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Neutrinos can undergo fast flavor conversions (FFCs) within extremely dense astrophysical environ-
ments, such as core-collapse supernovae (CCSNe) and neutron star mergers (NSMs). In this study, we
explore FFCs in a multienergy neutrino gas, revealing that when the FFC growth rate significantly exceeds
that of the vacuum Hamiltonian, all neutrinos (regardless of energy) share a common survival probability
dictated by the energy-integrated neutrino spectrum. We then employ physics-informed neural networks
(PINNSs) to predict the asymptotic outcomes of FFCs within such a multienergy neutrino gas. These
predictions are based on the first two moments of neutrino angular distributions for each energy bin,
typically available in state-of-the-art CCSN and NSM simulations. Our PINNs achieve errors as low as
<6% and <18% for predicting the number of neutrinos in the electron channel and the relative absolute

error in the neutrino moments, respectively.
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I. INTRODUCTION

Core-collapse supernovae (CCSNe) and neutron star
mergers (NSMs) represent some of the most extreme
astrophysical settings, where neutrino emission plays a
crucial role [1-7]. Within the dense and extreme conditions
of these environments, neutrinos undergo a complex flavor
conversion process triggered by their coherent forward
scatterings with the dense background neutrino gas [7-14].

One of the latest advancements in this field involves the
discovery of fast flavor conversions (FFCs), which can take
place on scales significantly shorter than those anticipated
in the vacuum [15-64]. A condition both necessary and
sufficient for the occurrence of FFCs is that the angular
distribution of the neutrino lepton number, defined as
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crosses zero at some v = v(u, ¢, ), with y = cos 9, [34].
Here, Gg represents the Fermi coupling constant, E,, 6,,
and ¢, are the neutrino energy, the zenith, and azimuthal
angles of the neutrino velocity, respectively. The f,’s are
the neutrino occupation numbers of different flavors, with
v, and U, denoting the heavy-lepton flavor of neutrinos and
antineutrinos. In this study, as also commonly observed in
state-of-the-art CCSN and NSM simulations, we assume
that v, and 7, have similar angular distributions. The
expression in Eq. (2) then transforms into the conventional
definition of the neutrino electron lepton number, vELN.

The occurrence of FFCs on much shorter scales
compared to typical hydrodynamical simulations of
CCSNe and NSMs, makes their integration into the
simulations a formidable task. One prospective approach
includes performing short scale simulations of FFCs and
then extrapolating the insights gained to inform broader
hydrodynamic simulations [29,45,57,58,65-67]. Given
this, there has been a body of research on the assessment
of FFC outcomes in local dynamical simulations with
periodic boundary conditions [44,48,51-54,68-73],
where quasistationary flavor states have been observed
in the neutrino gas. In particular, it has been demonstrated
that such states can be accurately described by analytical
formulations [73].

Despite this, incorporating FFCs into CCSN and NSM
simulations is still challenging. The obstacle arises from the
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need for complete angular distributions of neutrinos, a
demanding task in computationally intensive simulations.

As an alternative, advanced simulations often simplify
neutrino transport using a limited set of angular distribution
moments [74-76]. In a multienergy neutrino gas, one can
define the radial moments (with a focus on axisymmetric
crossings) for each energy bin as

L= EZ AE”’ o e [Tan e @

with £, ; and AE, ; being the mean energy and the width of
the i-th energy bin, where /,; = n,; is the number of
neutrinos in that specific bin. Following these moments
allows for a computationally more manageable treatment of
the neutrino transport. In practice, simulations typically
offer only /;; and I, ;. The challenge is then to determine
the ultimate values of /; and 7 ; following FFCs. Note that
the energy-integrated I’s can be simply obtained by a
summation over I,’s.

Recently, we showed that the asymptotic outcomes of
FFCs in a single-energy neutrino gas in the moments
scenario can be successfully predicted by using artificial
neural networks (NNs) [77]. In particular, we employed
physics-informed neural networks (PINNs), where the
learning and performance of the NN can be enhanced with
the utilization of the domain knowledge [78-80]. Our
findings demonstrated the efficacy of a single hidden layer
PINN, achieving a remarkable accuracy for the prediction
of the asymptotic values of /, and I in a single-energy
neutrino gas.

In this paper, we extend our prior research by consid-
ering a multienergy neutrino gas, which is considered a
more realistic scenario. We demonstrate that when the FFC
growth rate surpasses that of the vacuum Hamiltonian
significantly, all neutrinos, irrespective of energy, share a
common survival probability as dictated by the energy-
integrated neutrino spectrum, consistent with the findings
of Ref. [31].

To predict the asymptotic outcome of FFCs, we employ a
PINN. This PINN utilizes critical information derived from
the initial (anti)neutrino zeroth and first moments, consid-
ering both the energy-integrated neutrino spectra and a
specific neutrino energy bin. Consequently, it produces the
corresponding moments specific to the asymptotic outcome
of FFCs for that energy bin. Our findings highlight the
effectiveness of a single hidden layer PINN, achieving
remarkable accuracy in predicting the asymptotic values of
Iy and I, for each neutrino energy bin.

This paper is organized as follows. In Sec. II, we begin
by providing an overview of our simulations concerning
FFCs in a multienergy neutrino gas. We also elaborate on
the assumptions made in deriving the outcomes of FFCs.
Moving to Sec. III, we describe the architecture of our NN,
elaborating on the necessary feature engineering and the

implementation of a tailored loss function. Furthermore, we
present and discuss our results in this section. Finally, our
findings are summarized, and conclusions are presented
in Sec. IV.

II. FFCs IN A MULTIENERGY NEUTRINO GAS

In this section, we present the results of our simulations
of FFCs in a multienergy neutrino gas. Essentially,
when the growth rate of FFCs, k, significantly surpasses
the vacuum frequency, o, i.e., k > ®, one anticipates
that neutrino energy becomes inconsequential to their
flavor evolution. Here, w = m?/(4E,) with 5m? being the
squared neutrino mass difference. This suggests that in
such circumstances, all neutrinos should experience iden-
tical survival probabilities dictated solely by the energy-
integrated neutrino spectrum, effectively making the
energy irrelevant.

The condition « > @ could be expected to be met in a

dense neutrino gas provided that A > o, where 1= \/prnye
with n, being here the initial v, number density of the
neutrino gas. A crucial exception arises when the neutrino
gas lepton asymmetry ratio defined as

a=ny/n,, (3)

is extremely close to unity, which already implies that flavor
equipartition should occur on short scales in the neutrino
gas, even in the absence of FFCs (see the discussion
in Ref. [82]).

In the following, we first demonstrate that when 1 > w,
all neutrinos (with different energies) experience identical
survival probabilities. Subsequently, we discuss an ana-
lytical representation of the survival probabilities, which
will be useful for our PINN calculations.

A. Results of the simulations

We consider a multienergy and multiangle neutrino gas
in a 1D box, extending the framework outlined in
Ref. [52]. Our model assumes translation symmetry along
the x and y axes, axial symmetry around the z axis, and
employs periodic boundary conditions in the z direction.
We also take two flavor approximation, exclude the
consideration of neutrino-matter forward scattering, and
assume that the system consists of (anti)neutrinos of
electron flavor whose energy and angular distribution is
spatially homogeneous in the beginning for simplicity.
Under these assumptions, the evolution of the normalized
neutrino and antineutrino density matrices, ¢(t,z,®, i)

'Note that this is not true if one considers an oversimplified
model (that constraints the activation of inhomogeneous unstable
modes), or if the vVELN crossing is too narrow/shallow. In such
situations, the growth rate of FFCs could be significantly sup-
pressed so that k¥ > @ does not hold anymore [81].
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and ¢(7, z, w, i) is governed by the following equations of
motion:

—i[H(t,z.0.1).0(t.z.0.p)].,
—i[H(t,z,0,n).0(t.z.0.1)],  (4)

(0, 4+uo,)o(t.z.0,u) =
(0, +uo,)o(t.z.0.u) =

where p here represents the neutrino velocity in the z
direction. The Hamiltonian H(t, z, w,u) and H(t,z, w, )
are given by H(t,z,w,u) = Hy(w) + H,,(t,z,4) and
H(t,z, 0, pt) = Hypo(®) = H;, (1, 2, ), where

— 08 204t

(5)
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. 9
sin 20  cos 20

with O, the effective vacuum mixing angle, and

Wtz,u—/l/ d,u/ do' (1 — ')

x (o 1)o(t, z, 0 ')
—afy(a, 1o (t, 2,0 1)) (6)

Here, the neutrino distribution functions are similar to
those introduced in Eq. (2), except that they are integrated
over ¢, and now normalized by [dpdwf,;)(w,u) = 1.

For the specific simulation discussed below, we take a
1D box of size L = 12004~! with @ = 0.9. The neutrino
distribution function is parametrized by

2 2
_— (=17 (L+x,)om 7
fulo,p) <o exp 22 o) | (7)
with 6,=0.6, 6, =0.5, y,=3.2, y, =4.5, (E,) = 10 MeV,

and (E;) = 12 MeV. For the vacuum mixing parameters,
we set o/ = 107* for E, = 1 MeV with 04 = 10™. In
order to introduce small inhomogeneity to the system,
we follow Ref. [52] to assign perturbations to ¢ and ¢ at
t =0 by

Qee (2 1) = Qee(2,pt) = (1 +4/1-¢€ (Z))/Z,

(1 —Ji- ez(z)>/2,
Qex(2, 1) = Qex(z, 1) = €(2)/2, (8)

Oxx(2. 1) = 0ni(2z.p) =

where ¢(z) is a real number randomly generated between 0
and 0.01. We discretize the simulation domain with 6000,
50, and 20 wuniform grids in —600 < z < 600 A1
—1<u<1,and 0 <4w/6m* <0.5MeV~!, and use the
finite difference scheme of cosev [83] to conduct the
simulation until # = 20004~" when the system has settled
into the asymptotic state.

Figure 1 shows the survival probability of electron
neutrinos as a function of u, averaged over z and

0'2:||||||||||||||||||||||||
1 -06 -02 02 06 1

u

FIG. 1. Comparison of the spanned range of spatially averaged
survival probabilities for neutrinos with different @ [gray shaded
area; see Eq. (10)], with the survival probability averaged over
space and w [black dashed curve; see Eq. (9)], at the final time of
the simulation for a system with @ < 1. Also shown is the
analytical prescription for (Pg,(4,®)), (blue dotted curve)
described in Eq. (16). Note that the gray-shaded area basically
overlaps with the black dashed line, implying that the survival
probabilities are nearly independent of the neutrino energy.

o (black dashed curve) at the end of the simulation,
computed as

Parliy = [ dzdant, . 0)eee | [ dedot,uo). @)

as well as the spanned range of the spatially averaged
survival probabilities (shaded gray area) by all different @
values calculated by

Pulnc))y = [ @zfiwe. [ afwo). (10

This comparison clearly shows that (Pg,(u,w)), is
nearly independent of @ as the gray-shaded area basically
overlaps with the black dashed line. Also shown in the plot
is the analytical prescription for (P, (, ®)), (blue dotted
curve) following Ref. [73] for the two-flavor scenario
described in Eq. (16).

While /A < 107 is a reasonable assumption regarding
the SN neutrino decoupling region, we conducted addi-
tional calculations with w/A = 1073. Although the spanned
range of spatially averaged survival probabilities turned
out to be more noticeable and the analytical formula
was less precise in that case (compared to the former
case), we noticed that assuming an energy-independent
survival probability remains a justified assumption also
for w/A = 1073,

B. Survival probability function

To effectively train and evaluate our PINN, we require
the survival probabilities derived from energy-integrated
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neutrino distributions. Our approach involves utilizing two
parametric distributions for the initial neutrino angular
distributions, as previously explored in our work [77]:
the maximum entropy distribution and the Gaussian dis-
tributions [52,84—-88], defined as

Fee(u)
fl(/}auss (/'l) = A exp <_

= Aexp(au),

(1—p)?
T) an

respectively, where

0= [T [ e, )

Note that here A, a and & are arbitrary parameters, which
determine the overall neutrino number and the shape of the
distributions. Allowing for two distinct forms of angular
distributions takes into consideration potential deviations in
the shape of neutrino angular distributions in realistic
simulations, which can occur, e.g., due to the use of
different closure relations.

In our analytical treatment of the survival probability, we
follow closely our recent works in Refs. [73,77]. We
assume that G(u)(= [37d$,G(v)) has only one zero
crossing. In the three-flavor scenario, the survival proba-
bility can then be defined as

1 for pu<,
Psur(:u) = {3 (13)
S3(u) for p~,
with
2
S(p) = 1= h(lu = pel/9). (14)
where h(x) = (x?> 4 1)~/ and ¢ can be found such that the

survival probability function is continuous. Here, u=(u”)
are defined as the u range over which the following integral
is smaller (larger):

r, = ‘/ldﬂ G(u)O®[G(u)]|,

\ [ wéter-cw,

where O is the Heaviside theta function. In the case of
the two-flavor scenario, the survival probability can be
obtained using

(15)

1 <
5 for pu=,

So(u) (16)

P (p) = {

for u~,

with

Salt) = 1= 3 h(lu = el/0) (17)

We refer an interested reader to Ref. [73] for more details.

Using the neutrino angular distributions in Eq. (11) and
the survival probability function defined in Eq. (13), one
can obtain the asymptotic outcomes of FFCs given the
initial distributions.

III. APPLICATIONS OF NEURAL NETWORKS

To effectively train our PINN, we require information
on two fronts: the energy-integrated moments of the
neutrino gas and the moments within a specific energy
bin. The former implicitly contains the necessary infor-
mation for the survival probability (dictated only by the
energy-integrated quantities), while the latter supplies the
bin-specific information to which the survival probability
must be applied.

To prepare our datasets, we begin with the initial energy-
integrated angular distributions of neutrinos, which can
follow either a maximum entropy or a Gaussian distribu-
tion. With these distributions for v, and 7,, we derive
analytical survival probabilities. Next, we apply these
analytical distributions to the neutrino angular distributions
within a particular energy bin (again either maximum
entropy or a Gaussian). This process helps us determine
the eventual outcomes of FFCs for that specific bin. By
performing integration over the neutrino angular distribu-
tions, we can then obtain the initial and final values of /;’s
and /;’s for that specific energy bin.

Before discussing our findings, it is crucial to emphasize
that to ensure high performance in our NN models on the
test set; it is essential to divide the dataset into three distinct
sets: a training set for foundational learning, development
set for optimizing hyper-parameters, and a test set for
evaluating the model’s generalization to novel data.

A. The architecture of NNs

For a given multienergy neutrino gas, one is provided
with the initial values of energy integrated /,’s and I;’s of
v,, U, (also of v,, which is irrelevant here since it has no
effect on the survival probability). In addition, for each
specific energy bin, one has /y’s and I;’s of v,, 7,, and v,.
In this context, we make the assumption that the initial
distributions of 7, and v, are identical (though their final
ones following FFCs could be different), a simplification
that aligns with the majority of state-of-the-art CCSN and
NSM simulations.

Though in total ten I’s are available (which could be, in
principle, the inputs of NNs), we here introduce a layer of
feature engineering to enhance the performance of our
NNs, namely we define the new features,

a, Fue7 Fz'/e’ nvg.i’ nl_/e,i’ nvx,i’ Fzze,iv Fl_/g.tﬁ va,h (18)
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with F, = (I,/1,),. Here, the quantities without/with sub-
script i indicate the quantities belonging to the energy-
integrated spectrum/specific energy bin. Note that the
neutrino number densities in the particular energy bin must
be smaller than the corresponding energy-integrated values.

The selection of these features offers explicit insights
into the configuration of neutrino angular distributions,
which plays a crucial role in understanding the asymptotic
outcome of FFCs. Furthermore, it is worth highlighting that
all quantities in this context are normalized by the initial
energy-integrated v, number density, allowing the conven-
ient choice of setting it to n = 1. This simplification
reduces the number of inputs to our NNs, and notably, there
is no input parameter related to n, .

As we also discussed in our previous work [77], there is
still the possibility of improving our NNs through more
advanced feature engineering. By considering the neutrino
survival probability’s shape, as expressed in Eq. (13), one
observes that a significant amount of information about the
shape of the survival probability can be derived by learning
the position of u.. Another crucial piece of information,
given .., is determining the side where equipartition hap-
pens. The behavior of the survival probability on the opposite
side is regulated by conservation laws. This side’s determi-
nation is described by the quantity Eg;, a binary value that
equals 1 if equipartition happens for . < g and 0 otherwise.

As in Ref. [77] and as illustrated in Fig. 2, we explore
two distinct architectures in our NN framework. In the
foundational architecture, we integrate only a, F, ,Fj ,
Ny, i Ny,.is Ny is Fy is Fy, ;» and F,_; into our NN. On the
other hand, our alternative NN includes also information
coming from y,. and E; . Our feed forward NN has a single
hidden layer containing 150 neurons, as justified in Fig. 4
and the text around it.

Regarding the output layer, our NNs return /,; and [ ;
for v, and 7,, employing a total of four neurons. Deriving
I;’s for v, and v, is achieved by applying principles of
neutrino and antineutrino number density, as well as
momentum conservation. Put simply, our NN ensures
neutrino conservation laws.

Apart from the inputs, we also consider modifying the
loss function of our NN’s. In particular, we introduce an
additional loss term in the optimization of the NN model
with the extra features, defined as

1

Leyira = zk(ANuﬂrEe.k)zv (19)

N, sample

which tends to penalize any deviation in the number of
neutrinos in the electron channel, i.e., N, 5 =n, ; + ny_;,
a critical parameter of utmost significance in CCSNe and
NSMs. Here, A, Ngmple, and X, denote the difference
between the true and predicted values, the number of
samples in the training set, and the summation over the
training samples, respectively.

integrated spectrum

energy bin input

EOEOGO @

FIG. 2. Schematic architecture of our NNs. The green zone
shows the implementation of the extra features, y,., and Epg;,
which are obtained through an extra layer of regression, using
linear and logistic regressions, respectively. Here, p. is the
crossing direction, and Epg; is a binary, which is 1 if the
equilibrium occurs for u,. < u, and 0 otherwise. The blue zone
represents energy-integrated inputs, while the orange zone dis-
plays inputs for specific energy bins. Note that the neutrino
number densities in the particular energy bin must be smaller than
the corresponding energy-integrated values. In our basic NN,
referred to as the NN with no extra features, the NN only takes the
inputs highlighted in Eq. (18). However and in our PINN, we
provide our NN with the extra features u,. and Ep; .

The specific inclusion of the domain knowledge
allows one to consider this particular NN architecture as
a PINN [78-80]. The PINN should be compared with our
basic NN, referred to as NN with no extra features, for
which the loss term only includes the ordinary mean
squared errors of the output parameters.

B. The NN’s performance

In this section, we present and discuss the performance
of our NNs in predicting the asymptotic outcome of
FFCs in a multienergy three-flavor neutrino gas. For
training/testing our NNs, we generate a dataset comprising
a well-balanced combination of maximum entropy and
Gaussian initial neutrino angular distributions. The ultimate
outcome of FFCs is determined through a three-flavor
survival probability, as detailed in Eq. (13). We also set
ac (O, 2.5), FDX’(,-) c (0, 1), FDE.(i) S (O-4va.(i)9 wa(i)), and
F, iy €(0.4F; ), F5, @), which is consistent with the
expected hierarchy F, < Fj, < F, . Regarding n,;’s, we
take them from a half-normal distribution with zero mean
and a standard deviation of 0.1n,, with n, being the energy-
integrated neutrino number density. This choice can

083019-5
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=
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0.30 1
0.25F ]
. 0.20F W
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©0.15 w
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0.05F ]
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epochs
FIG. 3. Performance evaluation of the PINN and the basic NN

with no extra features. We present the relative absolute error in the
output parameters, along with the relative error in the total
number of neutrinos within the electron channel, N, .5 . It is
evident that the PINN can well outperform the basic NN with no
extra features. Here, an epoch refers to a single pass through the
entire training dataset during the training phase.

enhance the performance of our NNs in the energy bins
with fewer neutrinos. Also, note that since our NNs process
only a single energy bin at a time, the hierarchy of flux
factors among different neutrino energies is irrelevant here.

In Fig. 3, we illustrate the performance of our PINN and
the basic NN without extra features. The relative error in the
electron neutrino number density within our PINN, quan-
tified by |A(n,_; +ng,;)|/(n,_; + nz,;), achieves a mini-
mum of 6%. Additionally, the mean absolute relative error
in the output variables, computed as the mean of |AZ;|/I;,
attains values ~16%. In contrast, when considering the
basic NN, these errors increase to ~12% and ~22%,

respectively, showing higher discrepancies. The noticeable
performance improvement within our PINN can be pri-
marily attributed to the inclusion of extra features, which
provide extra information on the shape of the survival
probability distribution.

Comparing the findings illustrated in Fig. 3 with those
discussed in Ref. [77], a discerning reader will observe a
substantial discrepancy in the impact of employing PINN.
Specifically, the application of PINN results in a signifi-
cantly more pronounced enhancement in performance in
the former case. While the utilization of PINN can almost
reduce the error by a factor of 2 in the multienergy neutrino
gas, its application to a single-energy neutrino gas only
yields a modest <1% improvement in the error.

This discrepancy can be attributed to the substantial
difference in the amount of input information between the
two cases. In the former scenario, the volume of input
information is notably larger, leading to a higher degree of
degeneracy in the input data. The introduction of PINN in this
context is remarkably effective in mitigating this degeneracy
and, consequently, substantially reducing the error.

The computations conducted here have utilized a feed
forward neural network featuring a single hidden layer
having n;, = 150 neurons. The reasoning behind selecting
this specific number of neurons is depicted in Fig. 4, which
shows errors for different NN architectures. The optimal
performance on the validation set is observed when n;, 2 50.

In Fig. 5, we analyze our PINN’s performance con-
cerning the training set size. The red curve indicates
the absolute relative error in the PINN’s output, while the
blue curve shows the relative error in N, ;. As the
training dataset expands to include several thousand data
points, the errors rapidly decrease to approximately ~6%
and ~18%, respectively, and additionally, the disparity
between the validation and training set errors diminishes.
These findings align with results observed in single-
energy scenario calculations [77]. This underscores the
crucial minimum number of data points required for
reliable calculations using NNs.

There remains a crucial aspect regarding the assessment
of the absolute relative error that needs discussion. In our
prior study concerning FFCs within a single-energy neu-
trino gas [77], we primarily regarded the absolute error as
the relevant metric. However, when addressing the com-
plexities of a multienergy neutrino gas, the absolute error
falls short. The problem arises because, despite normalizing
all quantities by n, , the values of I’s within a specific
energy bin are expected to constitute a minor fraction of
one. Hence, achieving a low absolute error does not
inherently guarantee accurate prediction due to the rela-
tively small magnitudes involved.

Hence and for the multienergy neutrino gas, we have
adopted the absolute relative error as the informative
metric. Nonetheless, this choice comes with a notable
drawback: extremely small I’s yield disproportionately
large absolute relative errors. While these cases may not
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PINN
0.6 . . T ,
—— |A(ny, +np)|/(nw, + n5,)

0.5k —e— absolute relative error
-
o
t -
)

O'00 5I0 l(I)O 150 260 250

number Of neurons

0 no extra features

0.5F ]

0.4F E
3
= 0.3 ]
45}

0.2F ]

0.1 .

0.0 1 1 1 1

0 50 100 150 200 250

number of neurons

FIG. 4. Performance evaluation of our PINN and the basic NN
with no extra features (on the validation set) as a function of the
number of neurons in the hidden layer. It is evident that the NN
have achieved their best performance on the validation set once
ny, 2 150. The labels and NN models are the same as those in
Fig. 3.

include the most intriguing aspects of the parameter space,
their associated errors tend to dominate over the rest of the
parameter space. To resolve this issue, in our performance
evaluation on the test set, we have chosen to exclude data
points where |/;| <5 x 1073 (while retaining them in the
training set). In Sec. III C, we come back to this problem
and devise a solution to this challenge.

C. Reconstruction of neutrino energy spectra

In the preceding part, we engineered our NNs to process
the energy-integrated I’s and their values within an
specific bin, I;’s. To elaborate, our methodology works

PINN
1.0 . T ;
—a— |A(ny, +n5.)|/ (7w, +12,)
—o— absolute relative error
0.8t Cq . E
—— validation
-------- training
0.6
—_
o
=
5

0.4

0.2

107 10 10* 10°
training size

FIG. 5. Absolute relative error in the output of our PINN (red
curve) vs the relative error in the number of neutrinos in electron
channel, i.e., N, ,; (blue curve). The inclusion of a few thousand
data points in the training set leads to the disappearance of error
variations between the validation and training sets. Note that we
do not display the absolute relative error in the training set. This is
due to the presence of small I’s in the training set (which are
removed from the test set), causing a significantly larger relative
error. Hence, any direct comparisons between the absolute
relative errors in the training and test sets would be unfair.

on an energy bin-based approach, focusing solely on
predicting the final outcomes within individual energy
bins. This approach eliminates unnecessary complexity
associated with attempting to reconstruct the entire neu-
trino energy spectra following FFCs at once.

In this part, we explore the performance of our PINN’s to
reconstruct the complete neutrino energy spectra following
FFCs. While this application of our NNs might appear
straightforward initially, it presents significant challenges.
Specifically, when our PINNs are employed to analyze the
tail of the energy spectrum, where the count of neutrinos is
notably low, we encounter a considerable obstacle. The
relative error in these instances might surpass the total values
of n,), potentially leading to a scenario where the con-
servation laws cannot be satisfied, as discussed in the
following. In the high-energy tail of the spectra, where
neutrino number densities can reach very low values, the
predicted value of n, (; ) may even surpass the total (anti)
neutrino number density. This is attributed to the expected
large relative errors associated with the output of neural
networks when dealing with such small values, as discussed
before. Consequently, while the conservation law for neu-
trino number remains mathematically valid in principle, it
loses its practical significance. This is because adhering to
the conservation laws would now imply a negative number
density for n, ¢ ), which is not physically meaningful.

X
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FIG. 6. Performance evaluation of our PINNs in reconstructing neutrino energy spectra. The upper panels exhibit the initial spectra
characteristics, including the neutrino initial energy spectra, angular distributions of the energy-integrated neutrino spectra as a function
of p, and the corresponding FFC survival probability. Here, we have assumed F,, = 0.5, F;, = 0.7, and F; = 0.8. The lower panels
illustrate the post-FFCs final neutrino spectra for v,, 7,, and v, (7,), respectively. The results are shown for both the PINN approach and
an exact method, assuming having access to the full neutrino angular distributions. As one can see, the prediction errors for antineutrinos

are much smaller than those concerning neutrinos.

To address this challenge, we devised a solution by
simultaneously adjusting the number of v, (¢,) and v, (7,)
while ensuring the conservation of total neutrino numbers.
Our approach indeed involves the utilization of two PINNs.
The first PINN is designed to compute /;’s and /; ;’s for v,
and 7,, following the standard architecture we discussed in
previous part. Meanwhile, the second PINN shares a
similar structure but deals with v, and 7,, calculating their
respective /j;’s and [, ;’s. In practice, this implies that the
outputs of such a PINN are

1o Iy 1 g’fz‘v Iy, (20)

while the input features are not different in the two PINNs.
Importantly, in this PINN, the I’s of v, and 7, are then
derived through neutrino conservation laws. In essence, the
difference between these two PINNS lies in the information
they provide—while the first PINN provides v, I’s, the
second one focuses on v,, with the retrieval of v, quantities
governed by conservation principles.

Given these two PINNSs, the final neutrino number
densities for each energy bin can be calculated as

Nini )
pfin_ = MO pred (21)
vp(Dp).i Npred vp(Dg).0°
v(D),i
where " ;E(’gﬁ).l. represents the corresponding PINN predicted

value for the neutrino species 3. Here, NSE;‘;I. denotes the

predicted total (anti)neutrino number density, and N ly“(lv)[ is
its initial value. It is important to note that the prediction for
each neutrino species is conducted by the relevant PINN
model discussed earlier; i.e., the former PINN is employed
for the electron species, while the latter is used for heavy-
lepton flavors. Note that the errors in the predictions of n,
can now be automatically adjusted to ensure respecting the
conservation laws, preventing negative number densities.
Furthermore, a fair treatment is now applied to electron and
heavy-lepton flavors, preventing one from becoming unrea-
sonably small when the error in the prediction of the other
is unreasonably large.

In Fig. 6, we present the performance evaluation of our
PINNSs in reconstructing the neutrino energy spectra. The
upper panels show the initial neutrino distributions, which
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are prepared as follows. We describe the energy-differential
number flux of a specific neutrino species, vy, as [7]

L
Fo,(E,) o<

BB

(22)

fu,(E,) ! <ﬂ> " exp(—E,/T,,), (23)

Tvﬂr(l + 771//5) Tv/,

being the normalized v spectrum, where E,, is the neutrino
energy. Here, 5, and (E, ﬁ> are the pinching parameter and
the neutrino average energy which describe the normalized
spectrum and 7, = (E, )/ (1 +1,,). In addition, L, is the
neutrino luminosity. To be specific, we use the following
values which could be expected during the SN accretion
phase [7]:

L,:L;:L, =1:1:0.33,
(E, ):(E;):(E, ) =9:12:16.5,

Ny, Ms, M, = 3.2:4.5:2.3. (24)
Note that for the average energies and luminosity’s only the
ratios matter. Moreover, we assumed these values for the
energy-integrated flux factors: F, = 0.5, F; =0.7, and
F;, = 0.8. We here take 14 energy bins and for each energy
bin, we then adopted an assumption describing the relation-
ship as F,; = F,(70 — E, ;)?/60*. Here, we have assumed
that the spectra approach zero for £, ; 2 60 MeV. Note that
we anticipate a decrease in the flux factor as neutrino
energy increases. This reduction is expected to be non-
linear, attributed to the nonlinear scaling of the neutrino
scattering cross-section with matter in the SN environment.
While our assumption about the energy-dependent nature
of the flux factor is speculative, it aligns with the expected
conditions mentioned above.

In the lower panels of Fig. 6, we present the final
neutrino energy spectra following FFCs. It is evident that a
notable difference in the spectra reconstruction error
emerges between neutrinos and antineutrinos. This dispar-
ity can be indeed quantified by an absolute spectral relative
error, defined as

N
5D:Zl%| nl/,l|’
n, ny;

(25)

where the prediction error for n,; is weighted by the
relative distribution across energy bins. For the results
presented in the lower panels of Fig. 6, we observed
0,, = 0.20, 6;, = 0.06, 6, = 0.23, and 5;, = 0.05.
Despite the clear difference between neutrinos and
antineutrinos in this particular example, we have noticed

that this observation depends notably on the specific
example, and it can fluctuate across different calculations
and models. This variability highlights the need for more
sophisticated neural network architectures, such as
Bayesian neural networks. These specialized networks
offer the capability to provide uncertainty estimates for
predicted quantities, addressing the intricacies and fluctua-
tions observed in these calculations.

IV. DISCUSSION AND OUTLOOK

We have employed a single hidden layer physics-
informed neural network (PINN) to predict the asymptotic
outcome of FFCs within a three-flavor multienergy neu-
trino gas. Our approach focuses on utilizing the first two
moments of neutrino angular distributions, making our
PINNSs highly relevant to state-of-the-art CCSN and NSM
simulations. We have demonstrated that our PINNs can
achieve remarkable accuracy, with errors reaching <6% for
the number of neutrinos in the electron channel, and <18%
for the relative absolute error in the neutrino moments.

By conducting simulations of FFCs in a 1D box with
periodic boundary conditions, we first demonstrated that in
scenarios where the FFC growth rate notably exceeds that
of the vacuum Hamiltonian, a uniform survival probability
is experienced by all neutrinos, regardless of their energy.
This common survival probability is solely determined by
the energy-integrated neutrino spectrum.

In our PINNSs, we incorporated novel features to effec-
tively capture the shape of the expected neutrino survival
probability distributions. Our improvements involve incor-
porating the position of the zero crossing in the distribution
of YELN, ., and also information about the side of .,
where the expected equipartition occurs. Our research
demonstrates that this advanced feature engineering sig-
nificantly improves the performance of our PINN.

Moreover, we demonstrated that the variance between
the training and validation sets decreases significantly with
a minimum of a few thousand data points. This underscores
the necessity for datasets of (at least) this size when
developing more realistic models based on simulation data
in future studies.

We also highlighted a significant challenge in applying
NNs to predict the whole neutrino energy spectrum. This
challenge arises from the fact that predicting the tail of the
spectrum may lead to an error of such magnitude that it
violates the preservation of neutrino conservation laws. To
address this issue, we propose the development of two
separate models: one dedicated to predicting electron (anti)
neutrino quantities and another for heavy-lepton flavor of
(anti)neutrino quantities, respectively. By scaling the num-
bers in accordance with conservation laws, we could
overcome this challenge. Our demonstrated approach
showed that PINNs can accurately enough reconstruct
the entire neutrino spectrum, particularly in a typical
neutrino spectra scenario during the SN accretion phase.
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In summary, our research highlights the effectiveness
of PINNS in predicting the asymptotic outcomes of FFCs
within a multienergy neutrino gas. Nevertheless, there are
crucial avenues for further exploration. An important
consideration is extending our study to encompass more
realistic neutrino gases characterized by nonaxisymmet-
ric distributions, where v, and 7, can also exhibit
dissimilar patterns. Such refinements will improve the
feasibility of incorporating FFCs into CCSN and NSM
simulations, thereby advancing our capacity to model
and predict accurately these extreme astrophysical
phenomena.

ACKNOWLEDGMENTS

We are deeply grateful to Georg Raffelt, Gabriel
Martinez-Pinedo, and Oliver Just for fruitful discussions.
S. A. was supported by the German Research Foundation

(DFG) through the Collaborative Research Centre
“Neutrinos and Dark Matter in Astro- and Particle
Physics (NDM),” Grant No. SFB-1258, and under
Germany’s Excellence Strategy through the Cluster of
Excellence ORIGINS EXC-2094-390783311. M.-R. W.
acknowledges supports from the National Science and
Technology Council under Grant No. 111-2628-M-001-
003-MY4, the Academia Sinica under Project No. AS-
CDA-109-M11, and the Physics Division, National Center
for Theoretical Sciences, as well as the resource of the
Academia Sinica Grid-computing Center (ASGC). Z. X.
was supported by the European Research Council (ERC)
under the European Union’s Horizon 2020 research and
innovation programme (ERC Advanced Grant KILONOVA
No. 885281). We would also like to acknowledge the use of
the following softwares: SCIKIT-LEARN [89], Keras [90],
Matplotlib [91], NumPy [92], SciPy [93], and 1Python [94].

[1] A. Burrows and D. Vartanyan, Core-collapse supernova
explosion theory, Nature (London) 589, 29 (2021).

[2] H.-T. Janka, Explosion mechanisms of core-collapse super-
novae, Annu. Rev. Nucl. Part. Sci. 62, 407 (2012).

[3] F. Foucart, Neutrino transport in general relativistic neutron
star merger simulations, Living Rev. Comput. Astrophys. 9,
1 (2023).

[4] K. Kyutoku, M. Shibata, and K. Taniguchi, Coalescence of
black hole—neutron star binaries, Living Rev. Relativity 24,
5 (2021).

[5] S. A. Colgate and R. H. White, The hydrodynamic behavior
of supernovae explosions, Astrophys. J. 143, 626 (1966).

[6] J. M. Lattimer and D. N. Schramm, Black-hole-neutron-star
collisions, Astrophys. J. Lett. 192, L.145 (1974).

[7]1 A. Mirizzi, I. Tamborra, H.T. Janka, N. Saviano, K.
Scholberg, R. Bollig, L. Hiidepohl, and S. Chakraborty,
Supernova neutrinos: Production, oscillations and detection,
Nuovo Cimento Riv. Ser. 39, 1 (2016).

[8] J. T. Pantaleone, Neutrino oscillations at high densities,
Phys. Lett. B 287, 128 (1992).

[9] G. Sigl and G. Raffelt, General kinetic description
of relativistic mixed neutrinos, Nucl. Phys. B406, 423
(1993).

[10] S. Pastor and G. Raffelt, Flavor oscillations in the supernova
hot bubble region: Nonlinear effects of neutrino back-
ground, Phys. Rev. Lett. 89, 191101 (2002).

[11] H. Duan, G. M. Fuller, J. Carlson, and Y.-Z. Qian, Simu-
lation of coherent non-linear neutrino flavor transformation
in the supernova environment. 1. Correlated neutrino
trajectories, Phys. Rev. D 74, 105014 (2006).

[12] H. Duan, G. M. Fuller, J. Carlson, and Y.-Z. Qian, Coherent
development of neutrino flavor in the supernova environ-
ment, Phys. Rev. Lett. 97, 241101 (2006).

[13] H. Duan, G. M. Fuller, and Y.-Z. Qian, Collective neutrino
oscillations, Annu. Rev. Nucl. Part. Sci. 60, 569 (2010).

[14] M. C. Volpe, Neutrinos from dense: Flavor mechanisms,
theoretical approaches, observations, new directions, arXiv:
2301.11814.

[15] R.F. Sawyer, Speed-up of neutrino transformations in
a supernova environment, Phys. Rev. D 72, 045003
(2005).

[16] R.F. Sawyer, Neutrino cloud instabilities just above the
neutrino sphere of a supernova, Phys. Rev. Lett. 116,
081101 (2016).

[17] S. Chakraborty, R. S. Hansen, . Izaguirre, and G. Raffelt,
Self-induced neutrino flavor conversion without flavor
mixing, J. Cosmol. Astropart. Phys. 03 (2016) 042.

[18] L. Izaguirre, G. Raffelt, and 1. Tamborra, Fast pairwise
conversion of supernova neutrinos: A dispersion-relation
approach, Phys. Rev. Lett. 118, 021101 (2017).

[19] F. Capozzi, B. Dasgupta, E. Lisi, A. Marrone, and A.
Mirizzi, Fast flavor conversions of supernova neutrinos:
Classifying instabilities via dispersion relations, Phys. Rev.
D 96, 043016 (2017).

[20] M.-R. Wu and 1. Tamborra, Fast neutrino conversions:
Ubiquitous in compact binary merger remnants, Phys.
Rev. D 95, 103007 (2017).

[21] M.-R. Wu, I. Tamborra, O. Just, and H.-T. Janka, Imprints of
neutrino-pair flavor conversions on nucleosynthesis in
ejecta from neutron-star merger remnants, Phys. Rev. D
96, 123015 (2017).

[22] S. Abbar and H. Duan, Fast neutrino flavor conversion:
Roles of dense matter and spectrum crossing, Phys. Rev. D
98, 043014 (2018).

[23] S. Abbar and M. C. Volpe, On fast neutrino flavor con-
version modes in the nonlinear regime, Phys. Lett. B 790,
545 (2019).

[24] F. Capozzi, B. Dasgupta, A. Mirizzi, M. Sen, and G. Sigl,
Collisional triggering of fast flavor conversions of super-
nova neutrinos, Phys. Rev. Lett. 122, 091101 (2019).

083019-10


https://doi.org/10.1038/s41586-020-03059-w
https://doi.org/10.1146/annurev-nucl-102711-094901
https://doi.org/10.1007/s41115-023-00016-y
https://doi.org/10.1007/s41115-023-00016-y
https://doi.org/10.1007/s41114-021-00033-4
https://doi.org/10.1007/s41114-021-00033-4
https://doi.org/10.1086/148549
https://doi.org/10.1086/181612
https://doi.org/10.1393/ncr/i2016-10120-8
https://doi.org/10.1016/0370-2693(92)91887-F
https://doi.org/10.1016/0550-3213(93)90175-O
https://doi.org/10.1016/0550-3213(93)90175-O
https://doi.org/10.1103/PhysRevLett.89.191101
https://doi.org/10.1103/PhysRevD.74.105014
https://doi.org/10.1103/PhysRevLett.97.241101
https://doi.org/10.1146/annurev.nucl.012809.104524
https://arXiv.org/abs/2301.11814
https://arXiv.org/abs/2301.11814
https://doi.org/10.1103/PhysRevD.72.045003
https://doi.org/10.1103/PhysRevD.72.045003
https://doi.org/10.1103/PhysRevLett.116.081101
https://doi.org/10.1103/PhysRevLett.116.081101
https://doi.org/10.1088/1475-7516/2016/03/042
https://doi.org/10.1103/PhysRevLett.118.021101
https://doi.org/10.1103/PhysRevD.96.043016
https://doi.org/10.1103/PhysRevD.96.043016
https://doi.org/10.1103/PhysRevD.95.103007
https://doi.org/10.1103/PhysRevD.95.103007
https://doi.org/10.1103/PhysRevD.96.123015
https://doi.org/10.1103/PhysRevD.96.123015
https://doi.org/10.1103/PhysRevD.98.043014
https://doi.org/10.1103/PhysRevD.98.043014
https://doi.org/10.1016/j.physletb.2019.02.002
https://doi.org/10.1016/j.physletb.2019.02.002
https://doi.org/10.1103/PhysRevLett.122.091101

APPLICATION OF NEURAL NETWORKS FOR THE ...

PHYS. REV. D 109, 083019 (2024)

[25] J.D. Martin, C. Yi, and H. Duan, Dynamic fast flavor
oscillation waves in dense neutrino gases, Phys. Lett. B 800,
135088 (2020).

[26] S. Abbar, H. Duan, K. Sumiyoshi, T. Takiwaki, and M. C.
Volpe, On the occurrence of fast neutrino flavor conversions
in multidimensional supernova models, Phys. Rev. D 100,
043004 (2019).

[27] S. Abbar, H. Duan, K. Sumiyoshi, T. Takiwaki, and M. C.

Volpe, Fast neutrino flavor conversion modes in multidi-

mensional core-collapse supernova models: The role of the

asymmetric neutrino distributions, Phys. Rev. D 101,

043016 (2020).

F. Capozzi, G. Raffelt, and T. Stirner, Fast neutrino flavor

conversion: Collective motion vs. decoherence, J. Cosmol.

Astropart. Phys. 09 (2019) 002.

M. George, M.-R. Wu, 1. Tamborra, R. Ardevol-Pulpillo,

and H.-T. Janka, Fast neutrino flavor conversion, ejecta

properties, and nucleosynthesis in newly-formed hyper-

massive remnants of neutron-star mergers, Phys. Rev. D

102, 103015 (2020).

[30] L. Johns, H. Nagakura, G. M. Fuller, and A. Burrows,
Neutrino oscillations in supernovae: Angular moments and
fast instabilities, Phys. Rev. D 101, 043009 (2020).

[31] J. D. Martin, J. Carlson, V. Cirigliano, and H. Duan, Fast
flavor oscillations in dense neutrino media with collisions,
Phys. Rev. D 103, 063001 (2021).

[32] I. Tamborra and S. Shalgar, New developments in flavor
evolution of a dense neutrino gas, Annu. Rev. Nucl. Part.
Sci. 71, 165 (2021).

[33] G. Sigl, Simulations of fast neutrino flavor conversions with
interactions in inhomogeneous media, Phys. Rev. D 105,
043005 (2022).

[34] T. Morinaga, Fast neutrino flavor instability and neutrino
flavor lepton number crossings, Phys. Rev. D 105, L101301
(2022).

[35] H. Nagakura, L. Johns, A. Burrows, and G.M. Fuller,
Where, when, and why: Occurrence of fast-pairwise
collective neutrino oscillation in three-dimensional core-
collapse supernova models, Phys. Rev. D 104, 083025
(2021).

[36] H. Sasaki and T. Takiwaki, A detailed analysis of the
dynamics of fast neutrino flavor conversions with scattering
effects, Prog. Theor. Exp. Phys. 2022, 073E01 (2022).

[37] 1. Padilla-Gay, 1. Tamborra, and G.G. Raffelt, Neutrino
flavor pendulum reloaded: The case of fast pairwise con-
version, Phys. Rev. Lett. 128, 121102 (2022).

[38] Z. Xiong and Y.-Z. Qian, Stationary solutions for fast flavor
oscillations of a homogeneous dense neutrino gas, Phys.
Lett. B 820, 136550 (2021).

[39] F. Capozzi, M. Chakraborty, S. Chakraborty, and M. Sen,
Fast flavor conversions in supernovae: The rise of mu-tau
neutrinos, Phys. Rev. Lett. 125, 251801 (2020).

[40] S. Abbar, F. Capozzi, R. Glas, H.-T. Janka, and I. Tamborra,
On the characteristics of fast neutrino flavor instabilities in
three-dimensional core-collapse supernova models, Phys.
Rev. D 103, 063033 (2021).

[41] F. Capozzi, S. Abbar, R. Bollig, and H.T. Janka,
Fast neutrino flavor conversions in one-dimensional
core-collapse supernova models with and without muon
creation, Phys. Rev. D 103, 063013 (2021).

(28]

[29]

[42] M. Delfan Azari, S. Yamada, T. Morinaga, W. Iwakami, H.
Okawa, H. Nagakura, and K. Sumiyoshi, Linear analysis
of fast-pairwise collective neutrino oscillations in core-
collapse supernovae based on the results of Boltzmann
simulations, Phys. Rev. D 99, 103011 (2019).

[43] A. Harada and H. Nagakura, Prospects of fast flavor
neutrino conversion in rotating core-collapse supernovae,
Astrophys. J. 924, 109 (2022).

[44] S. Abbar and F. Capozzi, Suppression of fast neutrino flavor
conversions occurring at large distances in core-collapse
supernovae, J. Cosmol. Astropart. Phys. 03 (2022) 051.

[45] O. Just, S. Abbar, M.-R. Wu, I. Tamborra, H.-T. Janka, and
F. Capozzi, Fast neutrino conversion in hydrodynamic
simulations of neutrino-cooled accretion disks, Phys. Rev.
D 105, 083024 (2022).

[46] 1. Padilla-Gay, I. Tamborra, and G. G. Raffelt, Neutrino fast
flavor pendulum. II. Collisional damping, Phys. Rev. D 106,
103031 (2022).

[47] F. Capozzi, M. Chakraborty, S. Chakraborty, and M. Sen,
Supernova fast flavor conversions in 1 + 1D: Influence of
mu-tau neutrinos, Phys. Rev. D 106, 083011 (2022).

[48] M. Zaizen and H. Nagakura, Simple method for determining
asymptotic states of fast neutrino-flavor conversion, Phys.
Rev. D 107, 103022 (2023).

[49] S. Shalgar and I. Tamborra, Neutrino decoupling is altered
by flavor conversion, Phys. Rev. D 108, 043006 (2023).

[50] C. Kato and H. Nagakura, Effects of energy-dependent
scatterings on fast neutrino flavor conversions, Phys. Rev. D
106, 123013 (2022).

[51] S. Bhattacharyya and B. Dasgupta, Fast flavor depolariza-
tion of supernova neutrinos, Phys. Rev. Lett. 126, 061302
(2021).

[52] M.-R. Wu, M. George, C.-Y. Lin, and Z. Xiong, Collective
fast neutrino flavor conversions in a 1D box: Initial con-
ditions and long-term evolution, Phys. Rev. D 104, 103003
(2021).

[53] S. Richers, D.E. Willcox, N.M. Ford, and A. Myers,
Particle-in-cell simulation of the neutrino fast flavor insta-
bility, Phys. Rev. D 103, 083013 (2021).

[54] S. Richers, D. Willcox, and N. Ford, Neutrino fast flavor
instability in three dimensions, Phys. Rev. D 104, 103023
(2021).

[55] B. Dasgupta, Collective neutrino flavor instability requires a
crossing, Phys. Rev. Lett. 128, 081102 (2022).

[56] H. Nagakura and M. Zaizen, Time-dependent and quasis-
teady features of fast neutrino-flavor conversion, Phys. Rev.
Lett. 129, 261101 (2022).

[57] J. Ehring, S. Abbar, H.-T. Janka, G. Raffelt, and I. Tamborra,
Fast neutrino flavor conversion in core-collapse supernovae:
A parametric study in 1D models, Phys. Rev. D 107, 103034
(2023).

[58] J. Ehring, S. Abbar, H.-T. Janka, G. Raffelt, and I. Tamborra,
Fast neutrino flavor conversions can help and hinder
neutrino-driven explosions, Phys. Rev. Lett. 131, 061401
(2023).

[59] Z. Xiong, M.-R. Wu, and Y.-Z. Qian, Symmetry and bipolar
motion in collective neutrino flavor oscillations, Phys. Rev.
D 108, 043007 (2023).

[60] D.FE. G. Fiorillo and G. G. Raffelt, Flavor solitons in dense
neutrino gases, Phys. Rev. D 107, 123024 (2023).

083019-11


https://doi.org/10.1016/j.physletb.2019.135088
https://doi.org/10.1016/j.physletb.2019.135088
https://doi.org/10.1103/PhysRevD.100.043004
https://doi.org/10.1103/PhysRevD.100.043004
https://doi.org/10.1103/PhysRevD.101.043016
https://doi.org/10.1103/PhysRevD.101.043016
https://doi.org/10.1088/1475-7516/2019/09/002
https://doi.org/10.1088/1475-7516/2019/09/002
https://doi.org/10.1103/PhysRevD.102.103015
https://doi.org/10.1103/PhysRevD.102.103015
https://doi.org/10.1103/PhysRevD.101.043009
https://doi.org/10.1103/PhysRevD.103.063001
https://doi.org/10.1146/annurev-nucl-102920-050505
https://doi.org/10.1146/annurev-nucl-102920-050505
https://doi.org/10.1103/PhysRevD.105.043005
https://doi.org/10.1103/PhysRevD.105.043005
https://doi.org/10.1103/PhysRevD.105.L101301
https://doi.org/10.1103/PhysRevD.105.L101301
https://doi.org/10.1103/PhysRevD.104.083025
https://doi.org/10.1103/PhysRevD.104.083025
https://doi.org/10.1093/ptep/ptac082
https://doi.org/10.1103/PhysRevLett.128.121102
https://doi.org/10.1016/j.physletb.2021.136550
https://doi.org/10.1016/j.physletb.2021.136550
https://doi.org/10.1103/PhysRevLett.125.251801
https://doi.org/10.1103/PhysRevD.103.063033
https://doi.org/10.1103/PhysRevD.103.063033
https://doi.org/10.1103/PhysRevD.103.063013
https://doi.org/10.1103/PhysRevD.99.103011
https://doi.org/10.3847/1538-4357/ac38a0
https://doi.org/10.1088/1475-7516/2022/03/051
https://doi.org/10.1103/PhysRevD.105.083024
https://doi.org/10.1103/PhysRevD.105.083024
https://doi.org/10.1103/PhysRevD.106.103031
https://doi.org/10.1103/PhysRevD.106.103031
https://doi.org/10.1103/PhysRevD.106.083011
https://doi.org/10.1103/PhysRevD.107.103022
https://doi.org/10.1103/PhysRevD.107.103022
https://doi.org/10.1103/PhysRevD.108.043006
https://doi.org/10.1103/PhysRevD.106.123013
https://doi.org/10.1103/PhysRevD.106.123013
https://doi.org/10.1103/PhysRevLett.126.061302
https://doi.org/10.1103/PhysRevLett.126.061302
https://doi.org/10.1103/PhysRevD.104.103003
https://doi.org/10.1103/PhysRevD.104.103003
https://doi.org/10.1103/PhysRevD.103.083013
https://doi.org/10.1103/PhysRevD.104.103023
https://doi.org/10.1103/PhysRevD.104.103023
https://doi.org/10.1103/PhysRevLett.128.081102
https://doi.org/10.1103/PhysRevLett.129.261101
https://doi.org/10.1103/PhysRevLett.129.261101
https://doi.org/10.1103/PhysRevD.107.103034
https://doi.org/10.1103/PhysRevD.107.103034
https://doi.org/10.1103/PhysRevLett.131.061401
https://doi.org/10.1103/PhysRevLett.131.061401
https://doi.org/10.1103/PhysRevD.108.043007
https://doi.org/10.1103/PhysRevD.108.043007
https://doi.org/10.1103/PhysRevD.107.123024

SAJAD ABBAR, MENG-RU WU, and ZEWEI XIONG

PHYS. REV. D 109, 083019 (2024)

[61] H. Nagakura, Global features of fast neutrino-flavor con-
version in binary neutron star mergers, Phys. Rev. D 108,
103014 (2023).

[62] J. D. Martin, D. Neill, A. Roggero, H. Duan, and J. Carlson,
Equilibration of quantum many-body fast neutrino flavor
oscillations, Phys. Rev. D 108, 123010 (2023).

[63] D.F. G. Fiorillo and G. G. Raffelt, Slow and fast collective
neutrino oscillations: Invariants and reciprocity, Phys. Rev.
D 107, 043024 (2023).

[64] E. Grohs, S. Richers, S. M. Couch, F. Foucart, J. Froustey, J.
Kneller, and G. McLaughlin, Two-moment neutrino flavor
transformation with applications to the fast flavor instability
in neutron star mergers, arXiv:2309.00972.

[65] Z. Xiong, A. Sieverding, M. Sen, and Y.-Z. Qian, Potential
impact of fast flavor oscillations on neutrino-driven winds
and their nucleosynthesis, Astrophys. J. 900, 144 (2020).

[66] X. Li and D. M. Siegel, Neutrino fast flavor conversions in
neutron-star postmerger accretion disks, Phys. Rev. Lett.
126, 251101 (2021).

[67] R. Fernandez, S. Richers, N. Mulyk, and S. Fahlman, Fast
flavor instability in hypermassive neutron star disk outflows,
Phys. Rev. D 106, 103003 (2022).

[68] S. Bhattacharyya and B. Dasgupta, Late-time behavior of
fast neutrino oscillations, Phys. Rev. D 102, 063018 (2020).

[69] M. Zaizen and T. Morinaga, Nonlinear evolution of fast
neutrino flavor conversion in the preshock region of core-
collapse supernovae, Phys. Rev. D 104, 083035 (2021).

[70] S. Bhattacharyya and B. Dasgupta, Elaborating the ultimate
fate of fast collective neutrino flavor oscillations, Phys. Rev.
D 106, 103039 (2022).

[71] E. Grohs, S. Richers, S. M. Couch, F. Foucart, J. P. Kneller,
and G. C. McLaughlin, Neutrino fast flavor instability in
three dimensions for a neutron star merger, Phys. Lett. B
846, 138210 (2023).

[72] S. Richers, H. Duan, M.-R. Wu, S. Bhattacharyya, M.
Zaizen, M. George, C.-Y. Lin, and Z. Xiong, Code com-
parison for fast flavor instability simulations, Phys. Rev. D
106, 043011 (2022).

[73] Z. Xiong, M.-R. Wu, S. Abbar, S. Bhattacharyya, M.
George, and C.-Y. Lin, Evaluating approximate asymptotic
distributions for fast neutrino flavor conversions in a
periodic 1D box, Phys. Rev. D 108, 063003 (2023).

[74] M. Shibata, K. Kiuchi, Y.-i. Sekiguchi, and Y. Suwa,
Truncated moment formalism for radiation hydrodynamics
in numerical relativity, Prog. Theor. Phys. 125, 1255
(2011).

[75] C.Y. Cardall, E. Endeve, and A. Mezzacappa, Conservative
3 + 1 general relativistic variable Eddington tensor radiation
transport equations, Phys. Rev. D 87, 103004 (2013).

[76] K.S. Thorne, Relativistic radiative transfer: Moment for-
malisms, Mon. Not. R. Astron. Soc. 194, 439 (1981).

[77] S. Abbar, M.-R. Wu, and Z. Xiong, Physics-informed neural
networks for predicting the asymptotic outcome of fast
neutrino flavor conversions, arXiv:2311.15656.

[78] G.E. Karniadakis, I. G. Kevrekidis, L. Lu, P. Perdikaris, S.
Wang, and L. Yang, Physics-informed machine learning,
Nat. Rev. Phys. 3, 422 (2021).

[79] S. Cuomo, V.S. Di Cola, F. Giampaolo, G. Rozza, M.
Raissi, and F. Piccialli, Scientific machine learning through
physics—informed neural networks: Where we are and
what’s next, J. Sci. Comput. 92, 88 (2022).

[80] M. Raissi, P. Perdikaris, and G.E. Karniadakis, Physics-
informed neural networks: A deep learning framework for
solving forward and inverse problems involving nonlinear
partial differential equations, J. Comput. Phys. 378, 686
(2019).

[81] P. Dedin Neto, I. Tamborra, and S. Shalgar, Fast conversion
of neutrinos: Energy dependence of flavor instabilities,
arXiv:2312.06556.

[82] S. Abbar, H. Duan, K. Sumiyoshi, T. Takiwaki, and M. C.
Volpe, Fast neutrino flavor conversion modes in multidi-
mensional core-collapse supernova models: The role of the
asymmetric neutrino distributions, Phys. Rev. D 101,
043016 (2020).

[83] M. George, C.-Y. Lin, M.-R. Wu, T.G. Liu, and Z.
Xiong, COSEv: A collective oscillation simulation engine
for neutrinos, Comput. Phys. Commun. 283, 108588
(2023).

[84] J. Cernohorsky and S.A. Bludman, Maximum entropy
distribution and closure for Bose-Einstein and Fermi-Dirac
radiation transport, Technical Report No. LBL-34920-REYV,
UPR-0971T, 1994.

[85] S.Richers, Evaluating approximate flavor instability metrics
in neutron star mergers, Phys. Rev. D 106, 083005
(2022).

[86] S. Abbar, Applications of machine learning to detecting fast
neutrino flavor instabilities in core-collapse supernova and
neutron star merger models, Phys. Rev. D 107, 103006 (2023).

[87] S. Abbar and H. Nagakura, Detecting fast neutrino flavor
conversions with machine learning, Phys. Rev. D 109,
023033 (2024).

[88] C.Yi, L. Ma, J. D. Martin, and H. Duan, Dispersion relation
of the fast neutrino oscillation wave, Phys. Rev. D 99,
063005 (2019).

[89] F. Pedregosa, G. Varoquaux, A. Gramfort, V. Michel, B.
Thirion, O. Grisel, M. Blondel, P. Prettenhofer, R. Weiss, V.
Dubourg ef al., SCIKIT-LEARN: Machine learning in Python, J.
Mach. Learn. Res. 12, 2825 (2011).

[90] F. Chollet et al., Keras, https://keras.io (2015).

[91] J. D. Hunter, Matplotlib: A 2d graphics environment, Comput.
Sci. Eng. 9, 90 (2007).

[92] S. van der Walt, S.C. Colbert, and G. Varoquaux, The
NumPy array: A structure for efficient numerical computa-
tion, Comput. Sci. Eng. 13, 22 (2011).

[93] P. Virtanen et al. (SciPy 1.0 Contributors), Scipy 1.0:
Fundamental algorithms for scientific computing in Python,
Nat. Methods 17, 261 (2020).

[94] F. Pérez and B. E. Granger, IPython: A system for interactive
scientific computing, Comput. Sci. Eng. 9, 21 (2007).

083019-12


https://doi.org/10.1103/PhysRevD.108.103014
https://doi.org/10.1103/PhysRevD.108.103014
https://doi.org/10.1103/PhysRevD.108.123010
https://doi.org/10.1103/PhysRevD.107.043024
https://doi.org/10.1103/PhysRevD.107.043024
https://arXiv.org/abs/2309.00972
https://doi.org/10.3847/1538-4357/abac5e
https://doi.org/10.1103/PhysRevLett.126.251101
https://doi.org/10.1103/PhysRevLett.126.251101
https://doi.org/10.1103/PhysRevD.106.103003
https://doi.org/10.1103/PhysRevD.102.063018
https://doi.org/10.1103/PhysRevD.104.083035
https://doi.org/10.1103/PhysRevD.106.103039
https://doi.org/10.1103/PhysRevD.106.103039
https://doi.org/10.1016/j.physletb.2023.138210
https://doi.org/10.1016/j.physletb.2023.138210
https://doi.org/10.1103/PhysRevD.106.043011
https://doi.org/10.1103/PhysRevD.106.043011
https://doi.org/10.1103/PhysRevD.108.063003
https://doi.org/10.1143/PTP.125.1255
https://doi.org/10.1143/PTP.125.1255
https://doi.org/10.1103/PhysRevD.87.103004
https://doi.org/10.1093/mnras/194.2.439
https://arXiv.org/abs/2311.15656
https://doi.org/10.1038/s42254-021-00314-5
https://doi.org/10.1007/s10915-022-01939-z
https://doi.org/10.1016/j.jcp.2018.10.045
https://doi.org/10.1016/j.jcp.2018.10.045
https://arXiv.org/abs/2312.06556
https://doi.org/10.1103/PhysRevD.101.043016
https://doi.org/10.1103/PhysRevD.101.043016
https://doi.org/10.1016/j.cpc.2022.108588
https://doi.org/10.1016/j.cpc.2022.108588
https://doi.org/10.1103/PhysRevD.106.083005
https://doi.org/10.1103/PhysRevD.106.083005
https://doi.org/10.1103/PhysRevD.107.103006
https://doi.org/10.1103/PhysRevD.109.023033
https://doi.org/10.1103/PhysRevD.109.023033
https://doi.org/10.1103/PhysRevD.99.063005
https://doi.org/10.1103/PhysRevD.99.063005
https://keras.io
https://keras.io
https://doi.org/10.1109/MCSE.2007.55
https://doi.org/10.1109/MCSE.2007.55
https://doi.org/10.1109/MCSE.2011.37
https://doi.org/10.1038/s41592-019-0686-2
https://doi.org/10.1109/MCSE.2007.53

