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Laser Interferometer Space Antenna (LISA) will observe gravitational waves from galactic binaries
(GBs) of white dwarfs or neutron stars. Some of these objects are among the most magnetic astrophysical
objects in the Universe. Magnetism, by secularly disrupting the orbit, can eventually affect the gravitational
waves emission and could then be potentially detected and characterized after several years of observations
by LISA. Currently, the data processing pipeline of the LISA Data Challenge (LDC) for GBs does not
consider either magnetism or eccentricity. Recently, it was shown [Bourgoin et al., [Phys. Rev. D 105,
124042 (2022)]] that magnetism induces a shift on the gravitational wave frequencies. Additionally, it was
argued that, if the binary’s orbit is eccentric, the presence of magnetism could be detected by LISA. In this
work, we explore the consequences of a future data analysis conducted on quasicircular and magnetic GB
systems using the current LDC tools. We first show that a single eccentric GB can be interpreted as several
GBs and this can eventually bias population studies deduced from LISA’s future catalog. Then, we confirm
that for quasicircular orbits, the secular magnetic energy of the system can be inferred if the signal-to-noise
ratio of the second harmonic is high enough to be detected by traditional quasimonochromatic source
searching algorithms. LISA observations could therefore bring new insights on the nature and origin of
magnetic fields in white dwarfs or neutron stars.
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I. INTRODUCTION

Laser Interferometer Space Antenna (LISA) is an ESA
(European Space Agency) andNASA (National Aeronautics
and Space Administration) joint mission targeted for launch
around mid 2030 [1,2]. It will consist of three spacecrafts in
heliocentric orbits forming a giant space-based triangular
interferometer dedicated to the observation of gravitational
waves (GWs). With its 2.5 million kilometers arm-length it
will watch the low frequency band of theGWs spectrum (i.e.,
from 0.1 mHz to 0.1 Hz) hoping to detect the signal from
sources which are not yet resolved by the current ground-
based detectors such as LIGO [3], Virgo [4], KAGRA [5],
GEO600 [6], or the future Einstein Telescope [7].
Among the sources that LISA will observe, the galactic

binaries (GBs) are composed of white dwarfs (WDs),
neutron stars (NSs), and stellar mass black holes in various
combinations. It is expected that LISA will be able to
resolve more than ten thousand individual GBs over a
5-years LISA mission [8,9]. Because of a too low signal-to-
noise ratio (SNR) and a large number of individual systems,

the rest of the GBswill form a foreground confusion noise in
the frequency domain 1 mHz to 3 mHz that will not be
resolvable by LISA [10]. Some of the resolvable GBs are
already identified as certified sources of GWs for LISA [11].
They are called the verification binaries and will serve for
validating the first run of observations. As a matter of fact,
they will constrain the calibration of the detector [12] which
will impact the bias on other sources.
Currently, the GWs from GBs are modeled assuming a

quasimonochromatic signal [13], namely a signal emitted by
a slowly inspiraling binary on circular orbit [14]. However,
the GWs signal could be more complex than the mono-
chromatic picture, for instancewhen the orbitalmotion is not
purely circular [15,16] or when it is perturbed by an external
process such as a third body perturbation [17–19], or even
when the signatures of its own internal interactions such as
tidal [15,20–23] or magnetic interactions [24–27] become
visible. It is thus important to study the signatures of these
perturbations in the GW’s signal.
In fact, WDs and NSs are among the most magnetic

astrophysical objects of the universe with magnetic fields
that can reach up to 109 G for WDs and up to 1015 G for
NSs (i.e., the magnetars) [28]. These fields are so intense
that they could significantly change the orbital motion of a
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GB and then generate detectable signatures in the GWs
signal [25,29]. Hence, LISA could measure the magnetism
within thousands of binary systems and could thus be the
opportunity to learn more on the origin and the nature of
magnetism in degenerate stars by complementing obser-
vations from large spectroscopic surveys [30,31] and from
polarimetric surveys [32–34].
The observed diversity in the characteristics of magnetic

fields in degenerate stars (and in main sequence stars too)
has led astrophysicists to come up with different scenarios
of formation for magnetic WDs and NSs. Schematically,
three different channels have been proposed, namely the
“merging scenario,” the “dynamo hypothesis,” and the
“fossil field” hypothesis.
(1) The merging scenario states that magnetic fields

are amplified by a dynamo during accretion of
rocky debris [35,36] or during the merger of a
binary pair [37,38]. Originally, it was motivated by
the dearth of magnetic WDs in detached binary
systems [39,40]. However, as pointed out by Marsh
et al. [41] and Landstreet and Bagnulo [42],
strongly magnetic WDs in binary systems actually
do exist. Furthermore, Bagnulo and Landstreet [43]
concluded after analyzing spectropolarimetric ob-
servations of more than 150 WDs within 20 pc
from the Sun, that there is no strong indication that
the frequency of isolated single magnetic WDs is
different than in binary systems.

(2) The dynamo hypothesis encompasses scenarios
where the magnetic field is generated after the
collapse of WD/NS’s progenitors. The NS’s version
of this scenraio involves a dynamo right after themass
ejection of the progenitor where a vigorous convec-
tive episode together with a fast rotation could give
rise to a strongmagnetic field on a short period of time
(few seconds) [44–46]. Even if this scenario seems to
recover some properties of millisecond pulsars it still
faces the fact that the current population of magnetars
seems to favor slow rotators [40]. The WD’s version
of the dynamo hypothesis suggests that during the
cooling, the strong convection induced by the crys-
tallization of WDs’ C-O core together with a rapid
rotation-driven dynamo could generate a strong
magnetic field that would then diffuse from the inner
region after billion years [47,48]. This scenario, by
favoring oldWDs as natural hosts formagnetic fields,
is supported by the dearth of young magnetic WDs
(with ages below 1 Gyr) observed by Bagnulo and
Landstreet [43].

(3) The fossil-fields hypothesis suggests that magnetic
fields in compact stars are inherited from pre-WD/
NS’s evolutions. In a first version, the fields are indu-
ced by flux conservation during evolution from the
main sequence to the final compact state [37,49–51].
Accordingly, the progenitors of strongly magnetic

WDswould be theAp andBp starswhile those ofNSs
would be the stars of spectral type O with strong
effective dipolar fields [37,52]. However, as initially
pointed out by Kawka et al. [53] and confirmed later
on by Bagnulo and Landstreet [43], this channel is
probably not the main one to produce the 20% of
magneticWDs from the 8%ofAandBmain sequence
stars [54]. A second version of the fossil-fields
hypothesis states that a dynamo-drivenmagnetic field
would be generated in the convective cores of stars
either in the main sequence or in the asymptotic giant
branch [55–58]. It would then be compressed and
amplified during the latter evolution, and then re-
vealed after the ejection of the envelope. Finally, the
diffusion of the field from the inner compact star to
its surface usually unveils a stable dipolar magnetic
field [59,60]. For slowly diffusing fields, this mecha-
nism is compatible with the dearth of young magnetic
WDs observed by Bagnulo and Landstreet [43].

This nonexhaustive list of possible channels of formation
of magnetic fields illustrates the fact that additional data are
needed in order to refine the scenario of formation. By
observing tens of thousands of GBs, LISA represents the
perfect opportunity to further constrain the nature of
magnetism within WDs and NSs. In this attempt, the
quasimonochromatic picture is likely not accurate enough
over a 5-years LISA mission, and it can even bias the
calibration of the detector or the determination of the most
sensitive physical parameters (e.g., the chirp mass, etc.).
Therefore, the data processing pipelines have to be refined
in order to fully extract the physical information from the
data. As a matter of fact, it was shown recently [25] that the
possibility of detecting magnetism from the GWs signal
alone is intrinsically linked to the presence of eccentricity
in the binary system. However, this cannot be tested within
the monochromatic picture of the current data processing
pipeline of the LISA Data Challenge (LDC) algorithms.
The magnetic dipole-dipole interaction generates a secular
rate of change in the mean longitude and in the longitude of
the pericenter. These secular drifts are proportional to the
secular magnetic energy of the binary system. For a binary
in circular orbit, the frequency of the GWs signal is
proportional to the mean longitude, thus magnetism shifts
the frequency of the GWs signal with respect to the
nonmagnetic case. This shift is fully degenerated with
the frequency and hence it should not be detectable from
GWs observations alone. However, the situation slightly
changes if the source of the signal is in quasicircular orbit.
Indeed, in this configuration, the GWs signal is more
complex than the monochromatic picture since it contains
additional frequencies besides the main frequency of the
circular orbit. Magnetism will then shift all the frequencies,
so that the magnetic information can actually be deduced
from the GWs observations by measuring and combining
the harmonic frequencies. Therefore, the possibility of
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observing magnetism from GWs is fully related to the
possibility of detecting magnetic binary systems in quasi-
circular orbit. If this is challenging according to the
merging scenario it is perfectly feasible within the fossil-
fields hypothesis or the dynamo scenario.
In this work, we address the problem of determining

whether or not current LDC monochromatic algorithms are
sufficiently robust to allow for the detection of all GBs
especially those which are in quasicircular orbit and which
host magnetic interactions. Then, we derive a simplified
procedure for determining the magnetic information of the
binary system from the determination of the main frequency
and second harmonic of the GW signal. The paper is
organized as follows. In Sec. II, we recall the necessary
results of Bourgoin et al. [25] concerning the secular orbital
dynamics of a binary system in quasicircular orbit while
considering the effects of general relativity (GR) and of the
dipole-dipole magnetic interaction. In Sec. III, we derive the
corresponding GWs waveform up to the second-order in
eccentricity and then we relate the measurable quantities
(e.g., the amplitudes or the frequencies of the signal) to the
physical parameters of the binary system (e.g., the chirp
mass or the product of themagneticmoments). In Sec. IV,we
use the computed waveform to simulate the LISA data and
then we analyse it assuming the quasimonochromatic
picture from the LDC. The GW signal is simulated using
the parameters froman identified verification binary, namely
HMCancri—RXJ0806.3þ 1527, whose eccentricity could
be of the order of 0.1 [15]. In Sec. V, we discuss the outcome
(i.e., the inference of the GWs signal’s parameters) of the
data analysis considering a 1, 4, and 8-years LISA mission.
We then determine the estimates of the physical parameters
thanks to the simplified expressions determined previously
in Sec. III. Finally, we give our conclusions in Sec. VI.

II. ORBITAL DYNAMICS OF
MAGNETIC GALACTIC BINARIES

Inorder to analyze theGWssignal fromaparticular source,
we first need to describe its orbital motion. We assume a
binary system in quasicircular orbit (eccentricity ≪ 1) and
consider the effects of (i) GR up to the 2.5 post-Newtonian
(PN) approximation and (ii) the magnetic dipole-dipole
interaction. The magnetic moments are aligned with the
spins. The description of the secular motion has been derived
in Bourgoin et al. [25]. As discussed in Bourgoin et al. [25],
tidal effects are nondegenerated with the magnetic effects at
post-circular order and can thus be studied independently.
Therefore, tidal effects are left aside on purpose in the present
work. In this section, we recall the main results of Bourgoin
et al. [25] that are necessary for our purpose.

A. Reference frames

In this work, we suppose that the observer (i.e., the LISA
constellation) is in the far-away wave-zone [61] so that we

call it the far-away observer. Hence, the field point (i.e., the
LISA constellation) is considered far from the source point
(i.e., the center-of-mass of the binary system) in the sense
that the separation between the two is much larger than the
characteristic wavelength of the GWs emitted by the source
(i.e., the magnetic GB). Accordingly, the relative motion of
the observer can be neglected and N̂, the unit-direction of
the observer relative to the source point, can be considered
constant.
Following notations in [25], let ðêX; êY; êZÞ be the

orthonormal basis attached to the center-of-mass of the
binary system; we shall call this frame the source frame.
By definition, the source frame is an inertial frame and is thus
well-suited for the description of the orbital motion of the
binary system (see Sec. II B). The choice of the orientation of
the source frame will be discussed in more depth in Sec. III.
Finally, let ðêϑ; êφ; N̂Þ be the orthonormal basis asso-

ciated to the far-away observer; we shall call this frame the
transverse frame. The denomination is motivated by the
fact that in the far-away wave-zone, the harmonic gauge
can be further specialized by using the transverse-tracefree
gauge [61]. The orientation of the transverse frame in the
source frame is represented in Fig. 1.

B. Secular orbital dynamics

The emission of GWs is known to induce a back reaction
on the orbit making it more and more circular. Therefore, it
is expected that, after a certain period of time tGW, an
eccentric binary system will reach a quasicircular orbit: that
is to say e ≪ 1 with e being the eccentricity. The character-
istic time for circularizing the orbit is typically on the order
of tGW ∼ c5ðGmÞ−5=3f−8=3 with c the speed of light in a
vacuum, G the gravitational constant, f the main frequency
of the gravitational radiation for circular orbit, and m the
total mass of the binary system namely m ¼ m1 þm2 with
m1 and m2 the masses of primary and secondary, respec-
tively. For typical GBs in the high frequency band of LISA
(i.e., for f ¼ 0.1 Hz), the characteristic time for the GWs
radiation is about tGW ∼ 104 yr. The loss of eccentricity can
thus occur on relatively short timescales with respect to the
age of certain binary systems [43].
For small values of the eccentricity, the orbital motion is

conveniently described by making use of the regular orbital
elements, namely a, z, ζ with a the semimajor axis, z the
imaginary eccentricity vector, ζ the imaginary inclination
vector, and L the mean longitude of the orbit. The
expressions of the regular elements are as follows:

z ¼ e exp ðiϖÞ; ð1aÞ

ζ ¼ sin

�
ι

2

�
exp ðiΩÞ; ð1bÞ

L ¼ ϖ þM: ð1cÞ
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The imaginary number is i≡ ffiffiffiffiffiffi
−1

p
and ι is the inclina-

tion of the orbital plane on the inertial equator of the source
frame ðêX; êYÞ. Ω is the longitude of the ascending node
and ϖ ¼ Ωþ ω is the longitude of the pericenter with ω
the argument of the pericenter. M is the mean anomaly
which is expressed as M ¼ nðt − τÞ, where τ is the time of
pericenter passage with n the mean motion being given by
Kepler’s third law:

n ¼
ffiffiffiffiffiffiffiffi
Gm
a3

r
: ð2Þ

The different angular elements are represented in Fig. 1.
When the binary system dynamics is only driven by the

Newton two-body equations of motion, the regular ele-
ments are constants, apart from the mean longitude which
evolves linearly in time, namely LðtÞ ∝ nt with n being a
constant. However, when considering perturbations to the
Newton two-body equations of motion, we expect the
regular elements to evolve in time. If the magnitude of
the perturbation is small with respect to the two-body
zeroth-order term, the characteristic time for the change in
the regular elements is expected to be much larger than one
orbital period P ¼ 2π=n. In this case, it is convenient to
focus on the long-term variations of the regular elements,
namely their secular variations.

Let us now report the secular dynamics of a magnetic GB
within the LISA frequency band. As mentioned earlier, the
system is thus expected to be in the inspiral phase and in
quasicircular orbit due to the gravitational radiation. By
considering the perturbations from GR (up to the 2.5PN
approximation) and the magnetic dipole-dipole interaction
(on both the orbital and rotational motions), we can derive
the approximate secular evolution of the regular elements.
We thus keep up to the quadratic terms in time and
systematically neglect the periodic ones which all have
small amplitudes in the present context of an inspiral
magnetic binary system as discussed in appendix B of
Bourgoin et al. [25]. Let us recall that the oscillations in the
orbital dynamics are mainly due to the precession motion of
the magnetic moments about the direction of the orbital
angular momentum when they are in close-to-equilibrium
configuration. Therefore, in the LISA context, considering
magnetic moments at equilibrium or close-to-equilibrium
does not significantly change the secular orbital dynamics.
Hence, the secular evolution of the longitude of the
pericenter and the mean longitude are approximated by

ϖðtÞ ¼ ϖ0 þ ðϖ̇1PN þ ϖ̇MÞt; ð3aÞ

LðtÞ ¼ L0 þ ðn0 þ L̇1PN þ L̇MÞtþ
3n0
4

jȧ2.5PNj
a0

t2; ð3bÞ

FIG. 1. Orientation of ðêϑ; êφ; N̂Þ, the transverse frame (in green), in the source frame (in red), namely ðêX; êY; êZÞ. The primary is
shown at the center-of-mass of the binary system in order to simplify the drawing—this corresponds to the case where the mass of the
secondary is negligible with respect to primary’s. The orbital motion of the binary system is described at any time t by making use of the
radial separation (r), the inclination (ι), the longitude of the node (Ω), the argument of the pericenter (ω), and the true anomaly (ν).
The orientation of the transverse frame with respect to the source frame is parameterized by the following triple of angles: ðϑ;φ; χÞ. The
magnetic moments of the primary and secondary (in blue) are denoted by μ1 and μ2, respectively.
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where an “overdot” denotes a rate of change. The secular
contribution from GR is denoted by a subscript “xPN”
where “x” refers to the degree of the post-Newtonian
expansion. The secular contribution from magnetism is
denoted by a subscript “M.” In the previous expressions
and hereafter, we systematically neglect the 2PN terms
before the 1PN contribution. The expressions of the 1PN
terms are given by

ϖ̇1PN ¼ 3n05=3
�
GM
c3

�
2=3 η−2=5

ð1 − e02Þ
; ð4aÞ

L̇1PN ¼ ϖ̇1PN

�
10

3

�
1 −

η

2

�
1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e02

p
e02

−
5

3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e02

q
−
η

6

�
1 − 8

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e02

q �
−
7

3
e02

�
1 −

11η

14

��
; ð4bÞ

where n0 ¼ nðt ¼ 0Þ, a0 ¼ aðt ¼ 0Þ, and e0 ¼ eðt ¼ 0Þ
are the initial mean motion, the initial semimajor axis, and
the initial eccentricity, respectively. The symmetric mass
ratio and the chirp mass, namely η and M, are given
respectively by

η ¼ m1m2

m2
; M ¼ η3=5m: ð5Þ

The secular magnetic terms read as follows:

ϖ̇M ¼ 3ŪMffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e02

p �
n0

G2M5

�
1=3

; ð6aÞ

L̇M ¼ ϖ̇M

�
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e02

q �
; ð6bÞ

where ŪM is a constant quantity representing the secular
magnetic energy of the binary system (cf., [62]), namely

ŪM ¼ μ0
4πa03ð1 − e02Þ3=2

ð3μz1μz2 − μ1 · μ2Þ: ð7Þ

In this last expression, μ0 is the vacuum magnetic per-
meability, μ1 and μ2 are the dipole magnetic moments of the
primary and secondary, respectively, and μz1 and μz2 are the
projection of μ1 and μ2 on the direction of the orbital
angular momentum êz, respectively.
The solutions for the secular evolution of the semimajor

axis and eccentricity vector are given by

aðtÞ ¼ a0 − jȧ2.5PNjt; ð8aÞ

zðtÞ ¼ e0 exp

�
−
jė2.5PNj
e0

t

�
exp

	
iϖðtÞ
; ð8bÞ

where the GR contributions, at the 2.5PN approximation,
are given by

ȧ2.5PN
a0

¼ −
64

5
n08=3

�
GM
c3

�
5=3 Gðe0Þ

ð1 − e02Þ7=2
; ð9aÞ

ė2.5PN
e0

¼ −
304

15
n08=3

�
GM
c3

�
5=3 Hðe0Þ

ð1 − e02Þ5=2
ð9bÞ

with Gðe0Þ and Hðe0Þ being given by

Gðe0Þ ¼ 1þ 73

24
e02 þ

37

94
e04; ð10aÞ

Hðe0Þ ¼ 1þ 121

304
e02: ð10bÞ

Neither GR nor the magnetic dipole-dipole interaction
can secularly change the inclination vector, hence

ζðtÞ ¼ ζ0: ð11Þ

Furthermore, one might see that the magnetic interaction, in
the magnetostatic approximation, does not secularly affect
the shape of the orbit, namely a and e. The secular
variations of the semimajor axis and eccentricity are caused
by the loss of orbital energy and angular momentum that
are carried away from the binary system by the gravita-
tional radiations (i.e., the 2.5PN terms). This yields a
decrease in semimajor axis and to an exponential decay in
eccentricity, namely an efficient circularization of the orbit.
The linear drift of the semimajor axis causes an increase of
the orbital frequency (i.e., the mean motion) and this makes
the mean longitude vary quadratically in time as shown
in Eq. (3b).
From the orbital motion, we can now determine the

mode polarizations of the GWs. This is the subject of the
next section.

III. GRAVITATIONAL WAVEFORM

For an observer in the far-away wave-zone, it is well
known [61,63] that the GW mode polarizations hþ and h×
are the transverse-tracefree part of the potentials hjk (which
is expressed in the source frame), that is to say

hþ ¼ 1

2
½ðêϑÞjðêϑÞk − ðêφÞjðêφÞk�hjk; ð12aÞ

h× ¼ 1

2
½ðêϑÞjðêφÞk þ ðêφÞjðêϑÞk�hjk: ð12bÞ

The components hjk are given by the quadrupole formula

hjkðtobs;xÞ ¼
2G
c4D

̈IjkðtÞ: ð13Þ
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In this expression, D is the separation between the source
and the field point, namely D ¼ kxk, and t is the retarded
time, namely t ¼ tobs −D=c. Finally, Ijk’s are the compo-
nents of the quadrupole moment of inertia expressed in the
source frame, namely

IjkðtÞ ¼
Z

ρðt; xÞxjxkd3x; ð14Þ

with ρ the density matter distribution.
For a binary system composed of two punctual masses,

the expression of the second time derivative of (14) can be
straightforwardly derived from the tensor virial theorem. It
involves the well-known solution of the Kepler motion.
Therefore, the mode polarizations (12) are conveniently
expressed in term of the orbital elements ða; z; ζ; LÞ, where
the mean longitude is the only angle varying on short
timescale, namely one orbital period [63,64]. In this
picture, the final relationships of hþ and h× are valid for
circular and eccentric orbits.
When keeping the transverse-tracefree part of hjk, the

mode polarizations depend on the orientation of the trans-
verse frame in the source frame through the angles ϑ, φ, and
χ which are constants for an observer in the far-away wave
zone. Therefore, specifying the orientation of the source
frame allows one to remove unnecessary constants. From
now, we assume that the source frame coincides with the
transverse frame such that ðêX; êY; êZÞ → ðêϑ; êφ; N̂Þ, and
this fixes all the degrees of freedom in the orientation of the
source frame besides a remaining arbitrary rotation around
êZ (i.e., N̂). As it might be seen from Fig. 1, this trans-
formation can be achieved by substituting ϑ ¼ φ ¼ 0 and
χ ¼ 0 into the expressions for the mode polarizations.

A. Fourier decomposition of the waveform

Having chosen the orientation of the source frame, the
mode polarizations hþ and h× are now given at the lth-
order in jzj (i.e., up to the lth-order in eccentricity) by the
following Fourier series:

hþ − ih× ¼ hðaÞ
Xlþ2

k¼−ðlþ2Þ
ckðz; ζÞeikL; ð15Þ

where the Fourier’s coefficients ck are given hereafter up to
second-order in eccentricity (i.e., l ¼ 2):

cþ4 ¼ −8z̄2ζ̄4; ð16aÞ

cþ3 ¼ −
9

2
z̄ζ̄4; ð16bÞ

cþ2 ¼ −2
�
1 −

5

2
zz̄

�
ζ̄4 þ z̄2ζ̄2ð1 − ζζ̄Þ; ð16cÞ

cþ1 ¼
3

2
zζ̄4 þ z̄ζ̄2ð1 − ζζ̄Þ; ð16dÞ

c−1 ¼
3

2
z̄ð1 − ζζ̄Þ2 þ zζ̄2ð1 − ζζ̄Þ; ð16eÞ

c−2 ¼ −2
�
1 −

5

2
zz̄

�
ð1 − ζζ̄Þ2 þ z2ζ̄2ð1 − ζζ̄Þ; ð16fÞ

c−3 ¼ −
9

2
zð1 − ζζ̄Þ2; ð16gÞ

c−4 ¼ −8z2ð1 − ζζ̄Þ2; ð16hÞ

with c0 ¼ 0. Let us recall that the complex variables z and ζ
are defined in Eq. (1). The GW strain amplitude, h, is
function of the mean motion [or equivalently the semimajor
axis, see Eq. (2)] and is given by

hðaÞ ¼ 2cn2=3

D

�
GM
c3

�
5=3

: ð17Þ

Equation (15) is still valid beyond the Kepler motion.
Hence, by substituting the secular solutions (8) and (3) into
the right-hand side of Eq. (15), one can get the combined
effects of GR (up to the 2.5PN order) and the magnetic
dipole-dipole interaction on the mode polarizations. Then,
according to Eq. (2), we have the relation: n2=3ðtÞ ∝ a−1ðtÞ,
and hence the GW strain amplitude increases as the semi-
major axis decreases because of the energy loss due to the
gravitational radiation. On the other hand, the magnetic
dipole-dipole interaction (and the 1PN terms) secularly
changes the mean longitude and the longitude of the peri-
center. Because the latter enters into Eq. (15) at first-order in
eccentricity, it can be neglected for quasicircular orbits and
only the secular drift of the mean longitude needs to be
considered. Therefore, we anticipate that magnetism will
slightly change the frequency of themode polarizationswith
respect to the frequency that would be expected for two
point-masses orbiting each other on circular orbits.

B. The detector adapted frame

Following Poisson and Will [61], we further specialize
the source frame by imposing that êX (i.e., êϑ) is aligned
with the direction of the line of nodes. In other words, we
now set Ω ¼ 0, which according to Eq. (1), leads to
ζ ¼ sinðι=2Þ. This is a convenient convention to choose
since neither GR nor the magnetic dipole-dipole interaction
do change the longitude of the ascending node [see
Eq. (11)]. The source frame now coincides exactly with
the LDC conventions [14] and with the detector adapted
frame introduced in Poisson and Will [61].
The Fourier series (15) can thus be simplified and

expressed as a trigonometric expansion where the “þ”
and “×” polarizations are now separated:
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hþ
hðaÞ ¼ −

�
1 −

5

2
e2
�
ð1þ cos2ιÞ cos 2L

− e
�
ð1þ cos2ιÞ

�
9

4
cosð3L −ϖÞ − 3

4
cosðLþϖÞ

�
−
1

2
sin2ι cosðL −ϖÞ

�
− e2

�
4ð1þ cos2ιÞ cosð4L − 2ϖÞ

−
1

2
sin2ι cosð2L − 2ϖÞ

�
; ð18aÞ

h×
hðaÞ ¼ −2

�
1 −

5

2
e2
�
cos ι sin 2L

− e cos ι

�
9

2
sinð3L −ϖÞ − 3

2
sinðLþϖÞ

�
− 8e2 cos ι sinð4L − 2ϖÞ: ð18bÞ

In these expressions, we neglected third-order terms in
eccentricity. At linear order in the eccentricity, we have thus
recovered previous results by Bourgoin et al. [25]. These
expressions are used in Sec. IV to simulate the gravitational
signal from a verification binary called HM Cancri, but
before let us investigate the impact of the orbital dynamics
on the GW signal when considering GR and the magnetic
dipole-dipole interactions.

C. Frequency spectrum of a magnetic
GB in quasicircular orbit

In this section, we focus on the dominant contribution
right after the main peak at 2L which is the only one
remaining for the special case of purely circular orbits.
Obviously the same reasoning as the one presented hereafter
would also apply to investigate higher order harmonics.
After substituting the secular solutions (3) and (8) into

Eq. (18), we obtain the following expressions given here up
to the first-order in eccentricity (the number between
parenthesis represents the order in eccentricity)

hþðtÞ ¼ hð0Þþ ðtÞ þ hð1Þþ ðtÞ; ð19aÞ

h×ðtÞ ¼ hð0Þ× ðtÞ þ hð1Þ× ðtÞ; ð19bÞ

where the zeroth-order terms are

hð0Þþ ðtÞ ¼ Að0ÞðtÞð1þ cos2ιÞ cosΦð0ÞðtÞ; ð20aÞ

hð0Þ× ðtÞ ¼ 2Að0ÞðtÞ cos ι sinΦð0ÞðtÞ: ð20bÞ

The amplitude Að0Þ and the phase Φð0ÞðtÞ are respec-
tively given by

Að0ÞðtÞ ¼ −h0

241 − 5
2
e02 exp ð−2 jė2.5PNj

e0
tÞ

1 − jȧ2.5PNj
a0

t

35; ð21aÞ

Φð0ÞðtÞ ¼ 2πfð0Þtþ πḟð0Þt2 − ϕð0Þ; ð21bÞ

with ϕð0Þ ¼ −2L0 and h0 ¼ hða0Þ [cf. Eq. (17)]. The main
frequency and the time frequency shift are respectively
defined by

fð0Þ ¼
n0
π

�
1þ L̇1PN

n0
þ L̇M

n0

�
; ð22aÞ

ḟð0Þ ¼
3n0
2π

jȧ2.5PNj
a0

: ð22bÞ

The expressions for the mode polarizations at first-order
in eccentricity are

hð1Þþ ðtÞ ¼ Að1ÞðtÞð1þ cos2ιÞ cosΦð1ÞðtÞ þ…; ð23aÞ

hð1Þ× ðtÞ ¼ 2Að1ÞðtÞ cos ι sinΦð1ÞðtÞ þ…; ð23bÞ

where the amplitude Að1Þ and the phase Φð1ÞðtÞ are
respectively given by

Að1ÞðtÞ ¼ −
9e0h0
4

24exp ð− jė2.5PNj
e0

tÞ
1 − jȧ2.5PNj

a0
t

35; ð24aÞ

Φð1ÞðtÞ ¼ 2πfð1Þtþ πḟð1Þt2 − ϕð1Þ; ð24bÞ
with ϕð1Þ ¼ −3L0 þϖ0. The frequency and the time
frequency shift are defined by

fð1Þ ¼
3n0
2π

�
1þ 3L̇1PN − ϖ̇1PN

3n0
þ 3L̇M − ϖ̇M

3n0

�
; ð25aÞ

ḟð1Þ ¼
9n0
4π

jȧ2.5PNj
a0

; ð25bÞ

respectively. The ellipsis in the expressions (23) correspond
to the other first-order terms in eccentricity which occur at
frequencies L −ϖ and Lþϖ; we neglect them for the
current discussion since their amplitudes are at least 3 and
4.5 times smaller than the dominant one occurring at
frequency 3L −ϖ, respectively. Hereafter, we refer to

the GW signals fhð0Þþ ; hð0Þ× g and fhð1Þþ ; hð1Þ× g as the main
signal (or the first harmonic signal) and the second
harmonic signal, respectively.
The amplitude of the first and second harmonics (i.e.,

Að0Þ and Að1Þ, respectively) can be further simplified when
t ≪ tGW. At zeroth-order in t=tGW, we have expressions as
follows: Að0Þ ≃ −h0ð1 − 5e02=2Þ and Að1Þ ≃ −9e0h0=4.
These are not accurate if σAðiÞ , the precision of the measured
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GW strain amplitudes, is the same order of magnitude than
tLISA=tGW, where i ¼ f0; 1g and tLISA is the LISA mission
duration. For GBs in the high frequency band of LISA, the
characteristic time for the GWs radiation is tGW ∼ 104 yr,
that is to say three orders of magnitude larger than a 5-years
LISA mission (i.e., tLISA ¼ 5 yr). Hence, the simplifica-
tions are effective as long as the precisions on the
determination of the strain amplitudes satisfie: σAðiÞ=AðiÞ ≫
10−3 with i ¼ f0; 1g. For GB sources, this condition
translates into a constraint on the SNR of the source,
namely SNR ≪ 1000 (see the appendix).
Let us emphasize that we have kept a second order term

in eccentricity in the expression ofAð0Þ [see Eq. (21a)]. The
reason is linked to the fact that this is the only second order
term in e0 that is actually visible when processing the GW
signal for the realistic case we are considering hereafter
in Sec. V.
According to Eqs. (22a), (25a), and (6b), one may infer

that magnetism is responsible of shifting the frequencies in
the GW signal with respect to the case without magnetism.
Indeed, the frequency shifts are given by

2πðfð0Þ − fð0ÞjŪM¼0Þ ¼ 4ϖ̇M þOðe02Þ; ð26aÞ

2πðfð1Þ − fð1ÞjŪM¼0Þ ¼ 5ϖ̇M þOðe02Þ; ð26bÞ

where fð0ÞjŪM¼0 and fð1ÞjŪM¼0 are respectively the fre-
quency of the first and second harmonics when the
magnetic energy is null. The shift is thus directly propor-
tional to the magnetic contribution in the secular precession
of the longitude of the pericenter. Moreover, as it may be
seen from Eq. (6a), the precession of the longitude of the
pericenter is directly proportional to the magnetic energy of
the binary system, and hence, the frequency shift is thus
proportional to the magnetic energy. Therefore, measuring
the magnetic frequency shift is a way to estimate the secular
magnetic energy within the source of the GWs.
To this end, one may actually notice a useful linear

combination between the frequencies of the first and
second harmonics, namely

ϖ̇M ¼ 3πfð0Þ − 2πfð1Þ − ϖ̇1PN: ð27Þ

This linear combination suppresses the main Keplerian
contribution n0 and returns the total precession of the
longitude of the pericenter. Then, the modeling of the GR
contribution (represented here by the dominant 1PN order)
allows us to estimate the magnetic contribution and hence
the magnetic energy. All this can be achieved at the
condition that the second harmonic frequency can be
measured, which necessitates that the eccentricity be high
enough to render the second harmonic visible.
In order to summarize the discussion, we represent

in Fig. 2 the frequency spectrum that is expected for
a magnetic GB in quasicircular orbit. The different

harmonics are generated when the eccentricity is not null.
At lth-order in eccentricity, we expect harmonics at
pulsation kjn0 (considering only positive values) with
kj ¼ lþ 2ð2 − jÞ, where j ¼ f1;…; ðlþ 2Þ=2g for l
even or j ¼ f1;…; ðlþ 1Þ=2þ 1g for l odd. As seen
from Eqs. (22a) and (25a), the harmonics are not expected
exactly at pulsation kjn0 even when not considering
magnetic effects; there are still the GR perturbation terms
remaining. However the GR deviations are small before the
Keplerian term n0, so they are not represented in Fig. 2,
which aims at emphasize the effects of eccentricity and
magnetism only. Beside the first harmonic, we see from
Fig. 2, that the amplitude of the higher harmonics are at
least linearly proportional to the eccentricity, meaning that
the contribution of higher harmonics to the total GW signal
is expected to decrease rapidly when e ≪ 1. At lth-order in
eccentricity, the amplitude of the harmonics are expected to
scale as ∝ elh0. As discussed previously, and represented
in Fig. 2, magnetism through the dipole-dipole interaction
will shift all the frequencies of the GW signal with respect
to a similar configuration where magnetism is neglected.
The importance of the magnetic shift depends on the
fundamental pulsation. A pulsation kn0 with k∈N is thus
expected to be shifted by the amount ðkþ 2Þϖ̇M with
respect to the nonmagnetic case.

FIG. 2. Schematic representation of the expected frequency
spectrum of the “þ” GW polarization for a magnetic GB in
quasicircular orbit up to second-order in eccentricity. The
spectrum for the “×” polarization is similar than the one for
the þ polarization. The zeroth, first, and second-order contribu-
tions in eccentricity to the GW signal are depicted in black, red,
and green, respectively. The plain and dashed signals represent
the frequency spectrum for a nonmagnetic and a magnetic GB,
respectively. Hence, a frequency peak occurring at pulsation kn0
with k∈N is shifted by ðkþ 2Þϖ̇M with respect to a configu-
ration where magnetism is neglected.

E. SAVALLE et al. PHYS. REV. D 109, 083003 (2024)

083003-8



D. Physical parameters from
GW signal’s parameters

When considering a binary system in circular orbit (i.e.,
e0 ¼ 0), the only remaining pieces in the expressions of the
mode polarizations are the zeroth-order terms in eccentric-
ity [cf. Eq. (20)]. Therefore, the data analysis can return
measurements of the following set of the GW signal’s
parameters: ðAð0Þ; ι; fð0Þ; ḟð0ÞÞ. However, if the eccentricity
of the binary system is sufficiently high so that the second
harmonic has a SNR sufficient to be detected, then Að1Þ,
fð1Þ, and ḟð1Þ can be determined too. Hence, the complete
set of GW signal’s parameters from a single source is
actually given by ðAð0Þ;Að1Þ; ι; fð0Þ; fð1Þ; ḟð0Þ; ḟð1ÞÞ.
From the wave’s parameters, we eventually aim at

determining the physical parameters of the source, namely
ðη; e0; n0;M; D; ι; ŪMÞ; from these, we can then determine
the total mass m from the definition of the chirp mass
[cf. Eq. (5)] and the semimajor axis a0 can be deduced from
Kepler third law of motion [cf. Eq. (2)].
When considering GR at the 2.5PN approximation

together with the magnetic dipole-dipole interaction, the
time frequency shifts ḟð0Þ and ḟð1Þ are in fact linearly
dependent, and this reduces the number of independent
GW signal’s parameters from 7 to 6. However, the number
of physical parameters of the source is still 7, therefore, the
system of equations is actually underdetermined. Our best
chance to make improvements is thus to assume a given
value for the symmetric mass ratio η, and then find all the
other physical parameters for the range of all possible
values of η. For a binary system of similar masses, namely
m2 ¼ m1 ¼ m=2, we have η ¼ 1=4 and M ¼ 0.253=5m ≃
0.435m. On the other hand, for a binary system with
m1 ≫ m2, the symmetric mass ratio reduces to η ≃m2=m1

andM ≃m1ðm2=m1Þ3=5 at first order inm2=m1. Therefore,
the range of variation of η is 0 < η ≤ 1=4. Considering that
compact GBs are expected to have similar masses, it is
more likely that η will remain close to 1=4 for the sources
we are considering in this study.
Considering the symmetric mass ratio as an input param-

eter, we nowhave to solve a system of nonlinear equations to
determine the set of parameters ðe0; n0;M; D; ι; ŪMÞ from
relations (17), (21a), (22), (24a), and (25a). This trans-
formation must be performed numerically for a better
determination that takes into account correlations between
the GW signal’s parameters. However, approximate solu-
tions using a single iteration Newton-Raphson’s method
provide instructive and simple relationships that turn out to
provide a good precision in the context of inspiraling GBs
in quasicircular orbit. The approximate solutions are as
follows:

e0 ≃
4

9

Að1Þ
Að0Þ

−
160

729

�
Að1Þ
Að0Þ

�
3

; ð28aÞ

n0 ≃ πfð0Þ −Hðe0Þ
�
5π3=2

96η
f1=2ð0Þ ḟð0Þ

ð1 − e02Þ
Gðe0Þ

�
2=5

; ð28bÞ

M ≃
c3

G

"
5

96π8=3
ḟð0Þ
f11=3ð0Þ

ð1 − e02Þ7=2
Gðe0Þ

#
3=5

; ð28cÞ

D ≃
5c
48π2

ḟð0Þ
Að0Þf3ð0Þ

ð1 − 5
2
e02Þð1 − e02Þ7=2
Gðe0Þ

; ð28dÞ

ŪM ≃
5

288π3
c5

G

ϖ̇Mḟð0Þ
f4ð0Þ

ð1 − e02Þ4
Gðe0Þ

; ð28eÞ

where the rate of precession of the longitude of the pericenter
caused by the magnetic dipole-dipole interaction in given in
term of fð0Þ, fð1Þ, and the GR perturbation in Eq. (27), where
ϖ̇1PN is given by

ϖ̇1PN ≃
�
15

ffiffiffi
3

p
π3=2

32η
f1=2ð0Þ ḟð0Þ

ð1 − e02Þ
Gðe0Þ

�2=5
: ð29Þ

Let us emphasize that the detection of eccentricity can be
achieved once Að1Þ, the amplitude of the second harmonic,
can be measured as shown in Eq. (28a). Similarly, because
the eccentricity is responsible for generating the harmonic
at frequency fð1Þ, we see from Eqs. (28) and (27) that the
detection of a magnetic dipole-dipole interaction within the
binary system cannot be done for a circular orbit. Indeed, a
circular motion induces a unique quasimonochromatic GW
radiation at frequency fð0Þ meaning that ϖ̇M cannot be
measured from GWs radiation alone as anticipated in
Bourgoin et al. [25].

IV. SIMULATION OF A REALISTIC
GRAVITATIONAL WAVEFORM

In this section, we use Eq. (18) in order to generate, in
the time domain, the GW signal emitted by a magnetic GB
in quasicircular orbit. Then, we generate the different time
delay interferometry (TDI) channels characterizing the
LISA response to the incoming GW signal in the frequency
domain with the help of the LDC tools [65]. We apply
standard statistical analysis techniques in order to infer the
physical parameters of the simulated GB in the next
section.

A. HM Cancri (RX J0806.3 + 1527)

Let us consider the verification binary HM Cancri (RX
J0806.3þ 1527) whose two massive components are
orbiting each other at a frequency of 6 mHz. Thus, the
GW signal is expected in the LISA low frequency band.
According to McNeill et al. [15], the X-ray emission and
the optical light-curve modulations of HM Cancri are both
compatible with an eccentricity at the level of 0.1, making it
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one of the most promising sources for detecting multiple
harmonics. In addition, HM Cancri is composed of two
WDs whose surface magnetic fields could be as high as
109 G [28]. Therefore, if the frequency of the first harmonic
can be measured by LISA, HM Cancri is a good candidate
for testing whether or not the strength of the magnetic
dipole-dipole interaction can be extracted from the GW
data alone. However, it seems that no information is
presently available on the nature and intensity of magnetic
fields in HM Cancri. In order to investigate if magnetism
could be determined from LISA data, we assume the most
favorable case where the twoWDs have magnetic moments
at the level of 1033 Am2, which corresponds to magnetic
fields at the level of 109 G. In addition, we assume that the
magnetic moments are exactly in the most secularly stable
configuration which corresponds to the minimum of the
secular magnetic energy [cf. Eq. (7)]. This is given when
the magnetic moments are both orthogonal to the orbital
plane and are in opposite direction [62], namely
μz1 ¼ μ1 ¼ kμ1k, μz2 ¼−μ2 ¼−kμ2k, and μ1 · μ2 ¼ −μ1μ2.
Accordingly, the secular magnetic energy reduces to

ŪM ¼ −
μ0μ1μ2

2πa03ð1 − e02Þ3=2
: ð30Þ

All the physical parameters that we use for simulating
GW emission from HM Cancri are recalled in Table I.
HM Cancri being a verification binary, its orbital

frequency and time frequency shift are already known
from electromagnetic observations [66]. Therefore, assum-
ing a circular motion, the expected GW main frequency f0
and expected time frequency shift ḟ0 can be determined
too. In addition, by omitting correction terms due to GR
and magnetism in Eq. (22), the mean motion then reduces
to n0 ≃ πf0 and hence the expected amplitude of the GW
signal [see Eq. (17)] may be defined as

A0 ≡ −
2cðπf0Þ2=3

D

�
GM
c3

�
5=3

; ð31Þ

which is equivalent to expression (4) of Kupfer et al. [11].
Substituting the values for the masses and observed
frequency in the previous equation, we end up with the
estimated value of A0 shown in Table I.
Beside f0 and ḟ0, there are other parameters that can be

inferred from electromagnetic observations of HM Cancri,
for instance the inclination ι and the sky localization (i.e., the
ecliptic latitude λ and the ecliptic longitude β). Two addi-
tional parameters are also reported in Table I: ϕ and ψ ; they
represent the phase at the origin and the polarization angle,
respectively.We arbitrarily set their numerical values to π=2.

B. LDC waveform simulations

To represent GWs from eccentric and magnetic GBs, we
will use the framework provided by the LISA data

challenge LDC [65]. The framework allows us to generate
all three TDI data channels, A, E, T [70,71] based on
LISA’s analytical orbits and on the mode polarizations
fþ;×g described in the Sec. III. In our case, the simplest
approach is to generate the waveform modeling directly in
the time domain. This is done after substituting the secular
solutions (3) and (8) into Eq. (18). This allows us to
simulate HM Cancri’s GW signal in the time domain
considering GR, magnetism, and eccentricity up to second
order. We recall that the input numerical values of the
physical parameters are reported in Table I.
Then, to stress the effects of magnetism and eccentricity

of the binary system on the gravitational waveform, we
simulate two different physical cases:
(1) NGB: a nonmagnetic GB in circular orbit (i.e.,

μ1 ¼ μ2 ¼ 0, e0 ¼ 0),
(2) EMGB: a magnetic GB in quasicircular orbit (i.e.,

μ1, μ2, and e0 fixed to their values in Table I).
In order to report efficiently the expected EMGB’s

frequency shifts of the first and second harmonic with
respect to the main frequency of the NGB case, we
introduce the parameter ΔfðiÞ, being defined such as

ΔfðiÞ ¼ fðiÞ −
ðiþ 2Þ

2
f0 with i ¼ f0; 1g: ð32Þ

We call ΔfðiÞ the expected relative frequency shift. We
recall that fðiÞ with i ¼ f0; 1g are the analytical expressions

TABLE I. HM Cancri parameters. Some of the GW signal’s
parameters (f0; ḟ0; ι; λ; β) are deduced from electromagnetic
observations. The others are either deduced from simplified
relationship (e.g., A0) or chosen arbitrarily (e.g., ϕ and ψ).

Parameter Unit Value References

GW signal’s parameter

A0 � � � −2.8 × 10−22 [11]
ι rad 0.663225 [11,66–68]
f0 mHz 6.220279 [11,66–68]
ḟ0 Hz2 3.6 × 10−16 [11,66–68]
ϕ rad 1.570796 Chosen
ψ rad 1.570796 Chosen
λ rad 0.082 [69]
β rad 2.102 [69]

Physical parameter

e0 � � � 0.1 [15]
m1 M⊙ 0.55 [11,66–68]
m2 M⊙ 0.27 [11,66–68]
D kpc 7.5 [11,66–68]
n0 rad s−1 2.083583 × 10−3 πf0
a0 km 292 692 Equation (2)
η � � � 0.22 Equation (5)
M M⊙ 0.33 Equation (5)
μ1 Am−2 1033 Chosen
μ2 Am−2 1033 Chosen
ŪM J −1.41 × 1036 Equation (7)
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of the first and second harmonic frequencies [see Eqs. (22)
and (25)] while f0 is the expected value of the frequency of
the gravitational radiation when considering a binary
system in circular orbit and without magnetic effects.
From this definition, we should expect

f0 ≡ n0
π

�
1þ η3=5n02=3

�
GM
c3

�
2=3

�
: ð33Þ

In Table I, we gave the numerical value of f0 when
considering that it is given from the orbital period which
is itself inferred from electromagnetic observations.
Let us also introduce the parameter γðiÞ representing the

ratio between the analytical expressions of the first and
second harmonic amplitudes [see Eqs. (21a) and (24a)] at
the initial time t0 and the amplitudeA0 [cf. Eq. (31)], that is
to say

γðiÞ ¼
AðiÞ
A0


t0

with i ¼ f0; 1g: ð34Þ

We call γðiÞ the expected amplitude ratio.
In Table II, we give the numerical values ofΔfðiÞ and γðiÞ

for i ¼ f0; 1g according to the input values of the physical
parameters presented in Table I. Since NGB is expected at
the main frequency only, it does not contribute to the
second harmonic. In addition, as it may be anticipated from
the definitions in Eqs. (32) and (33), the expected fre-
quency shift of the main frequency of the NGB case [i.e.,
Δfð0Þ] is in fact null. For the second harmonic, the
frequency shift of the EMGB case is not null as one could
expect. Let us recall, that in this case the shift is measured
from 3f0=2, namely from a frequency remaining close to
the second harmonic frequency. As a matter of fact,Δfð1Þ is
proportional to 1PN and magnetic terms according to the
following relationship

2πΔfð1Þ ¼ 3ðL̇1PN− L̇1PNje¼0þ L̇MÞ− ϖ̇1PN− ϖ̇M: ð35Þ

Concerning the expected amplitude ratio, we see from
Table II that the amplitude of the main signal is decreased
when passing from the NGB to the EMGB case. Indeed,
γð0Þ is mainly departing from 1 because of terms that are of
second order in eccentricity:

γð0Þ ¼ 1 −
5

2
e02: ð36Þ

While computing this ratio, we omitted the contributions
from 1PN and magnetism terms that are completely
negligible before eccentricity. The expected amplitude ratio
for the second harmonic is simply given by its dominant
contribution coming from eccentricity for similar reasons,
therefore we have the following expressions:

γð1Þ ¼
9

4
e0: ð37Þ

Numerical estimates presented in Table II allows us to
confirm that for the case of HM Cancri the separation
between the main frequency and the second harmonic’s
frequency is much larger (of the order of the mHz) that the
relative shifts induced by the physical effects (of the order
of tenth of nHz). In addition, the time frequency shifts of
the first and second harmonics [i.e., ḟð0Þ and ḟð1Þ] induce
frequency changes at the level of tenth of nHz after few
years of observation. These two conditions ensure that each
harmonic of the GW signal in Eq. (18) do not overlap and
can in fact be studied independently.
The inference of the physical parameters of HM Cancri

from the independent study of each harmonic in the GW
signal is the subject of the next section.

V. ANALYSIS OF THE
SIMULATED WAVEFORM

The LDC tools provide a GW simulator for GBs that
depends on eight parameters representing a quasimono-
chromatic GW signal: (A; {; f; ḟ; λ; β;ψ ;ϕ). Among these,
the ecliptic latitude λ, the ecliptic longitude β, the inclination
ι, and the polarization ψ are the extrinsic parameters
describing the position and orientation of the GWs’ source
with respect to LISA’s frame. The remaining four param-
eters, namely the amplitude A, the frequency f, the
frequency shift ḟ, and the initial phase ϕ are all intrinsic
parameters; their value are computed at an initial instant of
time t0. Intrinsic and extrinsic parameters dictate the
temporal evolution of hLDCþ and hLDC× , namely the fþ;×g
mode polarizations of a quasimonochromatic GW signal
occuring at frequency f as modeled within the LDC:

hLDCþ ðtÞ ¼ Að1þ cos2ιÞ cosΦðtÞ; ð38aÞ

hLDC× ðtÞ ¼ 2A cos ι sinΦðtÞ; ð38bÞ

TABLE II. Numerical values of the expected relative frequency
shifts ΔfðiÞ, the time frequency shifts ḟðiÞ, and the relative
amplitudes ratio γðiÞ with i ¼ f0; 1g for the NGB and EMGB
cases. Only γðiÞ is different for the optimistic and pessimistic cases.

Case ΔfðiÞ [nHz] ḟðiÞ [nHz yr−1] γðiÞ [-]

First harmonic (i ¼ 0)

NGB 0.0 23.62 1.0
EMGB −92.29 25.21 0.975

Second harmonic (i ¼ 1)

NGB — — —
EMGB −117.73 37.82 0.225
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with

ΦðtÞ ¼ 2πftþ πḟt2 − ϕ: ð39Þ

According to the fact that the harmonics of the GW
signal in Eq. (18) do not overlap (see discussion at the end
of Sec. IV), each harmonic of the signal can be analyzed
independently from each other in the frequency domain
using the LDC template (38). The LDC algorithm allows us
to infer the GW signal’s parameters by matching the
quasimonochromatic template (38) to the simulated data
is called “fastGB”.

A. Numerical setup

The GW signal from an eccentric and a magnetic source
is simulated by taking into account all the orders in the
expansion described in Eq. (18) and constitutes the dataset
on which the analysis algorithm works. As discussed in the
previous section, the effective independence of the different
harmonics allows to search for them using the LDC
template [65]. All results presented in this section are
obtained with a Monte Carlo Markov Chain (MCMC)
sampler with 106 samples minus a 25% burn-in. Two types
of data analysis are conducted in this paper:
(1) “Optimistic”: This case corresponds to an ideal

search assuming a perfect knowledge of the incli-
nation (see Fig. 1 in the detector adapted frame) and
the sky localization. This case is slightly optimistic
for HM Cancri since the inclination is currently
poorly known. However, the 4th edition of the Gaia
catalog [72] is expected for a release at the same time
than the LISA mission. Thus, it could provide a
better determination of the inclination with enough
precision to consider that these parameters are
known in the analysis.

(2) “Pessimistic”: This second case corresponds to an
agnostic search for the GW signal, namely we
provide no a priori information to the sampler.
For HM Cancri, this assumption is slightly pessi-
mistic, for instance the position in the sky is known
thanks to the Gaia mission with actually a better
precision than LISA’s. However, this approach is
agnostic and could therefore be consistent with the
results that would be expected if a magnetic and
eccentric GB was not identified in advance. This
approach comes close to the numerous methods
proposed in the LDC for the detection of the ten
thousand GBs expected over the duration of the
mission.

In the pessimistic case, we adopt a flat prior for
the following parameterization. The logarithm of the
amplitude is allowed to range broadly within ½logðAðiÞÞ−
2; logðAðiÞÞ þ 2�, encompassing the expected strain range
from GB. The central frequency spans the interval
½fðiÞ − 1; fðiÞ þ 2� mHz, and the frequency derivative falls

within the range of ½10−25; 10−14� Hz2, which represents a
slightly wider span compared to the LISA-expected fre-
quency band for GB. The inclination angle covers the entire
range ½0; π�, while all other angles are uniformly distributed
in the range ½0; 2π�.
Conversely, in an optimistic scenario, we maintain the

same prior distributions, except for the inclination and
angles related to sky localization, which are presumed to
be known.

B. Sampler results

The following plots [cf. Figs. 3–5(b)] will be presented
as corner plots of the sampler results for each binary type
(i.e., NGB and EMGB), for each duration (1-year, 4-years,
and 8-years) and for the first and second harmonic peaks
only. Indeed, the different harmonics that are generated by
the second order terms in eccentricity cannot be observed
for HM Cancri’s eccentricity, except the signal at frequency
2L which modifies the amplitude of the first harmonic [see
Eq. (21a)]. In addition, among the harmonics generated at
first order in eccentricity, only the harmonic at frequency
3L −ϖ can fully be identified by the algorithm. The two
types of binaries are studied independently but represented
on the same graphs for the sake of readability. The figures
represent the marginal 2D (contours) and 1D posterior
distributions of the Bayesian analysis. The 1D posterior
distribution of each parameter is on the diagonal while the

FIG. 3. Optimistic ( ) and pessimistic ( ) studies for the main
frequency after a 1-year LISA mission. Except for amplitude and
inclination in the pessimistic case and the amplitude for the
optimistic case, the parameters are well estimated as shown by the
gaussian distributions. The dotted lines and the square marker
represent the value injected during the simulation.
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correlation between two parameters is represented by the
off-diagonal plots, namely the marginal 2D distributions.

1. One-year

For a 1-year LISA mission (see Fig. 3 and Table III), the
uncertainty on the main frequency is sufficient to notice the
frequency shift introduced by magnetism compared to
nonmagnetic GB in both the optimistic and pessimistic
cases. However, it is important to note that the true
Bayesian inference concerns the frequency fð0Þ and not
directly the frequency shift, and hence no information
concerning magnetism nor eccentricity can be deduced
from the measure of fð0Þ alone. For this to happen, the
frequency and amplitude of the second harmonic must be
measured as well (see discussion in Sec. III C).
Unfortunately, for a 1-year LISA mission, the SNR of
the second harmonic signal is too low to be detected for
HM Cancri’s eccentricity. Therefore, no information can be
drawn on eccentricity nor magnetism.
The mean value of the frequency (second column of

Table III) is in agreement with the expected theoretical
values (second column of Table II). The amplitudeAð0Þ and
the inclination ι are highly correlated as expected in the
waveform formulation (20). This correlation takes the form
of a bias in the estimation of the parameters. We will see
hereafter that the bias decreases with the mission duration.

2. Four-years

For a 4-years LISA mission (see Fig. 4(a) and Table IV),
the uncertainty on the main frequency is still small enough
to visually discriminate between the NGB and EMGB
cases. In addition, the uncertainty on the time derivative of
the main frequency is small enough to visually observe the
influence of the eccentricity. The amplitude/inclination bias
decreases with respect to the 1-year LISA mission scenario
but is still present.
Regarding the second harmonic peak [see Fig. 4(b)], its

SNR is now high enough so that the LDC algorithm can
actually detect it. The same amplitude/inclination bias than
for the first harmonic is also present for the second
harmonic.

Taking advantage of the fact that the posterior frequency
distributions are totally confounded in Figs. 4(a) and 4(b)
for the optimistic and pessimistic cases after a 4-years LISA
mission scenario, we do not display them for the following
8-years scenario.

TABLE III. Numerical values of the measured relative fre-
quency shift Δfð0Þ, the time frequency shift ḟð0Þ, and relative
amplitude ratio γð0Þ for NGB and EMGB for the optimistic and
pessimistic cases and a 1-year LISA mission simulation. Only γðiÞ
is different for the optimistic and pessimistic cases.

1-year Δfð0Þ [nHz] ḟð0Þ [nHz yr−1] γð0Þ [-]

NGB −5� 4 25� 7 0.6� 0.03 0.7� 0.1
EMGB −97� 4 27� 8 0.55� 0.03 0.6� 0.1

Case Optimistic and pessimistic Optimistic Pessimistic

FIG. 4. Optimistic ( ) and pessimistic ( ) studies for both
frequencies and a 4-years mission. Except for amplitude and
inclination in the pessimistic case and the amplitude for the
optimistic case, the parameters are well estimated as shown by the
gaussian distributions. The dotted lines and the square marker
represent the value injected during the simulation.
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3. Eight-years

For a 8-years LISA mission (see Figs. 5(a) and 5(b) and
Table V), the amplitude bias disappears and all the GW
parameters are now well estimated. Let us emphasize that
the estimated amplitude of the main frequency is actually
higher for the NGB case than for the EMGB case. This
reflects the contribution from second-order term in eccen-
tricity as shown in Eq. (21a).

C. Eccentricity and magnetism estimates

In this subsection, we seek to estimate the value of the
physical parameters from the GW parameters obtained in
the previous subsection. We start with the eccentricity
which depends on the amplitude of the main and second

harmonics. The eccentricity is needed in order to estimate
the rate of precessions of the longitude of the pericenter due
to the magnetic dipole-dipole interaction.

1. Eccentricity

Considering a 4 or 8-years LISA mission, it is possible to
estimate the value of the eccentricity from Eq. (28a) in both
pessimistic and optimistic cases. By propagating the
amplitude uncertainties on eccentricity, we find:�

σe0
e0

�
2

¼
�
σAð0Þ

Að0Þ

�
2

þ
�
σAð1Þ

Að1Þ

�
2

: ð40Þ

Neglecting the inclination/amplitude correlation, we show
in the appendix that the relative uncertainty in amplitude is
in fact equivalent to the inverse of the SNR which depends
essentially on the mission duration. Therefore, we expect
the relative precision in eccentricity to vary such as
σe0=e0 ∝ 1=SNR. As discussed in Sec. III B, for a mission
duration less than 10 years and a SNR less than 1000, we
can assume that the amplitude does not vary so that the
eccentricity uncertainty is only limited by the amplitude
uncertainty. The eccentricity estimate that is inferred from
the data analysis is coherent with the injected eccentricity
(cf. Table I, e0 ¼ 0.1).
Although the amplitude estimate is biased due to its

correlation with the inclination, the bias is actually the same
for both first and second harmonics [see Eqs. (20) and (23)]
so that the determination of the value of the eccentricity
[see Eq. (28a)] is actually independent of it. However,
according to Eq. (40), the uncertainty on the eccentricity
depends on the uncertainties on the first and second

TABLE IV. Numerical values of the measured relative fre-
quency shift Δfð0Þ, the time frequency shift ḟð0Þ, and relative
amplitude ratio γð0Þ for NGB and EMGB for the optimistic and
pessimistic cases and a 4-year LISA mission simulation. Only γðiÞ
is different for the optimistic and pessimistic cases.

First harmonic (i ¼ 0)

4-year Δfð0Þ [nHz] ḟð0Þ [nHz yr−1] γð0Þ [-]

NGB −0� 0.3 23.6� 0.2 0.77� 0.01 0.8� 0.1
EMGB −92.3� 0.3 25.2� 0.2 0.72� 0.01 0.8� 0.1

Second harmonic (i ¼ 1)

NGB � � � � � � � � � � � �
EMGB −118� 1 37.8� 0.7 0.17� 0.01 0.18� 0.04

Case Optimistic and pessimistic Optimistic Pessimistic

FIG. 5. Optimistic ( ) and pessimistic ( ) studies for the both frequencies and a 8-years mission.
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harmonic’s amplitude. These are in fact highly impacted by
the inclination/amplitude bias. As a matter of fact, we can
see in Table VI, that the uncertainty barely changes
between a 4 and a 8-years LISA mission scenario but is
improved from 20% to 5% when passing from the
pessimistic to optimistic case, respectively. Increasing
the duration from 4 to 8 years results in a 44% enhancement
in the signal-to-noise ratio, escalating from 125 to 180.
Consequently, the reduction in the associated uncertainty
regarding eccentricity, diminishing from 0.008 to 0.005,
aligns well with the approximation that σe ∝ 1

SNR.

2. Magnetism

From the eccentricity estimate, we can now determine
the rate of precession of the longitude of the pericenter
caused by the magnetic dipole-dipole interaction. In order
to extract the frequency shift information due to magnet-
ism, we first need to model the 1PN contribution in the total
precession of the longitude of the pericenter, namely ϖ̇1PN
[see Eq. (29)]. Then, the magnetic contribution can be
inferred from the estimates of the first and second harmonic
frequencies using Eq. (27).
The associated uncertainty is determined by propagating

the errors of all the other parameters whose estimates are
inferred during the Bayesian analysis. As seen from
Eqs. (28c), (27) and (29), the variance of the magnetic
energy is related to the variance of fð0Þ, fð1Þ, and ϖ̇1PN

such as σ2ϖ̇M
¼ ð3πσfð0Þ=2Þ2 þ ðπσfð1Þ Þ2 þ ð3σϖ̇1PN

=2Þ2.

The variance of the last term is much larger than the
two others when eccentricity is present (i.e., σ2fð0Þ ≪ σ2ϖ̇1PN

and σ2fð1Þ ≪ σ2ϖ̇1PN
) so that σ2ϖ̇M

≃ σ2ϖ̇1PN
. From Eq. (28e), we

now deduce the uncertainty of the secular energy:�
σŪM

ŪM

�
2

≃ 3

�
σϖ̇M

ϖ̇M

�
2

þ 3

�σḟð0Þ
ḟð0Þ

�
2

þ 12

�
σfð0Þ
fð0Þ

�
2

þ 169e0
4

�
σe0
e0

�
2

ð41Þ

The relative uncertainty σfð0Þ=f0 decreases from 10−10

after a 4-years LISAmission to 10−11 after a 8-yearsmission
duration. The relative uncertainty σḟð0Þ=ḟð0Þ decreases from
10−2 after a 4-years LISA mission to 10−3 after 8-years
mission duration. However, the relative precision on the
eccentricity is never better than 10−2 (the limit is the same
after a 4-years or 8-years scenario; see Table VI). Therefore,
the uncertainty on the magnetic energy is essentially limited
by σϖ̇M

which is itself limited by the uncertainty on the
eccentricity and also on the uncertainty on the symmetric
mass ratio of the binary system.
Because our transformation from the LDC para-

meters ðAð0Þ;Að1Þ; ι; fð0Þ; fð1Þ; ḟð0Þ; ḟð1ÞÞ to the physical
parameters ðη; e0; n0;M; D; ι; ŪMÞ is under constrained,
the magnetic secular energy is actually determined for
different values of the symmetric mass ratio as discussed
previously in Sec. III D. Assuming that HM Cancri’s
symmetric mass ratio is exactly 0.22, namely ση ¼ 0, we
see in Fig. 6 (see the dark blue curve) that the magnetic
energy is retrieved with a 20% relative precision in the
pessimistic case as summarized in Table VII).
If we now assume that the symmetric mass ratio is

not perfectly known, then it is likely that ση will dominate

TABLE V. Numerical values of the measured relative frequency
shift Δfð0Þ, the time frequency shift ḟð0Þ, and relative amplitude
ratio γð0Þ for NGB and EMGB for the optimistic and pessimistic
cases and a 8-year LISA mission simulation. Only γðiÞ is different
for the optimistic and pessimistic cases.

First harmonic (i ¼ 0)

8-year Δfð0Þ [nHz] ḟð0Þ [nHz yr−1] γð0Þ [-]

NGB 0� 0.09 23.62� 0.02 1� 0.01 0.92� 0.08
EMGB −92.3� 0.09 25.21� 0.02 0.93� 0.01 0.85� 0.07

Second harmonic (i ¼ 1)

NGB � � � � � � � � � � � �
EMGB −84.1� 0.4 37.82� 0.09 0.22� 0.01 0.22� 0.03

Case Optimistic and pessimistic Optimistic Pessimistic

TABLE VI. HM Cancri eccentricity estimates for different
LISA mission duration scenarios for both optimistic and pessi-
mistic cases.

Case Pessimistic Optimistic

4-years 0.1� 0.02 0.101� 0.008
8-years 0.11� 0.02 0.102� 0.005

FIG. 6. Estimate of the magnetic energy over its theoretical
definition as a function of the symmetric mass ratio. The
computation is realized for a 4-years LISA mission scenario.
The black dot represents the input value of the magnetic energy
while the blue curve is the estimate inferred from data analysis.
The light blue area, blue area and dark blue area represent
respectively the magnetic energy uncertainty associated to a 10%,
5% and 0% uncertainty levels on the knowledge of the symmetric
mass ratio.
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in the computation of σŪM
. As discussed previously in

Sec. III D, we can guess an priori value for the symmetric
mass ratio, assuming that for typical GB, we expect
η ≃ 0.25. However, in this case, the a priori relative
uncertainty on η is expected to be relatively high, at least
at the level of tenth of percent. The situation can be slightly
improved relying on electromagnetic observations [11]
which could let to reach few percent level precision on
the relative uncertainty of the symmetric mass ratio.
Therefore, if we now consider that the symmetric mass

ratio is known up to 5% (resp. 10%) precision, the estimate
on the magnetic energy and associated uncertainty evolve
as shown by the blue curve and the dark blue area (resp.
light blue area) in Fig. 6.
All in all, these results suggest that the secular magnetic

energy could indeed be determined with few percent
relative precision (5% for the optimistic case) from the
GWobservations alone if the source is a strongly magnetic
GB in quasicircular orbit.

VI. CONCLUSION

In this work, we derived the waveform of the GW signal
emitted by a strongly magnetic GB in quasicircular orbit
(up to second order in eccentricity). We considered the
secular dynamics of the system assuming a dipole-dipole
magnetic interaction and the GR point-mass interaction up
to the 2.5PN approximation, according to results derived in
Bourgoin et al. [25]. Using the LDC algorithms, we were
able to simulate the GW signal of HM Cancri in the time
domain and to generate the LISA response in the frequency
domain. HM Cancri is a verification binary whose SNR is
expected to be as high as 100 after 4-years of observation
by LISA. In addition, it is a good eccentric candidate with
an eccentricity about 0.1, implying that the SNR of the
second harmonic could be about 10 after a 4-years LISA
mission. Moreover, it is made with two WDs whose
magnetic fields could be as high as 109 G. Then, by
analyzing the signal in the frequency domain, we were
able to show that the second harmonic is indeed visible
after a 4-years LISA mission scenario, enabling for a
determination of the eccentricity with a relative uncertainty
at the level of 20% and 5% in the pessimistic and optimistic
scenarios, respectively. These estimates, do not signifi-
cantly change with the duration of the mission but with the
a priori knowledge of the inclination. Then, from the

accurate determination of the frequencies of the first and
second harmonics it is thus possible to estimate the secular
magnetic energy of the binary system. Then, from the
accurate determination of the frequencies of the first and
second harmonics, it is thus possible to estimate the secular
magnetic energy of the binary system. The uncertainty in
the energy is directly related to the uncertainty in the
symmetrical mass ratio η, which cannot be constrained by
the observation of the gravitational wave alone. Currently,
the best estimates of relative uncertainty ση=η are of the
order of 20%, which would limit the energy estimate to the
right order of magnitude only

σŪM
ŪM

≃ 2. Assuming that

electromagnetic observation will remove the uncertainty
on η, we demonstrate that it will be possible to extract the
value of the magnetic energy with a relative precision of
20% percent after 4-years and 14% after a 8-years LISA
mission in the pessimistic case. The relative uncertainty on
the magnetic energy can even be as low as 5% after a
8-years LISA mission for the optimistic case.
If eccentricity and magnetism were not taken into

account (as it is currently the case in the LDC), all catalogs
of GBs would be biased for at least two reasons:
(1) The higher order harmonics would be considered as

independent sources and would distort the count of
the number of identified binaries. However, these
falsely independent sources shall be identified with
the same position in the sky so in theory it is possible
to check if a signal could be a higher order harmonic
of an existing source at the same sky localization.

(2) The magnetic effect introduces a frequency bias that
is indistinguishable from a binary with a slightly
different frequency and then a different total mass. It
would then be difficult for the community to draw
conclusions about the process of formation or
evolution of the GB as function of their masses.

Until the launch of the mission, a new release of the Gaia
catalog will provide a priori information for new verifica-
tion binaries and thus simplify the search for these eccentric
and magnetic binaries. In the mean time, the whole study is
done assuming only patchy information about HM Cancri
and should therefore be applicable to any GB with a
sufficiently high SNR. It is expected that there will be
binaries that are “brighter” than the verification binaries, for
which the eccentricity and magnetic effect measurements
will then be measurable with better accuracy.
The study carried out so far considers independently the

main peak and the secondary peak of the GW and uses the
LDC tools already developed to meet the specifications
prior to the mission launch. This assumption, although
simplistic, is sufficient to estimate, to within a few percent,
the secular magnetic energy of the binary system. Although
beyond the scope of this paper, it may be necessary to
develop a tool to simultaneously search for the different
harmonics in the GW signal in order to improve the
accuracy on the eccentricity and magnetic effect retrieval.

TABLE VII. HM Cancri magnetic energy (in 1036 J) estimates
for different LISA mission duration scenarios for both optimistic
and pessimistic cases assuming a known symmetric mass ratio
(i.e., ση ¼ 0).

Case Pessimistic Optimistic

4-years 1.4� 0.3 1.4� 0.2
8-years 1.4� 0.2 1.41� 0.07
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APPENDIX: AMPLITUDE AND
FREQUENCY UNCERTAINTIES

In the main part of the paper, we assumed that the
uncertainty in the frequency and amplitude of a GB depends
mainly on the SNR ratio and the mission duration. To
support this assertion analytically, we propose to demon-
strate these dependencies using the same approach as the
calculation done in the appendix of Savalle et al. [12]. The
Fisher matrix, Γθ

ij, provides an estimate of the precision to
which the parameters θ of the source model can be
determined from the data. Specifically, the uncertainty in
parameter θi, namely σi, can be estimated as σ2i ¼ ðΓθ

iiÞ−1. It
is defined as follows:

Γθ
ij ¼ 4ℜ

264Z ∞

0

�
∂s̃ðfÞ
∂θi

��
×
�
∂s̃ðfÞ
∂θi

�
SnðfÞ

df

375; ðA1Þ

where s̃ðfÞ is the Fourier transform of signal and SnðfÞ is the
mission noise power spectral density.
For the sake of clarity, we will assume here that the GW

signal can be modeled by a simple monochromatic oscil-
lation at f with amplitude A [cf. Eq. (38)]. We assume that
the signal is observed for a time T corresponding to the
duration of the mission. The response of the LISA
interferometer is neglected here since it only brings
corrections of higher orders to the computation detailed
hereafter.
The time domain form of the signal is therefore:

sðtÞ≡A cosð2πftþ ϕ0Þ × ΠTðt − T=2Þ
¼ h0ðtÞ × ΠTðt − T=2Þ; ðA2Þ

where ϕ0 is an arbitrary phase and ΠT is the rectangular
function such that:

ΠTðtÞ ¼

8><>:
0 if t > T=2

1=2 if t ¼ T=2

1 if t < T=2

: ðA3Þ

The frequency domain form of the signal is

s̃ðfÞ ¼ h̃ðfÞ � fΠTðfÞ ¼ AπTsincðπfTÞ: ðA4Þ

In order to estimate the uncertainty on the frequency and
amplitude, we need to calculate the derivatives of the
Fourier transform of the signal with respect to these two
parameters:

1

s̃
∂s̃
∂f

¼ 1

f

	
πfT cot ðπfTÞ − 1



1

s̃
∂s̃
∂A

¼ 1

A
: ðA5Þ

The diagonal element of the Fisher matrix are

Γff ≃
�
1

f

	
πfT cot ðπfTÞ − 1


�2

× SNR2

ΓAA ≃
1

A2
× SNR2; ðA6Þ

where the SNR is defined as:

SNR2 ¼ 4ℜ

�Z
∞

0

s̃ðfÞ� × s̃ðfÞ
SnðfÞ

df

�
: ðA7Þ

Noticing that the cotangent function is bounded by 2,
that the product f × T is large in front of 1, and recalling
that the uncertainty of a parameter is the square root of the
inverse of its element in the Fisher matrix, we obtain:

σf ∝
1

SNR
1

T
;

σA
A

∝
1

SNR
: ðA8Þ
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