

The original aim in the BFV formalism was to incor-
porate covariant gauges to the process of unitary
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quantization in relativistic theories. These covariant gauges
are noncanonical in the basic phase space. The BFV
quantization was developed to cover these cases. In the
case of the Horava theory, it turns out that the same
functional structure of the gauge used in the BFV quan-
tization is appropriate [8,9]. The BFV gauge-fixing con-
dition and its associated fermionic function W are of the
general form

(2.18)

¥ =P,N +Cy'. (2.19)
We introduce perturbative variables by making perturba-
tions around a flat background: g;; = §;;, N = 1, and the
rest of variables taking zero value. The perturbations are
denoted by
=06;j+h; Ni=nl,

N=1+n, (2.20)

l/ ’
and for the rest of perturbative field variables we keep the
original notation. For the (2 + 1) Horava theory we choose
x' to be

with k =k + 1. The coefficients in the gauge fixing are
chosen to simplify and ensure regularity of the resulting
propagators. In the following we use more combinations of
constants,

2

pr=201=D&,  py=da -5 (223)
Q67
The gauge-fixed Hamiltonian is
Hy = Hy + Hin' + P;P" = Pi(n/0;C' + n'0,CV)
+ pﬂigijﬂj - 2,071,(A0Jh,] - }JZ‘Aalh

With the gauge condition (2.21), most of the propagators
get a regular form. The definition of regular propagators
was introduced in Ref. [29] to study the renormalizability
of nonrelativistic gauge theories. This was used in the proof
of renormalization of the projectable Hotava theory [2,14].
In Euclidean space-time, consider a propagator between
two fields that have scaling dimensions r; and r,. It is
regular if it is given by the sum of terms of the form

P(w, k")
D(w, k')’

(2.25)

where D is the product
M
= [[(40® + B,k +--). A,.B,>0. (226
m=1

and P(w, k') is a polynomial of maximal scaling degree less
than or equal to r| + r, + 2(M — 1)d.

We present all the nonzero propagators. In Fourier space,
after a Wick rotation, they are

(PiPl) = 4pk* (P;T5+ 2p1kik 1),
(P:.CTy = —(P,CV) = 08, (C,CTYy = =S;;
(pYpH) = pok* PP T,
(hijhi) = 8(w? = 2pk*) Qi T3 + 4(0P;j Py + Gkik Py + GkikyPij)T | + 46 Qkik ik T T3,
(hi;p*) = 20204/ T 3 + PPy T\ + 4p5 & (1 = 24+ py)KPkik Py T\ T o + kik ik, T 5],
(n'hy) = 16iwpk® (P ik T: + Rkik ik T3),
(n'p/*y = 2ik3[2P; jky 73 + ki(pik ki — 207P )T,

ninf) = —4pk*P;;(w* — 2pk*)T3 — 4pi(w® — 2pp k*)k;k T3,

(hyn) = "2 (0P + 6k k)T, (pin) = 2 wPyT,. (i) = wS,,.

Qg7 67

(mihj) = —4i(PyjkyT s+ k; kik T »), (nn) = iTl, (2.27)

and

A7
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(AA) = (An) = (i) =

where

]%i - . P _51]_],%1]2]’

ij —

> ;\N|~»-

A

Qiju = kikiPj + i‘leCkPil + ]ACi]AQij + ]ACj]AQPik,

0 = + [4p(22 + 24— 1)k — 3] &

T, = (0* — pyok*)7",
T3 = (0? + 2pk*)71,

All the propagators in the list (2.27) satisfy the condition of
regularity.' On the contrary, the three propagators (A.A),
(An), and (7n) in (2.28), which are the only ones that
involve the fields A, 5, # associated with the measure of
the second-class constraints, are independent of w; hence
the propagators in (2.28) are irregular.

C. The (3 +1)-dimensional case

In this section we discuss about the extension of the
analysis we have done to the case of 3 spatial dimensions.
The BFV quantization in the (3 + 1)-dimensional case,
with the appropriate gauge-fixing condition, has been done
in Ref. [9]. Since our interest is in the consistent quantiza-
tion and the characterization of the regular propagators, we
may take the potential of theory only with the terms that
contribute to the propagators, and, among them, only with
the terms of z = 3 order. These terms are the ones on which
the definition of regular propagator is based on, besides the
time-derivative terms (see Ref. [2]). The z = 3 order terms
are the ones that dominate at the ultraviolet regime.
Therefore, we take the potential [30]

V = —a3V2RViai - a4v2(1ivza" —ﬂ3ViRjkViRjk

— B V.RVIR, (2.30)

where a3, a4, f3, 4 are coupling constants. The definition
of V determines the form of the Hamiltonian and the
constraint 8, (see [9]). The constraint takes the form

N [ . y)
0, E7§<mnij+ 1 _Mzzz) +/gNV

—a3\/gV*(NV?R) +2a4/9(VIV}(NV3q;)).  (2.31)

lActually, the condition of regular propagator in (2.26)
requires the coefficients in the denominators to be strictly
positive. In the present theory this is satisfied if p > 0, p; > 0
and op, < 0.

1
, 2.28
0‘67k4 ( )
274
i dicp(py + 42%kp) k8,
T, = (0 + 2pp k)7,

The dimensionality of the foliation requires a specific
degree of anisotropy for the gauge-fixing condition. In
this case, the gauge-fixing condition is given by

¥ = pDUn; = 2pA%0;h;; 4 2pA(1 4 k) A0,k

where

The BFV quantization of the (3 + 1) theory was brought
to a Lagrangian form in Ref. [9], by integrating over all
canonical momenta. The resulting Lagrangian is defined on
the quantum fields 4;;, n, n;, the BFV ghosts C, C;, and the
variables associated with the second class constraints A,
and n,7. To present the propagators, we perform the
transverse-longitudinal decomposition

1 0,0;
hij = hij" + 2 <5ij - Aj>hT + 0k, (2.34)

and we also decompose the vectors,

ni = niT 4 gink,

hi = I’ll‘L + aiA_tha

ainiT = O,

aihl‘L - O, (235)

and similarly with the vectors C’, C;. The resulting (non-
7ero) propagators are
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1-2
(i) = =Py Khihl) =8P, (W) = -8—= P,
81 4 812
hTht) = ————P,, htht) = — Py — Ps,
W) =157 ") = =3 s (1=2)(1-32)" "2
a (1-24) a; A (I1=2) [a3)?
WY =423 . Wy=42_"__p, S @ ,
R (T L L Ao e LS L =3 \a) 2
(nTnly = —4pk*P;, (ntnl)y = —4pkk*P,, (CTCHTy = Py, K*(CECE) = Py, (2.36)
and
(AA) = (nA) = (i) = =Ps, (2.37)
where
Pl P, = wz—i(a (365 + 864) — 2a2)kS B
1 C()z—ﬂ3k6’ 2 (14(1—3/1) 4 3 4 3 B
1 1
7) — R ’}D — s 'P = —_— 238
3T WP — 2pk® T @ —4k(1 = 2)k > kS (2.38)
|
In the above list, all propagators are proportional to the = where
factors given in (2.38). Among these factors, only Ps has
an unavoidable irregular form, as happened in the (2 + 1) AT AT
case. Actually, the condition of regularity on the factors P, Me']=w- / did*x®" J7. (3.3)

to P, requires some restrictions on the coupling constants.
Specifically, condition (2.26) requires that the coefficients
of the k® order terms in the denominators must be strictly
positive. Hence, the only irregular propagators are the ones
of the fields associated with the second-class constraints,
given in (2.37). In this sense, the situation is analogous to
the (2 + 1) case.

III. THE EFFECTIVE ACTION

A. The role of the second-class constraints

We obtain the one-loop effective action corresponding to
the path integral defined in (2.14) and (2.15). Actually, the
formalism can be adapted directly to any dimension, once
the potential that defines the Lagrangian is given. We
denote all quantum fields, including ghosts, by ®. We
introduce the effective action I'[®7], where &7 denotes the
effective fields, in the usual way: if 77 represents a source
for each field, then

Z[Jz] = exp(iW[J 1)
= / D! exp(iS[CDI] +i / dtdzxq)zj1> (3.1)

= exp {i <F[<i>f] + / dtd2x(i)z..71>j|,

(3.2)

The one-loop quantum corrections are contained in the

effective action IV [®] = T [®] — S[d]. We denote deriv-
atives of S[®] by

oS

= . 3.4
odr - .. 0d7 (34)

Stz

We use a convention for left/right derivatives in Grassmann
variables. Derivatives with respect to ghosts with a bar
(C,, i) are left derivatives, and derivatives with respect to
ghosts without bar (C’, 7)) are right derivatives. ") [®] is
given by the formula

exp (if) = /Dd)z exp (%SIJCDJCI)I). (3.5)

For each contraction of the field indices Z, 7 there is an
integration on time and space that we have not written.
To evaluate (3.5), we separate ghost from nonghost fields.
Let us introduce an index notation to this end. Indices like
1,J ={g;j, 7", N,N', z;} run for nonghost (bosonic) fields
and indices like o, 8 = {C', P;, C;, P', 5,7} run for ghost
fields (the same for quantum and effective fields). We
perform on (3.5) a procedure of expanding in ghost fields,
completing squares on them, and integrating on all fields:
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[¢7

exp (ilM) = / DO'DO*DDF exp [—i(DPY — S;, @' S73)Sup (PP ~ S35 S,,,CI>J)+%S,,®JCI)1 + 1814574 S5 D D]

= det(S,p)[det (Sp; + 281,54 85,)] 712

Q

We define the matrices

A =S, Bioe = Sias Daﬂ = Saﬂ’ (37)

such that the effective action (3.6) is given in terms of the
Berezinian,

_ (det(A - ZBD‘IBT)) (338)

1
T = -2
! 2" detD

The factor detD in the denominator contains derivatives
exclusively with respect to ghost fields. Among them,
derivatives with respect to 7,7 play a central role in the
cancellation of irregular loops. For this purpose, we separate
the two types of ghost fields, owing on the fact that there is
no derivative entry S,; mixing BFV ghosts with the 7,7
ghosts, since there is no coupling between these fields. Let
us introduce hatted indices &ﬁ ={C",P;,C;,P'} exclu-
sively for the BFV ghosts. We define the matrices

Hap = Sap  Eia=Su

Cla = Sla

ape

Fop = Sap only for @, =n,i7.  (3.9)
Thus, the effective action can be written in the expanded

form

_ 1. (det(A —2EH~'E" — 2CF~!CT)

T = -~ . (3.10

: 2 n( detF detH (3.10)
We remark that the result for the effective action, (3.8) or

(3.10), takes the same form in any spatial dimension, since

the formalism to obtain the effective action is general.

B. Cancellations of divergences

1. Regular versus irregular loops

In the list of propagators shown in (2.27) and (2.28), the
only irregular ones are (AA), (An), and (7n). It is
remarkable that they involve field variables associated with
the second-class constraints. The three propagators are
equal to 1/ag;k*, which is a radically irregular form since it
does not depend on the frequency w. Fortunately, the
irregularity of these propagators is automatically cured
if, at least, one regular propagator enters in the loop.
Consider a loop formed by an arbitrary number r of
irregular propagators and one regular propagator. The loop
integral is proportional to

(3.6)

1 Plwk) .
/ddek(k4)rmv(k )

where P(w, k') and D(w, k') refer to the regular structure of
propagators defined in (2.25) and (2.26), and V(k') is the
contribution of the vertices.” The factor P(w, k')/D(w, k')
coming from the regular propagator is sufficient to give a
regular structure to the integration on w, regardless of the
fact that none of the irregular propagators depend on it.
The integration on w results the same as if the loop had only
the regular propagator; hence the issue of the divergence in
o is the same as the case of only regular propagators, the
irregular propagators do not alter this. More regular propa-
gators in the loop preserve the regular structure of the
integration on @ and k'.

On the other hand, dangerous divergences arise if the
loop is made exclusively of irregular propagators, as we
discussed in Ref. [11]. We call irregular loop to this case,
and regular loop when at least one regular propagator is
present. In the case of an irregular loop, the integral is
proportional to

(3.11)

2, | N 2y Lo
/da)d V) _Aw/d ki V- G2

The divergence A, multiplies the whole diagram, hence it
cannot be renormalized by counterterms. This is an
unavoidable result of any irregular loop that, on the other
hand, it is not exhibited by regular loops. Therefore, to save
the theory it is necessary that irregular loops be canceled
completely.

We show the exact cancellation of irregular loops in the
framework of the effective action. In the next subsection we
give preliminary evaluations of the first and second
derivative of the effective action to illustrate how the
cancellations occur. We give the general proof for arbitrary
order in derivatives at the end of this section. The analysis
holds in any spatial dimension of the foliation, once the
identification of the irregular propagators has been done.
Indeed, in the following we do not require the explicit form
of the propagators, only the relations between them. We
have shown that the (3 4 1) case is analogous to the (2 + 1)
case, since the irregular propagators are associated with the
same quantum fields of the second-class constraints. The
only difference arising in the computation of the cancella-
tions of divergences is that the range of the indices

2This is a quantization in the Hamiltonian formalism, hence
vertices do not depend on w.
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associated with the spatial dimensionality must be aug-
mented, for example in £;;, n;, the ghost C', and so on.
Other indices that include the spatial ones, as the ones
arising in the next section, must be adapted as well.

2. First and second derivatives of the effective action

To establish a relation with Feynman diagrams, we
evaluate derivatives of the effective action at zero effective
fields. Propagators are contained in entries of inverse
matrices like A7}|,, and vertices are higher order deriva-
tives SIJ]C,,,|O.3 There are various identities due to the
structure of the Lagrangian that we require [11]. First, det A
satisfies

[det A = —§,,Minor(A) 4, = =S,,Minor(A) 4,],- (3.13)
Let us introduce hatted bosonic indices 7, J, which run for

the same values of I, J, excluding the field A. Then, we
have the identity

S ailo = =Sailo- (3.14)
The third identity we need is
o0
SA,,:S,—Mza, (3.15)

which holds at all orders, and it is a direct consequence of
the fact that the dependence of the action in A and 7,7
comes only from the terms in Eq. (2.13). Due to the block-
diagonal structure of Sz 7|, the factor 1/, |, is directly the
irregular propagator (7). Similarly, from relations (3.13)
and (3.14), we obtain

1

I —
Anl0 SAn|0

(3.16)
hence 1/S 4,y is the irregular propagator (An).

The first derivative of the effective action (3.10) with
respect to an arbitrary field ® results

s ~ ar
—2i o = (A" = 2CF'CT)7 (—M)I A,
2—‘S CF-!cT
- 5(1)1( )KJ
5 St
—Hl—H,, -2 3.17
ap sl e TS, (3.17)

*Entries of inverse matrices are equal to A7}|, = 2(®'®’).
Despite this factor 2, in the whole discussion we call A7}|,
directly the propagator (we do not make the substitution A7} |, =
2(®'®’) explicitly at any stage).

where A’ = A —2EH'E”, and we have used detF =
(S,—m)z. Note that the last term, when evaluated at zero,
is an irregular propagator with the corresponding vertex.
The mixed matrices C and E have no zeroth-order term;
they start at linear order. Hence

5 _
Cly =0, E(C[F Ich], =0,  (3.18)
El,=0 O (EWET), = 0 3.19
=0, o EHTEN, =0, (3.19)

Thanks to this, the derivative of the effective action
simplifies to

ST
_217
od

S75
= |:A;11(SIKJ - IH];/%SI&& - 2Srm:|
0 m 10

. - SI.An SI‘
- [AUIKVSI(KJ)* —H&/ﬁSZ,;ﬁz —_p2Tm .

S An Sﬁn
(3.20)

where (JK)* means that in the summation the component
An is excluded, and we have used (3.16). At this point we
can see the cancellation between irregular loops. Identity
(3.15) implies S 4, = S5, and S74, = S7;, at all orders,
hence the last two terms in (3.20) are exactly equal and
cancel between them. The resulting derivative is

.51‘(1)
i
@7 |,

= [A7]

(] )*SZ(KJ)* _[H]_ES y:

Szl (G21)
After the cancellation we have shown, expression (3.21)
contains exclusively regular propagators. The entries of the
inverse matrix A;}|, are the propagators of the bosonic
fields, and the entries [I-I];/l} o are the propagators of the BFV

ghosts. Factors Szg - o are three-leg vertices.
In the BFV-ghost sector all propagators are regular. The
only irregular propagators in the bosonic sector are (An) =
A7 o and (AA) = A7l |o. The first one has been excluded
in the expansion in (JK)*, and the last one does not arise
due to the fact that the action is of linear order in A,
hence Sz 44 = 0.

We have seen that in the case of the first derivative no
regular propagators remain at all. We now compute the
second derivative of the effective action (3.10). This case is
illustrative since irregular propagators do remain, but they
cannot form a complete irregular loop, since they are
necessary accompanied by one regular propagator to form
a loop. To show this we require an additional identity
restricting the possible vertices:

o and Sz,

S74e =0, (3.22)
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which is due to the fact that there is no coupling between the field A and the ghosts 7,7 or the BFV ghosts.
When evaluated at zero effective fields, the second derivative results

ST

_2iW o ~A7S 7unANKSTRs + ATk S 7785 — AT | ST M AﬁSJﬂ]

-1
_8AJKSIK11 n Sjnl—'_Ha(rSjﬁp /)fSIr/} H&[}SJIfJ&+ ? S

where we have used identity (3.22) to restrict nonghost
indices J, K. In Egs. (3.23)—(3.26), all terms are evaluated
at zero effective fields. The cancellation between irregular
loops works as follows. First, we take the two terms:

_ S]I’
AGxS gzks =2 S =

- k) STTKIY
m

S _
+2ALS pp g, — 220

(3.24)
in

Similarly to the case of the first derivative, A7}, is the

irregular propagator (3.16), and identity (3.15) implies

S 7740 = Sy Therefore, the last two terms in (3.24)

cancel exactly between them. Second, in the first term of

Eq. (3.23) we extract the .An x An loop, and compare with
the penultimate term, obtaining

-
_2A¢_‘\LS.7I1AAALSI”A + ZMﬂ —0.

(3.25)
Sin Sin

The only possible irregular loops have been canceled in
(3.24) and (3.25). In Eq. (3.23) there remain irregular
propagators, but always multiplied by one regular propa-
gator. In the first term, consider the possibility of having
one A;Mo propagator. In this case the vertex restriction
S7a4 = 0 forces the loop to be of the form

AZUS 7 4 AR &SR A0 (3.26)
the factor AAIA being the regular propagator. Other pos-
sibility in the ﬁrst term of (3.23) is one irregular propagator
in the form A]LSJnNA(_A}K)*SIKA since in (3.25) we have
extracted the An x An combination. The factor A(‘,\l, Ky isa
regular propagator. Due again to Sz 44 = 0, the irregular
propagator A;GA cannot arise in the second term of (3.23).
The last irregular propagator in (3.23) is the factor [anl in
the fourth term. In this case the factor A;}( is the regular
propagator closing the loop.

3. Generalization to derivatives of arbitrary order

We recall our index conventions: indices Z, 7, ... run for
all fields, whereas 1, J, ... run for nonghost bosonic fields.
Index 7 is the same as I, excluding I = A. a, f, ... run for

5 ST 5T _ Sngm ’

(3.23)

m m

all ghosts fields, whereas a, B, ... run for BFV ghosts only.
The only irregular propagators of the theory are (AA),
(An), and (7). With this notation, all entries A; ]|, and
HY 3

We collect all the identities restricting the vertices, which
are due to the dependence of the classical action S on the
fields A, 5,77 and the BFV ghosts. § is linear in .4, bilinear
in ghost fields 7, 77, and there are no mixed terms between
A, the BFV ghosts, and the 7,77 ghost. Hence, for an
arbitrary number of derivatives, we can establish the
identities:

=S1. Jii — = S7. Ina
(3.27)

S7..744=87..740 = ST7mp =

- SI...j;,& - 0

Due to relation (3.15), we have the general identity between
derivatives
(3.28)

SI--JnA - SI"'J'_M’

which implies the equality between irregular propaga-
tors A_,_411|0 - (S;m)_l|0.

According to Eq. (3.8), the one-loop quantum correction
of the effective action is the functional®

detM
F=In( S0} = IndetM —IndetD=T™) —T®), (3.29)
detD

where

M= A -2BD"'B. (3.30)
Due to expression (3.29), derivatives of I have the same
functional dependence on M and D, with the corresponding
change of sign.

We can obtain a formula representing the arbitrary

derivative of the functionals T™ and T®). As a conse-
quence of the formulas
SlndetM M M7} oM
_ =191 1J KL 1
s M sol st =Mik5pr sor e (3:31)

“In the remainder of the paper we omit the factor —2i, the bar
and the ) symbol in T".
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the N-order derivative of I'™) can be written as a sum of
terms that are multiplications of factors with the same
generic structure: each factor is an inverse M~! times a
derivative of M of certain order. Consider a given order N in
derivatives. We introduce the set of partitions of the number
N, parameterized by the independent integers {n, ..., ny},
each one taking values in n; =0, 1, ..., N, and subject to
the global condition

ny+ny,+---ny=N. (3.32)
We denote an arbitrary partition {n;} satisfying (3.32) as
P[n,]. The N-order derivative of ™) can be represented by
the formula

In the first summation ) pp, 1, €ach term corresponds to

an specific partition P[n]. In the second summation, we
use multi-index notation: Z = {Z,,...,Zy}, and J =
{J1...J., ), K={K\,.. K} £ ={Ly,...L,, }. For
each term of the second summation, the given derivatives Z
must be distributed among the subsets 7, IC, ... without
repeating indices between the subsets. If n; = 0, the whole
factor M;!6°Mx is replaced by &;x. Cp is the coefficient
(with sign) of the given term. When evaluated at zero
effective fields, M;} gives the propagators and &M,
gives the vertices, joined by the legs in the index J. Each
term in the entire summation forms a loop. The index I of
the last factor is contracted with the index I of the first one
to close the loop. We leave unspecified the coefficient Cp.
We do not require to know it explicitly, since the functional

SN _ Z Z CoM-! 6" Mk dependence of I" is the same on M and D, with opposite
ST 5Dy o] T PRI 5071 50Tn sign. Hence, for any term with derivatives of M, there is a
ST counter-term with derivatives of D with the same coef-
» 5My ficient and opposite sign. This is what we require to obtain
x Mi, SOL ... sdkm the cancellations.
§"M Since B has no zeroth order term, the evaluation of the
x Mg o (3.33)  derivative (3.33) at zero effective fields results
SPL1 ... 5D
|
SNTM ZC " [Ayx —2(BD™ IBT)JK} Al " [Agr — Z(BID‘I[BT)Q,] (3.34)
5071 .. q)IN b ” D71 ... 507 m PQ SDL1 . .. DL ' '
0 Pl T 0
Let us analyze first the terms that contain only derivatives of A,
PAij ST ...5q>~7nl PO sl ... Ly .
= Z Z CpA}Sg g,k AppSc,-r, 01 - (3.35)
0

Pln] J...

leaving for later the factor BD~'B7. Our first task is to prove that if one irregular propagator (A.A)
then it is accompanied by at least one regular propagator AI‘J]

of (3.35), PQ = AA. Then, this term has the form

-1 -1
AS s g, ik ATS My

nN-2

where we have used conditions (3.27) to restrict N — N and
I — 1. Index M is not restricted, hence it may take the value
M = A, producing an irregular propagator A ,- But in this
case the next vertex also gets the leg M A, hence
restricting H — H by (3.27). We can continue iteratively
the contractions of indices, until we reach the first factor
with K = A and J — J. We then obtain that the first factor
A~! is the regular propagator A o- Therefore, irregular
loops contained in (3.35) cannot have (AA) propagators.

-1
My SK, K

= A7 |o arises in (3.35),

o- Suppose that one propagator A,_41,4|0 arises in the last factor

FAAZUS, L, AI| (3.36)

”N 1

Since the other irregular propagator in the bosonic sector
is (An) = A7} |5, we have that the only possibility to form
an irregular loop from (3.35) is a loop made completely of
(An) propagators. The sum of all irregular loops of this
kind is given by

(3.37)

Z Z CP2A./_4}1S.71“'.7,11”A o

Pln] I

-1
2A%,8c, -, nAlo-
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Factors of 2 arise due to the two possibilities 1J = An, nA in each factor. On the other hand, the N-order derivative

of I'®) js

SNT (D)
ST ... 5D 0

Pln] I

—ZZCP[DaﬁSJ] T br”

Pln] I

In the ghost sector, the only irregular propagator is
() = Dj,. Due to identities (3.27), if one element D~
takes the entry #jn, then the rest of propagators in (3.38)
necessarily take the same entry (or the transpose), forming
an irregular loop. There is no mixing between the propa-
gator of 7 and the propagators of the BFV ghosts. From
(3.38), let us write apart the sum of all irregular loops with
the 77 propagators. It is equal to

22 Crsm

Pl ] I

Sjl Tt """ (Snn) Sﬁl nNnﬁO

(3.39)

Again, factors of 2 come from the symmetry between the
two possibilities 71, 7. The other terms in (3.38) corre-
spond to regular loops made with the BFV ghost propa-
gators. Identity (3.28), which also equals the irregular
propagators, implies that all irregular loops in (3.37) and
(3.39) cancel between them exactly. Note that the cancel-
lations are one-to-one: for each irregular loop with (An) in
(3.37), there is an irregular loop with (77) in (3.39), with
the same coefficient.
Finally, we analyze the factor

n; 1T
ot 3 (BDTBT) | L9 (By, DB ) (3.40)
Yoo 50T | i 5071 - 607w | '

that we omitted previously in (3.34). In (3.40) we have used
conditions (3.27) to restrict indices J and K. Since B starts
at linear order, the only terms that survive when evaluated at
zero are those for which at least one derivative falls in B and
at least one derivative falls in BY. At zero fields, these
derivatives are vertices of the form Sp 5, and ST--Z,{/)’k’
respectively, where P---Q, 7 ---U are subsets of the
derivatives J | - - - J ... We can write a generic nonzero term
coming from (3.40) as

8" (Dy;)

-1
AL 5P 0l 5oR T 508 (3.41)

S5O ST~~»Mﬂf<|O'

Now we want to prove that, when this kind of factor arises
in one term of (3.34), it is necessarily accompanied by at

_ CoD! 6”'IDﬁy D-
_ZZ P aﬂéq)Jl.”(S(DJ,,lu.

| "Dy
P S®L ... 5PLny

0

(3.38)

-1
Dpa SEI-~~£,,N00:
0

least one regular propagator AI‘JI o- The reasoning is similar
to the iterative procedure we have done previously. If the
factor AI‘J' written in (3.4 1) is an irregular propagator due to
I =A, we continue the index contractions iteratively
passing over irregular propagators. The iterations continue
until we encounter an additional factor of the form (3.41);
hence with a vertex Sj... cpk> OF directly the same factor
(3.41) if we turn around the loop. In both cases the index 7/
of the last propagator A~! is restricted by the contraction
with the corresponding index K of Si. CpRS hence I — 1.
Therefore, this last propagator is the regular propagator
AI‘J] o- As a consequence, no irregular loops can be formed
in a term of (3.34) if at least one factor (3.40) is present in
the term. The only irregular loops in the derivative (3.34)
has been considered in (3.37) and (3.39), and they cancel
each other exactly.

IV. CONCLUSIONS

We have found an integrated form of the one-loop
effective action of the Horava theory, in its more general
nonprojectable version, incorporating the second-class
constraints to the effective action. The complete quantized
theory we have taken is the (2 + 1)-dimensional theory. We
remark that ghost fields allow us to promote the measure of
the second-class constraints to the quantum canonical
Lagrangian, and these ghost can be used to determine
the form of the effective action in a similar way as the
ghosts associated with the gauge symmetry. The quantiza-
tion is based on the BFV formalism, which allows us to use
the required gauge-fixing condition, analogous to the
projectable case, to obtain regular propagators on most
of the fields. The result for the effective action has a quite
compact form; it is the Berezinian of the matrix of second
order in derivatives, where all ghost fields enter in the odd
sector of the Berezinian. Thus, in this sense one can handle
the second-class constraints with no more obstacles than
the first-class constraint.

We have shown that the irregular loops cancel exactly
between them in the effective action. We have given a
general proof for any order in derivatives of the action. Our
analysis shows how the loops formed with the ghosts of the
second-class constraints located in the denominator of the
Berezinian cancel the sector of nonghost irregular loops.
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Hence, it becomes clear the role of these ghosts in
eliminating dangerous degrees of freedom in the loop
expansion. This is similar to the role of the BFV and
Faddeev-Popov ghosts in eliminating gauge degrees of
freedom. In the remaining loops, there always arises at least
one regular propagator. The regular propagator is sufficient
to render the loop regular, in the sense that the integration of
the frequency o is unaltered by the irregular loops. Thus,
the integration on w and k' must be analyzed on the same
grounds as if the theory was not affected by irregular
propagators.

The cancellation of the irregular loops in the effective
action is an essential step toward the renormalization of the
theory. Once the divergences coming from the irregular
loops have been eliminated, the analysis can be concen-
trated on the divergences coming from the regular loops, as
in the case of the projectable theory [2,14]. We expect that

the form of the effective action we have obtained can be
helpful for this purpose.

There exist other versions of the Horava theory for which
we may expect that the BFV quantization and the compu-
tation of the effective action can be applied as well. In the
side of the nonprojectable version there is, for example, a
special case, called the critical case, which has the extra
scalar mode eliminated [31,32]. There is also a well-known
version with an additional U(1) symmetry [33], that also
eliminates the extra mode [the U(l) symmetry was
introduced in the projectable version in Ref. [34]]. To
apply the BFV quantization to these theories, it is required
to take the algebra of first- and second-class constraints (see
Ref. [35]) and to analyze its consequences on the definition
of the measure of the path integral. In the case of the version
with the U(1) symmetry, more BFV ghosts should arise
due to the extra gauge symmetry.
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