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In this work we study the background evolution and the early time behavior of scalar cosmological
perturbations with an ultralight vector dark matter. We present a model for vector dark matter in an
anisotropic Bianchi type I universe. Vector fields source anisotropies in the early Universe characterized by
a shear tensor which rapidly decays once the fields start oscillating, making them viable dark matter
candidates. We present the set of equations needed to evolve scalar cosmological perturbations in the linear
regime, both in synchronous gauge and Newtonian gauge. We show that the shear tensor has to be taken
into account in the calculation of adiabatic initial conditions.
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I. INTRODUCTION

Although the concordance modelΛCDM (which includes
cold dark matter and a cosmological constant) does a great
work at fitting cosmological observables, it does not explain
the nature of the dark sector. Many alternative theories are
being studied in order to explain the dark sector (DM), such
as weakly interacting particles and ultralight fields (ULF).
Recently, ULF models have gained interest due to its small
scales predictions. Their small masses may let them behave
as a collection ofwaves, leading to new phenomena such as a
suppression in the mass power spectrum on small scales, the
presence of characteristic interference patterns, the formation
of soliton cores [1–3]. One important characteristic of ULF
models is that the cosmological observables are highly
dependant on the particle mass.
In this work we focus on the study of cosmological

perturbations in the linear regime. For the standard CDM
scenario, DM is treated as a pressureless component with no
interactions other than gravity. We consider a vector field
dark matter (VFDM) model, where DM is described by a
classical real vector field with only gravitational interactions.
One important development that motivates this study for

VFDM models is the possibility of making very precise
calculation to predict cosmological observables for the case
of scalar field dark matter (SFDM) candidates, which
serves as the basis for the models at hand. Indeed, for
scalar ULF models, and not for vector ULF, there are public
codes (such as AxionCamb [4] or class.FreeSF [5]), which are

based on the standard codes, CAMB
1 or CLASS.2 With the

use of such codes it is possible to calculate the evolution of
the cosmological perturbations in the linear regime, the
power spectrum of the species, as well as many other
cosmological observables that require the linear power
spectrum, such as the temperature and polarization of the
cosmic background radiation (CMB), the large-scale struc-
ture, the Lyman-alpha forest, and hence to use precision
cosmological data to set constrains on the models (see for
instance [4–13]).
Specifically, the goal of this paper is to provide the

complete set of equations together with an extension of the
standard adiabatic initial condition that are necessary to
advance in the development of an extension of such codes,
appropriate for the study of vector and mixed ULF models
(that is, with different types of dark matter), which in turn
will allow us to contrast the predictions of theoretical
models with recent observational data.
The other development motivating this study is that

nonscalar dark matter models are in principle as viable as
the scalar ones. It has been shown that there are several
mechanisms that can give rise to the presence of a
cosmological scalar ULF with large occupation numbers
(for an introductory review see [1]). Although the produc-
tion mechanisms for vector ULF are more restrictive (see
for instance [14,15]), recently several models have been
developed [16–22].
The first difficulty in cases of spin fields already appears

at the level of the background Universe, since such fields
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generally break isotropy. However, a general result [23]
shows that for massive fields without self-interactions and
masses much larger than the expansion rate, the average
energy-momentum tensor is isotropic and behaves like
CDM.3

In the early Universe, during radiation domination era
one may expect the VFDM would not significantly affect
the evolution of the metric and radiation perturbations.
As we show in this work for adiabatic perturbations,
although this expectation turns out to be correct, to arrive
at this conclusion it is necessary to consider an anisotropic
background metric characterized by a tensor shear. Indeed,
in Sec. III B we show that the vector stress energy tensor
has non-negligible contributions to the perturbed Einstein
equations for superhorizon modes, at least for masses
m≲ 10−22 eV. Since the initial conditions for cosmologi-
cal evolution of the perturbations are to be set when modes
are superhorizon and observables are in general sensitive to
modifications of the initial conditions, if this contribution
significantly modified them, it could leave an imprint on
cosmological observables. However, it turns out that such
VFDM contribution is exactly canceled by the presence of
a term proportional to the shear.
The paper is organized as follows. In Sec. II we present

the VFDMmodel at the background level. We calculate the
initial conditions and study the background evolution. In
Sec. III we present the VFDM model at linear order in
cosmological perturbation theory in synchronous gauge
and we study the implications of the background shear in
the calculation of adiabatic initial conditions. Finally, in
Sec. IV we summarize the conclusions of our work.
In Appendix Awe present the metric in both gauges and

discuss how the field and the metric perturbations transform
under a change of gauge. In Appendix B we present
supplementary equations for the discussion of the synchro-
nous gauge, and in Appendix C we present the model in
Newtonian gauge and the analogous study of the initial
conditions. In Appendix D we use the Weinberg’s con-
struction [25] to find the adiabatic solution for the vector
field in the long wavelength limit.

II. VECTOR FIELD BACKGROUND

A. Background equations

We work in a Bianchi type I spacetime with metric
given by

ds2 ¼ aðτÞ2½−dτ2 þ γijdxidxj�; ð1Þ
where γij ¼ e−2βiðτÞδij and the functions βi (with i ¼ 1; 2; 3)
are constrained by

P
3
i βi ¼ 0. Following [26], we define the

shear of the metric as σij ¼ 1
2
γ0ij where prime derivatives are

with respect to conformal time τ.
We consider a VFDM model in the Bianchi I universe

given by

S ¼ −
Z

dτdx3
ffiffiffiffiffiffi
−g

p �
1

4
FμνFμν þ

m2

2
AμAμ

�
; ð2Þ

where Fμν ¼ ∇μAν −∇νAμ is the usual field tensor, g is the
determinant of the metric andm the vector mass. The vector
field equations of motion are

∇νFμν þm2Aμ ¼ 0: ð3Þ

In this work we consider that the VFDM candidate can
be described as a combination of a background homo-
geneous field and a perturbation Aμðτ; x⃗Þ ¼ AμðτÞ þ
δAμðτ; x⃗Þ. In this section we focus on the background
quantities.
To solve for the homogeneous background component

we can split Eq. (3) into an equation for the spatial
components A⃗, and a constraint equation for the time
component giving A0 ¼ 0. The equations of motion are4

A00
i − 2σkiA0

k þm2a2Ai ¼ 0: ð4Þ

The background fluid variables of the vector field in
Bianchi I are

ρA ¼ 1

2a4
½A0

iA
0
j þm2a2AiAj�γij; ð5Þ

PA ¼ 1

6a4
½A0

iA
0
j −m2a2AiAj�γij; ð6Þ

Σi
j ¼

1

a4

�
1

3
A0
kA

0
lγ

klγij − A0
kA

0
jγ

ik

þm2a2
�
AiAj −

1

3
AkAkγ

i
j

��
; ð7Þ

where Σi
j is the traceless part of the energy-momentum

tensor. In what follows we use the convention of lowering
and raising latin indices with the “spatial metric” γij and its
inverse γij, respectively. The vector field is the only species
we consider here that has anisotropies at the background
level. Then, Einstein’s nondiagonal equations are only
sourced by the vector field,

ðσijÞ0 þ 2Hσij ¼
a2

m2
P
Σi

j; ð8Þ

with mP the Planck mass.3Another possibility to preserve isotropy is to consider a triplet
of orthogonal vector fields or N randomly oriented vector fields
(see for example [24]). We will not consider these alternatives in
this paper.

4This equation was first derived in [27] in the context of
inflation driven by a vector field.
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The last relevant equation for the background is
Friedmann equation in Bianchi I geometry, given by

H2 −
1

6
σ2 ¼ a2

3m2
P
ρ; ð9Þ

where σ2 ¼ σijσij. From the previous equation we define
the shear relative abundance as

Ωσ ¼
σ2

6H2
: ð10Þ

B. Initial conditions

The initial conditions for vector dark matter can be
calculated by looking for attractor solutions of the back-
ground equations during radiation domination era where
a ∝ τ. In what follows we assume any initial anisotropy in
the background metric can be neglected. We set the initial
time τini early enough so that the mass of the vector field is
sufficiently small with respect to the Hubble rate (m ≪
Hini ≡Hinia−1ini , where the subscript “ini” on a quantity
denotes the quantity evaluated at the initial time). Other-
wise, if m≳Hini, it will be clear towards the end of this
section that the VFDM does not generate significant
anisotropies on cosmological scales after the initial time.
We solve the metric shear’s equations [Eq. (8)] perturba-
tively at linear order in the magnitude of Σi

j by keeping the
lowest order in the metric shear on the right-hand side of
Einstein’s equations. That is, by setting the metric shear to
zero on the fluid variables of the vector field.
In this work we assume an homogeneous background

vector field given by

AiðτÞ ¼ AðτÞÂi: ð11Þ

In Bianchi I the versors change in time because of time
derivatives of γij. In particular, we have that Â0

iÂ
i ¼ σA,

where σA ¼ ÂiÂjσij. We solve the equations of motion of
the vector at early times assuming that for any component
of the shear we have that jσijj ≪ H. Then, for the masses
considered in this paper (m ≪ Hini) we can solve Eq. (4)
near the initial time as

AiðτÞ ≃ ðbþ cτÞÂi; ð12Þ
where b and c are integration constants. Therefore A0

iðτÞ ≃
HAiðτÞ and we can neglect the time derivatives of the
versor. The constant mode corresponds to a decaying mode
in the rescaled vector Āi defined as Ai ¼ aĀi. We set b ¼ 0
for simplicity.
The fluid variables at early times and in the lowest order

approximation are given by

ρA ≃
c2

2a4
; ð13Þ

Σij ≃ −
c2

a4

�
ÂiÂj −

γij
3

�
; ð14Þ

with a radiationlike equation of state wA ¼ 1
3
.

Now we can solve for the shear. Equation (8) admits the
following formal solution:

σij ¼
�
aini
a

�
2

Sij þ
1

a2

Z
a

aini

s3
Σi

j

Hm2
P
ds; ð15Þ

where Sij is a constant tensor. We assume there is no
significant shear at the initial time and set Sij ¼ 0. By
neglecting the metric shear in the vector stress-energy
tensor, we obtain that the leading order solution can be
written as (for aini ≪ a)

σij ≃ −6RAH
�
ÂiÂj −

γij
3

�
; ð16Þ

where RA ¼ ρA=ρr (with ρr the radiation energy density) is
the vector-to-radiation energy ratio. For the masses con-
sidered in this work at early times we have that RA ≪ 1.
Therefore, we obtained a shear that is much smaller than

the Hubble rate, but which decays more slowly than any
primordial shear that could eventually be present before
τini. As we show in Sec. III B, the magnitude of the shear
generated at early times by the vector field is sufficiently
large to have an impact in the calculation of the initial
condition for the cosmological perturbations for a range of
masses Heq ≲m≲ 10−22 eV [see Eq. (40)], where Heq is
the Hubble rate at equality.

C. Background evolution

In the previous section we have seen that the shear at
early times has a decaying mode determined by the vector-
to-radiation energy ratio RA. The general result of [23]
implies the VFDM effectively stops sourcing the metric
shear after the Hubble rate falls below the mass of the
field. As a consequence the metric shear σij decays as a−2

at late times and the spacetime approaches to an isotropic
Friedman-Lemaître-Robertson-Walker one. Indeed, from
Eq. (4) we can see that (at zero order in the shear) a few
Hubble times after ma ¼ maosc ∼H the background field
behaves as a an oscillatory function with a frequency given
by the mass. Then, the background vector field has two
different behaviors which are separated by the starting
time for the vector oscillations (when the scale factor
is a ¼ aosc). We can write the approximate solution of
Eq. (4) as

AðτÞ ∝
�
a a < aosc

a−
1
2 cos ðR madaÞ aosc < a

; ð17Þ
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where for aosc < a we used a Wentzel-Kramers-Brillouin
approximation which assumes m > H ≡H=a.
In the regime where the field oscillations become fast on

cosmological timescales the effect of the fast oscillatory
contributions in the VFDM stress-energy tensor can
be computed by approximating the corresponding expres-
sion by its time average. We first notice that under the
Wentzel-Kramers-Brillouin approximation we have that
ρA ¼ ðA02 þm2a2A2Þ=2a4 ∝ a−3, at leading order in
H=m. Then, the vector energy density at zero order in
the shear can be approximated by

ρA ≃

8<
:

c2

2a4 a < aosc
c2

2a4osc
ðaosca Þ3 aosc < a

: ð18Þ

We see that once the field starts oscillating, it behaves as
cold dark matter. Indeed, by inserting Eq. (17) into Eq. (6)
we can see that the pressure oscillates and averages to zero
in this regime on cosmological timescales. The same
argument holds for the shear tensor.
By setting the initial conditions at aini ≪ aosc, for aini ≪

a < aosc we can use (16) to obtain Ωσ [given in (10)] at
leading order in aini=a. Then, matching such solutions at
a ¼ aosc with the one obtained in the regime of fast
oscillations of the VFDM [where the right-hand side of
Eq. (8) vanishes and Eq. (15) implies σij decays as a−2], we
obtain

Ωσ ≃

(
4R2

A a < aosc
4R2

AðHmÞ2 aosc < a
: ð19Þ

For the vector field to be the whole dark matter, it should
start oscillating before matter-radiation equality epoch

aosc < aeq ≃
Ωr;0

ΩDM;0
; ð20Þ

where Ωr and ΩDM are, respectively, the radiation and the
dark matter energy fraction, and the subscript 0 denotes the
value at the present time. Using the Friedmann equation
[Eq. (9)], for a ¼ aosc < aeq we can approximate5

m2 ¼ H2
osc ≃H2

0

Ωr;0

a4osc
; ð21Þ

with H ¼ H=a, from where we obtain

aosc ≃Ω1=4
r;0

�
H0

m

�
1=2

: ð22Þ

Using this result in Eq. (18) and that for a > aosc, ρA ¼
ρDM ¼ 3m2

pH2
0ΩDM;0a−3 we can solve for the constant c2,

c2 ≃ 2ρcr;0ΩDM;0Ω
1=4
r;0

�
H0

m

�
1=2

; ð23Þ

where ρcr;0 ¼ 3m2
pH2

0.
For Planck cosmological parameters [28], from Eq. (22)

and the condition aosc < aeq we obtainm>Heq∼10−28 eV.
Therefore, the mass range we consider in this paper
is Hini ≫ m > Heq.
At early times before the field starts oscillating

(a < aosc), we obtain RA ¼ ρA=ρr ≃ c2=ð2ρr;0Þ, and Ωσ

can be written as

Ωσ ≃ 4Ω2
DM;0Ω

−3=2
r;0

�
H0

m

�
≡Ωini; ð24Þ

where we have defined Ωini. For a > aosc we have two
different behaviors depending on whether we are on
radiation or matter epoch,

Ωσ ∝
�
a−2 aosc < a < aeq

a−3 aeq < a
: ð25Þ

One of the strongest constraints for the shear’s abun-
dance is set by big bang nucleosynthesis (BBN), giving
ΩσjBBN ≤ 10−3 for a universe with no anisotropic sources
in the background [29], where ΩσjBBN is the shear
abundance at BBN (a ∼ 10−8). Using this and Eq. (24) it
is immediate to obtain an approximate lower bound on the
VFDM masses allowed by BBN6:

m≳ 4 × 103Ω2
DM;0Ω

−3=2
r;0 H0

∼ 0.25 × 10−24 eV

�
ΩDM;0

0.26

�
2
�
Ωr;0

10−4

�
−3
2

�
H0

10−33 eV

�
;

ð26Þ
where to write the second line we used approximate values
ΩDM;0 ∼ 0.26, Ωr;0 ∼ 10−4, H0 ∼ 10−33 eV, estimated from
Planck cosmological parameters [28]. For such parameters
we obtain the bound m≳ 0.25 × 10−24 eV.
By analogy with the scalar field case, stronger bounds on

m are expected from the analysis of cosmological pertur-
bations, even in the linear regime. Interestingly, as we show
next, a simple estimate indicates that for small values of the
mass [but still allowed by the BBN constraint in Eq. (26)]
the characteristic anisotropy of the VFDM case (which is
absent in the scalar case) may have an impact on the CMB

5For small values of m a more precise calculation can be
performed by including on the right-hand side the vector
contribution and solving perturbatively for aosc.

6Since for the smaller masses allowed by this bound the vector
starts oscillating closed to equality, in order to obtain a more
precise bound one needs to include corrections in the background
evolution, such as those mentioned in the previous footnote. A
precise background evolution accounting for this corrections will
be presented in [30].
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quadrupole temperature. Notice VFDM models are differ-
ent from the standard CDM scenario in a Bianchi I
background metric considered in [29]. For the latter
scenario the authors of [29] conclude that given the
BBN constraint on the initial Ωσ, the effect on the CMB
quadrupole temperature turns out to be observationally
irrelevant. In particular, they estimated a value of Ωσ at the
present time, given by Ωσ;0 ∼ 4 × 10−20 ≡Ωσ;q, for which
the so-called quadrupole temperature problem [28] could
be addressed. For smaller values of Ωσ;0 the effect on the
quadrupole would be smaller. The effect of the metric shear
on the quadrupole temperature depends on the evolution of
the quantity Ωσ from the time of decoupling of CMB
photons to the present (see [29]). Since during such period
of time the VFDM evolves effectively as CDM (at the
background level), the background metric shear has no
source and the quantity Ωσ evolves just as in the standard
Bianchi I scenario studied in [29]. The reason why in the
VFDM scenario such conclusion does not apply for all of
the masses of the VFDM we considered here goes as
follows. For masses smaller than the Hubble rate at BBN
(m < HBBN),

7 in the VFDM scenario the anisotropy
characterized by Ωσ decays less from BBN to the present
than in the standard case. While in the standard case Ωσ

always decays (as a−2 in radiation domination era and as
a−3 in matter domination era), in the VFDM scenario Ωσ is
practically constant from BBN until the field starts oscil-
lating (i.e., whenH ≃m). Indeed, by matching the different
approximations for the evolution of Ωσ , in the VFDM
scenario, we have

Ωσ ≃

(
Ωiniðaosca Þ2 aosc < a < aeq

Ωiniðaoscaeq
Þ2ðaeqa Þ3 aeq < a

; ð27Þ

where Ωini, aeq, and aosc are given in (24), (22), and (20),
respectively. Hence we can estimate Ωσ;0 in the VFDM
model (ignoring the effect of the cosmological constant) by
setting a ¼ 1 on the second line of Eq. (27). Then, the
condition Ωσ;0 ≳Ωσ;q under which we expect a relevant
effect on the CMB quadrupole temperature can be recast as
the following bound in the mass of the VFDM:

m≲ 2H0

ffiffiffiffiffiffiffiffiffiffi
ΩDM

Ωσ;q

s
∼ 5 × 10−24 eV

�
H0

10−33 eV

�

×

ffiffiffiffiffiffiffiffiffiffi
ΩDM

0; 26

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4 × 10−20

Ωσ;q

s
: ð28Þ

Therefore, there is a mass range for which the BBN
constraint as estimated in (26) can be satisfied and the

VFDM can induce a relevant effect on the CMB quadrupole
temperature. We expect to quantify this more precisely in
future work. For this, the equations presented below are the
basic necessary ingredients.

III. VECTOR FIELD PERTURBATIONS

In this section we focus on Einstein’s equations at linear
order in perturbation theory. We show that the metric shear
has to be considered in the calculation of adiabatic initial
conditions. We work here in synchronous gauge and we
present the equations in Newtonian gauge in Appendix C.
As it will be enough, in what follows we only keep up to
linear corrections in the shear and assume that jσijj ≪ H.
We work with the perturbations in Fourier space, and use

the convention

fðx⃗Þ ¼
Z

d3kfðk⃗Þeik⃗·x⃗; ð29Þ

where we denote with “·” the product with metric γij (e.g.

k⃗ · x⃗ ¼ kixi). Here xi are the comoving coordinates. In
Fourier space ki is constant while ki ≡ γijki changes
with time.
It is convenient to choose an orthonormal basis given by

fê1; ê2; ê3g where ê3 ¼ k̂, ê2 ¼ k̂ × Â and ê1 ¼ k̂ × ê2.
This is a mode-dependent basis where the background
vector is always contained in the plane defined by k̂ and ê1.
We decompose the metric shear in this basis as

σij ¼
3

2

�
k̂ik̂j −

γij
3

�
σk þ 2

X
a¼1;2

σva k̂ðiê
a
jÞ þ

X
λ¼þ;×

σλϵ
λ
ij;

ð30Þ
where ϵþij ¼ ê1i ê

1
j − ê2i ê

2
j and ϵ×ij ¼ ê1i ê

2
j þ ê2i ê

1
j . By com-

paring with Eq. (16) it can be shown that in this basis, the
shear at early times is given by

σk ¼
−2c2L þ c2t1
3m2

Pa
2H

; ð31aÞ

σv1 ¼
cLct1

m2
Pa

2H
; ð31bÞ

σþ ¼ −
c2t1

2m2
Pa

2H
; ð31cÞ

where cL ¼ cðk̂ · ÂÞ and ct1 ¼ cðê1 · ÂÞ. The remaining
components of the shear are not sourced by the vector at
early times, so we can set σv2 ¼ σ× ¼ 0.
Taking into account that γij is time dependent the

derivative of the relevant versors can be derived as87For m > HBBN, the field effectively behaves as CDM at the
background level and, therefore, the same argument given in [29]
does apply. 8For a more detailed derivation see Sec. II in [26].
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k0 ¼ −σkk; ð32aÞ

ðk̂iÞ0 ¼ σkk̂i; ð32bÞ

ðêai Þ0 ¼ −
X
b

σljelae
j
be

b
i þ 2σije

j
a: ð32cÞ

A. Linear equations

Now we present Einstein’s equations in synchronous
gauge as defined in Appendix A, which in Fourier space
reads

δg00 ¼ δg0i ¼ 0; ð33aÞ

δgij ¼ a2
�
−2

�
γij þ

σij
H

�
ηþ k̂ik̂jðhþ 6ηÞ

�
; ð33bÞ

where we have neglected vector and tensor perturbations of
the metric. For simplicity, we consider the equations to
linear order in any component of σij.
The vector equations of motion at linear order can be

extracted from Eq. (3). In order to do this we wrote a code
in mathematica using xAct-xPand packages [31,32]. As for
the background, the dynamics can be split into a constraint
equation for the temporal component and one equation of
motion for each polarization of the spatial components. By
projecting on the basis we obtain

δA00
L þ ðm2a2 þ σ0kÞδAL − ikðδA0

0 − 2σkδA0Þ ¼ SL; ð34aÞ

δA00
t1 þ

�
m2a2 þ k2 −

σ0k
2
þ σ0þ

�
δAt1 þ 2ikσv1δA0 ¼ St1 ;

ð34bÞ

δA00
t2 þ

�
m2a2 þ k2 −

σ0k
2
− σ0þ

�
δAt2 ¼ 0; ð34cÞ

where the sources on the right-hand side are given by
Eq. (B1). From the temporal equation we have that

δA0 ¼
−ik

m2a2 þ k2

�
δA0

L þ σkδAL þ 2σv1δAt1 þ 2
σv1
H

A0
t1η

−
1

2
ðA0

L þ σkAL þ 2σv1At1Þðhþ 8ηÞ
�
: ð35Þ

The Einstein’s equations to linear order are

k2η −
1

2
Hh0 þ 3

2
σkη0 ¼ −

a2

2m2
P
δρ; ð36aÞ

k2η0 þ k2

2

��
H0

H2
− 3

�
σk −

σ0k
H

�
η ¼ a2

2m2
P
ðρþ PÞθ; ð36bÞ

h00 þ 2Hh0 − 2k2ηþ 9σkη0 ¼ −
3a2

m2
P
δP; ð36cÞ

h00 þ 6η00 þ 2Hðh0 þ 6η0Þ − 2k2ηþ 3

�σ00k
H

−
H00

H2
σk

− 2

�
H0

H2
− 1

��
σ0k −

H0

H
σk

��
η ¼ −

3a2

m2
P
ðρþ PÞδΣk;

ð36dÞ

where the fluid variables are defined as

δρ ¼ −δT0
0; ð37aÞ

δP ¼ 1

3
δTi

i; ð37bÞ

ðρþ PÞθ ¼ ikiδT0
i; ð37cÞ

ðρþ PÞδΣk ¼ −
�
k̂ik̂

j −
1

3
γji

�
δΣi

j; ð37dÞ

and the expressions in terms of the vector field are given in
Appendix B.
By setting σk ¼ 0 in Eq. (36) we recover the Friedman-

Lemaître-Robertson-Walker limit (see for instance [33]).

B. Adiabatic initial conditions

In the ΛCDM cosmological model the initial conditions
for Einstein’s equations are calculated by extending the
solutions far outside the horizon (kτ ≪ 1) and deep in
the radiation era. In this regime the radiation dominates the
right-hand side of Einstein’s equations, so the rest of the
species can be neglected. The equations are then solved by
looking for the attractor solutions of the radiation and the
metric. These solutions can be found from Eqs. (36a),
(36c), and (36d) in this regime, and are given by

η ¼ η0 − αR
η0
2
ðkτÞ2; ð38aÞ

h ¼ η0
2
ðkτÞ2; ð38bÞ

δγ ¼ −
η0
3
ðkτÞ2; ð38cÞ

where δγ ¼ δργ=ργ (with the subscript γ denoting photons),
α is a constant that is fixed with Eq. (36b) [in ΛCDM αR ¼
ð5þ 4RνÞð15þ 4RνÞ−1=12 with Rν the ratio of neutrinos
to radiation energy density [33] ], and η0 is an integration
constant. The initial conditions for the rest of the species are

calculated by imposing adiabatic initial conditions δρi
ρ̇i
¼ δρj

ρ̇j
,

where the index runs over every species.
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In the presence of a background anisotropic stress the
metric shear σk has to be included in this calculation.
At early times we have that σk ≪ H, so the shear can
be neglected from the left-hand side of Eqs. (36a), (36c),
and (36d). In this section we show that in the case of
adiabatic initial conditions, we can also neglect the vector
contribution from the respective equations. Then, we can
solve for the metric perturbations h and η and the radiation
energy density as in ΛCDMmodel. However, in the k ≪ H
regime the leading order of Eq. (36b) in powers of k is
dominated by the shear in the left-hand side [as can be
easily seen by inserting Eq. (38a) into Eq. (36b)], giving a
contribution scaling as k2. Indeed, working at leading order
in kτ for superhorizon modes and using Eq. (16), the term
with the shear becomes subdominant only when

ðkτÞ2 ≳ 9α−1R RA

����cos2θk − 1

3

����
∼ 9

ΩDM;0

Ω3=4
r;0 αR

�
H0

m

�
1=2

����cos2θk − 1

3

����; ð39Þ

where cos θk ¼ Â · k̂. In order to quantify the effect of the
shear on observable quantities such as CMB one can study
the evolution of the perturbations for the same initial
conditions with and without the shear. This can be done
in an extension of a standard Einstein-Boltzmann code
which implements the equations presented in this paper. We
are currently working on such extension [30] and on this
study. For the moment we notice that if one sets the initial
condition outside horizon at most at kτ ¼ kτi ≃ 0.1,
Eq. (39) implies that the shear can be neglected for masses
such that

m≳ 0.55 × 10−22 eV

�
0.1
kτi

�
4

	
ΩDM;0

0.26



2

α2Rð104Ωr;0Þ3=2

×

�
H0

10−33 eV

�����cos2θk − 1

3

����2: ð40Þ

Hence, for ΩDM;0 ∼ 0.26, Ωr;0 ∼ 10−4, H0 ∼ 10−33 eV,
we expect the effect to be potentially significant
for m≲ 10−22 eV.
Let us now analyze the right-hand side of Eq. (36b). The

initial condition for the velocity gradients, θi, can be
obtained from the fluid-like equations for each species
in the long wavelength regime as described in [33].
For instance, for photons, from the equations at leading
order in kτ,

δ0γ þ
4

3
θγ þ

2

3
h0 ¼ 0; ð41aÞ

θ0γ −
k2

4
δγ ¼ 0; ð41bÞ

we obtain

θγ ¼ −
η0
36

k4τ3: ð42Þ

Using this result and Eq. (38) into Eq. (36b), from the
scaling behavior in powers of k2 of the terms it is immediate
to conclude that to preserve the standard adiabatic initial
conditions for the metric and radiation perturbations also in
the infrared (when the contribution of the shear is impor-
tant), the vector has to cancel the shear’s contribution at
early times.
The attractor solutions for the vector are found by

solving the equation of motion at early times far outside
the horizon. The solutions for Eqs. (34a)–(34c) in this
regime and for the masses considered in this work can be
written as a power law of the conformal time. The
integration constants can be calculated by imposing adia-
batic initial conditions with the radiation, namely δA ¼
3
4
δγð1þ wAÞ at early times. At zero order in the metric

shear we obtain

δA⃗ ¼ ð2cLk̂ − ct1 ê1Þτη0: ð43Þ

With this initial condition we can now check that the
scaling of the leading order in kτ of δA, δPA, and δΣAk
[from Eqs. (B2a), (B2b), and (B2d), respectively] is the
same as that of the other species (that is, ∼k2τ2). However,
this contribution is suppressed by a factor of RA ¼ ρA

ρr
in

Einstein’s equations [Eqs. (36a), (36c), and (36d), respec-
tively]. Then, we can neglect the vector variables from
these equations at early times. The initial condition for θA is
given by

ðρA þ PAÞθA ¼ 2c2L − c2t1
a4

k2τη0; ð44Þ

and therefore, inserting this result into Eq. (36b) and using
(31a), we see that this vector contribution exactly cancels
the one of the metric shear at early times.
The dark matter is expected to be subdominant at early

times, but comparing Eqs. (42) and (44) far outside the
horizon we see that the vector velocity divergence domi-
nates over the one of radiation in this regime. However, in
the presence of vector dark matter it is necessary to
consider an anisotropic metric, and the contribution of
such large vector velocity divergence is exactly canceled by
the contribution of the shear, so that the standard adiabatic
initial conditions are recovered at early times. Otherwise, if
one insists on working in an isotropic universe, in the
calculation of the initial conditions for the radiation and the
metric one would erroneously find a large infrared effect on
the perturbations due to the large velocity gradient θA of the
vector field. In Newtonian gauge it can be shown (see
Appendix C) that the vector shear δΣA dominates Einstein’s
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traceless-longitudinal equation. As in the synchronous
gauge, it is necessary to consider an anisotropic metric
to cancel this contribution.

IV. CONCLUSIONS

In this work we have computed all equations needed to
study the evolution of scalar cosmological perturbations in
the linear regime in VFDM models, neglecting vector and
tensor perturbations. The consistency of the model requires
the background metric must be taken to be an anisotropic
Bianchi I metric, characterized by a metric shear produced
by a VFDM background pointing in a fixed direction. We
have presented the equations for the metric and VFDM
perturbations around such anisotropic background, in both
synchronous gauge [see Eqs. (36) and (34) with the sources
given in Eq. (B1)] and Newtonian gauge [see Eqs. (C5)
and (34) with the sources given in Eq. (C2)].
We have studied the perturbations in the long-

wavelength (superhorizon) regime at early times during
radiation domination. We have shown that the limit k → 0
with k ≠ 0 is subtle. Indeed, for small enough values of k,
the contribution of the metric shear becomes of the same
order as the other terms in the left-hand side of Einstein
equations. In the same limit the right-hand side of Einstein
equations involves large VFDM contribution (in synchro-
nous gauge this corresponds to a VFDM velocity gradient
that becomes larger than the velocity gradient of photons,
while in the Newtonian gauge the anisotropic VFDM shear
does not vanish as happens for the standard species).
Therefore, a careful study of the evolution of both the
metric shear and the VFDM in that regime, as the one
presented in this paper, becomes crucial to appropriately set
the initial conditions for cosmological perturbations. We
have derived the adiabatic initial conditions for the VFDM,
and we have shown the relevant contributions of the metric
shear and the one of the VFDMcancel each other, so that the
initial condition for the metric perturbations and the per-
turbations of the other species remain the same as inΛCDM
at leading order in the vector-to-radiation energy ratio RA.
Our analytic study of the evolution indicates VFDM

models are in principle as viable as the SFDM one. An
important difference that is already present at the back-
ground level is the contribution of the metric shear to the
Friedman equation, given by the corresponding abundance
Ωσ . In this paper we have used known constrains on Ωσ

from BBN [29] to estimate a lower bound on the VFDM
massm [see Eq. (26)]. We have also used the results of [29]
to estimate the mass range for which one can expect the
VFDM to affect the CMB temperature quadrupole in an
observationally significant way, without affecting BBN
predictions. The estimated mass range is between the BBN
bound given in (26), and the masses satisfying Eq. (28).
Moreover, in view of our knowledge of the SFDM case (see
for instance [4,9]), in the VFDM case we expect to obtain
stronger bounds from a quantitative study of the evolution

of the cosmological perturbations, even in the linear
regime. The equations derived in this paper are a necessary
ingredient to start such study precisely. The following step
to make progress in this direction is to numerically imple-
ment the equations in a code such as CAMB or CLASS, which
is the main goal of [30]. Finally, in the future, it would be
worth to extend the equations to include vector and tensor
perturbations which mix themselves in the presence of the
VFDM anisotropic background.
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APPENDIX A: GAUGE CHANGE
IN ANISOTROPIC BACKGROUND

In this appendix we study change of coordinates in
Bianchi I geometries. In particular, we consider the change
of gauge between Newtonian gauge and synchronous
gauge. The most general metric perturbation in Bianchi I
is given by

ds2 ¼ −a2ð1þ 2ϕÞdτ2 þ a22Bidxidτ

þ a2ðγij þ hijÞdxidxj; ðA1Þ
where we can decompose

Bi ¼ ∂iBþ Vi; ðA2Þ

hij ¼ −2
�
γij þ

σij
H

�
ψ þ 2∂i∂jEþ 2∂ðiEjÞ þ 2Eij; ðA3Þ

with ∂iVi ¼ ∂iEi ¼ 0 and Ei
i ¼ ∂iEi

j ¼ 0. We consider a
change of coordinates

x̂μ ¼ xμ þ ξμ; ðA4Þ
where ξμ is order one in perturbation theory and can be
written as ξ0 ≡ α and ξi ≡ β;i þ ϵi with ϵi;i ¼ 0. The metric
transforms under this change of coordinates as

ĝμνðxÞ ¼ gμνðxÞ − gμσðxÞ∂νξσ − gνσðxÞ∂μξσ − ξσ∂σgμνðxÞ:
ðA5Þ

The transformation of the metric perturbations defined in
(A1) can be found by inspection of the components of the
previous equation. The temporal equation, the 0i equation,
respectively, the trace of that with spatial indices and the
projection on ðk̂ik̂j − 1

3
γijÞ directions, yielding to

ϕ̂ ¼ ϕ − α0 −Hα; ðA6aÞ
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ψ̂ ¼ ψ þHα; ðA6bÞ

Ê ¼ E − β; ðA6cÞ

B̂ ¼ Bþ α − k−2ðk2βÞ0: ðA6dÞ

The transformation properties of the vector perturbations
can be calculated by multiplying Eq. (A5) by
Pij ¼ ðγij − k̂ik̂jÞ, which selects the component in a
direction perpendicular to k̂. Then, it can be shown that

V̂i ¼ Vi − γijðϵjÞ0 þ 2iσljkjPl
iβ; ðA7Þ

Êi ¼ Ei − ϵi: ðA8Þ

Finally, the tensor perturbation is gauge invariant, so
Êij ¼ Eij. This is a consequence of introducing the shear in
the definition of the metric perturbation hij in the first term
of Eq. (A3).
The functions α and β can be found by fixing the gauge.

In this work we are interested in transformations between
synchronous and Newtonian gauge. We define the x̂μ

coordinates to be in synchronous gauge while xμ coordi-
nates are in Newtonian gauge. The Newtonian gauge is
given by the metric potentials ϕ and ψ and by setting
E ¼ Ei ¼ 0. For the synchronous gauge, we use the
convention of [33] and define it by fixing ϕ̂ ¼ B̂i ¼ 0
and by defining two new scalar functions h and η so that the
spatial part of the metric is written as9

ψ̂ ¼ η; ðA9Þ

Ê ¼ −
1

2k2
ðhþ 6ηÞ: ðA10Þ

In terms of these functions h and η, the change of
coordinates is given by

α ¼ β0 − 2σkβ; ðA11Þ

β ¼ 1

2k2
ðhþ 6ηÞ; ðA12Þ

ϵi ¼ −Ei: ðA13Þ

The energy momentum tensor transforms as a rank-2
tensor, so it has the same transformation properties as the
metric [Eq. (A5)]. By inspection of the different compo-
nents we obtain

ΔT0
0 ¼ −ρ0ξ0; ðA14aÞ

ΔT0
i ¼ ðρþ PÞξ0;i þ Σk

iξ
0
;k; ðA14bÞ

ΔTi
j ¼ ðξi;kΣk

j − ξk;jΣi
kÞ − ðP0δij þ Σ0i

jÞξ0: ðA14cÞ

It is now straightforward to show that the fluid variables
thus changes as

δρ̂ ¼ δρ − ρ0α; ðA15aÞ

δP̂ ¼ δP − P0α; ðA15bÞ

ðρþPÞθ̂¼ ðρþPÞθ− k2½ðρþPÞþ k̂lk̂
iΣl

i�α; ðA15cÞ

δΣ̂k ¼ δΣk þ ikiϵjΣi
j −

�
k̂ik̂

jþ 1

3
γji

�
Σ0i

jα: ðA15dÞ

Finally, the vector field transforms under a change of
coordinates as

δÂμðx̂Þ ¼ δAμðxÞ − ∂μξ
νAνðxÞ − ∂νAμðxÞξν; ðA16Þ

so we obtain for the splitting

δÂ0 ¼ δA0 − iðβkiÞ0Ai − AiðϵiÞ0; ðA17aÞ

δÂi ¼ δAi þ kiðk⃗ · A⃗Þβ − ikiðϵ⃗ · A⃗Þ − Ȧiα: ðA17bÞ

APPENDIX B: SYNCHRONOUS GAUGE

The sources of the vector equations of motion in
synchronous gauge [Eq. (34)] to linear order in the metric
shear are given by

SL ¼ 1

2
ðA0

L þ σkAL þ 2σv1At1Þðh0 þ 8η0Þ
− 2σ0v1δAt1 − 2σv1δA

0
t1 − 2H−2½ðHσ0k −H0σkÞA0

L

þ ðHσ0v1 −H0σv1ÞA0
t1 �η − 2

σv1
H

A0
t1η

0; ðB1aÞ

St1 ¼ −
1

2

�
A0
t þ

�
σþ −

1

2
σk

�
At1

�
ðh0 þ 4η0Þ

−H−2½A0
t1ðH0ðσk − 2σþÞ −Hðσ0k − 2σ0þÞÞ

þ 2A0
LðHσ0v1 þ ð6H2 −H0Þσv1Þ�ηþ 2σv1δA

0
L

− 2σv1A
0
Lh − 2

σv1
H

A0
Lη

0: ðB1bÞ

We can neglect the terms containing the shear to linear
order in the fluid variables. The vector fluid variables at
linear order in the metric shear are

9Einstein-Boltzmann solver codes are generally written in
terms of this scalar functions h and η.
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δρA ¼
1

a4

�
ðA0

LþALσk þ2σv1At1ÞðδA0
LþσkδAL− ikδA0Þþ

�
A0
t1 þ

�
σþ−

σk
2

�
At1

�
δA0

t1 þ2ρTa4η

þm2a2ðALδALþAt1δAt1Þþ
��

σþ−
σk
2

�
A0
t1 þ2σv1A

0
L

�
δAt1

�
−
�
ρLþ

2

a4
σv1A

0
LAt1

�
ðhþ4ηÞ; ðB2aÞ

δPA¼
1

3a4

�
ðA0

LþALσkþ2σv1At1ÞðδA0
LþσkδAL− ikδA0Þþ

�
A0
t1 þ

�
σþ−

σk
2

�
At1

�
δA0

t1 þ6a4PTη

−m2a2ðALδALþAt1δAt1Þþ
��

σþ−
σk
2

�
A0
t1 þ2σv1A

0
L

�
δAt1

�
−
�
PLþ

2

3a4
σv1A

0
LAt1

�
ðhþ4ηÞ; ðB2bÞ

ðρA þ PAÞθA ¼ k2

a4

�
A0
T þ AT

�
σþ −

σk
2

��
δAT1

− i
m2k
a2

ALδA0; ðB2cÞ

ðρA þ PAÞδΣAk ¼
4

3a4

�
ðA0

L þ ALσk þ 2σv1At1ÞðδA0
L þ σkδAL − ikδA0Þ − 3a4PLðhþ 4ηÞ þm2a2ðAt1δAt1 − ALδALÞ

−
δA0

t1

2

��
σþ −

σk
2

�
At1 þ A0

t1

�
þ δAt1

��
σþ −

σk
2

�
A0
t1

2
þ 2σv1A

0
L

��
− 4PTη −

8

3a4
σv1A

0
LAt1ðhþ 4ηÞ;

ðB2dÞ

where we defined ρL ¼ ρAjAt¼0, ρT ¼ ρAjAL¼0,
PL ¼ PAjAt¼0 and PT ¼ PAjAL¼0.

APPENDIX C: NEWTONIAN GAUGE

In this appendix we present the set of equations in
Newtonian gauge as defined in Appendix A,

δg00 ¼ −2a2ϕ; ðC1aÞ

δg0i ¼ 0; ðC1bÞ

δgij ¼ −2a2
�
γij þ

σij
H

�
ψ ; ðC1cÞ

where we have neglected vector and tensor perturbations.
In Newtonian gauge, the vector equations of motion are
given by (34), where the sources to linear order in the
metric shear are given by

SL ¼ −2m2a2ALϕ − 2σv1δA
0
t1 − 2σ0v1δAt1

þ 2H−1
�
H0
H

ðA0
Lσk þ A0

tσv1Þ − ðσ0kA0
L þ σ0v1A

0
tÞ
�
ψ

þ ðA0
L þ σkAL þ 2σv1At1Þðϕ0 þ ψ 0Þ − 2

σv1
H

A0
t1ψ

0;

ðC2aÞ

St1 ¼ −2m2a2Atϕ −H−2½A0
tðH0ðσk − 2σþÞ

−Hðσ0k − 2σ0þÞÞ þ 2A0
LðHσ0v1 −H0σv1Þ�ψ

þ
�
A0
t1 þ

�
σþ −

σk
2

�
At

�
ðϕ0 þ ψ 0Þ þ 2σv1δA

0
L

− 2
σv1
H

A0
Lψ

0: ðC2bÞ

The temporal constraint equation is given by

δA0 ¼ −i
k

m2a2 þ k2
½δA0

L þ σkδAL þ 2σv1δAt1

þ 2
σv1
H

A0
t1ψ − ðA0

L þ σkAL þ 2σv1At1Þðϕþ ψÞ�:
ðC3Þ

The VFDM fluid variables can be expressed in terms of
the field and metric potentials as

δρA ¼ 1

a4

�
ðA0

L þ ALσk þ 2σv1At1ÞðδA0
L þ σkδAL − ikδA0Þ

þ
�
A0
t1 þ

�
σþ −

σk
2

�
At1

�
δA0

t1 þm2a2ðALδAL

þ At1δAt1

�
þ
��

σþ −
σk
2

�
A0
t1 þ 2σv1A

0
L

�
δAt1

�
þ 2ρAψ − ðρA þ 3PAÞϕ; ðC4aÞ
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δPA ¼
1

3a4

�
ðA0

LþALσk þ 2σv1At1ÞðδA0
Lþ σkδAL− ikδA0Þ

þ δA0
t1

�
A0
t1 þ

�
σþ−

σk
2

�
At1

�
−m2a2ðALδAL

þAt1δAt1

�
þ
��

σþ−
σk
2

�
A0
t1 þ 2σv1A

0
L

�
δAt1

�

þ 2PAψ −
1

3
ðρAþ 3PAÞϕ; ðC4bÞ

ðρA þ PAÞθA ¼ þ k2

a4

�
A0
T þ AT

�
σþ −

σk
2

��
δAT1

− i
m2k
a2

ALδA0; ðC4cÞ

ðρA þ PAÞδΣAk

¼ 4

3a4
½ðA0

L þ ALσk þ 2σv1At1Þ
× ðδA0

L þ σkδAL − ikδA0Þ − 4σv1At1A
0
Lϕ

−
1

2

�
A0
t1 þ

�
σþ −

σk
2

�
At1

�
δA0

t1 þ
1

2
m2a2ðAt1δAt1

− 2ALδALÞ −
1

2

�
A0
t1

�
σþ −

σk
2

�
− 4σv1A

0
L

�
δAt1

�

þ 2Σkψ þ 2

3
½ðρT þ 3PTÞ − 2ðρL þ 3PLÞ�ϕ; ðC4dÞ

where the fluid variables are defined as in the synchronous
gauge [see Eq. (37)].
The Einstein’s equations to linear order are10

k2ψ þ 3Hðψ 0 þHϕÞ ¼ −
a2

2m2
P
δρ; ðC5aÞ

k2ðψ 0 þHϕÞ − k2

2
H−2½ðH0 − 3H2Þσk

−Hσ0k�ψ ¼ a2

2m2
P
ðρþ PÞθ; ðC5bÞ

ψ 00 þ ðH2 þ 2H0ÞϕþHðϕ0 þ 2ψ 0Þ

þ k2

3
ðψ − ϕÞ ¼ a2

2m2
P
δP; ðC5cÞ

k2ðψ − ϕÞ þ 3

�σ0k
H

þ
�
5

2
−
H0

H2

�
σk

�
ψ 0

þ 3

2
σkϕ0 þ 3

2

σk
H

ψ 00 þ 3

2

�σ00k
H

þ 2σ0k

�
1 −

H0

H2

�

þ σk

�
2
H0

H

�
H0

H2
− 1

�
−
H00

H2
−
k2

3

��
ψ

þ 3ðσ0k þ 2HσkÞϕ ¼ 3a2

2m2
P
ðρþ PÞδΣk ðC5dÞ

To recover the set of equations in synchronous gauge the
vector perturbations has to be taken into account, since
they mix with the scalar sector because of the anisotropy in
the background. This checks has been performed, but the
vector perturbations has been left out of this work for
simplicity.
Using only that σk ≪ H it is immediate to see that the

contribution of the metric shear σk can be neglected on the
left-hand side of Eqs. (C5a)–(C5c), but not in Eq. (C5d).
Indeed, in the absence of nonlocal contributions, only terms
with the metric shear on the right-hand side of Eq. (C5d) do
not vanish as k → 0. Therefore, we can see the metric shear
contribution to the left-hand side of Eq. (C5d) will become
important for small enough values of k2.
As in the synchronous gauge, in the ΛCDM model the

initial conditions are imposed far outside the horizon and
deep in radiation era, thus obtaining [33]

θν ¼ θγ ¼
1

2
k2τϕ; ðC6aÞ

ϕ ¼ 20C
15þ 4Rν

; ðC6bÞ

ψ ¼
�
1þ 2

5
Rν

�
ϕ; ðC6cÞ

where C is a constant and Rν ¼ ρν
ργ
. In particular, we see that

ψ and ϕ are of the same order at early times.
In the presence of the VFDM, the solutions for the vector

equations of motion at early times can be written as a power
law δA ∝ τα, and we can see that in a radiation dominated
universe we can neglect the terms with the metric shear in
Eq. (34), with sources given in Eq. (C2). The constants of
integration are chosen by imposing adiabatic initial con-
ditions for the VFDM component (δρA=ρ0A ¼ δργ=ρ0γ), thus
obtaining

δA⃗ ¼ −A⃗ψ : ðC7Þ

With this asymptotic initial condition for the field we can
calculate the other initial expressions for the fluid variables
in Newtonian gauge,

10We have checked that our equations in Newtonian gauge
reduces to the ones derived in [26] at linear order in the metric
shear when the assumption of no anisotropic shear for the matter
sector is made.
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δPA ¼ −
2

3
ρAϕ; ðC8Þ

ðρA þ PAÞδΣk;A ¼ 2

3

−2c2L þ c2t1
a4

ϕ; ðC9Þ

ðρA þ PAÞθA ¼ c2Lðϕþ 2ψÞ − c2t1ψ

a4
k2τ: ðC10Þ

This adiabatic initial conditions gives a nonzero contribu-
tions for the vector shear far outside the horizon. However,
as can be seen by inserting Eq. (C9) into Eq. (C5d) and
using (31a) and the radiation domination evolution for the
scale factor, we can see this contribution cancels the one
with the metric shear.
Therefore, as in the synchronous gauge, the large

infrared contribution of the vector field is exactly canceled
by the contribution of the metric shear, so we recover
ΛCDM behavior in the metric perturbations and the rest of
the species at early times.

APPENDIX D: ADIABATIC MODE
FOR THE VECTOR FIELD

AND THE WEINBERG’S CONSTRUCTION

In [25] the author uses a residual symmetry to find exact
solutions to the system for modes far outside the horizon.
In ΛCDM the linearized Einstein’s equations in Newton
gauge are invariant under a redefinition of the time
coordinates and a rescaling of spatial coordinates for
k ¼ 0, namely

�
t → tþ ϵðtÞ
x → xð1 − λÞ ; ðD1Þ

where t is the cosmic time dt ¼ adτ.

In the case of VFDM, the presence of anisotropies in the
early Universe could significantly break this invariance.
However, as shown in the previous appendix, in the
equations that do not vanish for k ¼ 0 in ΛCDM the shear
(and the backreaction of the VFDM in radiation domination
era) can be neglected and, therefore, those equations reduce
to the standard ones in ΛCDM. Then, by performing the
transformation of the metric and each species, we can find
the corresponding solutions for the system at k ¼ 0:

δAi ¼ −ϵȦi þ λAi; ðD2aÞ

ϕ ¼ −ϵ̇; ðD2bÞ

ψ ¼ Hϵ − λ; ðD2cÞ

where a dot stands for a derivative with respect to cosmic
time. Since, in the radiation domination era, the back-
ground field satisfies Ȧi ≃HAi, Eq. (D2) reduces to
Eq. (C7). As shown in the appendix above, despite the
fact that both the right-hand side and the left-hand side of
the nondiagonal ij Einstein equations do not vanish
separately in the limit k → 0, as happens for ΛCDM, the
two sides are equal. Hence the equations that in ΛCDM
vanish in the limit k → 0 are also satisfied and, therefore,
the above solution is a physical solution that can be
extended to k ≠ 0 for k → 0. More generally, one can
see that the solution in (D2) satisfies the VFDM equation of
motion at leading order in the shear for k → 0, not only in
radiation dominated era but also afterwards, provided that λ
is constant [33], by replacing (D2) into Eq. (34) [with the
sources given in Eq. (C2)] and using the equation for the
background field.
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