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The residual gas damping of the test mass (TM) in the free molecular flow regime is studied in the finite
open systems for high-precision gravity-related experiments. Through strict derivation, we separate the
damping coefficients for two finite open systems, i.e., the biplate system and the sensor core system,
into base damping and diffusion damping. This elucidates the relationship between the free damping in
the infinite gas volume and the proximity damping in the constrained volume, unifies them into one
microscopic picture, and allows us to point out three pathways of energy dissipation in the biplate gap.
We also provide the conditions that need to be met to achieve this separation. In applications, for space
gravitational wave detection, our results for the residual gas damping coefficient for the 4TM torsion
balance experiment are the closest to the experimental and simulation data compared to previous models.
For the LISA mission, our estimation for residual gas acceleration noise at the sensitive axis is consistent
with the simulation result, within about 5% difference. In addition, in the test of the gravitational inverse-
square law, our results suggest that the constraint on the distance between TM and the conducting

membrane can be reduced by about 28%.
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I. INTRODUCTION

Einstein’s general relativity, which still stands as the
most successful theory of gravitation, has a far-reaching
influence on the vision of nature as geometry. With the
establishment of the Dicke framework [1] based on
Einstein’s equivalence principle (EP) in the 1960s, exper-
imental gravity or gravitational experiments can be roughly
divided into two classes, including the tests of foundations
of gravitational theory such as the EP and the precision
measurements of spacetime curvature effects of the so-
called metric theories of gravity [2,3]. Both classes of
gravitational experiments heavily rely on the establish-
ments of high-precision inertial references and the mea-
surements of the relative free-falling motions or geodesic
deviations between them, and these include, for example,
the MICROSCOPE mission [4-6] for the test of the weak
EP, ground-based or space-borne gravitational wave (GW)
antennas like the LIGO-VIRGO Collaboration [7-9], the
LISA [10,11], and LISA-like missions [12,13], satellite
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gravity recovery missions such as GRACE/GRACE-FO
[14,15] and GOCE [16], and ground-based experiments
with high-precision torsion balances [17-26] etc. In the
present, isolated test masses (TMs) coupled with high-
precision readout systems, such as capacity sensors [27],
laser interferometers [28], or SQUIDs [29], are the main
technical implementation methods for high-precision iner-
tial reference systems. The TM, as the key unit, is generally
suspended (electrically or magnetically in space or through
a wire for ground-based experiments) inside a very stable
environment with extremely weak couplings to external
disturbances, which ensures the free-falling state of certain
degrees of freedom of the TM in the gravitational field. The
unavoidable fluctuations of the physical fields coupled
to the TM, especially the random collisions from residual
gas molecules, will limit the acceleration noise of TM
and therefore, the precisions or sensitivities of the inertial
reference [30]. Therefore, the accurate assessments of
numerous environmental noises become a crucial task in
the high-precision gravity-related experiments.

Among the various stray forces [30], those associated
with residual gases include damping force noise [31,32],
radiometer effect, and outgassing effect [33,34]. Damping

© 2024 American Physical Society
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force noise refers to the Brownian motion of TMs due to
gas collisions, which typically becomes one of the limits in
high-precision measurements [31,32,35—40]. The damping
force noise can be obtained from the damping coefficient
through the fluctuation-dissipation theorem [31,41-44]

OF (w)
ov(w)

where S;(w) is the power spectral density of the fluctuation
force on the TM, kg is the Boltzmann constant, T is the
temperature, F'is the damping force, v is the TM’s velocity,
and Z(w) is the mechanical impedance of the system.
In high-precision gravity-related experiments, to reduce
residual gas noise, the environment pressure is generally
less than 10~* Pa [19,34,45], and the environment around
the TM is in a free molecular flow regime, where the
mean free path is much larger than the distance from the
TM to the surrounding walls, and collisions between
molecules rarely occur. The collisions between molecules
and the surfaces are inelastic, following the Knudsen
hypothesis [46-49]. So, the collisions can be treated as
independent impulses, and the resulting fluctuation force
noise has a frequency-independent spectrum [32], so
residual gas leads to an impedance Z(w) = f, with f
referred to here as the gas damping coefficient.

The residual gas damping coefficient is dependent on the
specific environments surrounding TMs. In high-precision
gravity-related experimental setups with TMs, two funda-
mental structures frequently appear, i.e., biplate and sensor
core [50,51]. The biplate structure comprises a movable
TM and a fixed parallel plate. The sensor core is a cuboid
nested structure within gravitational reference sensors
(GRSs)/inertial sensors, with the TM in the middle and
surrounded by an electrode housing. They constitute the
finite open systems. In GW detections, the damping caused
by the motion of the TM is called proximity-enhanced
damping [32,38,39], while in other fields like MEMS/
NEMS, it is known as squeeze-film damping [52,53].
In traditional squeeze-film damping studies, when the
pressure is at one atmospheric pressure or less, the gas
is treated as a continuous viscous fluid, and damping forces
are calculated using the viscosity coefficient or effective
viscosity coefficient [54-56]. As the pressure decreases
until collisions between molecules rarely occur, i.e., the
free molecular flow regime, the environment around
TM and the choice of surface boundary conditions
and analysis methods significantly influence the dam-
ping calculations. Commonly employed methods include
the free molecular model [57-61], isothermal piston
model [32,52], shot noise model [32], and nonisothermal
models [38,62].

In traditional analyses, the damping coefficient f in the
finite open systems consists of two parts [32,37,39,52],

SH(w) = 4kBTRe<— > = 4kgTRe[Z(w)]. (1)

i.e., the free damping/kinetic damping f,, within an infinite
gas volume and proximity damping Af within a con-
strained volume. The total damping coefficient is f =
P + AP, corresponding to the force noise power spectral
density, Sy(w) =S¥ + ASy(w). However, for this linear
separation, there is no consistent understanding of the
relationship between the two dampings. For example,
Ref. [32] gives a simple explanation: There is a continuum
of behavior between the free damping limit and proximity
damping, which is confirmed by Monte Carlo simulations.
Reference [52] compares the magnitudes of two dampings,
and kinetic damping is eventually ignored, and Ref. [39]
considers only the proximity damping on the front side,
with shear free damping on the lateral side. Therefore, a
quantitative and rigorous analysis for the separation of the
damping and the corresponding condition is needed.

To address the above issues, some researchers have
studied from the perspective of nonisothermal thermody-
namics. Reference [62] considers the impact of gas temper-
ature increase during the compression process, introduces
the thermal-squeeze film damping, and highlights the
influence of molecular degrees of freedom and surface
roughness on damping. However, their use of adiabatic
conditions contradicts the Knudsen hypothesis. Sub-
sequently, Ref. [38] introduces isothermal conditions and
employs effective temperature to compensate for the excess
internal energy in the nonequilibrium state compared to the
equilibrium state. Effective temperature is a macroscopic
approximation, and high-precision measurements demand
a more microscopically accurate explanation for residual
gas noise. Comparisons between different representative
models are shown in Appendix A.

In this paper, we introduce finite open models and
precisely decompose the damping coefficient into base
damping and diffusion damping for both biplate and sensor
core finite open systems. This clarifies the relationship
between the free damping and the proximity damping and
unifies them into one microscopic picture. In applications,
the finite open models effectively correct the constraints on
gap spacing in the test of the gravitational inverse-square
law (ISL) and emerge as the theoretical model most aligned
with the simulation and measurement results of the residual
gas damping in GRSs for the LISA mission and other
LISA-like space GW detection missions.

The rest of this paper is organized as follows: Sec. 1I
calculates the changes in molecular number density. The
separation of damping coefficients is carried out for both
biplate and sensor core finite open systems in Sec. III.
Section IV gives separation and sources of damping from
an energy perspective. The finite open models are applied
to experiments in the test of the ISL. and the GW detections
in Sec. V. Discussions and conclusions are provided in
Sec. VI. Appendices include detailed derivations and
expressions for some physical quantities.
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II. CHANGES IN MOLECULAR NUMBER
DENSITY IN THE BIPLATE FINITE
OPEN SYSTEM

The distinction between the biplate finite open system
and the infinite volume is as follows: As the TM moves, the
molecular number density within the gap changes. When
calculating the momentum exchange between molecules
and the TM, the number density is required. This will lead
to the unique physical processes. The change in number
density is addressed in the following discussion.

In Fig. 1, as the TM moves, the gap volume V, the total
number of molecules N, and the number density n undergo
continuous changes over time. Considering the total differ-
ential of the molecular number density n(7) = N(7)/V (1),
and taking the derivative with respect to time, we have

dAn 1 dAN N,dAV
dt Vo dt VE odt’

)

where An, AN(¢) and AV(t) are the changes in molecular
number density, the molecular number, and gap volume
relative to the equilibrium point ny, Ny, and V, respec-
tively. Considering the diffusion process for the molecules
to escape into the environment, as shown by the arrows in
the left of Fig. 1, we deal with the first and second terms on
the right side of Eq. (2) in Appendix B, and then under
condition Ah < hy, Eq. (2) is rearranged as

dAn  An  nydh 3)
dt 7y hydt’
v !
v hd hd >
™ /
~ l w
- v
-
Yo PY hd v n Gap
v v A ny + An
’ v
X Ad v e YT vy
y‘J—>Z Fixed plate
FIG. 1. Schematic side view of the biplate finite open system.

The TM moves downward parallel to the x axis, with a gap
spacing denoted as h. Gas molecules can exchange with the
environment through the gap boundary. The pure light gray gas
molecules are from the fixed plate surface or the environment,
while the gas molecules represented by light gray and black
desorb from the TM surface. The color black represents more
or less momentum or energy carried compared to the case when
the TM is stationary. The effective molecular number density
on the windward and leeward sides is denoted as nf{, and nj,
respectively.

where 7 is diffusion time for one molecule to escape from
the gap, hy is the gap spacing at the equilibrium point,
h(t) = hg + Bcos(wt) is gap spacing in the frequency
domain, and the general solution to Eq. (3) is

}’loBa)TU
ho/1 + 0)21'(2)

where ¢ = (arctan(1/wry) — z) € (—x, —n/2) is the phase
angle, and C is the integration constant. The first term in
Eq. (4) is the steady-state solution, and the second term is
the transient solution, which diminishes over time.

The system’s finite openness can be characterized by the
diffusion time 7. A small degree of finite openness means
that the number of exchanges between the gap and the
environment is small per unit time, equivalent to a large
diffusion time 7, i.e., a long relaxation time for the system
and vice versa. When the gap boundary is completely
closed, i.e., molecules cannot escape from the gap,
7o — 00, and then ¢ — —rx at a fixed frequency, and the
decrease in gap spacing (or volume) leads to an increase
in the number density. As the gap boundary opens, 7,
decreases, and the phase ¢ changes from —z to —x/2.
When the gap boundary is almost completely open, 7, — 0,
the phase difference between h and An is —x/2. This
implies that reducing the volume of the gap does not
necessarily lead to an increase in the number density, which
is counterintuitive. In other words, when 7y — 0, it is
necessary to use velocity instead of volume to describe the
correlation with number density; that is, an increase in
velocity leads to a decrease in number density, indicating a
negative correlation between the two.

In the most high-precision gravity-related experiments,
the product of detection frequency bands and diffusion
times is w7, € (1078,1072) [7,10-16,18-23,63,64], and
thus, ¢ ~ —z/2. The steady-state part of Eq. (4) is approxi-
mated as

An = cos(wt + ¢) + Ce™™, (4)

B
MTw(w_z) (5)

III. SEPARATION OF DAMPING COEFFICIENTS

The Knudsen hypothesis posits that molecules, upon
impacting a surface, undergo adsorption, remain for a brief
period, and forget their velocity and direction before
impact. During desorption, the speed of emitted molecules
follows the Maxwell-Boltzmann distribution, and the
emission angles obey cosine law [40,65-72]. According
to the cosine law, the probability for a molecule to leave the
surface within the solid angle dw is expressed as dP =
dw cos 0/x, where 6 denotes the angle with the surface
normal direction.

The cosine law is initially discovered in experiments
using glass surfaces [48,49], and subsequent studies on
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various materials have also verified the same emission
rule [35,40,65-72]. Especially, Ref. [40] provides a con-
dition for nonelastic collisions in a vacuum (p, < 10™* Pa)
with gold-plated surfaces. In realistic applications in the
field of MEMS/NEMS, various models considering differ-
ent boundary conditions are available [53,60,73,74],
including isothermal and adiabatic, rough, and smooth
surfaces, diffuse and specular scattering, etc., which are
often selected based on experimental data.

Despite some deviations observed in individual experi-
ments [65,75], it is assumed that the cosine law remains
valid for surfaces of general materials. The cosine law and
the parallel arrangement of the biplate ensure that the gas
within the gap adheres to the Maxwell-Boltzmann velocity
distribution [76—78]. Given the extremely short adsorption
time at room temperature (on the order of picoseconds or
nanoseconds) [32], much shorter than the motion time of
molecules in the gap (on the order of microseconds), it is
reasonable to assume a negligible adsorption time.

The residual gas collision behavior on each surface
element is assumed to be independent of each other; i.e.,
the force noise is independent of each other. Therefore, the
single-sided power spectral density of the force noise can
be linearly superimposed, and based on the fluctuation-
dissipation theorem, the damping forces on different sur-
face elements can also be linearly superimposed.

Next, we will proceed to separate the damping coef-
ficients in the biplate and sensor core finite open systems,
respectively.

A. Biplate finite open system

As shown in Fig. 1, assuming the TM is moving down-
ward, the frequency of collisions with molecules increases
on the windward side and decreases on the leeward side,
impacting the force experienced by the TM. We will
analyze this effect separately for surfaces perpendicular
(x surface) and parallel (y or z surface) to the direction of
motion.

Damping force of incident molecules on x surface.
Consider a surface element dA, perpendicular to the x
axis. Assuming the TM has motion solely parallel to the
x axis, the number of molecular per unit time colliding
with the element dA, on the windward side, with a velocity
component v, in the range v, ~ v, +dv,, is given
by [77-79]

dex = (I’l() + An)(vx - vTM)f(vx)dedAxa (6)

where f is the Maxwell-Boltzmann velocity distribution
function, i.e., f(v,) = (m/2xkgT)"/? exp (—mv2/2kgT).
The molecules of v, > vy will collide with dA,, so
v, € (vpm, 00). Taking into account momentum conserva-
tion, the force exerted per unit time by collisions on the
windward side is

Fin = (g + An)A,m / ® (0, = o) (w)dve, (7)

™

where m is the molecular mass. Similarly, the force exerted
per unit time by collisions on the leeward side is

Ut™M

T / (0, — o) f (o). (8)

—o0

Note that the leeward side is in the external environment,
and the number density remains n,. From the Eq. (5), it can
be seen that An = —ngrovpm/hy. In space gravitational
wave detection, the ISL experiments and the measurements
of the gravitational constant G, vy is smaller than
108 m/s, which is much less than the characteristic

velocity +/kgT/m of the molecular motion. Thus, the
damping force is linear to vy, and the higher order terms
of vpy in Egs. (7) and (8) can be omitted. The total
damping force from molecules incident on surfaces
perpendicular to the direction of motion is then approx-
imately given by

©)

: 2mkgT\ /2 A kgT
T%—ZAxn()(mB) TM_M

2h, Ut™m-

Damping force of molecules desorbed from the x sur-
face. Since molecules lose memory after colliding with the
surface, the incident and outgoing processes are indepen-
dent. Therefore, the force exerted by desorbed molecules
on the TM can be calculated separately. The cosine law
ensures that the incident distribution is the same as the
outgoing distribution when taking the TM as the stationary
coordinate system [76—78]. Due to the identical distribu-
tions, the outgoing process is equivalent to the incident
process, and Eq. (6) can be used directly. As the TM moves,
the number of incident molecules will change, as will the
number of outgoing molecules. In this scenario, we refer to
the outgoing number as the effective incident number.

From Eq. (6), after integrating the velocity v,, only the
variables n and 7 remain. Under isothermal conditions, 7’
remains constant, so the only variable that can change is
n = ny + An. Therefore, the difference between the real
incident number and the effective incident number lies in
the effective number densities n’. By setting the original
incident number equal to the outgoing number per unit
time, we can write the following identity:

—n{V/_O Uxf(yx)dvx:(n0+An)/OO(UX_UTM>f(1JX)de'

[Se]

(10)

Considering that as vy — 0, Erf[\/m/(2kgT)vrm] — 0,
and exp[-mv3y;/(2kgT)] = 1, Eq. (10) can be solved to
obtain the effective number density on the windward side
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am \ /2

Similarly on the leeward side,

m 1/2

Thus, the total damping force generated by molecules
emitted parallel to the direction of motion is

ﬂkaT 1/2 AanTUkBT
_nOAx A (2 VY e —

Fout —
L 2 2h

vem-  (13)

Damping forces on y or z surface. Since the three
directions of the Maxwell-Boltzmann velocity distribution
are completely independent, we can first use the v, distri-
bution to get the number || », ANy, hitting the side, and then

use this number to calculate the damping coefficient in the
x axis. Since the z direction is perpendicular to the direction
of motion of the TM, it does not need to be calculated,
and only the velocity distribution of v, in the x direction is
considered. Such analysis also applies to surface z.

Since v, is perpendicular to the direction of motion, the
motion of the TM does not affect the velocity distribution
and integration limits during calculation. From this, we can
get the force per unit area on the side

dFy/z,vx:m(vx_vTM)f(Ux>dvdiy/z/ dNy/Zsz/z' (14)
Yy/z

The outgoing molecule velocities cancel each other out in
all directions, so the net force exerted in the x direction is
zero. Thus, we obtain the damping force on a single lateral
surface:

kaT 1/2
FH,y/z = —noAy/Z <7> Iz (15)

Finally, combining Egs. (9), (13), and (15), we can get the
total damping force and then the damping coefficient

m_\2 Apoto
= (4A, + 1A, +2A,+2A —,
ﬂB ( x+7z x+ )+ Z)p0<2ﬂkBT> + hO
(16)
where p, = nykgT is the pressure at equilibrium in the gap.

B. Sensor core finite open system

As depicted in Fig. 2, the sensor core used in GRSs
for space GW detection missions such as LISA and similar
projects [10-13] is characterized by a cuboid nested
structure. This structure is also employed in global
gravity field recovery missions, albeit with variations in

GxZ
° °
® o o C i ° . © °
°
o ©® .
o. .
° Test Mass
Gzl C s Py GZZ
°
° l 0.
° o ®
® e °
® o ...oo ® o o %o o. .

[ J (Y [ ]
yJ_)Z Electrode Housing (e

FIG. 2. Schematic side view of the sensor core in GRS. The
sensor core consists of a TM in the middle and an electrode
housing surrounding it, with a gap between them. The gap can be
divided into six biplate gaps, i.e., bottom gaps G,;, G,,, and
lateral gaps G,;, G», Gy, G,,, and the last two are not shown.

size [14-16,27,63,64,80], and serves to monitor the real-
time position of the TM by connecting to the front-end
circuit and apply electrostatic forces to control the TM’s
behavior. The sensor core forms a closed gap structure
between the TM and the electrode housing. However, for a
gap on one side, molecules can exchange with other gaps,
forming a finite open structure. In Fig. 2, we decompose it
into six biplate finite open systems, G, Gy, Gy, Gy,
G,i, G, and handle them separately.

Damping force of incident molecules on x surface. In a
manner analogous to the previous Sec. III A, the force
exerted by all molecules hitting the windward face per unit
time remains the same as in Eq. (7). The change in the
number density in gap G,; is opposite to the change in
number density in gap G,,, i.e., Any, = —Any = —An.
Consequently, the force exerted by all molecules hitting the
leeward face per unit time becomes

Ut™m

Fi = —(ng — An)A,m / (0, — o) (0,)dv,. (17)

—0o0

The total damping force, caused by incident molecules,
perpendicular to the direction of motion is then approx-
imately given by

(18)

. 2mkg T\ 1/2 A kgT
‘j_‘z—2Axn0< Uz ) UTM—ianTO B v

T™ -
ho

Damping force of molecules desorbed from x surface.
The effective molecular number density on the windward
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face is the same as in Eq. (11), while on the leeward side,
the effective number density becomes

nl = (ny — An) {UTM <%> v 1] . (19)

The total damping force generated by molecules emitted
perpendicular to the direction of motion is given by

kgT\ /2 kgT
FQU = —ngA, (”m B ) vy — A, OB

) hO UT™M - (20)

Damping forces on y or 7 surface. As the TM moves up
and down, the number of molecules in the gaps G,; and G,
changes due to diffusion, causing changes in the number
ANg;q. and number density of molecules in the lateral gap
(Gy1, Gy, G, G). Molecules diffuse into gap G, while
diffusing out of gap G,,, resulting in a density gradient in
the x axis direction on the lateral gaps. Since the damping
forces can be linearly superposed over the entire surface,
independent of the nonuniform molecular density distri-
bution on the surface, the side force can be reexpressed as

kaT 1/2
Fy. = _Ay/zn()( > UT™m

2

Aszide y/z kaT 12
- - . 21
hy/z o Utm (21)

Considering the number density changes in the gaps, G,
and G,, are An, and An,, and the instantaneous
volumes are V. =A.(hy+ Bcos(wt)) and V,, =
A, (hy — Bcos(wt)), respectively. Thus, we obtain

Substituting Eq. (22) into Eq. (21),

kaT 1/2
Fly. ® =Ay 0 <2ﬂ> UTM- (23)

Unlike the gaps G,; and G,,, the fluctuation of number

density does not affect the lateral damping force.
Combining Egs. (18), (20), and (23), we can obtain the

total damping force and then the damping coefficient

2A,po7o
hy
(24)

m O\ 1/2
Ps=(4A, +7A, + 2A, + 2A.)po <2nkBT> +

The first term in Eq. (16) or Eq. (24) is independent of
diffusion time, implying that it is also independent of the
finite openness. To emphasize the “base or background”
nature of this damping, we term it “base damping.” As
7o — 0, the total damping degenerates to the base damping,
and its value is exactly equal to the free damping in the
infinite gas volume given in Ref. [36]. The remaining
second term is related to the diffusion time, and essentially,
it originates from the diffusion process between the gap
and the environment. It is noted that 7, may not change
monotonically with the degree of the proximity in complex
structure. Therefore, we refer to it as “diffusion damping.”
For the biplate system, the value of diffusion damping is
consistent with the result of the proximity damping
in Ref. [32]. In order to facilitate comparison between
different damping names, we give a detailed comparison in

ANgge = —(Any Vy + An,V Table 1.
side ( S 2 x2) The models described above are denoted as finite open
= Mcos(wt) VM- (22) models. Finally, we achieve the natural separation of
ho damping coefficients within the finite open systems.
TABLE I. Comparison between different damping names involving different aspects. “—" indicates absence or noncomparable, and
“v” indicates affirmation.
Ther., Inf., Base Diffusion Cosine Total
Damping Stat*  Fin. Academic field damping®  damping® law damping®
Free damping [32,35] - v v, — Gravity v - v v
Kinetic damping [52] - v v, - MEMS - - - 4
Proximity damping [32] v, - - v Gravity — v v —
Squeeze damping [34—40,52-62] o/ —, v MEMS/NEMSGravity - - - v
Base damping - v v,/ Gravity v - v -
Diffusion damping - v -V Gravity - v v -

*Thermodynamic method (Ther.), statistical mechanics method (Stat.).
The environment in which the TM/resonator is situated, whether or not it is an infinite environment (Inf.) or a finite open

environment (Fin.).

“Whether or not the existing result is consistent with the base damping in our model.
Whether or not the existing result is consistent with the diffusion damping in our model.
“Whether or not the existing result is the total damping in the corresponding system.
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IV. SEPARATION AND SOURCES OF DAMPING
FROM AN ENERGY PERSPECTIVE

As shown in Fig. 1, when the molecules desorb from the
moving TM surface, in addition to the velocity given by
the Maxwell-Boltzmann distribution, there is also a back-
ground translational velocity of the TM. In other words, the
TM only affects the energy of the molecules in translational
degrees of freedom.

Using subscripts # for gas molecules desorbed from the
TM surface, and d for those desorbed from the fixed plate
below, with the total gas molecules indexed as i, the total
energy can be expressed as

E — %va? = %Zmﬂﬁ +%va5
i d "
S S Y 09
f u "

where v} and v, = v, — vy represent the velocities of
molecules in the center-of-mass frame assuming that
the TM does not move. The first term in Eq. (29),
S imv? /2> mvi/2 4+, mv2/2, assumes that the
number N, of molecules desorbed from the TM surface and
the number N, desorbed from the bottom fixed plate are
approximately equal, N, ~ N, Molecules desorb from
the TM surface and emit to the fixed plate and then back
to the TM surface; this process takes a very short time,
At~ 107> s, while the TM’s velocity is very slow, vy <
10~8 m/s. In other words, during this time, N, (t, + At) ~
N,(ty), so this approximation is reasonable. The total
number N(¢) = N, + N, changes due to the diffusion of
gas molecules.

Let v/}, be the projection of v/, in the direction of the TM
motion, and its probability density distribution is 2f(v/,).
Therefore, the third term can be reexpressed as

2mkgT\ /2
Zmuv; “Urm = Nu< ﬂB ) vtm- (26)

Considering the Knudsen hypothesis, Eq. (25) can be
reexpressed as

3 1 kpT 1/2
E(1) :§N(t)kBT+ZN(z)mU%M+N(I) <m2B ) -
T

(27)

The first term is consistent with the isothermal internal
energy of the gas in an equilibrium state, and the second
and third terms are related to the translational velocity of
the TM, representing additional energy introduced by
nonequilibrium processes. This result is different from
the Konig’s theorem [81], which states that the energy
of the system can be separated into the translational kinetic

energy of the center of mass and the relative kinetic energy
within the center-of-mass system. In the Maxwell-
Boltzmann distribution, the overall translational velocity
of the gas is zero. In other words, when we refer to
temperature, this means that the system is discussed in the
center-of-mass system. Thus, it is inaccurate to use iso-
thermal gas or effective temperature assumptions in this
system. In the free molecular flow regime, molecules do not
collide; thus, energy cannot be evenly distributed among
the degrees of freedom [82], except for the translational
degrees of freedom related to the TM.

According to analytical mechanics, the damping coef-
ficient means the dissipation of energy, and there are three
pathways of energy dissipation in the biplate gap. When
molecules are incident on the TM surfaces, the incident
damping forces, i.e., Egs. (9) and (18), correspond to the
energy dissipation of the TM. In Fig. 1, due to the motion of
the TM, the molecules desorbed from the TM will dissipate
more kinetic energy of the TM to the fixed plate. This part
of the energy results in the addition of the last two terms in
Eq. (27). For the biplate size at the bottom gaps of the
sensor core for LISA mission, only about 9% molecules
desorbed from the TM (see Appendix C) leave the gap
directly. Similarly, the ratio from the environment directly
to TM is the same. The ratio is proportional to the energy
dissipated, so the majority of the dissipated energy flows
to the fixed plate and the TM, with a very small amount
flowing to the environment.

Compared to base damping, diffusion damping accounts
for changes in number density resulting from the diffusion
process. Since the change in number density is in a counter-
phase with TM’s velocity, it is equivalent to increasing the
number of incident and outgoing molecules per unit time,
which in turn, amplifies damping force or energy dissipa-
tion. Consequently, the dissipation flow from the gap to the
environment as noticed in Ref. [32] is not a leading term to
the diffusion damping of the energy dissipation. Instead, as
mentioned above, this energy is primarily dissipated into
the TM and the fixed plate. In isothermal piston models, the
utilization of the ideal gas state equation implies that com-
pression is a quasistatic process, wherein only the diffusion
damping resulting from changes in number density is con-
sidered. As a result, its internal energy corresponds solely
to the first term in Eq. (27), excluding the last two terms
associated with the damping of the nonequilibrium part.

V. APPLICATIONS

The investigation of residual gas noise holds significant
importance in gravity-related experiments. Residual gas
damping noise typically determines the limit of sensitivities
in many high-precision gravity-related experiments. In the
subsequent sections, we apply the sensor core and biplate
finite open models to space gravitational wave detection and
the test of the gravitational inverse-square law, respectively.
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A. Space gravitational wave detection

The discovery of GWs has positioned it as a new
messenger for observing the universe. LISA is a space-
borne GW detection mission proposed by the European
Space Agency [10,11,83]. To investigate the residual gas
damping noise used in such missions, the University of
Trento (UTN) employs a torsion balance to measure the
decay curves in the GRSs [31].

The 4TMs torsion balance experiment setup is shown in
Fig. 3. The experimental temperature is 293 K, and the
molecular mass utilized in the simulation is 30 u. By
measuring the amplitude decay time during free pendulum
motion, the torsional damping coefficients can be obtained.
The experimental results indicate that the residual gas
damping coefficient is much larger than the theoretical
prediction of infinite volume damping. However, it is in
good agreement with UTN’s simulation predictions, as
shown in Fig. 4.

Since the torsion balance measures the torsional damp-
ing coefficient, the translational damping coefficient g of
the finite open model needs to be converted to the rotational
damping coefficient Si1ars = r*Buan + Brow [31.36]; rel-
evant details are in Appendix D. The rotational damping
coefficient of GRS is given by

27 id (hx) 32m 1/2 T

1 Tade(My)  Tsige(h2)
- 4 | bside\"fx side\"*z
TP’ { ek

Z

2m \ /2 z
AT 1+ L. 2
T Pos (nkBT) ( +12) (28)

(a)

FIG. 3. Schematic drawing of the 4TMs torsion balance experi-
ment setup (not to scale). (a) A cross-shaped structure is
suspended by a wire, with four hollow cubic TMs attached at
each end. The side length of each TM is s = 46 mm, and the
pendulum arm length is » = 0.1065 m. (b) The gap spacings
between the GRS’s TM and the electrode housing (EH) in the x,
v, and z axes are 4.0 mm, 2.9 mm, and 3.5 mm, respectively.
(c) The gap spacings between the S2°s TM and the EH in the x, y,
and z axes are 8.0 mm, 6.0 mm, and 8.0 mm, respectively [31].

40 =+ -Experimental data fit of UTN
= % -Simulation of UTN -,
—+—Our model + e
30 Constrained volume model ¢ -,
Infinite volume model A&

po (mPa)

FIG. 4. Comparison of different rotational damping coefficients
in the 4TM torsion balance experiment. The black dashed
line (4+) and black dashed line (x) represent the experimental
measured values and simulation values from the UTN, respec-
tively [31]. The green solid line (+) represents the theoretical
values from Eq. (28), i.e., our finite open model in this paper, and
the short dashed gray line (x) represents the theoretical values
from the constrained volume model [39]. The short dashed gray
line represents the theoretical result of damping coefficients in an
infinite volume [36].

The rotational damping coefficient of S2 can also be
obtained by using the same method. The damping coef-
ficients of the other two test masses without electrode
housing are calculated by the free damping model [36].

In Fig. 4, the result of the finite open model demonstrates
a 62% improvement compared to the constrained volume
model [39] and exhibits an 8% difference from the UTN’s
simulation data. The constrained volume model utilizes
the diffusion time in biplate structures, but the electrode
housing alters the diffusion conditions at the biplate
boundaries, subsequently changing the diffusion time in
the biplates. This alteration increases the diffusion time.
Finally, we substitute the simulation result into the finite
open model, with 744, (h,) = 3.22 x 107 s and 744, (h,) =
3.02 x 10™*s, while 7gyppq = 1.31 x 10™*s. The 8% dis-
crepancy may come from the gradient of molecular number
density in the lateral gap (Gy;, Gys, G, G,) in the x axis.
This might lead to the deviation; i.e., the Ny/7y term in
Eq. (B1) is not accurate.

The results in Fig. 4 demonstrate the effectiveness of the
finite open model. Ultimately, we apply the finite open
model to the analysis of the residual gas damping noise in
the GRS’s sensitive axis for the LISA space GW detection
mission [31] and other LISA-like space GW detection
missions, such as Taiji [13] and TianQin [12]. This noise
largely determines the detection sensitivity of GRSs in the
primary frequency range. For the 2 kg TM moving along
the sensitive axis (x axis), we can use Egs. (1) and (28) to
estimate the residual gas acceleration noise; that is
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=,

%m feedthrough

Fiber

Conducting membrane

FIG. 5. Schematic drawing of the test of the ISL experiment
setup (not to scale). An /-shaped pendulum is suspended from the
bottom of the torsion balance through tungsten wire, and the
pendulum faces the position of the attractor. The middle part of
the pendulum is a glass block (M), and two glass bases (G, G»)
are symmetrically installed at both ends. Two glass substrates
(Gty, Gt,), two tungsten TMs (Wt;, Wt,), and two gravitational
compensation pieces (Wtcy, Wtc,) are glued to the glass bases
opposite the attractor. A special glass clamp is installed on the top
of the middle glass block, and it can fix the suspended tungsten
wire to the center of the pendulum. On the left side of the
conducting membrane, there is an attractor not shown here. The
attractor consists of eight tungsten source masses and eight
tungsten compensation masses, arranged alternately on a rotat-
able glass disk [19].

SV — 123 %1071 ms2Hz /2
p 12/ m \ /4 T 1/4
7 — ). (29
x (10—6 Pa) (30 u) 203 K (29)

Under the same conditions, compared to Ref. [39], our

result is closer to the simulation result SY* =13 x
107" ms2Hz"'/? from Ref. [31], with only a 5%
difference.

The validity of the finite open model also corrects the
previous view on the diffusion time in the sensor core.
Reference [31] states that the diffusion time is the average
time for molecules to diffuse from gap G, to G,,.
However, as shown in Eq. (22), we found that the molecular
number changes from G,; and G,, have a negligible
second-order effect on the y/z surfaces, and the diffusion
time can be approximated as the time to diffuse just
from the bottom gap (G,; or G,,) to the lateral gap

(Gyl’ Gy2’ Gzla Gz2)-

Non-isothermal model| ' :
100 Our model -
80 r
g
= 60F
<
40 +
201
y/ L L L L L
0 20 40 60 80 100

po (1Pa)

FIG. 6. Comparison of gap spacing constraints under different
pressures between the finite open model and the nonisothermal
model. The shaded area below the green solid line represents the
constraints given by Eq. (31), i.e., our biplate finite open model in
this paper, and the shaded area below the gray dashed line
represents the constraints given by the nonisothermal model [38].

B. Test of the gravitational inverse-square law

To reconcile general relativity and the standard model,
string theory or M theory predicts deviations from the ISL
at short distances [84,85]. Huazhong University of Science
and Technology (HUST) designs a torsion balance and
a eightfold azimuthal symmetric attractor experimental
platform and tests the ISL at short distances by dually
modulating the signal of interest and the gravity calibration
signal [18-23].

The experimental setup of the test of the ISL is illustrated
in Fig. 5. To facilitate the experimental design of the gap
spacing between the pendulum and the conducting mem-
brane, it is necessary to assess the influence of residual
gas damping noise with varying gap spacings. To obtain
the constraints on gap spacing h. under different gas
pressures p, [38], the gas damping noise is equated to
the torsion balance’s internal damping thermal noise. The
internal thermal noise of the torsion balance is Sy, (@) =
4kgTk/(wQ) ~3.61 x 1073 N> m? Hz~!. Here, Q is the
quality factor of the torsion balance, @ is the resonant
frequency, and k is the spring constant. According to the
biplate finite open model, the fluctuation torque noise
power spectral density S, v of the middle glass block, and
Siot.c.w: Of the glass blocks (G, G,), TMs (Wt, Wt,), and
gravitational compensation pieces (Wtc;, Wtc,) at both
ends can be obtained in Appendix E. From this, the relation

Sth
(Srot,M + Srot.G,WI)/pO

po = f(h.) = (30)

is obtained, and consequently,
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he :f_](p())' (31)

Given temperature 7 = 297 K, molecular mass 19.1 u,
and thermal adjustment coefficient ¢ = 1, the results are
shown in Fig. 6. Due to the very small gap spacing,
~100 pm, the diffusion damping is magnified, and the
base damping is almost negligible. In the range of 10 to
100 pPa, the constraints on the gap spacing A obtained by
the finite open model are lower by about 28% compared to
the nonisothermal model. This suggests that the additional
temperature effect in the nonisothermal model is almost
negligible. These results are crucial for reducing the test
length scale 4 in ISL experiments, providing valuable
insights into the constraints imposed by residual gas
damping noise on experimental parameters.

VI. DISCUSSIONS AND CONCLUSIONS

We separate the damping coefficients for two finite open
systems, i.e., the biplate system and the sensor core system,
into base damping and diffusion damping through rigorous
derivation. This effectively elucidates the relationship
between the free damping and the proximity damping.
This separation needs to meet the condition wzy — 0,
which holds for most high-precision gravity-related experi-
ments. In our derivation, the key lies in how to deal with
the change in molecular number density. The change is so
small compared to the overall density that it can be
almost ignored [52], as evidenced in the LISA’s GRSs
(An/ny < 107'1). However, detailed derivation shows that
the results corresponding to such a small amount cannot be
ignored, which renders high-precision measurements truly
distinctive. We address the impact of changes in number
density within the bottom gaps on the lateral gaps, which
also reveals the possibilities for analyzing cross-talk
effects in residual gas noise between the sensitive axis
and other axes.

The diffusion time 7 is used to quantitatively characterize
the degree of finite openness in the system, which is
different from the constrained volume. It is general and
can account for the effects of different shapes of the
structure around the TM. However, in a sensor core with
lateral walls, an increase in constrained volume does not
necessarily equate to a reduction in diffusion time.
Interestingly, as 7 — 0, i.e., the system is completely open,
the diffusion damping disappears, and the damping
becomes consistent with the free damping in an infinite
volume. Conversely, as 7 — oo, i.e., the system is com-
pletely closed, in contrast to the zero damping of the
isothermal piston model [32,52], there still exists base
damping independent of gap spacing. This result is
reflected in the lower limit of the power spectral density
shown in Ref. [32]. In brief, the concept of finite openness

can characterize damping more comprehensively and
accurately.

In terms of the physical picture, the previous analyses
of damping in an infinite volume and a constrained volume
are disjointed. The finite open models presented in this
paper provide a complete microscopic picture that includes
both types of damping. This allows us to point out three
pathways of energy dissipation of the TM from the
microscopic level in the biplate gap; that is energy absorbed
by the TM, assimilated by the fixed plate, and a very small
portion directly diffused into the environment.

In practical applications, for space GW detection, our
model predicts a damping coefficient for the 4TM torsion
balance experiment 62% higher than previous analyses and
is the closest to the experimental and simulation data to the
best of our knowledge. For the LISA mission, our theo-
retical estimation of the residual gas acceleration noise
along the sensitive axis aligns most closely with simulation
results, differing only by 5%. These results validate the
effectiveness of the finite open models. These results are
also applicable to other LISA-like space GW detection
missions, such as Taiji [13] and TianQin [12]. In the test of
the ISL, our model reduces the constraints on the gap
spacing between the TM and the conducting membrane by
about 28%, compared with the nonisothermal model. This
result may further help to reduce the test length scale in ISL
experiments.

The finite open model facilitates the analysis of residual
gas damping noise for TMs with complex geometrical
shapes. In the derivation of the finite open model, the
bottom surface of the TM needs to be parallel to the fixed
plate. However, there is no requirement for the shape of the
bottom surface of the TM, which can be regular (triangular,
hexagonal, etc.), irregular, or even with perforations, such
as ring-shaped and hole grid. For the TM and gap boundary
with complex geometrical shapes, the diffusion time is
usually much easier to be calculated than obtaining the
noise spectrum of the damping force from simulations. This
allows damping force calculation to be accelerated, which
makes it possible to achieve optimal design through the
optimization algorithm.

Furthermore, our theory can also be applied to other
high-precision measurements, such as ultrasensitive space
accelerometers [27,80,86,87], measurements of the gravi-
tational constant G [24-26], MEMS/NEMS accelero-
meters [88,89], and Casimir force measurements [90,91].

To further reduce thermal noises, the new generation
laser interferometer gravitational wave detectors such as
ETpathfinder [92] and KAGRA/LCGT [93,94] primarily
aim to place TMs in cryogenic environments, similar to
terrestrial full-tensor detector [29] and NEMS [95]. In a
cryogenic environment, the adsorption time 7,4 of mole-
cules on the wall generally follows the Arrhenius law or the
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Frenkel equation [32,77,78], i.e., T,q & Taqp €XP kBLT, where
7,40 depends on the wall material, and D is the surface
potential height. 7,4 increases significantly at cryogenic
temperatures, which is not negligible compared to the
characteristic time of the molecular motion in the gap.
Thus, the original Egs. (2) and (5) describing the change in
molecular number density becomes invalid, and a new
theoretical model needs to take into account the adsorption
time in a cryogenic environment.
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APPENDIX A: COMPARISON OF DIFFERENT
MODELS

We compare the relationship between different models
from several aspects: the derivation method, adherence
to cosine law, damping components, applicable systems,
whether the walls and gas are isothermal, and the ability
to describe energy dissipation pathways. A comparison
between different representative models is shown in
Table II.

TABLE IL

APPENDIX B: THE TWO TERMS IN EQ. (2)

The first term. Suppose the average diffusion time for
one molecule to escape from the gap is z(%), and N/ is the
number of escaping molecules per unit time; then

N 4 No g,

dAN = —
z(h) )

(BI)

where AN is the net number of diffusing molecules, and N,
and 7, are at the equilibrium point. Equation (B1) is also
known as the Fick rule [38]. Considering gap spacing
change Ah <« hy, we can have the approximation
7(h) ~ 7. In this case, dividing Eq. (B1) by dr and V|, gives

1 dAN n(t n
— _ﬁ+_0, (B2)
V() d[ ) )

where ny = Ny/V,. In addition, considering AV (t) < V,
the approximation N(t)/Vy =~ n(t) is made.

The second term. Assuming the TM vibrates near the
equilibrium point, in the frequency domain, the displace-
ment relative to the equilibrium point is Ah(z) =
Bcos(wt), and the instantaneous volume of the gap is
V(t) = A, (hy + Bcos(wt)) = A h(t), where A, is the sur-
face area of the TM perpendicular to the x axis. Thus, the
second term on the right side of Eq. (2) can be written as

ny dh
=% (B3
ho dr (B3)

NodAV — d <Axh>

V2ar T "\ v,

Comparison between different representative models involving different aspects: the derivation method, adherence to

cosine law, damping components, applicable systems, whether the walls and gas are isothermal, and the ability to describe energy

TR

dissipation pathways.

indicates absence or noncomparable, and “v” indicates affirmation.

Model Ther., Stat.* Cosine law Base Damping” Diffusion damping® Bi., Sen. Isothermy Dissipation pathways®
Bao [60] -V - - - v, - - v
Suijlen [52] v,/ — — v v, - v -
Yang [62] v, - — — — v, - - v
Dolesi [32] s v v - v, - v -
Ke [38] v, - 4 - - v, - - v
Mao [39] v, /E v — v -V v -
Our model - v v v v v,/ v v

*Thermodynamic methods (Ther.), statistical mechanics methods (Stat.).
Whether or not the damping when TM/resonator in an infinite environment in other models is consistent with the base damping in

our model.

“Whether or not the remaining damping after subtracting the damping when in an infinite environment in other models is consistent

with the diffusion damping in our model.
dBiplate system (Bi.), sensor core system (Sen.).

“The thermodynamic model under isothermal conditions, owing to its quasi-static assumption and the constant internal energy of the
gas, fails to describe the pathway of energy dissipation carried by molecules. For details, see Sec. IV.

1r . . . . e . . . o L. . . .. . .

The free damping in an infinite environment is obtained through statistical mechanics methods, while the additional proximity
damping in a constrained environment is obtained through thermodynamic methods.

#The shear damping is obtained through statistical mechanics methods, while the enhanced damping in a constrained environment is

obtained through thermodynamic methods.
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APPENDIX C: THE PROPORTION
OF MOLECULES ESCAPING DIRECTLY
FROM THE TEST MASS SURFACE
TO THE ENVIRONMENT

Molecules undergo an average of N collisions inside the
gap before leaving. The last time the molecules escape
directly from the TM surface, the proportion is 1/2, so the
proportion of molecules escaping directly from the TM
surface to the environment is approximately given by

1
Pou %5 37~ 0.09. (C1)

ol —

where we use the conclusion from Ref. [32]. For the size of
sensor core for LISA mission, N is approximately given by

R2

(€2)

where the radius R is obtained by assuming that the area
of the square is consistent with the area of the equivalent
circle. The proportion of molecules escaping directly from
the TM surface to the environment is 0.09, which is a small
fraction.

APPENDIX D: CONVERSION RELATIONSHIP
BETWEEN TRANSLATIONAL DAMPING AND
TORSIONAL DAMPING

The rotational damping f,,, can be expressed by the
translational damping f., [31,36]. As shown in Fig. 7, the
torque along the z axis is

N, =xF,—yF,. (D1)
Note that the positive directions of the torques xF', and yF,
are opposite. If the former is the positive direction, the latter
takes its opposite. Since the residual gas collision behavior

on each surface element is independent of each other,
the noise is independent of each other. Therefore, the

z

@) (b) y

YFx X
y x
x
xFy,
FIG. 7. Schematic diagram of the torque exerted on the TM.

(a) The coordinate system where the TM is located; (b) Top view
of the TM, the torque along the z axis.

single-sided power spectral density of the torque noise can
be linearly superimposed. The torque noise of the surface
element can be calculated separately. The torque noise per
unit area can be expressed as

Sy AA = 2To((xFy = (xF,))?) + 2T ((=yFy = (=YFx))?)
=2Tox*((Fy = (F,))?) + 2Toy*((F. = (Fx))?)

= x°S,AA + Y’ AA, (D2)
and it can be simplified to
Sy, = X%, 4 y2S,. (D3)

Integrate along the faces of the TM below. For the 7 surface,
only the shear forces xS, y2S in the x and y directions
contribute to the torque. Each of the four sides (x and y) has
a shear force (s/2)2S) from the moment arm s5/2, and the
contribution of the normal forces y>S, xS that change

the arm length across the entire surface. After integrating,
there is [36]

Sy =2 / dydz [y2sl + (%)25”}

+2 / dxdz[xs, + (3)7s)]

y

+ 2/ dxdy [)CZSH +y2SH]
z

s 45*
=350t 35
4 Tside(h ) 7'-side(h )
= —kpT pos*|= e - z
¢kl Pos [ h, + .

2m \ 1/2 T
4 kx T 4 14+—1. D4
+ kel pos (;;kﬂ) ( +12> (D4)

For the 4TM torsion balance experiment, the motion of
the TM in GRS can be decomposed into two degrees
of freedom: rotation and translation. The torque noise
corresponding to the rotational degree of freedom is
Sy = 4kg TP, the translational degree of freedom needs
to take into account the moment arm between the TM
and the suspension point, and the corresponding torque
noise is

tran—>rot __
SN - 4'kB Tﬂtran—not

oN
99

— 4T x P?

= 4kgT X r*Biyan- (D5)
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Finally, the total torque noise acting on the TM in
GRS is [31]

rotGrs = (SN + Sy )/ (4ksT)

= rzﬂtran + Prot- (D6)

APPENDIX E: FLUCTUATING FORCE POWER
SPECTRAL DENSITY IN THE ISL EXPERIMENT

According to the theoretical model of the biplate finite
open system, the fluctuating torque noise S,y for the
middle glass block can be obtained as follows:

Sy oSmz [(32mkgT\ 1/2 T
Srot,M = M. = < ”B ) (1 +>p0

6 4
3 3 3
SMaSMz | SMaSMy | SMySMLx
- ( > T 6 s
8mkpT\ /2
X ( ﬂB ) Po- (El)

The torque noise S, g.w, for the glass blocks (G, G,),
the TMs (Wt;, Wt,), and gravitational compensation pieces
(Wtc,, Wtc,) at both ends are given by

Srot.G, Wi = SkBTDlzpm (E2)
where

D = (45656, + TSG.15G. + 256,356, + 25656,y

m 12 SwexSwizTowe
= SMeS) (ZﬂkBT> R

sWtc,sztc,ZTO,Wtc (E3)
9
he + (SGt,y + Swry — SWtc,y)

where, the arm length from the suspension point to the
center of the TM is [ = (sg, + Sy, )/2 = 38.0605 mm,
and the dimensions are given as sy, X Syy X Sy =
61.491 x 8.000 x 12.000 mm?, SGx XSGy X8g,=14.630x
19.756 x27.138 mm?, s, X Sy X Sgr, = 14.630 x
0.486 x 12.003 mm?, Swix X Swiy X Swi, = 14.630 X
0.200 x 12.003 mm?®, Sy X Swiey X Swie, = 14.630 x
0.606 x 15.139 mm?. The diffusion time 7y, and 7q

USe Touhoid 1N Appendix F. The parameters here may differ
somewhat from those in Refs. [19,37,38]. The parameters
in this paper are for reference only.

Considering that the base damping here is almost
negligible, theoretically, when the diffusion time used in
the nonisothermal model is the same as the diffusion time
formula used in the biplate finite open model, the ratio
of the power spectral density of fluctuating forces between
the two models is approximately 7:6. When the damping
noise is equal to the intrinsic damping thermal noise, under
the same pressure, the ratio of the gap spacing h,
constraints between the two models is approximately
7:6. In other words, the latter is about 1/7 lower than
the former. As long as the base damping can be neglected,
this result will not change with variations in experimental
parameters.

APPENDIX F: DIFFUSION TIME FOR BIPLATE
FINITE OPEN SYSTEMS

Reference [39] provides theoretical result for the dif-
fusion time 7 yp0iq Of square biplates:
B b 1
V12rkgT/mg(\/1+ ¢ —¢)
2arctan(1/¢) +2¢ln¢ —¢In(1 + ¢?)
26 -2/1++In(1++/1+¢%) —In¢
where ¢ = h/2b, and a and b are the side lengths of the

square plates along the x and y axes, respectively. Similarly,
7, can be calculated, and the total diffusion time is given by

Ty

(F1)

a b
Teuboid = T T +a Ty

(F2)

Additionally, Ref. [39] also provides diffusion time 7, of
circular biplate.

The biplate model has no special requirements on the
shape of the plate. For example, it can be a ring, a triangle,
or a more complex shape. However, the diffusion time
needs to be calculated through numerical simulation.
However, in sensor cores, the gap boundary is different.
For accurate diffusion time, numerical simulations are
needed based on the specific geometric shape.
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