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We develop a relativistic framework to investigate the evolution of cosmological structures from the
initial density perturbations to the highly nonlinear regime. Our approach involves proposing a procedure
to match “best-fit,” exact Bianchi IX (BIX) spacetimes to finite regions within the perturbed Friedmann-
Lemaître-Robertson-Walker universe, characterized by a positive averaged spatial curvature. This method
enables us to approximately track the nonlinear evolution of the initial perturbation using an exact solution.
Unlike standard perturbation theory and exact solutions with a high degree of symmetry (such as spherical
symmetry), our approach is applicable to generic initial data, with the only requirement being positive
spatial curvature. By employing the BIX symmetries, we can systematically incorporate the approximate
effects of shear and curvature into the process of collapse. Our approach addresses the limitations of both
standard perturbation theory and highly symmetric exact solutions, providing valuable insights into the
nonlinear evolution of cosmological structures.
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I. INTRODUCTION

Relativistic modeling of the large scale structures poses
seriousmathematical difficulties rooted in the nonlinearity of
Einstein’s field equations. In fact, a limited number of exact
solutions with a very often high degree of symmetries forces
one to search for approximation methods. Cosmological
perturbation theory is one of the most successful examples.
However, it suffers from two main drawbacks: (a) As any
perturbation theory, it operates on the assumption of small-
ness of a certain parameter (or set of parameters) and thus, by
definition, has a limited range of validity. (b) Amajor, though
often overlooked, conundrum with cosmological perturba-
tion theory concerns the notion of background in the general
relativity theory or, more specifically, the lack of unambigu-
ous recipe on how such background should be constructed
from a generic spacetime. The latter, known as the “fitting
problem” [1], laid ground to the idea of averaging Einstein’s
equations (see, e.g., [2,3] for a relativistic scalar averaging
approach).
As in other theories dealing with vastly complicated

systems, one may alternatively perform some form of
averaging or coarse graining to reduce the number of degrees
of freedom and make the behavior of the system tractable in
some approximate sense. The problem of averaging in
cosmology has a long history. Two main issues become
immediately apparent when the spatial averaging of
Einstein’s equations is attempted: (a) the notion of spatial

integration depends on the chosen foliation of spacetime;
(b) there is no useful definition of an average of a tensor. In an
ideal situation, onewould average an inhomogeneous metric
together with the associated stress-energy tensor and relate
them by modified Einstein’s equations with terms that
account for the backreaction. In the cosmological context,
such an averaged metric would necessarily be spatially
homogeneous and probably, on the largest scales, would
correspond to the Friedmann-Lemaître-Robertson-Walker
(FLRW) metric.
While there is no meaningful notion of the average of a

tensor, a wide class of spatially homogeneous metrics that
admit a three-parameter isometry group are well known and
classified into the so-called Bianchi types [4,5]. One could
hypothesize that there exist best-fit Bianchi metrics to most
of the possible inhomogeneous metrics within a finite region
of the Cauchy surface. This idea was suggested in [6,7],
where the authors introduced amethod to determine the best-
fit three-metric using a variational approach.
In our work we propose a new method to go beyond the

regime of validity of cosmological perturbation theory to
the nonlinear regime by assigning an exact solution of
Einstein’s equations to a finite domain within a perturbed
FLRW universe. We conjecture that a suitably fitted
Bianchi IX (BIX) metric can track the evolution of the
initial overdensity. Our choice of the model is guided by the
fact that, in the comoving, synchronous coordinate system,
a positive spatial curvature is required for the initially
expanding domain to change the sign of the scalar
expansion and start collapsing, thus making the BIX a
natural candidate to emulate this process. Indeed, looking at
the Hamiltonian constraint (for a dust model with G ¼ 1

16π),
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1

3
θ2 ¼ 1

2
ρþ σ2 −

1

2
R;

where θ is the expansion scalar, ρ is the energy density, and
σ2 is the shear rate, we immediately see that the necessary
condition for the turnaround (θ ¼ 0) requires a positive
spatial curvature R > 0. Our selection of domains to be
modeled by the BIX spacetimes is confined to those with a
positive averaged scalar curvature (that is not necessarily
locally positive), as it was shown with the use of the scalar
averaging techniques to be a necessary condition for the
collapse [8]. Once the domain satisfies our condition, we
introduce a triad on it with the structure constants of the
BIX metric and express the perturbed, spatial FLRWmetric
and the second fundamental form in relation to this triad.
We calculate the volume-weighted averages of the first
and second fundamental forms, and by requiring all non-
diagonal components to vanish (which is always achievable
on the fixed hypersurface), we determine the corresponding
best-fit BIX metric. This approach associates the BIX
spacetime with the initially perturbed FLRW within the
finite domain, allowing us to approximate the domain’s
evolution with the fully nonlinear BIX solution. It is worth
noting that, while BIX has been previously suggested as a
collapse model (see, e.g., [9]), this work represents the first
systematic approach to the problem, involving procedures
applicable to generic cosmological initial conditions.
The paper is organized as follows. We review the basic

properties of BIX spacetimes in Sec. II. Section III is
dedicated to the discussion of Hamiltonian cosmological
perturbation theory and the gauge-fixing procedure. We
perform the best-fit procedure in Sec. IV to the perturbed
dust-filled FLRWinitial conditions. Numerical examples are
presented in Sec. IV C. We summarize our results in Sec. V.

II. BIANCHI IX SPACETIMES

The diagonal Bianchi metric expressed in the Misner
variables reads [10,11]

ds2 ¼ −N2dt2 þ e2β0ðe2βþþ2
ffiffi
3

p
β−ω2

1

þ e2βþ−2
ffiffi
3

p
β−ω2

2 þ e−4βþω2
3Þ; ð1Þ

where the lapse function N and the variables β0 and β� are
functions of time. The Cartan forms ωa satisfy the Maurer-
Cartan equation,

dωa ¼ 1

2
Ca

bcω
b ∧ ωc;

where Ca
bc are the structure constants of a given homo-

geneity group of the spatial leaves. The Hamiltonian
constraint of the Bianchi class A models filled with a
perfect fluid (with a barotropic index w) takes the following
form (G ¼ 1

16π) [12]:

Htot ¼ Hg þHf

¼ NV0e−3β0

24
ð−p2

0 þ p2þ þ p2
−

þ24e4β0Vðβ�Þ þ 24e3ð1−wÞβ0pTÞ; ð2Þ
where p0, p� are the momenta conjugate, respectively,
to β0, β� with fβ0; p0g ¼ V−1

0 ¼ fβ�; p�g and all the
remaining brackets vanishing. We specify the model to be
of type IX and set the structure constants,

Ca
bc ¼ nϵabc;

where ϵabc is a totally antisymmetric symbol with ϵ123 ¼ 1,
and n > 0 shall be conveniently fixed below. This implies
Vðβ�Þ ≔ VIXðβ�Þ, where

VIXðβ�Þ ¼
n2

2
e4βþð½2 coshð2

ffiffiffi
3

p
β−Þ − e−6βþ�2 − 4Þ

≔ WIXðβ�Þ −
3n2

2
; ð3Þ

whereWIXð0Þ ¼ 0 (see Fig. 1). The underlying topology of
the spatial sections of the BIX is given by a three-sphere
with the volume V0 ¼

R
S3 ω1 ∧ ω2 ∧ ω3 ¼ 16π2

n3 for β0 ¼ 0.
We set the cosmic fluid to be dust with w ¼ 0. Choosing
cosmological time with N ¼ 1, we obtain the Hamilton
equations,

β̇0 ¼ −
e−3β0

12
p0;

ṗ0 ¼
e−3β0

8
ð−p2

0 þ p2þ þ p2
− − 8e4β0VIXÞ;

β̇� ¼ e−3β0

12
p�; ṗ� ¼ −eβ0∂�VIX: ð4Þ

FIG. 1. The anisotropy potential VIXðβ�Þ of the Bianchi type IX
model.
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The dynamics of the isotropic and anisotropic variables are
coupled and have to be solved simultaneously. The dynam-
ics toward smaller volumes becomes famously dominated
by an oscillatory and chaotic behavior of anisotropy and is
described by a sequence of the Bianchi type I solutions
joined by the Bianchi type II transitions [13,14]. On the
other hand, for large volumes, the influence of shear and
anisotropy on the dynamics of the Bianchi IX geometry is
usually suppressed and the latter has to be investigated on a
case-by-case basis. Most importantly, the dust model under-
goes a recollapse for any initially expanding configuration.

A. Isotropic collapse

In the isotropic limit with β� ¼ 0 ¼ p� and VIX ¼ − 3n2

2
,

the closed Friedmannmodel with the Hamiltonian constraint
(2) in the more familiar form is retrieved,

H2 ¼ −
1

6
Riso þ

1

6
ρM;

where the Hubble parameter H ¼ β̇0, the curvature Riso ¼
3n2

2e2β0
, and the dust energy density ρM ¼ pTe−3β0. Upon

integrating the Friedmann constraint,

n
4
e−β0dt ¼ d

 
arcsin

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3n2eβ0

2pT

s !
;

and introducing the auxiliary parameter χ such that dχ ¼
n
2
e−β0dt, the following parametric solution is obtained:

eβ0ðχÞ ¼ pT

3n2
ð1 − cos χÞ; tðχÞ ¼ 2pT

3n3
ðχ − sin χÞ;

which when expanded in χ to lowest orders yields the
following approximation:

eβ0ðtÞ ≃ pT

6

�
9

pT
t

�
2=3
�
1þ n2

20

�
9

pT
t

�
2=3
�
: ð5Þ

This equation describes the dynamics of the closed
Friedmann universe as a linear perturbation to the flat
Friedmann universe. The latter is obtained for n2 → 0 with
eβ0ðtÞ ¼ pT

6
ð 9
pT
tÞ2=3. The above expansion, nowviewed as an

expansion in the intrinsic curvature∝ n2, can serve to match
the perturbed flat Friedmann universe with a homogeneous
and positive curvature perturbation to the closed Friedmann
universe that undergoes a recollapse. The closed Friedmann
model describes the evolution of collapsing masses in
Newtonian gravity, where it is known as the top-hat model.

B. Anisotropic collapse

The complete Hamiltonian constraint (2) recast into the
Friedmann-like form reads

H2 ¼ 1

3
σ2 −

1

6
Rani −

1

6
Riso þ

1

6
ρM;

whereH ¼ β̇0 is the Hubble parameter, σ2 ¼ 3ðβ̇2þ þ β̇2−Þ is
the shear, Rani ¼ −e−2β0WIXðβ�Þ is the anisotropic part of
the intrinsic curvature, Riso ¼ 3n2

2e2β0
is the isotropic curva-

ture, and ρM ¼ pTe−3β0 is the dust energy density.
Upon expanding the full Bianchi IX Hamiltonian con-

straint to first order around the flat Friedmann model, we
find

−2HδH −
1

6
δRiso þ

1

6
δρM ¼ 0;

that is, a completely isotropic expression as the linearized
shear squared σδσ vanishes and the linearized intrinsic
anisotropic curvature δRani vanishes too. The latter happens
because

WIXðβ�Þ ¼
n2

2
e4βþð½2 coshð2

ffiffiffi
3

p
β−Þ − e−6βþ�2 − 4Þ þ 3n2

2

≈ 12n2ðβ2þ þ β2−Þ þ…; ð6Þ

the anisotropic curvature is at least second order with
respect to β� and first order with respect to n2, making it
third order. Hence, the anisotropy and shear variables β�
and p� do not contribute to the constraint equation. Unlike
δRiso, δH, and δρM, they have to be determined from a
suitable junction condition (note that δRiso ¼ 3n2

2e2β0
, where

n2 is a first-order perturbation, is fixed by the free choice of
n2, whereas δH and δρM are related by the constraint).
As we rewrite the Bianchi IX three-geometry as a

perturbation to the flat Friedmann three-geometry, we find

δq̃11 ¼ e2β0ð2δβ0 þ 2δβþ þ 2
ffiffiffi
3

p
δβ−Þ;

δq̃22 ¼ e2β0ð2δβ0 þ 2δβþ − 2
ffiffiffi
3

p
δβ−Þ;

δq̃33 ¼ e2β0ð2δβ0 − 4δβþÞ;

δπ̃11 ¼ −
1

3
e−2β0p0ðδβ0 þ δβþ þ

ffiffiffi
3

p
δβ−Þ

þ 1

6
e−2β0

�
δp0 þ

1

2
δpþ þ

ffiffiffi
3

p

2
δp−

�
;

δπ̃22 ¼ −
1

3
e−2β0p0ðδβ0 þ δβþ −

ffiffiffi
3

p
δβ−Þ

þ 1

6
e−2β0

�
δp0 þ

1

2
δpþ −

ffiffiffi
3

p

2
δp−

�
;

δπ̃33 ¼ −
1

3
e−2β0p0ðδβ0 − 2δβþÞ

þ 1

6
e−2β0ðδp0 − δpþÞ; ð7Þ
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where all the three-metric and three-momentum compo-
nents are homogeneous. The tildes in δq̃ab and δπ̃ab

indicate that the respective components are given in the
invariant basis of 1-forms and dual vectors. Unlike in the
isotropic case, the full set of perturbation variables includes
ðδβ�; δp�Þ beside the isotropic ðδβ0; δp0Þ. They will be
inferred from the domain-averaged generic perturbations to
the flat Friedmann universe on a suitable hypersurface. To
this end, we will express generic metric and expansion
perturbations to the flat Friedmann universe in the Bianchi
IX–invariant basis.

III. HAMILTONIAN APPROACH TO
COSMOLOGICAL PERTURBATIONS

We expand the Arnowitt-Deser-Misner (ADM)
Hamiltonian for gravity and cosmic dust around the flat
Friedmann model up to second order,

HADM ≃ NHð0Þ þ
Z
Σ
d3xðNHð2Þ þ δNμδHμÞ; ð8Þ

where the gravitational variables are split into the back-
ground and perturbation parts: qij ¼ a2δij þ δqij and πij ¼
1
3
pδij þ δπij (with p ¼ −6ȧ), and analogously the dust

variables are replaced with ϕ→ϕþδϕ and πϕ→πϕþδπϕ.

Hð0Þ ¼ − ap2

6
þ πϕ is the background Hamiltonian, with the

background variables satisfying fa2; pg ¼ 1 ¼ fϕ; πϕg. N
is the background lapse function, δN0 and δNi are the
perturbations of the lapse function and the shift vector,
respectively. The second-order Hamiltonian Hð2Þ and the
linear constraints δHμ are functions of the canonical pertur-
bation variables δqab, δπab, δϕ, and δπϕ, as well as the
background quantities a, p, and πϕ, and are given in
Appendix A. The Hamiltonian Hð0Þ generates the dynamics
in the background spacetime, the Hamiltonian NHð2Þ þ
δNμδHμ generates the dynamics of the perturbation varia-
bles, and the linearized constraints δHμ constrain the
perturbations to physically admissible states.
In the following we switch to the momentum represen-

tation for any perturbation variable δX:

δX̌ðk⃗Þ ¼
Z
Σ
δXðx⃗Þe−ix⃗ k⃗d3x; ð9Þ

where the reality conditions δX̌ð−k⃗Þ ¼ δX̌ðk⃗Þ are assumed.
The usual approach splits the perturbations into scalar,
vector, and tensor modes by introducing two vectors, v⃗ and
w⃗, orthogonal to each other and to k⃗, whose magnitude in
the fiducial metric δab reads

jv⃗j ¼ jw⃗j ¼ jk⃗j−1: ð10Þ

We assume that such frames are symmetric with respect to
the reflection about the origin; that is, when k⃗ → −k⃗, then
v⃗ → −v⃗ and w⃗ → −w⃗. We define

δq̌ab ¼ δq̌mAm
ab; δπ̌ab ¼ δπ̌mAab

m ; ð11Þ

where A1
ab≔δab, A2

ab≔
kakb
k2 −1

3
δab, A3

ab≔
1ffiffi
2

p ðkavbþkbvaÞ,
A4
ab ≔ 1ffiffi

2
p ðkawb þ kbwaÞ, A5

ab ≔
k2ffiffi
2

p ðvawb þ vbwaÞ, and

A6
ab ≔

k2ffiffi
2

p ðvavb − wawbÞ. The matrices Aab
m form the dual

basis, i.e., Aab
m An

ab ¼ δnm. The new variables describe,
respectively, scalar (δq̌1 and δq̌2), vector (δq̌3 and δq̌4),
and tensor (δq̌5 and δq̌6) modes of the metric perturbation.
From now on, we confine our analysis to the scalar modes;
that is, we put δq̌j ¼ 0 ¼ δπ̌j for j ¼ 3, 4, 5, 6. As a result,
the Hamiltonian (8) gets simplified and, in particular, only
two out of the four linear constraints remain nontrivial.
As verified in Appendix B, the ADM and the dust

perturbation variables can be replaced with another set of
dynamical variables via a canonical transformation [15],

ðδq̌1; δq̌2; δπ̌1;δπ̌2; δϕ̌; δπ̌ϕÞ
↓

ðΨ;ΠΨ; δH0;δHk⃗; δC0; δCk⃗Þ; ð12Þ

where the new canonical pairs ðΨ;ΠΨÞ, ðδH0; δC0Þ, and
ðδHk⃗; δCk⃗Þ are, respectively, a pair of gauge-invariant
variables (the so-called Dirac observables) and two pairs
each made of a constraint and a conjugate variable that
serve as a gauge-fixing function. The gauge-invariant
variables are the only dynamical part of cosmological
perturbations, but have no unambiguous physical meaning.
In order to reconstruct the physical spacetime, we need to
introduce a coordinate system by assuming gauge-fixing

conditions δC0 ¼ 0 and δCk⃗ ¼ 0. The former fixes the
foliation, whereas the latter introduces a threading in the
perturbed spacetime. This is illustrated in Fig. 2.
In order to reconstruct the spacetime geometry, we invert

the mapping (12) for δH0 ¼ 0, δHk⃗ ¼ 0, δC0 ¼ 0, and

δCk⃗ ¼ 0. As a result, we obtain the ADM and the dust
perturbation variables as functions of the gauge-invariant
variables Ψ and ΠΨ,

δqab ¼ δqabðΨ;ΠΨÞ; δπab ¼ δπabðΨ;ΠΨÞ:

(For more details, see [15].) Furthermore, the lapse and

shift perturbations, δN0 and δNk⃗, are reconstructed from the
stability condition for the gauge-fixing functions,
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δĊ0 ¼ 0; δĊk⃗ ¼ 0: ð13Þ

Making use of the gauge-fixing conditions δC0 ¼ 0

and δCk⃗ ¼ 0 and the linear constraints, we reduce the
Hamiltonian (8) by reducing the number of dynamical
variables to two. Then these two variables are transformed
into a canonical pair ðΨ;ΠΨÞ, where Ψ is the Bardeen
potential, a convenient and popular gauge-invariant per-
turbation variable. The reduced Hamiltonian that generates
the dynamics of the Bardeen potential and its conjugate
momentum is found to read

Hphys ¼
Np2

192a3k2
Π2

Ψ; ð14Þ

where fixing N ¼ a yields the conformal time
Hamiltonian. One may verify that this Hamiltonian yields
the well-known dynamics of the Bardeen potential in the
matter-dominated era, Ψ;ηη þ 6

ηΨ;η ¼ 0.

A. Gauge transformations

It is obvious that the canonical transformation (12) is not
unique. In particular, depending on the problem on hand,
different sets of gauge-fixing functions δC0 and δCk⃗ may be
most useful. It can be shown that up to weakly vanishing
terms any two sets of gauge-fixing functions differ by a
combination of gauge-invariant variables; thus, in our case,

δC̃0 ≈ δC0 þ α0ΠΨ þ β0Ψ; δC̃k ≈ δCk þ αkΠΨ þ βkΨ;

where ðα0; β0; αk; βkÞ are arbitrary background functions.
The choice of the origin ðδC0; δCkÞ is also arbitrary. The
above formula produces the complete space of gauge-fixing
functions [15].
We emphasize that the lapse and shift perturbations are

implied by the gauge-fixing conditions. Following the
theory developed in [15], the lapse and shift perturbations

are changed upon the above gauge transformation by an
amount that depends solely on the coefficients α and β,
and the reduced Hamiltonian (14), but not the full
Hamiltonian (8).

B. Matching hypersurface

Our goal is to sew at a fixed constant-time hypersurface a
suitable spatial average of an inhomogeneous universewith a
homogeneous Bianchi IX model. The geometry of the latter
is given in a fixed reference system: (i) the flow of the fluid is
orthogonal to the three-surfaces and (ii) it drags irrotationally
a spatial basis from one three-surface to the next one. To
avoid any abrupt change of the velocity of the fluid at the
matching hypersurface, we fix such a gauge condition for the
perturbed FLRW, in which the fluid’s flow is orthogonal.
Thus, we impose on cosmological perturbations

δϕ ¼ 0; ð15Þ

which foliates the spacetime with suitable (i.e., “fluid-
orthogonal”) three-surfaces. Note that this foliation is
mathematically globally valid, though physically limited
to the regime of the applicability of perturbation theory.
This is our first gauge-fixing condition.
We shall complete the gauge-fixing procedure by setting

a coordinate system on each of the above three-surfaces. In
what follows we assume that at the perturbation level our
coordinates are free of singularities such as shell crossings
that could, in principle, spoil our results. In the nonlinear
regime, for describing finite domains of the universe we
employ the spatially homogeneous metric of the BIX
model in which shell crossings are absent.

C. Basis in the matching hypersurface

So far we have discussed the foliation of an inhomo-
geneous spacetime, which is compatible with the natural
foliation of the Bianchi IX model. This corresponds to the
first gauge-fixing condition δC0 ¼ 0. We have not yet
specified the spatial basis in which the three-metric and
the three-momentum components should be fitted on the
matching hypersurface.
The spatial geometry of the Bianchi IX model is

expressed in nonholonomic basis made of 1-forms ωa

(and the dual vector ea) such that

dωa ¼ n
2
ϵabcω

b ∧ ωc; ð16Þ

where ϵabc is the total antisymmetric tensor with ϵ123 ¼ 1.
Such 1-forms obviously exist independent of the metric and
could be similarly constructed on the matching hypersur-
face of the perturbed flat Friedmann universe. Making use
of these 1-forms for the perturbed universe is necessary
since the best-fit three-metric and three-momentummust be
diagonal in this particular basis under the condition that the

FIG. 2. The gauge-fixing conditions δC0 ¼ 0 and δCk⃗ ¼ 0 fix,
respectively, the time coordinate and the spatial coordinates in the
perturbed spacetime model.
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averaged region is positively curved. The 1-forms a priori
can be defined only up to global SOð2Þ transformations.
However, as we shall see below, once the perturbations are
specified, the 1-forms in our construction become fully
specified too.
Let us consider the Bianchi IX 1-forms on the matching

hypersurface. We introduce the transformation matrix
SaiðyÞ such that

ωa ¼ SaiðyÞdyi; ð17Þ

where yi for i ¼ 1, 2, 3 form a coordinates chart on
the Bianchi IX hypersurface S3 in the neighborhood of
the pole (0,0,0) and confined to the region with ζ2 ≔
n−2 −

P
iðyiÞ2 > 0. We set

ω1 ¼ 2n

�
−
ðy1Þ2 þ ζ2

ζ
dy1 −

�
y3 þ y2y1

ζ

�
dy2 þ

�
y2 −

y3y1

ζ

�
dy3
�
;

ω2 ¼ 2n

��
y3 −

y2y1

ζ

�
dy1 −

ðy2Þ2 þ ζ2

ζ
dy2 −

�
y1 þ y2y3

ζ

�
dy3
�
;

ω3 ¼ 2n

�
−
�
y2 þ y3y1

ζ

�
dy1 þ

�
y1 −

y2y3

ζ

�
dy2 −

ðy3Þ2 þ ζ2

ζ
dy3
�
: ð18Þ

We shall now use these Bianchi IX 1-forms induced on
the matching hypersurface to restate the perturbed three-
metric and three-momentum in the new basis, namely,

q̃abðx; yÞ ¼ S−1ia ðyÞS−1jb ðyÞqijðxÞ;
π̃abðx; yÞ ¼ SaiðyÞSbjðyÞπijðxÞ: ð19Þ

Next, we identify the Bianchi IX coordinate system fyig
with the spatial coordinate system of the FRW model fxig
as they both are defined on the same hypersurface. The
matching is geometrically consistent only if the Bianchi IX
spatial curvature and the averaged spatial curvature of a
given domain D within the perturbed Friedmann universe
are equal; that is,

3n2
D

2e2β0
¼ hδRiD; ð20Þ

where h…iD denotes an average over D, defined in
Eq. (28). The curvature parameter n2

D is specific to the
particular domain as emphasized by the notation. Note that
VD ¼ 16π2

n3
D
corresponds to the entire volume of the Bianchi

IX model and not to the volume of the matched domain D,
which must be much smaller. Upon these identifications,
the formula (19) becomes

q̃abðxÞ ¼ S−1ia ðxÞS−1jb ðxÞqijðxÞ;
π̃abðxÞ ¼ SaiðxÞSbjðxÞπijðxÞ; ð21Þ

where the comoving coordinates fxig are set in the usual
way as the distances in megaparsecs comoving.
Given that n−2

D −
P

iðyiÞ2 > 0, and hence n−2
D −P

iðxiÞ2 > 0, we expand the forms ωa and their duals ea
in the coordinates fxig around the pole (0,0,0),

ωa ≃ −2dxa þ 2ϵabcðxbnDÞdxc þ ðx⃗nDÞ2dxa
− 2ðxanDÞðxbnDÞδbcdxc;

ea ≃ −
1

2
∂xa −

1

2
ϵcbaðxbnDÞ∂xc þ

1

4
ðx⃗nDÞ2∂xa ; ð22Þ

omitting all higher-order terms in xnD. The latter is
justified, as the typical amplitude of curvature perturbations
on the comoving hypersurfaces 4a2

k2D
hδRiD ≈

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
PRðkDÞ

p
≈ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2.1 × 10−9
p

implies that the comoving size of the

domain k−1D ≈
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

PRðkDÞ
p

24

q
n−1
D is much smaller than the

respective radius of the three-sphere of the Bianchi IX
model. Thus, the invariant 1-forms and vectors (22) are
valid approximations on these domains. Figure 3 depicts

FIG. 3. The three Bianchi IX vector fields are transported to a
domain in the matching hypersurface where they are expressed in
the Cartesian coordinates.
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our construction of the BIX triad in the perturbed FLRW
universe.
Expressing the three-geometry of the perturbed

Friedmann universe in the new basis (22), we find (note
that three-momentum is a densitized tensor) at zeroth order,

q̃ab ¼
1

4
a2δab; π̃ab ¼ 1

6
pδab; ð23Þ

and at first order,

δq̃abðxÞ ≃
1

4
δqabðxÞ −

n2
D

4
a2xaxb;

δπ̃abðxÞ ≃ 1

2
δπabðxÞ þ n2

D

6

�
xaxb þ x⃗2

2

�
p; ð24Þ

where we omitted higher-order terms in xbnD. We note that
the nondiagonal terms ∝ xaxb in the three-metric δq̃abðxÞ
cannot be removed by any rotation of the nonholonomic
basis. However, these specific terms always vanish upon
integration because of the reflective symmetry of the domain.
We conclude that the three-metric tensor in the nonholo-
nomic basis δq̃abðxÞ becomes diagonal after averaging only
if the coordinate metric δqabðxÞ is diagonal, that is,

δq2 ¼ 0: ð25Þ

This is our second and final gauge-fixing condition. A
discussion on the relation between the two gauge-fixing
conditions and the coordinate system at thematching surface
and beyond is found in Appendix C.

D. Bardeen potential on the matching hypersurface

The matching to the homogeneous model is assumed
during matter-dominated era in the absence of sound waves
that could spoil the homogeneous approximation. During
this era, the Bardeen potential rapidly becomes constant
with Ψ ≫ ηΨ́ at any scale. The three-metric and three-
momentum are some functions of the Bardeen potential,
which are specified upon choosing the gauge-fixing con-
ditions (15) and (25). We find

δq1 ¼ −
10

3
a2Ψ; δq2 ¼ 0;

δπ1 ¼
�
−
5

3
þ 8ðk=pÞ2

�
pΨ;

δπ2 ¼ −
8

3
ðk=pÞ2pΨ; ð26Þ

where we assumed Ψ ≫ ηΨ́. Note that, for subhorizon
modes, the factor ðk=pÞ2 ∝ ðk=HÞ2 enhances the three-
momentum perturbation. We conclude that the three-
metric and three-momentum perturbations in position
representation and in the Bianchi IX–invariant basis read

δq̃ab ¼ −
5

6
a2Ψδab −

n2
D

4
a2xaxb;

δπ̃ab ¼ −
1

6

�
5

3
pΨþ 12

p
Ψ;cc

�
δab þ 2p−1Ψ;ab

þ n2
D

6

�
xaxb þ x⃗2

2

�
p: ð27Þ

We note that on the matching hypersurface the shear is
generically nonzero and given by 2p−1Ψ;ab.

IV. FITTING PROCEDURE

A. Averaging

For any perturbation variable δXðx; ηÞ, we introduce its
average,

hδXiD ¼ δXD ¼
Z
Σ
δXðx; ηÞWDðxÞ

ffiffiffiffiffiffi
−q

p
d3x; ð28Þ

where WDðxÞ is a normalized window function that to a
quantity δXðx; ηÞ associates its spatial average δXDðηÞ over
a domain D characterized by a length L ¼ 2πk−1D , and

ffiffiffi
q

p
is the spatial metric density. Analogously, the average of a
derivative of δXðx; ηÞ reads

h∂aδXiD ¼ δX;aD ¼
Z
D
δXðx; ηÞ;aWDðxÞ ffiffiffi

q
p

d3x; ð29Þ

with the averages of all the higher derivatives similarly
defined.
We apply this averaging procedure to (27) and find

δq̃abD ¼
�
−
5

6
a2ΨD −

n2
DL

2

20
a2
�
δab;

δπ̃abD ¼ −
1

6

�
5

3
pΨD þ 12

p
Ψ;ccD −

n2
DL

2

2
p

�
δab

þ 2p−1Ψ;abD; ð30Þ

where the components have been averaged over a ball of
radius L centered at (0,0,0).
The averaged components of the three-metric and the

three-momentum must be now simultaneously diagonal-
ized in order to be matched to the diagonal Bianchi IX
metric. The three-metric is already diagonal by virtue of the
second gauge-fixing condition δq2 ¼ 0. The three-momen-
tum commutes with the three-metric, as the latter is
proportional to the identity matrix, and thus they can be
simultaneously diagonalized. Let us assume a rotation
matrix of the form R ≃ 1þ δR with δR being a small
perturbation, which diagonalizes the averaged three-
momentum 4

3
pδab þ δπ̃abD ,
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ð1þδRÞ
�
4

3
pδabþδπ̃abD

�
ð1−δRÞ≃4

3
pδabþδπ̃abD ; ð31Þ

since the first-order term ½δR; 4
3
pδab� vanishes identically.

Hence, the first-order eigenvalues of the three-momentum
are δπ̃11D , δπ̃22D , and δπ̃33D , where

δπ̃ðaaÞD ¼ −
5

18
pΨD − 2p−1Ψ;ccD þ 2p−1Ψ;ðaaÞD

þ n2
DL

2

12
p;

where the indices in the parentheses are not summed over.
In general, the matrix δR is not small and we need to
determine the eigenvalues of the full averaged three-
momentum.

B. Matching

Upon combining Eqs. (7), (23), and (30), we arrive at the
following relations at the matching hypersurface:

δβ0 ¼ −
5

3
ΨD −

L2

10
n2
D; δβþ ¼ 0; δβ− ¼ 0;

δp0 ¼
a2ðp2ð3n2

DL
2 − 50ΨDÞ − 80Ψ;ccDÞ

40p
;

δpþ ¼ a2p−1ðΨ;11D þ Ψ;22D − 2Ψ;33DÞ;
δp− ¼

ffiffiffi
3

p
a2p−1ðΨ;11D − Ψ;22DÞ; ð32Þ

while the background quantities are related as follows:

eβ0 ¼ 1

2
a; p0 ¼

1

4
a2p; n2

D ¼ 10

9
Ψ;ccD; ð33Þ

where we used the results of Sec. III C and the fact that
δR ¼ 20

3a2 Ψ;cc in the gauge (C1) (note that p ¼ −6ȧ). Using
Eq. (32), we have checked that the averages of the scalar
quantities δR, δV, δρ, and δθ are identical to the corre-
sponding Bianchi IX quantities at the matching surface.

C. Numerical examples

Let us illustrate our method with examples of dynamics
of two specific domains: one with L ¼ 10 Mpc and the
other with L ¼ 50 Mpc (comoving). We choose the
Einstein–de Sitter background for convenience. We set
the initial conditions for the domains at a redshift z ¼ 100.
For the first domain, we set the initial density contrast
δ ¼ 0.023642, corresponding to the variance of the prob-
ability distribution for δ at z ¼ 100 and at a scale of
10 Mpc. The domain-averaged values for the Bardeen
potential and its derivative are as follows:

ΨD ¼ 1.85615 × 10−7; Ψ;11D ¼ 4.11261 × 10−7;

Ψ;22D ¼ 0; Ψ;33D ¼ −3.5251 × 10−7:

For the other domain, we set the initial density contrast
δ ¼ 0.011073, corresponding to the variance of the prob-
ability distribution for δ at z ¼ 100 and at a scale of
50 Mpc. The domain-averaged values for the Bardeen
potential and its derivative are as follows:

ΨD ¼ 1.88899 × 10−6; Ψ;11D ¼ 1.92619 × 10−7;

Ψ;22D ¼ 0; Ψ;33D ¼ −1.65102 × 10−7:

In Fig. 4 (upper panel) the evolution of the scale factor
of the 10 Mpc domain is plotted. The domain undergoes
a turnaround at redshift z ¼ 1.224 and then collapses

FIG. 4. The behavior of the anisotropic and isotropic Bianchi
IX models in comparison to the background evolution for the first
initial dataset.
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(i.e., reaches the critical density contrast of 177) at redshift
z ¼ 0.485. For comparison, in the same figure, the evolu-
tion of this domain, starting from the same initial condition
except for the fact that the initial shear is neglected is
plotted. There is a slight but visible difference in the
evolution between the spherical and the nonspherical
model, in particular, toward the collapse. The nonspherical
model collapses first due to the nonvanishing shear that
slows down expansion and fuels contraction. The turn-
around and the collapse redshifts in the spherical model are,
respectively, z ¼ 1.213 and z ¼ 0.477. In Fig. 4 (middle
panel), we can see the evolution of the directional scale
factors that exhibit changes in the shape of the domain at
the level of a few percents. Figure 4 (lower panel) presents
the evolution of the density contrast in cosmic time, where

the differences between the two models are again small, but
noticeable. These results do not exhibit a significant
departure from the spherical collapse model, however, this
is due to the specific initial conditions chosen. The broad-
based influence of the shear on the abundance of the
collapsed objects would be revealed through the statistical
examination, i.e., by the mass function of the galaxy
clusters.
In Fig. 5 (upper panel) the evolution of the scale factor of

the 50 Mpc domain is plotted. The domain undergoes a
turnaround at redshift z ¼ 0.046 and then collapses at redshift
z ¼ −0.301. There is no visible difference in the evolution
between the spherical and the nonsphericalmodel at this scale.
The turnaround and the collapse redshifts in the spherical
model are, respectively, z ¼ 0.045 and z ¼ −0.302, so the
difference with the nonspherical case occurs in the fourth
significant figure. In Fig. 5 (middle panel) we can see the
behavior of the directional scale factors that exhibit changes in
the shape of the domain at the level of 1% for most of the
evolution. Figure 5 (lower panel) presents the evolution of the
density contrast in cosmic time, where no difference between
the two models is noticeable.

V. SUMMARY

In this work, we have formulated an anisotropic collapse
model applicable to generic, positively curved domains of
perturbed FLRW. This model incorporates the effects of
anisotropy and curvature on the evolution of the collapsing
domain in a relativistic manner. The Bianchi IX spacetime
is the only anisotropic and positively curved homogeneous
model that undergoes recollapse.
Our key contribution lies in identifying a geometrically

motivated method for defining a matching hypersurface
(and a reference system on it) for the best fit of the Bianchi
IX model. Making use of the BIX symmetries as a guiding
tool, we were able to sew a generic domain to a hyper-
surface-orthogonal Bianchi IX metric. This novel approach
allows us to approximate a wide range of realistic cosmo-
logical scenarios with a spatially homogeneous, exact
solution, requiring only the knowledge of initial power
spectrum. The resulting spacetime model can approxi-
mately track evolution of a generic domain to an arbitrarily
nonlinear regime.
Given the richness of the BIX-type models, our meth-

odology has the potential for extension to account for other
physical phenomena such as rotation, pressure, or a tilt in
the motion of the fluid.
As an immediate application, we have investigated the

anisotropic dynamics of domains with density perturba-
tions of a typical size. The shear present in this model
decelerates the initial expansion, leading to shorter turn-
around and virialization times. Consequently, the structure
formation process appears to occur more rapidly—a well-
known observation consistent with other independent
approaches (see, for example, [16]).

FIG. 5. The behavior of the anisotropic and isotropic Bianchi
IX models in comparison to the background evolution the second
initial dataset.
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It is important to emphasise that the idea of fitting the
Bianchi models to inhomogeneous spacetimes in the
context of averaging is not new. Notably, in the work by
Spero and Baierlein [6], a method for determining the best-
fit Bianchi metric is introduced. The authors employ a triad
on an arbitrary spatial domain of the perturbed FLRW,
respecting the domain’s geometry. The structure coeffi-
cients of the triad are then employed to determine the
structure constants of the best-fit Bianchi model. Using a
variational approach, the authors reduce the problem of
finding the most suitable structure constants to a set of
differential equations with a boundary condition. Once
solved, the best-fit Bianchi type is established. To identify
the best-fit metric, the authors search within the family of
all triads with the obtained structure constants to find the
one that best reproduces the properties of the real metric.
While promising, the method introduced in [6] has

several problems that are circumvented by our approach.
First, the obtained differential equations are difficult to
solve even when the original metric is explicitly known, let
alone a generic case. Second, the authors focus solely on
fitting of a three-metric, leaving the issue of the second
fundamental form unspecified. In contrast, our approach
addresses these challenges more effectively. For the first
issue, our reliance on the BIX as the only metric capable of
describing the recollapse of the structure, thanks to positive
curvature, simplifies the determination of best-fit structure
constants. Moreover, since our procedure aims at generic
initial conditions within positively curved domains, we
adopt a more practical approach to specifying the explicit
form of the best-fit BIX. As noted in [6], once the best-fit
structure constants are determined, only space-independent
rotations of the basis can be performed in search for the
best-fit metric. As mentioned in the previous section, no
rotations of nonholonomic basis that would keep the metric
diagonal exist. However, we can utilize the fact that our
procedure relies on fitting of BIX on a fixed hypersurface,
i.e., our integration and transformation matrices are time
independent.
Among potential applications of our procedure, which

we leave for future investigations, we include the formation
of primordial black holes, the formation of virialized
structures such as galaxies and galaxy clusters, and the
examination of light propagation in the context of strong
and weak lensing, as well as cosmological tests (see, for
instance, [17] for a cosmological test involving averaging
techniques). In particular, the explicit scale-dependent
metric provided by our method allows for a detailed
examination of the lightlike structure of collapsing
domains. This feature proves to be an indispensable tool
in lensing analysis and apparent horizon estimations. It
represents a substantial advantage compared to purely
scalar-based approximation schemes that are unable to
reconstruct the geometrical details of a given collapsing
object.
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APPENDIX A: HAMILTONIAN
FORMALISM FOR COSMOLOGICAL

PERTURBATION THEORY

The second-order scalar constraint reads as follows:

Hð2Þ ¼ aδπabδπab −
1

2
aðδπÞ2 þ a−1p

3
δπabδqab

−
a−1p
6

δπδqþ 5a−3p2

72
δqabδqab þ

7a−3p2

48
ðδqÞ2

þ a−3

2

�
δqab;abδqþ 3

2
δqaa;cδqbb;c − δqab;bδqac;c

þ 1

2
δqab;cδqab;c

�
þ a−2πϕ

2
δabδϕ;aδϕ;b; ðA1Þ

while the linearized scalar and vector constraints read

δH0 ¼ −
ap
3
δπ −

a−1p2

36
δq− a−1ðδqab;ab − δqaa;bbÞ þ δπϕ;

δHi ¼ −2
�
a2δπij;j þ

1

3
pδqij;j

�
þ πϕδϕ;i: ðA2Þ

APPENDIX B: PERTURBATION VARIABLES

The Bardeen potential Ψ and its conjugate momentum
ΠΨ can be expressed in terms of the ADM variables as
follows (in the momentum space):

Ψ ¼ −4a2pδπ1 þ 2p2δq1 − 8k2ð3δq1 − δq2Þ þ ap3δϕ

48a2k2
;

ΠΨ ¼ −
10a2

3
δπ1 þ

�
4k2 þ 5p2

6

�
aδϕ −

8k2

3p
ð3δq1 − δq2Þ

þ 5p
3
δq1:

The canonical pair ðΨ;ΠΨÞ, combined with the canonical
pairs ðδH0; δC0Þ, ðδHk; δCkÞ defined by Eqs. (A2) and
(C1), form a complete canonical parametrization of the
ADM perturbation phase space.

APPENDIX C: DISCUSSION ON GAUGE FIXING

The assumed gauge-fixing conditions (15) and (25)
imply the following canonical gauge-fixing functions:
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δC0 ¼ −δϕ;

δCk ¼ −
iδq2
2a2k

: ðC1Þ

It is important to note that this choice of gauge implies
δN ¼ 0 and δNk ¼ i4k

ap Ψ. Thus, the flow of time (contrary
to the flow of dust) is not orthogonal to the matching
surface. This means that the dust mass is not conserved in
this coordinate system. However, it is irrelevant for the
outcome of the matching procedure, as the latter is
performed on a fixed constant-time slice within a given
domain. Once the mass crosses the matching surface, its
subsequent evolution is described by the Bianchi IX model
in which the mass is conserved.
Note that at the matching hypersurface one could modify

the gauge-fixing function δCk as follows:

δCk ¼ −
iδq2
2a2k

þ αkΠΨ þ βkΨ; ðC2Þ

where αk and βk are the previously discussed background
functions that encode the freedom in choosing a coordinate
system on three-surfaces, including the matching surface.
In [15], a Hamiltonian theory of gauge-fixing and space-
time reconstruction for cosmological perturbations was
developed. According to this theory, the spatial coordinates
flow with the dust, i.e., the shift function vanishes, only
when the gauge-fixing function δCk is modified with αk

and βk such that (we use conformal time)

άk ¼ −
p2

192a2k2
βk; β́k ¼ −

i4k
ap

: ðC3Þ

The above coefficients come from the value of the shift
function δNk ¼ i4k

ap Ψ and the physical Hamiltonian (14).

The above equation implies that setting αk ¼ 0, βk ¼ 0,

άk ¼ 0, and β́k ¼ − i4k
ap ensures the vanishing of the shift

function at the hypersurface, while keeping the instanta-
neous gauge-fixing function δCk unaltered. Consequently,
both the instantaneous diagonality of the metric and mass
conservation are ensured. However, as time proceeds, αk

and βk necessarily evolve and the domain becomes aniso-
tropic with δq2 ≠ 0. In other words, it is impossible to find
a global coordinate system in which both δq2 ¼ 0 and
δNk ¼ 0. Thus, for each hypersurface we need to impose
the spatial coordinate system and its infinitesimal time
development independent of the neighboring hypersurfa-
ces. The described construction does not lead to global
threads in the spacetime, but this is not necessary; the only
necessary property is that the matching hypersurfaces
foliate globally the spacetime and the latter is satisfied
thanks to the first gauge-fixing condition δC0 ¼ 0 that
holds globally. This construction is merely an illustration
that a continuous transfer of the spatial coordinates through
a matching surface and aligned with the dust flow exists.
However, this fact has no physical consequences, as neither
the three-metric nor the three-momentum on a given
hypersurface depends on how the spatial coordinate system
develops beyond this hypersurface.
Given a specified coordinate system fxig on a well-

defined matching surface t ¼ const, the obtained Bianchi
IX triad feag and its dual fωag become uniquely defined.
Hence, the formula (24) provides the unambiguous three-
metric and three-momentum components to be averaged.
Our approach insists on the use of the Bianchi IX basis,
which makes the averaging process tied to the assumed
symmetry group. The outcome of the best-fit procedure
may differ when applied to a different time slice. We
consider this slice dependence to be natural, with the
approximation tending to be more accurate when applied
at later times.
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