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The theory of nongravitational interaction between a pressureless dark matter (DM) and dark energy (DE)
is a phenomenologically rich cosmological domain which has received magnificent attention in the
community. In the present article we have considered some interacting scenarios with some novel features:
the interaction functions do not depend on the external parameters of the Universe, rather, they depend on the
intrinsic nature of the dark components; the assumption of unidirectional flow of energy between DM and
DE has been extended by allowing the possibility of bidirectional energy flow characterized by some sign
shifting interaction functions; and the DE equation of state has been considered to be either constant or
dynamical in nature. These altogether add new ingredients in this context, and we performed the phase space
analysis of each interacting scenario in order to understand their global behavior. According to the existing
records in the literature, this combined picture has not been reported elsewhere. From the analyses, we
observed that the DE equation of state as well as the coupling parameter(s) of the interaction models can
significantly affect the nature of the critical points. It has been found that within these proposed sign shifting
interacting scenarios it is possible to obtain stable late time attractors, which may act as global attractors
corresponding to an accelerating expansion of the Universe. The overall outcomes of this study clearly
highlight that the sign shifting interaction functions are quite appealing in the context of cosmological

dynamics, and they deserve further attention.
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I. INTRODUCTION

Over the last two decades, dynamics of the Universe have
been surprisingly thrilling due to the availability of a large
amount of observational data. At the end of the 1990s,
observations from type la supernovae first reported that our
Universe is passing through a phase of accelerated expan-
sion [1,2], and this accelerated expansion is supposed to be
driven by the presence of some exotic matter sector in our
Universe sector having large negative pressure. This exotic
matter can be described in various ways. Two well-known
approaches are the modification of the matter sector of the
Universe in the context of Einstein’s general relativity,
dubbed as dark energy (DE) [3-5], or the modification
of the gravitational sector of the Universe in various
ways [6—15], known as geometrical DE. Apart from DE
or geometrical DE, our Universe sector also contains a
nonluminous dark matter (DM) fluid responsible for the
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observed structure formation of the Universe; and accord-
ing to the high precision data from several astronomical
missions, nearly 68% of the total energy density of the
Universe is occupied by either DE or geometrical DE,
and more or less 28% of the total energy density of the
Universe is occupied by DM, that means, nearly 96% of
the total energy budget of the Universe is comprised by DE
and DM. Thus, the dynamics of the Universe is heavily
dependent on the dark sector (DE + DM) of the Universe.
However, despite many astronomical missions, the nature,
origin, and the evolution of the dark sector have remained
mysterious so far, and probing the physics of the dark
sector has been one of the challenges for modern cosmol-
ogy at the present moment. In order to describe the present
Universe, several cosmological models have been pro-
posed and investigated by several investigators. Among
these models, the A-cold dark matter (ACDM) cosmo-
logical model constructed in the framework of general
relativity (GR), in which the cosmological constant A
plugged into Einstein’s gravitational equations acts as the
source of DE and DM is cold (pressureless), has been
found to be extremely successful in light of a number of
observational datasets. Nevertheless, ACDM faces several

© 2024 American Physical Society
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theoretical and observational challenges, and therefore, a
revision of the standard ACDM cosmology has been
suggested in recent times.

An alternative to the ACDM cosmology is the theory of
nongravitational interaction between DE and DM, where an
energy exchange phenomenon between these dark sectors,
widely known as the interacting DE-DM, also known as
interacting DE (IDE) or coupled DE cosmology. This
particular theory received massive attention in the scientific
community for many interesting consequences [16-96]
(also see [97-99]), such as, alleviating the cosmic coinci-
dence problem [16,20,100-103], crossing the phantom
divide line without invoking any scalar field with negative
sign in the kinetic part [104—106], weakening/solving the
Hubble constant tension [63,70,75,107-109] between
Planck (within ACDM paradigm) [110] and SHOES (super-
novae and H, for the equation of state of dark energy)
[111,112], and the clustering tension [109,113,114]
between Planck (within ACDM model) and other astro-
nomical probes at low redshifts, e.g., weak gravitational
lensing and galaxy clustering [115-124]. In IDE, the
dynamics of the dark sector is mainly governed by the
choice of a coupling/interacting function Q that controls
the transfer of energy between DE and DM, and this coup-
ling function is taken from the phenomenological ground.'
Now, in the choice of the coupling functions, as they
represent the transfer of energy and/or momentum between
the DM and DE sectors, Q is usually assumed to be the
functions of the energy densities of DE and DM. In general,
two varieties of the interaction functions are considered
in the literature: (i) the interaction functions where the
Hubble rate H of the Friedmann-Lemaitre-Robertson-
Walker (FLRW) universe explicitly appears, see, for
instance, [20-22] and (ii) the interaction functions where
H does not appear explicitly, e.g., [29,43,130]. Concerning
the above two approaches, even though the interaction
between these dark sectors is viewed as a local pheno-
menon [29], and the presence of the global expansion
factor may be avoided, this debate is still unending, and
it is very hard to prefer the first approach over the other
(see [80]). On the other hand, one can put another question
mark on the direction of energy flow between the dark
sectors, which is characterized by the choice of the
interaction function. In a large class of interaction models,
the flow of energy between the dark sectors is assumed to
be unidirectional, that means, throughout the period of
energy exchange mechanism between the dark sectors, the
energy transfer can happen either from “DE to DM” or
from “DM to DE.” According to the theoretical and

'Some attempts have been made to derive the coupling
functions from an action integral [79,125-129], however, the
final destination is yet to be discovered. Thus, at this moment,
there is no reason to exclude any possible approach to study the
theory of DM-DE interaction, even the approach adopts a
phenomenological route.

observational grounds, there are evidences of the energy
transfer from DE to DM [46,70,96], while the direction of
energy flow can be reversed in the future [131], but this
conclusion depends on the underlying interaction model,
properties of DE, and the observational data [92,132],2
hence, this is one of the interesting questions in the context
of interacting DE scenarios. Although these unidirectional
interacting scenarios are simple by construction, and they
have been widely used in the community, it is very natural to
examine whether the direction of energy transfer may alter
during the course of energy exchange between the dark
sectors. These kinds of interaction models are known as sign
changeable or sign shifting interaction functions, and such
models are appealing since they allow us to investigate
whether the cosmologies with sign changeable interaction
models are physically viable. However, because of some
unknown reasons, sign changeable interaction models did
not get much attention in the community [133-140], but
such models are worth investigating in the light of current
cosmological tensions [139]. Interestingly, model indepen-
dent inference on the interaction between the dark sectors
as performed in [141] hints for a sign shifting nature of the
interaction function. This gives enough motivation to allow
a sign changeable nature in the interaction functions and
investigate the consequences.

In this article we therefore consider some sign shifting
interaction models where the interaction functions depend
only on the intrinsic nature of the dark fluids and perform
their phase space analysis. As the choice of the interaction
functions are not unique, thus, we have considered a variety
of interaction functions that have been constructed using the
known interaction functions in the literature. On the other
hand, as the nature of DE is another unknown character to
be discovered (hopefully) with the help of the upcoming
astronomical surveys, in this work, in order to be inclusive
we have considered that the equation of state of DE could be
either constant or dynamical. Now, focusing on the dynami-
cal equation of state of DE, one may have a cluster of
possibilities since there is no unique route to determine its
expression. Keeping this issue in mind, we have adopted a
very well-known dynamical equation of state of DE which
depends only on its energy density and having only one free
parameter which characterizes the nature of the DE (i.e.,
where DE is quintessential or phantom) through its sign.
This equation of state has been extensively investigated
in the cosmological dynamics, and it recovers the usual

2We note that in Refs. [92,132] the authors have considered
various interaction models and constrained them using different
datasets, and they reported that both the possibilities, that means
the transfer of energy from DE to DM and from DM to DE, are
allowed according to the observational datasets. We further
mention that the properties of DE (i.e., whether it is quintessence
or phantom) and the direction of energy transfer between the dark
components are connected with the stability of the interaction
model at the level of perturbations, see, for instance, Ref. [83].
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barotropic equation of state of DE as a special case. So far as
we are aware, the phase space analysis of the proposed sign
shifting interacting functions considering both the constant
and dynamical equation of state parameters of DE has never
been performed in the literature. This is the first time we are
reporting the results in the literature.

The article is structured as follows. In Sec. II we
introduce the basic equations of an interacting DM-DE
model and then propose the models of interaction that we
wish to study in this work. In Sec. Il we construct the
autonomous system corresponding to each interaction
function and discuss the nature of the critical points
obtained from the interaction functions and also their
qualitative behavior in terms of the cosmological param-
eters. Finally, in Sec. IV we close the article summarizing
the key findings.

II. INTERACTING DARK ENERGY

We consider the homogeneous and isotropic universe
where its gravitational sector is described by Einstein’s GR,
and its matter distribution is minimally coupled to gravity.
The matter sector consists of two heavy fluids of the
Universe, namely, a pressureless (or cold) DM and a DE
fluid, which are interacting with each other in a nongravita-
tional way. In order to proceed with the mathematical
structure of such scenario, we consider the spatially flat
FLRW metric

ds* = —dr* + a*(1)dx?, (1)

where 7 is the comoving time; a(t) is the expansion scale
factor of the Universe; dx> represents the three-dimensional
flat space line element. The Friedmann equations for the
above line element can be written as

3H2 = Kz(pc +pd)’ (2)
2H + 3H? = —k*(p. + pa), (3)

where an overhead dot denotes the derivative with respect to
the cosmic time; x2 = 8zG is Einstein’s gravitational
constant; H = a(t)/a(t) is the Hubble rate of the FLRW
universe; py, pg are, respectively, the energy density and
pressure of the DE fluid obeying the barotropic equation
of state w; = py/ps < —1/3; p., p. are, respectively, the
energy density and pressure of DM in the form of dust, i.e.,
p. = 0, henceforth, we call this DM as cold DM, abbre-
viated as CDM. As CDM and DE are interacting with each
other, therefore, the conservation equations of these dark
fluids can be represented as

pc+3Hpc = _Q(pc’pd)’ (4)

pa+3H( +wy)ps = +0(pespa)s (5)

where Q(p.., py) denotes the real valued interaction function
(also known as the interaction rate) that corresponds to the
transfer of energy and (or) momentum between these dark
fluids. For Q(p,, p,) > 0, energy flow occurs from DM to
DE, and for Q(p.,p,) <0, energy flow occurs in the
reverse direction, that means from DE to DM. The inter-
action function Q(p.,p,) is the key ingredient of this
scenario because it controls the dynamics of the Universe
at the background and perturbation levels. We notice that the
conservation equations (4) and (5) can be put in a different
format leading to

pc+3H(1 +Wc,eff)pc =0, (6)
pa+3H(1 +wyesr)pa = 0, (7)

which represent a noninteracting scenario of DM and DE
with the effective equation of state parameters

_0(pe.pa)

Qpe,pa)
We eff = 3Hp ’
c

3Hpq

. (8)

Wieft = Wa —

from which one can notice that the effective nature of the
DM equation of state could be noncold in the sense that the
effective equation of state of DM could be nonzero (i.e.,
Weeii # 0) for Q(p., pa) # 0, see, for instance, [142] and,
additionally, the effective nature of the DE equation of state
could be either quintessential (wqe > —1) or phantom
(Wgerr < —1) depending on the sign of Q(p,,p,).

Now since the interaction function affects the evolution
of both CDM and DE, henceforth, the expansion rate
of the universe H will be equally affected and as a result
the cosmological parameters will be influenced as well.

We introduce the equation of state of the total fluid
total pressure __ PetPa . Pa
total energy density ~— p.+ps  petpa

the deceleration parameter of the Universe, ¢ =
—(1 + H/H?), which take the following forms:

(since p. = 0) and

Wiot =

Wiot = WaS2q, g = (1+3w,Q,), )

N[ —

where Q, = k?p,/3H?* is the density parameter for
DE, and from the Friedmann equation (2), one can derive
the density parameter for CDM, Q.(=%p./3H?) as
Q —1-0Q,

A. Models

In this work we propose several interaction functions
having the sign changing property during the evolution of
the Universe. One of the important features of all the
interaction functions that we are going to propose in this
section is that all of them do not depend on the external
parameters of the Universe, rather they all depend on the
intrinsic nature of the dark sector. The first interaction
function in this series has the following form:
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model I: Oy =T'(p. — pa), (10)

where I" is the coupling parameter of the interaction
function measuring the strength of the interaction, and it
has the dimension of the Hubble rate H. As argued, Q does
not depend on the external parameters of the Universe, e.g.,
the scale factor of the Universe or its expansion rate, rather
it depends on the intrinsic properties of DM and DE,
namely, their energy densities, p,. and p,. Hence, one may
expect that this interaction model could offer some inherent
nature of the dark components. We further note that Q; may
change its sign depending on the dominating role played by
one of the fluids, that means, if the dominating role played
by DM over DE (p. > p,) is suddenly altered, i.e., DE
starts dominating over DM as in the late time accelerating
phase (p; > p.), then Q; shifts its sign.

We generalize the sign-shifting interaction function of
Eq. (10) as follows:

model II: Oy =Tep. —Typy. (11)

where I'. and I'; are the coupling parameters of the
interaction function having the dimension equal to the
dimension of the Hubble parameter. For the interaction
function Qy to be sign changeable, both the coupling
parameters I',., I'; should have the same sign, that means
either I'. >0, I';>0 or I'. <0, I'; <0, but never
I'.I'; < 0. Similar to the earlier interaction function, this
model also does not include any external parameters of the
Universe.

The next model in this series that we introduce has the
following form:

model III: QHI = F(pc —Pd — M) ’ (12)
Pct Pa

where as already noted, I" is the coupling parameter of the
interaction function having the dimension equal to the
dimension of the Hubble parameter. Notice that the inter-
action function (12) is obtained by including a new function
Onew = —Ipepalpe + pg)~"! with the model of Eq. (10), that
means Qi = O + Opew- Similar to the earlier two inter-
action functions, here too, we notice that this interaction
function depends only on the intrinsic nature of the dark
fluids.

Lastly, we introduce two new interactions of the forms

PcPd

model IV: O =T .p. —T oy ) (13)
Pe 1 Pa
and
model V: Oy =T p;—T.4 PePd , (14)
Pe + Pd

where ', 'y, and I, are the coupling parameters, and they
all have the dimension of the Hubble parameter. One can

easily notice that the last term of both model IV [Eq. (13)]
and model V [Eq. (14)] are the same but the models differ
in their first terms containing p,. and p,, respectively. We
further note that I',, I';, and I",.; are all constants in such a
way so that the models allow sign shifting property. That
means, for model IV [Eq. (13)], I'. and I',; will enjoy the
same sign, and for model V [Eq. (14)],T"; and I".; will enjoy
the same sign, but I, # I'.; for model IV, and I, # T, for
model V, otherwise Qpy and Qy will represent the energy
flow only in one direction. The choice of the interaction
function is not unique, therefore, one can construct a variety
of such models, however, it should be kept in mind that the
interaction functions may lead to negative energy densities
of the dark sectors as argued in [130], hence, working with
an arbitrary interaction function needs precaution.

III. DYNAMICAL ANALYSIS
OF INTERACTING MODELS

The dynamical analysis of the interaction models is the
heart of this work. The dynamical analysis plays a crucial
role in understanding the local and global dynamics of the
underlying cosmological scenarios. In order to perform the
dynamical analysis of the underlying interacting scenarios,
one needs to define a new set of dimensionless variables in
terms of which one can study the behavior of the system of
differential equations. We refer to [27,143—-165] (also see
the review article [166] and the references therein) where
several interacting scenarios have been studied through the
dynamical system analysis. In this section we shall describe
the dynamical systems for the proposed sign-shifting
interaction models. Additionally, we shall also show that
the choice of the dimensionless variables is extremely
important because for a wrong choice of these variables,
one may not be able explore the whole space of critical
points.

A. Model I

We begin our analysis with the first interaction function
O of Eq. (10), and we define the following dimensionless
variables:

K> H
x:315§’ Y=g (15)
where H, (> 0) is a constant, and here it denotes the
present value of the Hubble parameter.3 The density
parameters for CDM, DE, the equation state of the total
fluid, w,, and the deceleration parameter g can be
expressed in terms of the dimensionless parameters as
follows:

*Note that instead of taking H,, one may consider any H
which is also constant so that y = H/H becomes dimensionless.
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Q. =x, Q;=1-x,

[143wy(1 —x)].

| =

Wior = Wa(l —x), q=
Now, inserting the dimensionless variables of Eq. (15) into
the equations of motion (2)—(4), and using the interaction
function Qj of Eq. (10), we have the following autonomous
system:

X =—yy(2x—1) 4+ 3wyx(1 — x), (16)

Y =251+l =) (17)

where a prime over a variable denotes its differentiation
with respect to N = In(a/ay) (here ay is the present value
of the scale factor), and y is defined as y = I'/ H,), hence, y
becomes a dimensionless parameter. The critical points of
the autonomous system (16) and (17) are obtained by
solving the equations x’ = 0 and y’ = 0. In this case we
have three critical points A; = (0,0), A, = (1,0), and

1+ 3(14w,)
3 = (2,5,

In order to better understand the dynamical system when
the Hubble rate is small, it will be useful to use the variables
(x, H). Now, using the cosmic time derivative, the dynami-
cal system for the variables (x, H) becomes

{)’C =-T'(2x—1) 4+ 3w Hx(1 — x), (8)

H=-3H*(14+wy(1 —x)).

On can see that the autonomous system (18) has only two

critical points, namely, Ay = (%,O) and (1’;;” , —l;g_t::;’;),
which is actually Az if we consider this critical point in
terms of (x,y) coordinates. Here, it is important to under-
stand that the point A, does not appear in the coordinates
(x,y) because it corresponds to y = oo, and for the same
reason the points A and A, do not appear in the coordinates
(x, H) because they correspond to H = oo. This clearly
indicates that the above two autonomous systems are not
giving the complete information.

For this reason it is important to get a new coordinate
system where all the critical points appear. This could be
done by introducing a new variable,

TABLE 1.

y H,

Z:—:iz
1+y H+H,

(19)

where H = 0 corresponds to z =1, and H = oo corre-
sponds to z =0. So, in the new coordinates (x,z) the
dynamical system (16) and (17) becomes

X = —y(ﬁ) (2x = 1) + 3wyx(1 — x),
7 =3(1-2)z(1 + wy(1 = x)).

(20)

But, note that, the dynamical system (20) is singular at
z=1 (i.e., H=0). Thus, in order to regularize it, and
taking into account that the phase portrait does not change
topologically when one multiplies the vector field by a
positive function, we regularize it by multiplying the factor
(1 — z), which leads to the regular dynamical system

¢ =301 = %2(1 + wy(1 - ). 2!

{x’ = —yz(2x = 1) + 3(1 = 2)wyx(1 — x),
Thus, finally one can investigate the dynamical system (21)
through the stability analysis of the critical points. The
physical domain, namely R, is the square R = [0, 1]?, which
in order to be positively invariant, i.e., to ensure that a
solution of the dynamical system with initial conditions in
R never leaves it, one has to impose that y > 0 (i.e., I > 0).
Effectively, it follows from Eq. (20) that close to x = 0, one
has x' = yz > 0 and close to x = 1, one has x’ =~ —yz < 0.
For z =0 and z = 1, one has 7/ = 0, meaning that, for
y > 0, the dynamical system never crosses the lines x = 0,
x=1,z=0,and z = 1, that is, the domain R is positively
invariant. As the dynamical system contains the DE
equation of state, which could be either constant or
dynamical, therefore, we aim to investigate both the cases
separately. In the following we present our analyses for
constant w, and dynamical w,.

1. Constant w,

Considering that the DE equation of state w, is constant,
in Table I we present the critical points of the dynamical
system (21), their existence, stability, and the values of the
cosmological parameters evaluated at those critical points.
Now depending on the nature of wy, it is comprehensible

The critical points, their existence, stability, and the values of the cosmological parameters evaluated at those points for the

interacting scenario driven by the interaction function Q; = I'(p. — p4) of Eq. (10) are summarized.

Point  x z Existence Stability Acceleration Q. Q;  wy,

A % 1 For all y > 0 and w; < —1/3 Stable for -2 <w,; < —-1/3  w,;<=2/3 1/2 1/2 wy/2

A 0 0 For all y > 0 and w,; < —% Stable for w; < —1 wy < —% 0 1 Wy

A, 1 0 For all y > 0 and w,; < —% Unstable No 1 0 0

As Tiwg  __ 3(14wy) Forall y >0 and -2 <w,; < —1 Unstable Yes Twg 1L ]
Wa 2y=34wy(y-3) Wq Wa
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FIG. 1. The phase portrait plot describing model I [Eq. (10)]
with w; > —1 and y > 0. In this case we have taken w; = —0.95
and y = 0.4. We note that one can take any value of w; > —1 and
any positive value of y in order to get similar graphics. Here, the
yellow shaded region represents the accelerated region (i.e.,
q < 0), and the pink shaded region corresponds to the decelerated
region (i.e., ¢ > 0).

that the nature of the critical points will certainly be affected.
Thus, in order to be precise, we divide the entire parameter
space of w, into three disjoint regions, namely, quintessence
or nonphantom (w, > —1), cosmological constant
(w; = —1), and phantom (w; < —1). In the following we
present how w, affects the nature of the critical points.
(1) For nonphantom dark energy, i.e., when w, > —1,
the point A3 does not belong to the physical domain
R. In addition, since wy,; = w,(1 — x), this means
that w, > —1, and taking into account that
Z=3(1-2)z(1 +wy(1—x)), we have z' > 0.
So, A; and A, are unstable. On the line z = 1, we
have 77 =0, ¥’ <0 for x> 1/2 and x’ > 0 for
x < 1/2. Thus, the critical point A, is stable, in
fact, it is a global attractor. Therefore, at late times,
the Universe accelerates with wy, = w,;/2 > —1,
when —1 <w,; < —2/3, and it decelerates when
-2/3 <wy; < —1/3. In addition, since wy > —1
the Hubble rate decreases to zero, and Q; =
Q. = 1/2. The phase plot is shown in Fig. 1. This
finishes the study for a nonphantom dark energy.
(2) When w; = —1, one has A; = As. In this case, the
linearization does not decide the nature
of the critical point A;. In fact, A; and A, are
unstable because 7/ = 3 (1 — z)*zx > 0,for0 < z <
1 and x > 0. Moreover, only the unphysical orbit
7=0 (H = o0) converges to A;. Now, on z =1
line, we obtain 7/ = 0, x’ < 0 for x > 1/2 and x’ >
0 for x < 1/2. Consequently, in this case A, is a
global attractor. Again, the phase plot is given
in Fig. 1.
(3) For a phantom dark fluid, two cases arise:
(a) When -2 <w,; < —1: The critical point A3
belongs to the physical region R. Clearly,
we obtain 0 < (14 wy)/w,; < 1/2. Whenever

FIG. 2. The phase portrait plot describing model I [Eq. (10)] for
-2 <wy < —1and y > 0. In this case we have taken wy, = —1.3
and y = 0.8. We note that one can take any specific value of
y(> 0) to draw the plot, however, as long as y decreases, regions I
and IV become very small, and they look indistinguishable from
one another.

x < (14+wy)/wy, we get 1+ wy <0, and so,
7' is negative. Similarly, we have 1 + wy, > 0
for x> (1+w,)/w,; and as a result 7’ is
positive. On z = 1 line, we obtain 7/ = 0, x’ < 0
for x > 1/2 and x’ > 0 for x < 1/2. Again, on
z=0line, 7/ = 0 and x’ = 3wyx(1 — x), which
is negative. Therefore, our domain R is divided
into four regions. Thus, an orbit in regions I and
IT of Fig. 2, at late times, converges to A;. For an
orbit in regions Il and IV, at late time, it
converges to Aj,. Note that Ay means H =0
with Q. =Q,=1/2 and wy =wy/2 > —1.
On the contrary, A; means H = oo with Q,; =1
and wy,, =w; < —1. Figure 3 shows the
evolution of the density parameters, namely,
Q., Qg, and the total equation of state para-

meter, wy.
(b) When w,; < —2: For the particular case with
w, = —2, which represents a very high phantom

regime, A3 = Ay. Here, (1+wy)/wy=1/2,
so we have 7/ <0 for x < 1/2 and 7/ > 0 for
x > 1/2.On the line z = 0, we obtain 7/ = 0 and
x' < 0. Therefore, Ay, A, are unstable, and A,
becomes a global attractor. When —2 > w,, the
critical point A3 does not belong to the physical
region R. Again, (14 w,)/wy > 1/2, which
implies that 7/ <0 if x < (1+w,)/w, and
7 >0 if x> (14+wy)/w, Thus, Ay, A, are
unstable, and A, is a global attractor. Figure 4
exhibits the behavior.

2. Dynamical w,

The case with dynamical equation of state of DE wy is
interesting for two reasons. First of all, the autonomous
system (21) with constant w,; is a special case of the
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FIG. 3.  We show the evolution of the CDM density parameter
(Q,), dark energy density parameter (Q,), and the total equation
of state (EOS) parameter (w,,) for model I [Eq. (10)] for
-2 <wy < —1. We have taken w; = —1.3, y = 0.8 with the
initial conditions x(N = 0) = 0.25, z(N = 0) = 0.05 taken from
region II of Fig. 2. For the initial condition on x(N) and z(N)
from region I of Fig. 2, again we shall obtain Q. = 0and Q; =1
at late time. If we choose the initial conditions on x(N) and y(N)
from regions III and IV of Fig. 2, we shall reach Q. = Q,; = 1/2
in an asymptotic way.

dynamical w, case. On the other hand, and most impor-
tantly, the dynamical w, scenario may offer a bigger space
of critical points, and hence one may expect new results in
this context. In this article, we shall consider a parametric
form for w, to investigate the autonomous system (21). The
choice of the dynamical w, is not unique, and one can
consider a variety of choices. The question then arises, what
should be a possible choice for w, to proceed with the
analysis? A possible choice for dynamical w, capturing a
wide variety of models in this direction may take the
following form [167,168]:

1.0 = .

0.8 -
0.6
0.4

0.2

0.0
0.0 0.2 0.4 0.6 0.8 1.0

X

FIG. 4. The phase portrait plot describing model I of (10) with
wy < =2 and y > 0. In this case we have taken w;, = —2.5 and
y = 0.8. We note that one can take any value of w; < —2 and any
positive value of y in order to get similar graphics. Here, the
yellow shaded region represents the accelerated region (i.e.,
q < 0), and the pink shaded region corresponds to the decelerated
region (i.e., ¢ > 0).

Pa=—pa—f(pa) (22)

where f is any analytic function of p,. Notice from (22) that
Wy = pa/pa = —1— f(ps)/pa describes a deviation from
the cosmological constant w; = —1 through the dynamical
term f(p,)/pq. A general choice of this equation of state
could be p, = —p, — Ap’j, where n and A are constants in
which » is a dimensionless constant, but A has dimension.
We restrict ourselves to n =2 in this article for which
we have

Pa=—Pa—Ap; & wy=—1-A4p,. (23)

Now, for the equation of state (23), the autonomous system
(20) becomes

r_3 (1-z)°(1-x)? (24)
z :E(l—z)z<x—1/ p ),
3AH? .
where v = —¢. We regularize the autonomous system (24)

by multiplying the factor z>(1 — z) on the right hand sides
of (24) and finally obtain

X ==y} (2x—=1)=3(1=2)x(1=x)(Z* +v(1-2)*(1-x)),
7 =3(1-2)z(x2> —v(1=2)*(1-x)?).

(25)

Note that the qualitative behavior for both the autonomous
systems (24) and (25) remain topologically equivalent.
From the autonomous system (25), one can now find the
critical points by solving the equations x’ = 0 and 7 = 0,
and the critical points of the system (25) are

_ 1 - -
AOI <§,1>, AII(O,O), A2:(1,0),

S = {(xm)}

where S is the set of critical points in which x,. denotes a
real root of f(x)=9x>—y?2x—1)2(1-x)2=0"
Since, f(x) is a fourth degree equation in x, the set S
may contain a maximum of four critical points.

Now, as the physical domain in our case is R = [0, 1]?,
therefore, we are interested in investigating the number of
roots of f(x)in [0, 1]. As £(0) = —y’v < 0 (for v > 0) and

*We note that f(x) can be obtained from the following two
nullclines:

x22—u(l =22 (1-x)2=0, (26)

-y (2x—=1)=3x(1-x)(1-2)[2 +v(1 —2)*(1-x)]=0. (27)
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TABLEII. The critical points, their existence, stability, and the values of the cosmological parameters evaluated at those points for the
interacting scenario driven by the interaction function Qy = I'.p. — I'yp, of Eq. (11) are summarized.
Point x Z Existence Stability Acceleration Q. Q; Wy
By aﬂTﬁ 1 a(>0),4(>0) and w,; < —4 “1-Law, <=1 w,<-1(1+5 %ﬂ v Bl
B, 0 0 a(>0),4(>0) and w, < —1 wy < —1 wg < —% 0 I owy,
B, 1 0 a(>0),4(>0) and w,; < —1 Unstable No 1 0 0
1+w, 3(14wu 1+w _ L _
BN ey o OACOmdoi-fswsol  Unabl T ooy -

f(1) =9 >0, hence, by the Bolzano’s theorem® [169],
f(x) will have at least one real root in (0, 1). Here we
argue that f will have only one real root in (0, 1). It also

follows that since 0 < x,. < 1, therefore, the condition z =

3x,
ms 1 leads to Xe <

slightly reduced, and we need to check the number of roots
of f(x) in [0,1/2]. Since we have f(1/2) =9/8 > 0, it
follows from the Bolzano’s theorem [169] that there is at
least one real root of f(x) in (0, 1/2). Now, looking at the
derivative of f(x) with respect to x, given by f'(x) =
—16y%v(x — 1)(x —3)(x —1) +27x%, one can check that
f'(x) > 0 for all xe (0, 1/2). This shows that the function
f(x) is strictly increasing in (0, 1/2), and consequently,
f(x) has only one root in (0, 1/2). This concludes that the
set S has only one critical point in the physical domain R,
and we label this critical point as A;. Now, in this case,
we observe that the point A5 behaves qualitatively the same
as the point A5 described earlier, and correspondingly, the
phase portrait is the same as Fig. 2.

On the other hand, for v < 0, the algebraic curve
represented by the Eq. (26) has no branches in the positive
quadrant. Hence, for v < 0, S is an empty set, and as a
result, the autonomous system for v < 0 admits only three
critical points, namely, A,, A;, A,. The corresponding
phase plot will be similar to Fig. 1.

1/2. Hence, our domain is

B. Model IT

We now consider the second interaction model in this
series, i.e., Qp of (11). Notice that Qy has two coupling
parameters I'. and I';. As demonstrated in Sec. III A, here
we shall consider the following dimensionless variables

kP
- 3H*’

. (28)

in order to understand the dynamics of the interacting
scenario. With these choices of the dynamical variables, the

’Bolzano’s theorem: Let f be a real valued and continuous
function in a compact interval [k, /] in R and suppose that f(k),
/(1) have opposite signs, that means f(k)f(l) < 0. Then there is
at least one point m in (k, /) such that f(m) = 0.

autonomous system for this interaction function can be
expressed as

{x/ = =% Jax = B(1 = x)] 4 3wux(1 = x), (29)

¢ =3(1 - 2)z(1 + wy(l - x)).

where a, f are the dimensionless parameters defined as
a=T./Hy, p =T,/H,. Now, regularizing (29) we get

¥ = —z[ax = (1 —x)] + 3(1 = 2)wax(1 — x),
/ 3 (30)
=31 = 222(1 + wa(l = x)).
The physical domain, namely R, is the square R = [0, 1],

and it follows from the autonomous system (30) that along
the lines x = 0 and x = 1, one has x’ = fz and X’ = —az,
and also the lines z = 0 and z = 1 remain invariant. Thus,
to ensure that the physical domain R is positively invariant
we have to restrict our attention on a > 0 and f > 0O (i.e.,
I'. > 0 and I'; > 0), and therefore, Oy may allow a sign
change during the evolution of the Universe without
exhibiting any unphysical properties in the energy densities
of the dark sector.

Now, in a similar fashion we focus on two cases, namely,
the constant w,; and dynamical w,. In the following we
consider both the possibilities.

1. Constant w,

Considering w, as a constant, in Table II we summarize
the critical points of the autonomous system (30), their
existence and stability, as well as the cosmological
parameters evaluated at those critical points. Now we
consider three different regions of w, as follows: if w, has
a quintessential nature (i.e., w; > —1), if w,; mimics a
cosmological constant (i.e., w; = —1), and if w, has a
phantom character (w; < —1). In what follows we inves-
tigate each case.

(1) When w, > —1, the point B3 does not belong to the

physical domain R. Now, we can see that on z = 1

line, wehavez’zO x’>0forx<iandx/ <0

for x > 7= Also, we have wiy = wd(l —-x)> -1,

which 1mplles 7 =3z(1-2)*(1 + wg) > 0. So,
B, B, are unstable critical points, and B is a
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FIG. 5. Phase portrait plot depicting model II [Eq. (11)] with
a>0, f>0 and w;>—1. In this case we have taken
wy =—0.9, a=0.5, and = 0.6. We note that one can take
any value of w; > —1 and any positive value of @ and f in order to
get similar graphics. Here, the yellow shaded region represents
the accelerated region (i.e., ¢ < 0), and the pink shaded region
corresponds to the decelerated region (i.e., ¢ > 0).

global attractor. Note that B corresponds to H = 0,

Q. = aﬁ 5 and Q; = aip The qualitative behavior is

displayed in Fig. 5.
(2) When w; = —1, we have B; = B;. Again, in this
case, on the line z = 1, one has 7/ =0, x’ > 0 for

x<af_ﬂ and x' <0 for x > ﬁ . Noting that 7/ =

2z(l —7)%x is positive. Thus, Bl, B, are unstable,
and By is a global attractor. Again, Fig. 5 shows the
phase plot.
(3) Now dealing with a phantom dark energy fluid, we
have the following results:
(a) When —1 —g <wy < —1, the point B; belongs
to the physical domain, and we get 0 <

Bwe - P Also, we have 7/ < 0 for x < 1+w"
Wy a+p’

and 7 >0 forx>%. On z =0 line, x’ is

FIG. 6. Phase plot for model II [Eq. (11)] with @ > 0, # > 0 and
-1 —g <wy < —1. Here, we have taken w; = —1.4, a = 0.8,
and # = 0.9. Note that one can take any specific value of a(> 0)
and (> 0) to draw the plot, however, as long as a and /§ decrease,
regions [ and IV become very small, and they look indistinguish-
able from one another.

FIG. 7. We show the evolution of the CDM density parameter
(Q.), dark energy density parameter (£2,), and the total
EOS parameter (w,;) for model II [Eq. (11)]. We have taken
the following values of the parameters: w; = —1.4, a = 0.8,
$ = 0.9 and the following initial conditions x(N = 0) = 0.27,
z(N = 0) = 0.08 from region II of Fig. 6. For the values of
initial conditions on x(N) and y(N) from region L, in a similar
fashion, we shall obtain Q. = 0 and Q, = 1 at late time. Again
if we take initial conditions on x(N) and y( ) from regions I
and IV of Fig. 6, we shall reach Q. = and Q, = in an

asymptotic fashion.

ﬂ

negative. Again, on the line z = 1, x is positive
for x < ﬁﬂ, and x' is negative for x > = Thus

we have two “invariant stable orbits” (see Fig. 6)
which divide the physical domain into two parts.
The orbits below these “invariant manifolds”
converge to By, and the orbits above them
converge to By. Figure 7 displays the evolution
of the density parameters, namely, Q., Q,, and
the total equation of state parameter wy.

1.0

=Bo ‘
0.8f <
0.6
V4
0.4
0.2
B
0.0
0.0 0.2 0.4 0.6 0.8 1.0

X

FIG. 8. Phase portrait plot for model II [Eq. (11)] with @ > 0,

p>0and w; < —-1— £ In this case we have taken wy = =24,
a = 0.6, and p=0.8. We note that one can take any value of
wy<—-1-%2 and any positive value of @ and f in order to get

similar graphics Here, the yellow shaded region represents the
accelerated region (i.e., ¢ <0), and the pink shaded region
corresponds to the decelerated region (i.e., ¢ > 0).
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(b) When w,; =—-1— —, we have By = B; and
I+wy l+
wy  atp “
1 .
for x > T", 7 is posmve. Since x’ <0 on

z =0, By is a global attractor. The qualitative
behavior is given in Fig. 8.

(c) When wy; < —l—g, the point B; does not
belong to the physical domain R. Here, we

. H»wd )4 / T+wy
obtain > < 0 if x< o and
7 >0 1f x> 1+va’ On z =0 line, we have

X =- (1 Z)(ax— (1—x))—3x(1—x)<1+1/%),

Z=301- z)z(x - v—(l_z>2§1_x)2>,

Z

3AH?
where v = 2 .

x' = 3wux(1 — x), which is negative. Therefore,
By, By are unstable critical points, and once
again B, is a global attractor. Figure 8 exhibits
the nature of phase portrait.

2. Dynamical w,

Now, consider the dynamical w, as in Eq. (23), for which
the autonomous system (29) takes the form

(31)

(1 — z) on the right hand sides

of (31) and finally obtain the following autonomous system, which is topologically equivalent to (31):

{x/ = - (ax - (1 —x))

Now, the critical points of the system (32) are

() -
{<C’3x - a+ﬂ)x+ﬂ>}

where S represents the set of critical points in which x,
denotes a real root of h(x)=9x> —v((a+ f)x — f)>x
(1 —x)>=0." As h(x) is a fourth degree equation in x,
therefore, the set S may contain a maximum of four critical
points. Now, since our physical domain is R, therefore, we
are interested in investigating the number of roots of A (x)
within the interval [0, 1]. As 2(0) = —p*v < 0 (for v > 0)
and i(1) =9 > 0, hence, by the Bolzano’s theorem [169],
h(x) will have at least one real root in (0, 1). Note that the z
component of the critical point should satisfy 0 <z < 1.
Now, for any x,. in (0, 1), the condition on the z component,

m < lleadstox, < f/(a+ ). Consequently, we

need to check the number of roots of A(x) in [0

= (0,0),

= (1,0),

L]
Y a+plt

®Note that /(x) can be obtained from the following two
nullclines:

xz22—v(1-2)*(1-x)2 =0, (33)

=2 ax—p(1-x)] = 3x(1 —x)(1 =2)[z +2(1-2)*(1 -x)] =0.
(34)

=3(1 = 2)x(1 = x)(22 + (1 = 2)*(1 —x)),
7 =3(1-z)z(x2? —v(1 = 2)*(1 = x)?).

(32)

Again, we notice that h(0) <0 and A(f/(a+p)) =
9((B/(a+p))* > 0 (since @ > 0, # > 0). Thus, from the
Bolzano’s theorem [169], we claim that there is at least
one root of h(x) in (0,4/(a+ f)). Now, looking at the
derivative of h(x) given by

—4(a+ pulx—1) (x - a’%ﬂ) (x _

+ 2752,

H(x) = a—|—2ﬂ)

2a+2p

we can see that /'(x) is positive in (0, #/(a + p)) i.e., h(x)
is strictly increasing in (0, #/(a + f#)). Hence, h(x) has only
one root in (0,3/(a + f)), and correspondingly, the set S
contains only one critical point, and we label this critical
point as Bs. In this case, we also observe that the qualitative
nature of the critical point Bj is same as B;, which has been
described earlier, and therefore, the phase portrait will be the
same as Fig. 6.

On the other hand, for v < 0, the algebraic curve
represented by Eq. (33) has no branches in the positive
quadrant. Hence, for v < 0, S does not have any critical
points, that means, the autonomous system in this case has
only three critical points, namely, By, B;, B, and the phase
plot will be similar to Fig. 5.

C. Model III

In this section we describe the dynamical analysis for
the interacting scenario driven by the interaction function
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TABLEIII. The critical points, their existence, stability, and the values of the cosmological parameters evaluated at those points for the

interacting scenario driven by the interaction function Quy = I['(p, — py — ﬂ‘f fgl) of Eq. (12) are summarized.

Point b z Existence Stability Acceleration Q. Q, Wiot

CO @ 1 ]/(> O) and Wd<_% _%<Wd<_% wd<_% @ %g wd<32_\/§)

C, 0 0 7(> 0) and wy —% wy < —1 Wd<—% 0 1 Wy

C, 1 0 y(>0) and wy < -1 Unstable No 1 0 0
1+w, 3w, (1+w 14+w, _ 1 _

Gs o m y(> 0) and 3+2\/§ <w, < —1 Unstable Yes o " 1

Oq of (12). Using the same dynamical variables (x, z)
defined as

szc HO
X = s =775 >
3H? H-+H,

(35)

the autonomous system for this interacting scenario takes
the form

{x’ = —y(lfz) (x> +x—=1) +3wyx(1 —x), (36)

¢ =3(1 = 9)2(1 +wall =),

where y =T'/H, is the dimensionless parameter. Now,
regularizing the vector fields, as we have described in
IIT A, the autonomous system (36) can be reduced to the
form

{x’ = —yz(x® + x = 1) + 3wy(1 = 2)x(1 — x), (37)

7 =3(1-2)%z(1 + wy(1 —x)).

Here, R = [0, 1]? is the physical domain, and proceeding
as earlier, we see that R will be positively invariant if we
restrict the parameter y by y > 0 (i.e., ' > 0). We, now,
investigate the autonomous system (37) in terms of the

nature of the critical points and their implications for both
constant and dynamical w,.

1. Constant w,

For constant w,, the critical points of the autonomous
system (37), their existence, and stability, as well as the
cosmological parameters evaluated at those critical points,
are summarized in Table III. In the following we investigate
the nature of the critical points for three different regions of
w,, namely, quintessence (i.e., w; > —1), cosmological
constant (i.e., w; = —1), and phantom (i.e., w; < —1).

(1) When w,; > —1, the point C3 does not belong to the

physical domain, and w, =w,(1—x)>—1, which

means ' =3z(1 —z)*(1 + wg) > 0. Now, on

z =1, X is positive for x < @ and x' is negative

for x > @ So, Cy, C, are unstable, and Cj is a

global attractor. Note that C,, corresponds to H = 0,

= %5 The phase plot is dis-
played in Fig. 9.

(2) When w; =—1, we have C;, =Cs;, and 7 =
%Z(l — z)?x, which is positive. On z = 1 line, one
has x' >0 forx<@ and x' <0 forx>@.
Once again, C;, C, are unstable critical points, and

1.0

A

Y

0.8

0.6
z

0.4

0.2

Co

0.0s==

0.0 0.2 04

0.6 0.8 1.0
X

FIG. 9. Phase plot for model III [Eq. (12)] with y > 0 and w; > —1. In this case we have taken w; = —0.9 and y = 0.5. We note that
one can take any value of w; > —1 and any positive value of y in order to get similar graphics. Here, the yellow shaded region represents
the accelerated region (i.e., ¢ < 0), and the pink shaded region corresponds to the decelerated region (i.e., ¢ > 0).
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1.0

0.8}
0.6§

FIG. 10. Phase plot for model III [Eq. (12)] with y > 0 and

3+f < wy < —1. In this case we have taken w,; = —1.35 and
y = 0 8. We note that one can take any specific value of y(> 0) to
draw the plot, however, as long as y decreases, regions I and IV
become very small, and they look indistinguishable from one
another.

the point C, continues being a global attractor.

Again, the phase plot is shown in Fig. 9.

(3) For w,; < —1, the parameter space can be catego-
rized in two ways:

(i) When —-¥3B <w,<-1, the point C;
enters in the physical domain, and we obtain
0< lt:”d < ‘/—‘ . Now, if x < H;”" then that
implies 1—|— Wi <0, which gives 7 =
32(1 = 2)*(1 + wyy) < 0. Similarly, 2’ > 0 for
x> 1’;—;” Again, on z = 1, we obtain x’ > 0 for

<‘/§2‘1 and x/ <Oforx>f L Also, x is
negative on z = 0. Thus, the physwal region R
is divided into four regions. Trajectories from
regions I and II converge to C; and trajectories
from regions III and IV converge to C,.
Figure 10 shows the qualitative nature and
Fig. 11 displays the evolution of Q. Qg

and wy.

(il) When w, < —@: For the special case with
wy = —M, one has Cy = C; and %:
\/_ 1

. Now, 7’ is positive for x > +:V", and 7/

3AH?
where v = p L

1.0p

0.5F

0.0p

-0.5¢

0.01 1 100 10*

FIG. 11. We display the evolution of the CDM density
parameter (Q,), dark energy density parameter (), and the
total equation of state parameter (wy,) for model III [Eq. (12)].
We have chosen the following values of the parameters:
wy =—135, y=0.8 and the following initial conditions:
x(N =0)=0.25, z(N =0) =0.07 from region II of Fig. 10.
In addition, if we start any trajectory from region I of Fig. 10, then
it converges to the critical point C;. So, for any initial conditions
from region I, we shall get Q. = 0 and Q; = 1 at late time. Any
trajectories starting from regions III and IV of Fig. 10 will
converge to the critical point Cy. Therefore, if we take initial
conditions on x(N) and z(N) from regions III and IV, we shall

reach Q. ‘f Land Q, = T\/g in an asymptotic fashion.

is negative for x < 1+W". On z=0, x' is
negative, which shows C 1 is a global attractor.
Again for w; < — ‘/—+3 , the point C5 leaves the
physical domain and one obtains ‘/' L

1+W" < 1. Also, one has 7 > 0 for x > 1+:Vd
and 7 <0 for x < 1;;”. Thus, C; is a global

attractor. In this case, the qualitative behavior is
given in Fig. 12.

2. Dynamical w,

We consider the dynamical w, of the form (23), for
which the autonomous system (36) becomes

(38)

{x’ =—y3(x*+x-1)

=3(1 = 2)x(1 = x)(22 + v(1 = 2)*(1 = x)),
=301 -2)z(xz> —v(1 = 2)*(1 = x)?).

(39)
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FIG. 12. Phase plot for model III [Eq. (12)] with y > 0 and
wy < — 3+T‘ﬁ In this case we have taken w; = —2.9 and y = 0.7.

We note that one can take any value of w, satisfying w; < — #
and any positive value of y in order to get similar graphics. Here,
the yellow shaded region represents the accelerated region (i.e.,
q < 0), and the pink shaded region corresponds to the decelerated
region (i.e., ¢ > 0).

The critical points of the system (39) are

&y = <ﬁ2‘1,1>, ¢\ = (0,0),

_ 3x,.
C, = (1,0), S = < .
? ( ) {<x 3xc_}/(xcz+xc_ 1)>}

where S is the set of critical points in which x.. is a real root
of g(x) =9x> —y2(x® + x — 1)(1 — x)> = 0.” Note that
as g(x) is a sixth degree equation, therefore, the set S
may have maximum six critical points. Thus, it is now
important to calculate the number of critical points in
order to understand the phase space of the interacting
scenario for this dynamical w,. As g(0) = —y?v < 0 (for
v>0) and g(1) =9 > 0, it follows by the Bolzano’s
theorem [169] that g(x) has at least one real root in (0, 1).

Now, for any x. lying in (0, 1), the condition z, =

3x.
3.)CC—}’(.XCZ+XC— 1)

that g(@) =9(-2++/5) >0, and hence, from the
Bolzano’s theorem [169], there is at least one root of

<1 requires x, 5@. We also observe

g(x) in (0, @) We now claim that g(x) has only one root
in the interval [0, @], and in that case, it is straightfor-

ward to conclude that there is only one critical point in the
set S. Now, from the derivative of g(x) given below,

"Here g(x) can be obtained from the following two nullclines:
xz22—v(1-2)*(1-x)2 =0, (40)

22 +x—1)=3x(1 —=x)(1 = 2) [+ v(1 = 2)>(1 —x)] = 0.
(41)

d(x) = =6y%v(x —1) (x_ %) <x+ \/g)
x <x_ ﬁ2— 1) <x+ ﬁ2+ 1) Lo

we notice that ¢'(x) > 0 for x&€ (0@) which means

that g(x) is strictly increasing in (0, @) Therefore, the
set S contains only one critical point, and we label this
critical point as Cs. In this case, the topological nature of
the critical point C; is the same as C; described earlier,
and hence, the phase plot is the same as the Fig. 10.
On the other hand, looking at Eq. (40), and following the
similar arguments as earlier for v < 0, we claim that the set
S does not have any critical point for v < 0. Thus, in this
case, we have only three critical points, namely, Cy, Cy,
and, C,, and the phase portrait looks the same as Fig. 9.

D. Model IV

In this section we describe the dynamical analysis for the
interaction function Qry of Eq. (13). Considering the (x, z)
variables defined as

o szc HO

==fc =0 42
T (42)

3H?’

the autonomous system for this interaction model takes
the form

{X’ = = (%) (x = Bx(1 = )) + 3wa(1 = x). (43)

7 = %Z(l — Z)(l + wy(l —)C)),

where a, f are defined as a =T1"./H, and f =T_.,/H,,
respectively, and they are dimensionless. Note again that
a # f for the interaction model to be sign shifting. Here, we
shall regularize the autonomous system (43) similar to
the procedure we have applied in III A. The regularized
autonomous system will be of the form

X' = —z(ax = px(1 = x)) + 3wy(1 — 2)x(1 — x),
(o (@4

7 =32(1=2)*(1 + wy(1 —x)).

Also we note that R = [0, 1]* is the physical domain, and
the lines x = 0, z = 0, z = 1 are invariant under the flow
generated by the autonomous system (44). We also see that
along the line x = 1, one obtains x’ = —az. Hence, the
physical domain R will be positively invariant if we restrict
the parameter a by a> 0 (ie., I'. > 0). It has been
mentioned in I A that the interaction function Qp, will
exhibit sign shifting property provided I'. and I',.; are of the
same sign. Consequently, to be consistent with the positive
invariance of the physical domain R and the sign shifting
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TABLEIV. The critical points, their existence, stability, and the values of the cosmological parameters evaluated at those points for the

interacting scenario driven by the interaction function Qry =I'.p. =Ty ppf;)’d of Eq. (13) are summarized.

Point  x z Existence Stability Acceleration Q. Q; wy
Dy ﬁ/};a 1 B>a>0andw; <—1 Ly <=1 wg < —L£ ﬂ;_a T
Dy 0 1 a>0,p>0andw, <—-5  a(>0)>pwith -1 <w,<-1 w;<-1 0 I owy
D, 0 0 a>0,$>0andw; <—1 wy < —1 Wy < -3 0 1 Wy
D, 1 0 a>0,5>0and w; < —% Unstable No 1 0 0

1+w 3w, . B _ 1+w, _ 1 —

D; de _m p>a>0with -£ <w, <-1 Unstable for w,; # —1 Yes de o 1

nature of the interaction function Qyy, we will restrict our
attention here on a > 0, f > 0.

In the following we investigate the nature of the critical
points and their implications for the constant and non-
constant nature of w,.

1. Constant w,

In this section we explore the nature of the critical points
for different regions of w,. In Table IV, we summarize the
critical points of the autonomous system (44), their exist-
ence, and stability, as well as the cosmological parameters
evaluated at those critical points. In the following we
investigate the nature of the critical points for three different
regions of w,, namely, quintessence (i.e., w,; > —1),
cosmological constant (i.e., w; = —1), and phantom
(i.e., wy < —1)

(1) When g > a > 0, the following situations arise:

(1) wy > —1: When w; > —1, the point D5 does not
belong to the physical region R and also
Wit = Wg(l —x) > =1, which implies 7' =
32(1-2)* x (1 + we) > 0. In addition as

1.0°P

Doo

0.8

0.6

z

0.4

0.2

D,
0.2 04 06 0.8
X

0.0k }
0.0 1.0

0.8

0.6

0.4

0.2

0.0

0.0 02 04 06 0.8

(@)

3

p > a >0, the point D, enters in the region
R. On z =1 line, the value of x’ is positive if
x < ﬂ;—“ and x’ is negative if x > /% So, Dy,
D1, and D, are unstable critical points, and Dy, is
a global attractor. At the point D,, we have
H=0, Q =% and Q, =4 The left plot of
Fig. 13 shows the behavior.

wy = —1: When w,; = —1, all points in the OZ
axis are critical points, and also point D5 lies on
the OZ axis. Again, one gets 2’ =3z(1 —z)%x,
which is positive. At z =1, one has x’ > 0 for
x < ﬂ;T", and x' <0 for x > ﬁ%‘ In this case,
Dy is an attractor, but it is not a global attractor.
The qualitative nature is displayed in right plot
of Fig. 13.

When —f—l] <wy < —1: The critical point Dy
enters in the physical domain. We have
0< 1;;” < [% At z=0, ¥ =3wyx(l —x),
which is negative, and at z =1, we obtain
X' >0 for x <% and ¥ <0 for x > 1f

D,

1.0
X

FIG. 13. Left plot: phase plot for model IV [Eq. (13)] with w; > —1 and # > a > 0. In this case we have used w; = —0.92, a = 0.3,
and f# = 0.8. Right plot: phase plot for model IV [Eq. (13)] with w; = —1 and > a > 0. Particularly, we have taken w,; = —1,
a = 0.31, and # = 0.9. We note that the yellow shaded region represents the accelerated region (i.e., ¢ < 0), and the pink shaded region

corresponds to the decelerated region (i.e., ¢ > 0).
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1.0 1.0 D
Do
0.8 “ 0.8
0.6 0.6
V4 V4
0.4 0.4
0.2 0.2//_\
0.0 0.082 =
00 02 04 06 0.8 1.0 0.0 02 04 06 08 1.0

X

X

FIG. 14. Left plot: phase plot for model IV [Eq. (13)] with —g <wy < —1and > a > 0. For numerical simulation we have used
wy = =22, a =1, and = 6. Right plot: phase plot for model IV [Eq. (13)] with w,; < —g and # > a > 0. For numerical simulation,
we have used w; = —4.1, « = 0.2, and = 0.8 from the parameter space. In this plot, the yellow shaded region corresponds to the
accelerated region (i.e., ¢ < 0), and the pink shaded region corresponds to the decelerated region (i.e., ¢ > 0).

1+w, .. . , -
x < W_dd then it implies 1 + w, < 0. So, 7’ is

negative. Similarly, 7’ is positive for x > %

Thus, all orbits in regions I and II of the left plot
of Fig. 14, at late time, converge to D;. For an
orbit in regions III and IV of the left plot Fig. 14,
at late time, it converges to D,. Note that D

means H =0 with Q, :/%,Qd =% and
Wiot :% > —1. On the contrary, D; means

H=00 with Q;=1 and wy,=w,; < -—1.
Figure 15 presents the evolution of Q., Q,,

and wy.
@) wy < —0: When wy = —g, one obtains
Dy = D;. Now, one has 7/ <0 for x < %

and 7/ > 0 for x > IJV’V—:V“’ Also, x' is negative
on z =0. Thus, Dy is a global attractor. For

wy < —L the critical point D5 leaves the physi-

a’

cal region, and one gets ﬂ/),;"’ < ]:,:”d < 1, which
ives 7/ <0 for x < and 7/ >0 for
g o

X > % Here also, we have x’ <0 on z = 0.

Once again, D; is a global attractor. The right
plot of Fig. 14 exhibits the phase plot.
(i1) a > f > 0: In this case the critical points Dy and D5
never belong to the physical domain.
When w, > —1, 7/ is positive as 14wy, > 0.
At z =1 line, X’ is negative. Thus, Dy, is a global
attractor. The point Dy, corresponds to H =0,
Q. =0and Q; = 1.

-2.0f

0.001 1

FIG. 15. We display the evolution of the CDM density
parameter (Q,), dark energy density parameter (), and the
total equation of state parameter (w,) for model IV [Eq. (13)].
We have chosen the following values of the parameters:
wy =-22, a=1, f =06 and the following initial conditions:
x(N =0) =0.24, z(N = 0) = 0.01 from region II of the left plot
of Fig. 14. In addition, if we start any trajectory from region I of
the left plot of Fig. 14, then it converges to the critical point D;.
So, for any initial conditions from region I, we shall get Q. =0
and Q, = 1 at late time. Any trajectory starting from regions III
and IV of the left plot of Fig. 14 will converge to the critical point
Dy. Therefore, if we take initial conditions on x(N) and z(N)
from regions III and IV, we shall reach Q, = ﬂ/;," and Q,; = %in an

asymptotic fashion.
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FIG. 16. Left plot: phase plot for model IV [Eq. (13)] with w; > —1 and a > f > 0. In this case we have used w; = —0.7, a = 0.2,
and f = 0.1. Middle plot: phase plot for model IV [Eq. (13)] with w; = —1 and a > f > 0. Particularly, we have chosen w; = —1,
a = 0.08, and = 0.05. Right plot: phase plot for model IV [Eq. (13)] with w; < —1 and @ > # > 0. For numerical simulation we have
used wy, = =3.3, a = 0.2, and # = 0.1. Here, the yellow shaded region represents the accelerated region (i.e., ¢ < 0), and the pink
shaded region corresponds to the decelerated region (i.e., ¢ > 0).

When w, = —1, all points in the OZ axis are critical points. Now, one has z/ = 3 z(1 — z)%x, which is positive. Also,
x' is negative on both z =0 and z = 1 lines. Here, we have no attractor.
For w; < —1, we have 0 < lfvwd < 1. 0On z = 0 line, x" = 3wyx(1 — x), which is negative. Here, we have 7’ < 0 for

x < 1+w" and 7' > 0 for x > HW" Thus, D, is the only global attractor. In all the cases, qualitative behaviors are
shown in Fig. 16.

2. Dynamical w,

For the equation of state (23), the autonomous system (43) becomes
—2(1—x
{ X = —(ﬁ)x(a —p(1=x)) =3x(1-x) (1 4y U= z)z2(1 )>,

45
=301~ z)z(x - yi(l_zygl-xy) )
z b

we regularize the autonomous system

where v = 3?5(2)
(45) and obtain the following:

{x = —Zx(a— A1 —x)) =3(1 = 2)x(1 = x) (2> + v(1 - 2)*(1 - x)),
7 =3(1-2)z(x2? = v(1 —2)*(1 - x)?).
The critical points of the system (46) are

Dy = < ; 1) Dy = (0,1), D, =(0,0),

where x. is a root of ®(x) = 9x — v(—a + (1 — x))*(1 — x)?

(46)

“00n s~ {(eazrrmn)}

=0.% Since O(x) represents a fourth degree equation in x,

¥Note again that ©(x) is obtained from the following two nullclines:
x22=v(1=2)*(1-x)*=0, (47)
—Zxfa—p(1 = x)] = 3x(1 —=x)(1 = 2)[z> + v(1 = 2)*(1 —x)] = 0. (48)
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therefore, S may contain a maximum of four critical points.
In a similar fashion, we proceed to investigate the number
of roots of ®(x) in [0, 1]. Now, since ©(0) =v(f—a)?> <0
(for v>0) and O(1) =9 >0, from the Bolzano’s
theorem [169], we can say that ®(x) has at least one root
in the interval (0, 1). However, as the physical domain in
this case is R, therefore, for valid critical point in this
domain, we have to check whether the z component of
the critical point lies in [0, 1]. Now, for any x,. in [0, 1], the
condition m < 1 demands that fx, < f — a. Now,

as a > 0, > 0, we consider the following cases:
(i) > a> 0: In this case, the condition fx, < f—«a

reduces to x, sﬂ%’. We see that ©(0) <0 and

@(ﬂ;—“) = 9[% > 0, hence, from the Bolzano’s theo-
rem [169], there is at least one root of ®(x) in

(O,/},%"). We also observe that

/)= auts 1) (e=5) (x- 21

+9>0,

for x € (0, ’%) Hence, ©(x) is strictly increasing in

x€ (0, %), and as a result, ®(x) has only one root in
x€ (0, /%) Thus, the set S contains only one critical
point, which we call as D;. The critical point D;
behaves qualitatively the same as the point D5 and
consequently, the phase portrait is topologically the
same as the left plot of Fig. 14.

Again, following the same arguments as in the
earlier models for v < 0, we can show that ®(x) has
no root in (0, 1) for v < 0. Hence, in this case the
autonomous system has only four critical points,
namely, Dy, Dy, D,, and D,. The phase space
stability analysis has been shown before. The phase
portrait is the same as the left plot of Fig. 13.

(i) a > > 0: In this case, we have f—a <0, and
hence, D, does not belong to the physical domain R.
Also, the condition fx,. < f — « leads to the claim

that x. does not belong to the domain [0, 1].
Therefore, we have only three critical points, Dy,
Dy, and D,, and the phase portrait is the same as that
of the phase portrait of the right plot of Fig. 16. On
the other hand, for v < 0, we do not have any critical
point in S. Here, also, we have only three critical
points, namely, Dy, D, and D,, and we see that the
corresponding phase portrait looks similar to the left
plot of Fig. 16.

E. Model V

In this section we discuss the dynamical analysis for the
interacting scenario driven by the interaction function Qy
of Eq. (14). Using the dimensionless variables (x,z)
defined as

szc HO
X = , = s
3H? H+H,

(49)

we obtain the following autonomous system for the
prescribed interacting scenario:

7 =3z(1-2)(1 + wy(1 = x)),

where a, f are defined as a =1";/H, and  =T_.,/H,,

respectively, and @ # 5. After regularizing, in a similar way

we have performed in IIT A, the autonomous system (50)

can be written of the form

X' =—z(1 = x)(a—px) +3wy(1 = 2)x(1 — x),

! 3 2 (51)
7 =5z(1 = 2)7 (1 +wy(l = x)).

The physical region is R, which is the square R = [0, 1],
and following the similar arguments as in the case of earlier
models, we observe that R is positively invariant if @ < 0
(i.e., I’y < 0). The interaction function Qy as mentioned in
(14) is of sign shifting nature provided that the coupling
parameters I’y and I',; are of the same sign. Hence, for the

TABLE V. The critical points, their existence, stability, and the values of the cosmological parameters evaluated at those points for the
interacting scenario driven by the interaction function Qy = ['yp; — Ty LLe of Eq. (14) are summarized.

d ptp,
Point X z Existence Stability Acceleration Q. Q, Wiot
E, 5 1 p<a<Oandw,; < -1 aﬁTﬂ<Wd<_% Wd<_%ﬂ/—j_u i /f;Ta (ﬁ—;)w
Ey 1 1 a<0,f<0andw; < -1 a < f with wy < —1 No 1 0 0
E, 0 0 a<0,f<0andw,; < -1 wy < —1 Wy <—3% 0 1 Wy
E, 1 0 a<0,f<0and w,; < —% Unstable No 1 0 0
E Ltwy 3wy(14+wg) ith -2 - Unstable Yes Lwg L -1
3 " e <Z_ y 3d)wd— 5 p < a <0 with o <w;< -1 o o

and @ < f < 0 with w; < —1
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FIG. 17. Left plot: phase plot for model V [Eq. (14)] withw,; > —1 and # < a < 0. In this case we have chosen w, = —0.9, a = —0.3,
and # = —0.6. Middle plot: phase plot for model V [Eq. (14)] with w,; < a’%ﬂ and f < a < 0. In this case we have chosen w; = —2.05,

a = —0.3, and f = —0.6. Right plot: phase plot for model V [Eq. (14)] with w; > —1 and a < f < 0. In this case we have chosen
wy = =09, a = —0.6, and # = —0.3. Here, the yellow shaded region represents the accelerated region (i.e., ¢ < 0), and the pink shaded
region corresponds to the decelerated region (i.e., ¢ > 0).

1.0f 1.0¢ .

0.0 0.0
00 02 04 0O6 08 10 00 02 04 06 038
X X

1.0

FIG. 18. Left plot: phase plot for model V [Eq. (14)] withw,; < —1 and a < f < 0. In this case we have chosen w; = =2, ¢ = -2, and
p = —0.1. Right plot: phase plot for model V [Eq. (14)] with a’%ﬁ <wy <—=land f < a < 0. In this case we have taken w; = —1.38,

a = —0.6, and = —0.8. We note that one can take any specific value of a(< 0) and (< 0) with # < a < 0 to draw the plot, however,
as long as «a and f increase, regions I and IV become very small, and they look indistinguishable from one another.
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dynamical analysis driven by the sign shifting interaction
function Qy, and to keep the physical domain R positively
invariant, we assume the parametric condition @ < 0, f < 0.

1. Constant w,

For constant w,, the critical points of the autonomous
system (51), their existence, and stability, as well as the
cosmological parameters evaluated at those critical points
are summarized in Table V. Similar to the earlier cases,
here we consider various cases of w,; depending on its
parameter space. In what follows we consider vari-
ous cases.

(i) We consider the first case where the dimensionless

coupling parameter satisfies the relation f < a < O:

(1) Whenw, > —1, E; leaves the domain R and one

has  wy = wy(1 —x) > —1, which implies

77> 0. On z =1 line, one gets x’ > 0 for x <

2 and x' <0 for x > 4 Thus, E, is a global

gttractor. The left plot of Fig. 17 shows the
behavior.

(2) For w; = —1, one obtains E3 = E; and 7' =
22(1 =z)’x > 0. On z =1 line, one has x’' > 0
for x < §and x < 0forx > 7 S0, Ey is a global
attractor. Again, the phase plot is given in the left
plot of Fig 17.

(3) When = <w,; < —1, then Ej enters in the
physmal reglon, and one can get ljvwd < F' On

z =0, one obtains x’ < 0. Also, on z = 1, one
has x’ > 0 for x < 2and x' < 0 forx > 7 Again,

p
1
7' is negative whenever x < J””

cand 7 s
positive whenever x > ljv—zv" Thus, all orbits in

regions I and II of the right plot of Fig. 18, at late
time, converge to E;. For an orbit in regions 111
and IV of the right plot of Fig. 18, at late time, it
converges to E;. In Fig. 19 we show the
evolution of Q., Q,, and wy,.

(4) Whenw,; = ﬂ a_p One can obtain E5 = E, and x’
is negative on z = 0. Also 7’ is negative for
x < 1:;;“, and 7' is positive for x > 1:—;”“ Thus,
E; is a global attractor. The qualitative behavior
is displayed in the middle plot of Fig. 17.

(5) When w, < £ - E3 leaves the physical domain
and one has HW” >3 2 As before, x’ is negative on

z=0. Agaln, z is negatlve in the left side of

¥ = 1+wy
Wa

, and 7' is positive in the right side of
X = % Therefore, E; is a global attractor. The

middle plot of Fig. 17 exhibits the qualitative
nature.
(ii)) We consider the case when the dimensionless
coupling parameters satisfy a < f < 0. In this case,
E, leaves the domain as ﬂ > 1. In the following we

discuss the nature of the critical points for different

values of w,.

(1) For wy, > —1, E;3 leaves the domain R. Now
since wyy; = wy(1 —x) > —1, hence, it implies
that 7' is positive. On z = 1 line, x’ is positive.
As a result, E|, E, are unstable, and E, is a
global attractor. The right plot of Fig. 17 shows
the qualitative behavior.

(2) When w; = —1, we obtain E; = E5 and 7 =
%Z(l — 7z)%x, which is positive. At z = 1 line, x’
is positive. Thus, Ey is again a global attractor.
The phase plot is displayed in the right plot
of Fig. 17.

(3) When w; < —1, E; enters in the physical region
R and for this w,, we also have 0 < % < 1.0n
7z =0 line, X' = 3w x(1 — x), which is negative,
and on z = 1 line, x’ is positive. Now in the left

side of x = 1+W”’, 7 is negative, and in the right
side of x = 1;:”", 7' is positive. Hence, the

physical region R is divided into four regions.
Thus, all orbits in regions I and II of the left plot
of Fig. 18, at late time, converge to E,. For an
orbit in regions III and IV of the left plot of
Fig. 18, at late time, it converges to Eyy.

0.5

0.0

0.5

_1.5 L L
0.001 1 1000 10°

FIG. 19. We display the evolution of the CDM density
parameter (Q,), dark energy density parameter (), and the
total equation of state parameter (w,) for model V [Eq. (14)]. We
have chosen the following values of the parameters: w; = —1.38,
a=-0.6, f=-08 and the following initial conditions:
x(N =0) =0.3, z(N =0) = 0.1 from region II of the right plot
of Fig. 18. In addition, if we start any trajectory from region I of
the right plot of Fig. 18, it converges to the critical point E|. So,
for any initial conditions from region I, we shall get Q. = 0 and
Q, =1 at late time. Any trajectory starting from regions III and
IV of the right plot of Fig. 18 will converge to the critical point E.
Therefore, if we take initial conditions on x(N) and z(N) from
regions III and IV, we shall reach Q. = and Q,=2%in an

asymptotic fashion.

N
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2. Dynamical w,

We work with the same dynamical w,; of Eq. (23) for which the autonomous system (50) takes the form:

{xl = _(1%2)(1 —x)(a—px) —3x(1 = x) (1 +v4<1_2);2(1_x>),

_ 3 (1-2)*(1-x)?
7=3(1- Z)Z(x—l/zziz>,

2
3AH]

(52)

where v = =, Regularizing the autonomous system (52), we get

{x/ =—22(1 —=x)(a—px) =3(1 —2)x(1 = x)(z> + v(1 = 2)*(1 — x)),

7 =3(1-2)z(xz —v(1 = 2)*(1 = x)*),

where the regularization amounts to the result that the
autonomous systems (52) and (53) are topologically
equivalent. The critical points of the system (53) are

EOI (%,1), EOOI(I,I), El :(0’0)’

E,=(10), S= {<x”’3xc - (1 —3j:)(a—ﬁxc)) }

where § represents the set of critical points in which x,. is a
root of W(x) =9x> —u(1 —x)*(a—px)2 =0." As ¥(x)
represents a six degree equation in x, therefore, S may
contain a maximum of six critical points. Now we see that
Y(0) = —va? <0 (for v > 0) and ¥(1) > 0, therefore,
from Bolzano’s theorem [169], ¥(x) has at least one real
root in the interval (0, 1). For real and physically mean-

ingful critical points in our domain R, the z component
3x,
3x.—(1-x.)(a—px.)

to [0, 1]. Thus, for any 0 <x. <1, the criterion 0 <

3x,
mﬁl leads to the

(a—=px.) <0. Now, since a < 0, < 0, we consider the
following cases:

(1) f < a < 0: In this case, we have 0 < x. < a/f. We
also see that W(a/B) = 9(a/B)* > 0. Consequently,
we conclude from Bolzano’s theorem [169] that
there is at least one root of ¥(x) in (0, @/f). Now,
from the derivative of ¥(x),

¥ (x) = —6f°v(x — 1)} (x _ g) (x B 2a3; ﬁ)

2722, (56)

of the critical point, i.e., z, = , must belong

condition that

°Note that ¥(x) is obtained from the following two nullclines:
xz22—v(1-2)*(1-x)2 =0, (54)

=2 (1=x)[a—px] = 3x(1 = x)(1 = 2)[* +v(1 = 2)*(1 = x)] =0.
(55)

(53)

we notice that ¥/ (x) > 0 for x € (0, a/f). Hence, the
function W(x) is strictly increasing in (0, a/f),
which finally concludes that there is only one root
of ¥(x) in (0,/p). Therefore, the set of critical
points S contains only one critical point, and for
convenience, we label this critical point as Ej. In this
case, the point E; qualitatively behaves like the point
E;, which is described earlier, and correspondingly,
the phase portrait looks the same as the right plot
of Fig. 18.

On the other hand, for v < 0, following the earlier
arguments, we can show that ¥(x) has no root in
(0, 1). This shows that for v < 0, we have only four
critical points: E,, Eyy, E;, and E,, and the phase
plot is the same as the left plot of Fig. 17.

(i) a < < 0: We already know that x,. satisfies the
inequality o — fx. < 0, but in contrary to the earlier
case, in this parameter space, we have a/f > 1, and
consequently, the critical point E;, does not belong to
the physical domain R. We now investigate the
number of real roots of ¥(x) in the interval [0, 1] for
v > 0 because for v < 0, as already commented,
there is no root of ¥(x) in [0, 1]. Here, we see that

z‘gzﬁ > 1."” Now, looking at the expression for ¥/ (x)

in Eq. (56), we see that
(x—1)<0as xe(0,1),

(x—%) <0in (0, 1) since § > 1,

(x=222) <0in (0, 1) as %L > 1,

therefore, W'(x) is always positive in (0, 1). Thus, ¥(x)
being a strictly increasing function in (0, 1) has only one
root in (0, 1). Hence, the set S contains only one critical
point in the domain R. The phase space stability analysis
of this critical point is the same as that of the critical
point E3, and the phase plot is the same as the left plot
of Fig. 18.

2a+p

"One can check that = %(%) +4>3+1=1 (since

a/f > 1).
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As before, the polynomial ¥(x) has no real root in the
interval [0, 1] for v < 0. Therefore, in this case, we will
have only three critical points: Eyy, E, and E,, and the
phase plot will be similar to the right plot of Fig. 17.

IV. SUMMARY AND CONCLUDING REMARKS

Cosmology with nongravitational interaction between
DM and DE is the theme of this work. This particular
theory, according to the existing records, has occupied a
very decent place in the list of alternative cosmological
models beyond ACDM. In this article we have raised some
important questions regarding some not so usual con-
straints on the interaction functions and performed a
detailed phase space analysis of the interacting scenarios
featuring some novel qualities that distinguish with the
existing works in this direction. According to the existing
records in the literature, in almost every interacting sce-
nario, some common (but not so natural) assumptions are
considered, such as, the flow of energy should be either
from DE to DM or in the reverse direction, that means
either DE will be gainer or DM will be gainer. The question
arises why such unidirectional property of the interaction
function should be obeyed given the fact that the nature
of the interaction function is still an open question to the
astrophysics and the cosmology community? On the other
hand, there are ceaseless debates on the choice of the
interaction functions—whether the interaction functions
should involve the (global) expansion rate explicitly or not.
Moreover, in the context of the DE fluid, should we
consider its equation of state to be dynamical or constant?

Considering these debates, in this work we have con-
sidered the following setup: (i) the assumption of unidi-
rectional interaction functions have been generalized by
means of some sign shifting interaction functions, which
recover the unidirectional interaction functions as a special
case, and thus, in this new picture of interacting dynamics,
we allow the bidirectional energy flow; (ii) the interaction
functions do not depend on the external parameters of the
Universe, rather, they depend on the intrinsic nature of the
dark components, and hence, they are expected to offer
inherent nature of the dark sector at the fundamental level,
and in addition, (iii) along with the constant DE equation of
state, we have considered a dynamical parametrization of
the DE equation of state belonging to the class (22), which
adds a new ingredient in this context, and, so far as we are
aware of the existing literature, this is the first time we are
reporting such analysis.

We begin the study by considering a very simple but
elegant linear interaction function Q; = I'(p,. — p,) of (10)
and then considered its linear and nonlinear extensions in
terms of other interaction functions given in Egs. (11)—(14).
With the choice of suitable dimensionless variables (this is
very crucial in the analysis, since for some specific choices
of the variables, one may not obtain all the critical points of
the system), we have obtained all the critical points of the

interacting scenarios. The detailed analyses of the interact-
ing scenarios for both constant and dynamical w, are
described in Secs. III A-III E. Tables I-V summarize the
critical points, their existence, stability, and the values of
the key cosmological parameters, and in Figs. 1-19, we
have shown the nature of the critical points and the
evolution of some key cosmological parameters. For the
sake of convenience, an overall summary of results
extracted out of all the sign shifting interacting scenarios
is given in Table VI, where mainly the nature of the critical
points for the present sign shifting interacting scenarios has
been shown for different nature of the DE equation of state.

Focusing on the constant DE equation of state, w,, we
found that each sign shifting interacting scenario admits a
variety of critical points which are qualitatively different,
namely, the matter dominated critical point which is
unstable in nature; late time stable attractors corresponding
to an accelerating expansion of the Universe in which one
stable attractor is completely DE dominated (i.e., Q; = 1),
and in one attractor both DE and DM exist, and hence, this
attractor is physically more interesting according to the
present observational results. Moreover, we found that all
the sign shifting interacting scenarios also admit global
attractors for different regions of the DE equation of state,
namely, w,; > —1 (nonphantom), w,; = —1 (cosmological
constant), and w; < —1 (phantom), see Table VI. At this
point, it is important to mention that the sign shifting nature
of the interaction functions can affect the space of critical
points. In particularly, there is a connection between the late
time stable attractors and the present sign shifting inter-
action functions because if this sign shifting nature of the
present interaction functions is replaced by the unidirec-
tional interaction functions that means when the transfer of
energy between the dark components is restricted to only in
one direction,11 then the late time stable attractors, namely,
Ay, By, Cy, Dy, and E, do not appear within these
unidirectional interaction functions. However, in the pro-
posed sign shifting interaction models, A, By, Cy, Dy, and
E appear at the transitional point where Q(p., p,) changes
its sign. It is an interesting feature of the proposed sign
shifting interacting models, and it is a subject for further
investigations.

The case with dynamical DE equation of state presents a
more general interacting scenario. The present choice of w;

"If the interaction functions Q; = [(p. —pqg) and QO =
C(pe = pa — £44)

are replaced by Q;=T(p.+p,) and

Om =T(p. + py + 2L4), respectively, (note that Oy and Oy
represent unidirectional interaction functions), then the critical
points Ay, Cy do not appear in these new unidirectional
interacting scenarios. In a similar fashion, for Qp, Qpy, and
Oy, if we impose that the coupling parameters will have the
opposite signs instead of the same signs, which are essential for
the sign shifting nature, then the late time stable attractors B, D,
and E, do not appear in the respective unidirectional interacting
scenario.
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[Eq. (23)] covers both the phantom (for A > 0, equivalently,
v > 0) and nonphantom (for A < 0, equivalently, v < 0)
regimes. In terms of the number of critical points, each sign
shifting interacting model with dynamical phantom case
(i.e., v > 0) has one extra critical point compared to the
corresponding sign shifting interacting model with dynami-
cal quintessence case (v < 0). Again, similar to the constant
wy case, here too, we observe that if the sign shifting nature
of the interaction functions is replaced by the unidirectional
interaction functions, then the late time stable attractors,
namely, A,, By, Cy, Dy, and E, do not appear in this case,
but in the context of the proposed sign shifting interaction
models these late time stable attractors arise at the transi-
tional point, that means where Q(p,, p,) changes its sign.
Specifically, we have the following observations:

(1) Dynamical phantom: In all the sign shifting interact-
ing dynamical phantom scenarios, we find one matter
dominated era (unstable in nature) representing a
decelerating phase, late time stable attractors in
which one attractor is completely DE dominated
(©Q; = 1), and the other attractor allows the con-
currence of DE and DM. Moreover, we noticed that
only model IV in this series admits one global
attractor D, provided that the dimensionless cou-
pling parameters satisfy @ > f# > 0. According to the
existing literature on the interacting dynamical
phantom scenarios [18,19,147,155] concurrent exist-
ence of the matter dominated, only DE dominated
(Q;=1), and the coexistence of DE and DM
(Q, # 0, Q. # 0), as we observed within the context
of present sign shifting interacting models, is very
rare. For example, even though some specific inter-
acting models exhibit the matter dominated phase
[147,155], but the simultaneous occurrence of the
DE dominated stable attractor (; = 1), and the
stable late time scaling attractor corresponding to an
accelerating phase of the Universe has not
been found.

(2) Dynamical quintessence: We find that all the sce-
narios in this category admit the matter dominated
phase, which is unstable in nature, and it corre-
sponds to a past decelerating phase. But, unlike in
the phantom interacting scenario, here only one late
time stable attractor is allowed, which is global in
nature (see Table VI), and this critical point allows
the existence of both DE and DM. The existence
of the matter dominated phase within the present
sign shifting models is interesting because such
phase is not so common in a variety of interaction
models when w, lies in the quintessence regime,
see, for instance, [19,27,146,148,153].

Based on the outcomes of the present article, it is evident
that the sign shifting interaction models are quite appealing.
The results further emphasize that there should not be any
particular reason to prefer only the unidirectional inter-
action functions in the context of interacting DE, rather, the
bidirectional interaction functions are quite promising, and
they deserve further attention. Specifically, the analysis
with dynamical w, within these interaction models is very
promising, but such analysis is rare in the literature.
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