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The lensing of gravitational waves (GWs) occurs when GWs experience local gravitational potential. In
the weak-lensing regime, it has been reported that a simple consistency relation holds between the variances
of the magnification and phase modulation. In this paper, we present two additional consistency relations
between the averages and variances of the weakly lensed GW signals in wave optics. We demonstrate that
these consistency relations are derived as the weak-lensing limit of the full-order relations for the averages
of the amplification factor and its absolute square. These full-order relations appear to originate from
energy conservation and the Shapiro time delay, and they are demonstrated to hold irrespective of the

matter distribution.
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I. INTRODUCTION

The direct detection of gravitational waves (GWs) from
binary black holes [1] and the detection of background
GWs [2] has marked the onset of the GW astronomy era.
With ongoing plus the expectation of future discoveries in
the coming decade, our understanding of the Universe is set
to reach new depths [3].

Gravitational lensing, which has been extensively stud-
ied in the context of light [4,5], also occurs in GWs [6,7].
Although the detection of lensed GW signals has not been
reported to date, experimental efforts are underway to
search for its evidence [8]. On the theoretical front, the
lensing of GWs has been an active research subject. For
example, gravitational lensing of GWs can enhance the
amplitude of GWs, thereby causing the high tail for the
redshifted mass distribution of black hole binaries [9,10].
Note that there are distinct differences between the lensing
of light and that of GWs, which is primarily due to the
much longer wavelength of GWs. These differences give
rise to the wave-optics effect, primarily interference and
diffraction, which can be used to extract complementary
information about the lensing objects [11-14]. Specifically,
lensing in wave optics is frequency dependent and involves
a complex-valued quantity, i.e., the amplification factor,
while in geometric optics, lensing effects arise simply due
to light following the null geodesics in the curved space-
time. Thus, measuring the amplification factor across a
wide range of frequencies enables us to study the additional
properties of lensing objects that cannot be captured in
geometric optics.
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In the weak-lensing regime, the lensing of GWs is
insensitive to structures smaller than the Fresnel scale
[15,16]. In other words, diffraction suppresses the lensing
effect even if the lensing object is close to the line of sight
as long as the object has a scale smaller than the Fresnel
scale." Since the Fresnel scale corresponding to typical
GWs observed by ground-based detectors (f ~ 1 Hz) is of
the order of 1 pc given that the distance between the GW
source and observer is the cosmological distance scale, this
feature can be exploited to probe the small-scale matter
density fluctuations corresponding to the Fresnel scale of
detectable GWs [16—18]. If the observed GWs are enhanced
due to strong lensing, the weak-lensing signals superimposed
on them would also be enhanced and more easily discerned
[19]. Weak lensing is based on the Born approximation and
its precision is investigated by including the post-Born
corrections [20]. There, it is shown that the averages of
the magnification and phase modulation become biased once
the post-Born corrections are included.

In these weak-lensing studies of GWs, it has been
demonstrated that the variances of the magnification and
phase modulation satisfy a universal and very simple
relation [21]. While its physical meaning was not identified
at the time, this relation provides a nontrivial connection
between the real and imaginary parts of the amplification

'When a point mass lens is considered, the length scale that
must be compared with the Fresnel scale is the Einstein radius.
This is equivalent to a comparison between the wavelength of
GWs and the Schwarzschild radius of the lens.
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factor (thus, the consistency relation) and holds irrespective
of the shape of the matter power spectrum. In addition,
another consistency relation for the real and imaginary
parts of the amplification factor, i.e., the GW version of the
Kramers-Kronig relation, has been reported [22].

In this paper, we demonstrate the existence of two
additional consistency relations for the averages and
variances of the magnification and phase modulation. In
doing so, we review the weak lensing of GWs in wave
optics and show that the averages of the magnification and
phase modulation are nonzero at the level of the post-Born
approximation. Then, we explain how the additional
consistency relations hold and argue that these relations
as well as the relation derived by [21] can be understood as
the weak-lensing limit of more comprehensive relations
that hold to infinite order in the gravitational potential.
Importantly, one relation emerges as a consequence of the
energy conservation law of GWs, and the second additional
relation and a previously reported relation [Eq. (3.5)] are
attributed to the Shapiro time delay. Interpreting lensing as
a consequence of the Shapiro time delay appears to provide
a physical explanation for the question raised by [21].

The rest of the paper is organized as follows. In Sec. II,
the weak lensing of GWs is reviewed and the key quantities
(i.e., the averages and variances of the magnification and
phase modulation) are derived. In Sec. 111, the existence of
two additional consistency relations is demonstrated and
their physical meaning (energy conservation and the
Shapiro time delay) as well as their significance in
observations is discussed. Section IV concludes the paper.
Throughout this paper, we take ¢ =1 and 7 = 1.

II. WEAK LENSING OF GRAVITATIONAL WAVES

In most astronomical situations, perturbations to the
relevant metric due to the presence of matter clumps are
small, and the spacetime metric is given as follows:

ds> = —(1 +2®)dt* + (1 — 2®)dx?, (2.1)
where @ is the Newtonian gravitational potential. In this

case, the wave equation for the amplitude of GWs ¢ can be
expressed as follows:

V2 — (1 _4c1>)02—¢=o,

o (2.2)

where we assume that @ varies very slowly with time and
ignore its time derivative. The derivation of this equation is
predicated on certain assumptions, including the consid-
eration of a small gravitational potential |®| < 1 and
omission of polarization effects, as well as the assumption
that the typical curvature radius induced by @ is much
larger than the wavelength of GWs. While the detail is
beyond the scope of this paper, a rigorous derivation of the
wave equation can be found in the literature [13,23,24].

Note that the expansion of the Universe is ignored in both
Egs. (2.1) and (2.2). However, the inclusion of the
expansion does not change these equations once ¢ and x
are replaced with the conformal time and comoving
distance with an associated redefinition of GWs due to
attenuation of their amplitude as ¢ — ¢p/a [25].

The lensing effect is commonly described in terms of the
amplification factor, which is defined as the ratio of the
lensed waveform to the unlensed waveform in the fre-
quency domain, ie., F(w)=@(w)/do(w), where the
unlensed waveform is given by ¢o(w) = Ae'™ [y, where
y 1s the distance from the GW source located at the origin.
Under the assumption that the typical wavelength of GWs
is much smaller than the spatial variation of F(w), Eq. (2.2)
is rewritten as follows:

JOF 1

— V2F = 2w®F, 2.3
! dy + 20))(2 0 @ ( )

where we used the polar coordinates (y,6,¢) with the
source of GWs at the origin. In this expression, V3 is a two-
dimensional Laplace operator on two-sphere defined as
V2 = 0°/00% + tan™' 09/00 + sin=> 0% /d¢*>. Up to this
point, we are using the coordinate system in which the
source is at the origin; however, it is more common to
switch the location of the observer and GW source as
mentioned in [23]. In addition to switching the observer
and source, [23] uses the flat approximation in which the
waves reaching the observer are assumed to be confined to
the region where € <« 1. Under this approximation, it is
appropriate to set sin 6§ ~ 6 and regard @ = 0(cos ¢, sin )
as a two-dimensional vector on a flat plane. In the present
paper, we follow the same coordinate system in [23] by
placing the GW source at (y,,6;) as shown in Fig. 1.

Note that the solution to Eq. (2.3) is generally nonlinear
in @ even though |®| < 1 is assumed. This is because the
gravitational potential induces the Shapiro time delay and
its effect manifests itself as a phase in the exponent.
Technically, the effect of the higher-order terms in @ in
Eq. (2.3) appears as higher-order terms in O(®wy), where
¥ 1s the distance from the source to the observer, and this is
not necessarily small even if ® <1 (see Appendix A).
Physically, this implies that the phase change of GWs
during propagation from the source to the observer
becomes significant and leads to complex nonlinear inter-
ference effects. For this reason, it is necessary to compute
this equation to full order in ® to obtain the comprehensive
lensing effects.

On the other hand, in the context of weak lensing, it is
assumed that @ is sufficiently small that the expansion of F
in @ up to first order provides a reasonable estimate of the
true value of the amplification factor. This approximation
(i.e., the Born approximation) is primarily used to probe the
small-scale power spectrum [16,17]. In the Born approxi-
mation, the real and imaginary parts of the amplification

083505-2



NEW CONSISTENCY RELATIONS BETWEEN AVERAGES AND ...

PHYS. REV. D 109, 083505 (2024)

Source

Observer

FIG. 1. Gravitational lensing geometry. Following [23], we use
the coordinate system in which the distance from the observer is
- and @ is the two-dimensional vector perpendicular to the line of
sight. The GW source is located at (y,, 6, ), where || < 1. In the
flat-sky approximation, GWs reaching the observer are confined
to the region |0| < 1.

factor are defined as the magnification K and phase
modulation S, which are functions of the GW frequency
w, the line of sight distance y, to the source, and the angular
coordinate @, perpendicular to the line of sight. In this
definition, K is related to the absolute value of F, and S is
interpreted as the argument of F.

Following the Born approximation, a systematic scheme
to handle post-Born corrections was formulated by [20],
which introduced a new definition of § and K as
F(w) = K@) iS(@)+iodt Here, wAt, is a shift of the phase
due to the Shapiro time delay and is separated from S(w) as
the Shapiro time delay is not directly observable. In the
post-Born approximation, K and S are computed to second
order in @ as follows (see Appendix A for derivation):

‘ 2
s — _2g /X“ dy [COS {M} _ 1] ®,  (2.4)
0 2w
52 :_2w/”‘di§/”d;(1/xd;(2
0o X Jo 0
wv)2
‘ [cos [( s ] - 1} (Vor®, - Vip®,).  (2.5)
‘ 2
KU =20 /X‘ dy sin {M} o, (2.6)
0 2w

Jd
K® :250/1 )z(/ld;m /Zd)(Z
o X Jo 0

(WV)@)

x sin{ } (Vo ®, - Vipdy),  (2.7)

where D) = ‘D()(l(z)’a)’ W xs) =1/x = 1/x,, and

(WV)(2> = W()(a)(s)vng + W()(lv)()qu + W(;(z»;()V%z-
(2.8)

In addition, the Shapiro time delay is given in the same
manner up to second order as follows:

Al = 2 / “ ddy. (2.9)
0

sd
At(gz) ==-2 /)( —)2(/}( d){l /}( d){ZVHIq)I 'VGZCDZ' (210)
o X Jo 0

Note that the derivatives are taken with respect to @ with the
operator V3, acting on both ®; and ®,, while V3, (2) only
acts on @(,). Also, the derivative operators involving the
trigonometric functions (e.g., cos [(W(x, x,)V3)/(2w))) are
defined through the Fourier transform. In other words, for
arbitrary functions F(x) of a differential operator x and
f(.0). F(Vo)f (r.0)=[dk ./ (27)*F (ixk )] (r k1 )e™ 72,
where f(y.k,) is the Fourier transform of f(y,0) with
respect to @ defined as f(y,ky) = [>dOf(y,0)e %%
and k| is a wave vector on the two-sphere. In addition, the
integral is taken along the straight line connecting the source
and observer. In these expressions, the first-order terms S(!)
and KV are the Born approximation, where K!) reduces to
the linear order convergence x in geometric optics in the high-
frequency limit.

Asis common in the context of weak lensing in geometric
optics, the lensing signals are treated as random variables
and the averages (---) of these quantities are considered.
Using the power spectrum of the gravitational potential ®
combined with the Limber approximation, it is shown that
the following is satisfied for arbitrary functions F(y) and
G(y) of the two-dimensional differential operator y:

(F(Vg)®1G(Vgp) D)
2

=6"(n —)(2)/%F(i)hkﬁ(;(—i)hh)P<b(k¢,ﬂ(1)‘

(2.11)

Here, we introduce the power spectrum of the gravitational
potential P, (k, y) defined as

(Dky, x)D (ks y)) = (27)36” (ki + ko) Poy(ky.x0). (2.12)
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where ®(k, y) is the Fourier transform of the gravitational potential and 5 (k) is the delta function. With this relation and

Egs. (2.4)—(2.7), we obtain

(S) = 20)4% d;(/ dy i / Ik, 5k (1 —cos [(X 21 k2]>PCD(kJ_J(1)’

Xs d){ X d2k
K)==2 Z " dy?
(&) “’/ x/ ”/ (27)

for the averages, and, we obtain the following:

2 —
(8%) —4(0/ d;(/dkL {l—co (()(S
20

(2.13)
szL sin [%kz}Prb(kL’ll)v (2.14)
0 kz)}zpqa(kl,)()’ (2.15)
2 —
(K?) = 40? / al;(/dkl i {&;Mf))“i}%(klw), (2.16)
(2.17)

i = [ 28] o 2] s

for the variances and the correlation between S and K.

In these expressions, the scale at which the argument of
the trigonometric functions becomes order unity provides a
rough scale at which GWs are particularly sensitive. This
particular scale is referred to as the Fresnel scale

re =\/x(xs —x)/xs®. In the context of lensing of

GWs, the Fresnel scale is expressed as follows [15,16]:

S NP s =20 /x| V?
~ 120 2.18
T pe (mHZ 10 Gpc o (218)

where f = w/2x. The Fresnel scale varies with the GW
frequency w; thus, measuring the frequency dependence

of (§2),(K?), (SK),(S), and (K) is expected to be a unique
|

s 2k
) = 2072 /)f d)(l/d J.{( )(1))(1]{1)_
Xs®

probe for density fluctuations at scales as small as k ~
109-10% Mpc~' for f = 10-1000 Hz [16,17,20]. Since
the frequency dependence becomes relevant in the follow-
ing discussion, the notations S, and K, are used to
indicate the frequency dependence of each lensing signal

le.g., (o) = (S(@))].

III. CONSISTENCY RELATIONS

The expressions for the averages [Egs. (2.13) and (2.14)]

can be simplified by exchanging the order of the integral as

o dy | dxy = [§" dxy [7+ dy. Then, it is straightforward
to obtain the following:

2
(,;—460/)(x /dki~ {
2y

By comparing these expressions with Egs. (2.15)—(2.17),
we can readily find the following consistency relations,
which are accurate up to second order in @:

(Ka) + (K,) =0, (3.3)

<(ZS )(:(l))(l kz)}PcD(kJ_’Zl)’ (3-1)
— 1) ki} Po(ki.x1)- (3.2)

|
(5) = 5 (820) = ~(S,K..). (3.4

Note that to the best of our knowledge, these consistency
relations have not been previously reported. These relations
involve the averages of S and K, which vanish in the Born
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approximation and only appear at the level of the post-Born
approximation. The discovery of these relations was
possible by considering the post-Born approximation
within the wave-optics framework. In addition, the con-
sistency relations derived here can provide new insight into
an existing consistency relation derived by [21], which is
explicitly expressed as follows:

(82) + (K2) = (K3,). (3.5)
We observe that this consistency relation can be merged
with Eq. (3.4) as a single consistency relation for a
complex-valued quantity using Eq. (3.3). By combining
Eqgs. (3.4) and (3.5), we obtain the following equivalent
consistency relation:

1 1
<Kw + iSw> _7<K2w + iS2w> = _§<(Kw + iSw)2>'

: (3.6)

In the following, we demonstrate that these relations can be
derived as the weak-lensing limit of more general relations
that are accurate to full order in ®. In particular, we
demonstrate that the consistency relation (3.3) arises from
the energy conservation of GWs. A similar relation for the
convergence x ({(k?) = —2(k)) [26,27] is derived under the
photon number conservation in geometric optics [28];
however, the discussion based on energy conservation is
more general because it includes both geometric and wave
optics. On the other hand, the consistency relations (3.4)
and (3.5) appear to be attributed to the Shapiro time delay,
which is discussed in the Sec. III C.

A. Ensemble average

The main results presented above, i.e., Egs. (3.3) and
(3.4), are based on the computation of the average (- - -)
without paying particular attention to its meaning.
However, it is important to revisit the meaning of the
average to ensure a precise understanding of its implica-
tions, particularly in relation to the energy conservation
law. In addition, it is also essential for determining how the
average should be practically taken in future experimental
settings.

The average considered up to this point in this paper is
referred to as the ensemble average [29,30], which hypo-
thetically assumes the existence of multiple universes, each
with different matter-density configurations. In this sce-
nario, we can compute the lensing signal X (y,, 0;) (e.g., S,
K in wave optics and x, y in geometric optics) by
considering the GW (or light) signals from the same source
at a fixed distance y, in each realization. Note that since X
describes the lensing effect, it does not depend on the
physical property of the source. The ensemble average is
then obtained by taking the average value of X over the
ensemble of universes. This is the original meaning of
the ensemble average that we implicitly assumed in the

previous discussion. In cosmology, it is presumed that the
universe is statistically homogeneous and isotropic, mean-
ing that the average of all realizations of universes is
homogeneous and isotropic, even if each individual reali-
zation is not necessarily so. This implies that the spatial
derivative of (X) with respect to the true location of the
source always vanishes; thus, we obtain the following:

V(X(z,.0,)) = 0. (3.7)
However, in reality, we only have access to a single
realization of the universe, thereby making the true
ensemble average unattainable. Therefore, it becomes
necessary to replace the ensemble average with a sta-
tistically computable averaging process. In a statistically
homogeneous and isotropic universe, one can find that the
ensemble average is approximated by the average over the
observers which represents the mean value of X measured
by a number of observers uniformly populated on the
surface of a sphere with radius y, surrounding a single
source. This allows us to rewrite (X) as follows:

(X) = i / X(0)d. (3.8)

Note that @ is the location of the observers on the surface of
a sphere with radius y, surrounding the source.

However, we can only observe the source from the Earth;
thus, it remains unfeasible to directly compute the average
over the observers. In practice, (X) is taken as the average
over the sources, which represents the mean value of X
computed from various sources located at the same fixed
distance y,. It is obtained by simply summing all lensing
signals X from the sources at y, and dividing the sum by the
number of the sources. As long as each individual source is
fully resolved, the average over the sources can be
identified as the ensemble average. In our context, we
focus on a GW signal from binary systems where each
individual source can be identified; thus, the ensemble
averages of the lensing signals derived in the previous
section ((S?), (K?), etc.) should be taken as the average
over the sources.

It is important to emphasize that (X), which, as discussed
above, should not be confused with the average over the
apparent directions of the sources within the framework of
geometric optics. The average over the directions is another
approach commonly used in cosmology to compute the
average of X [31,32] and is computed in a practical manner
by dividing the celestial sphere into small patches with
equal area and averaging X over these patches.

The difference between the average over the sources and
the average over the directions may seem subtle and indeed
can be disregarded within the Born approximation (i.e., the
first-order approximation of X). However, when the higher-
order terms are taken into account, making the distinction
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between these two becomes crucial, and failure to do so
results in erroneous outcomes [27,33].

B. Energy conservation

Before delving into the main discussion, it is important
to consider the meaning of the energy of GWs. Although
defining the energy of GWs is not as simple as the case of
electromagnetic waves, it is still possible to assign energy
to GWs as a conserved quantity when there is a clear
separation of scales [34]. In the context of gravitational
lensing, there are two types of metric perturbations: the
gravitational potential @ due to the presence of matter
inhomogeneity and the metric perturbation caused by the
GWs themselves. Here, we assume that the wavelength of
GWs is much shorter than the typical curvature radius of
the gravitational potential; thus, the metric perturbation
associated with GWs can be separated from the background
metric. As a result, we can treat GWs as a classical field just
like any other fields living in an inhomogeneous universe
described in Eq. (2.1). This approach enables us to identify
a conserved quantity corresponding to the energy of
GWs [25].

With this in mind, we can observe that Eq. (2.2) is
essentially a wave equation with the lensing effect included
as an interaction between GWs and the gravitational
potential ®. Thus, it can be rewritten as follows:

o (VP4 347 208 ) =9 (499 69

ot \2

Now, let us consider the volume integral over the region V
whose surface is denoted as S. Here, since the energy of
GWs in a certain region is given by Eq. (B7) in
Appendix B, we can connect Eq. (3.9) with the energy
conservation law by taking the time average of Eq. (3.9)%in
addition to the spatial integral. Then, Eq. (3.9) can be
rewritten as follows:

dE 1 +T dt .
ae___ 1 a (=Y
dt 167rG/ TAdS" (=oVe).

where n is a unit normal vector at each pointon S and 7 is a
range of time average, which is taken sufficiently longer
than the period of GWs. From this expression, it is clear
that the left-hand side represents the average rate at which
the total energy in the region V varies, and the right-hand
side represents the average energy flow going into V. Thus,
when the sign of the right-hand side is flipped, it is
interpreted as the energy going out from V.

Suppose the GW source is at the origin of the coordinate
and ¢ is the superposition of the different frequency modes:

(3.10)

*The time average is defined as (A), = (1/T) [T df A() for
an arbitrary time-dependent quantity A (). Note that (A), is still a
function of time.

dw e'ex—iot

dx.1) = ho)F(o.x). (3.11)

2r  y

where h(w) is the Fourier transform of the original wave-
form. Next, we consider a sphere with the radius y. By
taking the volume integral over this region and the time
average, we obtain the following:

/ redr / dsn - (=pVp)

— 7 [ Seath@P [ darr (o),

where Q is a solid angle. Therefore, we obtain the
following:

‘fi_f:_wﬂlGT/gj 2|h(a))|2/dQF(a))F*(w). (3.13)

(3.12)

When the GW source is completely confined in the region
V and there are no objects in V that absorb or produce
GWs, then the right-hand side, especially [ dQF (w)F*(w),
becomes independent of the radius of a sphere y surround-
ing the source. In addition, the left-hand side is independent
of the matter distribution in the region V assuming that the
gravitational potential does not significantly change over
time; thus, the right-hand side is also not subject to this
dependence. Given that F = 1 when there are no lensing
effects, f dQFF* needs to be normalized as follows:

1
1= dQFF*.

= (3.14)

The right-hand side is the average of FF* over the observers,
and it is identical to both the ensemble average and the
average over the sources; thus, we obtain the following
relation for the average of the absolute square of F:

(FF*) = 1. (3.15)
In our notation, the magnification K and the phase modu-
lation S are defined as F = eX+i5+i@AL which allows us to
rewrite the energy conservation condition as (e?X) = 1.Ina
weak-lensing regime, K is sufficiently smaller than unity and
the Taylor expansion of ¢>X up to second order in K provides
e =1 +2K +2K?* + O(K?). From this expression, it is
clear that up to second order in ®, (K?) + (K) = 0 needs to
hold. One noteworthy aspect of the relation (FF*) = 1isits
generality. It is the full-order result and does not assume any
specific distribution of matter.

C. Average of amplification factor

In the following, we explain a more general way
to derive the consistency relations (3.4) and (3.5).
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The physical interpretation of these relations may not be as
clear as the consistency relation associated with energy
conservation; however, they can still be derived from a
more general, full-order condition, similar to how (K) =
—(K?) is directly derived from (FF*) = 1.

|

Flog..0,) = / DIO(y)] exp [i K(

)
2%

By observing Eq. (2.3), it is clear that the expression
takes the same form as the Schrédinger equation with time-
varying mass. Therefore, it is possible to obtain the formal
solution to this equation using the path integral method, as
presented by [23]

d6(x)
dy

T deD(;(,H(;()))dx], (3.16)

where the normalization factor is absorbed in D]@(y)] and is determined to satisfy F = 1 when ® = 0. Now, we consider
taking the ensemble average of this expression. When the ensemble average is taken, the only random variable that appears

in this expression is ®@. Thus, (F) is given as follows:

) = [ Pogles iz [ 2

Here, the computation of the n point correlation function
(®(y1,0(x1)) - DP(xn,0(x,))) is required to obtain
(exp [-2iw [§* ®(y,0(x))dy]). By considering the spatial
homogeneity and the assumption that the potential @
evaluated at different y is uncorrelated (the Limber ap-
proximation), we obtain (exp [-2iw [* ®(y,0(y))dy]) =
(exp [~2iw [} ®(y,0,)dy]).” Then, (F) is further simplified
as follows:

(F(r,.0,)) = <exp <—2iw A “ @o(,os)d;(> > — (eionly.
(3.18)

This is a surprisingly simple relation that is accurate to full
order. Here, F is written as F = K@) giS(@)+iodts. thyg this
expression can be formally expanded in ® as follows:

1
1+ (K + S+ wAty) + 3 (K + iS + iwAt,)?) + O(D?)

2
-

5 (an)?) + 0(@?).

(3.19)

From this relation and Egs. (2.4)-(2.10), we obtain the
following expression up to second order in ®:

<Kw+isw>_%<K2w+iS2w> :_%<<Kw+isw)2>- (320)

This is nothing more than Egs. (3.4) and Eq. (3.5). In
addition, the expressions of the consistency relations (3.4)

*Because (@0r1,001)) -+ @ O(xn))) = 6ty = x2) -
g)()(n—l =X (@01, 0011)) - @01, 00r1))) | = (@(r1,0y) - -

1,6y)), where (---) | indicates the ensemble average on the
plane perpendicular to the line of sight.

do(y)

% (3.17)

2 . Xs
d)(:| <e—2tw 0 (D(;(,G(;())d)(>'

|

and (3.5) are based partly on the Limber approximation,
which was not assumed in the derivation of the consistency
relation associated with energy conservation.

A notable difference between the consistency relations
(3.4) and (3.5) and the one related to energy conservation
(3.3) is that Egs. (3.4) and (3.5) establish a nontrivial
connection between the real and imaginary parts of the
amplification factor (i.e., magnification K and the phase
modulation S in weak lensing). Here, we propose that this
nontrivial relation arises from the Shapiro time delay. As
observed in Eq. (3.16), the amplification factor F is
obtained by the superposition of all waves traveling along
various possible paths. Since the presence of the gravita-
tional potential in a particular region only induces a phase
shift to the GWs passing through that area, the resulting F
undergoes changes in both the magnification and the phase
modulation. However, these changes are only due to
constructive and destructive interference. Thus, it is
expected that there is a nontrivial connection between
the magnification and the phase modulation, and it appears
that this connection becomes apparent in the form of the
consistency relations when the average is taken.”

To obtain a more intuitive understanding of this non-
trivial connection between the real and imaginary parts of
F, we provide a simple toy model that demonstrates this
effect. Suppose two GWs with the same amplitude travel
along different paths of equal length and arrive at the
location of an observer. Without any lensing objects, the
amplification factor is F = 1. However, if one of the GWs
passes through a region with nonzero gravitational potential
@ that extends over a length Ay, the resulting amplification
factor can be written as follows:

“The nontrivial relation between the real and the imaginary
parts of the amplification factor has been reported by [22], where
the relation arises from the causality of GWs.
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F(a)) — oKutiS, — (] + e—ZimA;(CI))‘ (3.21)

N =

From this amplification factor, we obtain the expressions
for the magnification K, and phase modulation S,

K 11n<1 + cos (2a)A)(<D)>’

== 3.22
=3 ; (322)

_ sin (2wAy®)
= —tan”! . 2
So an (1 + cos (20)A)(<I>)> (323)

By expanding these expressions up to second order in @,
we can verify the following:

1 1
K, +iS, - E(KZQ) + iSZw) = ) (Km + iSw)2 + O((DB)

(3.24)

This relation is identical to Eq. (3.20) with the only
difference being the absence of the averaging process.
Therefore, it is reasonable to conclude that the Shapiro time
delay is responsible for the origin of the consistency
relation, Eq. (3.20).

D. Violation of consistency relations
due to massive gravitons

The consistency relations we derived above are satisfied
irrespective of the shape of the matter power spectrum;
thus, it is constructive to investigate the circumstances
under which the consistency relations might be compro-
mised, especially due to the violation of the fundamental
physics principle we assumed rather than as a result of
observational errors and biases. Given that Eq. (3.3) arises
as a result of the energy conservation and Egs. (3.4) and
(3.5) [equivalently Eq. (3.20)] are attributed to the Shapiro
time delay under the assumption of GWs propagating at the
speed of light, it is expected that Eq. (3.3) remains to be
satisfied, whereas Eq. (3.20) may be violated if the speed of
GW propagation is changed. In order to see if this
expectation is indeed correct, let us consider the case of
massive gravitons, since this is the simplest modification to
GR to account for the change in the propagation speed of
GWs. When the mass of a graviton m is considered, the
wave equation for the amplification factor F' is rewritten as
follows:

oF 1 2
i% 4 V2F = 20®F + - F.
oy 2wy 2w

(3.25)

This expression indicates that a newly defined function
imz)(y

. m2 0 . . .
F' = Fe'n" = KtilS+730) oAt gatisfies the equation for a
massless graviton (2.3). As we have shown above, the
magnification and phase modulation for a massless

graviton satisfy Eq. (3.20), and in this case, the corre-
sponding magnification and phase modulation are K, and

2

S, + "2+ thus, the modified version of the consistency

relation when the mass of a graviton is included is obtained

by simply replacing S, with S, + % as follows:

. mZXS 1 . msz‘
(o)) 3 (s 50
1 m?y.\ \ 2
=——(|K,+i : . 2
(ko i(s.452))) (3.26)

This modified version of the consistency relation implies
that the deviation from Eq. (3.4) is of the order s

[0]

the deviation from Eq. (3.5) is of the order (mz)( +)2 when the

w
mass of a graviton is considered. Note that the consistency
relation originating from the energy conservation (i.e.,
(K) = —(K?) or (FF*) = (¢*) = 1) is unchanged even
when the mass of a graviton is considered, since FF* =

2
W2

, while

im“yg

(e*)) =1 is unaffected by replacing F with Fe 2 .
Physically, this is a consequence of the fact that energy
conservation is still satisfied despite the presence of
massive gravitons; thus, the associated consistency relation
(3.3) also remains unchanged.

E. Application

The weak-lensing signals S and K can be used to probe
the small-scale matter power spectrum [16,17]. In order to
achieve this, it is of critical importance to accurately extract
correct S and K from the observational data. As suggested
in [21,22], consistency relations have the potential to serve
as a means to verify the reliability of the lensing signal
obtained from observational data. By confirming the
satisfaction of the consistency relations, we can independ-
ently confirm the correctness of the observed lensing
signals without assuming the shape of matter power
spectrum, enabling us to use the lensing signals as probes
for small-scale matter-density fluctuations. In addition,
satisfaction of the consistency relations will confirm the
validity of the general relativistic formulation of the lensing
signals. Conversely, any deviation from the consistency
relations serves as a warning sign that the estimation of §
and K may not have been performed correctly, which
prevents incorrect results from being inferred from unre-
liable data. While the primary objective of this paper is to
present the new consistency relations and discuss their
physical implications, it is worth providing a rough
estimate of how well the presented consistency relations
are satisfied under more realistic scenarios.

Therefore, we consider the feasibility of confirming the
consistency relations following a similar method presented
in [20,21]. In practical situations, the average (- - -) is taken
as the average over the sources, which requires a number of
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GWs from various sources, e.g., binary black holes located at
a fixed redshift. However, in principle, it is impossible to
collect a sufficient number of lensing signals from the
sources with exactly the same redshift z; thus, it is necessary
to redefine the average by allowing the inclusion of signals
whose redshift falls within a range z, — Az < 7 < z, + Az.
The redshift dependence of the lensing signal X(= S, K)
suggests that the observed variance at z; + Az is roughly
given by (X(z, +Az)?) = (X(z,)?) (1 + O(Az)) [16,17,20].
With this in mind, we define the estimators £4 and £ as

El0) = S (K @.2) + Kilw.z)), (327
Eato) = 3 (S0.2) - 35020.3)
+ Si(@, 7)) K;(w, z,~)>, (3.28)

where K; and §; are assumed to contain independent
Gaussian noise n; with zero mean and variance 1/SNR?,
where SNR is the signal-to-noise ratio of the detectors for a
particular frequency of GWs. In addition, the products of the
signals, e.g., K?(w, z;) and S;(, z;)K;(w, z;), are assumed
to be computed using the two values obtained from different
detectors with independent noise. Under this assumption, we
can immediately obtain (€,) = (£3) = 0. Furthermore,
under the assumptions of weak lensing, small Az
(<X(Zs + AZ)2> ~ <X(Zs)2>) and
obtain (£3)1/% ~ (E3)1/? ~ = it
mated fluctuations in £, and Ep.
The number of GW events expected to be observed per
year within a redshift range 2.9 < z; < 3 can be estimated
as N ~ 10° under the assumption that the merger rate at
=3 is R = 20 Gpc~2 yr~! [35]. In the SNR = 50 case,

SNR\/— ~ 6 x 107*. Since \/(K?) ~ O(1072) and +/(S?) ~
o010~ g) at z,~3 and f~1 Hz, in this scenario, the
consistency relation (3.3) can be confirmed with an
accuracy of approximately O(1)% of (K), (K?), and the
consistency relation (3.4) can be confirmed with an
accuracy of up to O(10)% of (S), (SK). Note that the
value of the merger rate R used here is an estimated value at
a fiducial redshift z = 0.2 (rather than z = 3). Since R is
expected to take a larger value at higher redshift, the
number of GW events we estimated might be moderately
underestimated. Thus, in reality, the consistency relation
can be even more tightly confirmed.

Wthh provides the esti-

IV. CONCLUSION

In this paper, we investigated the lensing of GWs with a
particular focus on consistency relations. In addition to the
previously reported consistency relation [21], we have
identified two additional consistency relations (3.3) and

(3.4) that are accurate in the weak-lensing regime by
directly computing the magnification K and phase modula-
tion S. We have demonstrated that Eq. (3.3) arises from the
conservation of energy in GWs by demonstrating that
Eq. (3.3) is derived as the weak-lensing limit of
(FF*) = 1. In fact, (FF*) =1 holds to full order in ®
regardless of the shape or the correlation of the matter
clumps. In addition, we have shown that the other consis-
tency relations (3.4) and (3.5) can be also derived as the
weak-lensing limit of the average of the amplification factor

(Fy = (e Ji* i ), which is also accurate to full order in
®. The analysis presented in this paper indicates that the
consistency relations (3.4) and (3.5) appear to arise from the
Shapiro time delay, which locally alters the phase of GWs.
This leads to interference effects and poses the nontrivial
connection between K and S, which becomes evident when
the average is taken. Finally, we have demonstrated that these
consistency relations can be confirmed observationally given
that sufficient SNR ~ 50 is achieved. Thus, we expect that
they will provide independent verification of the correct
observed lensing signals and enable us to properly probe
matter-density fluctuations at very small scales.
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APPENDIX A: DERIVATION OF s §® g®) g2

In this appendix, we review the derivation of
S 5@ KM and K@ following the method developed
in [20]. In [20], a new variable J defined as F = ¢’/ is
used to include the effect beyond the Born approximation.
In order to clarify the reason for the necessity to introduce
J, let us start by considering the expansion of F in ® and
see why it is not the best way to investigate beyond the

Born approximation. First, we rewrite Eq. (2.3) as follows:

9 F = -2i0w®F.
0)( 2w)(

(A1)

Note that 6 is a two-dimensional Cartesian coordinate vector,
i.e., we are adopting the flat-sky approximation (0 < 1) [23].
Under this assumption, Vg, is a Laplace operator on a
two-dimensional flat space defined as V3 = 0%/d6* +
07'0/00 + 07207 / 0¢*. This equation can be formally solved
by finding Green’s function of the linear operator on the left-
hand side of this expression. By definition, Green’s function
satisfies the following equation:

<;{ Yy Vz)G(;( 2.0-0)=5(y—41)5”0-6),

(A2)
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which can be solved to be

Gly—4,0-9)
io yy o

=— exp |iw 0-0'"10 X
277 2(){ )I 100 —2)-

(A3)

where ©O(y) is a step function. Now, we assume that the
observer is at (y,,#,) and the GW source is at the origin.
Then, using this Green’s function, F(y,,0,) is written as
follows:

FU6) = [ dr [ oGz, —1.6,~0)(-2i00(r.0)F)

O£ 4
= —2 e
la)/ d)(/deﬂ(ZS

x exp | iw 2% |9, — 0]
exp i 2o Mw,mm,o)

2
— iw / “ dyexp [i Wht.x:)Vs “)VH]
0 2w
X Dy, 0,)F (x.0;),

where W(y',y) = 1/x' — 1/y. From the second line to the
third, the following formula was used:

(A4)

\72

[ ety ~xiar) = Lexp () . (a9

This formula can be verified by Fourier transforming f(y)
and performing the Gaussian integral. Then, consider the
expansion of F in @, namely, F =1+ F() 4 F@) 4 ...,
where the zeroth-order term is determined to be 1 since F' —
1 when there is no lensing, i.e., ® = 0. By plugging F =
1+ F®" 4+ F® 4 ...in Eq. (Al), we obtain the following
expressions up to second order in ®:

F) = —2a%)“ dy exp [i%ﬁ}@(x,&), (A6)
F? = 442 /% dy exp {igw()(’z)“)vz]
0 0]
<ot [y e ML g0,
(A7)

From this expression, it is verified that F(!) ~ O(®awy,) and

~(’)((<I)a))(s) ). In fact, it can be shown through
iteration that F") ~ O((®awy,)"). Thus, the higher-order
terms in @ always appear as higher-order terms in @wy, in
the expansion of F. Due to this property, there are two

problems associated with expanding F, even though F) can
be formally computed. Firstly, it is not clear how to obtain the
geometric optics limit from this expression. Conceptually,
geometric optics should be derived by taking @ — oo,
however; since F") ~ O(®awy,), it is required to compute
F to full order in ®wy , in order to accurately estimate F. The
second problem is that the higher-order terms need to be
converted into physical quantities such as the phase modu-
lation and magnification through an additional process. For
example, the phase modulation is obtained by computing the
imaginary part of log F; therefore, even if F(") are obtained,
we need to perform nontrivial calculations to obtain the
correction terms to the phase modulation.

Having said that, it is possible to systematically compute
the correction terms to the physical quantities by introduc-
ing a new variable J defined as F = ¢’ as suggested in
[20]. Using J, Eq. (2.3) becomes

(a vz)J £01.0).

S 3 (A8)

where  f(y,0) = —2® — (V,J)?/(2¢?). Following the
same step, we can write this equation in the following form:

J(r,.0,) = / dy / d0G (1, — 7.0, — 0)f (1.0)

2
— /)(s dy exp [i—W(){’%)ve]
0 2w

x (—2@ - % (V(,J)Z).

Now, let us define /() as the components of J proportional to
the nth order of the gravitational potential, i.e.,
J=JU 4 J® 4 O(®%). By inserting J = JO +J@ 4
O(®?%). into Eq. (A9) and equating the same order terms,
J® can be formally obtained order by order. Then, the
expressions for J(!) and J? are given as follows:

(A9)

I (x,.0,) = /o% dy exp {i%ﬂj)vﬂ (—2D(y.0y)).

(A10)
5 v2
J(2>(Zw0s) _ _/l’ d)(exp |:l W()(J(s) 9:|
0 2w
(1 2
(07 Al
2y

In order to further simplify the expression for J?), it is
convenient to introduce several notions @, ;) = @ (y;(2), 0;)
and Vg, () and V,. Here, V., are defined to acton both D,
and @,, whereas Vo (2) only acts on @ (5. Then, Eq. (A11)is
rewritten as
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; V3 \% %
J?) (y,.0,)=-2 5 d—)z(exp i—W(Z’X“) 912 /Xd;(l/ld;(zvgl exp iiw()h’)() ol Vg | exp —0(2)() 2o, .
0 2w 0 0 2w 2w

X

In this notation, Vg, and V(y)

(A12)
all commute with each other; thus, J) is given by the following expression:
.d wv)@
J(z)()(yas) =-2 /1 _)2(/)( dx /X dy, exp {l( ) ]v61¢1 Vg @, (A13)
0 X Jo 0 2w '

where (WV)?)

=Wy, x)V3, + W(r1.x) V3, + W(x2, x)V2,. The phase modulation S and magnification K are obtained

from the relation iwJ = K + iS + iwAt,, where the Shapiro time delay At is given by At, = lim,_, ., J(®) [20]. Using

Egs. (A10), (A13), and the definition of K and S, the following expressions for s, §@),

2
S = 2¢ /XS dy {cos [—W(X’%)V‘Q] - 1} D,
0 26{)

s V)2
2) = —2w /OZ d)(/ d)(] / d){z |:COS|: ) :| - 1:| (VQI(D] 'V92¢2),

. W(x.xs)V3
K(l) =2w /)( d){ sin [M} (D’
0 2w

xsdy [« X C [ww)@
D= 260/ 12(/ d)(]/ dy, sin [< 3 ) }(Vm‘bl Vg @,).
0o X Jo 0 @

Note that in this expression, the geometric optics limit can
be easily obtained by taking @ — oo. Indeed, the magni-
fication reduces to the weak-lensing convergence in this
limit (Appendix A of [20]). In addition, higher-order
corrections can be computed in the same way without
going through any conversion processes. Throughout this
derivation, we consider that the GW source is located at the
origin and the observer is at (y,, 6;); however, as shown in
[23], these expressions remain unchanged if we swap the
location of the observer and GW source.

APPENDIX B: ENERGY DENSITY OF
GRAVITATIONAL WAVES

Here, we provide a brief derivation of the energy density
of GWs propagating in curved spacetime characterized by
Eq. (2.1). When there is a clear separation between the
metric components due to the background g,, (typical
variation scale L) and highly oscillatory perturbations A,
(typical wavelength 7), the total metric g, is separated into
two parts [36]:

g;w = g;w + huw (Bl)
where g,, is given by Eq. (2.1). The Einstein equations

R, —% guwR = 8xGT,, are rewritten by expanding the

KW, and K@ are obtained:

(A14)

(A15)

(A16)

(A17)

Ricci tensor as R, = R, + R,(w) + R,(,,,) + -+, where R,
(n)

is the Ricci tensor computed using g, alone, and R, are
the correction terms to R, and are of the nth order in £,

Then, R,(,ly) and R,(,ZD) are explicitly given as follows:

| Seo oy a7 ivAvi
R\) = 5V Vi + Vol = Vb, =V, 9,0
(B2)
1 70 v v kvi
:zgp g ﬁ|: vﬂhpav haﬁ+ (vphva) (Vahuﬂ_v/}h/w)
+ 1yo(V, Vs + VNV by =V Vb =V NV b,
< Voh,,— V,,hw> (Vohys+V, 5 =Vsh,,) |
(B3)
where VM is a covariant derivative with respect to the

background metric g,, [25]. Up to quadratic order in h,,,
we have the Einstein equations for R,:

R = 87G(Ty + 1), (B4)

Hv _Eg/w
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where T/w is the energy-momentum tensor contributed by
matter components, and it varies slowly with time and space,
and 7,, is an effective energy-momentum tensor of GWs. In

our case, the derivative of background gravitational potential
|

is small compared to the derivative of GWs due to L > 4.
Under this assumption and by ignoring the derivative of the
background potential, the explicit expression of 7, up to
relevant order is given as [6,34,37]

1 o 1.
ty=—-——={R —=g,R?
w 87rG< w I

1
" 322G

Note that (---),, is a spacetime average whose integral
region is greater than the typical wavelength of GWs and
much smaller than the typical scale over which the back-
ground metric varies. With this definition, it is possible to
assign a gauge-invariant local energy of GWs. Now, we
introduce the polarization tensor e, such that h,, = ¢e,,
(e e =2, el = 0) and by setting e, to a constant [6,38],
we obtain the following:

1

t B6
" 161G (B6)

< 0, — g,w04¢0*¢>

tx

Using this notation, the total energy of GWs in volume V
averaged out over a certain period of time 7', denoted as

(-+), = (1/T) [T di'(---), is given by
E= /<t0°>,dV

1 [eTadl 1 1. .
= 16”(;[ 7/ dv(5 (Vo) + 5452 - 2<1>¢2>.
(B7)

|
<gapgﬁaa NapOyhye — Eg,wg’l”g“” 7 axhaﬂanhpa>

(BS)

1,x

[
By combining the conservation of energy d,# =0, we
obtain the following:

0E = — / 0;(1%),dv

1 +T df ;
_ _@/ 7/SdSn,.-(—qf>6,~¢>)- (B8)

Note that the spacetime average (- --), , is removed when
(1/T) [T df [ dV is taken. This expression is the same as
the one derived in Sec. III using the wave equation (2.2).
Thus, the conserved quantity associated with Eq. (2.2) is
properly considered as the energy of GWs.

Note that only one degree of freedom associated with the
polarization of GWs is considered in this discussion. When
accounting for two polarization components (4, = ¢ e, +
gb+ ,) and assuming that the polarization tensors e, and ej;,
are 1ndependent, the total energy of GWs is 51mply given by
the sum of the energy of the x mode E* and the + mode E™,
ie, E=E*+E".
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