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Current cosmological tensions show that it is crucial to test the predictions from the canonical ΛCDM
paradigm at different cosmic times. One very appealing test of structure formation in the Universe is the
growth rate of structure in our universe f, usually parametrized via the growth index γ, with f ≡ ΩmðaÞγ
and γ ≃ 0.55 in the standard ΛCDM case. Recent studies have claimed a suppression of the growth of
structure from a variety of cosmological observations, characterized by γ > 0.55. By employing different
self-consistent growth parametrizations schemes, we show here that γ < 0.55, obtaining instead an
enhanced growth of structure today. This preference reaches the 3σ significance using cosmic microwave
background observations, supernova Ia and baryon acoustic oscillation measurements. The addition of
cosmic microwave background lensing data relaxes such a preference to the 2σ level, since a larger lensing
effect can always be compensated with a smaller structure growth, or, equivalently, with γ > 0.55. We have
also included the lensing amplitude AL as a free parameter in our data analysis, showing that the preference
for AL > 1 still remains, except for some particular parametrizations when lensing observations are
included. We also do not find any significant preference for an oscillatory dependence of AL,
AL þ Am sinl. To further reassess the effects of a nonstandard growth, we have computed by means
of N-body simulations the dark matter density fields, the dark matter halo mass functions and the halo
density profiles for different values of γ. Future observations from the Square Kilometer Array, reducing by
a factor of 3 the current errors on the γ parameter, further confirm or refute with a strong statistical
significance the deviation of the growth index from its standard value.
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I. INTRODUCTION

Cosmological observations can be optimally fitted within
the minimal ΛCDM model, described by six fundamental
parameters. This model has successfully explained a large
number of measurements at different scales. Nevertheless,
there are a number of tensions. The Hubble constant
one [1] is the most significant tension (5σ), and it
implies the mismatching between the value of the Hubble
constant obtained from Planck-2018 CMB observations
(H0 ¼ 67.4� 0.5 km s−1Mpc−1 [2]) and the value of H0

from local measurements using SNIa calibrated with
Cepheid variable stars (H0 ¼ 73� 1 km s−1Mpc−1 [3]).
Other measurements, such as the tip of the red giant branch
(TRGB)method, one of themost precise and accuratemeans
of measuring distances in the local universe, providesH0 ¼
69.6� 1.9 km s−1 Mpc−1 [4,5], while time-delay measure-
ments of strong gravitational lensing provides measure-
ments of the Hubble constant consistent with both Cepheids
and CMB/TRGB observations [6,7], due to the modeling of
the lens mass distribution.

A second conundrum, even if less significant, is the S8
tension, a parameter closely related to the matter cluster-
ing of matter in the Universe. S8 could be inferred from
the measurements of CMB anisotropies as those from
Planck, and, more directly, from the measurements of
galaxy lensing made by large surveys such as the Dark
Energy Survey (DES) [8–10], and the Kilo-Degree
Survey (KiDS) [11–13]. While Planck CMB data favors
a larger value of S8, galaxy surveys (the DES [8–10] and
the KiDS-1000 surveys [11–13]) prefer a lower one,
leading to a 2 ∼ 3σ discrepancy and indicating a possible
redshift evolution of S8 (see Ref. [14]). Nevertheless the
differences in the measurements of S8 could well be due
to modeling and other systematics [15].
The so-called lensing anomaly [2,16] is due to the fact

that Planck CMB data shows a preference for additional
lensing. CMB anisotropies get blurred due to gravitational
lensing by the large scale structure of the Universe: Photons
from different directions are mixed, and the peaks at large
multipoles are smoothed. The amount of lensing is a
precise prediction of the ΛCDM model: The consistency
of the model can be checked by artificially increasing
lensing by a factor Alens [17] (a priori an unphysical
parameter). If ΛCDM consistently describes all CMB data,
observations should prefer Alens ¼ 1. Intriguingly, Planck
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CMB data shows a preference for additional lensing.
Indeed, the reference analysis of temperature and polari-
zation anisotropies suggest Alens > 1 at 3σ. CMB lensing
also introduces a nontrivial four-point correlation function,
and therefore, it can be independently measured. Adding
this information somewhat diminishes the tension, albeit
the value of the lensing amplitude is still above the
canonical one by about 2σ. The lensing anomaly is robust
against changes in the foreground modeling in the baseline
likelihood and was already discussed in previous data
releases, although it is currently more significant due to
the lower reionization optical depth preferred by the Planck
2018 data release. Nevertheless, the deviation of AL from its
standard value could have its origin in other physics
unrelated to lensing effects. Results from the Atacama
Cosmology Telescope is compatible with Alens ¼ 1 [18],
but the results are consistent with Planck within
uncertainties.
It is therefore extremely important to further test the

ΛCDM paradigm at different epochs and scales. In this
regard, future galaxy and weak lensing surveys will be able
to test possible departures from the standard cosmological
picture. Among the most appealing theoretical alternatives
are those relying on modifications of general relativity at
ultra large length scales. Usually, departures from general
relativity are parametrized via the growth rate f [19–21]:

f ≡ d
d ln a

δðk; aÞ
δðk; aiÞ

¼ ΩmðaÞγ; ð1Þ

with

ΩmðaÞ ¼ Ωm0a−3=
�
H2

H2
0

�
; ð2Þ

and, assuming a flat universe:

1 ¼ ΩmðaÞ þ ΩDEðaÞ: ð3Þ

Within the canonical general relativity scheme, and a flat
ΛCDM background, γ ¼ 0.55 [20,22]. Consequently, a
departure from this standard value would suggest an
inconsistency between the concordance cosmological
model and observations. Recently, the authors of [26] have
found a higher gravitational growth index than the canoni-
cal value γ ¼ 0.55when combining Planck CMB data with
weak lensing, galaxy clustering and cosmic velocity
observations. All in all, they find γ ¼ 0.633þ0.025

−0.024 , rejecting
therefore with a significance of 3.7σ the standard value of γ.
Previous studies [27,28] also find a similar value that is
larger than 0.55 in light of the DES survey and different
data combinations. The analysis of Ref. [26] makes use of a
simple parametrization in terms of a unique parameter γ
modifying the power spectrum as follows:

Pðγ; k; aÞ ¼ Pðk; a ¼ 1ÞD2ðγ; aÞ; ð4Þ

where the linear growth factor is related to the growth rate,
Eq. (1), as

Dðγ; aÞ ¼ exp−
�Z

1

a
da

ΩmðaÞγ
a

�
: ð5Þ

Here we follow a different avenue and revise the current
constraints on the growth of structure by means of an
alternative parametrization and also considering CMB con-
straints both alone and in combination with other cosmo-
logical observations. Therefore, in order to include possible
deviations from general relativity, instead of modifying the
matter power spectrum via the growth factor f, we make use
of a self-consistent parametrization in terms of two functions,
μðk; aÞ and ηðk; aÞ, which modify the Poisson equation and
introduce a gravitational slip, respectively [29]:

−k2Φðk; aÞ≡ 4πGa2μðk; aÞρðk; aÞδðk; aÞ; ð6Þ

ηðk; aÞ≡Ψðk; aÞ=Φðk; aÞ; ð7Þ

where ρðaÞ is the average dark matter density, δðk; aÞ is the
comovingmatter density contrast andΦ andΨ are the gauge-
invariant Bardeen potentials in the Newtonian gauge:

ds2 ¼ −ð1þ 2ΦÞdt2 þ a2ð1 − 2ΨÞdx2: ð8Þ

Using effective quantities like μ and η has the advantage
that they are able to model any deviations of the perturba-
tion behavior from ΛCDM expectations, they are relatively
close to observations, and they can also be related to other
commonly used parametrizations. Indeed, there is a direct
relation between μ and γ [30], in such a way that it is always
possible to map one parametrization (μ, η) into another
related one (γ, η):

μ¼ 2

3
ΩmðaÞγ−1

�
ΩmðaÞγþ2−3γþ3

2
ðγ−1ÞΩmðaÞ

�
; ð9Þ

for a flat ΛCDM universe and constant γ. In the following,
we shall follow a parametrization in which the time
evolution is related to the dark energy density fraction,
i.e., a “late-time” parametrization [31], which also neglects
the possible scale dependence of the functions μ and η:

μðaÞ ¼ 1þ E11ΩDEðaÞ;
ηðaÞ ¼ 1þ E22ΩDEðaÞ: ð10Þ

If μ0 ¼ μða ¼ 1Þ and η0 ¼ ηða ¼ 1Þ, ðE11; E22Þ is equiv-
alent to ðμ; ηÞ at a ¼ 1 today. We shall show our results for
this parametrization. We also show results for the case in
which we use (γ, η) as parameters describing the deviations
with respect to the standard ΛCDM cosmology, by means
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of Eqs. (9) and (10) as well as for the simplest one parameter
γ case. The structure of the manuscript is as follows.
Section II describes the numerical codes employed to
develop our analyses and also the cosmological observations
used along this study. Section III presents the constraints
within the different growth of structure parametrizations
from current data, the results from N-body simulations, and
the future prospects for a Square Kilometer Array (SKA)-
like survey. Finally, we draw our conclusions in Sec. IV.

II. METHODOLOGY

In order to study the constraints achievable by current
CMB and large scale structure probes, we make use of the
publicly available code MGCAMB [29,32–34], which is a
modified version of CAMB [35] for cosmic structure growth,
and incorporate the ðγ; ηÞ growth parametrization into it.
We employ the Monte Carlo Markov Chain (MCMC)
method to infer the posterior distributions of models
parameters by using the code CosmoMC [36]. We analyze
the MCMC chains via the public package GetDist [37].
Notice that we adopt the potential reduction scale factor
R − 1 ¼ 0.03 proposed by Gelman and Rubin [38] as the
convergence criterion of our MCMC analysis. We make use
of the halofit numerical code [39–41] to model CMB
lensing. We notice here that the use of this coded may
introduce some uncertainties in the analyses, as it has not
been properly modified to account for the growth exten-
sions of our analyses. For all the growth parametrizations
considered in this analysis, we choose the following uni-
form prior ranges for the different parameters: the baryon
fraction Ωbh2 ∈ ½0.005; 0.1�, the cold dark matter fraction
CDM fraction Ωch2 ∈ ½0.001; 0.99�, the acoustic angular
scale at recombination 100θMC ∈ ½0.5; 10�, the amplitude of
primordial scalar power spectrum lnð1010AsÞ∈ ½2; 4�,
the scalar spectral index ns ∈ ½0.8; 1.2�, the reionization
optical depth τ∈ ½0.01; 0.8�, the CMB lensing amplitude
AL ∈ ½0; 2.5�, the amplitude of a lensing parameter, which is
allowed to be an oscillatory function Al ¼ AL þ sinl,
AM ∈ ½−1; 1�, the growth index γ ∈ ½0; 1�, the effective
gravitational strength μ0 ∈ ½−3; 3� and the effective aniso-
tropic stress η0 ∈ ½−3; 3�. In all the analyses presented in
what follows, the parameters Ωbh2, Ωch2, 100θMC,
lnð1010AsÞ, ns and τ are freely varying parameters.
Furthermore, to investigate the impacts of the growth

index γ on cosmic structure formation, we modify the
online software Gadget2 [42]. Specifically, we modify
the Poisson equation by replacing the factor μðk; aÞ in
Eq. (6) by Eq. (9), which characterizes the effective
gravitational strength in this model. Note that we do not
include the effect of anisotropic stress from photons and
neutrino species on the large scale structure in this analysis.
The background evolution of this model is equivalent
to that of ΛCDM, since this model only considers the
structure growth. As a consequence, we just need to

consider the scalar density perturbation when making the
initial condition. To simulate such a modified universe, at
first, we use the best fit values of the model parameters
from our conservative cosmological constraints as fiducial
parameters. Then, using the code 2LPTic [43], we generate
the initial condition at redshift z ¼ 49 with 2563 particles
and a box size of 200h−1 Mpc and evolve the Universe to
z ¼ 0. The softening length we use is 15h−1 kpc in
simulations. In order to study the effects of γ more clearly
on structure formation, we also make a comparison group
of simulations by only varying γ and fixing other param-
eters. We use the AHF code [44] to identify the dark halos
and generate the halo catalogs in all the simulations.
Concerning the cosmological and astrophysical obser-

vations, our baseline datasets and likelihoods include:
(i) CMB. Observations from the Planck satellite have

very important meanings for cosmology and astro-
physics. They have measured the matter compo-
nents, the topology and the large scale structure of
the Universe. We therefore consider here Planck
2018 temperature and polarization (TT TE EE) data,
and the low-l temperature and polarization like-
lihoods at l < 30, namely TTTEEEþ lowlþ
lowE [2,45–47]. We refer to this combination
as “C.”

(ii) Lensing. TheCMBphotons traverse almost the entire
observable Universe to arrive here today and are
deflected by gradients in the gravitational potentials
associated with inhomogeneities in the Universe. We
use the Planck 2018 lensing likelihood [48], recon-
structed frommeasurements of the power spectrumof
the lensing potential. We refer to this dataset as “L.”

(iii) BAO. Baryon acoustic oscillations (BAO) are very
clean observations to explore the evolution of the
Universe, which are unaffected by uncertainties in
the nonlinear evolution of the matter density field
and by other systematic uncertainties that may affect
other observations. Measuring the positions of these
oscillations in the matter power spectrum at different
redshifts can place strong constraints on the cosmic
expansion history. We employ BAO measurements
extracted from the 6dFGS [49], SDSS MGS [50],
BOSS DR12 [51] and eBOSS DR16 [52,53] sam-
ples. We refer to this dataset combination as “B.”

(iv) SNIa. Supernovae Ia luminosity distances are
powerful distance indicators to probe the expansion
history of the Universe, especially, the equation of
state of the dark energy component. We adopt SNIa
data points from the largest Pantheonþ sample [54],
which is made of 1701 light curves of 1550
spectroscopically confirmed SNe Ia coming from
18 different surveys. This updated sample has a
significant improvement relative to Pantheon [55],
especially at low redshifts, and covers the redshift
range z∈ ½0.000122; 2.26137�. We refer to this data-
set combination as “S.”
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In what follows, we shall report results for CMB alone
(“C”), CMB plus CMB lensing (“CL”), CMB plus BAO
plus supernovae Ia datasets (“CBS”) and CMB plus BAO
plus supernovae Ia plus CMB lensing (“CBSL”).
Notice that we do not consider weak lensing data in our

baseline data analysis. Despite these measurements having
been considered in previous works [26], in order to
properly compute the weak lensing observables, one would
need to modify accordingly to the parametrization used
here [see Eqs. (9) and (10)] the halofit [39–41] numerical
code. In the absence of a publicly available modified
version of the former code, we follow here a very
conservative approach, neglecting the weak lensing input
in our baseline data analysis.
The most conservative data combination is therefore

what we refer to CBS, i.e., CMB, BAO and SNIa obser-
vations. Such a data combination will be enlarged with
weak lensing and RSD measurements for the sake of
comparison with previous studies [26].
To investigate the observational viability of different

growth parametrizations, taking ΛCDM as the reference
model, we compute the Bayesian evidences of nine models,
εi, and Bayes factor, Bij ¼ εi=εj, where εj is the statistical
evidence of the reference model. According to Ref. [56], we
employ a revised and more conservative version of the so-
called Jeffreys’ scale; i.e., lnBij ¼ 0–1, lnBij ¼ 1–2.5,
lnBij ¼ 2.5–5 and lnBij > 5 indicate an inconclusive,weak,
moderate and strong preference of the model i relative to the
reference model j. It is noteworthy that if lnBij < 0 for an
experiment, it implies that data prefers the reference model.

III. RESULTS

A. Constraints from CMB, large scale structure
and supernovae Ia data

Table I summarizes our results concerning the Bayesian
preference for different models versus the canonicalΛCDM

scenario arising from CMB observations, including also
CMB lensing in our analyses. Notice that a model with both
(μ, η) as free parameters is substantially preferred over the
canonicalΛCDMscenario.We show the time dependence of
μ [that is, μðaÞ; see Eq. (10)] in the left panel of Fig. 1
from CMB plus CMB lensing measurements. The right
panel depicts the equivalence between the γ parameter and
the μðzÞ one: an enhancement of the growth of structure
today, characterized by γ < 0.55, implies μðzÞ > 1 and
μ0 − 1 > 0. As it is clear from the left panel of Fig. 1, since
a value of μ > 1 is reconstructed from CMB temperature,
polarization and lensing data, this would imply an enhance-
ment of the growth of structure. Concerning the paramet-
rization in terms of (μ, η), it is almost equally favored as the
ΛCDMcosmology. Notice however that the parametrization
that only makes use of the γ parameter is disfavored. The
left panels of Figs. 2 and 3 depict the 68% and 95% CL
allowed contours from Planck CMB data, with and without
CMB lensing, in the (μ0 − 1, η0 − 1) and (γ, η0 − 1) planes,
associated to the (μ, η) and (γ, η) parametrizations,
respectively.

TABLE I. Bayesian factor for different models in light of
Planck-2018 CMB data.

Models lnBij

ΛCDM 0
ΛCDMþ AL −1.154
ΛCDMþ Al þ Am −2.511
γ −0.997
γ þ AL −3.104
γ, η −0.053
γ; ηþ AL −2.133
μ, η 1.397
μ; ηþ AL −0.501
μ; ηþ Al þ Am −2.444

FIG. 1. Left panel: time dependence of the parameter μðaÞ together with the 1 and 2σ errors from CMB temperature and polarization
plus CMB lensing measurements. Right panel: equivalence between the γ parameter and μðzÞ − 1; see Eq. (9), for a number of different
redshifts. The cross point corresponds to ΛCDM and the horizontal and vertical dashed lines depict the expectations within standard
cosmology, i.e., μ ¼ 1 and γ ¼ 0.55 respectively.
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We start reporting the values of the most relevant
parameters in what follows. Table II depicts the results
for the simplest growth parametrization in terms of a single
parameter γ, for the sake of comparison with previous
results [26]. Notice that, contrary to the results previously
quoted in the literature, we obtain always γ < 0.55, i.e., an
enhanced growth of structure today, in agreement also with
the results depicted in Figs. 2 and 3. Notice that CMB alone
prefers γ < 0.55 (γ ¼ 0.506� 0.022) at 3σ level. The
addition of SNIa and BAO measurements do not change
this preference, while the addition of CMB lensing relaxes
the preference to the 2σ level (γ ¼ 0.468þ0.017

−0.029 ). This is
related to the fact that the lensing data restores the value of

the lensing amplitude to its standard expectation of AL ¼ 1
when this parameter is freely varying. However, in this
case, this parameter is fixed, and therefore, a reduced
growth of structure can mimic the very same effect.
Consequently, the value of the growth index γ approaches
the standard one when including CMB lensing in the data
analyses, i.e., shifts to larger values, getting closer to
γ ¼ 0.55. As can be noticed from Table II, the values of
the Hubble parameter are not significantly shifted, and
therefore, this simplest model does not ameliorate the so-
called H0 tension.
The values of the S8 parameter are instead lower than

within the minimal ΛCDM cosmology and closer to those

FIG. 2. Left panel: 68% and 95% CL contours in the (η0 − 1, μ0 − 1) plane within the growth model parametrized via μ and η, see
Eq. (10), obtained by using CMB temperature and polarization measurements (blue contours) and CMB temperature, polarization and
lensing observations (red contours). Right panel: as in the left panel but when the lensing amplitude AL is also considered as a freely
varying parameter.

FIG. 3. Left panel: 68% and 95% CL contours in the (η0 − 1, γ) plane within the growth model parametrized via γ and η; see Eq. (9)
and the second of Eq. (10) obtained by using CMB temperature and polarization measurements (blue contours) and CMB temperature,
polarization and lensing observations (red contours). Right panel: as in the left panel but when the lensing amplitude AL is also
considered as a freely varying parameter.
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obtained from weak lensing probes, alleviating therefore
the so-called S8 tension. Indeed, the mean values of S8 are
very similar to those reported when combining CMB data
with observations from the Dark Energy Survey (DES).
The difference within this simplest model in the values of γ
obtained here and those reported in Ref. [26] can be due to
a number of differences among the two analyses. Namely,
here we modify the evolution of the two gravitational
potentials rather than simply changing the matter power
spectrum evolution. Also, we do not make use of datasets
that may require the use of the halofit numerical code,
which has not been properly modified to account for
departures from the canonical growth of structure. As
previously argued, this is the main reason to not to exploit
weak lensing observations in almost all the results shown
here. Figure 4 shows the fact that, if we include the very
same observations as those considered in Ref. [26], we get
the opposite to what we report here, i.e., a reduced growth
factor characterized by μ0 − 1 < 0, or, equivalently, by
γ > 0.55. The additional datasets considered in Fig. 4 are
the Dark Energy Survey 1 large scale structure observa-
tions,1 which includes the following three two-point corre-
lation functions: (i) galaxy clustering. In general, the
homogeneity of matter distribution in the Universe can
be traced by galaxies distribution. The overabundance of
pairs at angular separation θ in a random distribution, ωðθÞ,
is one of the most convenient ways to measure galaxy
clustering. It quantifies the scale dependence and strength
of galaxy clustering and consequently affects the matter
clustering. (ii) Cosmic shear. The two-point statistics
characterize shapes of galaxies are very complex, since
they are products of components of a spin-2 tensor.
Therefore, it is convenient to extract information from a

galaxy survey by using a pair of two-point correlation
functions ξþðθÞ and ξ−ðθÞ, which denote the sum and
difference of products of tangential and cross components
of the shear, measured with respect to the line connecting
each pair of galaxies. (iii) Galaxy-galaxy lensing. The
characteristic distortion of source galaxy shapes is from
masses associated with foreground lenses. This distortion is
the mean tangential ellipticity of source galaxy shapes
around lens galaxy positions for each pair of redshift bins
and also named as the tangential shear, ζtðθÞ. This dataset is
referred to as DESY1 [57–61]. We also include the
measurements of fσ8, with being σ8 the clustering param-
eter, extracted from both peculiar velocity and redshift-
space distortion (RSD) data [52,62–71]. Specifically, we
use the so-called “Gold-2017” growth-rate dataset [72]. We
refer this dataset as “RSD.”
Table III shows the mean values and the errors obtained

via the parametrization given by Eq. (10). Notice that for all
the data combinations, there are not significant departures
from the standard cosmological expectations μ0 ¼ η0 ¼ 1,
but, if any, they always imply a larger growth, i.e., γ < 0.55,
and not a reduced one, as claimed byRef. [26] due to a partial
parametrization of the growth effects, only included in the
matter power spectrum. The situation with the H0 and S8
tensions is very similar to that observed within the γ-only
parametrization. Nevertheless, the value of the parameter S8
is further reduced in this case, improving therefore the
consistency on the values of this parameter obtained by
CMB observations and by weak lensing probes. Table IV
shows the mean values and the errors obtained via the
parametrization given by Eq. (9) and the second of Eq. (10).
Notice that fromCMBdata alone, there is a 2σ preference for
γ < 0.55. In this case,whenwe add lensing observations, the
significance is improved to the 3σ level, but the mean value
of η0 gets closer to 1. Therefore, as long as CMB lensing
observations are considered, there is a 3σ preference for a

TABLE II. Mean values and 68% CL marginalized errors of the most relevant cosmological parameters within the growth model
parametrized via γ, obtained by using the CMB plus lensing, CMB alone, CMB plus BAO plus supernovae Ia plus lensing and CMB
plus BAO plus supernovae Ia datasets, respectively.

Parameters CL C CBSL CBS

Ωbh2 0.02228� 0.00016 0.02253� 0.00016 0.02246� 0.00013 0.02250� 0.00014
Ωch2 0.1186� 0.0014 0.1186� 0.0015 0.11901� 0.00096 0.11910� 0.00099
100θMC 1.04107� 0.00032 1.04109� 0.00033 1.04100� 0.00029 1.04102� 0.00030
τ 0.0495þ0.0083

−0.0075 0.0517� 0.0077 0.0494þ0.0082
−0.0074 0.0511� 0.0077

ln ð1010AsÞ 3.030þ0.018
−0.015 3.036� 0.016 3.031� 0.017 3.036� 0.016

ns 0.9684� 0.0046 0.9689� 0.0047 0.9671� 0.0037 0.9677� 0.0039
γ 0.506� 0.022 0.468þ0.017

−0.029 0.511þ0.022
−0.019 0.470þ0.017

−0.029

H0 68.02� 0.64 68.03� 0.67 67.80� 0.43 67.82� 0.44
Ωm 0.3064� 0.0085 0.3066� 0.0089 0.3092� 0.0057 0.3093� 0.0059
σ8 0.8149� 0.0062 0.8299þ0.0092

−0.0080 0.8149� 0.0063 0.8302þ0.0093
−0.0082

S8 0.823� 0.013 0.839� 0.016 0.827� 0.010 0.843� 0.012

χ2 2785.6 2772.6 3841.4 3828.7

1https://github.com/cmbant/CosmoMC/tree/master/data/DES.
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growth enhancement, while if these observations are not
considered, such a preference is reduced to the 2σ level.

B. CMB lensing amplitude AL

The values of γ and η reported above clearly show that
there is a preference for an enhanced growth of structure
from CMB observations, either alone or combined with
BAO and SNIa luminosity distances. The larger growth that
we obtain at late times would increase CMB lensing,
probably suggesting a degeneracy with the lensing ampli-
tudeAL > 1. Consequently, we perform also here analysis in
which this parameter is a freely varying one. Table I shows

that the extension of the ΛCDM model with AL is moder-
ately disfavored with respect to the minimal scenario. More
importantly here, the (γ, η) plusAL case is weakly disfavored
since, as we have already discussed, the γ parameter and the
lensing amplitude have the very same effect in the lensing
observables due to large scale structure effects.
Based on the fact that full CMB data prefers a anomalous

lensing amplitude AL > 1, we aim at exploring phenom-
enologically the possible origin of this lensing anomaly.
One possibility is that AL may have an angular scale
dependence. Specifically, we assume Al as an oscillatory
function of the multipole l; i.e., Al ¼ AL þ Am sinl. This

TABLE III. Mean values and 68% CL marginalized errors of the most relevant cosmological parameters within the growth model
parametrized via μ and η, see Eq. (10), obtained by using the CMB plus lensing, CMB alone, CMB plus BAO plus supernovae Ia plus
lensing and CMB plus BAO plus supernovae Ia datasets, respectively.

Parameters CL C CBSL CBS

Ωbh2 0.02251� 0.00016 0.02257� 0.00017 0.02247� 0.00013 0.02254� 0.00014
Ωch2 0.1184� 0.0014 0.1182� 0.0015 0.11885� 0.00094 0.1188� 0.0010
100θMC 1.04109� 0.00032 1.04112� 0.00033 1.04102� 0.00029 1.04103þ0.00026

−0.00031
τ 0.0491þ0.0082

−0.0074 0.0508� 0.0082 0.0484þ0.0083
−0.0073 0.0497þ0.0084

−0.0071

ln ð1010AsÞ 3.029� 0.017 3.033� 0.017 3.028þ0.017
−0.015 3.033þ0.018

−0.015
ns 0.9691� 0.0045 0.9701� 0.0050 0.9679� 0.0037 0.9684� 0.0039
μ0 − 1 0.09þ0.28

−0.40 0.13þ0.28
−0.52 0.06þ0.27

−0.38 0.08þ0.27
−0.47

η0−1 0.23þ0.57
−0.91 0.56þ0.70

−1.30 0.26þ0.57
−0.92 0.62þ0.84

−1.10

H0 68.11� 0.64 68.21� 0.71 67.88� 0.42 67.89� 0.45
Ωm 0.3052� 0.0084 0.3042� 0.0094 0.3082� 0.0056 0.3084� 0.0060
σ8 0.810þ0.032

−0.038 0.815þ0.031
−0.053 0.808þ0.030

−0.038 0.813þ0.029
−0.049

S8 0.817� 0.035 0.821þ0.039
−0.051 0.819� 0.034 0.824þ0.033

−0.050

χ2 2785.8 2772.8 3841.8 3828.6

FIG. 4. Left panel: the red regions depict the 68% and 95% CL contours in the (η0 − 1, μ0 − 1) plane within the growth model
parametrized via μ and η; see Eq. (10) obtained by using CMB temperature and polarization measurements, BAO, SNIa, weak lensing
and RSD measurements. The blue regions depict the equivalent but when the lensing amplitude AL is also considered as a freely varying
parameter. Right panel: allowed regions in the simplest growth parametrization used here, i.e., via just one single parameter γ in the (γ,
AL) plane allowed from different datasets, for the sake of comparison with the results of Ref. [26]. Thee horizontal and vertical lines
depict the expectations within the canonical ΛCDM cosmology, i.e., AL ¼ 1 and γ ¼ 0.55, respectively.
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model is a weakly or moderately disfavored scenario, either
within the minimal ΛCDM cosmology or within the (μ, η)
parametrization.
The right panels of Figs. 2 and 3 depict the 68% and

95%CL allowed contours from Planck CMB data, with and
without CMB lensing, in the (μ0 − 1, η0 − 1) and (γ, η0 − 1)
planes, associated to the (μ, η) and (γ, η) parametrizations
respectively, with AL a freely varying parameter in the data
analyses. Notice that the mean values of γ are now shifted
toward its expectation within the ΛCDM cosmology,
γ ¼ 0.55. Figure 4 (left panel) shows that the reduced
growth of structure favored by weak lensing, and RSD
observations is less evident when adding AL as a free
parameter. The presence of a varying lensing amplitude
restores the canonical values for (μ0 − 1, η0 − 1), i.e., shifts
their values toward (0,0). It is easy to see that the inclusion
of weak lensing and RSD data can significantly improve
the constraining power on modified growth. The right panel

of Fig. 4 clearly illustrates the large degeneracy between AL
and γ within the simplest growth model explored here, i.e.,
the one with one single parameter γ. Notice that the effect of
a larger lensing amplitude AL can be compensated with a
smaller growth of structure, i.e., a value of γ closer to the
standard expectation of γ ¼ 0.55 in the case of the CBS and
CBSL datasets. When considering also RSD and DESY1
measurements, the mean value of γ > 0.55 but the very
same degeneracy holds; i.e., larger lensing amplitudes are
correlated with a smaller growth of structure (γ > 0.55).
The fact that both γ and AL have a very similar impact in

the CMB lensing power spectra at late times is also
explicitly shown in Fig. 5. The left panel shows the
CMB lensed power spectrum, together with Planck 2018
observations [48] for several possible scenarios. In the case
of ΛCDM plus AL, we have fixed the former parameter to
1.07, which is the best fit from Planck temperature,
polarization and lensing data. Notice that, if γ < 0.55,

FIG. 5. Left panel: CMB lensed power spectrum, together with Planck 2018 measurements for several possible scenarios; see text for
details. Right panel: deviation of the lensing potential with respect to the ΛCDM case for different growth parametrizations.

TABLE IV. Mean values and 68% CL marginalized errors of the most relevant cosmological parameters within the growth model
parametrized via γ and η, see Eq. (9) and the second of Eq. (10), obtained by using the CMB plus lensing, CMB alone, CMB plus BAO
plus supernovae Ia plus lensing and CMB plus BAO plus supernovae Ia datasets, respectively.

Parameters CL C CBSL CBS

Ωbh2 0.02250� 0.00016 0.02256� 0.00017 0.02246� 0.00014 0.02252� 0.00014
Ωch2 0.1185� 0.0014 0.1183� 0.0015 0.11901� 0.00098 0.1190� 0.0010
100θMC 1.04107� 0.00032 1.04111� 0.00033 1.04101� 0.00029 1.04106� 0.00029
τ 0.0489� 0.0084 0.0501� 0.0083 0.0486þ0.0082

−0.0073 0.0505� 0.0079
ln ð1010AsÞ 3.029� 0.017 3.032� 0.018 3.029� 0.017 3.034� 0.017
ns 0.9687� 0.0046 0.9696� 0.0051 0.9674� 0.0038 0.9683� 0.0038
γ 0.513þ0.130

−0.088 0.532þ0.130
−0.065 0.513þ0.120

−0.086 0.529þ0.130
−0.071

η0−1 0.14þ0.47
−1.00 0.64þ0.97

−0.75 0.10þ0.46
−0.94 0.57þ0.88

−0.79

H0 68.06� 0.65 68.17� 0.70 67.81� 0.44 67.88� 0.45
Ωm 0.3058� 0.0086 0.3047� 0.0093 0.3091� 0.0059 0.3085� 0.0060
σ8 0.813þ0.030

−0.040 0.808þ0.021
−0.042 0.815þ0.028

−0.038 0.812þ0.022
−0.042

S8 0.821� 0.037 0.815þ0.029
−0.047 0.827þ0.032

−0.038 0.823þ0.026
−0.044

χ2 2786.0 2772.9 3841.9 3828.6
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the lensing power spectrum is enhanced, due to a larger
growth of structure. The very same enhancement is
obtained by a value of AL > 1. The right panel of Fig. 5
depicts the deviation of the lensing potential with respect to
the ΛCDM case for the different growth parametrizations
exploited here. Notice that for multipoles l < 200, the
lensing power spectrum is larger than that expected within
the canonical scenario if either γ < 0.55 or AL > 1.
Table V shows the preferred values for the lensing

amplitude AL within the minimal ΛCDM universe from
the different data combinations considered here. While
CMB data (either alone or in combination with BAO and
SNIa measurements) prefers AL > 1with ∼3σ significance,
the addition of CMB lensing observations softens this
preference to the 2σ level.

Table VI depicts the equivalent to Table II but leaves AL
as a free parameter. Notice that we obtain values of γ <
0.55 always, but the statistical significance for such a
preference is decreased due to the fact that γ is degenerate
with the lensing amplitude; i.e., a lower value of γ can be
compensated with a lower value of AL and also because
lensing observations prefer a lower value of the lensing
amplitude. The preference for γ < 0.55 decreases to the
1 − 2σ significance level, depending on the datasets.
Furthermore, when CMB lensing observations are consid-
ered, the mean value of AL < 1.
Table VII shows the equivalent to Table III but when AL

is a free parameter; i.e., the mean values and the errors
obtained via the parametrization given by Eq. (10) plus
a freely varying lensing amplitude parameter. As in the

TABLE VI. Mean values and 68% CL marginalized errors of the most relevant cosmological parameters within the growth model
parametrized via one single parameter γ, when the lensing amplitude is also a freely varying parameter. We report the results obtained by
using the CMB plus lensing, CMB alone, CMB plus BAO plus supernovae Ia plus lensing and CMB plus BAO plus supernovae Ia
datasets, respectively.

Parameters CL C CBSL CBS

Ωbh2 0.02249� 0.00017 0.02258� 0.00017 0.02246þ0.00013
−0.00015 0.02254� 0.00014

Ωch2 0.1185� 0.0015 0.1182� 0.0016 0.11907� 0.00097 0.1188� 0.0010
100θMC 1.04106� 0.00032 1.04114� 0.00033 1.04100� 0.00030 1.04104� 0.00031
τ 0.0506þ0.0078

−0.0071 0.0525þ0.0088
−0.0067 0.0495þ0.0088

−0.0077 0.0490þ0.0083
−0.0074

ln ð1010AsÞ 3.032� 0.017 3.037þ0.019
−0.014 3.032þ0.018

−0.016 3.031þ0.018
−0.016

ns 0.9687� 0.0048 0.9701� 0.0050 0.9672� 0.0039 0.9685� 0.0038
AL 0.991þ0.057

−0.075 1.085þ0.075
−0.098 0.984þ0.056

−0.071 1.086þ0.080
−0.097

γ 0.501� 0.036 0.497þ0.036
−0.045 0.511þ0.022

−0.019 0.503þ0.041
−0.047

H0 68.03� 0.69 68.23� 0.72 67.79� 0.45 67.94� 0.47
Ωm 0.3062� 0.0092 0.3041� 0.0095 0.3095� 0.0059 0.3077� 0.0061
σ8 0.817þ0.016

−0.014 0.820þ0.017
−0.013 0.819þ0.015

−0.013 0.817� 0.015
S8 0.826� 0.022 0.825þ0.024

−0.022 0.832� 0.018 0.827� 0.019

χ2 2786.1 2772.9 3842.3 3829.1

TABLE V. Mean values and 68% CL marginalized errors of the most relevant cosmological parameters within the ΛCDM cosmology
when the lensing amplitude is also a freely varying parameter. We report the results obtained by using the CMB plus lensing, CMB
alone, CMB plus BAO plus supernovae Ia plus lensing and CMB plus BAO plus supernovae Ia datasets, respectively.

Parameters CL C CBSL CBS

Ωbh2 0.02251� 0.00017 0.02259� 0.00017 0.02247� 0.00014 0.02254� 0.00014
Ωch2 0.1182� 0.0015 0.1181� 0.0016 0.11894� 0.00098 0.11887� 0.00095
100θMC 1.04110� 0.00032 1.04114� 0.00032 1.04102� 0.00029 1.04105� 0.00029
τ 0.0491þ0.0086

−0.0076 0.0492þ0.0088
−0.0073 0.0493þ0.0087

−0.0073 0.0501� 0.0086

ln ð1010AsÞ 3.029þ0.018
−0.016 3.029þ0.018

−0.015 3.030þ0.018
−0.015 3.033� 0.018

ns 0.9696� 0.0048 0.9708� y0.0048 0.9679� 0.0038 0.9688� 0.0037
AL 1.071þ0.038

−0.042 1.180� 0.065 1.060þ0.032
−0.037 1.158þ0.056

−0.063

H0 68.16� 0.70 68.28� 0.72 67.85� 0.46 67.94� 0.45
Ωm 0.3045� 0.0092 0.3033� 0.0094 0.3087� 0.0060 0.3078� 0.0058
σ8 0.7999� 0.0086 0.7997� 0.0090 0.8026� 0.0078 0.8034� 0.0077
S8 0.806� 0.019 0.804� 0.019 0.814� 0.013 0.814� 0.013

χ2 2786.9 2773.0 3843.0 3829.4
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AL ¼ 1 case, for all the data combinations explored here,
there are not significant departures from the standard
cosmological expectations μ0 ¼ η0 ¼ 1, but, if any, they
always imply a larger growth, i.e., γ < 0.55, and not a
reduced one. As in the previous case, we no longer observe
a significant preference for AL > 1, being this parameter
smaller than 1 when CMB lensing observations are
included in the data analyses. This is related to the
degeneracy between AL and the ðμ; ηÞ parametrization

and also to the fact that CMB lensing measurements prefer
a lensing amplitude closer to the standard value AL ¼ 1.
Table VIII shows the equivalent to Table IV but leaves

AL as a free parameter, that is, presents the results in the
parametrization given by Eq. (9) and the second of Eq. (10).
In this case, there is always a 2σ preference for γ < 0.55. As
aforementioned, the preference for AL > 1 is very mild,
being the mean value of this parameter AL < 1 when CMB
lensing observations are considered.

TABLE VII. Mean values and 68% CL marginalized errors of the most relevant cosmological parameters within the growth model
parametrized via μ and η, see Eq. (10), when the lensing amplitude is also a freely varying parameter. We report the results obtained by
using the CMB plus lensing, CMB alone, CMB plus BAO plus supernovae Ia plus lensing and CMB plus BAO plus supernovae Ia
datasets, respectively.

Parameters CL C CBSL CBS

Ωbh2 0.02249� 0.00017 0.02259� 0.00017 0.02246� 0.00014 0.02252� 0.00014
Ωch2 0.1186� 0.0015 0.1181� 0.0015 0.1190� 0.0010 0.11884� 0.00099
100θMC 1.04107� 0.00033 1.04115� 0.00032 1.04100� 0.00029 1.04104� 0.00030
τ 0.0496þ0.0084

−0.0073 0.0498þ0.0085
−0.0075 0.0493� 0.0085 0.0494� 0.0082

ln ð1010AsÞ 3.030þ0.018
−0.015 3.030� 0.017 3.031þ0.018

−0.016 3.032� 0.018
ns 0.9685� 0.0049 0.9706� 0.0048 0.9675� 0.0039 0.9688� 0.0039
AL 0.958þ0.062

−0.080 1.062þ0.082
−0.110 0.08þ0.25

−0.48 1.041þ0.082
−0.100

μ0−1 0.12þ0.29
−0.44 0.11þ0.28

−0.46 0.06þ0.27
−0.38 0.12þ0.29

−0.46
η0−1 0.35þ0.54

−1.10 0.39þ0.59
−1.10 0.47þ0.60

−1.20 0.40þ0.59
−1.20

H0 68.00� 0.69 68.29� 0.71 67.80� 0.46 67.94� 0.46
Ωm 0.3066� 0.0092 0.3031� 0.0093 0.3092� 0.0061 0.3078� 0.0060
σ8 0.814þ0.032

−0.045 0.812þ0.031
−0.046 0.812þ0.028

−0.047 0.815þ0.031
−0.047

S8 0.823þ0.038
−0.046 0.816þ0.037

−0.046 0.824þ0.032
−0.048 0.826þ0.034

−0.047

χ2 2786.5 2773.1 3842.4 3829.4

TABLE VIII. Mean values and 68% CL marginalized errors of the most relevant cosmological parameters within the growth model
parametrized via γ and η, see Eq. (9) and the second of Eq. (10), when the lensing amplitude is also a freely varying parameter. We report
the results obtained by using the CMB plus lensing, CMB alone, CMB plus BAO plus supernovae Ia plus lensing and CMB plus BAO
plus supernovae Ia datasets, respectively.

Parameters CL C CBSL CBS

Ωbh2 0.02248� 0.00016 0.02260� 0.00017 0.02245� 0.00014 0.02254� 0.00014
Ωch2 0.1186� 0.0015 0.1180� 0.0016 0.1191� 0.0010 0.1189� 0.0010
100θMC 1.04107� 0.00032 1.04115� 0.00033 1.04101� 0.00029 1.04104� 0.00029
τ 0.0492þ0.0086

−0.0074 0.0494þ0.0086
−0.0077 0.0492þ0.0083

−0.0074 0.0500� 0.0078

ln ð1010AsÞ 3.029þ0.018
−0.016 3.030þ0.018

−0.016 3.031� 0.017 3.033� 0.017
ns 0.9684� 0.0047 0.9706� 0.0049 0.9674� 0.0038 0.9687� 0.0039
AL 0.971þ0.063

−0.078 1.078þ0.080
−0.110 0.962þ0.060

−0.073 1.059þ0.080
−0.093

γ 0.527þ0.130
−0.071 0.528þ0.120

−0.076 0.523þ0.130
−0.075 0.526þ0.110

−0.077
η0−1 0.36þ0.65

−1.00 0.36þ0.63
−1.00 0.35þ0.60

−1.10 0.36þ0.71
−0.91

H0 67.99� 0.68 68.32� 0.72 67.79� 0.45 67.94� 0.45
Ωm 0.3067� 0.0091 0.3029� 0.0094 0.3095� 0.0060 0.3078� 0.0060
σ8 0.810þ0.024

−0.041 0.808þ0.024
−0.038 0.813þ0.023

−0.041 0.812þ0.024
−0.038

S8 0.819þ0.032
−0.044 0.811þ0.031

−0.041 0.825þ0.027
−0.042 0.822þ0.027

−0.040

χ2 2786.5 2773.1 3842.1 3829.2
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The last possibility we explore here is to consider the
lensing amplitude to be an oscillatory function of the
multipole l, ALðlÞ ¼ Abase þ Aamp sinðωflþ ϕ0Þ, where
Abase, Aamp, ωf and ϕ0 denote the base value, amplitude,
angular frequency and initial phase of the oscillation. After
confronting this model with CBS observations, we find that
ωf and ϕ0 cannot be constrained, and the data is just
sensitive to Abase and Aamp. Hence, we consider a simplified
oscillating model ALðlÞ ¼ Abase þ Aamp sinl by fixing
ωf ¼ 1 and ϕ0 ¼ 0. Table IX shows the results for AL

and Aamp within the minimal ΛCDM cosmology. Notice
that the data show no particular preference for Aamp ≠ 0. A
value of AL > 1 is still favored with 2σ significance.
Table X shows the equivalent but for the (μ, η) para-
metrization. While no strong preference for μ ≠ 0 and
η ≠ 0 is found from any of the data combinations, the mean
values of μ0 and η0 are always larger than 1, shifting the
standard growth of structure toward an enhanced value;
i.e., γ < 0.55. Moreover, when fixing ωf and ϕ0 to unity

and zero, respectively, there is no any impact on the

TABLE X. Mean values and 68% CL marginalized errors of the most relevant cosmological parameters within the growth model
parametrized via μ and η, see Eq. (10), when the lensing amplitude is an oscillatory function of the multipole l, AL ¼ Abase þ Aamp sinl.
We report the results obtained by using the CMB plus lensing, CMB alone, CMB plus BAO plus supernovae Ia plus lensing and CMB
plus BAO plus supernovae Ia datasets, respectively.

Parameters CL C CBSL CBS

Ωbh2 0.02250� 0.00017 0.02260� 0.00018 0.02245� 0.00014 0.02253� 0.00014
Ωch2 0.1186� 0.0015 0.1180� 0.0015 0.1191� 0.0010 0.1189� 0.0011
100θMC 1.04107� 0.00032 1.04116� 0.00034 1.04102� 0.00029 1.04104� 0.00032
τ 0.0494þ0.0087

−0.0072 0.0505þ0.0090
−0.0079 0.0492� 0.0081 0.0496þ0.0082

−0.0073

ln ð1010AsÞ 3.030þ0.018
−0.016 3.032þ0.020

−0.016 3.030� 0.017 3.032þ0.018
−0.015

ns 0.9687� 0.0048 0.9707� 0.0049 0.9676� 0.0038 0.9686� 0.0041
Abase 0.988þ0.077

−0.087 1.07� 0.16 0.980þ0.072
−0.080 1.05� 0.18

Aamp 0.041� 0.056 0.01� 0.42 0.041� 0.055 0.01þ0.63
−0.53

μ0 − 1 0.05þ0.24
−0.44 0.07þ0.26

−0.39 0.08þ0.25
−0.45 0.09þ0.26

−0.47
η0 − 1 0.43þ0.58

−1.10 0.44þ0.62
−0.96 0.37þ0.59

−1.10 0.42þ0.71
−1.10

H0 68.00� 0.68 68.33� 0.71 67.79� 0.45 67.90� 0.49
Ωm 0.3067� 0.0091 0.3027� 0.0092 0.3094� 0.0061 0.3083� 0.0065
σ8 0.807þ0.027

−0.044 0.808þ0.027
−0.040 0.811þ0.027

−0.045 0.813þ0.028
−0.048

S8 0.816þ0.035
−0.045 0.812þ0.032

−0.043 0.824þ0.032
−0.046 0.824þ0.031

−0.050

χ2 2786.7 2773.5 3842.4 3829.8

TABLE IX. Mean values and 68% CLmarginalized errors of the most relevant cosmological parameters within theΛCDM cosmology
when the lensing amplitude is an oscillatory function of the multipole l, AL ¼ Abase þ Aamp sinl. We report the results obtained by
using the CMB plus lensing, CMB alone, CMB plus BAO plus supernovae Ia plus lensing and CMB plus BAO plus supernovae Ia
datasets, respectively.

Parameters CL C CBSL CBS

Ωbh2 0.02250� 0.00017 0.02260� 0.00017 0.02246� 0.00014 0.02253� 0.00014
Ωch2 0.1184� 0.0015 0.1179� 0.0015 0.11892� 0.00099 0.1188� 0.0010
100θMC 1.04109� 0.00033 1.04116� 0.00033 1.04103� 0.00029 1.04103� 0.00030
τ 0.0489þ0.0085

−0.0077 0.0489� 0.0086 0.0490� 0.0079 0.0487� 0.0081
ln ð1010AsÞ 3.028� 0.018 3.028þ0.018

−0.016 3.030� 0.016 3.030þ0.018
−0.016

ns 0.9695� 0.0049 0.9713� 0.0049 0.9683� 0.0037 0.9689� 0.0038
Abase 1.093� 0.045 1.21� 0.17 1.085� 0.040 1.15� 0.17
Aamp 0.070� 0.057 0.08� 0.47 0.071� 0.055 −0.04� 0.51

H0 68.10� 0.71 68.36� 0.71 67.85� 0.45 67.94� 0.46
Ωm 0.3054� 0.0093 0.3023� 0.0093 0.3086� 0.0059 0.3078� 0.0061
σ8 0.8003� 0.0089 0.7989þ0.0094

−0.0084 0.8024� 0.0074 0.8023� 0.0078
S8 0.807� 0.019 0.802� 0.019 0.814� 0.013 0.813� 0.014

χ2 2786.7 2773.4 3842.4 3829.7
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constraining power of the other parameters. This is still
ascribed to the fact current data is only sensitive to the
amplitude of the oscillation and the base value of lensing
amplitude.
It is worth noting that, for all the models considered here,

we find that growth index model almost has a a little
smaller χ2 than other ones for each data combination. The
addition of CMB lensing data always leads to a smaller
optical depth. Moreover, all the data combinations for each
model gives consistent H0 and S8 values at the 1σ
confidence level (see Tables II–X).
A final comment should be devoted to the different

datasets exploited here. Notice that the CBS combination is
the most conservative and ideal one, and, since, as it
contains less datasets, it can avoid potential uncertainties
present in the data. Also the statistical significance for
γ > 1 is in general larger than when considering lensing.
The combination “CBSL,” being more complete, decreases
the significance of the signal and also the preference for
AL > 1. Nevertheless, it introduces more uncertainties in
the analyses, as it relies on the halofit numerical code,
which has not been properly updated in the context of the
different growth parametrizations considered here.

C. Signal parameter S0 measuring cosmic growth

In the above analysis, although we have shown the
constraints on different growth parametrizations from
different data combinations, there is still an important
and interesting issue to be addressed; i.e., what does γ
or ðμ0; η0Þ test at all? For example, one can easily find that
CMB plus lensing gives γ ¼ 0.506� 0.022 in the growth
index model, which is a 2σ signal of enhanced structure
growth (see Table II) and 2σ deviation from general
relativity in the ðμ0; η0Þ plane (see Figs. 2 and 6).
Indeed, the information of this enhanced growth can be
captured and described accurately by a linear combination
of μ0 and η0, namely by the approximate fitting formula
S0 ¼ μ0 þ 0.4η0, where S0 denotes the intercept in the μ0
axis when η0 ¼ 0. Notice that S0 is different from S8. S0
works in the ðμ0; η0Þ plane and actually depicts the
deviation from general relativity on cosmic scales. S8
characterizes the strength of matter perturbation at a
distance of R ¼ 8h−1 Mpc. Using the data combination
of CMB temperature, polarization and lensing, we obtain
the constraint S0 ¼ 1.567� 0.088 at 2σ level. Note that S0
is a derived parameter here. In Fig. 6, we have presented
how S0 serves as a signal parameter to measure the
deviation from the standard growth in general relativity.
It is easy to see that the S0 parameter captures the 2σ excess
very well. This means that S0 encodes what γ or ðμ0; η0Þ
tests. This parameter extracts efficiently growth informa-
tion that is hiding in both effective gravitational strength
and anisotropic stress of cosmic species. S0 can be
generalized to test the deviation from general relativity
in large scale structure observations.

D. N-body simulations

Using the halofit model, one can easily express the
nonlinear matter power spectrum as the one-halo plus the
two-halo terms

Pnonlinearðγ; k; aÞ ¼ P1 hðγ; k; aÞ þ P2 hðγ; k; aÞ; ð11Þ

where the one-halo term is

P1hðγ; k; aÞ ¼
Z

∞

0

W2ðγ;M; k; aÞnðγ;M; aÞdM; ð12Þ

and the two-halo term reads

P2 hðγ; k; aÞ ¼ Pðγ; k; aÞ
�Z

∞

0

Wðγ;M; k; aÞ

× nðγ;M; aÞbðγ;M; aÞdM
�
2

; ð13Þ

where Wðγ;M; k; aÞ, nðγ;M; aÞ and bðγ;M; aÞ are halo
density profiles, halo mass function and halo bias, respec-
tively. It is easy to see that these three halo related quantities
all depend on γ, halo mass M and a. Note that the halo
density profile also depends on the scale k.
The authors of Ref. [26] claim that the linear power

spectrum enters only through the variance of the matter
density field in the halo mass function nðM;aÞ. In light of
this setting, they derive their cosmological constraints by

FIG. 6. S0 acts as a signal parameter to measure the deviation
from the standard cosmic growth in general relativity. The red and
blue points denote the best fit value and 2σ limits of S0,
respectively. Similarly, the red and blue lines are the best fit
line and 2σ boundaries when using the fitting formula
S0 ¼ μ0 þ 0.4η0, respectively. The magenta dashed line corre-
sponds to η0 ¼ 0, and the cross point between gray dashed lines
represents general relativity. The blue contours depict the 68%
and 95% confidence regions in the (η0, μ0) plane within the
growth model parametrized via μ and η, see Eq. (10), obtained by
using CMB temperature, polarization and lensing observations.
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using weak lensing and RSD observations. However,
the realistic consequence is that γ also affects both
Wðγ;M; k; aÞ and bðγ;M; aÞ in a completely nonlinear
way. These effects need to be captured by numerical
simulations. Therefore, based on this concern, in order
to explore this issue more accurately, we implement dark
matter simulations for the ΛCDM and growth index
models. In general, current cosmological data is consistent
with zero anisotropic stress η ¼ 0 of relativistic species. We
just need to consider ΛCDMþ γ or ΛCDMþ μ. However,
these two models are actually equivalent when describing
the structure growth of a universe. Therefore, we only need

to preform forecasts for one of them. Since we are mainly
studying γ, we just perform the forecast and run simulations
for ΛCDMþ γ. For ΛCDM, we use the best fitting values
of six basic parameters from the CMB constraint as fiducial
values. For the growth index model, we set the best fitting
values of seven basic parameters from CMB data as fiducial
values of our simulations. In seven fiducial values,
γ ¼ 0.506. Subsequently, we keep other six parameters
unchanged and vary only γ to 0.3 and 0.7. In Fig. 7, we
show the density fields of dark matter for the growth index
model with different values. Namely, we illustrate the cases
γ ¼ 0.506 (see Table II), 0.3 and 0.7, respectively. It is easy

FIG. 7. Density fields of dark matter in the growth index γ model for the values γ ¼ 0.506, 0.3 and 0.7 at redshift z ¼ 0. For the case of
γ ¼ 0.506, we use the best fit of the growth index model to implement the simulation. We also depict the ΛCDM case as a reference and
choose a slice of 20h−1 Mpc (i.e., 200 × 200 × 20h−3 Mpc3) density field and stack it along Z axis for each model. δ denotes the
overdensity of dark matter.
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to notice that the density fields of both ΛCDM and the best
fit growth index model (γ ¼ 0.506) are very close.
However, for the case of γ ¼ 0.3, one can observe a
significant enhancement of structure growth relative to
the ΛCDM case at cluster scales. Since gravitational
strength is stronger than ΛCDM everywhere, a value of
γ ¼ 0.3 accelerates the process of structure formation. It is
noteworthy that we do not clearly observe more small
structures than inΛCDM. For the case of γ ¼ 0.7, the result
is almost opposite to the case of γ ¼ 0.3. We find weaker
clustering of dark matter at both large and small scales and
lower overdensities relative to the ΛCDM case due to weak
gravitational strength: Similar structures would need more
time to form when compared to the ΛCDM case.
Furthermore, we provide a quantitative analysis of

different simulations. Specifically, in Fig. 8, we present
the dark matter halo mass functions and halo density
profiles for different values of γ in the growth index model.
In light of the CMB plus lensing constraint, one can easily
find that the best fit γ model predicts a little larger number
of halos than ΛCDM does in the whole halo mass range.
We are also interested in investigating the effects of large
and small γ values on the cosmic web. In the case of
γ ¼ 0.3, an obvious enhancement of structure formation is
observed relative to ΛCDM, since there are more halos
generated for all the halo masses. On the contrary, fewer
halos are produced in the case of γ ¼ 0.7, which indicates
that structure growth is clearly suppressed for a small γ
value. In general, these statistics properties of the halo
number can be seen in the density fields of dark matter (see
also Fig. 7).
A representative statistical quantity describing the dark

matter halo, the density profiles of dark matter halos, are
also computed for the different models. Note that, for
simplicity, we only study the density profile of the largest
halo for each model here. We find that the best fit γ model
shows the same density as ΛCDM when the radius
r < 100h−1 kpc. Nonetheless, it gives a lower density
when r becomes large (say 1000h−1 kpc) and consequently

predicts a lower average density of the whole halo. In the
case of γ ¼ 0.3, the halo density is clearly stronger than that
in ΛCDM in the whole range of radius. Interestingly, the
slope of its density profile becomes larger and reaches
the same value when r > 1000h−1 kpc relative to ΛCDM.
This implies that, in a universe with an enhanced structure
formation, both the average density of a halo and the halo
compactness are larger than that in a ΛCDM one. In the
case of γ ¼ 0.7, the halo density is suppressed at a small
radius but becomes larger than other cases starting from
r ≃ 1000h−1 kpc. This behavior is due to the fact that a
weak structure growth strength decelerates the structure
formation of the Universe and consequently decreases the
matter accretion process of the halo. All in all, the growth
index γ has an important impact on the evolution of
cosmic web.

E. Forecasts for future 21 cm surveys

In the near future, there will be two type of (crucial)
21 cm large scale structure probes: 21 cm intensity
mapping and HI galaxy redshift surveys [73]. The fluctua-
tions of the brightness temperature induced by redshifted
21 cm lines trace the HI distribution and consequently
detect the large scale structure of the Universe. HI galaxy
redshift surveys allow us to measure the cosmic expansion
history using BAO as well as the cosmic structure growth
using RSD. One can constrain the matter power spectrum
or correlation functions by identifying individual galaxies
and confirming their redshifts and consequently determine
the cosmological parameters. During the past two decades,
optical galaxy redshift surveys such as SDSS [52,53,74]
have achieved great success in exploring the Universe. We
believe that future high-resolution HI galaxy surveys such
as the Square Kilometer Array (SKA) [75,76] can give
stronger constraining power on both the cosmic geometry
and the growth. In this study, we focus on the forecasted
constraints on the different cosmological parameters by
employing

FIG. 8. Left panel: the dark matter halo mass functions in the growth index model are, respectively, shown for different values
γ ¼ 0.506, 0.3 and 0.7 at redshift z ¼ 0. We also depict the halo mass function of the ΛCDM case as a reference. The shaded regions
denote the Poisson errors for each model. Right panel: the dark matter halo density profiles for different models are shown.
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the HI galaxy redshift data from SKA Phase 2 (here-
after SKA2).
The galaxy power spectrum, in the linear regime (which

is a valid approximation for the purpose of this study) for a
galaxy redshift survey is expressed as [77]

Pgðγ; k; zÞ ¼ ½bðzÞ þ fξ2�2e−½kσNLðz;ξÞ�2
2 Pðγ; k; zÞ; ð14Þ

where the first term depicts the so-called Kaiser effect [78],
and the second one describes the “finger of God” effect due
to uncorrelated velocities at small scales, which washes out
the radial structure below the nonlinear velocity dispersion
scale σNL, ξ≡ k̂ · ẑ, bðzÞ is the galaxy bias as a function of
redshift z and

σNLðz; ξÞ ¼ σNLDðzÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ fξ2ð2þ fÞ

q
: ð15Þ

The quality of a galaxy redshift survey is subject to
complex systematic effects. In particular, there are two
main effects, namely the source evolution and bright stars
as contaminants. For the former case, the luminosity
function of the tracer population usually changes over
redshift, which affects the detected number density of
galaxies. This effect, generally characterized by the galaxy
bias bðzÞ, limits the effective redshift range of a galaxy
survey and make its selection function more complicated. It
affects the measurement of BAO by varying the effective
galaxy number density mðzÞ to change the shot noise. It is
worth noting that stars are a dominated contaminant in
large optical galaxy sky surveys. Bright stars can mask
galaxies behind them, when one distinguishes stars from
galaxies by their color. This effect leads to a very
complicated angular selection function on the sky. It is
interesting that this effect is not very dangerous in the radio
wavelength where SKA works, even though there are also
other contaminants such as diffuse galactic synchrotron
emission and some nongalaxy point sources affecting the
final galaxy catalog and source-finding process; see
Ref. [77] for further details.
Instead of producing mock data by implementing a full

simulation, we adopt a fast and low computational cost
method to forecast the uncertainties on cosmological
parameters, i.e., the Fisher matrix formalism, which trans-
forms the expected properties of signal and noise in
theoretical quantities for a given survey to derive a
Gaussian approximation into the underlying likelihood
for a set of parameters to be measured. This method plays
an important role in characterizing the ability of a given
experiment to constrain the parameters of interest.
For a set of parameters p given the data d, we assume

that the likelihood function L is a Gaussian distribution and
can be written as

LðpjdÞ ∝ exp ð− 1
2
d†½MðpÞ�−1dÞffiffiffiffiffiffiffiffiffiffiffiffiffiffijMðpÞjp ; ð16Þ

where M is the covariance matrix of the mock data. The
information of cosmological parameters seeds in the
parameter vector p. Using the fiducial values of parameters,
the Fisher matrix can be constructed by the curvature of the
likelihood function as

Fαβ ≡ −
�
∂
2 logL
∂pα∂pβ

�
p¼p0

; ð17Þ

where p0 denotes the fiducial parameter vector.
To implement a Fisher forecast, we divide up a range of

wavenumbers into bins, Δi ¼ ½ki; kiþ1�. We assign a con-
stant value, Pi, to the power spectrum in each bin. The main
physical quantities that depict a galaxy redshift survey are
the sky area, Sa, and the number density of source mðzÞ.
The survey volume can be defined as Vbin ≃
r2ðz̄Þdr=dzΔzSa, where rðz̄Þ ¼

R
z̄
0

cdz
HðzÞ is the radial comov-

ing distance at the average redshift z̄ of the survey.
For a galaxy redshift survey, the Fisher matrices read

as [79,80]

Fαβ ¼
1

2

Z
d3k
ð2πÞ3 VeffðkÞ

�
∂ lnPTðkÞ

∂pα

∂ lnPTðkÞ
∂pβ

�
; ð18Þ

where PT is the total covariance of the measured signal,
which consists of the underlying signal PS and the noise
PN . The effective volume of the experiment can be
expressed as [77]

VeffðkÞ ¼ Vbin

�
mðzÞPTðkÞ

1þmðzÞPTðkÞ
�
2

: ð19Þ

Note that VeffðkÞ characterizes how well different parts
of Fourier space are sampled in the analysis. The signal
power spectrum PS is described by the galaxy power
spectrum Pg [see Eq. (14)]. The noise power spectrum
PN can be calculated by applying Eq. (19) into the binned
power spectrum, and we can obtain the uncertainties of
power spectrum via the following formula [77]:

�
ΔPi

Pi

�
2

¼
�
1

2

Z
d3k
ð2π3ÞVeffðkÞ

�−1
: ð20Þ

For a specific galaxy survey, the Fisher matrix is
computed by using Eqs. (18)–(20). Furthermore, one can
obtain the errors of cosmological parameters of interest by
calculating the inverse Fisher matrix.
The spectroscopic HI galaxy redshift survey SKA2 [76]

will be very sensitive, and it is expected to achieve an root-
mean-square (rms) flux sensitivity Srms ≈ 5 μJy covering a
sky area of 30000 deg2 for 10000 hours. SKA2 aims to
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produce a catalog of one billion HI galaxies in the redshift
range z∈ ð0.18; 1.84Þ, which is far beyond any planned
optical or near infrared experiments when z∈ ð0; 1.4Þ. In
terms of probing BAO, the target scales are angular scales
between 30 arcminutes and 4 degrees. The expected
galaxy number densities and galaxy biases for SKA2
are shown in Table XI. To make a forecast, our fiducial
cosmology consists of the Planck 2018 best fit cosmology
(Ωbh2¼0.02237, Ωmh2 ¼ 0.12, lnð1010AsÞ ¼ 3.044, τ ¼
0.0544, ns ¼ 0.9649, Ωk ¼ 0, H0 ¼ 67.36 km s−1Mpc−1)
and γ ¼ 0.55.
After numerical computations, the forecasted results

from SKA2 are shown in Table XII. We obtain the 1σ
uncertainty σðγÞ ¼ 0.0083 on the growth index γ, i.e.,
a 1.5% determination of the cosmic structure growth,
assuming a fiducial value γ ¼ 0.55 and therefore reducing
the current errors by a factor of three. Similarly, we
obtain the constraint σðH0Þ ¼ 0.19 km s−1Mpc−1 relative

to H0 ¼ 67.36 km s−1 Mpc−1, which provides a 0.3%
determination on H0 and increases the accuracy of
Planck’s measurement by a factor of 3. Interestingly,
we find the 1σ error of matter clustering amplitude
σðσ8Þ ¼ 0.00079, which implies a 0.098% prediction of
σ8 and improves Planck’s accuracy by a factor of eight. The
constraining power of SKA2 on the other six basic
parameters are clearly weaker than Planck-2018 CMB data
(see Table XII for details). Note that the forecast considered
here is optimistic, since we assume a perfect foreground
subtraction.

IV. DISCUSSIONS AND CONCLUSIONS

A number of cosmological tensions suggest the necessity
of testing the canonical cosmological ΛCDM paradigm at a
variety of epochs in the Universe’s evolution. Some of these
tensions may require one to modify the standard model of
structure formation in our universe. It is therefore timely to
evaluate whether current cosmological observations point to
a departure from the standard growth picture. In the simplest
parametrization, the growth of structure is simply modeled
via a single parameter γ, with f ≡ dδ=d lna≡ ΩmðaÞγ and
γ ≃ 0.55 in the standard ΛCDM case. A recent analysis has
suggested a lower structure growth which in turns implies
γ > 0.55. Here we further explore this issue extending the
analysis to other possible growth parametrizations. In all the
cases, for the set of cosmological observations considered
here, we obtain a higher growth of structure, characterized
by γ < 0.55. Such a preference reaches the 3σ significance
using cosmic microwave background observations (exclud-
ing lensing, see below), supernova Ia and baryon acoustic
oscillation measurements, while the addition of cosmic
microwave background lensing data relaxes such a prefer-
ence to the 2σ level, since a larger lensing effect can always
be compensated with a smaller structure growth, or,
equivalently, with γ > 0.55. Nevertheless, when consider-
ing the very same datasets that those previously considered
in the literature regardless the validity of the analyses based
on assumptions on the halo model [26], we are also able to
reproduce previous claims. However, the most conservative
data combination considered throughout our analyses and
the self-consistent growth parametrization employed here
make the robust prediction of an enhanced structure
growth, rather than a suppressed one. We have also included
the lensing amplitude AL as a free parameter in our data
analyses, showing that the preference for AL > 1 observed
within the canonical ΛCDM paradigm still remains, except
for some particular parametrizations when lensing obser-
vations are included. There is a clear very large degeneracy
between the lensing amplitude and the growth rate index γ,
as a larger value ofAL, implying more lensing can always be
compensated by γ > 0.55, reducing structure formation and
also CMB lensing (to compensate for the effect of a larger
AL). We also do not find any significant preference for an
oscillatory dependence of AL → AL þ Am sinl. To further

TABLE XI. The expected galaxy number densities and biases
for SKA2 at the redshift range of interest are shown. Note that the
galaxy number densities are in units of Mpc−3.

z mðzÞ × 10−6 bðzÞ
0.23 44300 0.713
0.33 27300 0.772
0.43 16500 0.837
0.53 9890 0.907
0.63 5880 0.983
0.73 3480 1.066
0.83 2050 1.156
0.93 1210 1.254
1.03 706 1.360
1.13 411 1.475
1.23 239 1.600
1.33 139 1.735
1.43 79.9 1.882
1.53 46.0 2.041
1.63 26.4 2.214
1.73 15.1 2.402
1.81 9.66 2.566

TABLE XII. Predicted uncertainties from SKA2 and measured
errors from Planck-2018 CMB data.

Parameters SKA2 Planck

σðγÞ 0.0083 0.022
σðΩbh2Þ 0.0081 0.00015
σðΩch2Þ 0.0081 0.0012
σð100θMCÞ 0.02741 0.00031
σðτÞ 0.0083 0.0073
σðln 1010AsÞ 0.2417 0.014
σðnsÞ 0.1184 0.0042
σðH0Þ 0.19 0.54
σðσ8Þ 0.00079 0.006
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reassess the effects of a nonstandard growth index, we have
computed by means of N-body simulations the dark matter
density field, thedarkmatter halomass functions and the halo
density profiles for different values of γ in the growth index
model. For γ < 0.55, a large number of halos and a stronger
darkmatter halo density profile are found, with respect to the
canonicalΛCDMcase. AFisher forecast for LCDMþ γwas
also performed to study the future sensitivity of the SKA HI
galaxy redshift data to the growth index γ, showing that
the current errors could be reduced by a factor of 3, testing
further the validity of the standard model of structure
formation.
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