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The influence of the dark matter mass (M) and the Fermi momentum (k?M) on the f,-mode oscillation
frequency, damping time parameter, and tidal deformability of hadronic stars are studied by employing a
numerical integration of hydrostatic equilibrium, nonradial oscillation, and tidal deformability equations.
The matter inside the hadronic stars follows the NL3* equation of state. We obtain that the influence of M,
and kPM is observed in the fy-mode, damping tome parameter, and tidal deformability. Finally, the
correlation between the tidal deformability of the GW170817 event with M,, and KPM are also investigated.
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I. INTRODUCTION

In astrophysics, it is estimated that dark matter (DM)
corresponds to approximately 27% of the matter in the
Universe today. The name coined for this matter refers to
the fact that it appears not to interact with light or
electromagnetic field, hence the difficulty in its direct
detection. However, this matter would interact gravitation-
ally, thus leaving unequivocal observational signals of its
existence [1].

The study of dark matter began in the 1930s when Fritz
Zwicky observed that the velocities dispersion of galaxies
within the Coma Cluster exceeded what could be accounted
for by the visible matter alone [2] (review also [3]).
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He suggested that an additional, unseen mass—who coined
the name dark matter—must be exerting gravitational
influence to accelerate these orbital motions. Subsequent
investigations developed by Ford and Rubin in the 1970s
[4], would show a consistent presence of unexplained high-
speed orbits in every galaxy became apparent, solidifying
the consensus around the existence of an exotic matter.

In the search for the exact nature of dark matter, to date, a
large number of experiments have been carried out using a
variety of theoretical models. Among the theoretical
proposed candidates, we find weakly interacting massive
particles (WIMPs) [5] and feebly interacting massive
particles (FIMPS) [6,7], the neutralino [8—10], axions
[11], among others; however, no concrete conclusion has
been reached about the nature of dark matter. Within this set
of possibilities, in particular, WIMPs are those more
promising; review, for example, [12,13].

Motivated by the detections of gravitational waves
caused by the merger of a binary system recorded by
the LIGO-Virgo Collaboration (LVC) [14-25], in recent
years, numerous investigations have explored the integra-
tion of dark matter into hadronic matter [10,26—40], as well
as the effects of dark matter in relation to quarks and hybrid
stars [41,42] and on some properties of neutron stars,
namely, how this type of exotic matter would influence
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some parameters macroscopic observations such as in the
equilibrium configuration [26-32], radial stability [24,25],
tidal deformability [10,27,31,33-39], and f,-mode fre-
quency of oscillation into the Cowling approximation [40].

In the present work, we study the effect of dark matter on
the stellar structure configuration, f,-mode frequency of
oscillation from complete general relativity, and tidal
deformability. For the fluid inside the compact stars, we
employ the relativistic mean field model with the NL3*
parametrization [43]. The contribution of dark matter is
included through a kinetic term as done in [33,36], where
we vary the Fermi momentum by taking different values of
the neutralino mass, as detailed throughout the article. Once
the equation of state (EOS) is defined, the mass, radius,
tidal deformability, oscillation frequency, and damping
time are analyzed for both hadronic stars and for hadronic
stars in a binary system. These results are contrasted with
observational data reported by LVC in the articles afore-
mentioned. In addition, the f,-mode derived from the
complete general relativity is compared with the ones
derived from the nonradial oscillation equations through
the Cowling approximation.

The next sections are distributed as follows. In Sec. II the
structure of the hadronic model with dark matter content is
described and the main equations of state of the system are
obtained. In Sec. III the equilibrium equation, nonradial
oscillation equation, and tidal deformability equation are
presented. In Sec. IV we discuss the results and in Sec. V
we conclude the paper. Finally, throughout the text, we
adopt the metric signature (—, +, +, +) and we employ in
geometrized units ¢ = 1 = G.

II. HADRONIC MODEL WITH
DARK MATTER CONTENT

The impact of dark matter on the properties related to
nonradial oscillations in neutron stars is performed here by
considering the system, composed of hadronic matter
admixed with DM, described by the following Lagrangian
density:

CZLHAD+£DM, (1)
in which
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with nucleon and mesons fields denoted by v, o, @, and I;,,,
respectively (masses given by M., m,, m,, and m,).

The tensors F* and B* are defined as F w = 0,0, —
d,@, and B,, = 9,b, — d,b,. More details of this kind of
relativistic mean-field (RMF) model applied to symmetric
and asymmetric nuclear matter can be found, for instance, in
Refs. [44,45]. The free parameters of the model are the
couplings g,, 9, 95, A, B, and the particular set used here for
these constants is the one given by the NL3* model [43].
Such parametrization was chosen due to its capability of
reproducing ground state binding energies, charge radii, and
giant monopole resonances of a set of spherical nuclei,
namely, 1%0, 34Si, “%Ca, ¥Ca, >°Ca, >*Ca, **Ni, *Ni, "®Ni, **Zr,
100Sn, 132Sn, and 2%%Pb, as well as macroscopic properties of
neutron stars. The complete study performed with more than
400 other parametrizations of the RMF model is found in
Ref. [46]. The dark sector of the model is given by
[10,26,27,30-36,40,47,48]

Loy = y(iy*0, — M, )y + Ehgy + % (0"ho,h — m3h*)
+ 72 gy, o)
with the Dirac field y representing the dark fermion of mass
M,. The scalar field i denotes the Higgs boson with mass
my, = 125 GeV, and the strength of the Higgs-nucleon
interaction is controlled by fM,,./v, with v = 246 GeV
being the Higgs vacuum expectation value, and f = 0.3
[49,50]. The constant ¢ regulates the Higgs-dark particle
coupling.
The field equations of the system are calculated by using
the mean-field approximation [44,45], namely,

mc = g,p, — Ac*> — Bo>, (4)
m(%)wo = Gub> (5)

9
mgboa) = 3/,03, (6)

[ (i0, = gowo — g,bo3)73/2) = M*ly =0,  (7)
Mnu
mih = EpNM + f = pss (8)

(r*io, — M)y = 0, )

with 73 = 1 for protons and —1 for neutrons, and effective
dark particle and nucleon masses written as

M; =M, - ¢h, (10)
and
M
M*:Mnuc_gaa_fﬂh’ (11)
v
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respectively. The densities related to hadronic and dark
sectors are

Ps = Psp + Psns (12)

P ="Pp+Pu (13)

ps = (@7 0y) =pp —pa = 2y, = Dp,  (14)
K2dk

— M ka.n
Pspn = W pnWpn) = ?A m (15)

M* fepM k2dk
= (7) = / :

k2 +M;2>1/2'

(16)

The proton fraction is y, = p,/p, and the vector densities
are related to the respective Fermi momenta through
Ppan = 2ky, ,/(37%), and p, = 2kpM?/(37%). In our study,
we keep this last quantity as a free parameter, as well as
the dark fermion mass, for which the values are taken from
the range 50 GeV <M, <500 GeV. Such interval for
M, along with & = 0.01, ensures that the spin-indepen-
dent scattering cross-section is compatible with data
provided by PandaX-II [51], LUX [52], and DarkSide
[53] Collaborations.

The energy density and pressure of the system is
calculated from the energy-momentum tensor, 7,
obtained through Eq. (1). Such expressions are given,
respectively, by

€<O-7 g, b0(3),[), yp’ h’p)()

2 2 3 4 2 2 2p2
mgo~ Ac®  Bo® mgwy M0y
=y ety 2 7 T Gu®op
g/) 2h2
bo w3 + 5 + & T Efin T € (17)
and
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+ 2 0 /)20(3>_ ; +Pkm+Pk1n+Pkln’
(18)
with the Kinetic terms written as
1 [kM
8211\1/[ = —2/ l’c2(1<2 + Mj;z)l/zdk, (19)
7= Jo
1 KM k*dk
Pl](Dllt\'l/I_—Z/ 2 2\1/2° (20)
37 Jo (K +MP2)Y
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In these expressions, o, @y, b0(3), and & are the mean-field
values of the respective mesonic fields of the model.

We also include electrons and muons in the system in
order to correctly describe the core of neutron stars.
Therefore, energy density and pressure become

He

47>

€core = 8(0 C()(),b() P yp,h p;()

—/” dkk2(k2+m W2, (23)
and

e

1272

Pcore = P(Ga @o, b0(3),ﬂ,yp, h,p)() +

n 1 / VH=m; dkk*

(k* 4+ m;, )z 24
The last terms of the above equations represent the
thermodynamical quantities of massless electrons, and
muons with mass m, = 105.7 MeV. The chemical poten-
tials of these leptons, denoted by p, and u,,, are related to
their respective densities through p, = u?/(37%), and
pu = [(u2 — m2)¥?]/(37%). For a beta-equilibrated system
submitted to charge neutrality, the following conditions
apply’ namely, Pp = Pe = Py and Hn — Hp = He = Hy-
Finally, we consider two different regions for the descrip-
tion of the neutron star crust; the outer (OC) and the inner
crust (IC). For the former, we use the equations proposed
by Baym, Pethick, and Sutherland (BPS) [54] in a density
region of 6.3 x 10712 fm™ < p <2.5x 10™* fm™3. For
the inner crust, we use a polytropic relation between energy
density and pressure, namely, pic(ec) = A + B€4/ . We
match this form to the BPS and the core equations. The
latter is connected at the core-crust transition pressure and
energy density, calculated through the thermodynamical
method [55-57]. The total energy density and total pressure
of the stellar matter are then given by

€ = €core T €oc T+ €1C (25)
and

P = Pcore + Poc + Pics (26)

respectively.
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It is worth emphasizing that the equation used to
determine the transition density is based on derivatives
with respect to density and proton fraction, see Eq. (21) of
Ref. [55] for instance. In our model, the major effect of
including dark matter is due to the kinetic terms in energy
density and pressure, i.e., the coupling strength is very
weak and dark matter particles are essentially free particles
(for a detailed discussion on this regard, we address the
reader to Ref. [30]). Because of that, since such terms are
taken as constants (we are fixing M, and kPM), the
aforementioned derivatives are not affected by dark matter.
Therefore, the calculation of the transition density is not
impacted either.

III. GENERAL RELATIVISTIC FORMALISM

A. The stellar equilibrium equations

The static equilibrium configurations of a compact star
composed of a perfect fluid are obtained through the
Tolman-Oppenheimer-Volkoff (TOV) equations,

dp em p 1+%
o=\ T me)
dv 2dp p\ !
W_ 24 (P 2
dr edr( + €> ’ (28)
d
d—’f:47rr2€. (29)

The variables m(r) and v(r) are respectively the gravita-
tional mass inside the radius r and a metric potential. The
pressure p and the mass-energy density € are connected by
the equations of state. To integrate the system of Eqs. (27)-
(29) from the center (» = 0) to the star’s surface (r = R),
some conditions are required. At the center of the star
(r =0), we have

€(0) =e,, and m(0) =0.

p(0) = pe. (30)

The surface of the star is found when p(R) = 0. At this

point
2M
v(R) =In <1 ——>,
R

with M representing the total stellar mass.

(31)

B. The nonradial oscillation equations

To investigate the nonradial oscillation, both spacetime
and fluid variables are perturbed. The perturbations are
replaced in the Einstein field equation, in the energy-
momentum tensor, and in the baryon number conservation
maintaining only the first-order variables.

Following Refs. [58,59], we adopt the perturbed line
element of the form,

ds®> = —e(1 + If’f)H()Yfle"“”)dt2 —2iwr’ TV H, Y, e dtdr

+ e*(1 = r’HyY5,e™")dr?

+ 72 (1 — ' KY%,e") (d6* + sin’ d¢?), (32)
with Hy = Hy(r), H, = H,(r), and K = K(r) being
functions of the radial coordinate r only, @ depicting the
eigenfrequency of oscillation, and Y%, = Y%,(6,¢) repre-
senting the even-parity spherical harmonic functions. Since
the small perturbations are set by the Lagrangian fluid
displacement & we consider:

&= rf—le—l/ZWY’{;leiwt’ (33)
&0 = 2V 0,YE el (34)
& = —r'(r sin9)‘2V0¢Yf,eiw’, (35)

where & = 0.
With this, nonradial oscillations are described by the
following set of first-order linear differential equations [59]:

2Me*
Hy=-r'¢+1+ ¢ +drrtet(p — €):| H,
r
+e*r '[Hy + K — 16z(e + p)V], (36)
£+ 1 £+1 !
K' =r'Hy+ Gles )H1— G )—Z K
2r r 2
—8x(e + p)er W, (37)
W =€+ D)r "W + re*/? [e‘”/zy_lp‘lx
1
—f(f+l)r_2v+§H0+K:|, (38)
v/2 1 /
X = —prix 4 PV
2 ro 2
Z(C+1 3 1
+ rwze‘”—i——( 1) H + (V==K
2r 2 r
=+ 1)r /v =2r"! (471'(6 + p)et/?
2
+ w2t/ —E(e_’l/zr_zz/)’> W}, (39)

where the prime stands a derivative with respect to r and y
depicts the adiabatic index. The function X is given by

083021-4



GRAVITATIONAL WAVE ASTEROSEISMOLOGY OF DARK ...

PHYS. REV. D 109, 083021 (2024)

!
X =a?(e+ p)e?V — P ow-n2y
r

1
+3 (e + p)eH, (40)
with H, fulfilling the algebraic relation
Cl]HO :azX—a3H1 +a4K, (41)

where
1
a; :3M—|—§(l+2)(l—1)r+47zr3p, (42)
a, = 8ariev/?, (43)

1
as = El(l + 1) (M + 4z p) — w?rPe=F) | (44)

1
a =5 (I+2)(I=1)r—aw*rPe™
—r7'e (M + 4z’ p)(3M — r + 4xr’p).  (45)

Outside the stellar structure configuration, the perturbation
functions that describe the motion of the fluid W and V
vanish, and the system of differential equations reduces to the
Zerilli equation,

a2z

= Vo) - 0?12, (46)

where Z(r*) and dZ(r*)/dr* are related to the functions
Hy(r) and K(r) through the transformations given in
Refs. [58,59]. Z(r*) depends on the “tortoise” coordinate
which is given by

,
* = 2MIn [ — -1 47
r r+ n(ZM ), (47)

and the effective potential V,(r*) yields
(1=2M/r)

Vi(rt) = ~—— =10

7(r") r(nr+ 3M)?

+ 18nM2r + 18M7, (48)

2n%(n + 1)1} + 6n>M7r?

withn = (I-1)(1+2)/2.

For given values of [ and w, the set of Egs. (36)—(39) has
four linearly independent solutions. The physical solution
obtained must verify boundary conditions: (a) The pertur-
bation functions have to be regular throughout the entire
star; thus implying that in » = 0 must also be finite, since at
this point nonradial oscillation equations are singular. To
insert such condition, the solution near r = 0 must be
expanded using a power series (for more detail about the
process, see Ref. [58]); (b) Since the Lagrangian perturbation

of pressure vanishes at the star’s surface r = R. This
boundary condition is equivalent to X(R) = 0. For a set
of values of / and w, there is a solution that fulfills the above
boundary conditions inside the star.

In general, in the exterior of the star, the perturbed line
element depicts a mixture of outgoing and ingoing gravita-
tional waves. Since we focus on the purely outgoing
gravitational radiation at » = oo, the Zerilli equation is used.
The eigenfrequency of oscillation that satisfies this require-
ment represents the quasinormal modes of the stellar model.
The process to solve the above equations is detailed
in [58,59].

Different oscillation modes can be investigated using the
aforementioned equations. The purely gravitational modes
(w-modes) do not induce fluid motion and are highly
damped. The fluid pulsation modes (f,, g, and p-modes)
are usually grouped according to the origin of the restoring
force that prevails in bringing the perturbed element of fluid
back to the equilibrium position; e.g., the buoyancy in the
case of g-modes or a gradient of pressure for p-modes. It is
widely known that the frequencies of the g-modes are lower
than those of p-modes, and these two sets are separated by
the frequency of the fj-mode. The f,-mode frequency is
proportional to the square root of the mean density of the
star and tends to be independent of the details of the stellar
structure. In this work, we analyze only the f,-mode
because it is expected to be the most excited in astrophysi-
cal events and, therefore, the one that contributes the most
to the emission of gravitational waves coming from a star.

C. The tidal deformability equations

The analysis of tidal deformability is commonly inves-
tigated in binary compact object systems. The gravitational
effects caused by one star can bring out the deformation of its
partner. This deformation was investigated by Damour and
Nagar, Binnington and Poisson [60,61]. They found that the
tidal deformation of a neutron star is determined by the
gravitoelectric KS' and gravitomagnetic K5 Love numbers,
which are respectively connected with the mass quadrupole
and with the current quadrupole induced by the companion
star. Additional research carried out by Flanagan and
Hindeler found that a single detection should be sufficient
to impose upper limits on K 3‘ at 90% confidence level [62].
Since then, intensive research has been carried out on the
calculation of the Love numbers of neutron stars [63—67].

In a binary stellar system, the induced quadrupole
moment Q;; in one neutron star because of the external
tidal field &;; induced by a partner compact object can be
expressed as [67]

i
where 4 is the tidal deformability parameter, which can be
written in terms of the quadrupole (/ =2) tidal Love
number k, as
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2
3=k, (50)

To determine k, we need to solve the first-order differential
equation,

r%+y2+yF(r) +r2Q(r) =0, (51)
with the functions F(r) and Q(r) given by
F(r)=[1—4zr*(e— p)]/E (52)
0 6
Q(r) =4n [58 +9p +(e+p) <a—i> - 47”2} /E
m + 4zrip]?
o) 52)

with E = 1-2m/r. Therefore the Love number k, is
computed to be

8C ,
ky I?(l —2C)° 2+ C(yg — 1) — y&l

x {2C[6 — 3yg + 3C(5yz — 8)]

+4C3[13 = 11yg 4+ C(3yg = 2) +2C2(1 + yg)]

+3(1 =2C?)[2 = yg +2C(yg — 1)]In(1 = 2C)} 1,
(54)

where the function yz = y(r = R) and C = M/R is the
compactness parameter. Equation (51) has to be solved
coupled with the TOV equations.

The dimensionless tidal deformability A (i.e., the dimen-
sionless version of 1) is connected with the Love number
through the relation

2k
A= 2R

=15 (55)

IV. RESULTS

A. General remarks

In this work, the full general relativistic equations for the
oscillations of neutron stars (perturbations on fluid and
spacetime variables are coupled) are considered. In this
case, the oscillations (for / = 2, i.e., quadrupole oscilla-
tions) are coupled with gravitational radiation. For a further
double-check of our results, we also consider the well-
known Cowling approximation, where it is considered that
the fluid perturbations are weakly coupled with the space-
time vibrations. In this case, we have only a set of
differential equations for the fluid variables.

For the results obtained by using the Cowling approxi-
mation, we employ a code that implements the shooting
method. In this procedure, there exist boundary conditions
to be considered in the center and on the surface of the star.
In the first stage, in the center of the star, we consider the
initial values of the functions W and V (which satisfy
regularity conditions), and we also introduce a trial value
for the fy-mode frequency, which is typically around
2.5 kHz (Of course, this shoot is suitable for a standard
neutron star). After setting the initial values for the fluid
variables and the initial value for the frequency, we proceed
with the numerical integration which starts in the center and
ends on the surface of the star; this numerical integration is
developed using the Runge Kutta method. After finishing
the integration process, we arrive at the surface of the star,
and at this point, we use the Newton-Raphson method to
see if the estimated frequency value (the value of the
eigenfunction) satisfies the boundary condition. If we do
not find a good precision, the test value for the frequency is
corrected and the integration process is initialized again,
until we have the desired precision for the oscillation mode.
This Cowling frequency will be used to obtain good
convergence in the numerical treatment of the full general
relativistic equations, and at the same time that frequency
works as a good double-check for our results. Also, this
numerical code allows us to obtain the f,-mode reported in
the literature, e.g., it reproduces the results of Ref. [68].

In a more rigorous treatment of neutron star seismology,
we have to consider the coupling between the fluid
movement and the metric perturbations. In this case, the
numerical procedure is a very elaborate and long process of
shooting method. The first step is to use as our best test
value for the gravitational wave frequency the one obtained
in the framework of the Cowling approximation, i.e., @cgy-
With such proof value, we begin the integration inside the
star, from the center towards the star’s surface. At first, it is
selected three linearly independent solutions compatible
with the regularity conditions in the center of the star, and
then we begin with the numerical integration from » = 0 to
the point R/2 inside the star. After that, a second integration
is realized, where we select two linearly independent
solutions compatible with the boundary condition on the
star’s surface, this process is made from the surface R to the
point R/2. To complete the procedure inside the star, the five
solutions are combined to obtain compatibility with the
boundary conditions at the center and on the surface of
the star. Thereafter, we continue with the integration outside
the star. The boundary values for the Zerilli function and its
derivative at the surface of the star can always be obtained
from the values of H(y(R) and K(R) obtained from the
integration inside the compact star. Then, Z(r*) can be
determined outside the star by integrating the Zerilli equa-
tion. At an asymptotically large radius (which represents the
infinity), the two linearly independent solutions of the Zerilli
equation may be expressed as power series
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Z_(r*) = e7ior iﬁjr_/ (56)
and
Z(r) ="y Py, (57)
=0

where Z_ depicts the radiated waves and Z, the ingoing
waves. The general asymptotic solution is given by the linear
combination

Z(r') = A(@)Z_(r") + B(w)Z.(r"), (58)

with A(w) and B(w) being complex numbers. The integra-
tion of the Zerilli differential equation from the surface of the
star to the infinity (ro, ~ 55@~") allows finding Z and dZ /dr.
Then, by using Z(r*) at r* = rk,, we can obtain B(w) =0
against to Z(r},) and dZ/dr(r%,) for each value of w. The
boundary condition at infinity requires that we only have
outgoing gravitational radiation, i.e., to find the frequencies
of quasinormal modes we must obtain the roots of B(w) = 0.
This is achieved by determining B(w) for three different
close trial values of the eigenfrequency w. Then, we fit a
quadratic polynomial B(w) = y + y1@ + y,®” to the com-
puted values of @ to obtain an approximate root of B(w) = 0.
Finally, we iterate this procedure using the real part of the
approximate root as an input for the next integration of
the oscillation equations. This interaction is repeated until the
real part value of the quasinormal mode changes from one
step to the next by less than one part in 108. The imaginary
part of w is connected to the gravitational damping time of the
oscillation z. The numerical code implemented in this case
allows us to reproduce the results shown in Ref. [69].

In this work, we analyze the effects of dark matter inside
neutron stars. Since dark matter would interact very weakly
with normal matter, its possible effects just could be felt
only in a gravitational field.

For our purposes, the dark matter mass M, and the Fermi
momentum of dark matter particles kM values were
selected to satisfy the restrictions obtained of both stellar
mass and the tidal deformability of neutron stars observed;
namely, we use M;{ = 50 MeV, 200 MeV, and 500 MeV
and k2M = 0 GeV, 0.02 GeV, 0.04 GeV, and 0.06 GeV. As
a consequence, by using the NL3* EOS, we reproduce the
mass, radius, fy-mode frequency, damping time of the
fundamental mode, and tidal deformability.

B. Tidal deformability, frequency of oscillations, and
damping time of fundamental mode for a hadronic star

From Fig. 1, the mass, normalized in solar masses, as a
function of the total radius is plotted for some values of M,
and kPM. The observation data belong to the NICER
restrictions obtained from the pulsars PSR J0030 + 0451
[70,71] and PSR J0740 + 6620 [72,73]. There are also

3 T T T 17 1T 1T 17T ‘ T 1T ‘ T 1T ‘ T 1T

L —ka"" =0GeV ]
- —KkPM - 0.02 Gev RN ]
=250 ' —
577 F—KM=004Gev ) Y 1
Z S N\
= [[—KkPM_-0.06Gev ' v ]

— C f 1 \
%‘ 2 — 3 1 - —
A B B AREREEE L 1 B
— r 1 1 L 7
= [ ] 1 [ <
L , h \ d
1.5 — 1 Vi —
L , ; A i
- 1 1 1 -
= 7/ 1 1 -

1 - \
1 Il Il ‘ L 14 1 1 I I | L1yl
6 8 10 12 14 16
R [km]
FIG. 1. Mass, normalized in Sun’s masses, versus radius for

some values of M, and kM. The curve in magenta represents the
case without dark matter. The curves of the same color represent
the results for a fixed value of kM and the curves of the same
type depict results for a fixed value of M,. The solid curves
correspond to M, = 50 MeV, dashed curves correspond to
M, =200 MeV, and solid curves with circles correspond to
the case M, =500 MeV. Red and blue regions represent the
masses and radii intervals (95%) from PSR J0030 + 0451 and
PSR J0740 + 6620 measured by NICER [70-73]. The magenta
horizontal line includes all observed neutron stars over 2 solar
masses, which include the pulsars PSR J1614 — 2230, PSR
J0348 + 0432, and PSR J0740 + 6620 [74-76].

=0GeV B

—KkM=002Gev 3

—KkM =004 Gev 7

—kaM = 0.06 GeV |

M [Solar Masses]

FIG. 2. Tidal deformability versus mass different values of M,
and kPM. The curve in magenta stands for the case without dark
matter. The curves with the same type of color represent results
obtained with the same value of k2M and the curves of the same
type depict the results found with the same value M,,. The solid
curves correspond to M, = 50 MeV, dashed curves correspond
to M, = 200 MeV, and solid curves with circles correspond to
the case M, = 500 MeV. The vertical solid line depicts A; 4 =
190733 published in Ref. [23].
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shown the bands of the pulsars PSR J0740 + 6620 [74], PSR
J0348 4+ 0432 [75], and PSR J1614 42230 [76]. In the
figure, we observe that there is a strong dependence of the
stellar mass on the parameters M, and kPM. For a fixed M,,,
an increase of k2M bring as a consequence a decrease of the
maximum mass. It means that the increase in the Fermi
momentum of dark matter produces a softness in the EOS,
therefore there is a lower pressure, thus obtaining an
equilibrium configuration with lower masses. In the same
figure, we also observe that an increase in M, induces a
decrease in the stellar mass; i.e., we have a softer EOS when
that parameter is increased. From these results, we observe
that the change of M, and k2™ allows us to find some results
more precise and closer to empirical evidence of neutron
stars PSR J0030 + 0451, PSR 1J0740 + 6620, PSR
JO740 + 6620, PSR J0348 + 0432, and PSR J1614 + 2230.

f [kHz]

0 0.5 1 1.5 2 2.5 3

f [kHz]

1000 1200 1400

400 600 800
A

FIG. 3.

The deformation of a compact star within a binary system
is measured by the tidal deformability A. In this way, Fig. 2
shows the deformability parameter as a function of the mass.
These results are compared with the case A4 = 1901”?;8
reported by LVC in [23]. In all curves, we found a monotonic
decay of the deformability with the increment of the mass. In
addition, we observe the effects of the quantities M, and k™
on the tidal deformability. For an interval of total masses, we
note that lower values A are obtained when larger values of
both M,, and kP are used. Note that there are curves that are
into the interval A, 4 described by LVC in [23].

Since our objective is to determine a relationship between
the mass stellar configuration, tidal deformability, and
frequency of the fundamental mode we plot the f,-mode
frequency and its respective damping time as a function of
the total mass on the top panel of Fig. 3 and against the tidal

800 g L LA I B L AL A A
AW —KkM=0Gev ]
700\ -
E\\ —k?M=0.02 GeV 7
.\ ]
600 A —ka“" =0.04 GeV
= R —KPM=0.06 GeV
= 500 \ =
[N \ .
400 ™\ A —
N —
K AN N 3
3005 AN N —
s ~ N .
[ \\ \\\ \\~ -
200 T~ RSy 2

loomx doct® 1) T

1 1.5 2 2.5
M [Solar Masses]
L B B R R B R
400

300

T[ms]

200

1000 1200 1400

400 600 800
A

Fundamental mode frequency f,, and damping time of fundamental mode 7 against the total mass M /M g are shown on the top

panel and versus the tidal deformability A on the bottom panel. In all cases, different values of M, and kPM are employed. The curves in
magenta depict the case without dark matter. The curves of the same color represent the results for a fixed value of k2M and the curves of
the same type stand results for a fixed value of M,. The solid curves correspond to M, = 50 MeV, dashed curves correspond to
M, = 200 MeV, and solid curves with circles correspond to the case M = 500 MeV. In the bottom panels, the dashed vertical lines
represent the tidal deformability obtained from the event GW170817, i.e., A4 = 1901’1338 , reported Ref. [23].
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TABLE I. Maximum mass values M,,,, and their correspond-
ing radius R, fundamental mode frequency f, and damping time
of the fundamental mode 7, calculated for different values of
Fermi moment of dark matter kP and dark matter mass M,,.

kKPM (GeV) M, MeV) My (Mg) R (km) fo (kHz) 7 (s)

0.00 2.760 13.39 1.930  1.940
0.02 50 2.750 13.33 1.920 1.920
200 2.720 3.110 1980 1.940
500 2.670 12.72 2.000 1.870
0.04 50 2.680 12.85 1.990  1.890
200 2.690 11.61 2.150  1.780
500 2.220 10.08 3.280 1.230
0.06 50 2.520 11.83 2.120  1.780
200 2.100 9.450 2.580 1.520
500 1.660 7.330  3.280 1.230
100 LI — LI LI ™
80 -
s E
z | ]
40 [— —]
o Lo b v by by

1 1.5 2 2.5
M [Solar Masses]

FIG. 4. The relative difference between the frequency of the
fundamental mode in the full linearized equations and the relativ-
istic Cowling approximation, diff = 100 x (f, — f5°V)/ fo, versus
the total mass for all M, and kP™ considered in Fig. 4.

deformability on the bottom panel of Fig. 3, where are
employed for different values of M, and kPM. The results on
the bottom panels are compared with the tidal deformability
derived from the event GW170817, Aj 4 = 190ff§8, com-
municated in [23]. These plots have justification in the
physics of the binary system because when both stars are
orbiting each other, there could exist resonance and, in
principle, the fundamental mode of both stars could be
excited. In this way, in this figure, we see the change in M,
and kPM produces a systematic shifting in the curves of
fo(M),z(M), fo(A), and 7(A); review also Table I to see the
change of the maximum total masses with their respective
parameters R, f(, and z with M, and kp™ employed in Fig. 3.
Moreover, in the range placed by the observation, we see that
the fy-mode frequency has a nearly linear behavior. In
addition, the frequency of the f; mode obtained in the full-
linearized equations of general relativity is compared with
the relativistic Cowling approximation in Fig. 4. We found
that the f,-mode with the approximation differs by less than
about 40%, in low-mass stars, and differs by less than about
20%, in high-mass stars.

The f,-mode frequency of oscillations, damping time
mode, and tidal deformability as a function of the Fermi
momentum of dark matter are shown in Fig. 5 for three values
of dark matter mass M,, = 50 MeV, 200 MeV, and 500 MeV.
The results presented correspond to the equilibrium con-
figuration with total mass M = 1.4M,. The curves A x k2M
are constrasted with the case A4 = 190735 reported by
LVC in Ref. [23]. From the figure, we see that equilibrium
solutions with 1.4 solar masses with larger f,-mode fre-
quency and lower tidal deformability are found when higher
values of kPM and M, are considered.

C. Tidal deformability, frequency of oscillations, and
damping time of fundamental mode for a binary
hadronic star system

In Ref. [22], by using the data reported by LVC, authors
implement some constraints on the dimensionless tidal

Trrrrrrrrrrrrr N TTTT N TTTT N TTTT LT_T_T N T T TTTT N TTTT N TTTT N TTTT TTTT N TTTT N TTTT N L N TTTT N TTTT
3 . R B SN =
9 [ oM =50MeV A 035 TSIl = 1200 FSEII 7 men 1
. . £ < . _— ] SN - E
£ ] E .. s ] F ~ < ~. 1
-o-M =200MeV S F ~e ~. ] 1000 S~ N AN —
L x , 4 03— N AN ~o -] E S~ o, ]
_ 23 [FoM, =500Mev v - F ] 800 - S NS 3
E r ’ | —0.25 — N N - F S S E
5 ¢ =z F N LR 3] < = . N N
) r ’ ’,’A © E So 3 600 e N O CLCTT TR \E
2 A T ] 02 . h 3 F e E
L ] E o 4 400 SO
L e _.e’ 4 0.15 = Sl - = N S ]
- -7 E ~o 3 200 — [ S
L ot -7 --7 i E S E ~~. 3
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FIG. 5. The f,-mode oscillation frequency, damping time parameter, and tidal deformability against the Fermi momentum of dark
matter are shown respectively on the left, middle, and right panels. The results connected on straight dashed lines on red, blue, and black
correspond to M,, = 50 MeV, 200 MeV, and 500 MeV. All values presented concern the equilibrium configurations with total masses

M = 1.4M . The horizontal straight line represent A4 = 190f13298 obtained by LVC in Ref. [23].
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In the Left, middle, and bottom panels are respectively plotted Ay x Ay, foa) X fo(1), and 7, x 7, for the components of the

event GW170817 for different values of k?M and M .- The wine lines on the left panel depict the LIGO-Virgo confidence curves of 50%
and 90% levels [22] and the solid diagonal appearing on the left, middle, and right panels correspond respectively to A; = A,,

f0(1) = fo(z), and 7; = 7,.

deformability of a binary system A; and A,, with A;
representing a star’s dimensionless tidal deformability in
the system and A, depicting the same parameter but of its
companion. In this way, in Fig. 6, we present the relation
A, x Ay, where the numerical results are obtained by
choosing a value of M, and finding M, through the chirp
mass M = 1.188M, [22] which is determined by

M = (M1M2)3/5 (59)
(M A+ M)

In addition, the value of M and M, are respectively in the
interval 1.36My5 <M, <1.60My and 1.17My5 <M, <
1.36M . In the figure are also placed the credibility levels
linked to the GW170817 event instituted by LVC in the
low-spin prior scenario. We note that the larger values of
k™M and lower values of M, and vice versa, allow us to
obtain values within the confidence lines extracted from
Ref. [22]. In Fig. 6 also appears the curves f(2) x fo(1)
and 7, X 7; for the same binary system. In these two
relations, for all values of kEM and M, considered, we see
the dependence of the frequency and the damping time of
one star concerning its partner. In the first one, we note that
fo(2) decays with the increment of fj(;) and in the second
one 7, grows with the decline of 7;.

V. CONCLUSIONS

In the present article, we study the effects of the dark
matter mass M, and the Fermi momentum of dark matter
particles kM in the fluid pulsation mode, damping time
parameter, and tidal deformability of hadronic stars. These
studies are developed by the numerical integration of the
hydrostatic equilibrium, nonradial oscillation, and tidal
deformability equations. The matter within the stars is
considered the NL3* equation of state.

About the total mass, it is observed that it changes
notoriously with M, and kp™. From an appropriate

combination of M, and kM, we can determine that some
solutions that are close to the empirical evidence of neutron
stars PSR J0030 + 0451, PSR J0740 + 6620, PSR
JO740 4+ 6620, PSR J0348 4 0432, and PSR J1614+
2230.

Concerning the fluid pulsation mode, damping time
parameter, and tidal deformability, they are considerably
affected by M, and k™. We found that the f-mode grows
with M, and kP™ and the damping time and tidal deform-
ability decay with these parameters. We also contrast these
results with the observational reported by the LVC from
the GW170817 event. In this scheme, the numerical
results reported are in the range of the observational data
aforementioned.

We also calculated the frequencies of the fundamental
mode by using the Cowling approximation, as done in the
reference [40]; where the authors showed that dark matter
affects the f-mode frequency in the RMF model with and
without hyperons. In our model, it was derived the same
effect in the presence of dark matter in hadronic stars. We
showed that for larger mass values, the Cowling method
provides a good approximation compared to the solution of
the complete equation; the difference between these two
models is below 20% for stars with masses above 2M
(see Fig. 4).

The influence of M, and k™ on the tidal deformability,
f-mode frequency, and damping time parameter for a
binary hadronic star system with equal chirp mass as the
GW170817 event have been also studied. We found the
dependence of f;)-mode, 71, and A of one star with fo)-
mode, 7,, and A, of its partner and how these relations
change with the dark matter mass and the Fermi momentum
of dark matter particles.
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