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Minimal production of prompt gravitational waves during reheating
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The inflationary reheating phase begins when accelerated expansion ends. As all Standard Model
particles are coupled to gravity, gravitational interactions will lead to particle production. This includes the
thermal bath, dark matter, and gravitational radiation. Here, we compute the spectrum of gravitational
waves from the inflaton condensate during the initial phase of reheating. As particular examples of
inflation, we consider the Starobinsky model and T models, all of which are in good phenomenological
agreement with cosmic microwave background anisotropy measurements. The T models are distinguished
by the shape of the potential about its minimum and can be approximated by V ~ ¢, where ¢ is the
inflaton. Interestingly, the shape of the gravitational wave spectrum (when observed) can be used to
distinguish among the models considered. As we show, the Starobinsky model and T models with k = 2,
provide very different spectra when compared to models with k = 4 or k > 4. Observation of multiple
harmonics in the spectrum can be interpreted as a direct measurement of the inflaton mass. Furthermore, the

cutoff in frequency can be used to determine the reheating temperature.

DOI: 10.1103/PhysRevD.109.083516

I. INTRODUCTION

The basic inflationary paradigm [1] makes several test-
able predictions. For example, it is expected that the
Universe is flat [2], probably to very high precision. That
is, the total energy density relative to the critical energy
density, p,, is very close to unity, Q = 1. Generally infla-
tionary models predict a spectrum of density fluctuations
close to but slightly redder than the Harrison-Zeldovich
spectrum [3,4], i.e., a scalar spectral index, ny, <1 [5].
Models also predict a nonvanishing ratio of tensor to scalar
perturbations, though the exact value is more model depen-
dent. The first two of these three predictions have been borne
out by experiment, primarily observations of cosmic micro-
wave background (CMB) anisotropies [6,7]. Limits on the
tensor-to-scalar ratio [8,9] have been able to exclude some
simple models of inflation.

Additional signatures and experimental verification of
inflation and inflationary models are clearly needed. One
possible signature is the production of gravitational waves
during reheating [10-31]. Recently, several works have
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considered the Bremsstrahlung production of gravita-
tional waves from inflaton decay [20,21,25,26,29-31].
This is dominated by processes at the end of reheating.
But it is also possible to produce gravitational waves from
scattering within the inflaton condensate [17,18,22]. Since
these processes depend on the (square of) the inflaton
density, the production of these waves are dominated by
scatterings at the onset of reheating as the oscillatory
phase begins.

Recognizing that reheating is not an instantaneous event
[32-35], there has been considerable interest in particle
production during the reheating period [34-47]. Many of
these processes are related to the so-called freeze-in
mechanism [48,49] for which the gravitino is a prime
example [50-52]. There are also processes which rely only
on gravitational interactions [17,18,44,47,53-81]. Here we
will concentrate on the direct production of gravitational
waves from scattering within the inflaton condensate. As
these processes are unavoidable (they rely only on the
coupling of the inflaton to gravity), they are a minimal
source of gravitational waves present in inflationary the-
ories. In particular, they do not rely directly on the
couplings of the inflaton to matter leading to inflaton
decay, though the final frequency spectrum of gravitational
waves will depend on the reheating temperature as it will
affect the degree to which the frequencies redshift from the
moment of their creation to the present time.

As concrete examples, we will consider both the
Starobinsky model of inflation [82] with a scalar potential
given by
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where ¢ is the inflaton, Mp~2.4 x 10'® GeV is the
reduced Planck mass and the related a-attractor T models
[83] with scalar potential

V() = M5 {\/gtanh < \@41]\4,,)] : (2)

Both examples are phenomenologically viable [84]. When
the T-model potential is expanded about its minimum, the
potential can be approximated by

v —ami (o) e O

For k = 2, the T models, as well as the Starobinsky model,
can be approximated by a quadratic potential providing a
source of harmonic oscillations of the inflaton condensate
when the period of inflationary expansion ends. For k # 2,
the T models give rise to anharmonic oscillations.

In analogy with the gravitational production of matter
produced by inflaton scattering in [47,61,66,81], here we
consider the pair production of gravitons from inflaton
scattering. In Sec. II, we provide our computation of the
amplitudes for the processes considered with some details
reserved for the Appendix. These are employed in Sec. III
and we solve the Boltzmann equations for the simple case
of the Starobinsky potential as well as the T-model potential
with k = 2 for the production of the gravitational wave
spectrum. In Sec. IV, we generalize to the T models with
k > 2. Our conclusions are given in Sec. V.

II. PRODUCTION RATES

We consider the minimal production of gravitational
waves from inflaton annihilation, independent of the matter
couplings. We start from the Einstein-Hilbert action and the
inflaton (¢/) action minimally coupled to gravity:

S = / d*x\/=g <2K‘2R + %g"”vﬂrﬁquﬁ - V(¢)>, (4)

where k = /322G = 2/Mp. In the weak field limit, the
metric g,, can be expanded in powers of k as

g/w:r];w_FKh;w"i_""
g :n#U_KhHV_i_KQthlV_i_...’ (5)
and h,, is identified with the canonically normalized

graviton. The first order of the expansion yields the scalar
coupling to a graviton (see, e.g., [85]):

K
LD —ihﬂDTﬁjf, (6)
where Tl = ¢’ — ¢ [50°p0.¢ — V(¢)] is the scalar
energy-momentum tensor. The quartic vertex hhgpe arises at
second order with a coupling constant x”. Besides, in this
expansion, the Ricci scalar gives rise to graviton self-
interactions, where the trilinear vertex comes with a coef-
ficient x. With this minimal content, the dominant source of
graviton production is through inflaton annihilation, by
inflaton exchange, graviton exchange, or the contact term.
The relevant Feynman diagrams are given in Fig. 1. All
four diagrams contribute to the matrix element M (¢ —
h,,hy,) at order O(k*). The Feynman rules and details
about each amplitude will be provided in the Appendix.
Here we note that the graviton polarization vector is simply
the product of two photon polarization vectors:

gi? = gigf, (7)

which is transverse, traceless, symmetric in (uv) and forms
an orthonormal basis. For the squared amplitude, we will
need the polarization sum:

E g*ﬂveaﬂ —
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andv = (E,,0), 0 = (E,, —0) for a graviton of energy E,,
and momentum o. The inflaton condensate is by construc-
tion at rest, and for a quadratic potential, its four momen-
tum is pi = p5 = (m,.0)¥, where my is the inflaton mass.
Momentum conservation then implies kf = (my, )",
Ky = (mgy, —v)* with -6 = mj. In this setup, Figs. 1(a)
and 1(b) vanish,' and the remaining two add up to yield the
following squared amplitude summed over polarizations:

2mi 1
2 $
E — P 10
M| M‘};X4 (10)

The factor 1/4 accounts for the symmetry factors of the
initial and final states. The rate of production of gravita-
tional waves is”

"Note that in [86,87], the production of gravitational waves
from the thermal plasma is considered, which involves similar
diagrams as shown in Fig. 1, but Figs. 1(a) and 1(b) do contribute
because the initial states are not at rest.

’In [17,18,22], I';, was discussed in connection to the scalar
production rate and by relying on the fact that graviton equation
of motion is the same as that of the scalar. Here, we perform a
direct computation of the graviton production amplitude in
Eq. (10) and thus obtain an analytic form for I,
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(a),(b) Feynman diagrams for graviton pair production from inflation annihilation mediated by the scalar. (c) Feynman

diagrams for graviton pair production from inflation annihilation mediated by the graviton. (d) Feynman diagrams for graviton pair
production from inflation annihilation by the contact interaction. The momenta p;, p, are incoming and k;, k, are outgoing.
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(11)

h

where p, is the energy density of the inflaton, and the factor
of 2 accounts for the production of two gravitons per
interaction.

III. GRAVITATIONAL WAVE SPECTRUM

The density of gravitational waves, pgw, produced from
inflaton scattering is determined from the Boltzmann
equation

pow +4Hpgw = (1 +wy )T, (1)py. (12)

where H is the Hubble parameter, I'; is the rate for
producing gravitational waves computed in the previous
section, and the equation of state parameter is

k=2

k=2 I
" T k12 (13)

The Boltzmann equation (12) is coupled to the correspond-
ing equation for the evolution of p,,

where I, is the inflaton decay rate that is responsible for
reheating. ForI'y < H and using 4 = aH L, where a is the
cosmological scale factor, this equation can be easily
integrated to give

6k
Qend \ 2
pal) = poa(*22) (15)
Qend 3
= Pend ) k=2. (16)

Here a.,q is the value of the scale factor when inflation
ends, i.e., when 4 =0 and p.,q is the inflaton energy
density at a = @cpg. This evolution is valid until H ~T'y. At
this time, decays become rapid and the density of inflatons

becomes exponentially suppressed. In this section, we will
fix k = 2 corresponding to wy = 0.

Finally, we need to determine the reheating temperature
that we assume is a result of inflaton decay. The density of
the radiation bath is also given by a Boltzmann equation

For k = 2, when a > a.,y, the solution to this is [39]

2F¢pend Aend %
_z , 18
PR 5 Hoy P (18)

1
where Hgq = p2.4/ V3Mp. Defining the “moment” of
reheating when p,,(ary) = pr(agrn) gives

1
2
Try ::a—%<2;?§r¢A4P> , (19)
where a = gry? /30 and gry is the number of relativistic
degrees of freedom at reheating. Here, we will not concern
ourselves with the specifics of the reheating mechanism,
but we assume there is an appropriate coupling of the
inflaton to matter leading to a decay rate, I'y, and the reheat
temperature given in Eq. (19).
The Boltzmann equation (12) for the gravitational
radiation can also be reexpressed as

1 d(a*pew) Ty

— =Py, 20
a* da aH Py (20)
which is easily solved using Eq. (11) for I';. Remembering
that I', o p,, we find that by integrating the Boltzmann
equation from a = a4 to a = agy, the total energy density
in gravitational waves is

pGW(aRH) =

3
\/gml/hoind <Clend>4, (21)

167[M;’3 ARy

: _oTh 3
or using pry = ARy = Pend(@ena/arn)’s We have
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pow(aru) =

In order to compare this result with the current and future
experimental limits, we are interested in the frequency
distribution of this gravitational wave background. Because
the source for the Boltzmann equation for pgw in Eq. (12)
is proportional to a3p§2,)/H « a2, the bulk of the energy
density in the background was produced immediately after
inflation ends, at a = a.,q. These gravitons are produced
monochromatically with energy Ej, = my. The frequency
of these waves at a = agy is redshifted by (a.nq/agry) and
then further redshifted to today by another factor of
(agu/ag) = E(Ty/Tru), where T is the temperature of
the cosmic microwave background today. The factor ¢ is
due to entropy conservation and &= (go/gru)"/? with
gry = 427/4 and g, = (43/4)(4/11) so that &=~0.332.
Thus most of the gravitational waves are produced with
frequency 2zf, = my(aena/ ), where the subscript on f
denotes those waves produced at a = ayq.

Despite the drop in the inflaton energy density as the
Universe expands, gravitational waves continue to be
produced (initially at a frequency 2zf = my) until H =~
Iy, when the inflaton density begins to decrease exponen-
tially and the production of new gravitational waves ceases.
The frequency today of a gravitational wave produced at
some value of the scale factor, a, is then 2zf = m,(a/ag)
and the fraction of gravitational waves with frequency
between f and f + df evaluated at a = agy is

dpow \/gangH my \i( To \?
cﬁ“MM%(ﬂa<ﬁﬁ\@' @)

Integrating this expression over f between f, =

(my/27)(aena/a0) and fry = (my/27)(aru/ao) results
in Eq. (22). The integration limits result from recognizing
that no frequencies below f, are ever produced and the
density with frequencies above fyy are cut off exponen-
tially as the inflaton decays. More precisely we have

My 15 =
fe= Z(ﬂTRHfTO/)end

m T, 3
~4x10°H ¢ RH
* Z(3 x 1013 GeV> <1010 GeV

y ((5.5 x 105 GeV)“)%

Pend

(24)

We are now in a position to compute the relative
contribution to Qawh? = (dpgw/dIn f)/(peoh™?),

*Note that in [22], a similar form of the spectrum is obtained
based on dimensional analysis for k = 2. Here, we have per-
formed a concrete computation of the spectrum and generalize to
other values of k.

4, 10 1
Qi h2 = h_2 \/§a3TﬁHm(/)pgnd & %54 i 4
W T o 32aM3 f Tr

X O(f — f,)e" VAN fra,

Ciawao (L) (T Y
' f) \10" Gev

% Pend Zl’ m¢
(5.5 % 10" GeV)*) \3 x 10" GeV

X O(f = fo)em VeI i, (25)

where the factor £*(Ty/Tgry)* accounts for the redshifting
of the spectrum from a =agry to today and p. =~
8.1 x 1074 h? GeV*; h = H,/100 km/Mpc/s is the scaled
present-day Hubble parameter. We have also included the
step function indicating the minimal frequency is f, and the
approximate exponential cutoff at frequencies larger than

Sru= (pend/pRH)%fe = (m(/)/zﬂ)f(TO/TRH) ~5.6x 10" Hz
for the same set of normalizations.

We can now apply this result to the inflationary models
we described by the potentials in Eqgs. (1) and (2). Starting
with the Starobinsky potential, we recall that the inflaton
mass is determined by the normalization of the CMB
anisotropy spectrum [88],

247%A,
N:

m; o M3, (26)

where A; = 2.1 x 107 from the quadrupole normalization
[7], and N, is the number of e-foldings from the Planck
pivot scale (k, = 0.05 Mpc™') to the end of inflation. For
N, = 55, this gives my ~3 x 10> GeV. We also need to
determine p.,q, Which follows from the determination of
(ena- Recall that ¢ is defined as the value of the inflaton
background field value when the Universe exits the phase
of exponential expansion, when @ = 0. For the Starobinsky
potential, ¢.,q is given by [84,89]

¢end = \/gln |:% (4 + 3\/§):| Mp = 063Mp (27)

When inflation ends, @24 = V(Pena) and penq =
3 V(ena) = 0.175mzMp ~ (5.5 x 10 GeV)*. We have
used these normalizations to determine f, in Eq. (24).

The prompt gravitational wave spectrum from Eq. (25)
using the Starobinsky model inputs is shown in Fig. 2.
Shown is the contribution to Qgwh?® for four different
assumed reheat temperatures, Ty = 10'°,10'!,10'2, and
10" GeV. For each temperature, the spectrum begins at a
different frequency as f', has a slight dependence on Ty as
seen in Eq. (24). At higher frequencies, we see the cutoff in
the spectrum due to inflaton decay. Note that the energy
density of the inflaton condensate becomes exponentially
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suppressed near reheating, and the production of gravitons
from inflaton scattering effectively ceases. This is encoded
in the exponential factor in Eq. (25), which makes the
cutoff of Qgwh? sensitive to the choice of Tgy. Therefore,
Try can be independently read off from f, and fry and this
helps us extract values of (11, penq) from the strength of
Qawh?* as Qgwh?® depends on my, peng, and Tgy. Also
shown as the gray dotted line is the potential sensitivity of
the proposed GW detector using resonant cavities [90,91].

Similarly, for the T models with k = 2 we can approxi-
mate the coupling 4 [84]

,1~3”2AS
==

(28)

and ¢, 1S given by [84]

Dena = \éln [% (14 + 5\6)} Mp=~0.88Mp.  (29)

In this case, the inflaton mass is slightly lower, mj ~2.2 x
10" GeV and penq ~ (5.2 x 1015 GeV)*. This gives f, ~
32x10°Hz and fgy=~4.1x10" Hz. We find that
Qgwh? from T-model inflaton scattering is indistinguish-
able (on the scale of the plot) from the Starobinsky model in
Fig. 2 because of the similarity in (#1,, pena) between the
two models.

IV. GENERALIZED POTENTIALS

In the previous section, we computed the gravitational
wave spectrum from an inflaton potential with a quadratic
minimum. More generally, the T models admit potentials

10 “k=2, my=3x10"GeV, pena=(5.5x10"GeV)*
& -15 %
= %
Z -20
S
= -2
20
S _30|—— Tru=103GeV
= —_— TRH=1012G6V
35— TRH=101(1)GBV
—— Tgre=10""GeV
—got— A A
6 8 10 12 14
Logy[fgw/Hz]

FIG. 2. Gravitational wave spectra in Eq. (25) resulting from
the inflaton condensate pair annihilation in the Starobinksy model
with m, =3 x 10" GeV and pe,q = (5.5 x 10" GeV)*. Each
solid line of different colors is differentiated by the specified
distinct reheating temperature. The gray dotted line shows the
sensitivity of the resonant cavities proposal [90,91].

which can be expanded about the minimum with the form
in Eq. (3). The gravitational wave spectrum will then also
depend on the power k and we analyze its effect in this
section.
The time dependence of the inflaton energy density for
a > deyq 18 given by the solution of Eq. (15). We can
parametrize the time dependence of the inflaton by
B(1) = do()P(1), (30)
where the function P() is quasiperiodic and characterizes
the (an)harmonicity of the short timescale oscillations in
the potential. The amplitude ¢ () is characterized by the
solution Eq. (15) and varies on longer timescales.
The inflaton oscillations can be understood by writing

V(¢) = V(¢y) - P(1)*, where P(r) is expanded as a Fourier
series [39,92,93]:

Py =) Pue . (31)
Solving the equation of motion leads to [39]
| zk TG+3)
O =My . (32)
"ak-1) T()

The inflaton mass and energy density are

1
mg = V" (¢y), Py = Vido) = 5’%4%1 (33)

where we defined

2
2m¢
k(k—1)"

52 —
m(/]:

(34)
The Feynman rules for computing the diagrams in Fig. 1
are the same, except that the energy of the nth oscillation

mode is E, = nw (and @ = my, for k = 2), and the total
four-momentum of the condensate is p, = p; + p, =

Vs = (En6) For each oscillation mode n, we replace
the inflaton legs ¢* by @3(Pr),, treating (P), as an
interaction coefficient. Here, (P¥), is the Fourier coeffi-
cient of P(#)*. The final total amplitude is obtained by
summing each |M,,|> over n.

We find that when summed over polarizations of out-
going gravitons, the squared amplitude for mode n equals
that of the k=2 case in Eq. (10) multiplied by an
interaction coefficient:

54

STIM, = GEI(PH), 2

. (35)
pol 2M§’
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The energy transfer rate per unit spacetime volume
(Voly) is defined as?

AE

d Pa d PB 0 0
/ 27) 2p (22)%2% (PA"‘PB)

XZ|Mn|2(27T>454(1’¢,1 +Pg2—Pa—pp)- (36

pol

We then obtain the energy transfer rate

2

Po® i
x, (37)
4zM$

(1 +wy)Thpy =

where we replaced ¢, using Eq. (33) and defined

Tk = iZﬁ =
n=1

When k = 2, the solution for ¢ is approximately ¢(z7) =
¢ocos(wt) where @ = my,, and the energy density is
py = mjps/2. Then for positive energy, the nonvanishing
Fourier coefficient is (P?), = 1/4 and thus X? = 1/8.
Consequently, for k =2, we correctly reproduce the rate
in Eq. (11). For k =4(6), =¥ is approximately 0.141
(0.146). In a complete analysis, one should take into
account the contribution of each mode n to the power
spectrum, which is weighted by the coefficient XK.
Note that the graviton carries the energy nw/2, so the
sum over all modes gives rise to very high frequency waves
in addition to the dominant n =2 mode. The Fourier
coefficients decrease rapidly with n if k is not too large
(k < 10). In practice, as we will see, the sum is mostly
dominated by the first mode (n = 2) and the subleading
modes (n > 2) affect a tail of the spectrum at higher
frequencies that gradually falls off in the frequency.

For the T models with k > 2, an approximate solution for

¢end is [39]

¢end \/7M P In |:

The CMB normalization is generalized to

S nl(P), . (38)

k+ ViE T )] (39)

B 187%A,
GN?

, (40)

4 . .
In practice, the sum starts at n = 2 because two inflatons
scatter, and only Fourier coefficients with even n are nonvanishing.

giving 1=3.4x10712(5.7x107"%) for k=4(6). These val-

ues then determine pind =4.8x 10 GeV (4.8 x 101 GeV).

The frequency spectrum is obtained in the same way as
in the previous section. At the end of reheating, the graviton
energy density is

Y k1 442k
pew(arn) = ﬂk zkpendM P (aTRH) g (41)

where
)
Yk = \/gkzik/ﬁ. (42)

Note that in Eq. (41), the contribution of all modes (all
values of n) have been included. As we mentioned before,
for general k, the energy of the gravitational waves at the
moment of production is not always m, but given by E,, ~
w of the dominant n = 2 mode. In this case, the frequency
today of the gravitational wave produced at a is

T -
fla) = ——= 1Mp Peng aik_ﬁzi)ai__fzk. (43)
0

For k = 2, we recover the relation f o a, while for k = 4, f
is constant in a, meaning that the gravitational wave
spectrum is almost monochromatic today for each har-
monic mode, up to oscillation effects that we have
neglected so far. If we sum up all inflaton modes, then
the k = 4 spectrum will then feature multiple peaks with
increasing frequency and decreasing intensity. Finally,
when k >4, f decreases with a, hence the observed
frequency of gravitational waves produced at the end of
inflation is higher than that produced at the end of
reheating.

Let us start with k > 4. Requiring the integral of
dpgw/df from fry to f, to coincide with Eq. (41) gives
for the dominant n = 2 mode:

P — nf T 10
3k +2) 33k 3(k+2)
X V3 + )iylﬁ"‘aZk(‘*-k)Z’g. (44)
Ak — 4)M,

Accordingly, we find the resulting gravitational wave
spectrum for n = 2°:

SFor n =2 and k = 6, the contribution is Zg = 0.083 com-
pared with X6 = 0.146.
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MINIMAL PRODUCTION OF PROMPT GRAVITATIONAL WAVES ...

PHYS. REV. D 109, 083516 (2024)

hz = To\ 4 loisk ak=1 5y

e TRH

\/_M
87[(]{ 4)(k+2)X®(fe—f)XC(f)’

a0 (L) Tre )T
' 7.) \10" Gev

x Pend %
(4.8 x 105 GeV)*

xO(fe = f)xC(f) (k=6), (45)

where

CUF) = O(F = frar) + O s — f)(f )_ (46)

RH

The cutoff function C(f) encodes how rapid p,(1)?
decreases near the reheating time.® Here we focus on the
inflaton perturbative decay to a pair of fermions. For the
decay to a pair of bosons, we find the cutoff to be faster than
C(f) since the decay rate increases in time. Note that the
relation py o (T/Try)**/*=2) does not depend on a Value
of k > 4 although a proportionality constant does (39

For general k > 4, the spectrum increases with frequency
as Qgwh® ~ fi=, which gives fZ, f% for k=6, 8,
respectively. The frequency spectrum for n = 2 is shown
as colored solid lines in Fig. 3 for k = 6. Here we see the
decay cut off at lower frequencies in contrast to the case of
k =72 where the high frequency waves were cut off.
Reiterating, for k = 2, independent of the time the wave
is produced, the only mode produced is n =2 with
frequency @ = m,, which gets redshifted to today.
Waves produced earlier are redshifted more, and appear
at lower frequency today. In contrast, for k > 4, while the
n = 2 mode is produced with frequency w, w is no longer
constant and decreases in time. Indeed this decrease more
than compensates for the decrease in redshift, and waves
produced later now have lower observed frequency. For the
case k = 4, the change in mass (frequency) exactly com-
pensates for the redshift and all waves are produced with
the same frequency today.

So far, we have made the approximation that the waves are
produced with energy @ corresponding to the dominant

For k > 2, the cutoff is no longer exponential, but falls over
slower (as a power law) for decays to fermions and faster for
decays to scalars. This can be understood since the decay rate to
fermions is proportional to the decreasing inflaton mass, and
decays to scalars is inversely proportional to the decreasing
inflaton mass.

Given py « a x +/t, and m¢ X Py near the
reheating [39], one finds @ < my x a” 2 and thus Txa ' «f,
which converts the temperature dependence of p, into the
frequency dependence.

2K/ (2-K) (k=2)/2k

_5t k=46 T-model, peng=(4.8x10°GeV)*
o —10f fes
'i:‘é _15 ’y:‘/‘:/ﬁ'/“
S -20 i
o (R
o —25 o
S 30 Tru=103GeV
- TRH—IOlzGeV
_35 Trp=10"GeV
40 : :::E e TRH=1010G€V
6 7 8 9 10 11
FIG. 3. Gravitational wave spectra in Egs. (45), (46), and (51)

resulting from the inflaton condensate pair annihilation in the T
model with 1 =3.4x107'2(5.7x 10713) for k =4(6) and
Pend = (4.8 x 101 GeV)*. Each solid line of different colors is
differentiated by the specified distinct reheating temperature and
shows the GW spectrum for k = 6. The k = 4 case with the
narrow frequency range in Eq. (50) is shown as the vertical black
line. Solid lines show the contribution from n = 2, and the dashed
lines show the contributions for the higher modes n = 4, 6, 8, 10,
12. The gray dotted line shows the sensitivity of the resonant
cavities proposal [90,91].

inflaton mode n = 2. To study the effect of n > 2 modes,
one uses the energy transfer rate (37), replacing the sum by
>k, The frequency (43) becomes f,(a) = nwa/(4ray), and
the same computation can be carried out to obtain the final
spectrum summed over n. In Fig. 3, for the reheating
temperature Ty = 10'° GeV and k = 6, we show the
spectrainduced by the scattering of the higher mode inflaton
condensates with n = 4, 6, 8, 10, 12 as the red dashed lines.
In principle, there are contributions from much higher
modes, i.e., k > 12. Since it is difficult to distinguish the
higher mode given the log scale in the plot, we display only
up to n = 12. For k = 6, the similar dashed lines of other
colors corresponding to other reheating temperatures are
expected to be present although we intentionally avoided
showing them for the clarity of the plot.

For the case of k =4, as we just noted, according to
Eq. (43), the frequency observed today is a constant f, =
v4€Toa/*/(27) ~1.06 x 10® Hz for n =2, and is inde-
pendent of the reheating temperature. In reality, however,
the spectrum is not exactly a Dirac delta function, but small
fluctuations of the frequency—due to the oscillations of
¢o—will result in a finite peak. The same reasoning holds
for higher inflaton modes n > 2, and we expect a series of
peaks in the spectrum with frequency nf,/2, with
n =4,6,8---. Using the Boltzmann equation, the energy
density of the graviton at the end of reheating is, for k = 4,

3 T
\/_:0 enda RH 247/4

47
367M5, (47)

PGW (aRH)
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The n =2 mode included in Eq. (47) can be obtained
from the integral

fatof 1

pow(ars) = / af L e (). (48)

fasf O f

and other modes can be obtained by changing the integra-
tion bounds to nf,/2 £+ &f. Here F(f) = dpgw/dIn f. For
simplicity, the integrand is approximated to be constant
over the interval (f4; — &f, f4 + 6f). Therefore,

paw(arn) ﬁng- (49)
fa
Typically, the fluctuation of ¢ scales as d¢pg ~ Hopg ~
1073Mp. As a result, the graviton energy oscillates as
ow = y4/1%5¢end ~ y4/1%H end» Which gives rise to the follow-
ing frequency fluctuation:

of _dw _ ¢y
f47 w b0

Then the height of the power spectrum for n =2 is
evaluated from

n? 4
QWE(?“) Fx0(f =f4+5£)0(f4-+5f ).

c RH

~ 1075, (50)

_ R (ETy)! 3\/§Pind“24

T 0e2(5f/fa) 36xM3 T
XO(f—=f4+0f)0(fs+6f=1),

~7Tx 1074 % O(f = f4+61)0(fs+6f—f), (51)

which is independent of the reheating temperature. This
(nearly) monochromatic spectrum is shown by the solid
vertical line in Fig. 3. Also shown are the higher mode
contributions corresponding to n =4, 6, 8, 10, 12 as
dashed vertical lines.

A comparison of the spectra for k = 2, 4, 6, and 8 is
shown in Fig. 4 for n = 2 and Tgy = 10'° GeV. Here we
see clearly the remarkable difference in the spectra deter-
mined by the inflaton potential.

Before concluding, it is important to note that for inflaton
potentials with k > 4, the oscillations of the inflaton can be
affected fragmentation processes which destroy the inflaton
condensate producing inflaton quanta [94—100]. These
effects were not included in this study. However, in
[100], this effect was studied both analytically and numeri-
cally. It was found that the fragmentation process is not
instantaneous and that so long as reheating occurs suffi-
ciently fast, results neglecting fragmentation remain valid.
Thus for a given value of k, there is a lower limit on the
reheating temperature such that the effects of fragmentation
can be safely neglected. For k = 4, thisis Try 2 103 GeV,

-5 G T-model, Trp=10'"GeV

|
—
o

Y
Q.
7
//rgs,
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|
[N}
t
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S
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DN =~ OO0
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14
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FIG. 4. Gravitational wave spectra from the dominant n = 2
mode resulting from the inflaton condensate pair annihilation
in various ks in the T model [see Eq. (3)] for a fixed
Tru = 10'° GeV. The gray dotted line shows the sensitivity
of the resonant cavities proposal [90,91].

while for k = 6 it is Ty = 10'° GeV and the lower limit
drops precipitously for larger k. Thus all of the results
presented in Figs. 3 and 4 for k> 6 would remain
unchanged. For k = 4, they are unchanged for sufficiently
large Try (the results for k = 4 do not depend on Tgy) and
for lower Try in this case gravitational waves would still be
produced directly from inflaton quanta, though we have not
performed this calculation explicitly.

V. SUMMARY

One of the pressing problems confronting inflationary
models is degeneracy among the few available observables.
Most inflation models predict Q = 1 (i.e., they are nearly
all degenerate in the curvature). Among the T models, all
give nearly equivalent values of n, and r for any value of k.
The Starobinsky models give very similar results to the
k=2 T model. Breaking this degeneracy is of prime
importance.

Here, we have computed the production of gravitational
waves directly resulting from inflaton scattering within the
condensate. This production is inevitable as it relies only on
the interactions of the inflaton with gravity. While the
production mechanism is completely independent of any
other interaction of the inflaton, the final gravitational wave
spectrum is redshifted from its initial production to the
present day. This redshifting depends on the epoch of
reheating and hence on the interactions of inflation with the
Standard Model.

However, we have shown that unlike the predictions for
the CMB anisotropy observables, the resulting gravitational
wave spectrum is very sensitive to the model parameter, k.
Indeed we have seen that for k = 2, the intensity of the
spectrum decreases from a maximum at low frequencies
(those produced at the onset of reheating when the energy
density is highest) to higher frequencies that are eventually
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cut off when the inflaton decays (and reheating is com-
plete). This is shown in Fig. 2. In contrast, we have shown
that for k = 4, we expect a nearly monochromatic signal as
each wave produced between the end of inflation and
reheating result in a common frequency (~10% Hz). In
further contrast, for k > 4, we have seen that Qgy increases
in frequency, with the maximum intensity now occurring at
the largest frequencies (produced at the end of inflation)
and the reheating cutoff occurs at low frequencies. This is
shown in Fig. 3. For fixed TRy, a comparison of the spectra
for different k is shown in Fig. 4.

It is also important to note that, if in addition to a
measurement of the shape of the spectrum (which could
determine k), a measurement of the frequency at which the
cutoff occurs can be directly related to the reheating
temperature. This provides us with a rare potential sig-
nature of the reheating process. Furthermore, if multiple
harmonic modes are measured, then these can be translated
into a direct measurement of the inflaton mass. To be fair,
the gravitational wave intensity predicted in these models is
not large. While the prediction is robust, it is only within
reach of future resonant cavity detectors. But we remain
hopeful that improved technology will produce detectors
that may probe this unique signal.

We conclude by commenting on a similar spectrum for
the cosmic axion background (axion dark radiation) result-
ing from the inflaton scattering. In the preinflationary
scenario, the third vertex in the Appendix applies to the
axion as well. Then, there can be axion pair production
from, for instance, the s-channel inflaton condensate
scattering mediated by the graviton. Given that (1) the
corresponding amplitude is of the same order of magnitude
as that of graviton production and (2) as long as the axion
mass is smaller than T, the axion serves as dark radiation
from the time of its production, and we expect the spectrum
of axions Q,h* = (dp,/dInf)/(p.oh™?) from inflaton
scattering to be very similar to Qgwh?> which we have
presented in this work. Although the future sensitivity of
DMRadio in the frequency range of interest hardly reaches
the expected QA% [101-103], this new production mecha-
nism may be of help in the future search for the cosmic
axion background.
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APPENDIX: FEYNMAN RULES
AND AMPLITUDES

We provide below the Feynman rules for the propagators
and trilinear as well as quartic vertices [104], generalized to

arbitrary k£ > 2. The curly lines represent the graviton and
the dashed lines are the scalar,
7

— =2
k
eI mevee — 0" 0" = "y
—> 2k2
k
RN
N\ ir
N i t@ﬁ”’ =5 [plupQu +p11/p2;1.
N00999 2
L g— _ 2
7 p3 Uz (pl “p2 + m¢)]
b2
Tapys = — UK [Iaﬁﬁpﬁfgfm/é (Pip3 + p5p7)
1 o
aff ) (77(1[3[/?0\,"/5 + 77'\/5[/)0',(1/3) P1 pg

2
A 1

N 1
p1\‘ > ) (Iaﬁmi - 5%;&%5)

X (p1-p2+m3)]

)
Via,vp,ony =i6[Sym| [Ps (P1op2+yMuvas)
1
—EPG (p1 'p277ua77v077ﬂ’v)
+2Ps (p1 - P2NarNBoNu)
1
—*P ° vifa o
o N 503 (P1 - P20 pTlo)
- —Ps (P1oP2uNavsy)
1
/?3 + P (P1 - P2uativption)
P2

where [Sym] means symmetrizing the indices ua, vf, oy,
and P; is the sum of all possible (i terms) permutations
among (pua), (p,vf), and (p3oy). We also defined

(nayr]ﬁé + ’7(16’7/3;')‘ (Al)

N[ =

Ia/},yé =

Combining these Feynman rules, the first diagram in Fig. 1
evaluates to (for k = 2)

K2

Ma = _IZ [p1ﬂ<kll/ - plv) + pll/(klﬂ - plﬂ)
—w(p1 ki =1 P +In§>)]
X [P2a(P1p = kip) + Pop(P1a = kia)

—Nap(P2-P1— P2 ki + mé)}
1

x e (ke (ky) X —M8M89 .
S T

(A2)
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Meanwhile, for the inflaton condensate, there is no spatial
momentum p; = (m, 6) hence, the contractions p,e" or
p1,€" only pick up the zeroth components €% or &0 that
are 0. In addition, the polarization vector is traceless
Nuwe"” = 0, therefore, M, = 0. The same reasoning holds
for the second diagram, M, = 0, and this is true also for
general k. The remaining two diagrams give the following

nonvanishing contributions to the total squared amplitude,
for k = 2:

o 8
D IMyP = b Z|Mc|z_m,
pol pol
12m
D MM+ MM, = == 5 (A3)
pol P

The sum of them is then (10). For general k, each mode n
receives the contributions:

S Mo = gl (P, L 2

S 8M} ’
(n2e? + 4i3)?
2 _ Ky |2 ¢
D Ml = B3P, TR
pol
ZMz,nMd,n +c.c = _¢3|(Pk>n|2

pol
5 (n*@* + 2ing) (n*w® 4 4iy) '
4M?}

(A4)
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