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A first application of the equation of state (EoS) in the quark-meson-coupling (QMC) model in
thermodynamic scenarios corresponding to stationary and rotating isentropic protoneutron stars (PNS),
producing results in agreement with recent observation, was published recently. In addition, a tabulated
form of the EoS in the parameter space suitable for use in simulations of cold binary neutron star mergers
(BNS) and their time development, has been deposited for public use in the CompOSE database. However,
the theoretical background of the QMC EoS of hot hyperonic matter has not yet been presented. In this
work, we report, for the first time, details of the QMC theory of dense matter, including nucleons, leptons,
and the full hyperon octet, extended to particle number density from nzg = 0 up to 1.2 fm=3, over the
temperature range 0—100 MeV, with the entropy per particle between S/A = 0 and 2k and lepton fraction
from Y; = 0 to 0.6. The main objective of this work is to explore the effect of the exchange (Fock) terms at
finite temperature, when they are self-consistently incorporated in the fully relativistic QMC Lagrangian.
As already mentioned above, these terms are missing in most relativistic mean field models of hot dense
hyperonic matter. We show that they have a non-negligible effect on observables of astrophysical objects

and that it is essential they are included in realistic mean field calculations.

DOI: 10.1103/PhysRevD.109.083035

I. INTRODUCTION

The observation of gravitational waves from the pre-
merger stage of coalescence of cold binary neutron stars
(BNS) by the LIGO and Virgo collaborations [1] has
stimulated increased interest in simulating the postmerger
stages of the event, which have not yet been observed. In
particular, we do not yet have information concerning the
equation of state (EoS) post-merger, nor the fate of the hot
remnant. The role of hyperons in cold and hot dense matter
has been extensively studied for many years using various
theoretical approaches. We presented a comprehensive
survey of such efforts up to 2020 in [2] (but see also
Refs. [3,4] for a more extensive survey up to 2016).

Models based on a relativistic mean field (RMF) theory
of finite-temperature dense matter, including the full baryon
octet and consistent with modern data on binary neutron
star collisions and CCSN are rather scarce [5—13]. To our
knowledge, these models have used only Hartree theory to
extract the EoS for proto-neutron stars (PNS), particle
composition and other relevant properties. We note that the
first extensive study of the effect of omitting or including
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the Fock terms in cold hypernuclear matter, with the entire
baryon octet and density dependent couplings, was pre-
sented by Li et al. [14].

In a previous paper [2] we examined high-density matter
in the cores of cold neutron stars (NS) and hot isentropic
protoneutron stars (PNS) using the quark-meson-coupling
model (QMC-A) [15] extended to finite temperatures. The
temperature effects were demonstrated in two scenarios,
(i) lepton rich matter with trapped neutrinos and lepton
fraction Y; = 0.4 and entropy per baryon S/A = 1k and
(ii) deleptonized, chemically equilibrated matter with
S/A = 2kp, both containing either only nucleons or the
full baryon octet. The EoS, gravitational mass, radius,
baryon composition, moments of inertia and Kepler fre-
quency for slow and fast rigidly rotating stars were
explored over a wide range of temperatures and baryon
number densities. The onset of hyperons in cold dense
matter was studied through the adiabatic index and the
speed of sound. The results were compared with two
relativistic mean field (RMF) models, the chiral mean field
model (CMF) [16-19] and the generalized relativistic
density functional (GRDF) with DD2 (nucleon-only) and

© 2024 American Physical Society
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DD2Y-T (full baryon octet) interactions [9,20,21]. Full EoS
tables, covering the range of temperatures from 7 = 0 to
100 MeV, S/A between 0 and 6kg, lepton fraction from
Y; =0.0 to 0.6, and baryon number density range
ng = 0.05-1.2 fm™3, suitable either for simulations of
core-collapse supernova (CCSN) or NS merger modeling,
have been posted at [22,23].

However, the full details of the general QMC derivation
at finite temperature have not been published yet. Here we
present, for the first time, a fully consistent, relativistic
Hartree-Fock formulation of the EoS of hyperonic matter at
high density and temperature in the framework of the
QMC model.

The main objectives of the present work are to report the
theoretical development of the QMC model PNS, including
the effect of the Fock terms, and to present a comprehensive
demonstration of the impact of these Fock terms on the
properties of neutrinoless PNS in beta-equilibrium, with
cores containing the full hyperon octet. In order to explore
these effects, we have chosen to work at constant
S/A = 2kp. While this system has been chosen as an
example, consistent with our previous investigation [2,24],
it has a more general significance representing the state of
hyperonic matter just after deleptonization.

In Sec. II we present the Hamiltonian of the quark-meson
coupling model and its thermodynamics. We explain how
we compute the partition function in Sec. III. In Sec. IV we
give explicit expressions for relevant thermodynamic quan-
tities, as well as the conditions for chemical equilibrium.
The computational details are presented in Sec. V, while the
results and discussion form the content of Sec. VI
Concluding remarks are presented in Sec. VIL

II. THE QUARK-MESON COUPLING MODEL

A. Hamiltonian

In order to ensure that the presentation is as accessible
as possible we begin with the simplest version of the
quark-meson coupling (QMC) model. This model takes
into account the effect of the exceptionally strong rela-
tivistic mean scalar fields in dense nuclear matter (see for
example Ref. [25]) upon the internal structure of the
bound hadrons [15,26-28]. This leads naturally to the
introduction of the scalar polarizability, which describes
the fact that the internal valence quark wave functions
adjust self-consistently to oppose the applied scalar field,
just as, for example, the electric polarizability opposes an
applied electric field. The density dependence introduced
in this way is equivalent to introducing repulsive three-
body forces between the hadrons in the medium [29,30]
with no additional parameters. Indeed, as the Lorentz
scalar and vector interactions between the hadrons are
generated by the exchange of mesons between the con-
fined quarks in different hadrons (e.g., the ¢ meson for the
scalar-isoscalar force and the @ for the vector-isoscalar

force), these many-body forces are entirely determined by
the particular confining quark model under considera-
tion [31,32].

To introduce the finite temperature formalism, we first
consider just the 0 and @ mesons interacting with a single
flavor of fermion. In this case the Hamiltonian takes the
form [26]

H = H® + H™,

where the meson part, which we assume static, is
1 1
HY — / d?{i (Vo) + V(a)} -3 / dF|(Vo)' +m2ae?).

The o potential is typically taken to have the form

1
Vio) = 3mic® + 2 (g0l + 2 g0, (1)
but in this work we set A; = 44 = 0. Note that we neglect
the spatial components of the meson fields because their
expectation value vanishes in uniform matter.

The baryon component of the Hamiltonian in the finite
volume V is

1 ) R
HB — v/ d3rzez(k—k )""a,'(ak/K(k, K. o, w)’
kk'

where the sum includes the sum over spin. The infinite
volume limit amounts to the replacement

1 2
i;em/dk

The kinetic term is defined as

1
/ _ ! 2 2 ” 2
K(k,k,a,w)—2<\/k + M(o) +\/k +M(a)>
+ Go®

with the effective mass

M(0) = M~ g0 + 5 (g50)" )
and we define K(k,0,w) = K(k,k, 0, ).

The coupling constants g, and g, are, respectively, the
couplings of the ¢ and @ mesons to the nucleon in free
space, which in turn are calculated in terms of the more
fundamental couplings to the u and d quarks confined in
the MIT bag [33]. The effect of the self-consistent solution
of the coupling of the scalar meson to the confined quarks is
reflected in the scalar polarizability, d, appearing in Eq. (2).
This is not a free parameter but must be calculated within
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the particular confining quark model under consideration.
The generalization to include the effect of more than one
flavor of baryon flavor is given in Refs. [15,34].

B. Thermodynamics of the model

To determine the thermodynamic properties of nuclear
matter at temperature 7 we use the grand canonical
ensemble. We compute the partition function

Z(V, B, u) = Tre PH-1N) = o= (3)
where Vis the volume, # = 1/kT and u = {u(p),u(n), ...}
stands collectively for the chemical potentials of the bary-
ons. Here we assume that only members of the baryon octet,
{p,n, A, -}, are present in the system. In Eq. (3) ® is the
grand potential, H the total Hamiltonian and N stands
collectively for the particle numbers of the various baryon
flavors. In the QMC model [15] H depends on the second
quantized operators a; ; of the baryons and on the fields
(6, ®), which describe the ¢ and @ mesons. The trace in
Eq. (3) involves both a sum over baryon states and a
functional integration over the meson fields, which are time
independent in the model.

We assume that the meson fields can each be written as a
C-number, &, @, plus small fluctuations, so that:

_ = iq.r
=20+ Ze 5oq
470
— iq.r
o=+ Ze 5a)q,
q#0

where the zero mode is excluded from the sum and we
impose 664 = 60_g, 6wy = dw_g to ensure that the fields
are Hermitian. The integration over o, @ is then (up to an
irrelevant multiplicative factor)

/ DoDw = / dodw / Héaqnéa)q/.
q q

Since the thermodynamic functions involve only the
logarithmic derivatives with respect to S, u, V, multiplica-
tive factors which are independent of these variables can be
ignored.
We expand the Hamiltonian up to terms quadratic in the
fluctuations. For the meson part we find:
i)

#520 (a
[ D+ Z&uq +m,,,],

while the baryon part becomes:

ol

HE = Hy+ Y (Hidoq + Hydwg) + >  HI
q#0 qq'#0

/ 50'q 50'q/ ,

with

ZKkk

1 aKkkJrq
Hazzz(azamaﬂq»-q),

P Kkk+a+q
E :akak+q+q 0o 32

?1) - ) Z (akak+q

Here we have used the symmetry é6_, = 6o, so that Hg =

HZ, and H ZT = Hg and similarly for the component of the
Hamiltonian involving the @ field.

The integration over 664, dwg can be carried out explic-
itly, since the dependence on these fluctuations is quadratic

i w) +ZK“‘
(;5@, <q +—) q;éwq(q +mw)>

+ Y (Hgdoy + Hydwg) + Y H! 50450
q#0 qq'#0

aak

Kkk+q
+q- —q>

H—uN = V( akak—ﬂN

The contribution arising from the do integration can be
written as

= / Héaqe_ﬂs,
q

with

VS g ( ) S mr,
q#O qq'#0
+ ) Hgdo,.

q#0

By a change of integration variables (which induces only an
irrelevant multiplicative Jacobian) we can choose do4 so as
to diagonalize the quadratic part of S, that is

> E (‘12 +%) 5(a.q') + Hfl”_q,] S04 = (@)oo, (4)

q/

So we can write
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S= Za(q)ﬁafl + Hgdo,

q#0
g 12 He 2
E[ R <<q>] ‘%(Af(a(q))‘

The first term in S contributes an irrelevant factor to Z, so
the contribution of the do integration is simply

Z(io‘ — e_ﬂH&r’

with

He \?
Hjs = — 4 )
’ Z (2¢a<q>>

We estimate the effect of H™” in Eq. (4) assuming it is a
perturbation. At leading order one finds

% v
a(q)~§< 2+d—> +H,_

:g< 2 Zakak 52Kkk>. (5)

Obviously this induces an effective ¢ mass:

02 Kkk

1 N
52 2 ~ i
mﬁ—m,;—i—}ga—l—]—}g a,ay 5

In the following we neglect this effect because the bare ¢
mass is not so well known. So, keeping the leading term in
Eq. (5), we obtain

1 c\2
Hy == >
In summary, we have:
Z: /d(_yda_)Z<n|e_ﬂ(Hmeun+Hﬂuc_,uN)|n>’ (6)

so that, including the @ by analogy:

Hean = Emeson T Ho

Hy, = ZKkk((';, ®)aj ay
K

H(u)Z

1 (H"
. (7
) #)q +m2 ZVZq + m2, @

G

Hﬂuc =

The generalization to include flavor and isovector exchange
is given below.

III. FINITE TEMPERATURE HARTREE-FOCK
METHOD WITH HYPERONS

A. Perturbative effect of Hy,,.
The next step is to compute the sum over hadronic states
in Eq. (6). We write

HQ +Hﬂuc = Ze(k)alak + oH
k

6H = [K(k) -

and assume that one can choose e(k) such that 6H can be
considered as a perturbation. Using thermal perturbation
theory [35] at leading order in §H we get, with

k)]al‘(ak + Hﬂuca

Z = exp _ﬂ<q)B + Emeson)’

where

Oy = Dy + Zn(k)[K

|: 1 (aKkk’>2
2 2
< k-K)>+ml\ do

(k) —e(k)]

Ry Z”

1 2
(k —K)Z+m2%

and ®p, is defined in Eq. (8).

We now generalize the discussion to include neutrons
and protons as well as the hyperons (labeled by “f”), along
with the isovector interaction associated with p and #
exchange. The mean field corresponding to the time
component of the neutral p meson is labeled b3, in order
to distinguish it from the density, p. In the infinite volume
limit this leads to:

@y = Dy + %Z [ dinti £ k. f) = ek 1)

+ o / dkdin(k. f)n(q. fYWF' (K. 3)
ff/

Y 2 > :
Doy — ———— dk1n (1 —Ble(k.f)=u(1))Y, 8
o ﬁ(zﬂ)3§fj [ dim (e L ®

with
1
1 +exp[f(e(k,

nik.f) = A=’

and

K(k.f) = \[K* + M2(3) + ghio + g,m(f)bs  (9)

2 =2 217)3
Emeson = V(‘/(&) _%_%)’ (10)
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where m(f) is the isospin projection of the flavor f =
p.n, A, ... (—Q—%,—%,O....).

The kernel W//'(k,q) describes the Fock terms asso-
ciated with the four mesons (o, w, p, 7):

R ] oKk 2
ff/k,* =5(f, ") |—= f)
R |

1 2
_</?—21>2+m3,(g£’)}

m2

—G,S(f.f) =——2—
, (ff)(k 3+
2

m
(f. 1) 7”-
<2f”> — 3 +m?
Here we have defined

Sff/ = amm’mz + t(ém,m/-ﬁ-l + 5m’,m+l)’ (11)

where (z,m) are the isospin labels corresponding to the
baryon of flavor f and the matrix TI(f, f’) is:

pn A z_ 2 z, 2. &y
p 12 0 0 0 0 0 0
n 21 0 0 0 0 0 0
A 00O 0 —12/25 —-12/25 -12/25 O 0
00 —-12/25 16/25 16/25 0 0 0
¥, 00 —12/25 16/25 0 16/25 0 0
X, 00 —-12/25 0 16/25 16/25 0 0
200 0 0 0 0 1/25 2/25
o 00 0 0 0 0 2/25 1/25

B. The determination of e(k.f)

We determine e(k, f) by applying the finite temperature
Hartree-Fock variational principle

oD

76e(p,m) =0. (12)

This condition is applied for arbitrary values of &, @, bs.
Then, using Eq. (8), we find

56((; m)  (2x)? Z/
T / dinla. £V 0.3).

Hence the Hartree-Fock (HF) equations are

oL Kk - et

elk f) = K(k) 45 5 [ dinta. W (0.3
a

(13)

where the rotational invariance of W has been used to put k
along an arbitrary axis. This clearly generalizes the HF
equations for the single particle energies e(k, f). We note
that these equations must be solved self-consistently,
because n(k,f) depends on e(k,f). If we substitute
Eq. (13) into the expression for the grand potential we find:

/ dkdin(k, f)n(q, )W (E.3)

Dy =Dy -
ff’

(1)
% .
:%ﬁW; / din(k.f) K (k. f)—e(k.f)]. (15)

Note that the above expressions, Eqs. (14) and (15), which
give the values of @y at the solution, are not stationary with
respect to variation of e(k, f). If one needs to invoke the
stationarity one must use the full expression, Eq. (8).

C. Solving the Hartree-Fock equation

For clarity of presentation we omit the dependence on
unnecessary parameters and write the self-consistent
Eq. (13) in the symbolic form

e(T) =K+ Fle(T), T
We assume that we can solve them by iteration:

e"(T) = K + Fle!"(T), T], (16)
realizing that the choice of the initial step, e (T), is
critical. In the initial work in Ref. [2], we used the obvious
choice ¢(¥)(T) = K, which resulted in very slow conver-
gence as T — 0, because the Fermi distribution is discon-
tinuous in this limit. To obtain satisfactory convergence we
introduced a form factor to cut off the high momenta. In

practice we made the replacement
1T S T M% 2
W (£.3) = W (£.g) | —— )
(M7 + (k- g)*

with M, ~0.5+1 GeV, with a typical cutoff of order
10 GeV. Although this can be interpreted as an effect of
the hadron size, it may also be viewed as an ad hoc recipe.

Fortunately there is a much better solution. Suppose that
e(T) is the exact solution at some temperature 7. Then if
we choose the starting point

ONT 4 AT) = e(T),
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we have a good chance that the iteration process at 7 + AT
will converge rapidly, provided that AT is not too large.

Of course, we do not have the solution at finite 7" but at
least we can find it relatively easily at 7' = 0. Indeed, at
T =0 Eq. (13) become

1 MUY
elkf) =Kkf) o5 [ aaw e
7 0

with the Fermi momentum defined by

e(kp(f). f) = u(f)-

If we substitute this into Eq. (17) we get

2” 32/ dquf/ 2.3).

u(f)=K(kp(f

These equations determine kx(f) (or equivalently the
density of flavor f), when the chemical potentials y(f)
are given. This allows one to pass from the grand canonical
to the canonical ensemble. For our purpose what matters is
that the equations for kx(f) are easy to solve, since they are
just a system of 2 (nonlinear) equations for p, n and Z*,
along with a system of 4 equations for the set A, Z**. Once
the Fermi momenta are known, Eq. (17) determine e(k, f)
at T = 0. That is, at T = 0 the HF equations for e(k, f) do
not require a self-consistent solution.

Having found an exact solution at 7 = 0, the iteration
procedure described above works well.

D. Equations for the meson fields

The full partition function is
Z: /d&da)d53€_/}(Emeson+q)B)‘

To integrate over &, @, by we use the saddle point approxi-
mation. This amounts to estimating the integral according
to

Z ~e _ﬁ<Emeson +dp )sadd]e s

where an irrelevant multiplicative factor has been ignored
and the saddle point is defined by

d
% (Emeson + q)B) = 0’ (18)

with analogous equations for the other mesons. They are
determined by the saddle point equations

d
= (Emeson + q)B) =0
(o}

d
d
—(E, dp)=0

d &)( meson T B)

9 (Epson + ®p) = 0 (19)
dl_?3 meson B) — Y-
Since @ is stationary with respect to e(k, f), because of
Eq. (12), we do not need to worry about the dependence of
® on &, @, by through e(k, f). On the other hand, we must
take into account the dependence of W on the ¢ field. We
note that this rearrangement effect, arising from the field

dependence of the interaction, was omitted in Refs. [2,36].
From (8) we find

d 2y -

* 2 dkdgn(k. f)n(q. )2
T /

K(k, f)

aw’7 (k,g)
ds ’

with analogous equations for @, bs. Then, using Eqgs. (9)
and (10), we obtain the mean field equations:

avE) 2 . d
e +<2ﬂ)3zf:/dkn(k,f)%
dw'! (k, G
/dkdqn (&, fn(q, ) D

do
3Zg£,/dknkf ) =0

—m,%133+gp gzm /dknkf)—o (20)

K(k. f)

\
\’2

- mw

In summary, the calculation of the grand potential ® =
Op + Eeson iNVOlVes:
(1) The solution of the self-consistent HF equations,
Eq. (13), to determine the single particle ener-
gies, e(k, f).
(i) The solution of the mean field equations, Egs. (20),
to determine &, @, b;—see the Appendix for details.
(iii) The calculation of ®5 according to Eq. (14) or (15).
After substitution of the solutions e(k, f),5, @ and by, ®
becomes a function of y and f and we can compute the
useful thermodynamic quantities.

IV. THERMODYNAMIC QUANTITIES

From the definition of the partition function we have

0P

<N(f)>:—m
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and using Eq. (13) one readily finds the following relations

0P 0Dy,
ou(f)  ou(f)
9P _ 9Dso (21)
BB
This implies the simple result
0Dp 2V

W= 5~

Thus, because of the self-consistency conditions, we
recover the naive expression for the particle number, which
must be computed with the self-consistent energy e(k, f),
rather than the mean field energy K(k, f).

L/"dkn(k.f) (22)

A. Entropy

Using relation (21) we have

‘o2
@ _ﬁ BO
1 12V ﬁ
Ny o= [ dintk ) et ) =)
and hence

@%:%sz ﬁzﬁQ ﬁzﬁ

vt 21 in(1 4 e-Pletn—u(r)
n(k. f)(e(k. f) = u(f))} :

Using this expression one can check that S — 0 when
T — 0, as it should.

B. Energy

From the defining relation
<E—,uN>———an <I>+ﬁ D,
op op

we have:

<E—yN>:¢—¢BO+%; [dinte) (et s) =n()
_ N aien e
~Epeant 3 Jaih. ) (K k) =)

2V -
+(27[)3;/dkn(k,f) (e(k.f)=n(f)).

SO

(E) = Emeson dkn(k. f)[K (k. f) +e(k. f)]

(23)
It is obvious that the thermodynamic relation
(E) =D+ T(S) +u(N) =—P+T(S) + u(N)

is satisfied by the above expressions and we use it to
compute the energy.

C. p equilibrium equations

The chemical potentials are in equilibrium under the
constraint of (local) electric and baryon charge conserva-
tion and the antiparticles must satisfy the relation
u(a) = —p(a). Then, if the lepton numbers (L,, L,) are
conserved, all lepton species (e,7,,e",v,) and
(w0, ,u*,z/”), must be present. This corresponds to the
neutrino trapping case. On the other hand, if the neutrinos
escape from the (proto-)star, then the lepton number is not
conserved. Hence we distinguish 2 cases.

1. Lepton number is not conserved

Assuming that there are no trapped neutrinos, we have
the equilibrium equations:

p(p=) = pu(e™)
l’li_:un:_:u(e_)Qi? l:p’A9
and the conservation equations:

n(e") —n(e”) +n(p’

ZP,Q,
> pi=ps

i

where p; are the baryon densities. If we assume that the
positive leptons are present, we use u(et,pu’) =
—u(e™,u~) to compute their densities.

2. Lepton number is conserved

In this case all neutrinos and charged leptons are active,
so the equilibrium equations become

ule™) —pu(v,) = up™) —pu(v,) (24)

Hi = Hn = _Ul(e_) _,“(Ue)}Qiﬂ (25)

while the conservation equations are

n(e”) +n(ve) —n(e”) —n(@.) = L, (26)
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e—-u=1"L, (27)

n(e™) —n(e”) +nu") —np”) = _ZpiQi (28)

Zﬂi = PB- (29)

i

To determine the equilibrium composition completely one
must specify the lepton numbers (or fractions).

V. COMPUTATION METHOD

To demonstrate the effect of the Fock terms in the QMC
energy functional, we need to check that their effect can be
distinguished from the consequence of choosing different
input parameters in a simple mean-field treatment.
Consistent with our previous work [2,24], we used the
QMC model with five parameters, three meson-nucleon
coupling constants, G,, G, and G, as well as the mass of
the 6 meson, M, and the strength of the sigma meson cubic
self-coupling, 45. As before, M, was fixed to 700 MeV and
A3 to zero, leaving the three coupling constants variable.
These couplings are adjusted in the model to reproduce the
empirical values of parameters of symmetric nuclear matter
(SNM) at saturation density, p,, the energy per particle,
Ey/A, and the symmetry energy coefficient, J, of asym-
metric nuclear matter (ANM). To our knowledge, such a
mapping of the QMC and nuclear matter parameter spaces,
being of the same dimension, is a unique feature of the
QMC model. However, pg, Ey/A and J are correlated and
not exactly known (see e.g., [24,37] and their range is a
subject of ongoing research (see for example Ref. [38]).

In order to identify ranges of the QMC coupling
constants, compatible with the generally acceptable ranges
of the SNM parameters, we have adopted the method used
in Ref. [24]. Since then the QMC-A model has been further
technically developed and the results changed in a minor
way, as discussed later. Also, the previous work focused on
the role of the symmetry energy in the high-density matter
in astrophysical objects, whereas in the present work we
investigate the role of the exchange terms in the
QMC model.

Here we construct a 3D rectangular mesh with sides p, =
0.14-0.18 fm™ (in steps of 0.01 fm~3), E;/A = —14 to
—18 MeV (in steps of 1 MeV) and J between 28 and
32 MeV (in steps of 2 MeV, a total of 110 points. At each
point, the QMC predictions for the slope of the symmetry
energy L, the volume incompressibility K, the couplings
constants G,, G, G,, and the single-particle potentials Uy
for Y =A, £ and E hyperons at saturation density in
symmetric nuclear matter are computed. For each of these
choices we compute the gravitational mass, radius and
central density of a maximum mass hot protoneutron star
(PNS) with a fixed entropy density, S/A = 2kg, as well as

the radius, central density and tidal deformability of a cold
1.4M neutron star. These calculations were performed
both with (HF—Hartree-Fock) and without (MF—mean-
field) the exchange Fock term in the QMC calculation,
under exactly the same thermodynamic conditions. In this
way it was possible to compare results with and without the
inclusion of the exchange terms and thus eliminate any
ambiguity in identifying the effect of the Fock terms.

VI. RESULTS AND DISCUSSION

There are several possible paths one could follow in
order to explore the sensitivity of the calculated observables
to the selection of the planes cut through the 3D mesh of
input parameters. We have found that the most illustrative
approach was to follow the dependence of an observable on
E,/A for fixed values of p, and J. While the sensitivity to
po was usually very telling, the sensitivity to the choice of J
was very limited and the resulting changes did not exceed a
few percent. Thus, for clarity of the figures, in most cases,
we chose J =30 MeV for illustration of the results. We
note that a similar effect was already observed in Ref. [24].

Starting with Fig. 1, we observe the incompressibility K
decreasing linearly from 321.7 MeV at (Ey/A;p) =
(=18 MeV;0.18 fm™3) to 261.3 MeV at (Ey/A;py) =
(=14 MeV;0.14 fm~3) in the HF calculation. The same
pattern, with a minor difference in slope, is observed in the
MF model, with range of K values, from 312.0 MeV at
(Eo/A;py) = (=18 MeV;0.18 fm™3) to 256.0 MeV at
(Eo/A;po) = (=14 MeV;0.14 fm~3). The incompressibil-
ity is systematically lower in the MF model, except for a
minor overlap where p, takes its lowest values in the HF
case and its highest values in the MF case.

The scenario illustrating the sensitivity of a quantity to
the variation of the symmetry energy parameter, J, is shown

T T T T T T " T
o—e o =0.14 fm HF

320

=—a o =015 fm HF [

A—h p =0.16 fm” HF
Y—v p,=0.17fm” HE | |
py=0.18 fm” HF
N 5

- -0 p,=0.14 fm” MF
300 - N % LA
G- - p =0.15fm~ MF

A A =016 fm” MF

K [MeV]

V- -V p,=0.17 fm” MF

p,=0.18 fm~ MF

280 —
260 (- R
~3
\ \ ‘ \ | \
18 17 -16 15 14
E/A MeV
FIG. 1. Volume incompressibility as a function of Ej/A for

fixed p, in the range 0.14 to 0.18 fm~> and J = 30 MeV. Solid
(dashed) curves and full (empty) symbols represent calculations
with (without) HF (MF) the exchange term.
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FIG. 2. Slope of the symmetry energy, L, as a function of E;/A
for fixed saturation density, py, equal to 0.14, 0.16, and 0.18 fm~3
and a range of symmetry energies from J = 28 to 34 MeV. Solid
(dashed) curves and full (empty) symbols represent the calcu-
lations with (without) HF (MF) the exchange term.

in Fig. 2. We observe a clear separation of the HF results,
exhibiting a weak increase with Ey/A and p, and being
lower in all cases than the MF results; the latter show an
even weaker opposite trend and always lie above the HF
numbers. This behavior is an obvious consequence of the
exchange terms.

The QMC coupling constants are obviously the main
vehicle transporting the exchange effects to the calculation
of physical quantities at zero temperature. In Fig. 3 we
show their sensitivity to these effects, in selected scenarios
which are further used to demonstrate the difference
between the HF and MF models. The couplings G, and
G, appear to be always higher in the HF model, in contrast
to G, which shows a minor increase in the MF model above
the HF model. Interestingly, G, and G, are practically
identical in the MF model which is not the case in the HF
model. Clearly, the coupling constants are sensitive to the
exchange terms, with G, decreasing with increasing p, and
also as Ey/A decreases in magnitude. These dependencies
of the other constants are minor.

20
-3
sk p0=0.14fm J=30 MeV
g - .
ggf10—«3-————9————-4.) ----- ————o
o [
20 T T T T | T [ T I
B 3 o—e G_HF| |@- -9 G MF
_ 15f- Ppp=0.161m »—a G,HF| | & -a G,MF
“g - J=30 MeV 4—a G HF | | A= —A G, MF
h=i o~—
2 10[-5 . o
s e -----o
O
N Emmm e m e o — p————g
ol
15 _ 3z
— p,=0.18 fm "~ J=30 MeV
g L
glo—g
o L —— = — — — o — — — — -————9
5_
_E:====*==== == e i === )
| I | I | I | I |
0 -18 -17 -16 -15 -14
EO/A[MeV]
FIG. 3.  QMC coupling constants, G,, G, G,, as a function of

Eo/A for fixed p, equal to 0.14, 0.16, and 0.18 fm™3 and fixed
J =30 MeV. Solid (dashed) curves and full (empty) symbols
represent results calculated with (without) Fock terms.

Turning now to compact objects, we explore the gravi-
tational mass and radius of a neutrinoless PNS with a core
containing the full hyperon octet at constant entropy,
S/A = 2kg. Looking at the left panels of Fig. 4, two
effects can be observed. First, there is a difference between
the maximum gravitational mass, Mg, that can be achieved
in the HF and MF models, as much as 0.2M. This is
highly significant in this context. The effect of modest
changes in J in both models is minimal and does not need
to be taken into account. The second effect is that of p,
which reduces the maximum value of M, from about 2M
at py = 0.14 fm=3 to about 1.8M, at 0.18 fm~3 but leaves
the difference between the HF and MF results very similar.

In the right hand panels, the effect of varying p, follows
the trend of the maximal mass, showing a reduction of the
radius for decreasing maximum mass. The difference
between the HF and MF models is still visible, showing
systematically larger radii in the MF models. As before, the
effect of the value of J is minimal.
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FIG. 4. Maximum gravitational mass (left) and radius of that
maximum mass star (right) at fixed entropy per baryon,
S/A = 2kg, as a function of Ej/A for fixed symmetric nuclear
matter parameters, p, equal to 0.14, 0.16 and 0.18 fm~> and fixed
J =28 and 32 MeV. Solid (dashed) curves and full (empty)
symbols represent results calculated with (without) HF (MF) the
exchange term.

Taking the PNS stars with maximum mass, as indicated
in top left panel in Fig. 4, we show in Figs. 5 and 6 (once
again at fixed entropy per baryon, S/A = 2kp) the
composition of the PNS core as predicted by the HF
and MF models. The effect of the exchange term is rather
remarkable, especially on the population of £ hyperons,
showing a dramatic decrease in population with increasing
particle number density when Fock terms are included.
Because at finite T hyperons are present at some level at
all densities, there is no density threshold for their
appearance. However, we can, for example, compare
the fractional occurrence of some of the hyperons at a
given baryon density. For example, the population of Z°
baryons reaches n;/ng = 1072, at a considerably higher
density in the MF case.

The appearance of hyperons in high density matter is
determined by the single-particle potentials, Uy, which are
dependent on the nucleon-hyperon and hyperon-hyperon
interactions. In cold matter, they affect the density
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E ’, #—= = HF 7

e ]
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£ -3
ng [fm 7]

FIG. 5. Relative population of nucleons and hyperons as a

function of the total baryon density, ng, as calculated in the HF
model at fixed entropy per baryon, S/A = 2kg. Only population
fractions higher than 107 are shown.
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FIG. 6. The same as Fig. 5 but for the MF model.

dependence of the threshold for hyperon appearance,
and in matter at finite temperature the hyperonic population
in the whole density spectrum. The appearance of X
hyperons in the cores of cold neutron stars has been an
issue for many years (see e.g., Refs. [24,36,39] for more
detail).

While these potentials are treated as variable parameters
in traditional RMF models, they appear naturally in the
QMC model. As a consequence of a significant enhance-
ment in-medium of the hyperfine interaction that splits the
A and X masses in free space [34], one finds an effective,
repulsive three-body force for the X hyperons, without
additional parameters [2]. This effect increases with
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FIG. 7. Hyperonic single-particle potentials (at T = 0) versus

Ey/A for p, equal to 0.14 (top), 0.16 (middle) and 0.18 fm™3
(bottom) panel and J = 30 MeV. HF results (solid curves (black
(A), red (Z, E) and full symbols) are labeled in the graph, while
the MF data are distinguished by dashed curves and empty
symbols of the same colors.

density, so that even though the X potential is not as
repulsive as suggested by phenomenology [40], X hyperons
never appear in the present work at 7 =0, unlike for
example Ref. [14] when the X potential at saturation density
is reduced to zero. The absence of X hyperons in cold
matter at densities below about 1 fm™ is supported by the
nonobservation of bound Z-hypernuclei at medium or high
mass [41-43].

We illustrate the exchange term dependence of the Uy in
Fig. 7 for the A (black), Z (red), and E (green) hyperons.
We observe that the Fock term significantly increases the
potentials toward a positive value, i.e., makes the inter-
actions less attractive and bringing the U, and Uy toward
the expected range. This trend is only weakly dependent on
the saturation density p, and energy per particle E;/A. Us.
However, it provides a very sensitive constraint on the two
nuclear matter parameters. The expected value of Uy is

20 —
1.5~ —
Ew
s“1.0- —
—— HF max mass
— = HF min mass
—— MF max mass
0.5~ — — MF min mass N
0.0 — | ! | ! | ! | ! | ! |
’ 12 14 16 0 500 1000 1500
R [km] Energy density [MeV/fm3]
FIG. 8. Gravitational mass vs radius of a PNS at fixed entropy

per baryon, S/A = 2k, for nuclear matter parameters that yield
the global maximum and minimum mass. Left panel: Solid
(dashed) black curves represent M(R) curves for PNS with
maximum (minimum) mass in the HF model. The red curves
depict the same in the MF model. Right panel: The same as the
left panel but for the mass dependence on the central energy
density. For more explanation see text. Note that the y-scales in
both panels are the same.

positive or small negative. In this work, we get Uy =
—0.96 MeV with the HF model (see Table 1 in [2]). A finer
mesh of these three parameters would provide more
accurate values of these parameters and hence of the
Us [24].

It is interesting to follow the global effect of exchange
terms on the mass-radius relation in warm stars with the full
baryon octet in the core. We selected PNSs with the
maximum and minimum gravitational mass from all 109
points within the input parameter space in both HF (black
solid and dashed curves) and MF (red curves) models. The
effect of the exchange terms is well demonstrated in
gravitational masses, slopes of the curves and radii, as
illustrated in Fig. 8, once again at fixed entropy per baryon,
S/A = 2kp. It is notable that the central density reached in
a maximum mass star is considerably higher in the
MF case.

Finally, we explore the prediction of the HF and MF
models for the radius, R, 4, and tidal deformability, A 4, of
acold 1.4 Mg, star. This case is important because of the
mergers of neutron stars as a source of gravitational waves.
Examination of Fig. 9 reveals the particular sensitivity to
the choice of p, of the tidal deformability (see right panels),
as well as the systematic decrease of the radius of the star as
po increases. At the same time, the difference between the
HF and MF models is quite obvious in both quantities.
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FIG. 9. R4 (left) and tidal deformability A; 4 (right) of a cold
neutron star vs Ey/A for fixed p, for 0.14, 0.16 and 0.18 fm~3
and J = 30 MeV cases. Solid (dashed) curves and full (empty)
symbols represent results calculated with (without) HF (MF) the
exchange term.

VII. CONCLUDING REMARKS

We have presented the first complete formal develop-
ment of a relativistic Hartree-Fock treatment of the EoS of
dense matter at finite temperature including hyperons. The
Fock terms are, of course, essential to ensure that the
participating baryons obey the Pauli exclusion principle.
The formalism was then used to explore the importance of
including the Fock terms, as opposed to the much simpler
application of mean-field theory.

In order to demonstrate the relevance of the Fock terms,
it was essential to distinguish their effect from the choice of
input parameters. This investigation confirmed and
extended the findings reported in Ref. [24], namely that
the input parameters do have important effects on the
results. However, those parameters are not as well known as
one would like.

The first finding was that in almost all cases the
properties of neutron stars were linearly dependent on
the input parameters within their range of uncertainty. The
most important property investigated was the maximum
mass of the stars, for which the highest sensitivity corre-
sponded to variations in p,, while there was very little
sensitivity to J.

By exploring the properties of neutron stars across an
extensive mesh of EoS calculated over a range of nuclear
matter parameters, it was possible to establish clear
differences in the predictions with and without the Fock
terms; differences which cannot be mimicked by the
variation of nuclear matter parameters within the generally
accepted range of uncertainty. Figures 5 and 6 illustrate the
difference between the fractions of various hyperons in
these two cases.

By far the most important difference is illustrated in
Fig. 8, where we see that for those sets of nuclear matter
parameters which produce the largest or smallest maximum
mass stars in either the mean-field or Hartree-Fock cases,
both the maximum and minimum values are considerably
larger in the Hartree-Fock calculations and the radii of the
stars are significantly smaller.

In the light of these results we suggest that it will be
important for future theoretical studies of neutron star
properties, for cold and especially warm stars, to include
the Fock terms.
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