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Astrometry holds the potential for testing fundamental physics through the effects of the stochastic
gravitational wave background (SGWB) in the ~1-100 nHz frequency band on precision measurements of
stellar positions. Such measurements are complementary to tests made possible by the detection of the
SGWB using pulsar timing arrays. Here, the feasibility of using astrometry for the identification of parity-
violating signals within the SGWB is investigated. This is achieved by defining and quantifying a
nonvanishing EB correlation function within astrometric correlation functions and investigating how one

might estimate the detectability of such signals.
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I. INTRODUCTION

The totality of gravitational radiation originating from all
sources, encompassing both astrophysical [1-6] and cosmo-
logical phenomena [7—-11], should give rise to a stochastic
gravitational wave background (SGWB) immersing our
galaxy in a sea of gravitational waves (see [12] for a review).
Numerous advanced gravitational wave detectors have the
potential to set limits on the amplitude of this background
across different frequency ranges [5,12-26]. Perhaps most
exciting is the recently claimed detection of the SGWB in the
nanohertz band by pulsar timing array (PTA) collaborations
[27-30]. An important effect of the SGWB is to modulate
both the arrival times and directions of photons arriving at
Earth from various sources. For PTA measurements, the
relevant sources are pulsars and we measure the residuals of
the photon arrival times. However, if an SGWB indeed
permeates our galaxy, it should also influence astrometry by
subtly altering the deflection angles of stars themselves
[22,24-26,31-35]. This is particularly important at the
present epoch, when precision measurements of celestial
body positions within our galaxy have begun through
sensitive astrometry methods. Current projects such as the
Very Long Baseline Array (VLBA) [36,37] and Gaia [33,34],
and future surveys like Theia [38,39], are sensitive to SGWB
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signals roughly in the ~107°~10~7 Hz band, approximately
determined by the inverse of the proposed observing time.
Indeed, the idea that Gaia DR3 data might be used to
constrain the amplitude of the SGWB has already been
explored [40].

These novel ways of making gravitational wave mea-
surements raise the possibility of entirely new tests of
fundamental physics. Of particular interest in this paper are
tests of parity. The prospect of parity-violation in the
gravitational sector has long been a topic of theoretical
interest. A parity-violating gravitational wave background
could arise either from direct violations within the gravi-
tational sector [41-49] or could be indirectly induced from
parity violation in the matter sector [50-61]. However,
when isotropy is preserved, it turns out that PTA measure-
ments do not respond to the B-mode of the gravitational
wave background [62—-64], and hence are not sensitive to
polarization information [65] or to possible parity viola-
tions in the SGWB. One way forward is to consider
relaxing the assumption of isotropy [65-67] although these
potential signals can be quite challenging to detect [68—70].
It is therefore worthwhile to consider how signatures of
parity violation may manifest themselves in other SGWB
surveys.

In this article we explore the potential of astrometry to
identify parity-violating signals in the nanohertz band of
the SGWB. By decomposing the deflection vectors of
individual stars into vector spherical harmonics, we reveal a
nonvanishing EB correlation in the two-point correlation
function of stellar position deflections, assuming the
presence of an isotropic SGWB with a parity-violation
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signal. We also carry out initial estimates to assess the
detectability of this signal to understand the extent to which
it might be used to impose constraints on the size of new
parity-violating physics.

The paper is organized as follows. In Sec. II, we briefly
review the basics of astrometry measurements of the
SGWB. In Sec. III, we then study the parity violation
receiving function and calculate the spectrum relevant for
astrometry detection in the spherical harmonic basis. We
carry out an estimate of the detectability of such a signal in
Sec. IV, and conclude in Sec. V. Throughout the paper we
use the metric signature (—, +, 4, +). We use k to represent
the spatial momentum vector, k stands for the magnitude of

the spatial momentum, and k = l_c)/ k represents the unit
vector.

II. BACKGROUND

The power of astrometry is, of course, the ability to make
unprecedentedly precise measurements of stellar positions.
We can use these as a tool to measure the SGWB by
monitoring the deflection vectors of photons emitted from
the stars as gravitational waves distort the spacetime
between them and us. For each pair of stars, we can
compute the two-point correlation function of their deflec-
tion vectors, and from this can extract information about
the SGWB.

The fluctuation of the direction of light from distant stars
observed by an inertial observer due to a grav1tat10nal plane
wave h;;(1,x) = h; (k) i(k3-k0) can be expressed as' [22]

onl(t,n) = elﬂﬁn”(t,fz) RIK (#, )hJK(k)e ikt (1)
with
. Al + k 1
RVK (2, k) = n+ Al K EénﬁK’ (2)

where 7 and k are the line of sight unit vector from the
observer to the star, and the wave vector respectively. Note
that we have expressed the deflection vector on* of the
photon in the nonspinning inertial frame of a local observer
via the basis e/,,. One can view the 3-index quantity R™/¥ as
an analogy of the receiving function in the gravitational
wave literature [18,71], however with an extra index
representing the vector nature of the observable. The next
step is to study the correlated signatures of the deflection
vectors among the sources.

"Throughout this paper we will only focus on the case where
the stellar distance is much larger than the wavelength of the
gravitational waves.

III. PARITY VIOLATION

Under the standard mode expansion for plane gravita-
tional waves

d3k ﬁ Al
it / hs(r. Del (e, (3)
S=+.x

2712

a stochastic gravitational wave background is characterized
by the two-point functions®

= (2”)35(]_" ’?)Pss’(k),

P++E P+><<k) ) (4)

P (k)
where we have assumed translational and rotational invari-
ance so that P, = P,,. Within the galaxy, flat spacetime
is a good approximation, and therefore equal time corre-
lators are time-independent. The two-point correlation
function for én! is then given by

(hs(t, z)hs’(f, ]}”))

sy d] = |

&k o
<5n’( )6n / ’R’KL n, )RJMN(ﬁ’,k)
s.8'
X ef(L(k)eMM k)Pss’(k)
) k2
= dk——=Pco (K)HY, (7, ),
;/0 (2”)3 SS( ) SS( )
where

~

i) = / P RIKL (7, k) RIMN (i, —k)
XeKL(]AC>eMN( if) (5)

It is simple to show that the definition of 6n’ implies that
HY\, should satisfy

1
Ho (

HI J

W (, i) = i, HY,

(7, ) = 0. (6)

Writing k= (sin@cos ¢, sinfsin ¢, cos ) in Cartesian
components, we employ the convention

efy = iy — 0,0, ey = ¢l +0i¢y.  (7)
where

¢ = (—singp, cos ¢, 0),

0 = (cos @ cos ¢, cos Osin ¢, —sin 6). (8)

Note that we have used a convention that agrees with that
used for the in-in correlators used in the computation of infla-
tionary correlation functions.
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Under a parity transformation 8 — 7 — 6, ¢ - ¢ + =, and
k— —IAc, one finds

+ + X X
€y = € €y = -

HY (A,7") are parity even, while HY (i,
HY (7, 7') are parity odd under A — —f, A’ — —7'.

A. The overlap reduction function HY, (7.i’)

The symmetry properties of Hi’x <) discussed above

imply that, given any orientation of 2 and 7', they can be
written as

HY (7, 7) = a,(@®)A'B] + p,(©)BIA’,  (10)
where
A=axi/, B =axA,  By=a'xA. (11)

We can then extract the functions «(®) and f(®) using

ABy HY (7, 7) = a(@)(w? — 1)?
BIIAJH{&-Jx(ﬁ’ ’Al/) ﬁ(G)(Wz - 1)2’ (12)

where w=17-7 =cos®. A direct evaluation of the

HY, (7. 7) = a(@)A'B] + p(©)B{A’, ©) integral (5) gives
!
x(0) =4(O).  f(0) =a(e),
©) - _7[(5 + 18log2)w? — 5 +log 64 + 3(w — 1)’ log(1 = w) = 3(w + 1)’ log(1 + w)]
e 3w — 1) ’
5(0) _7[(7 +log64)w? — (7 = 18log 2)w —3(3vivzv_—11))23 log(1 —w) = 3(w+ 1)3log(1 + w)] . (13)

We plot these in the top panel of Fig. 1.

With these tools in hand, we can use (6n’ (¢, t)6n’ (¢, 7))
to construct scalar quantities that contain information about
parity violation. There are in principle infinitely many such
quantities, constructed by applying ever more powers of
derivatives. For example, at the lowest order in derivatives,

611Kﬁ1<5nj(l‘,ﬁ)5n[((t, ﬁ/)> (14)

contains contributions from the parity violating compo-
nents H,, and H,,. However, the parity conserving

08}
06
04l — a(®)sin'e
02} — B(O)sin*©

©

z s
-02f Z\Y

- F+><(®)
— I (0)
— Fy(0)

FIG. 1. Top: the functions a(®)sin* ® and $(®)sin* ® defined
in Eq. (13); bottom: F (4 (©) and F"(®) defined in Eq. (18).

components, H,, and H,,, also enter this expression.
At the next order in the number of derivatives, we have

€1k VL (WK (8nl (1, 2)on? (1, )
= A F 1 (0) + A Fr (©), (15)

where V' is the covariant derivative acting on X/,

Fgg = €JKLVIV/L(ﬁ/KH§{g/>7 (16)
and
Asg = /k‘“ kX _p (k) (17)
SS/ B kmm (271-)3 SS/ ’

This quantity is nonzero only if the theory is parity
violating. When focusing on an isotropic background
[65], we always have P, = —P, . It is therefore valid
to take A,, = —A,,, in which case we may express
Eq. (15) as

ek V V(' (on! (1. A)on’ (1. 7)) = Ay FY. - (18)

where FV = F,, —F,,.

We will see in the following section that this quantity is
related to EB correlations when 6n’ is decomposed into
vector spherical harmonics.
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B. Spectrum in spherical harmonic basis

Since (6n!(t, 4)én’ (¢, #')) is a correlation function on the
two sphere and én’ is perpendicular to 7, it is natural and
useful to express on(f,7) in a basis of vector spherical
harmonics

5n(t’ ﬁ) = Z[énEfm(t)?gm(ﬁ) + 5”Bfm(t>?§m(ﬁ)]’
‘m
where
P () = — e VY, ()
m\) = —F——= m\I),
‘ e+ ¢
Y8, (7) = ———1 x VY,,,(7),
m (1) 2 em (1)
/ d2Q;6Y9 ,(A)Y2", L) = 800828 - (19)

The EB correlation function then takes the form

<6nEfm(t)5an’m’<t)*>
/ 20,20, YE (R)YE, (i) (on' (1, A)on’ (1. 7).
(20)
f) = (=1)"*177, () and Y7, =
(=1)7YE (), only H'Y (a,7') contributes when ¢ is
odd and only H +( f ”) contributes when 7 is even.

Also, because on! has no radial component, we may
integrate by parts to obtain

. oE
Since we have Yy, (—

(Ongem(D)ongem (1))

1 2
R — Q.d2Q.. Y: (WY, (7
G 1)/d 2d2Qy Y5 ()Y gy ()

X €JKLVIVIL (ﬁ/K <5n1(t, i'\l)(snj(t, ﬁ/)>)

1 2
= Q.A2Q., Y5 (WY (7
77 1>/d 247 QY5 ()Y gy (/)

X (A< F1x(0) + A Fru (), (21)

where the amplitude is defined through Eq. (17). An
explicit computation of (16) gives

Fin(©) = (-
+3(w+ 1) log(w+ 1)),

F..(0®) =4xn(1 —log4+ (1 —w)log(l —w)
+ (1 +w)log(1+w)), (22)

w(l +1log64) +3(w —1)log(1 —w)
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Y
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FIG. 2. The log-log plot of the angular power spectrum Eq. (24)
for the first thirty multipoles. The red dots are the coefficients
obtained from F ., and only contribute to the even modes. The
blue dots are those from F,, and only contribute to the odd
modes. One can see that the angular power spectrum falls roughly
as [7>8. We provide the exact numbers in Table I below.

where, again, w = cos(®). We plot these in the bottom
panel of Fig. 1.

We can further expand the function Fgy(®) in terms of
Legendre polynomials,

Fsg(®) = Zng,pf(cos 0)
_Z;Zf—l—l Ss/Yt’m(ﬁ)Y;m(ﬁ/)v (23)

so that Eq. (21) simplifies to

(Ongem(t)onper (1))
_ SppOp Am
S+ )20 +1
_ SO AmA L
e+ )20 +10

o7 (APl + A FLy)

(24)

Here we have assumed A, , =-A,, in the second
equality. Again, F, (F,,) contributes only when ¢ is
odd (even). This formalism has previously been used
[65,72] to explore polarization information. This approach
can be generalized to an anisotropic SGWB by allowing for
the possibility that A, # —A,,.

In Fig. 2 we provide numerical results for the angular
power spectrum Eq. (24) for the first 30 multipole modes.
One can see that F%, (F%_) vanishes for £ even (odd), as
expected. It is worth noticing that the coefficients of both
F?, and FZ_ fall off approximately as #~°, which is also
the same decaying behavior as (V,V,H" T (xx) )f [22]. We

provide the exact values of these quantities in Table I below.
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TABLE 1. The table of coefficients of F%, and F%, defined in (24).

4 1 3 5 7 9 11 13 15 17 19
S SE— 0 _2 _ 4r? _ T _ 2 _2r _ _4r? __ _ __2r
C(E+1)(26+1) 7 X% 45 1575 2646 22275 70785 372645 214200 244771 1705725
4 2 4 6 8 10 12 14 16 18 20
4n Ff 472 E 27 2 472 27 2 2 472 272
C(6+1)(20+1) 7 X+ 9 225 2205 5670 81675 117117 143325 312120 2485485 2304225

IV. DETECTABILITY

We now turn briefly to the possibility of detecting the
parity-violating signatures in gravitational wave signals
using astrometry with current and future telescopes.

When a light ray passes through a SGWB, the root-mean-
square (rms) deflection angle caused by the underlying
metric perturbation is ([22,73,74]) proportional to the gravi-
tational wave strain amplitude, &, ~ fns. This deflection
can be interpreted as a measure of the angular velocity (or
proper motion) of the light source via @, ~ fhms, Which,
for N sources, has a correlated signal of order
where A@ is the angular resolution, and 7 is the observation
time. Considering the current Gaia catalog, for an optimistic
estimate we take the resolution to be the ideal case A9 ~ 10 p
arc second and the number of sources to be N ~ 10 for stars
and N ~ 10% for quasars [75]. The observation time is 7 ~
3 yr and the most sensitive frequency is f ~ 1/T. Therefore,
we obtain the optimistic estimate A, ~ 5 x 10713 for stars
and Ay, ~ 5 x 1071* for quasars. However, not all sources
will achieve the ideal resolution and proper motions will
further contaminate the data [40]. As a result, the realistic
Gaia constraining power could be one or two orders of
magnitude below the signal extrapolated from the current
NANOGrav 15 yr results [28], hgguu(f =1/3 yr') ~
10713, Future experiments, such as Theia [40,76], may
provide constraining power closer to the optimistic estimate.

These estimates also apply to parity violating correla-
tions. It is therefore worth considering how we might
specifically minimize the noise in measurements of the EB
correlation signal on which we have focused in this paper.
One way to do this might be by using quasars rather than
stars as the observational sources. The global motions of
stars can induce large-scale correlations and can generate
both E-mode and B-mode signals. Since all of the observed
stars are in one galaxy (our Milky Way), we cannot expect

their EB correlations to be suppressed just because the
underlying theory is parity conserving. However, for
quasars, the primary source of noise in large-scale corre-
lations of changes in their positions is that induced by
cosmological large-scale structure, which does not produce
an EB correlation due to its inherent parity-conservation.”
Hence, as we look to the future, precision measurements of
quasars might be an even more interesting target in the
quest to find EB correlations. The analysis in this paper is
easily adapted to that case.

V. CONCLUSIONS AND DISCUSSIONS

In this paper we have discussed the possibility of using
astrometry to detect parity-violating signals in the SGWB.
Specifically, we have calculated the EB correlation func-
tion of gravitational-wave-induced stellar position changes,
which is nonzero if and only if the underlying theory is not
parity conserving. Parity violation can occur in both the
matter sector and the gravity sector but is not sensitive to
the source of the SGWB. We have further estimated the
possibility of detecting this signal in current and future
astrometric surveys, and have argued that, as we look to the
future, quasars may ultimately be the best targets for
searching the parity-violating signals.
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3 . .
On cosmological scales, the power spectrum might take a
different form compared to that on galactic scales, and the quasar
term might not be negligible. This possibility merits further study.
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