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Quantum radiation reaction spectrum of electrons in plane waves
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In previous works we derived equations for the average momentum of high-energy electrons
experiencing quantum radiation reaction in strong electromagnetic plane-wave background fields. In this
paper we derive similar equations for the momentum spectrum. We formulate the equations in terms of the
cumulative function and study the relation between the equations for the spectrum and the equations for the
moments, analyze the structure of the low-energy expansions, and finally explain how our formulation is
essentially in terms of a “Green’s function” which allows us to study the dynamics without choosing a
specific initial wave packet (or particle-bunch distribution).
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I. INTRODUCTION

Electrons and positrons can experience significant quan-
tum radiation reaction (RR) in high-intensity laser fields.
Standard methods to study this include using particle-in-
cell (PIC) codes, using kinetic equations [1-7], or rescaling
the RR term in the Landau-Lifshitz (LL) equation with the
so-called Gaunt factor. For reviews of RR and other
phenomena in strong field QED see [§—10]. While these
methods are standard, their precision has not been fully
checked against experiments, because there have so far
only been very few experiments [11-13], which actually
suggested there might be some discrepancies, at least in the
considered parameter regime.

Historically, spin and polarization have usually been
neglected. However, since [14-17] it has been realized
that not only is this often not negligible, but lasers can be
useful for generating polarized particle beams. Spin and
polarization have been included in PIC codes using Stokes
vectors in [17-21], and Stokes vectors and Mueller
matrices have recently been used in [7] to derive kinetic
equations.

In this paper we will derive RR directly from quantum
field theory. We started this in [22,23], where we derived
new equations for the average momentum and for the spin
transition probability. Here we will derive similar equations
for the momentum spectrum. The starting point is, as usual
in QFT, an expansion of the relevant probabilities in a
power series in a. Since we are interested in strong fields,
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this is done in the Furry picture, where we keep the
exact dependence on the background field. Since the
background field is always accompanied by a factor of
the charge, but since this factor is not part of the expansion
in @, we rescale the background field as eF,, — F,,. We
are interested in regimes where higher orders in a are
important, which means we have to resum the a expansion.
Given how difficult it is to calculate the exact coefficients
even without a background field and even for just quite low
orders, we are of course referring to a resummation of a
leading-order approximation of the a expansion. There
have been several other types of resummations of the Furry-
picture expansion for other regimes, quantities, and proc-
esses in recent papers [24-31].

Whether we are calculating the average momentum, spin
transitions, or the spectrum, in this approach we are always
calculating some inclusive probability. Here we have the
inclusive probability that an electron ends up with a certain
momentum and spin given some initial momentum and
spin, summed over the probabilities that this happens after
emitting 0, 1,2, ... photons. The probability that n photons
are emitted is itself given by an infinite sum over loops.
Clearly, one cannot calculate multiphoton emissions or
higher-order loops exactly, even after simplifying by
assuming the background field is a plane wave (for which
the solution to the Dirac equation is particularly simple).
In [32-34] we showed how the dominant contribution to
higher-orders-in-a processes can be approximated by
incoherent products of O(a) “strong-field-QED Mueller
matrices.” These incoherent products give the dominant
contribution when' ay = E/w and/or 7 are sufficiently
large, where E is the maximum field strength, @ a

'We use units with the electron mass m, =1 in addition
toc=n=1.
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characteristic frequency scale, and 7 a (dimensionless)
pulse length (or number of cycles). For example, for the
probability to emit two photons at O(a?) the incoherent
product scales to leading order in an 1/ay < 1 expansion
as (aag)?, while the leading correction scales as a’a.
Similarly, a large 7 also favors the incoherent product,
which one can intuitively understand since in the incoher-
ent product the two photons can be emitted at any two
macroscopically separated points in (light-front) time,
which gives a factor of 72, while in the correction both
photons have to be emitted in the same formation region.
The O(a") loops that contribute to the same leading order
in large ay and/or 7 can also be expressed as incoherent
products of O(a) terms [34]. Even with this approximation,
we still have a nontrivial series in «, in the form of a sum
over all combinations of single photon emissions and O(a)
loops, e.g. (emission) (emission) (loop) (loop) (loop)
(emission) (loop) (emission), and this series needs to be
resummed since the effective expansion parameter aa, or
a7 is not small. One can expect this approximation to
break down when neither ay nor 7 is large, but then one
can also expect higher orders in a to be negligible since
there is no large factor to compensate for o < 1. In other
words, when this approximation breaks down, then we also
do not need it (to a first approximation). In [22,23] we
showed how to sum the individual probabilities and how to
actually evaluate the sum. The results are recursive and
integro-differential matrix equations. To summarize some
of the differences between ours and other approaches, we
do not introduce rates, our equations are formulated in
terms of a single electron rather than an electron bunch
described by a classical particle distribution, and we are not
restricted to the locally constant-field (LCF) regime.

As a motivation for considering plane waves, note that an
electron with sufficiently high energy will effectively see a
more general background field as if it were a plane wave,
which follows from a short Lorentz boost argument. There
are of course exceptions to this. For example, if, on the
trajectory of the electron, the only nonzero component of
the background field is an electric field parallel to the
electron momentum; see e.g. [35,36]. But in general one
can expect a plane wave to be a good approximation of a
general field.

In the literature it is common to simplify further by
treating the plane wave in a LCF approximation. This
additional step requires that a, is sufficiently large. In
Secs. II and IV we derive general equations that are valid
beyond the LCF regime; see in particular e.g. (39), (50),
(122), and (130). The general Mueller matrices can also be
expressed compactly in terms of known special functions if,
instead of assuming large a,, one assumes that the field has
circular polarization and is sufficiently long, which allows
one to use a locally monochromatic field approximation;
see [34]. For different ways of treating the field as locally
monochromatic, see [37,38].

Another important parameter is y = +/—(F*p,)?,
where p, is the electron momentum. Quantum effects
can be neglected for sufficiently small y. Here we are
interested in values of y that are large enough for signi-
ficant quantum effects in RR, but small enough so that
we can neglect pair production. To lowest order the
probability of trident pair production scales as [39,40]
P(e” —» e"ee™) xexp(—16/[3y]). In [22,23] we studied
the y << 1 expansions of the average momentum and the
spin transition probability, i.e. the first two moments of the
spectrum, and showed that they are asymptotic and can be
resummed with the Borel-Padé method. In Sec. III we show
how to obtain y < 1 expansions of the spectrum. We find
that the expansion parameter is /y, so there is significant
room for quantum effects in RR while pair production is
still negligible.

II. DERIVATION

Light-front coordinates are defined as
vt =20 =00+ 0 (1)

and v, = {vy,v,}, so that the background field is given
by a,(¢) and a, =0, where ¢ = kx = wx™. We con-
sider general pulse shape and polarization. We are inter-
ested in the dependence on the light-front longitudinal
momentum, kP. Rather than considering the spectrum
directly, we consider instead a partially integrated spectrum
or a cumulative distribution function, which we define as
the probability that an electron which initially has longi-
tudinal momentum

bg = kp (2)

emerges, after interaction with the background field, with
momentum

kp' > (1 =x)kp, (3)

where 0 < x < 1. We also consider general spin transition.
If we sum over the final spin and set x = 1, then we obtain a
probability P = 1 as we should. x = 0 gives the probability
of electrons that have lost no or almost no longitudinal
momentum. Differentiating the final result with respect to x
gives the spectrum. As our starting point is the Furry-
picture expansion in @, we initially have the probability as a
Taylor expansion in a,

P = io: P, (4)

n=0

where each P = O(a") is a nontrivial function of the
field strength (recall that we have absorbed a factor of e as
eE — E). We can write each term as a multiplication of the
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(4D) Stokes vectors, Ny and N, for the initial and final spin
and a (4 x 4) Mueller matrix,

1
P — zNO M) . N;. (5)

Note that we first calculate M" or

0

M=) M (6)

so we do not need to choose any specific initial or final spin
until the very end of the calculation, where we simply have
to project the result for M with the Stokes vectors,

1
P=—-Ny-M-N.,. 7
Ny M-, )
The initial state is described by a wave packet as

in) = / &Pof (po)b (po.5)0). (8)
where

O(p_)dp_d*p,

&$p =
P (27)*2p_

©)

is the usual Lorentz-invariant integration measure, written
here in light-front coordinates, and

1 = (infin) = /d3p|f|2. (10)
We consider first a wave packet which is sharply peaked,
and then in Sec. IV we show that the results for a sharply
peaked wave packet essentially give what can be thought of
as a Green’s function, from which one can afterwards

obtain the results for an arbitrary, wide wave packet. A
general spin can be written as

B 14 . 14 il
b7|0) :cos<§>b;|o> —l—Sln(E)e’lbUO), (11)

where p and 4 are two real constants. To zeroth order we
hence find

PO — / BpOkp’ — 1= k) [(O1b(p p1. 4y in) |
1
— [ @polkp =11 = kp)IFP 5N Ny
1
i ENO . Nl, (12)

where the Stokes vectors are related to the angles in (11) as

N = {1,cosAsinp,sinAsinp, cosp}. (13)

In the last line in (12) we have assumed that the wave
packet is sufficiently narrow compared with the values of x
we consider. If we instead were to consider x too close to 0,
then the step function would essentially be 6(kp’ — kp) and
we would find

[epowr -l ~5 04

as only about one-half of the peak of f would be integrated

over. For example, if we were to consider a Gaussian wave
packet proportional to

kp' = kp)?

f e |- SN

then for sufficiently small A we would find

PO)(2) «%(1 +erf[”‘TpD. (16)

This is nonzero but exponentially suppressed for x < 0. A
nonzero A gives a regularized step function for the cumu-
lative distribution and a regularized delta function for the
spectrum. However, until Sec. IV, we will assume that the
wave packet is sufficiently narrow so that we can always
approximate

[ &R M) % h(p), (17)
Thus, from (12) we have
MO =1, (18)

At O(a) we have the loop correction to scattering without
emission and emission of one photon without loops, which
can be written as M(!) (b, x, —c0), where [33,34]

0 1
M<1>(b0,x,a):/ da’/ dgM, +6(x—q)M¢], (19)
c 0

where 6 = (¢, + ¢)/2 is the average light-front time, with
¢, being the light-front-time variable for the amplitude M
and ¢, for the complex conjugate M, g = ki/kp = kl/b, is
the ratio of the longitudinal momentum of the photon and the
initial electron, and M, and M; are the O(a) Mueller
matrices for photon emission and the electron self-energy
loop. The reason for introducing the lower integration limit
for the light-front-time integral, 8(¢” — o), will be explained
below. The step function 6(x — ¢) is due to the restriction in
(3), which to this order and for this term can be rearranged
into an upper cutoff for the photon momentum, ¢ < x. There
is no such step function for M; because that ¢ integral
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corresponds to a photon that is emitted and reabsorbed and
therefore does not change the final electron momentum.

For an arbitrary field, M. is given by Egs. (24), (29),
(26), (27), and (29) in [33], and M; by Egs. (67) to (71)
in [34], which we write here as’

ia do ir
M, (b = — —OM? R 2
C,L( 0 qv 6) Zﬂbo / 9 eXp {Zbo } C,.L» ( 0)

where € = ¢, — ¢, the integration contour goes above the
poleat @ =0, r = (1/s)—1, s =1 — g is the ratio of the
longitudinal momentum of the electron after and before
emitting the photon, b, = kp, and M? is an effective mass

M?* =1+ (a%), - <a)§5, (21)
where
Flo=g | aoro) 22)

For photon emission, the 4 x 4 matrix is given by

R <<RC> Rf) (23)
c = s
R; R
where
K |2ib,
RE) == =24+ 1+D,| -1, 24
R =5 |2+ 14] 24)
17~
Rg_q{1+{1+—}kx} Vv, (25)
S
R¢ = %{1 +[1+ s]RX} -V, (26)
and
q [ s qen
RS =2{kX - sXk — 2k k
01 s{ s 3 }
2lb0 K A A
24D |1, +2kk]|, 27
ol o
where k= (1/s)+s, D=w -w, 1, =1-KkKk,
k ={0,0,1},

1

1
XZE(W2+W1), VZEGZ'(Wz_WI)a (28)

*When comparing the overall factor of 2 in Eq. (24) in [33],
note that here we get one extra factor of 2 when summing over the
photon polarization, and one factor of 1/2 has been factored out,
writing P() = (1/2)N, - M - N

0) = (29)

=
S O
o O O

and

w; = a(¢) — (a)y, w, = a(¢y) —(a),;,  (30)

where a = {a;,a,,0}. Note that no special notation
has been used for outer products, so, for example,

(kX - V), = k;(X - V). For the loop we have

R, <<RL> R%) B <—<RC>

—Rg >
Rj  Rj, -R§  —(RO1+R{ )
(31)
so some of the elements are identical to R, while
P 1
R} = sign(0) B (Yk-KY)—gq [1 +—} (X- V)o-z} , (32)
s
where Y = w, — w, gives spin rotation. Note that
(M, +Mc) ¢ =0, (33)
where

ey = {1,0,0,0}, (34)

so if we sum over the final spin state and if we integrate

over all momenta, i.e. x = 1, then P(!) = 0 for any initial

spin state. We also have P> =0, so P =P0 =

Ny - eg = 1, which is what it has to be due to unitarity.
To O(a?) we have

oo 1 oo 1
M(2> = / d0'1 / dql / dO'z / dQ2
c 0 oy 0

X {ML(bO,C]lvGI) My (bo, 42, 07)

+ ML(bo, q1» 01) ) 9(x - 612)Mc(bo, q2, 02)
+0(x = q1)Mc(bo. q1.061) - M ([1 = q1]b¢. q2. 6)
+9(X—Q1)Mc(bo,ql,61)

0= 4 IMc([1 - qlbo. g202) §. (35)
(o) }

where, in the last term, we have used

ok = 11 = lkp) =06 = )0 (T= 2= ). (36

where (in this term) kp' = kp — kl; — kl, = kp, — ki,
g, =kl /kp, g, =klr/kpy, and kp,/kp =1-gq;.
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Note that g; is the longitudinal momentum of the photon
emitted (or emitted and reabsorbed) at step n divided by the
longitudinal momentum of the electron immediately before
this step. Writing the step function as in (36) allows us to
obtain M® from M) by prepending M, and M as

&) 1
M(2)<b0,x,6) :/ dGl/ dq,
o 0

) {ML(bO’ ql’ 61) ) M(l)(b()’x’ 61)

+0(x — q,)Mc(bo. 1, 01)

-MM ([1 - %]bo’x—_ o 701> } (37)
1-gq

Note that if we replace M®) — M) and M) - M© =1,
then we have (19). Higher orders can be obtained recursively3
from

S 1
M(”)(bo,x,o)—/ da’/ dg
o 0

- {ML<bo, g.0') - MU= (by. x.0')
+0(x — M (by. . )

M) {(1_61);,0,@ g/]}_ (38)

1-q’

Summing over n > 1 and differentiating with respect to ¢
gives

oM 1
—= —/ dq{ML-M(bO,x)
do 0

O - gMC - M(u ~glbo.

Bl

where we have suppressed the light-front-time argument ¢
as it is now the same in all terms. We have an “initial”
condition at 6 — + oo rather than ¢ — —co,

M(c - +o0) = MO =1, (40)

and then we integrate backwards in light-front time, where
the final result is given by M(c — —o0).

An alternative form that might be illuminating is
obtained by using b’ := (1 — x)b instead of x for the final
momentum, and by changing integration variable from ¢ to

b= (1 - Q)b07

A recursive formula relating the probability P, to emit n
photons to P,_; has also been derived in [41].

3} bo db
—M(by,b') = — —{M*~ -M(by, b’
M) = = [ 52 M b, )

+0(b — b )MC - M(b,b')}. (41)

As a check, for x = 1, which means no restriction on the
final momentum, we have

1
9 My, 1) = - / dg (ML M(by. 1)
do 0

+MC-M([1 - qlby, 1)}, (42)

which is the same equation as in [22,23].

For x = 0, which means observing only electrons that
have lost no or very little longitudinal momentum, the
photon-emission term becomes negligible due to 0(x — g),
and we have

9 1
9 M(x = 0) = —/ dgM, - M(x=0).  (43)
do 0

The solution is given by a light-front-time-ordered expo-
nential,

M(x:O):1—l—z:/me'l/mdaz---/oo do,
n=1+v0 o Op-1

x <Al quL(al)) (Al quL(6n>>
= Texp < [; " do’ A 1 quL(o’)), (44)

where T means anti-light-front-time ordering. This agrees
with the result in [34]. As shown in [34], for a field with
linear or circular polarization, one can write the result in an
explicit form without a time-ordered exponential of a
matrix. Thus, in general, the new equation (39) interpolates
between the result in [34] for x = 0 and the one in [22,23]
for x = 1.

A. Moments

The spectrum is given by

oM
S:i=—, 45
F™ (45)
from which we can obtain the moments
n 1 Y
as
- 1 oM
M(n, by) — bg/ a2 (- ()
o X
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The lower integration limit is not x = O because then we
would miss the essentially delta-function-like peak at
x = 0. The width of the wave packet determines the width
of this peak. For a sharply peaked wave packet the
probability for x < 0 is very small but it is nonzero. We
can avoid the x < 0 region by making a partial integration,

N 1
M(by) = nb! / dx(1 = x) 1M
1
—>nb8/ dx(1 — x)"'M, (48)
0

where in the second step we have neglected the x < 0 part
since now the integrand has no delta-function-like peak and
is negligible for x < 0 (because we have assumed a sharply
peaked wave packet). We can integrate (39) over x before
solving it; i.e. we can express both sides of

nb /) Ldx(1 = x) (39) (49)

entirely in terms of M. This is trivial for the first two
terms, while for third we change variable from x to x' =
(x—¢q)/(1 =¢q). We find

T M(0) == [ da{MPNM(bo) + M- N((1 = gl

(50)

We thus have the same equation for all . n only appears in
the “initial” condition

M(c — 400, n, by) = b1 (51)

Note that (50) allows us to obtain each moment separately.
In other words, if we want, say, the second moment, then
we do not need to consider any other moments and we do
not need to obtain the spectrum. For n =0 we have
M(n = 0) = M(x = 1), and so (50) is the same equation
as (42). n = 1 gives the expectation value (kP) which we
studied in [22]. Equation (50) together with (51) is what
one should expect by a generalization of the derivation for
n = 1 in [22], but this indirect derivation of (50) from (39)
serves as a check of (48).

Apart from checking that these two sets of equations are
consistent, this also allows us to check the numerical results
obtained from them. After having obtained a numerical
solution of M(x) (for x > 0) we can check the result by
integrating it as in (48) for the first couple of moments and
comparing with the moments obtained by instead using
(50), which is much faster to solve since M only has two
integration variables, ¢ and b,, while M also has x.

Thus, all the moments obtained from M(b, x) by solving
the new equation (39) and using (48) agree with the moments
obtained using the approach in [22]. Two different

distributions can in principle have the same moments. We
would be dealing with the Stieltjes (Hausdorff) moment
problem for —co <x <1 (0 <x < 1). However, in the
above derivation we did not need to assume that n is an
integer. If we let n be a continuous variable, then we
essentially have the Mellin transform of the spectrum. The
inverse would be given by an integral over n in the complex
plane. Or we could replace (1 —x)"bg in (47) with some
arbitrary function f([1 — x]by). If £(0) is nonzero, then we
can simply deal with that constant separately, so we can
assume without loss of generality that f(0) = 0. Now the
resulting M is determined by the same equation as the
moments, ie. (50), but with the “initial” condition
M(6 — +00,by) = f(by)1. Thus, the result is again what
we would find if we instead started with the approach in [22].

B. Locally constant field approximation

For sufficiently large a, we can use a LCF approxima-
tion. Here the 0 integrals in (20) can be performed in terms
of Airy functions, Ai, Ai’, and

Aiy(&) = /g " dr Ai(r), (52)

and the Scorer function Gi,

Al(f);_gc’l(g) _ Aoo(::exp{ieﬂ/z(TJrT;) } (53)

From [34] we have

a

My =— {— Ay (&) + KAi’(g))eon

by
gAi(§) o Ai(d) 4
5 JE BT

—Ai (&) + k= 1]1)) =

+

Afl(

(54)

(55)

where & = (r/x(0))**. x(c) = [a(0)|bo,

e, ={1,0,0,0},
e, ={0,0,1,0},

e, = {0.,1,0,0},
e; = {0,0,0,1}, (56)
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the local directions of the electric and magnetic are defined
initially as 3D vectors as

but made 4D trivially as

A

E(c) = E|(0)e, + E;(o)e, (58)
and similar for ﬁ(a), k = ey, 1, = Z;*:l e;e;, and

1, =EE+BB =e e + eye,, 1) = ese;. (59)

The eoﬁ and ﬁeo terms lead to induced polarization
along the magnetic field direction, as a Sokolov-Ternov
effect, while the KE-EK term gives spin rotation,
including the effect of the anomalous magnetic moment
(cf. [42,43]). For a rotating field, we have in general
B(s,)-E(6,) #£ 0, so all four components couple, and
an induced polarization along the local direction of the
magnetic field will later be along the electric field direction,
which undergoes spin rotation. However, for a linearly
polarized field, the e; and E components decouple from the
e, and B components. When for such fields we consider
initial or final Stokes vectors with e - Ny » = E3 ‘Nos =0,
then we drop the irrelevant components and use 2D Stokes
vectors and 2 x 2 Mueller matrices.

ITII. CONSTANT FIELD

The results in the previous sections are well suited for
numerical computations for various nonconstant fields. In
this section we are mainly interested in the mathematical
structure of the y < 1 expansion and how to obtain it. We
are especially interested in how many terms in the y
expansion we need to calculate to obtain a good precision
when y is not very small. To study these questions we
consider for simplicity a constant field. For a constant field

we have
) ) [ A"
/ do, / do, - - / do, = ¢‘ , (60)
o o Op-1 n:

so we have an effective expansion parameter

T = aagAd. (61)

We separate 7" from M), changing notation slightly so
that

M=) T"M". (62)

We also separate a factor of aa, from M; ., and then the
recursive formula simplifies

1d
Mme=/73ﬁM%4wMW%mm
Ol’l

+ 0(x — q)M(by, q)

-Mm*ﬂu—qwmf:ﬁ}. (63)

We can sum this into an integro-differential equation where
the “time” variable is T instead of ¢ used in (39),

oM 1
2 [ agdmE M
oT A q{ ( 07-x)

+0(x— g)MC - M {(1 — q)by. )16:;1] } (64)

with “initial” condition M(T = 0) = M(©). In contrast to
(39), where the physical result is only obtained by, in the
end, setting ¢ — —oo, all values of 7 in (64) give physical
results, and if we are interested in a field with e.g. T = 10,
then we obtain the results for 7 < 10 as a by-product
because we integrate the equation starting with the initial
condition at 7 = 0.

The results for y = 0.01 are shown in Fig. 1. For these
results we have used a step size of AT = 0.1. This is smaller
than what it might first seem because the natural O(1) “time”
variable is actually y7 [see (71)]. Figure 1 shows the results
for every tenth time step (or every 20th if one counts the
midpoints). For y we have used an evenly distributed grid
fromy = 0toy = ymax = 0.0l with Ay = ./ 100. Ascan
be seen in the plot for M in Fig. 1,0M/ox divergesatx — 0
for small 7. Recall that this is because we have assumed a
sharply peaked wave packet and is why we work with the
cumulative distribution. While M is finite and all the
integrals converge, we want to avoid having to use a large
number of points in x in order to obtain a good interpolation
near x = 0, because that would make the code much slower.
For small T we therefore use an evenly distributed grid in
y = x'/3 instead of x, which is better because dM/dy does
not diverge at y = 0 and is easier to interpolate using fewer
points. We can illustrate this by looking at the part of the
integral in (64) with ¢ > x,

J(by, x) = / " dgM, . (65)

Since this is independent of M, we have made a separate
interpolation of it so that we do not have to calculate it over
and over again when solving (64). Figure 2 shows that, as a
function of x, dJ/dx diverges as x — 0, but dJ/dy is finite
and therefore easier to interpolate. We have used Ay = 0.01.
As T increases beyond a certain finite point, M becomes
exponentially small near x = 0, and then we no longer have
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FIG. 1. Cumulative momentum distribution, M} =

{1,0} -M -{1,0} and M, ={0,1}-M-{1,0} for y =0.01
and for 7 =0,1,2,...,50.

the problem of a divergent 0M/dx. When this happens we
switch to using an even grid in x instead of y, with
Ax = 0.01. Thus, at each point in 7 we make a cubic-
polynomial interpolation of the list of M((y, x) evaluated on a
100 x 100 size grid.

The results for S for y = 0.1 are shown in Fig. 3. The
spectrum is initially a delta-function-like peak (because we
have neglected the width of the wave packet), and then
becomes a relatively low and wide Gaussian peak, but as T
increases further the peak eventually starts to become
higher and narrower as it is squeezed toward the upper

0.08
-0.2

-0.4

-0.6

— Jy(x=t)
— J14(x=100t3)

-0.8

-1.0

-1.2

-14

FIG. 2. Integral {1,0}-J-{1,0} in (65), for y = 0.01.
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LK
22554055 {
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o
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— 2R
s

FIG.3. SpectrumS;; = {1,0}-S-{1,0}and S,; = {0,1}-S-
(1.0}, for y = 0.1 and for T = 0,24, ..., 1000.

limit x = 1. This evolution of {1,0} - S - {1, 0} is similar to
the time evolution of distribution functions found in Fig. 1
in [1] and Fig. 2 in [44], even though both methods and
setups are different; e.g. we consider a single electron with
a wave packet that is initially sharply peaked, while [1,44]
considered electron beam distributions and neglected spin.

A. Moments
The moments® ((aykP)™) can be obtained by solving

0 -~ 1 _
ST = [ dgtpt Nr
oT 0

+MC-M[T, (1 -q)]}.  (66)
with “initial” condition

M(T =0,y) = 4"1. (67)

The derivation of this equation is a trivial generalization of
the m = 0 and m = 1 cases in [22,23]. Note that with this

“We have included a factor of a here so that aj only appears in
yorT.
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approach we obtain the moments without calculating the
spectrum. We thus have two independent ways of calculat-
ing the moments: either by solving (66) or by first obtaining
the spectrum via (64) and then the moments by integrating
as in (48).

We have solved (66) numerically using the midpoint
method for the variable 7', as described in [23]. At each
step in 7 we make an interpolation function for the y
dependence, with0 < y < yax, Where y . 18 the maximum
value of y we want to consider. We have used an adaptive
egrid for y, i.e. adding points until a certain precision and
accuracy is reached, which results in more points where the
function has a larger curvature and fewer points where it is
flat. The interpolation between these points is done using
Mathematica’s built-in function “Interpolation” with cubic
polynomials.

M in (66) already gives the resummation of all orders in
a. We can also obtain the moments by first calculating each
order in a separately by solving the recursive formula

M) () = /ld_q{ML M (y)
0o n
+MC-MV[(1-g)y]}, (68)

starting with

MO(z) =21, (69)

and then resumming the a expansion at the end. Also in this
case we can make a numerical interpolation function for the
x dependence for each step. After having obtained terms up
to e.g. n = 10 or n = 20, we can resum the a expansion
using Padé approximants as described in [22,23]. The
convergence of this resummation method is often fast.
Alternatively, we can expand each order in @ as a power
series in y. Then the y expansion of M" is obtained by
inserting the y expansion of M"~! into (68) and expanding
the result in y. After having obtained y expansions for the
first e.g. n = 10 orders in the o expansion, we first resum
the y expansions for each order in a separately using
standard Borel-Padé resummation, and finally we resum
the a expansion using Padé approximants (this last step is
the same with or without using the y expansion). A detailed
explanation for this double-resummation approach can be
found in [22,23]. It turns out to be quite fast.

As an example, we consider y = 0.1. The zeroth and first
moments look very similar to the results already presented
in [22,23]. Calculating also the second moment allows us to
obtain the standard deviation,

¢ ((agkP)?) B ((aOkP>>2. (70)

Ve X

In Fig. 4 we plot S obtained by using either the double
resummation approach or by integrating the cumulative

T
0 20 40 60 80 100

FIG. 4. The standard deviation (70) for y =0.1 and
{1,0} -M - {1,0}. The solid line is obtained using (68) and
the double resummation, and the dots are obtained by integrating
M, as in (48) for every tenth time step. The corresponding 0, M
is shown in Fig. 3.

function as in (48). We find perfect agreement. Comparing
with the double-resummation approach serves as a quick
way to check the precision of M(x), which takes a much,
much longer time to obtain. The shape of S is quite similar
to plots in Fig. 4 in [44], Fig. 3 in [45], or Fig. 9 in [6] for
the energy spread of an electron beam/bunch, i.e. first a
rapid increase and then a slower decrease after a maximum.
But, again, it should be noted that we are considering
somewhat different quantities.

B. Low-energy expansion of moments

We will now calculate the first quantum correction in a
low-energy expansion. y < 1 is the expansion parameter,
but we need to consider

2
u=—xT (71)
3
as O(1) to keep a nontrivial dependence on T.” The zeroth
order is then given by

m

X

M=—2__1
(1 4+ u)m

(72)
This is just the longitudinal-momentum component of the
solution to LL [47] to the power of m. The standard
deviation (70) vanishes at O(y"), as it has to in the classical
limit. To obtain the first nonzero correction we can solve
the recursive equation (68) approximately using the ansatz

M = " (ﬁ + 5M;(), (73)

>There can, however, be experimental signals in the spectrum
of the emitted photons even if u < 1 [46].
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where M only depends on m but not on y. With

SM =" u'sM™ (74)
n=0

the problem has been reduced to an algebraic recursive

equation for SM™ as a function of n. There are standard
methods to solve such recursive equations [48], but this is
most conveniently done using Mathematica’s “RSolve.”
The result for SM") is not particularly illuminating. One
thing to note though is that it is an expression valid for all
orders in @, which we can obtain here because we only
consider the first two orders in the y expansion. Contrast
this with the general case described above where we would
only be able to calculate the first e.g. 10 or 20 orders and
then use e.g. Padé resummation based on those finite
number of terms. Now for the low-energy approximation,
we have access to all coefficients in the a expansion and we
can resum this using Mathematica, for example. For the
average momentum, i.e. m = 1, we find

_ B 16V3(14u)? 2(1+u)?
SM(m=1) C3n(i4w) SRu=9u+22(14w)in(14u)]
2(1+u)? 16V/3(1+u)?

(75)

We recognize the {0,1}-6M-{1,0} element from
Eq. (13) in [22], which corresponds to the difference in
the final momentum due to initial spin being either parallel
or antiparallel to the magnetic field and after summing over
the final spins. For m = 2 we find

SM(m = 2)
55[3u+4(1+u) In(14u)] 3[u=21In(14u)]
16v/3(1+u)* 2(1+u)?
_ 3In(1+u) 5[24u—9u>+44(1+u) In(1+u)] (76)
(14u)? 16v3(1 1)

If we sum over the final spin, then we find a standard
deviation that to leading order does not depend on the
initial spin,

) S55u

Thus, the width of the spectrum goes to zero at both u < 1
and u > 1, which is also what we see in Fig. 3. If we expect
the spectrum to have a more or less symmetric peak around
the average momentum, then it is not surprising that § — 0
asymptotically, because the average momentum decreases
as 1/(1+ u) and the light-front longitudinal momentum
kP > 0, so the lower half of the peak will be squeezed
between 1/(1 + u) and 0, and hence the peak must become

narrower. However, even if we normalize the width by
dividing S by 1/(1 + u), the result still goes to zero. In [22]
we showed that the average momentum converges
to the classical LL. momentum asymptotically, and now
we can also see that the standard deviation decreases
asymptotically.

We also note that the width scales as S ~ /. So, if, say,
x = 0.01, then we would expect S~ 0.1, which corre-
sponds to 10% of the physical interval for this scaled
momentum variable (i.e., 0 to 1). Thus, even if y is so small
that there is little difference between the average momen-
tum and its classical limit (the solution to LL), the width
can still be a significant fraction.

While it would be possible to extend the above approach
to include both higher powers of y as well as higher
moments, it becomes inconvenient to solve the recursive
equations for the expansions in u and then resumming
them, so we have instead used the following approach for
higher orders. We change variable in (66) from 7 to u
in (71). We separate out the overall factor of ™ in (73) as

M(T, y,m) = x"W(u,y, m). (78)

The integro-differential equation in terms of W is given by

P 3 [1dg
T Wuy) =2 [ LML - W(u,
% (u.x) 2A ;({ (u.y)

+ (1 =q)"MC - W[(1 = q)u, (1 - q)x]},
(79)

with the same “initial” condition

Wu=0,y,m) =1 (80)
for all moments. Note that, while (66) is local in 7', Eq. (79)
is not local in u. The reason for making this change of
variables is to have a natural y expansion right from the
start and to avoid expanding in u. This expansion can now
be written as

Wigom) =3 W (81)
k=0

To find the first couple of w’s, we insert (81) into (79) and
match the two sides order by order in y. To do so we need a
suitable change of variable for the ¢ integral. We have used
y as defined by

_
1+yr

q (82)

After this change of variable, we can expand the integrand
before performing the integral. This results in the following
type of integrals:
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o Ai(y?3) 3 1 n].[2 n
dyy" —r="—T|s+|T|5+=
/) YA T4 372) 372
1 V3 . 35V3 20 5005v/3
- 2747 ’ 16 k] k] 64 9 e ’

(83)

where the second line shows the explicit numbers for
n=20,1,2...,

o Ai (y2/3 3t T 5
a1
0 v

4z |6 2| |62
V3 |
2

53 3853

A Y

,—140,...}, (84)

0 3rtn 5 n|l [7 n

dv v"Ai, (v2/3) = P | i P R

/0 rr AL () 22(1 + n) [6+2] {64_2}
_{ I 1 35 10 1001 1120 }
fry 2\/§,3524\/§,3 ,32\/§, 9 g oo .

These are the same integrals that we used in [22] to
calculate the y expansion of each of the orders in «
separately. Now we instead work with (81), which is
already resummed in a (recall u « a).

To zeroth order we find

(85)

m
Win,o( )= _H——uw’”’O(u)’ (86)
which implies
1
Wm,o(”) = m (87)

in agreement with (73) and what one should expect from
the solution to LL. w,, ;(u) starts contributing at O(y*) in
the expansion of (79). At this order, w,, o(u) to W,, ;1 (u)
also contribute. Moving all the w,, ;(u) terms to the left-
hand side gives a differential equation on the following
form:

91wy, (1)) = i,

W@ W k1]

(88)

We find that w,, ;(u) can be expressed in terms of linear
combinations of

In"(1 + u)

‘Cr,s(u) = <1+u)s s

(89)

where r and s are integers. Derivatives of £, ; appear when
we replace u — (1 — g)u, change variable to y, and expand
in y, but

‘C/rs(u) = rﬁr—l,s-‘rl (Lt) - S‘Cr,s-'rl (u) (90)

so this class of functions is closed under differentiation. We
can integrate (88) using

u r!
dv'l, (v) = —-——
A u r,b(u ) (S _ 1)r+1
rt I (1 +u)

1 r
‘<1+u>“‘-1,§<r—j>r (s = 17!
(91)

and®

u I (1 + u)
! AN
[fave,w =" )

so this class of functions is also closed under integration.
For m = 0 we find

3 u 0 1
W0,1:§m<0 _¥), (93)

which agrees with Eq. (10) in [23], and for m =1 and
m = 2 we recover (75) and (76). At the next order in y we
find, for example,

(22656 + 157361 +2155u2
{1.0}-wys-{1.0} = =4 )

768(1 + u)’
(—2368 +369u —288u?) In(1 + u)
128(1 4 u)*
34571n%(1 + u)
— 94
192(1+u)? 4

As we go to even higher orders we get more and more
terms, and the expressions become too large to write down
here. We will use them, though, in the next section to
determine integration constants in the derivation of an
analytical approximation of the spectrum.

C. Low-energy approximation of the spectrum

To obtain an analytical approximation for the spectrum,
we start by differentiating (64) with respect to x to obtain an
equation directly expressed in terms of S,

6Equation (92) can be obtained from (91) by treating s = 1 + 6
as a continuous variable and expanding in |§| < 1.
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oS [ .
ﬁ_l dq{M S(x, x)

+6’(1x4—q)Mc.s[(1—f1)Z»%]}

+ Mc(y, g = x) - M[(1 - x)y,0]. (95)

The last term makes this an inhomogeneous equation. It is
given by the time-ordered exponential in (44). However, for
low energies it is exponentially suppressed and can be
neglected.

We know from (77) that the width of the peak in the
spectrum is O(,/7). In the limit y — O this would be an
increasingly narrow peak, centered at a point which we
denote x = x,,(u), where we again use u in (71). In the
classical limit, we have (kP)/kp — 1/(1 + u) (the solu-
tion to LL), so from (3) we have

o u
S l4u

xer(u) (96)

If we were to plot S(x) for very small y, it would be natural
to not plot it over the entire interval 0 < x < 1, because
then we would just see a very sharp peak. Instead we would
plotitoverx. — ci\/¥ < x < X, + ¢./X, Where ¢ and ¢,
are roughly ~5-10 or so. Beyond this interval S(x) would
anyway be negligible. Similarly, in order to obtain an
analytic approximation, we also want to figure out how to
choose parameters such that they can be considered O(;°).
Here we keep u as the “time” variable, but switch to

o X _xcl<u)

X =" ®7)

as a momentum parameter. A(u) is related to the standard
deviation and will be determined below. As an educated
guess, and after some trial and error, we take as an ansatz

(s

|
S ng(xz) ;pn(u,x)ﬂr”ﬁ- (98)

The idea now is to insert this expansion into (95) to
determine the functions A, &£, and p. We again change
integration variable from ¢ to y as in (82), which allows us
to expand the integrand in a series in y before performing
the integral. This expansion is done with u# and X
considered as O(1) parameters. In particular, for the
M-S term, the replacements y — (1 —¢)y and x —

(x=¢q)/(1=gq) lead to

]/)(1/2

Vi

!/
+ (3 + u%) % + O, (99)

X=X+ (xyg+uxl,—1)

With

9 2% (0 0X 0
—S(T.x) =2 (=422
arS(Thx) =3 (6u+0u6X

>S(u,x) (100)

and

0X X, XV
P Fa 2 101
ou Vyd o 24 (101)

we see that the expansion of dS/0T and hence also the
right-hand side of (95) start at O(;°).
Rearranging (95) as RHS — LHS = 0, we find at O(3°)

2 %P
With initial condition x,;(0) = 0, Eq. (102) implies that x,,
is given by (96).

At O(y'/?) we would in general get derivatives on py, but
as part of the ansatz we take p, = 1. We then find

1 X ,

{ﬁ [1 + (1 +u)3—/1] [€ +2X2&
N 55

24+/323/2(1 4 u)

€+ 2X25q}1 0. (103)

This equation should hold for any values of u and X, and 1
(&) should only depend on u (X). If we first set X = 0, then
we obtain a differential equation for 4, which we solve with
initial condition A(0) = 0, which is motivated by the fact
that the standard deviation should go to zero at u = 0, as we
found in (77). We find

£0)  55u

) == 20y 8301 +

(104)
Inserting (104) into (103) gives an equation that only

involves X,

£'(0) £'(0)

X2E"(X?) + (%— £00) X2>5’(X2) ~320) E(x?) =0.
(105)
The solution to this equation is
E(X?) = £(0) exp <<:(((()))) X2>. (106)

At first it might seem like we have two integration constants
to determine, £(0) and £'(0). However, from (97) and (104)
we see that the constants in the exponent actually cancel.
This is not surprising since we could have included any
O(1) constant in the definition of X. We can therefore set
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£'(0) = —£(0) so that the exponent is simply ¢~*". The
remaining constant is determined by

1
/ dxS=Mx=1)=1, (107)
0
which to leading order implies
/°° dXE(X2) = 1. (108)

Thus, expanding (95) to next-to-leading order [i.e. O(y'/?)]
has allowed us to determined S to leading order, and we
find that the width of the peak is determined by

Au) _ . SSu

8v3(1 +u)* (109)

and the shape of the peak by

1 %+C2_%[ﬁ+ln(l
pia(u) "V ¢y +°\/§T35”41n(1 + u)
and
v | _w—l—\/\g—fﬂ [1#
Pi3u :Tﬁ 0

where c¢; are some constants. We cannot determine these
constants by considering some initial conditions at u = 0,
because our approximation breaks down when u becomes
too small. We can see this from Fig. 1, where the x
derivative diverges at x = 0 for 7" below some finite point.
A diverging S is of course not approximated by (98). To
determine the constants ¢; we will instead compare with
the moments calculated with the method in the previous
section.

We will use the same method also for higher orders, and
we have found that p,, (u, X) is in general a polynomial in X.
To compare with the moments we consider

o dX o
/_ \/—,—[X'"e_xz > pa(u. Xy Z/deX’"

b n=0

- W;mﬂ/dxs(ﬁ—(l —x))m
1

B " /m (-1 &
) Z(k) (1+ >Z”

(114)

E(X?) = \/i;e—xz. (110)

However, since the expansion parameter in (98) is only
\/x rather than e.g. y, we expect the next couple of orders to
be important to obtain a precise approximation even for
x ~0.01, so we continue.

At O(y) we find a differential equation for p; (u, X). This
equation contains terms that are linear in p;(u,X) and
derivatives of p;(u,X) with respect to u and X, and
terms without p, (u, X). After dividing away the overall
factor of ¢~X’, the terms without p; (i, X) can be written
f1(u)X + f3(u)X>. The solution is therefore on the form

p1(u.X) =pi1 ()X +py 5 ()X (111)

The equation for p; thus separates into one part propor-
tional to X and another part proportional to X3. Both parts
have to be separately zero. Solving these equations gives

+ u)} o3+ 6\\//553—51/4 In(1 + u)
(112)
%+c6—% {ﬁ—ﬁ—ln(l +u)}
- :
(113)

b
—2es(hw) V55 |1 _ 2129
3u V234 | T+u ~ 3025

|
with w defined in (81). By matching the first and the last
lines for each m and for each order in y we obtain equations
that we can use to determine the constants in (112) and
(113), and other constants at higher orders.

By evaluating (114) with m = 1 and m = 3 and selecting
the term proportional to y'/> we are able to determine the
constants in (112) and (113)as ¢y = ¢3 = ¢4 = ¢5 = 0 and

1681
Co=—"F7——.
® ™ 55./11031/4

In Fig. 5 we compare the approximation in (98) with a
numerical solution of (64). We have chosen y = 0.01,
which at first might seem like a quite small value. However,
the approximation is a series in /y = 0.1, so we should not
expect higher orders to be negligible. In Fig. 5 we see that,
while the leading order gives a decent approximation,
adding higher orders does indeed lead to a noticeable
difference. Even after adding the next-to-leading order
there is still a noticeable difference from the numerical
result. For {1,0} - S - {1, 0}, it is only after adding the first
three terms that we obtain a result that is more or less

¢y = (115)
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S11
numerical
8 LO
NLO
6
N2LO
3
4 N°LO
2
X
0.5
S21
0.3
0.2
0.1
X
0.5
-0.1
-0.2
-0.3
FIG. 5. Comparison of the approximation in (98) and a

numerical solution to (64), for y = 0.01 and 7 = 50. LO refers
to the n = 0 term (98) only, and N¥LO is the sum up to n = k.
Sll = {1,0} . S . {1,0} and S21 = {0, 1} . S . {1,0} S21 is iden-
tically zero at LO. N>LO and N*LO for S}, and N°LO and N*LO
for S, are basically indistinguishable on the scale of these plots.

indistinguishable from the numerical solution. For {0, 1} -
S - {1,0} we need the first four terms.

We have mostly considered the cumulative function as a
computationally convenient tool for in the end finding the
spectrum, but to obtain this low-energy approximation of
the spectrum we worked directly with S. If we want M it is
now straightforward to integrate (98). We have found that
the p functions are in general polynomials in X. Regardless
of what sort of polynomial they are, we can always write
them as sums of Hermite polynomials, H,,(X). We can
therefore write (98) as

This is useful because integrating over X becomes trivial
using Rodrigues’ formula,

H,(X) = (-1)"eX dpe™, (117)

and we find

M = / " avS(x

1
2[ +erf(X

—XZ 0

1——211 H,_(X).

(118)

IV. FINITE WAVE PACKETS

So far we have focused on sharply peaked wave packets.
Now we consider wave packets with a finite width. In
principle we could consider a wave packet with two
different functions, f,(p) and f,(p), for two different
spin states, but we will for simplicity consider just a single
function f. When we considered a wave packet sharply
peaked at b, we found it natural to factor out b as in (3).
But now when we have an integral over the initial
momentum, we replace (1 —x)by — b’, so that we can
describe the final momentum without referring to the initial
momentum. To avoid confusion of the integration variable
kp’ with b" we also replace kp’ — kp,. To generalize we
first note that each contribution to the cumulative function
involves momentum integrals on the form

/d3ﬁ0ut9(kp0ut_b/) /dSﬁinf<pin)
1 2
X E (2” (pout + Zl pm)
= [ @pastonoti —w—mﬁ— (119)
" " out kpinkpout '
where in the last line
=p". Zl " (120)

the sum is over all real photons emitted in this particular term,
and the factor of 1/k . is just due to our normalization of the
amplitude M. In this paper we only consider observables that
do not depend on the transverse momenta. After integrating
over the transverse momenta of the final-state particles, the
probabilities in plane waves no longer depend on the trans-
verse momentum of the initial particle. We write

/d313|f(p)|2h(kp) —Aw d(kp)p(kp)h(kp), (121)

where p now describes the initial longitudinal momentum
distribution. We thus find a simple relation between the
Mueller matrix M(f;b’) for a wide wave packet and
M(by, b') for a sharply peaked wave packet’:

’A similar incoherent relation for nonlinear Compton scatter-
ing in plane waves at O(a) has been used in [49,50] to study the
effects of wave packets.
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Mf8) = [T dbop(bo)M(bob). (122)

where M(b,, b') is determined by (41). Note that even if we
were only interested in a sharply peaked wave packet for only
onevalueof by = B, tosolve (41)we anyway need to consider
M(b, b') for0 < by < B.Thus, once we have solved (41) for
asharply peaked wave packet, there is very little extra work to
perform the integral in (122) for various types of wave packets.
In other words, all the really nontrivial stuff is included in
M(by, b'), which is obtained without having to choose spin
states or wave packets. We can therefore think of M (b, b’) as
a Green’s function.

Partly in order to compare with kinetic equations, we will
rewrite this in terms of the spectrum [this differs by a factor
of by compared to the previous definition (45)]

oM(f;b')

N — —

(123)
We begin by reexpanding as S = Z ° oS (+00, b') with

S(") = O(a"). The zeroth order is S© = p(b')1. We obtain
higher orders from (19) and (35) by replacing

by = kpin = b+ kI, (124)

J

and writing the g; integrals in terms of k/;. For example, in
the last term in (35) we have

dq,dg;Mc(bg, q1,01) - Mc([1 = ¢1]bo, g, 03)
g dklldk12MC(b/ "‘ kl] + klz, kll, 01)

M (b + kly, kly, 05), (125)

where

i 1
M (kp. kl) = EMc(kp,kl), (126)

where the first argument is for the momentum of the
electron before emitting the photon. In (35) and (37) we
noted that M(?) can be obtained by prepending M, and M«
to M(D. From (125) we see that S@ can instead be obtained
by appending M; and M to S(). We can do this if we also

replace
/dal /ood02 —>/d02/62d61.

Higher orders can be obtained in the same way. Thus, we
find

(127)

(o, b’)—/ da/ d(kl)
x {81 (!, ') - N, (o' ', k)
+ SN (o' b + ki) - M (o, b + ki, kl)},
(128)

where

i 1
M, (kp.kl) = i Ok = kM (129)

Summing over n and differentiating with respect to o gives

JS & / \/ /
(b )—A dkI{S(') - M, (b', k)

+S(b' + ki) - M(b' + kl, kl)}, (130)
with initial condition
S(6 = —00,b") =S = p(p')1. (131)

If one is only interested in a definite initial Stokes vector,
then one can project N - (130) before integrating and solve
for Ny - S with initial condition N - S(—o0) = pNj. On the
other hand, (130) - N does not give an equation for S - N .
For (41) we can instead project, before integration, with N
but not with Nj.

In contrast to the equations for cumulative function M
and the moments [see e.g. (41)], which we integrate
backwards in light-front time from ¢ = 4o to —oo,
Eq. (130) is integrated forward from ¢ = —c0 to +oo0.
We can understand this difference as follows. For S(f; b')
the earliest step is special due to the appearance of the
initial wave packet, while the subsequent steps are obtained
recursively by appending M; and M., which gives an
equation that should be integrated forward in o. For the
moments M (n, by) it is instead the last step that is special,
because there we have an additional factor of kP" in the
integral for the final electron, while the preceding steps are
obtained recursively by prepending M; and M and there
is no nontrivial distribution in the first step, which gives
equations that should be integrated backwards in o.

Equation (130) holds as long as the field is sufficiently
strong or long, i.e. not just in the LCF regime. If we restrict
to the LCF regime, then we can compare with kinetic
equations in the literature [1-7]. If we replace

S-Mc, — ({1,0}-8-{1,0})({1,0} - M, - {1,0})
(132)

and identify {1,0} - S - {1,0} with an electron bunch (i.e.
multiparticle) distribution, then we find perfect agreement
with Eq. (2) in [4]. Spin effects have recently been included
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FIG. 6. Spectrum for a Gaussian wave packet (133) and a
constant field, with Ny = N, = {1,0}. Solid lines are obtained
by solving (130) with the initial condition in (131). The rightmost
curve is the initial wave packet, and the other curves correspond
to 7 = 10,20, ..., 100. The black dashed lines for 7 = 10, 30, 50
have been obtained using (122).

S21

FIG. 7. Same as in Fig. 6 but with Ny = {0, 1} to see the
dependence on the initial spin.

in kinetic equations in [7] using the LCF Mueller matrices
from [34].

As an example we have considered a Gaussian wave
packet,8

(133)

with yy = 0.07 and ¢ = 0.007. These values have been
chosen so that the wave packet is contained in 0 < y < 0.1,
so that we can compare with the results we obtained for
Fig. 3. Figures 6 and 7 show perfect agreement between
the results obtained from (130) and the “Green’s function
approach” (122).

8Strictly speaking, p should be identically zero for y < 0, but
this Gaussian is anyway exponentially small there.

We have derived recursive and integro-differential matrix
equations for the momentum spectrum for electrons in a
plane wave. This is formulated in terms of what can be
thought of as a Green’s function, M(by, b’), which gives a
complete description of RR and spin transition. After
M(by, b') has been calculated one obtains the result for
particular initial and final electron states by projecting with
the initial and final Stokes vectors for the spin, Ny - M - N,
and integrating over the initial longitudinal momentum, by,
weighted by the absolute square of the wave packet, as
in (122).

Due to the singularity at b’ = b, during early light-front
times, we have found it convenient to work with the
cumulative distribution function, M(bg, b’), rather than
the spectrum itself. The spectrum is then obtained at the end
of the calculation by differentiation, 9, M (b, b’).

By integrating the resulting spectrum we find agreement
with moments calculated using a generalization of the
approach in [22,23], where we considered the zeroth and
first order moments. With the second moment we can
calculate the standard deviation, and we find that it scales as
/¥ and is therefore relatively large even for small y.

We have derived a low-energy expansion of the spectrum
for a constant field and found that it takes the form of a
Gaussian multiplied by a power series. To zeroth order this
tells us how the momentum is distributed around the
solution to LL [47]. We find that the expansion parameter
is proportional to /y, so even for y = 0.01 we need to go
beyond the leading order and sum the first 3 or 4 orders
in the y <1 expansion in order to obtain a precise
approximation.

For the numerical results of this paper, we have chosen a
constant field. We do not actually expect it to be more
difficult to solve (39) in the LCF approximation for a
nonconstant field compared to (64) for a constant field.
Indeed, both equations are in the form o0M/dr =F,
where t = ¢ or t =T, and whether F only depends on ¢
via M, as in the constant field case, or also has an explicit
dependence on ¢, as in the nonconstant case, we could still
use the same method (e.g. the midpoint method) when
integrating over ¢. In fact, we did so in [51] for the all-order
probability of trident. The issue is instead that for the
spectrum we have an additional parameter, x, compared to
the equations in [22,23,51], so it takes a much longer time
to compute an interpolation function of M(y,x) at each
point in “time.” While this is an issue for both (39) and (64),
the time parameter in (64) is a physically relevant param-
eter, so when we integrate from 7 = 0 to e.g. T = 100, all
the intermediate time steps give physical results. In con-
trast, for (39) we integrate from ¢ = +o00 to 6 = —o0, but it
is only the final result at 6 = —oco that gives something
physical. Moreover, in order to check the numerical results
by comparing with analytical approximations, we have to
generalize the low-energy approximations to nonconstant
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fields. We expect the approximations for a constant field to
serve as a useful guide for generalizing to nonconstant
fields. Thus, we leave a numerical study of different
nonconstant fields and generalization of the approximation
of the momentum spectrum for future studies.

Moreover, our general methods are not restricted to the LCF
regime, but work as long as the field is sufficiently strong or

long. So, one could use for example a locally monochromatic
field approximation, which we also leave for future studies.
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