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Wave turbulence is by nature a multiple timescale problem for which there is a natural asymptotic
closure. The main result of this analytical theory is the kinetic equation that describes the longtime
statistical behavior of such turbulence composed of a set of weakly nonlinear interacting waves. In the case
of gravitational waves, it involves four-wave interactions and two invariants, energy, and wave action.
Although the kinetic equation of gravitational wave turbulence has been published with the Hadad-
Zakharov metric, along with their physical properties, the detailed derivation has not been shown.
Following the seminal work of Newell [Rev. Geophys. 6, 1 (1968).] for gravity/surface waves, we present
the multiple timescale method, rarely used to derive the kinetic equations, and clarify the underlying
assumptions and methodology. This formalism is applied to a wave amplitude equation obtained using an
Eulerian approach. It leads to a kinetic equation slightly different from the one originally published, with a
wave equation obtained using a Hamiltonian approach; we verify, however, that the two formulations are
fully compatible when the number of symmetries used is the same. We also show that the exact solutions
(Kolmogorov-Zakharov spectra) exhibit the same power laws and cascade directions. Furthermore, the use
of the multiple timescale method reveals that the system retains the memory of the initially condition up to a
certain level (second order) of development in time.
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I. INTRODUCTION

The initial detection of gravitational waves by the LIGO
Collaboration [1] came nearly a century after the original
theoretical prediction by Albert Einstein [2]. The observed
deformations on Earth are of very small magnitude (1072"),
allowing for a predominantly linear approach to study their
propagation quickly after they were formed [3]. However,
when examining the history of the early Universe, certain
events may have given rise to gravitational waves of higher
amplitude. For instance, we can cite the first-order phase
transition [4-6] or the self-ordering of scalar fields [7].
Moreover, gravitational waves of significant amplitude are
anticipated to have been generated during cosmic inflation
[8,9], and numerous endeavors are underway to detect them
[10,11]. The recent publication of the NANOGrav’s survey
[12] provides solid evidence for the existence of a gravi-
tational-wave background. While this result is consistent
with a population of supermassive black holes, we cannot
exclude the primordial cosmological origin of this
phenomenon.

When dealing with gravitational waves of large ampli-
tude, the linear approach becomes inappropriate, and the
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introduction of nonlinear effects inevitable. Among the
possible methods, wave turbulence offers a valuable set of
tools for examining the weakly nonlinear regime, where the
injection and dissipation of an invariant (typically the
energy or the wave action) take place across different
scales. The transfer of this invariant from a larger scale to a
smaller scale is referred to as a direct cascade, while the
transfer from a smaller scale to a larger scale is known as an
inverse cascade. Such cascades manifest in a diverse range
of natural phenomena, including surface waves [13],
rotating fluids [14], plasma physics [15], vibrating plates
[16], Bose-Einstein condensate [17], optical waves [18],
and gravitational waves [19].

The foundations of the turbulence theory were laid in
particular by Kraichnan’s direct interaction approximation,
which elucidates the conservation of energy in hydro-
dynamics through triadic wave interactions [20]. The main
developments in wave turbulence came a little later with
Benney and Saffman [21] who introduced a multiple
timescale method [22] for a problem involving three-wave
interactions and Benney and Newell [23,24] who extended
the theory to quartic interactions with an application to
gravity (surface) waves. In both cases, the Eulerian
approach was used, and the main result was the derivation
of the kinetic equation that describes the temporal evolution
of spectral invariants such as energy. Simultaneously, the
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Soviet school focused on wave turbulence, particularly in
plasmas, using a Hamiltonian approach. Employing a
distinct method known as the random phase approximation,
they derived the kinetic equations [25-29] but also found
the finite flux spectra (called Kolmogorov-Zakharov spec-
tra) as exact stationary solutions [13,30].

Over the past 10 years, progress has been made in the
field of nonlinear perturbative approaches to general
relativity with a significant focus on the anti-de Sitter
space. In particular, it has been shown that this space is
unstable under arbitrarily small generic perturbations,
leading to a diffusion of energy toward higher frequencies
and potentially to the formation of a black hole [31].
Numerical investigations have confirmed the plausible
turbulent nature of spherically symmetric gravitational
collapse in asymptotically anti-de Sitter space, with a
scalar curvature showing a power law spectrum close to
—5/3 [32]. This result was improperly called Kolmogorov
or Kolmogorov-Zakharov spectrum, whereas in turbulence,
each problem has its own power law energy spectrum index
(—5/3 being the scaling mainly found in hydrodynamics),
and the denomination Kolmogorov-Zakharov is only given
to a finite flux spectrum (exact) solution of the kinetic
equation [19,33,34]. Note that the conclusion on the
stability study is not universally applicable as other
solutions can remain nonlinearly stable [35,36].
Interestingly, the stability of such anti-de Sitter space
has been analyzed by two methods based on a weakly
nonlinear dynamics. The first, inspired by the renormali-
zation group theory, was introduced to deal with secular
terms that naturally appear in a perturbation theory [37].
This technique for treating secular terms bears some
resemblance to the multiple timescale method that we will
present in this paper. The second is a two timescale
analysis, which shows that instabilities can develop on a
relatively short timescale O(e2) (with e the perturbation
amplitude) compatible with a coherent phase cascade
where the initial data is not random and where the phase
tends to lock dynamically into simple pattern [38—40].
Other investigations [41,42] have reported the existence of
a new conserved quantity in addition to the energy, namely
the wave action, which is little known to nonspecialists but
often found in wave turbulence. For example, in gravita-
tional wave turbulence, these are two conserved quantities
that offer further insights into the dynamics [19]. The
possible existence of dual turbulent cascades (of energy and
wave action) was also mentioned in the framework of anti-
de Sitter spacetime [41]. Note that the gravity/fluid corre-
spondence is a useful tool for studying turbulence by
making an analogy with hydrodynamics where, in two
dimensions, an inverse cascade is found [43,44].

It is only recently that significant progress has been made
in understanding gravitational wave turbulence, primarily
spearheaded by Galtier and Nazarenko. After proving that
this turbulence necessarily occurs through quartets of

interactions, they used a Hamiltonian approach based on
the metric proposed by Hadad and Zakharov [45], which
provides a concise and consistent set of equations, to derive
the kinetic equation and its exact statistical solutions. They
identified two distinct cascades: a direct cascade in energy
and an inverse cascade in wave action [19]. The latter
turned out to be an explosive cascade able in principle of
reaching the wave number k = 0 in a finite time [46].
However, the wave turbulence description fails at scale kg
where turbulence becomes strongly nonlinear. Using a
phenomenological model, it is found that the wave action
spectrum undergoes a change in slope that remains com-
patible with an explosive inverse cascade. In the presence of
a small scale excitation, a condensate is expected to form
rapidly at small wave numbers. This scenario was then
proposed to model the primordial universe: The idea is that
the growth of the condensate can be linked to the expansion
factor of the Robertson-Walker model [47]. The explosive
growth would then correspond to a phase of inflation. The
associated dilution and the decrease of the nonlinearities
provide a natural mechanism for stopping the expansion,
leaving the Universe with a fossil spectrum corresponding
to the Harrison-Zeldovich spectrum, which is compatible
(at main order) with the observations [48]. As the con-
tribution of energy tends to zero in the small & limit, this
turbulent inflation scenario therefore requires negligible
energy. More recently, using direct numerical simulations,
the first direct evidence of a dual cascade has been found
[49], proving the relevance of the analytical theory of
gravitational wave turbulence.

The aim of this paper is to establish the kinetic equation
for gravitational wave turbulence using a multiple timescale
approach initially proposed for three-wave interactions [21]
and then generalized to quartic interactions [23,24]. This
demonstration was not given in the original paper [19]. As
turbulence is an obscure subject in cosmology, we think it is
important to explain in a pedagogical way (the derivation is
long and nontrivial) how to derive the kinetic equation.
Section II will serve as a reminder of the preliminary
assumptions required to derive the evolution equation for
the fields within the Hadad-Zakharov metric [45]. Here, we
follow an Eulerian approach, which is new. Subsequently,
in Sec. III, we will describe the general process of deriving
the kinetic equation. This a technical section in which many
details are given. In Sec. IV, we will focus on the specific
case of gravitational waves, whose symmetries will have
been previously identified. Finally, a conclusion is pro-
posed in Sec. V.

II. EXPANSION OF THE EINSTEIN EQUATION

Throughout the entire paper, we adopt a unit system
where the speed of light, c, is set to 1. Consequently, the
dispersion relation for gravitational waves takes the simple
form: wy, = k, where k represents the magnitude of the
wave vector k. While we do not employ the FEinstein
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summation convention, we use the following convention:

5“‘ a,, _5<Zk iqu:kﬂi), (1)

and

ala

q
/51 By Z S Pk, — Z 55, Pky, » (2)
i=1

where s = +1 is the directional polarity. and (o;),;<, and
(Bi)1<i<, are two family of indices.

This notation allows for concise representation and
facilitates the clarity of the discussion. Below, we provide

an overview of the wave amplitude calculation as outlined
in [19].

A. Hadad-Zakharov metric

To simplify our problem, we will impose a z—translation
symmetry, which makes the metric independent of the z
coordinate, and a z—reflection symmetry, which cancels out
the g;, components (and their symmetric). This operation is
equivalent to a Kaluza-Klein reduction [50]. Then, one can
generically diagonalize the metric tensor by a coordinate
transformation of (¢, x,y). Therefore, we will consider a
diagonal metric having the following expression [45]:

—(147)? 0 0 0
0 1+p)? 0 0
Gy = e (1+4) . (3)
0 0 (1+a)? 0
0 0 0 e

where a, f3, y, and ¢ are real functions that depend solely on
t, x, and y. It is important to note that this metric does not
take into account the two polarizations of gravitational
waves. This simplification considerably reduces the com-
plexity of the system under study, while retaining the main
ingredients of wave turbulence: waves and nonlinearities.

The vacuum Einstein equation R,, =0, with R, the
Ricci tensor of the metric g,,, yields a set of 10 equations.
However, as demonstrated in [45], three of these equations
are trivially zero, and three are redundant with the remain-
ing four equations. Consequently, we can focus on the
following four nonlinear equations:

0. 0.y
0.0,a = —2(1 9,00 0, da, (4
xta ( +a) t¢xw+1+ﬁ a+1+]/ ta (a)
o,
6y0,ﬂ:—2(1+ﬁ)5z¢0y¢+1 g yﬁ+ zﬂ (4b)
0. op
0.0,y = —=2(1 + ¥)0,00, 0 . (4
0,7 (1+7)ocp y(p+1+ yy+1+ﬁ 7, (4c)

and
(1+a)(1+p) [0+ a) (1 +y)
o[y | =a [ o
+0, {(1 leﬁ)ﬁ; 7) ay(p} . (4d)

The first three expressions correspond to three constraint
equations, while the last one describes the nonlinear
dynamics of the metric.

In the linear case, the fields «, £, and y are assumed to be
null (this is also our initial condition at ¢t = 0), and
consequently, only the following two-dimensional wave
equation remains:

0,0, — 0,0, — ayay(p =0. (5)

The solutions of (5) are expressed as a superposition of
plane waves:

{p(X,l) :/ [A+(k)e—i(wkt—k-x) +A‘(k)e‘i(“’kt+k"‘)}d2k,
RZ
(6)

where by definition x = (x,y), k = (p, g) and A*(k) are
square-integrable functions mapping R? to R2.

To focus on small oscillations, we introduce a small
parameter ¢ (with 0 < € < 1), which measures the ampli-
tude of the field ¢. The a, f, and y fields can be expanded
around their equilibrium positions. At first nonlinear order,
Egs. (4a)—(4d) can be simplified as follows:

00,0 = —20,00,., (7a)
0,0, = —20,¢0,, (7b)
axayy = _2ax§0ay(pa (7C)

and

at[(l -l—a—i—ﬂ—}/)a,(p] = ax[(l -l—a—ﬂ—i—}/)ax(p]
+0,[(1 —a+p+r)oel. (7d)

At this stage, the constraint Egs. (7a)—(7c) clearly show that
the a, f, and y fields depend quadratically on ¢. Therefore,
the nonlinearities involved in the dynamic equation (7d) are
cubic in nature so that we have to deal with four-wave
interactions in Fourier space.

Note that we consider a continuous medium, which can
lead to mathematical difficulties connected with infinite
dimensional phase spaces. For this reason, it is preferable to
assume a variable spatially periodic over a box of finite size
L. However, in the derivation of the kinetic equation, the
limit L — +oo is finally taken (before the long time limit,
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or equivalently the limit ¢ — 0). As both approaches lead to
the same kinetic equation, for simplicity, we anticipate this
result and follow the original approach of [21].

B. Wave amplitude equation

Now, we introduce the normal variables a*(k, ¢) defined
as follows:

a(k,i) =1 <\/§é)(k, 0+ \/i—;_ka,(,fo(k, t)) et (8)

with s = £1 the directional polarity (for a given k, we have
two directions of propagation) and @(k,r) the spatial
Fourier transform of ¢(x,t). Conversely, we have the
relations:

2 € S ,—isw
Dlk.1) = —2 ) agemin, (9a)

and

P H k —isw,
0,p(k,1) = —le\/;Z:saie Kl (9b)

Referring to the Supplemental Material of [19], we obtain
explicit expressions for a(k, ), f(k, t), and y(k, ¢) in terms
of the normal variables using equations (7a), (7b), and (7c¢).
In this context, we assume that the amplitude evolves much
slower than the phase, namely:

< wy. (10)

This assumption, which is fully consistent with the multiple
timescale method introduced in the next section, allows us
to treat the amplitude as approximately constant compared
to the phase variation during a time integration.
Additionally, we consider the integration variables as
“dumb,” enabling us to symmetrize the integrands.

The Fourier transform of Egs. (7a)—(7b) leads to the
following expressions:

_ z—/ Zsl 1P2+S2k2P1
Wi pJkik
X asl(kl)aSZ (kz)elleté(l)z(k)dzkldzkz, (11)

and

k k
—z/ Zsl 1612+52 241
R4Y 382 kk2

x a® (k;)a*(k 2)6’9'2%5(1)2( )d?’k d’k,.  (12)

These equations can be integrated over time, resulting in
the following expressions:

Z sikipy + sk py @’ (ky)a' (ky)
R4

o pVkik siky + s2ky
x ei912’5(f2(k)d2kld2k2, (13)

and

é/ Zslkl‘lz + 52kaq; @” (ky)a™(ky)
RY £ C]Vklkz Slkl +S2k2

x 2150, (K)d?k  d?k,. (14)

In addition, the Fourier transform of Eq. (7¢) leads to the
following expression:

y(k) = / P19+ pagqi 1
R £ rq Vkiky

x a* (Ky)a* (K, ) e 80, (k)d?k d?k,.  (15)

This expression can be differentiated with respect to time,
resulting in

. P19z + P2q1 Siky + s2ky
y(k) = l—/
( ) [R“gs:z prq Vkiky

X Clsl(kl)asz(kQ)€iQ]2t5(1)2(k)d2k|d2k2. (16)

Next, we substitute all the previously derived expres-
sions into Eq. (7d) in order to find the wave amplitude
equation.

We obtain after manipulations

oar(k) = [ 3 LI @ (kan(io)

51.52.53
a-"3(k3) ’9123t6(1)23(k) Hdzki, (17)

where L7}y s the interaction coefficient, defined as

is
SS18283 $815283 58525351 835281
kkikoks = 10 TT Tk Tk ok (Tkk1k2k3 +Tkk2k3k1 +Tkk3k2k1 ),
(18)
with
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pp1+qqr — sk (siky + s2k; + s3k3)

T]‘(Ylé:f(‘;h = |:(p2CI3 + P3QZ)

(P2 + p3)(q2 + a3)

$2kyp3 4 s3k3py ppy — qqy + s1ky(s1ky + s2k; + s3k3)

S2k2 + S3k3

_ S2kags + s3k3qy 1y — qq1 — siki(s1ki + saka + 53k3)

P2+ P3

S2k2 + S3k3

C. Symmetries of the interaction coefficient

The specific form of the interaction coefficient is
determined by considering the dummy character of the
integration variable, which allows us to identify certain
symmetries of the coefficient. In general, the interaction
coefficient exhibits the following properties:

(i) Homogeneity: It is a homogeneous function of the

wave vectors k;. This means that there exists a
constant b € R such that, for all a € R,

85518283 _ b 55185283
akak ak,ak; — @ ka1k2k3'

(20a)
It is worth noting that, for our specific problem, b is
equal to zero.

(ii) Imaginary nature: The interaction coefficient is
purely imaginary, satisfying the relation:

( 55185253 )*7_ 55185253
kk kks/ T kk kyk;*

(20b)

(iii) Symmetry: The interaction coefficient exhibits sym-
metry under certain transformations. Specifically, it
is symmetric when the signs of the directional
polarities or all wave vectors are changed:

L—S—S]—Sz—S:; ] SS18283
—k—k,—k,—k; Kk, koks*

(20c¢)

(iv) Symmetries on the resonant manifold: On the
resonant manifold, where swy = 5wy, + S0y, +
szwy, and k = k| + Kk, + k3, the interaction coef-
ficient exhibits symmetry with respect to the last
indices. Thus, for any permutation o of {1,2,3}, we
have

LSS(F(I)SO'(Z) S6(3)

kko(1)ko(2)ko(3) Lik i

Kk k,k;* (20d)
Additionally, the interaction coefficient vanishes
when k = 0, ensuring the conservation of the null
first-order cumulant:

LSSIS2S3 o 0

ok ek, = 0- (20e)

19
49> + g3 (19)

III. SEQUENTIAL TIME CLOSURE FOR
QUARTIC-WAVE INTERACTIONS

A. A multiple timescale method

Our statistical study begins with the fundamental
Eq. (17) from which we apply the method of multiple
timescales to derive the kinetic equation. Note that this
method was originally developed for three-wave inter-
actions [21] and then to quartic interactions with gravity
waves as its main application [23,24]. The original problem
(surface waves) is two-dimensional; however, the method is
valid in a space of n dimension, with n > 1. That is why, for
this section only, we will perform the spatial integrations on
vectors of R”.

We introduce a set of (approximately) independent

variables:
Tl = €1, T2 :€2t,..., (21)
with € a small parameter (0 < ¢ < 1), which measures the
wave amplitude (see Sec. II). We apply the chain rule,
yielding

+00
0, = €0y, =0y, +€dr, +€0p, +.... (22)
i=0

The normal variables are also expanded to the power of € as
follows:

a*(k) = Zeiaf(k) = a(k) + ea} (k) + e2a5(k) + ...
(23)

In order to enhance readability, we disregard the time
dependence, so a°(k) must be understood like
a*(k,Ty, Ty, T,,...). Furthermore, we assume that the
phase of the normal variables only varies on the T,
timescale. The justification for this assumption will be
provided later.

With these definitions, we obtain the following expan-
sion:
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—+00 +o0
Z €z+jaTia;(k) — Z eptatrt2 /Rz’ Z L:;{slisi(s;kB k])aq (kz)ar (kS) 122 lQmTo Hdn (24)
i,j=0 '

P-q,r=0 51,52.83

This expression leads to a hierarchy of equations in different orders in €. Using Eq. (24) to identify the different powers of ¢,
we obtain the following expressions:

or,ay(k) = 0; (25a)

or,a}() = ~r,ap(k); (25b)

or,a3(k) = —0r,aj(K) — or,aj(K) (25¢)

Aen Z Lok, a0 (k1)ag (Ko)ag (k3 ) ( 'Q"‘TOHd" 5 (25d)

0r,a3(K) = —0p,a3(K) - dr,ai(k) - or,a3(k) (25¢)
3

+ 3/&* Z L—:(slésf(s;k;al (k1)ag (ka)ag (k3)5(1)23(k)€lg?23r“ Hd”ki; (25f)

51,552,853 i=1

or,a;(k) = —0r,ay(k) — or,aj(k) — dr,a5(k) — dr,a3(Kk)

S851852853 19 T "
+ 3/%’; z L_kk k k;aZ kl)ao (kz)ao (kS) 123 12340 Hd

51,852,583

#3 [ 30 L A (ki)al (ke)ay (ks ol '%“Hd" (25¢)

51,852,583

The factor of 3 arises from considering the symmetries of the interaction coefficient. Additionally, we observe that Eq. (25a)
provides justification for assuming that the amplitude and phase do not vary on the same timescale.

We choose initial conditions (at r = 0) such that Vi > 1, ai(k) = 0. The integration of the previous equation with
respect to T, gives, after a few manipulations,

aj(k) =aj(k. T, Ty, ...); (26a)

aj(k) = =Tyor,ay(k); (26b)

30) = ~Tdr,a}() + 032 () + b3 (26¢)
s s 2 s T(3) 3 s s

aj(k) = —T00T3ab(k) + Ty?0r,0r,ay(k) — Z(}T' ay(k) — Tyor, b5 (k); (26d)

T2 T3
ay(k) = ~Toor,ay(k) + =7 207, 0r,aj (k) + 0F, aj (k)] — = 0 or, a5 (K)

2 2
Tg K s K T% 2 7,5
+ ﬁaé}, ay(k) + by (k) — Toor, b3 (k) + TaT, b5 (k); (26¢)
where
3
/ Z L—ly(‘li‘i?k; ay (ky)ag (k2)ao (k3)5123( mvTO H (27a)
R%n 8§1,52,53 :

6
by(k) = 3/R6 Z L:i‘:ﬂff{‘:mL—l‘(l ‘ﬁ:izﬁkﬁao (ko)ay (k3)ay (ky)ay (ks)ag (Ke)8)3 (k) Sys6(K) E(Q3456, Q3. To) Hd”k,-;

" 51.52.53 i=1
54.55.5¢
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with

iXT _
AX,T)=

T .
—— and E(X,Y.T)= / A(X—Y,1)e"dr.
iX 0

B. Statistical assumptions

We make the statistical assumption that (a*(k)) =
where () is the ensemble average. Going back to general
relativity, this situation corresponds to spacetime fluctua-
tions around a flat metric. We also assume that ¢(r) and
0,¢(r) are spatially homogeneous, meaning that we are in
the heart of the turbulence. As a result, the corresponding
normal variables a*(k) are also spatially homogeneous
since they are defined as linear combinations of these fields.
The second-order moment can thus be written in terms of
the second-order cumulant ¢**' (k, k') as follows:

(aj(k)ag (k) = g3 (k. K)3(k +K'),  (28)

where the presence of §(k + k') is the consequence of
statistical homogeneity. Note that for the derivation of the
kinetic equation, the product (a*(k)a® (k) will finally
be treated in the special case where s' = —s. The reason
is that the quantities of interest are wave action
({Ja*(k)[?) = (a*(k)a™*(=k))) and energy (wy(|a’(k)[*))
spectra, which are real and positive.

The nth-order moment (a*! (k)...a* (k,)) can be writ-
ten in terms of lower order cumulants ¢*-* (ky,...,K,).
For instance, if r =4, we have for the leading order
cumulants:

(ay (ky)ag (ka)ay (ks)ay' (ks)
= qslszsm(kh k,, k3, k4)51234 )
+ gy (ki ky)gg™ (ks ky) 6" (k)6™ (k)
(
(

A\/

+ gy " (k. ks ) g™ (Kp. kg )6 (k)6% (k)
+ gy (k. ky) g (Kp. k3)6 (k)67 (k). (29)

Note that the useful case r = 6 is recalled in Appendix A.

To simplify the analysis, we will assume Gaussian' initial
distribution for a(k) so that the fourth-order cumulant at
order zero vanishes, g’ ‘”‘m(k,k’,k”,k”’,t:O):0. This
assumption is sufficient to guarantee the absence of coherent
structure in the initial excitation that could invalidate our
derivation based on weak nonlinearities. Under the addi-
tional assumption of boundedness of the fourth-order
moment when 7y — +oco, we will show that this initial
property propagates at time 7, and even has an impact on the

'Note that the initial Gaussian assumption is a priori not
required for the derivation of the kinetic equation, and we can
also assume, as often [33], initial fields ag(k) with random phase
and amplitude.

kinetic equation at time 74. This phenomenon is sometimes
referred to as propagation of chaos [51].

A fundamental aspect of the multiple timescale method
is the assumption that the second-order moment
(a*(k)a* (k")) remains bounded as T, — +oco. Making
use of the previous definitions, we expend this term
according to

(a*(k)a* (K)) = ((a} (k) + eaj (k) + e?a3(k) + ...)

x (af (k') + ea$ (k') + €2a3 (k') + ...))
=Y S (ke (k). (30)
n=0 i=0

Thus, the contribution of the right-hand side must also be
bounded at each order ¢”, with n > 0. In practice, we will
see that secular terms may appear, and therefore, we will
impose the nullity of these contributions at a given order to
keep the development uniform in time. It is precisely this
condition at order ¢* that will lead us to the kinetic
equation.

Our last statistical assumption concerns the boundedness
of the fourth-order cumulants over time. In other words, we
impose that (a*(k;)a*2(k,)a* (ks)a**(ky)) does not
diverge when Ty — +o0. Thus, we will have to consider
sums of products given by

Z (a; (k1) (kz)a (k3)a 54(k4)> (31)

i140n.i3.i4
iy +ip i3 +ig=n

and impose the nullity of the corresponding secular terms.

C. First asymptotic closure at time T,

Now we will derive the conditions that ensure the
second-order moment remains bounded at all times. This
involves counting all the secular terms at each order ¢”,
n > 0 and canceling their contributions. We will see that it
is the condition of order e* that gives the kinetic equation
we are looking for. Using expression (30), we see that at
order €°, the result is immediate: The only term is
(a3(k)ay (K')), which is bounded, so there is no secular
contribution and therefore, no asymptotic condition to
impose.

At order ¢, the situation is different because we have

(a§(k)ay (k') + a}(k)ag (k') = =Toor, (ay(k)ag (K')).
(32)

In order to keep the left-hand side bounded, we must
impose the condition:

or, (aj(k)aj (k') =0, (33)
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which means that the wave action does not evolve on the T';
timescale. Therefore, the turbulent cascade is not effective
on this short timescale. Similarly, we can justify that

1"
s

or, (aj(K)ay (K )ay (K")a§" (K")) =0,  (34)
based on the bounded nature of the fourth-order moment.”

D. Second asymptotic closure at time T,

We continue the analysis with the second order:

(ap(k)ay (K') + aj(k)aj (k') + a3 (k)ag (k')

= ~Tor, (k) () + 27, ay(1)a ()

+ (ay (k)3 (K') + af (K" b3 (K)). (35)

This expression can be simplified using the first
closure (33). Therefore, to prevent unwanted secular
growth of the left-hand side, we must balance the terms
|

proportional to T':

o, (ap(k)ap (k")) = Cr, (aj (k)b3 (k') + aj (K')b3(K)).
(36)

where Cr,» & refers to the term proportional to 7" in £. The
longtime contribution of these oscillating integrals is given
by the theory of generalized function and the Riemann-
Lebesgue lemma (see Appendix B):

A(X, T)T—>
0>+

1y

{ﬂé(X) +iP(x) ?f X#0 67
To, ifX=0

where P refers to the Cauchy principal value. This means

that (aj(k)bs (k') + aj (k’)b5(k)) can exhibit secular

growth when the different Dirac deltas constrain the

integration to be performed on the resonant manifold.
We illustrate the computation with an example:

3

(@65 00 = [ 3 LI (apk)a) (k1)aj (ke)aj (s ) A8k, To)ohs (k) [ [k

51,82,53

=3 [ S LT kg

8§1,52,53

i=1
3

" (Ko, k3)8% (k)&% (K)A(Q;, To)dYy; (k) [ [ d"k;

i=1
3

+ / Y LA K K, )6 () A (s, To)os (k) [T 'k (38)

51,852,853

The first term can exhibit secular growth if we select the
polarization as s; = s” and s, = —s5. In this case, the Dirac
delta functions ensure that o = wy, and @y, = oy,

which leads to the vanishing of Q¥,,. The remaining terms
do not contribute to secular growth. Therefore, we obtain
the following result:

Cr, {{ap(k)b3 (K'))} = 3(aj(k)ay (k') F(K'.s').  (39)

where

These results based on the boundedness of second- and
fourth-order moments can be assumed for any moments of order
n. Therefore, the probability distribution does not depend on 7',
and we may assume that the a(k) variable itself does not depend
on T either. Thus, at most, we have aj(k) = ai(k.T,, T3, ...).
This justifies the requirement that the 7’| timescale is irrelevant in
the derivation of the kinetic equation as it was done by Newell
[23]. Nevertheless, in our derivation, we will keep the T
dependence to show that this dependence can disappear with
this boundedness condition.

i=1

F(k'.s') = /R D L hionods " (ko —ko)d"k,. (40)
52

Combining both secular contributions, we have

or, (ap(k)ay (k') = 3(ay(K)ay (k) [F (K. 5) + F(k'.5")].

(41)
However, recalling that we are in the case where k/ = —k
and s’ = —s, which is the only relevant case for our study,
we may notice that
F(k',s") = A n D L0 ae T (k. —ko)d 7k,
$H
= / ) > Lo 500 (ko —ky)d7k,
S2
=—F(k,s), (42)

which implies that o7, (a(k)ag (k') vanishes when we
consider the symmetries of the interaction, resulting in
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or, (a(s)(k)a(s)'(k’» =0. (43) This relation can be integrated according to 7', timescale,
giving
Once again, the wave action does not evolve with respect to o
T,, and the turbulent cascade does not develop at this short g3’ ** (k. k. K", k")
times.cale. ) rs’v”?”’(k k/ k// k///)|
This analysis can be extended to the fourth-order
moment. We obtain xexp{3T,[F(k,s)+F(k',s)+F(k",s")+ F(kK",s")|}.

! /H (46)
o (aj K )a (K ) (") (k") R .
— 3(a(K)a (k")ad” (k™) However, according to the initial conditions (Gaussian

x [F(

(k ) statistics or random phase assumption),
p p

[F(k,s)+ F(kK',s") + F(K",s") + F(K"”,s")]. (44) o

Asvs (k k/ k// km)|[ 0 :O (47)
From the second closure, we know that the second-order
moment does not depend3 on T,, and therefore, the left-
hand side can be reduced to a fourth-order cumulant. On the Cam
. ) . .. . 3?5 N (k kl k/l k/l/) _ 0 (48)
right-hand side, we see that the decomposition in terms of
second-order moments does not give any contribution
because of the pairwise cancellation. Therefore, the pre-
vious equation can be reduced to

which implies that at any time,

and its first derivative in 7', is also equal to zero. Therefore,
we have proved that this Gaussian/random phase property
assumed initially propagates (at least) up to 7, when
aTz qss’s”s’”(k k' K’ k///) initially assumed.4

— 3 HY N (k k/ k// k///)
X [F(K,s) + F(k',s") + F(k",s") + F(k", s")]. (45)

E. Third asymptotic closure at time T3

At next order, we have
|

(ap(k)as (k) +aj(k)as (k') + a3 (k)aj (K') +a3(k)ay (k')

—Eaf%, (ap(k)ay (k') = Toor, (ap(k)by (K') +aj (K')b5 (k). (49)

=~To0r,{a§(k)ay (k') +T50r, o, (ap (k)ag (K)) 6

From the first closure (33), the contributions proportional to 73 and T3 vanish. The right-hand side of the equation involves
terms of the form:

or, (aj(k)aj (K')ay (k")ay’ (K")). (50)

which vanishes according to Eq. (34). Therefore, in order to maintain a bounded left-hand side, we must impose the
asymptotic condition:

or, (aj(k)ay (k') = 0; (51)

hence, the wave action does not evolve with respect to 7’5 either. In other words, this timescale is still too short to allow the
development of a turbulent cascade. As we will see in the next section, wave turbulence develops on a timescale 7.

3This result has been proved when s’ = —s. In the other case, where s' = s, the statistical mean (a*(k, t)a® (k’, 1) x ei(s@x+sow)ry —
q(k, K)6(k + k') (el@xt5'@0)t) ig necessary zero since the Dirac function imposes that @, = @y so the oscillating term vanishes.
Thus, the case s’ = s has no relevant physical meaning.

For an initial excitation exhibiting a phase coherence, and thus far from Gaussianity, the fourth-order moment will show an evolution
at time T',. So, for this pattern, an instability can grow on a timescale O(e~2). This is a generic property of weakly nonlinear systems that
has been discussed in the context of anti-de Sitter spacetime [38—40].
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F. Fourth asymptotic closure at time T,

At order €*, we have the following expression:

(ag(k)ag (k) + aj(k)as (k') + a3 (ka3 (k') + a3 (K)aj (k') + a3 (K)ay (K'))

T2

= —Tyor, <a6(k) X

af)l (k")) + [()Tl Jr, (ap(k)

158 or, (a3 (K)a ) a
3

= Toor, {aj(k)b3 (K') + aj (K')b3(K)) +

Using Egs. (33), (34), (43), and (48), we can simplify the
previous relation significantly and obtain

(ag(k)ay (K') + aj(k)as (k) + a3 (k)a (k')

+aj(k)aj (K') + a4 (k)ag (k')
= ~Toor (ay(k)ay (K')) + (b3 (k)b5 (K'))

+ (ap(k)b5 (K') + a (K')b (K)). (53)
Interestingly, in the expression (52), the cancellation of the
term involving the 7', time derivative is due to the Gaussian
assumption made at t = 0.

According to the Riemann-Lebesgue lemma, both terms
(a8(k)by (k') + b} (k)ay (k') and (b3(k)b3 (k') exhibit
secular divergences. Thus, the evolution of the wave action
is given by

or, (ap(k)ag (k') = Cr, {(b3(k)b3 (k")) + (

+ay (k)b (k))}.
The subtlety here is that the resonance can be twofold. In
the uniresonant case, these terms show a linear secular drift

in T, while in the biresonant case, they exhibit a drift in T(z),
but it will be shown later that

Cra{ (b3 (k)b3 (K')) +

ay (k)b (k')
(54)

ay(K)bj (K') + af (k')bj (k))} = 0.

ay (k') + 07, (aj (k)

2038, (ay(K)bS () + af (K3 ().

ay (k"))

+ ;0“ (ag (K)ag (k) + (b3 (K)b3 (K')) + {ag (k)b5 (') + ap (k)b3 (k)

(52)

|
The sixth-order moment (ay (k)ay (Ks)ay (ks)x
ay (kg)ay (ks)ay' (Kg)) can be written as a sum of different

cumulants of the form (see Appendix A):

() g9 (ki ka)gy™ (ka.ka) gy ™ (ks k)5 (k)6™ (k) x
556(k) and other permutations;
(i) g (k1. ko)gp™ ™ (K3, Ky, Ks, k)5 (k)65 (k)
and other permutations;
(i) qp**" (k1. Ko, K3)qp™™ (Ky, Ks. ke)8' (k)5*° (k)
and other permutations;
(V) gp "% (ky, Ko, ks, ky, Ks, Ke)8' 240 (k).

Therefore, we need to examine all the different contributions
(41 terms) to determine which ones could lead to a secular
divergence. We can immediately disregard the contribution
of g% (k 1, Ky, K3, Ky, ks, Kg)8! %% (k) and terms of
the form g% (ky, Ko, k3)8'2 (k) gy ™" (ky, ks, Kg) X
5%6(k). This is because the different Dirac deltas do not
impose any constraints on the integration over the resonant
manifold.

1. Study of the term (a},(k)b5, (k') +b5(K)aj) (k')
Using the theory of generalized functions, different types
of oscillating integrals can be evaluated, which generalizes
the Riemann-Lebesgue lemma. In particular, we can find

the following long time limits of E(X,Y,T) (see
Appendix C):

[76(X) +iP(L)] [#8(Y) +iP(})]. if XY #0,Y and X#YV;
[76(X) +iP(3)] [T — i %] if X#0 and Y =0;
E(X.Y.T) — [76(Y) +iP(3)] [T -i%]. if X=0 and Y #0; (56)
[76(X) +iP(%)]i % if X=Y#0;
z, if X=Y=0.
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We find that (aj (k)b (k")) exhibits a secular divergence
if the integration is constrained to one of the following
manifolds:

{ sSo = s\w| + 5,0, + 5303 (57a)
a
S/CU/ ;é NX20) + §33 + S404 + S5W5 + SeWg,
or
{ s # s\w) + 5,0, + 5303 (57b)
S'@" = 5,05 + 5303 + S04 + 5505 + 6.

There are two types of terms that satisfy the conditions
(57a). The first type is proportional to ¢y (K, k3)6% (Kk),
and the second type is proportional to g, (k, k,)3% (k) [or
qy° (k,k3)6%(k)]. It is important to note that such a
decomposition must satisfy 9}56 # 0. The contribution

from the first type of term is given by

307 ()F(C.S) [ SIS, (a0ag k)

54,5556
/
oV

456 #0

6

x aip (ks)ay (k) ol (k) A (@, To) [T d'kei. (58)
i=4

On the other hand, the contribution from the second type of
term (symmetrically) is given by

—s's's1—s8, —5154555¢
L—k’k'kl—kl L_klk4k5k6

6(ap () a3 (') /

R4” S] .S4<S5 .S()
i
Q5670

x (ay (ky)ay' (kg)ag (Ks)ay (kg))

6
% 8156 (K)A(Qlsq. To)d"k | [ dk;. (59)
i=4

A decomposition that satisfies the conditions (57b) can be
expressed as

(ap(k)ag (ki) (ag (k)ag (K;)) (ag' (ks)ag' (Ki)).  (60)

where i, j, and k are distinct elements chosen from 4,5,6. It
is important to note that due to symmetry, these terms will
yield the same result, as there are six of them (correspond-
ing to the permutations of a three-element set). The total
contribution from this term is

ss' 7 500/ 55’ —5'515253 =515 =52—53
1845 (k. K)6™ (k)5 A LIS LI
§1.52.853

o
g]23¢0

x g (Ko, —ko) gy 7 (k5. —K3)
3
X 5(1)’23(k)A(Q(1)/23)Hd"ki~ (61)

i=1

In the case of a biresonance, (a}(k)b; (k')) exhibits a
quadratic divergence in 73, which occurs when the follow-
ing conditions are satisfied:

sSo = syw) + srw, + 530
{ 101 F 520 + S303 (62)

S = S04 + S35 + SeWg

This can only be achieved through a decomposition of the
form:

(ap (k)ay (ki) (ag (k) ag (k3)) gy (Kj)ag (k).

where i, j, and k are distinct elements chosen from 4,5,6 in
pairs. The decomposition yields only three terms, which,
due to symmetries, give the same result. Furthermore, the

quadratic contribution of (a}(k)b} (k')) is given by

(ap (k)ag (k') F (k' 5")2. (63)

\SHNe)

2. Study of the term (b5, (k')b%(K))

We will employ Riemann-Lebesgue’s lemma and the
following corollary (see Appendix C):

A(X.T)A(=X.T) — 2aT5(X) + 2P G) aix (64)

The term (b%(k)b3 (k') can exhibit a secular drift propor-
tional to 7 if any of the following conditions are satisfied:

{ SwW = §1W| + SHwy + 303 (65)
a
9
s'@ # s,04 + s505 + S5
or
SW # 101 + Srw; + §303
o , (65b)
S = $404 + S505 + ScWq
or
SW — 510 — 205 — 303 = —§' @' + 5,04 + 5505 + W5
(65¢)
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The situation (65a) arises for decomposition of the form:

(ag (k)ay (k) {ag (ke)ag' (Ka)ag (Ks)ag (Ke)).  (66)

where i, j, and k are elements of {1,2,3} pairwise distinct.
These three decomposition yield the same result. Therefore,
their contribution is

500/ F(k,s /
Y4 ?i Y6

Q #0

_ I‘ Sz .
Lok, (ab (K )ag (K4)

6

x ag (ks)ay (ke))o%ss (k) A(Qse. To) [ [ d'k;. (67)
i—4

In the same way, we can determine the contribution
corresponding to condition (65b). This one is equal to

36% (k) F (K > LI,
IRSV[ Yl YZ V‘S
Q #0
x {aj (k')ay (kl)“ff(kz)”ff (k3))
X 853 (K) A (Y3, To) Hd k;. (68)

The situation described by Eq. (65¢) requires a more careful
treatment. It can only occur in a decomposition of the form:

" )i (i) ()i (O, )) (O, )i (k).

(69)

where i;, j;, and k; (respectively, i,, j,, and k,) are
elements of {1,2,3} (respectively, {4,5,6}) pairwise
distinct. Out of the 15 terms, only six satisfy this condition,
and due to symmetry, they yield the same result.
Consequently, the total contribution is

Cr, {(b3(K)bS (k")) + (ah (k)b5 (k') + af (k)bj (k) }

= 12000 [ 37 L LT a8 ™ i k)™ (ks k)~ (s, k) ()0

51,82,53

g k0 ) [ 3 L L,

$1,52,83

00’
+ lgq(s)s (k, k)& / Z L—:(slisf:;k} —;lsk’ qu—k 4y

51,852,583

5" (ky, —ks) gy ™

00 55 —5515253 —5'—s1—5y—53
12728 (k)5 / . PIOR AW P
R $1,52,53

x gy (ky, —ky) gy (ko —ky)
3

x g (K3, — k3)5(9123)5(1)23(k)1_[d”k,-. (70)
i=1

Finally, the term (b3(k)b*2(k’)) can exhibit a quadratic

secular drift in the case of the biresonance, where

{ SW = S]] + S, + 53003

S = s4w4 + Ssw5 + S¢06

(71)
This situation arises only for decomposition of the form

(kkl ) <agj2 (ka)agkz (kk2)>,

(72)

ag" (ky, )ay® (ki,)){ag" (k;,)ag”

where i;, j;, and k; (respectively, i,, j,, and k,) are
elements of {1,2,3} (respectively, {4,5,6}) pairwise
distinct. There are nine such decompositions that yield
the same result due to symmetry. Hence, the total con-
tribution of this term is given by

9(ap(k)ap(K)) F(k, s)F (K, s'). (73)

G. Kinetic equation at time T,

All the previous results can be summarized and sim-
plified using the symmetry properties of the interaction
term. In particular, we have

Lsssz

S857—587
K'k'k,—k> kakz—kz‘ (74)

Hence, we finally find the following expression for the
secular contributions:

Hd"
3

(k3. —k3) 8053 (k) A(Q3. T H

i=1

3
Q. T Hd"k

(75)

T2 (ko —ky) gy " (k3. —k3)8005 (k)
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Furthermore, we find that all the contributions in quadratic
secular drifts in 7y vanish:

Cra{ (b (K)D3 (K')) + {ap (k) by (k') +af (k) b3 (k) } =0.
(76)

So, the cumulants are well ordered, and the development is
consistent.

Before taking the limit 7; — 400, we introduce the
wave action as

(k) = g (k, —k). (77)

Next, we integrate Eq. (75) with respect to k’ and take the
limit 7y — +o0. Since the integrand decays sufficiently
quickly (thanks to the cumulant), we can interchange the
limit and the integral. This yields the following expression:

3
or,n' (k) = 12”/R3n Z L::(Sli,sf(sz3k3Li(_-sﬂl_—Sf;i3k3”S‘(kl)”s2<k2)ns3(k3)5(9(1)23)5(1)23(k)Hdnki
i1

8§1552,53

3
+ 187 (k) / S L Lo S () (k)00 (k)80 2) T [ 'k,
R37 - -

$1,82,853

i=1

3
1smr() [ LR L (e (ot (K)o(0) [ 'k

S1,82,83

i=1

Lok | Llikiok | Fookkk | Loiokkk
=12 LS—51—52—53 1X2K3 1KK2K3 2KK1K3 3KK Ky
”A“ mszz.:sg k_k]_kz_k3< n*(Kk) " n*(ky) n*(k,) ”S3<k3)>
3
x n*(K)n*t (k1) (Ky)n® (k3)8(92%,5)8%,5 (k) Hd"ki. (78)

The last equality has been computed by applying the
changes of variables k'’ = —k; and s} = —s; in the second
integral and by taking advantage of symmetries on the
resonant manifold. This last equation represents the kinetic
equation for four-wave interactions.

IV. THE CASE OF GRAVITATIONAL WAVES

We will apply the previous formalism to gravitational
waves when the Hadad-Zakharov metric is used. Therefore,
we will introduce the specific expression of the interaction
term Lyj°t" - derived earlier, into expression (78). This
will allow us to investigate the various instances of
resonance in greater detail. Using the definition of normal
variables in Eq. (8), it is clear that both wave action and
energy do not depend on s. Thus, we will simply write them

as n(k) and e(k) = wyn(k), respectively.

A. Resonance conditions

Equation (78) provides us with the interaction conditions
for a quartet of wave vectors (k,k;,k,,ks3). These con-
ditions are given by

{k:k1+k2+k3 79)

Sk = Slkl + S2k2 + S3k3 ’

i=1

We can identify four possible cases:
(1) All signs are the same:
§S=25] =5, = 53. (80a)

(ii)) Only one sign is different from the others; for
instance,
(80Db)

§ = —81 = 8§ = §3.

(iii) One sign is equal to s, and the other two signs are
different; for instance,

§ =8 = =85 = —s3. (80c¢)
(iv) All free signs are different from s:
§=—85 = —5, = —53. (80d)

1. 4 <& 0 interactions

The 4 < 0 interactions are described by the case of
Eq. (80d). They are quickly ruled out. Indeed, in this
situation, the sum of the norms of the wave vectors is zero,
so all the wave vectors are zero. In particular k, which,

given that L/ 2"l ~= 0, implies that the contribution of

this interaction vanishes.
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k
ki ko ks
k
_ 1(1
k3 ko

FIG. 1. Diagram of the interaction mode in the case of Eq. (80a)
(on top) and in the case of Eq. (80c) (on bottom).

2. 3 & 1 interactions

The 3 <> 1 interactions correspond to the cases
described by Egs. (80a) and (80c). In these scenarios,
the wave vectors must be aligned, and two situations are
possible as shown in Fig. 1. The wave vectors can then be
written as follows:

cos @ cos @
k = k . and ki = Siki . . (81)
sin @ sin @

This decomposition is introduced into the expression of
Ly 4k, to show, after a direct calculation, that it vanishes.
By leveraging the different symmetries of the interaction
coefficient, this result is also proven to be true when one
sign is equal to s and the other two are different.

3. 2 < 2 interactions

The 2 < 2 interactions are described by the case of the
Eq. (80b). It allows many more geometries in the inter-
action quartet because the wave vectors are not necessarily
aligned; thus, the wave vectors are not simply proportional
to each other. However, a change of variable in the
equation (78), k; — —k;, change the resonance condition
as the following:

FIG. 2. Schematic representation of the manifold upon 2 <> 2

interactions are possible. It is simply defined by the position of a
dot M (in red) located on an ellipse whose foci are F; and F,.

{k+k1:k2+k3 (52)

k+ky = ky + ks

Therefore, for a given pair of wave vector (k,k;), a
solution of (82) can be see as a point on an ellipse whose
focus is the extremities of k and k; (see Fig. 2).

With this representation, we note that in the limit of
nonlocal interactions originating from a small wave vector
(say k — 0), the ellipse necessarily tends to be flat with the
foci that tend to be close to the ellipse. In this limit, the
three other wave vectors tend to be aligned, a situation in
which the interaction coefficient vanishes.

B. Kinetic equation of gravitational waves

Equation (78) can be further simplified by using the
following additional symmetry, valid on the resonant
manifold (82) and verified numerically:

LSk, —is = Lide D, (83)

Finally, we obtain a classical form for the kinetic
equation, namely:

1

— —S5—5S5S
= 367e’ / Lo ok, |

(1 n 1 3 1 3
(k) n(k;) n(ky) n(ks)

)”(k)”(kl)”(kz) (k) 821 ()30 Hdz. (84)

We naturally use the definition 7, = €*f, and the interaction coefficient is given by

— ppi(kapsgs + k3pags)

—qq,(kyp2qs + k3 p3qs)

36”2|L—k ‘kﬂkzk3|2

P {kkl (k3p2qy + kap3qs)

dkkikoks (ky + k3)(P2 + P3)(q2 + q3)
kkz(klpth —k3p1q1) + pp2(kip3qy — k3piqs) + qqa(kipigs — k3psq,)
(ks = k1)(p3 = p1)(q3 — q1)
kk3(k1P2fZ2 —kypiq1) + pp3lkipagy —kapiqa) + qq3(kipigo — kzpzﬂh)}z' (85)
(ky =k )(p2 = P1)(q2 — q1)

083531-14



GRAVITATIONAL WAVE TURBULENCE: A MULTIPLE TIME ...

PHYS. REV. D 109, 083531 (2024)

The form of this interaction coefficient is not the same as
that derived by [19]. The reason is that in the Hamiltonian
derivation, an additional symmetry is introduced. However,
we have verified numerically that both expressions give the
same result when this additional symmetry is also intro-
duced in expression (85). As often observed (as with
capillary waves [52]), the expression of the interaction
coefficient obtained with the Eulerian derivation has a more
global symmetrical appearance. In the case of GW turbu-
lence, the difference with [19] is striking.

C. Exact solutions

Given that this problem only allows for 2 <> 2 inter-
actions, the conservation of wave action and energy
becomes apparent in Eq. (84). Consequently, we can
formulate two conservation equations in the spectral
domain:

on(k) + ViE(k) = 0, (86a)

and,

d,e(k) + Vi II(k) =0, (86b)
where Z(k) and II(k) are, respectively, the wave action
flux and the energy flux. Under the assumption of isotropic
turbulence, we integrate angularly the previous equation,
and we find:

0N (k) + 0L (k) = 0 (87a)
and

0,E(k) + oe(k) =0, (87b)
where N(k) = [2% kn(k)d0 = 2zkn(K), E(k) = 2rke(k),

{(k) =2xkE(k) and e(k) = 2zkI1(k). Furthermore, we
use the isotropic assumption in order to determine the
isotropic kinetic equation by integrating Eq. (84) upon the
angles. We have

- kl _ k2 _ k3
6,N(k)—/(R+)3Ckklk2k3< (k) N(k;) N(k,) N(k3)>

N(k)N (ky)N (ky)N (k3)89; (w)dk dkdks, (88)

2n 2n 2n 2r
S—S558
Lo k2k3

x 53% )d9d9 d92d93 (89)

where

Chkyigky =

A subtler point to note here is that the integration in
Eq. (88) is constrained by Dirac’s delta function 85} (w) and
the definition of the isotropic coefficient in Eq. (89).

Therefore, it’s not just an integration over (R*)3, but
rather an integration over a more complex manifold. It’s
important to remember that for gravitational waves in our
unit system, @ = k, so 89(w) becomes 893 (k).

We look for scale-invariant solutions so that we assume
N(k) = Ak*, where A > 0 and x are two real constants. We
also introduce the dimensionless wavenumber &; = k;/k.
Equation (88) can thus be written as follows:

O,N(k) = A3k ! /(R+ . Cie 66, (616283)

( él —x _ gl—x _ %—x)
6(1+¢& - 52 — &3)déd&,dég;. (90)

Following [19], it is clear that if

x=0 or x=1, (91)
the integral vanishes. These solutions correspond to
thermodynamic equilibrium in which both the wave action
and energy fluxes are zero. Nonetheless, they are not the
only accessible solutions. We perform a Zakharov’s trans-
form in order to determine other solutions. We will
duplicate four times the integral in the right-hand side of
the equation (90), and we will perform the following
variable changes leaving one of them unchanged:

1 & f3>
TZa: s, — ([ =,2=.22); 92
% Guénbs) (51 aa) O
&1 g
TZb: &, — (=, =2 92b
Goai) — (222) om
&H & 1)
TZc: &, — =, =, —). 92
o b ts) (53 &8)
We finally have
A3
o,N(k) = Ik”“l(x), (93)
where
I(x) = /( gy G oS (L™ =87 = 57)
X (1 + 5]—3):—2 _ 4:53x—2 _ 5;3)(—2)
S(1 4 &) = & — &3)dé dE,déEs. (94)
Therefore, we find two other solutions:
x=-2/3 or x=-1. (95)

They have nonzero constant fluxes, which indicates the
occurrence of cascades. To determine the direction of the
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cascades, we need to use Egs. (87a) and (87b). For the case

x = —=2/3, the flux can be expressed as
A3
N (k) = -k (x) = —0,¢ (k) (96)
so that
A3 k3x+2
k) = ————1(x). 97
() = =5 1) 67)

Therefore, in this case, we have

A3
¢= _4/ Cie e, (£16263) 723
(R+)3

x(l+§?/3— 3/3— 2/3)ln<§2—f3>

x O(1 + & — & — &)dé dé,dés, (98)
which is negative as a numerical evaluation shows. This

indicates the presence of an inverse cascade. Similarly, for
the case x = —1, we have

A3
OE(K) = - k*21(x) = —oe(k). (99)
so that
A3 k3x+3
k) =————1I(x), 100
(k) = = G310 (100)

which, at x = —1, yields the energy flow

A3
&£ =——

n Ciee, (61686) (1 + 6 -5 - &)
®R")

X (=& Iné; +&1né, +&51nés)

X 8(1 4+ & — & — &)dg déydés, (101)
which is positive as shown by a numerical evaluation,
indicating a direct cascade.

In conclusion, the equations of the system (7a)—(7d) give
rise to two cascades with respective Kolmogorov-Zakharov
spectra of the form:

N(k) o< (=)' 2k

and N(k) x '3k~ (102)

V. CONCLUSION

Wave turbulence is a successful analytical theory with
many applications [33,34]. Our main objective was to use
the multiple timescale method originally proposed by
Benney and Newell [21] to derive an integro-differential
equation, known as the kinetic equation, for quartic gravity

(surface) wave interactions. Unlike the seminal paper, our
derivation is very general and assumes only a few sym-
metries for the interaction coefficient. Consequently, our
result can be applied to any problem where nonlinearities
are cubic and turbulence statistically homogeneous.

A key aspect of this approach is to identify secular drifts
arising from the different decompositions of spectral
cumulants. It is these drifts that enable us to establish
consistent long-term dynamics and derive the wave kinetic
equation. In practice, this requires the evaluation of
oscillating integrals via generalized functions theory. We
have shown that a natural closure is obtained because
problematic terms such as sixth-order cumulants are not
secular. Therefore, in the long time limit (which also means
€ — 0), these contributions become asymptotically small at
main order. Note that this conclusion does not exclude the
possibility of sixth-order cumulants contributing to higher
orders in the development. Furthermore, we have shown
that quartic wave turbulence retains a memory up to time 75
in the sense that the evolution of the fourth-order cumulant
at zero order depends on the initial condition, so that if it is
initially zero, it reaches time 75 without evolving. This
property can even be generalized to higher order.

By applying the multiple timescale method to gravita-
tional waves, we have obtained the kinetic equation that
describes the temporal evolution of a set of waves of weak
amplitude. The dynamics of gravitational waves is slow,
involving a typical timescale proportional to 7y /€*, where
7gw ~ 1/w is a linear time, and € is a small parameter
measuring the amplitude of gravitational waves. The
kinetic equation asymptotically describes the transfer of
wave action and energy through Fourier modes. Exact
stationary solutions for isotropic turbulence can be obtained
using the Zakharov transformation. These solutions are
called Kolmogorov-Zakharov spectra. For gravitational
wave turbulence, they correspond to a direct cascade of
energy and an inverse cascade of wave action. As far as we
know, these are the first exact solutions of general relativity
of a statistical nature.

Our study was initially based on an Eulerian derivation
of the wave amplitude equation. This makes a difference
with the first study based on a Hamiltonian derivation [19].
The kinetic equations obtained are slightly different in their
expression, yet retain the same degree of homogeneity.
Consequently, the exact solutions are the same, as is the
direction of the cascades. The difference is understood as
the consequence of an additional symmetry introduced in
the Hamiltonian derivation. Both approaches are therefore
fully compatible.

Direct numerical proof of the existence of a dual cascade
in gravitational wave turbulence has recently been
obtained [49]. For the future, it is important to continue
this numerical study in order to verify the power law indices
and to measure, if possible, the acceleration of the inverse
cascade [47]. Another topic concerns intermittency. In the
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language of turbulence, this means, on the one hand, checking how far wave amplitudes are from a Gaussian distribution (a
small difference is expected) and, on the other, measuring structure functions. The latter involves measuring the difference
between a field taken at two positions separated by a distance L, all at a given power, and observing the dependence of these
functions on L. Power laws are expected. These basic fields could be the components of the spacetime metric.
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APPENDIX A: EXPRESSION OF THE SIX-POINT CUMULANTS

Assuming the means field is equal to zero, the sixth-order moment can be decomposed on the spectral cumulants
according to

< (kl) (kz)a( ) (k4) (ks)a( 6))

= gy (k) g5 (k)g3’ (k) + gqo° (K)qp° (K)ga® (k) + g5” (k) q5° (k) g5’ (k) + g5° (k) g5 (k) g5° (k)
+ g5’ (k)5 (k) g (k) + q4° (k) q5° (k )qgs(k)+qO (k)gg’ (k)gp° (k) + g4* (k) g5° (k) g5° (k)
+qo( )aa’ (k) gy’ (k) + g4° (k) q5° (k) q5° (k) + g5 (k) g5 (k) ga® (k) + g4’ (k) g5° (k) g5* (k)
40’ (k) g’ (k) 45(k) a0’ (K)qg* (k)gp’ (k) + ¢0°(k)q5° (k) g5 (k)
90" (k) g (k) + ( )45 (k) + g4” (k) 346(k)+61 (k) g5 (k) + g5 (k) g5 (k)
a0 (k) g5 6(k)+6106(k) 5" (k) + g5 (k) g5 (k) + ¢5* (k) g5 (k) + ¢5°° (k) g5™* (k)
+ qp”(k)q5™° (k) + gp° (k) g5 (k) + g5* (k) g57>° (k) + g¢° (k) g5 (k) + ¢o° (k)¢5 (k)
+ a5 (k)q™° (k) + g5* (k) g™ (k) + g5’ (k) q** (k) + ¢3° (k)g 345(k)+q(3)4(k)q(1)256(k)
+ a5’ (k)qp™* (k) + q3° (k) g™ (k) + g5° (k) g™ (k) + ¢p° (k) g™ (k) + ¢3° (k) g™ (k)
+ g5 (k). (A1)

where qmz i, (k):C](S)ilsamsn(ki]7ki21---’ki,>5(z;=1kij)-

APPENDIX B: RIEMANN-LEBESGUE’S LEMMA FOR DISTRIBUTIONS

We define for (x,) ER x RT, A(x, 1) = [l e™dl = ;—1. In terms of generalized function, A(-, ¢) has the following
asymptotic behavior:

75(:) +iP(), if x #0;
A("Z)z:oo{ : it x—0. (B1)

Proof. Let ¢:x > ¢(x) be a test function of C®(R); this mean that ¢ is infinitely continuously differentiable with a
compact support. Thus, we define M €R such that

Vx| =M, p(x) =0. (B2)

We also have

= A Smbfu)co<;>du+i A +°°1_°§S(”) (p(x) - p(—x))dx
= A Sinu(u)rpG)dquiP{ A @dx} i /) +m&f€t)[§0(x)—(p(—x)]dx. (B3)

Concerning the real part, it is clear that
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sin(u) [(u sin(u)
VxeR, - —>¢(0), B4
ver MMy (4) W0, (5
and
- 0, if x| > M,
vxer, S0 (1)) (BS)
u t mu%x|(p|, else,

which is integrable. Thus, according to the dominated
convergence theorem, the real part converges to

o0 [ S0 4y — 2(0).

u

(B6)

Concerning the imaginary part, we may apply the

Am cos(vt) [p(v) — p(—v)]dv — 0. (B7)

v t—-+o0

By gathering all these elements, we have

(A(1).9) — mp(0) + iP{A@dv}. (B8)

t—+00

Furthermore, it is straightforward to see that if x =0,
Ax, 1) =t =

APPENDIX C: CONSEQUENCES OF THE
LEMMA: OTHER ASYMPTOTIC PROPERTIES

We now deﬁne for (x,y,1)€R*x R*, E(x,y.t) =

Riemann-Lebesgue’s theorem for functions since JEA(x =y, 7 Ye’dr. In terms of distribution, E(-,-,1)
V> w is integrable upon R*. Hence, has the followmg asymptotic behavior:
(78(x) + iP(L)] [#6(y) + iP(})], if x#0, y#0 and x#y;
[76(x) +iP()] [t —i 2. if x#0 and y=0;
E(x7 y’ ) . 1 0 ’ . (Cl)
1=+0c0 z[n’é(x) + 177(;)] o if x=y#0;
g, if x=y=0.

Proof. Let ¢:(x,y) = ¢(x,y) be a test function of C*(R?,

R).

(i) We first assume that both x and y are not constrained to vanish and are not constrained to be equal. We have

A(y, 1)

(E(1), ) = AZM;ZQJ

i(x=y)

:AA(x, z)P{Ai‘éx_’yy))dy}dx—AA(y, t)P{AM,

Thus, when taking the limit # — +oc0, we obtain

(E(1).0) — mP{A@

—+o00

] [ 220,

Hence, when using the Poincaré—Bertrand lemma, we have

aTRRTA T SR

This result allows us to write

UL et

(EC.-,1).0) — = 29(0,0) +P{Ay%;y)dxdy} +i7r’P{A(p((;’y)dy} —I—iﬂP{A@dx}.

(x,y)dxdy
(égx_,);)) dx } dy. (C2)
oo [r{ [ £ oo
} {A@ip{égx%dx} } (C3)
0.0+ 7{ [ #5200y} o
(©s)
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Finally, if x # 0, y # 0 and x # y, we have

R [ms(x) +ip (i)] [ﬂé(y) +ip G)] .
(Co)

(i) Now, we assume that only y is constrained to be
equal to zero. In this case, we have

(E(0.1). g) = / LIl LR

R (ix)2
_ 1 ixt d(0 H ixt
—A x[e = (x) + itp(x)e ]
lde

+ 22 (x) — L)

_ A Alx, 1) <t—idgx>(p(x)dx. (7)

Thus, when taking the limit + - +oco0, we find the
asymptotic behavior

E(-,0, t)H—+>00 {né(x) +iP G)] <t - z%) . (C8)

(iii) When y is equal to x, we may notice that

E(x,x,t) = tA(x,t) — E(x,0,1). (C9)

Thus, the asymptotic behavior is given by

E(r.x.0) — i [7[5(36) +ip Gﬂ %

(iv) Last, but not least, it is clear that if x =y =0, we

have E(-,-,t) = 1*/2. m

In terms of generalized function, A(x, £)A(—x, t) has the
following asymptotic behavior:

(C10)

d

1
A(x, I)A(—x, l)t:wzﬂfé()(f) +2P<x> & (Cll)
Proof. We may notice that
A(x,t)A(=x, 1) = E(x,0,1) + E(—x,0,1). (C12)

Yet, we have

E(-x.0.1) — [ﬂé(x) _ip G)] (r + i%). (13)

Hence, the asymptotic behavior is given by

A(x, 1)A(—x, t)t_iioZﬂté(x) +2P (%) % (C14)
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