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Following our previous study of the recursive structure of Baikov representations, we discuss its
application in the integration-by-parts reduction of Feynman integrals. We combine the top-down reduction
approach with the recursive structure, which can greatly simplify the calculation for each sector in many
cases. We introduce a new concept called the top-sector irreducible scalar product reduction, which
generalizes the maximal-cut reduction by retaining the subsector information. After subtracting the top-
sector components, we provide a general method to transform the remaining integrand explicitly to
subsectors, such that the reduction procedure can be carried out recursively. In this work, we use the
intersection theory to demonstrate our method, although it can be applied to any implementation of the

integration-by-parts reduction.
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I. INTRODUCTION

Feynman integrals (FIs) are building blocks of pertur-
bative scattering amplitudes in quantum field theories. In
the calculation of a particular scattering amplitude, one
often encounters a huge number of FIs. To compute them,
one reduces them to a basis called master integrals. The
number of master integrals is much smaller. They can then
be calculated using various methods, in particular, the
method of differential equations [1-3].

In practice, the reduction of FIs usually proceeds by
solving integration-by-parts (IBP) relations among different
integrals. These relations form a linear system that can be
solved by the Laporta algorithm [4,5]. This IBP reduction
procedure has been implemented in several public packages
such as Reduze [6], LiteRed [ 7], FIRE [8], and Kira [9]. Recently,
a novel method, the intersection theory [10-19], has been
proposed to perform the integral reduction using the
language of twisted cohomology groups. This regards
IBP equivalence classes of Feynman integrals as elements
in a cohomology group and uses a concept called inter-
section numbers to compute the reduction coefficients.
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The IBP systems can become very large in cutting-edge
applications. Generating and solving the relations is often a
major bottleneck in multiloop calculations. It is therefore
desirable to reduce the size of the IBP system as much as
possible. For example, packages like NeauBP [20,21] and
Blade [22,23] have been developed to achieve this goal by
preselecting a smaller set of IBP relations before perform-
ing the full reduction. Another way to reduce the size of the
IBP system is to split it into smaller subsystems, which can
be solved separately and glued together for the final results.
To this end, generalized unitarity cuts of Feynman integrals
provide a powerful tool. Under a certain cut, a lot of
integrals vanish and drop out of the linear relations,
effectively making the system smaller. In the literature,
there are two kinds of approaches to take advantage of cuts:
the “bottom-up” approach and the “top-down’” approach. In
the bottom-up approach, one chooses a set of “spanning
cuts” that is a minimal set of cuts necessary to recover the
full information. The reduction is performed under each cut
in the set, and the full results are then assembled from these
partial ones.

The top-down approach [24], on the other hand, starts
from the top-sector containing the maximal number of
propagators in a given integral family. By imposing the
maximal cut, i.e., localizing all propagator denominators to
the mass shells, it is easy to compute the reduction
coefficients in the top sector. One then subtracts the top-
sector components from the integrals to be reduced, and
move to subsectors with fewer propagators. Recursively
applying the above procedure down to the lowest sectors,
one achieves the full reduction of the integrals.
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In a recent work [25], we have explored the recursive
structure of Feynman integrals, which is particularly appar-
ent in the Baikov representations [26,27]. The Baikov
representations of Feynman integrals amount to a change
of integration variables from loop momenta to propagator
denominators. As a result, it is rather straightforward to
study cuts of integrals in these representations. Imposing a
cut is simply taking the residue at the origin for a variable
[28-30]. IBP relations can also be studied in the Baikov
representations [20,24,31-33]. Evidently, the top-down
approach of reduction is naturally related to the recursive
structure of Baikov representations. In this work, we utilize
this relationship to demonstrate how the recursive structure
can be used to simplify the top-down reduction procedure.

The contents are organized as follows. In Sec. II, we
briefly review the recursive structure of the Baikov repre-
sentations presented in [25]. In Sec. III, we establish an
algebraic framework for separating the system of Feynman
integrals into disjoint subsystems using cuts. This provides
a unified view on the different reduction approaches. In
Sec. V, we show how the recursive structure combined with
the intersection theory can help us perform top-down
reductions. We summarize in Sec. VI

II. A BRIEF REMINDER OF THE
RECURSIVE STRUCTURE

In this section, we briefly introduce the Baikov repre-
sentations and their recursive structure. For detailed der-
ivations we refer the readers to [25].

A Feynman integral family consists of scalar integrals of
the form

d?1,d?,---d?l 1
I<al’a27" aNad) / [[2/2 L

XXy xy (1)

where L is the number of loops and d =4 — 2¢ is the
dimension of spacetime, N = L(L +1)/2+ LE is the
number of independent scalar products involving loop
momenta, and E is the number of independent external
momenta (the number of external legs is thus E + 1). The
variables x; are propagator denominators if @; > 0 and
irreducible scalar products (ISPs) if a; < 0. For the above
integrals, we can write down the standard Baikov repre-
sentation

lay,....ay:d) = C(py, ... pp:d) cﬁ
1 N
X [PZLV(xh~-.,xN)](d_K—1)/2, 2)

where K = L + E, and C(p;, ..., pg;d) is an unimportant
prefactor for our purpose, which will often be suppressed
later. The integration contour C is determined by the
polynomial

Pi(xp, o xy) = G(q1. G2, -+, k) (3)
where {q1, g3, ..., qg } denotes {l,,....l;, pi, ..., pg}, and
G represents the Gram determinant

2
91 91492 - 41" 4n
R TR 42 4y
G(ql’ q2s---> qn) = det
2
qn 491 4n- 492 - qn
(4)

The standard Baikov representation works for all inte-
grals within the family. However, for integrals in a given
subsector, it is usually possible to integrate out some of the
ISP variables. This leads to Baikov representations with
fewer integration variables, which often coincide with the
so-called loop-by-loop (LBL) representations. These rep-
resentations (including the standard one) take the generic

form
dx; ---dx,
- " |P Yi.o..
szlzl__.x:zl,,[ 1<x)}

where we use x to denote the sequence of variables
X{y...,Xx, with n <N, and P4,...,P,, are Baikov poly-
nomials that are raised to noninteger powers yi, ..., ¥,,.
These various representations form a treelike recursive
structure starting from the standard one.

An ISP variable to be integrated out must appear
quadratically in one of the Baikov polynomials P;(x),
but it is absent in the other polynomials (we refer to it as a
“quadratic variable”). Denoting this variable as z, we may
write P;(x) as

[P (X)), (5)

Pi(x) =—(Az? +Bz+C) = -A(z—¢;)(z—¢2). (6)

where A, B, and C are polynomials of the remaining
variables in x. We can then integrate z out using the
recursion formula

/CZ "[-A(z = ¢1)(z = ¢)]7dz

142y L+ r)?
21 +7))

1+ e\ nl-n3 ¢ —cy\2

F - .
X( 2 )2 1( 272 ’2+7’<c1+c2> ’
(7)

where n > 0. Note that the above hypergeometric function
is actually always a polynomial of its last argument. The
above procedure can be repeated for another quadratic
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variable if it exists, and we arrive at representations with
even fewer integration variables.

III. THE TOP-DOWN REDUCTION AND ITS
ALGEBRAIC STRUCTURE

Integral reduction is one of the bottlenecks in multiloop
multileg calculations. For cutting-edge problems it involves
a large number of linear relations. One way to efficiently
generate and solve these relations is the so-called top-down
approach emerging naturally from generalized unitarity
method and integrand reduction [14,34-38]. The idea is
very simple. Given an integral to reduce, one first finds its
top-sector components by solving the linear relations under
the maximal cut. The maximal cut significantly reduces the
number of variables and the number of equations, making
the reduction much simpler. One then subtracts the top-
sector components from the integral and transform the
resulting integrand into subsectors (which is the most
nontrivial part of this method). We can then employ the
recursive structure of Baikov representations to arrive at
lower representations, and repeat the above procedure by
working with the maximal cut for the subsectors.

In this section, we briefly review the basic idea of the
top-down reduction and the graded structure of the vector
space of Feynman integrals. We will use the language of
intersection theory [13,14,19,39], although in practice one
may employ any method suitable for solving the linear
system at hand.

A. The cohomological formulation
of cuts for Feynman integrals

We first discuss the general algebraic structure of
Feynman integrals, applicable within any representation
where a Feynman integral takes the form

I—/Cugo, (8)

where u is a multivalued function on CV, C is an integration
contour, and ¢ is a single-valued N form that will be
referred to as an “integrand.” The u function vanishes on
the boundary of C, i.e., u|,c = 0. The N-form ¢ may have
singularities on dC, where the integral is regularized by the
u function. We call these regularized singular points as
“twisted boundaries” [12]. In the same time, ¢ may also
have singularities at places other than {u = 0}. We call
these singular points as “relative boundaries.” We will
assume that the relative boundaries are given by the set
{D=0}=U", {D; =0} with n <N, where the D;s are
functions on CV (which will be identified with propagator
denominators). These relative boundaries are removed from
the integration contour, and hence ¢ is holomorphic
within C.

Using Stoke’s theorem, we have

0= [ )= [, )

where V, =d + o A, w = dlogu, and £ is a single-valued
holomorphic (N — 1) form. The above equation generates
IBP identities among different integrals, which are used for
integral reduction. Formally, the IBP equivalence can be
encoded in the Nth twisted cohomology group

ker : QV(X) —» QVF1(X)
im: QV1(X) - QV(X) "’

HY(X;V,) = (10)

where X = CM\({u = 0} U {D = 0}). An elements of H"
is the equivalence class of integrands that give the same
integral, (@|: ¢ ~¢@ + V& The number of independent
integrals, i.e., the dimension of HY, is finite [40].
Moreover, in dimensional regularization, H" is usually
the only nontrivial cohomology group, as all other H**V
vanish [41]. Using the complex Morse theory, one can
obtain v = dim(H") by counting the number of critical
points from the u function [13,42]. One may then choose a
basis (¢;| (i =1, ..., v), and decompose any integral (| as
(| =>_%_, ci(e;]. This is just the IBP reduction procedure.
To compute the coefficients ¢;, one needs to solve a large
linear system using, e.g., the intersection theory. In the
intersection theory, one introduces the space of dual forms
lp) € HY(X;V_,), and defines a pairing between dual
forms and Feynman integrands called intersection numbers
[11,13,14]. The intersection number between (¢, | and |pg)
is given by

mwmﬁﬁmémA%, (11)

where ¢, is IBP equivalent to ¢z but has compact support.

To perform computations in the presence of relative
boundaries {D = 0}, one usually introduces additional
regularizations to convert them into twisted boundaries.
The simplest regularization is to multiply the u function by
factors such as D’i’ , where p will be taken to zero in the
end [12-14]. Although this technique is valid in many
practical cases, there is no general proof that the p — 0
limit is guaranteed to give the correct results. Recently,
there arises a new technique based on the concept of twisted
relative cohomology [16,17]. This bypasses the introduc-
tion of regularizations for relative boundaries, removing the
ambiguities and extra efforts in the calculations.

A key step in the works [16,17] is the decomposition of
the full cohomology of dual integrands into subspaces
corresponding to different cuts of Feynman integrands.
Motivated by that, we suggest that one can achieve a similar
decomposition of the cohomology of Feynman integrands,
which provides a natural language to rigorously describe

076020-3



XUHANG JIANG, MING LIAN, and LI LIN YANG

PHYS. REV. D 109, 076020 (2024)

the top-down and bottom-up approaches for the reduction
of Feynman integrals. In the top-down approach, the
introduction of extra regularizations can also be avoided,
which simplifies the computation significantly.

To perform the decomposition, we utilize the following
short exact sequence of Feynman integrands [43]:

0 = H¥=1(DU\{D,; = 0}) & HY(¥\{D = 0})

LHY N\ {Dyi = 0}) <0, (12)

where Y =CM\{u=0}, DY =yn{D,=0}, and
{D4 =0}=U;, {D; =0}. The full cohomology of
Feynman integrands is just HM(Y\{D = 0}), while
HY(Y\{Dy; = 0}) contains those integrands that have
no singularity on {D; = 0}. The map ¢} is the natural
embedding. The cohomology H"~!(D\{D_; = 0}) con-
tains (N — 1) forms that live inside {D; =0}, which
correspond to the integrands after we impose cut on D;.
The map &; simply corresponds to this operation of cut.

Given the short exact sequence, the following isomor-
phism holds:

HY(Y\{D = 0}) = HY"'(D\{D; = 0})
@ HY(Y\{D; = 0}). (13)

To discuss integral reduction, we need to look further into
this isomorphism. While HY(Y\{D,; = 0}) is naturally
embedded into HY(Y\{D = 0}) by i}, we need to define a
map o; as a pullback of H¥~!(D\{D_; = 0}). This map
acts as “undoing a cut” and allows us to rewrite the
isomorphism as an identity:

HY(Y\{D = 0}) = 6,(H""'(DV\{Dy = 0}))
@ 1 (HY(Y\{Dy; = 0})). (14)

The pullback map o, satisfies 5;()o; = id and is only
unique modulo ker(8) = im(z}). Intuitively, the above
decomposition is simply categorizing the integrands
according to whether D; appears in the denominator.

In principle, o; can be constructed in any representation.
However, its construction is particularly straightforward in
the Baikov representations, where D; = x; themselves are
integration variables. Hence, {D; = 0} is simply a coor-
dinate hyperplane. Consider a (y|e HN"!(DU\{D_;=0})
given by

w=dx; Ao Adx; A A dxy, (15)

where vy is a function, and 67);, means that this factor is
absent. We can naturally assign o;({w|) = (@| where

o=Ldx; A ANdx; A A day. (16)

1

The above procedure can be repeated to decompose
HN-'(D\{D_; = 0}). For that we choose the next
relative boundary {D; = 0}. The short exact sequence is
then given by

0 HN2(DI\(Dyy = 0}) = HY (DO\(Dyy = 0})
= HYH(DI\(Dyy; = 0}) 0, (17)

where D) = D) A DU) This tells us that

HN=Y(DU\{D,; = 0})
= HV2(DWIN\{Dy; ; = 0}) @ HY "' (DU\{D; ; = 0}).
(18)

Similarly, the second term in Eq. (13) can be decomposed as

HY(Y\{Dy; = 0}) = HV-'(DU\{Dy, ; = 0})
® HV(Y\{Dy;; = 0}). (19)

Recursively applying the decomposition, we can finally
arrive at

HY(N\D=0})= @

HY-(DW),  (20)
IC{l,....n}

where |I| denotes the cardinality of the subset I,
D= n,;¢; DY, and D@ =Y. Intuitively, HN-'/(D")
is the cohomology of integrals that survive after cutting all
D; for i €1, and vanish when cutting any further propa-
gators. In other words, it is “the top-sector of a subsector.”
Note that, after the decomposition, there are no relative
boundaries in each component. Hence, no additional
regularization is required to perform the calculation. This
provides the algebraic framework of the top-down reduc-
tion approach.

Note that the direct-sum decomposition of the full space
can be used to count the dimension (i.e., the number of
master integrals) by adding together the dimensions of the
subspaces. Namely,

dim(HN(Y\{D=0})) = Z dim(HN-(DWY). (21)
Ic{1,....,n}

When computing each dim(HY-/I(D1")), there is no
need to introduce extra regulators. By the same reasoning,
we can consider the cohomology corresponding to a
subsector:

HY-I(DU\ (D = 0}) = @HY-VI(DW),  (22)
J2oI
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and count the number of master integrals in a similar way.
Hence, the decomposition provides us a general and
rigorous way to calculate the dimension of the space of
integrals at any level between the maximal cut and the full
family (see relevant discussions in [12]). In the literature, an
alternative way to count the number of master integrals in a
subsector is to work in the full space with regulators applied
for the propagator denominators in that subsector. It is not
entirely clear whether it always yield correct results. It is
worthwhile to investigate further the relationship between
the two counting methods.

B. Reduction approaches in the
cohomological language

We now move to discuss the different reduction
approaches in the cohomological language in the previous
subsection. In particular, we consider the three approaches
to decompose Feynman integrals by intersection theory
described in [14]: straight, bottom up, and top down.

The straight decomposition is conceptually the simplest.
One just directly computes intersection numbers in the
space HN(Y\{D = 0}), i.e., without imposing any cut.
Due to the existence of relative boundaries, one must
introduce regulators for all propagator denominators.

The bottom-up decomposition proceeds by choosing a
list of spanning cuts. Each cut in the list corresponds to an
I; c {1,...,n}, and one computes intersection numbers in
the subspace

HN-I(DUN{Dg, =0}) = @HV-VI(DV),  (23)
J2I;

which contains all integrands that survive the cut. The
calculation within this subspace is simpler than in the full
space, because fewer integration variables are involved.
Nevertheless, one still needs to introduce regularizations
for the remaining propagator denominators Dg;..

Finally, we discuss the top-down reduction approach
in some detail. Suppose that we want to reduce
(p| € HY(Y\{D = 0}) as a linear combination of a basis
of H¥(Y\{D = 0}). According to Eq. (20), we know that it
can be decomposed as a sum of components belonging
to each of the subspace in the direct sum. In particular, there
is a component (g€ HY=*(D"-")). This is simply
the top-sector component under the maximal cut. Within
HY="(D-")), we can compute the intersection numbers
over N — n variables, which is in practice very easy since
N — n is usually a small number. We also emphasize again
that one does not need to introduce extra regularizations
here due to the absence of relative boundaries (there are in
fact no propagators remaining). We assume that by com-
puting the intersection numbers, (¢,,;| can be reduced as

(oul = cilei]| +---+c, (e (24)

where v = dim(HY="(D"-")) and {(e;|} is a basis of
HY="(D"-")). We may then pullback (¢,,| to the original
space and subtract it from (¢|:

(0,] = (9| — o({pml)
= (p| = cio({e1]) =~ —cro((er]),  (25)

where o is the composition of all n pullback maps ¢; when
going through the decompositions as in Eq. (14). For
notational convenience, we will often make the ¢ maps
implicit in the following.

Now we know that (¢,| must belong to the subspace
where HY="(D(1-")) is removed from the direct sum (20),
ie.,

(/e @ HYM(DY), (26)

where the subspaces HV~/|(D")) are implicitly pulled back
or embedded into the full space through the ¢ and 7* maps.
However, it is highly nontrivial to find a representative ¢,
that explicitly takes the form of subspace integrands.
Nevertheless, from the above we know that the existence
of such a representative is guaranteed. In later sections, we
demonstrate how to systematically find it via intersection
theory.

Given a suitable representative ¢,, the next step is to
apply the procedure recursively. We know that (¢,| may
have components in the following n subspaces:

FN-n+1 (D(l ..... n—l)). (27)

In each subspace, we again apply maximal cut and repeat
the above procedure, until we arrive at the lowest sub-
sectors. We emphasize that in the whole process of
computation, there is no relative boundary involved and
hence no need for regularization.

At first sight, it seems that, for a subsector with m
propagators, we need to compute intersection numbers over
N — m variables (see, e.g., examples in [14]). In lower and
lower subsectors, this becomes more and more compli-
cated. This is where the recursive structure of Baikov
representations comes into play. In subsectors, we can
employ the recursion formula (7) to integrate out some
ISPs. As a result, we arrive at a representation with N’ < N
variables. We then only need to compute intersection
numbers over N’ — m variables, which is in practice very
easy. In particular, for one-loop reductions we actually do
not need to compute any intersection number. This is in
contrast to the top-down approach outlined in [14], and
shows the advantage of our approach.
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IV. INTEGRAND REDUCTION FOR THE
TOP-DOWN APPROACH

From the discussions in the previous section, we see that
the top-down approach avoids the regularization of relative
boundaries, and significantly reduces the complexity of the
intersection numbers required for the reduction. However, a
key step in this approach is to transform the top-sector
subtracted integrand [i.e., (¢,| in Eq. (25)] into a form that
explicitly belongs to subsectors. In [14], this is done by
introducing an ansatz that takes the desired form, with
coefficients to be determined by IBP relations. In this
section, we provide a systematic method to achieve that
transformation, and demonstrate our method with several
examples.

A. Top-sector ISP reduction
in the Baikov representations

From Eq. (5), we see that the Baikov representations take
exactly the form of Eq. (8) studied in the previous section.
In particular, the relative boundaries D; = 0 simply corre-
spond to the vanishing surfaces of the propagator denom-
inators. To setup the notation, we will focus on one sector
with propagator denominators X, = {xj,....X,}, and
ISPs xis, = {X,41.....xy}. We also use x to denote the
union of x,,, and Xx;;. The integrals in this sector
(including subsectors) can then be written as

vaN):/W/)
c

N
B /C dnxpropdmxisp”(x) H xi_ai’ (28)

i=1

I(Cll,

where m =N —n, and we have suppressed the unimportant
prefactors.

Consider an integrand ¢ in the top sector, i.e., with all
ai, ..., a, being positive. Recall from Eq. (24) that the first
step in top-down reduction is to decompose the integral (¢|
as a linear combination of the top-sector masters up to
subsector components. Here, we use a slightly different
notation:

(p| = ci(ey| + -+ + ¢, (e,| + subsector integrals,  (29)

where {(ei],...,(e,|} is the pullback of a basis of the
subspace HV=" (D~ In other words, let (e, ;| =5 {(e,],
where 6* is the composition of the mappings 6; defined in
Eq. (12), which simply corresponds to the maximal cut.
Then {(ep 1], .... (ep,|} is a basis of HN=" (D),
The coefficients ¢; can be computed as intersection
numbers in the full space HV, i.e., without any cut.
Nevertheless, it is much simpler to work in the subspace
HN="(D(-"), which is the main benefit of the top-down
approach. We can compute the intersection numbers under

the maximal cut, i.e., taking the residues at the origin with
respect to all propagator denominators, and only integrating
over the ISPs in the formula (11). To be more precise, for
the dual space of HV="(DU-~") we find a dual basis
{ldu1). -  |dy )} which satisfies ey ;|dy ;) = 6;;. The
coefficients are then given by c¢; = (@u|dy i), where
(oml = 0" (9]

After obtaining the coefficients, we go back to the full
space H". We define the top-sector subtracted integrand of

@ as
Pr :¢_Zciei’ (30)
i=1

where e; is an arbitrary representative of (e;|. In general, ¢,
may still contain top-sector terms with all a, ..., a, being
positive in the integrand level, although (g, | has no top-
sector component in the integral level. We are now going to
discuss how to bring ¢, into a form that explicitly has no
top-sector term. Before that, we first introduce two useful
concepts.

The first concept is the regular form of Feynman
integrals in Baikov representations. For a given integral
I(ay,...,ay), its integrand can be written in many equiv-
alent ways. In particular, we can use IBP transformation
to make the powers of all propagators to be 1 in the
denominator, at the price of higher power terms of ISPs in
the numerator. Defining the partial differentiation operator

R 1 a;—1 a,—1
Da :n—<i> : <i> , (31)
iy Da;) \ox, ox,,

with @ = (ay, ...
integral as

M(X) N —a;
I(ay,...,ay) = ldnxpmpdmxispm(jn Xj j)

D%u(x)
u(x)
It is convenient to perform the maximal cut in this form,

which boils down to the replacement 1/x; — §(x;) for
i =1,...,n. Note that the u function takes the form

,a,), we can write the regular form of an

X

(32)

u(x) = [Pr()) - [Py (x)]m, (33)

with noninteger powers 7y, ..., ¥,,- Hence, the combination
Déu(x)/u(x) generally contains polynomials Py, ..., P,, in
the denominator. As aresult, Eq. (32) belongs to the so-called
generalized Baikov representations [44]. Nevertheless, there
is no problem to study their IBP relations using intersection
theory.
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The second concept is the top-sector ISP reduction of an
integral within the intersection theory. We note that the
coefficients in Eq. (29) are computed under the maximal
cut. That is, we take the residues of e, ...,e, and ¢ at
Xprop = 0, before doing the computations. We now propose
to compute a different set of intersection numbers, where
Xprop are regarded as external parameters instead of being
taken to zero. Precisely speaking, we are considering the
IBP relations among ISP-integrated partial integrals in the
regular form

,aN)E/u(ﬁ
¢

i((ll,

(34)

The original integrals defined in Eq. (28) can be obtained
by further integrating over X, from the above.

The equivalence classes of integrals of the above form
belongs to acohomology group HV="(CN ="\ {u =0} X0 )
where x,,, are regarded as external parameters. It should
be noted that the dimension 7 of this space is not
necessarily the same as the dimension v of the maximal
cut space HV="(DU--"). Assuming that a basis is given
by {(é],...,(é;]} (which should always contain the
X; -+ -x, factor in the denominator), we can decompose
any element (@| as

@ =3 (o) . (35)
i=1

which is defined as the top-sector ISP reduction. The
coefficients ¢;(x,,p) can again be computed as N —n
variable intersection numbers. We can expect that in the
limit x,,,, — 0, the set of coefficients {¢|,...,¢;} must be
related to the set of coefficients {c,,...,c,} in Eq. (29).
One possible complication is that # can be larger than v.
However, in this case it happens that in the limit x,,,, — 0,
some of the integrals in {(¢,], ..., (¢;|} become reducible,
and {¢, ..., ¢y} indeed becomes {cy, ..., c,} after appro-
priate recombinations. The simplest method to account for
this is to define e¢; from é;, and ¢; from ¢;. In this way, there
will be redundant integrals in the set {(e|, ..., (e;|}, which
can be taken care of later by a further reduction. Hence, in
the following we will assume v = 7 and

¢; = CilXpop =0), (i=1,....v). (36)
Here, we have implicitly assumed that the limit
¢i(Xprop — 0) exists. We believe that this is always the
case whenever v = 7. When 7 > v, on the other hand, some
of the ¢; coefficients may become singular in that limit.

This is not a problem since, after the recombinations
mentioned above, these singular behaviors will disappear.
We will encounter such situations in Sec. V.

We now want to study the top-sector subtracted inte-
grand (30). For simplicity, we first deal with the situations
where a; =---=a, =1 in ¢, i.e., all powers of propa-
gators are unity:

Q(xisp)

xl...xn

d’x

P = (;Aodnxpropdmxisp = propdmxisp’ (37)

where Q is a polynomial of x;g,.

sector basis can be chosen as

The integrands for a top-

d"x;

— 5.4n
ei—eidx isp

prop

Qi(xisp)

xl...xn

= d"xpopd"x (i=1,...,v). (38)

prop isp»

We introduce a constant factor D (hereafter, “constant”
means only depending on e and external momenta), and
define

Ny(xisp) = Dy z”: i Qi(*isp)- (39)

We can then write the top-sector subtracted integrand as
@r = @rdnxpropdmxispa with

14
Pr=¢— E cié;
i=1

_ Q(xisp> _ NO(xisp)
xl .. -xn Doxl .. oxn
Xis Dy— N Xis
Doxy -~ x,

The expression of Dy is arbitrary at this point since it will
be canceled in the expression. It can be chosen for the
convenience of calculation, as we will see later.
We now note that from the same ¢ and {é;}, we can
define integrands for Eq. (34):
¢ = @dmxisw e = éidmxisp' (41)
From the top-sector ISP reduction (35), we know that the
following subtracted integrand gives vanishing results after
integration over Xjgp:

~ - ~ ~ Q(xisp)Dl (xprop) - Nl (xisp9xpr0p)
@ — Ci(xprop)ei -
i=1 Dl(xprop)xl Xy

s

(42)
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where we have again introduced a polynomial factor
D (Xprop), Which may also depend on e and external
momenta. The numerator N, (x) is defined as

Nl(x‘

isp> X

prop Xprop Z X prop Qz 1sp) (43)

The vanishing of the integral is not affected if we rescale

Q( 1§p)Dl( prop) - Nl (xispﬁxprop)
Dox; - -+ x,, ’

(44)

0= /d’”xispu(x)CO
¢

where we have replaced D (x,,) in the denominator with
Dy, and C, is another constant factor to be determined later.

Eq. (42) by any factor independent of x;y, (but maybe Now, we can subtract the above integrand from @,
dependent on x,,,,). Hence, without altering the outcome of the integral, i.e.,
Ir = / ue,
c
Xis Dy — CyD Xpro - N Xis CN Xisps Xpro,
:/dnxpropd xlgp ( )Q( p)[ 0 0 1( p p)] [ 0( Ap) 0 ( p p p)] (45)

c D()xl ce X,
On the other hand, we can deduce from Egs. (36), (39), and . Ok mp)D u(x)
(43) that ¢ = (47)

No(xisp) _ D, (46)
Nl(xisp’xprop = 0) D, (xprop = 0)

Choosing C, to be the above ratio, we find that the
numerator of (45) vanishes when X, — 0. Since this
numerator is a polynomial of x,,, it follows that each term
of it must be proportional to some x; in Xp,. This will
cancel the factor of x; in the denominator, leading to an
integrand belonging to subsectors.

In the above, all propagators in ¢ are chosen to be power
1 in ¢. We now perform a similar analysis for a general ¢
with powers of propagators being @ = (ay, ..., a,). In the
regular form, it can be written as

I = / up, = 1" + 11",
C

X1 ng(JC) .

Taking the top-sector basis as in Eq. (38), we can write the
top-sector subtracted integrand as

14
:(P—E Ci€;

. Q( 1sp>DOD u( ) NO(xisp)”(x>
B Do -+ - x,u(x) ' “8)

where the definitions of N (x;s,) and D, are the same as in

(40). By exploiting the top-sector ISP reduction in the same
way, we can transform the subtracted integrand into
the form

(Xprop)]

I(,O) _ / drx o A", (Dau(x))Q(xisp)[DO = CoD,
C prop P D()Xl Xy

— (=1)leln /c 4%,y 47y () Qi) D

NO( lsp)

DO - CODl(xprop)
Dox; -+ x,, ’

CON( 1sp7 prop)

I<r1) = _/ dnxpropd xlbpu(x)
¢

where |a| = > | a;. Here we note that, for / ) we have
applied integration by parts to move the derivatives from
u(x) to the rest of the integrand. This guarantees that the
integrand explicitly corresponds to a Feynman integral, i.e.,
without polynomials in the denominator. Setting C, as in

4

(46), we again find that some of the x;s denominator for
1 < i < n must be canceled by factors in the numerator, and
the integrand degenerates to subsectors.

Finally, it is also possible to choose master integrals with
higher powers of propagators. Let us assume
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b

Ql( mp) (x)

X xu(x) (50)

e =

where b = (b(li), ey b,(f)). The top-sector subtracted inte-
grand can then be written as

0 al—n n
19— (<1)l Ad Xorop ™15 1(X) Q (X,

;I'DO - CODl(xprop)
DOXI cr Xy

10— (_1)|b(i)|—n+l /Cdnxpmp Xigpu(x) Q; (Xigp)

Nol - CON(ll) (xprop)

X

’

x Db , (51)

Doxl “ .. xn

where [b(0)] = Y71, bﬁ-'), and
Ng)i) = ¢;Dy, N(li) (xprop) = gi(xprop)Dl(xprop)- (52)

The constant C, is then chosen as

p, N
D, (xprop = O) NY) (x

Co= L (i=1,...0), (53)

prop — 0)

and everything follows.

B. General one-loop reduction

As the first application of the formalism, we consider the
one-loop case, which is simple but illustrating. At one-loop,
all ISPs (inherited from supersector representations) can be
integrated out. Therefore, for each sector, we can always
choose a representation with no ISPs. This representation
involves only one Baikov polynomial P(x) = P(Xp)-
The u function is simply given by P(x)?, where y =
(d—n—1)/2 with n being the number of propagators.
In each sector, there is at most one master integral.

We first discuss the reducible sectors, which do not have
a master. This happens when P(x =0) =0, i.e., the
Baikov polynomial vanishes under maximal cut. It is easy
to transform integrands in this sector to subsectors by
dimensional recurrence relations [4,5,27]. Roughly speak-
ing, we write

P(x)" = P(x)r! )
( ) xl...xn ( ) xl---xrl

(54)

Since there is no constant term in the polynomial P(x),
each term in the numerator must cancel some propagator in
the denominator. This leads to subsector integrals in a

shifted dimension, which can then be brought back to
4 — 2¢ dimensions via dimensional recurrence relations.
We refer the readers to Appendix A for details. The
dimension shift can also be performed using LiteRed [7].

We now discuss the normal sectors where P(0) # 0.
Consider an integrand in the regular form

. DaP(x)y _ N(x)
(prI X, P(xX) T xp-x,D(x)’

(55)

where D(x) = P(x)1l and N(x) is the corresponding
numerator after canceling the common factors of P(x).
Choosing the master integral in this sector as é; =

1/(x;---x,) and performing the maximal cut, we find
the top-sector reduction coefficient of {¢| onto (e, as
Nx=0)
=— 7 56
Ci D (x _ 0) ( )

Note that here we do not need to compute any intersection
numbers. We can now subtract the top-sector component at
the integrand level:

Nx)D(x =0) —D(x)N(x =0)
x,D(x)D(x = 0)

A

Pr =@ —C1€; =

57
X1Xp.. ( )

The numerator vanishes when x — 0, hence it contains no
constant term. This means that the above subtracted
integrand automatically have the subsector form. We can
then perform the reduction recursively in the subsectors.

To summarize, for one-loop reduction we do not need to
compute any intersection numbers at all, and we also do not
need to perform the top-sector ISP reduction. The only
operations are the transformations of the integrands to the
regular form, which are as simple as taking a couple of
derivatives. Everything else then follows directly.

For illustration purposes, we show the example of the
one-loop massless box family, which has also been used to
demonstrate the top-down reduction in [14]. The propaga-
tor denominators are given by

X1 = l%, = -p) x3= (I, = p1 = p2)%,
x4 = (I = p1=p2—p3), (58)
and the kinematic configuration is
p? =0, (i=1,2,3,4),
(p1+p2)* =5, (p1+p3) =t (59)

The Baikov polynomial P(x) is given by
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P(x) = —52x3 + 21x1 (x3(25 + 1) + 5(t — x4) — 5x3)
= (s(xg = 1) + 1x3)?
+ 2% (x4 (s + 21) + st — 1x3) — 1°x7. (60)

Now suppose that we want to reduce 1(3,2, 1, 1) in this
family. We first transform the integrand of 1(3,2,1,1) to
regular form:

DP(x)"
XI.X2X3)C4P(X)}/ ’

o= (61)

where

5-d - 10 0

2= a_pa211)., pi=-2 % (e
4 a=( ) 202 0x, (62)

2

The master integrals can be chosen the same as in [14]:

1 1
G=———, fH=—1. &H=—\ (63)
X1XpX3X4 XoXyg

where ¢; is in the top sector and &,,é; are subsector

masters. We would like to know the coefficients c; in the
decomposition

(0| = ci{er] + calea| + c3{es]. (64)
Performing the maximal cut, it is straightforward to obtain

(d=7)(d—-06)(d-5)
252t '

(65)

cL =

We then subtract the top-sector component to get
@, = @ — c1/(x1x2x3x4). From the discussions before,
we know that the integrand @, must automatically take
the subsector form. Indeed, after taking into account the
symmetries x; <> x3 and x, <> x4, the integrand can be
recasted into the form

N2 (X2, x4)
x1x2x3P(x)3

A er(xl9x3)

$r= x1x2x4P(x)3 + ’ (66)
where N, (x;,x3) and N,,(x,,x,) are polynomials, and
“~” means equivalence after integration. The ellipsis
denotes terms belonging to zero sectors that vanish after
integration. We discuss the identification of zero sectors in
Appendix A. We will always drop these zero-sector terms
in the following.

We can now employ the recursion formula (7) to
integrate out x5 for the first term and x, for the second
term, respectively. The resulting expression automati-
cally degenerate to subsectors {0,1,0,1} and {1,0, 1,0}.
That is,

N EQ (x2)

1
o, = N(r1><x1)
4 XIX3P?23

- 3
X4 Py

(67)

where Pj,4 is the Baikov polynomial in the representation
for sector {1,1,0,1} and P,,3 is for {1,1,1,0}. We can
then further integrate out x; and x,, respectively, for these
two terms, and arrive at

. _2P(2s+di—80)(d=T7)(d = 5)(d - 3)

Pr (d-8)s°P3,
252(d —7)(d — 5)(d - 3)
n P , (68)

where P, is the Baikov polynomial for sector {0, 1,0, 1}
and P53 is for sector {1,0, 1,0}. Their expressions are

P24 = tz + X% + xﬁ - 2tX2 - 2tX4 —_ ZXZX4,

Py =2+ x3 +x3 — 2sx; — 2sx3 — 2x1x3. (69)
Performing maximal cut in these two subsectors, we find

2(d —7)(d-5)(d-3)
st
2(d=17)(d=5)(d —3)(2s + dt — 8t)
(d—8)s’t* '

Cyr =

9

C3 =

(70)

Hence, we see that the complete reduction is achieved
without computing any intersection numbers.

C. The unequal-mass sunrise family
We now turn to a two-loop example which involves the
top-sector ISP reduction. This is the unequal-mass sunrise
family depicted in Fig. 1. The propagator denominators are
given by

2

_n 2
xy =11 —mj,

Xy =(ly—1)*—m3,

2 xsz(h—P)z’ (71)

x3=(L=p)P-m3, x4=10,
and the kinematic configuration is p> = s. The u function

is u(x) = P(x)~¢ with the Baikov polynomial

my

ma

1713

FIG. 1. Unequal-mass sunrise family.
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P(x) = 55157 + 55283 + 55153 + 515253 — 525, — 553

—sts3— 5153+ (5 —51) (52 — 53)%4

— (51 = 82)(s = 53)x5 + (5 + 51 + 55 + 53)x4%5

— (x4 4 x5)x4x5, (72)
where X0, = {X1.X,,x3} and xlgp {x4,xs}. For later

convenience, we define s; = x; + m,

To demonstrate our method, we consider the reduction of
I(1,1,1,-3,0) in this family. The integrand is already in
the regular form:

3

R X
Gp=—2—. (73)
X1X2X3

There are four master integrals in the top sector
{1,1,1,0,0}. The number of master integrals is the same

L 1
T35 )
+ s3(=ste + 51(255 — 53€) + 52(55 + 53) (€ —
.1
2735
— s3€ — 536+ 2s155(€ = 2) + 5153(7 — 3e)
__2(51—S2)(S—S3)(€—1)
3¢-5 ’
L (stsi+s5+s3)(4e—7)
€= 3¢-5 '

The maximal cut x
recover the usual reduction coefficients as in Eq. (36):

¢ =¢; (xprop = O)’

for both the maximal-cut reduction and the top-sector ISP
reduction. We choose the following basis:

~ 1 n X4
€] = N 62 - )
X1X2X3 X1X2X3
2
o X5 ~ X
& = L = (74)
X1X2X3 X1X2X3

We now perform the top-sector ISP reduction for ¢, which
amounts to computing intersection numbers with xp,,
kept as constant. These twofold intersection numbers are
straightforward to calculate, and we arrive at

(@] = ¢ (&) + & (8] + C5(e3| + ésféyl,  (75)

where

[s2(s1(€ = 2) = 52€) + 5(s7(€ = 2) + 55(253 — 52€) + 2(s55 + 53)51)

2)

[—s%(e = 2) + 5(51(9 = 5€) + 55(7 — 3€) + 253(€ — 2)) — s7(e = 2)

— 55,536 + 2535 + 255 + 9s253),

(76)

prop = 0 corresponds to s; = m7, s, = m3, s3 = m3. The limits of & can be smoothly taken, and we

(i=1,2,3.4). (77)

We can then subtract the top-sector components of {¢| and use (45) to reduce the integrand to subsectors. We have

P o No(x3.x4,X5) | Npp(xy.x4,X5) | Nop3(X2,%4,X5
(pr:(p_zclelz r ( 3 )_|_ T. ( )+ T ( >‘ (78)
=1 X1X2 X2X3 X1X3
The last two terms can be obtained from the first one by the substitutions:
m? < m3, mi < s,x; = x3; m} < s,m3 < m3, x, = x3. (79)

Therefore it is enough to consider the first term. The explicit expression for the numerator can be written as

1
N1 (3, X4, X5) ~3c_35

+ 2mim} = 2m3 — 4mim3 —

+ (=2m3 — mie + m3e)x; + 2(m7 —m3)(e — 1)xs — (e —

(3m3e + Smie + 2m3e — Tm? — 9Im3

[2m?s + 2m3s — mte — 2mimie + mie + 2mimie

—4m3 — 2se + 4s)x4
2)x3x4 + (4e — 7)x3]. (80)
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By integrating out x3, x4, and xs, the first term in Eq. (78)
can be directly reduced to the subsector {1,1,0,0,0}.
There is only one master integral in this subsector, which
we choose as es = I(1,1,0,0,0). The corresponding co-
efficient c5 can be easily obtained from maximal cut, and is
given by

2m3(e — 1)(2m3e + mie — 3m3 — 2m3 — se + 2s)
(e—2)(3¢-75)

(81)

Using the substitutions in (79), the other two terms in (78)
can be reduced to the master integrals e = (0, 1, 1,0,0)
and e; = I(1,0,1,0,0). The corresponding coefficients are

2m3(e —1)(mie —m3e —2m3 +2m3 + 2s€ — 3s)

=" (e—2)(3e—>5) ’
o _2s(e— 1)(—m}e+mie+2mie+2m} —2m3 —3m3)
T (e—2)(3¢—5) '

(82)

This completes the reduction. The reduction coefficients
¢i, (i=1,...,7) can be compared to the results from Kira,
and we find complete agreement.

Integrals with higher powers of propagators can be
reduced similarly. We use I(1,1,3,0,0) as an example.
Furthermore, we choose the master integrals to be

. 1 . 1
e = S €H) = .
X1X2X3 X1X5X3
1 1
€3 =—>5, €4 = ) (83)
X].X'Q.X3 X1XoX3

which also exhibit higher powers in the denominators. To
proceed, we first transform all the integrands to regular
form defined in (32). They become

. 1 *P(x)¢
¢= 2x1x2x3P(x)_€ 02)63 ’
I oP(x) 1 oP(x)

QD

! :x1x2x3P(x)_€ 0x1 ’ “2 :XI.X'ZX3P(X)_€ 0x2 ’

1 Px)c 1
’ €4 =
x1x2x3P(x)_€ 0X3

(84)

QA

3= =
X1X2X3

Performing the top-sector ISP reduction, we get

(@] = ¢1(e1] + &(&] + E5(e5] + é4(eul,
(i)
N O]
&y = 1 rop). (85)
Dl(xprop)

The explicit expression of D is

Dy = s3(s* = 4(s1 + 55+ 53)8% + (657 + 4(s5 + 53)5,
+ 655 + 653 + 4s753)s>
—4(s] = (s2+ 53)s7 = (53 = 10535, + 53)s
+ (52— 53)%(s2 + 53))s
+ (57 = 2(s2 + 53)51 + (52 = 53)*)°), (86)

and N <1i) can be found in Appendix B 1. Taking the maximal
cut, i.e., setting s; to m%, we have

Dy =D (Xpop =0), N =NV (x 0. (87)

prop —

The ratios ¢; = NE)O /D, are essentially the reduction
coefficients in the usual IBP reduction. Applying (51),
we find that the top-sector subtracted integrand can be
transformed into three subsectors:

N (X1, %5, X3)
2.3
Dyxix3

_Na (1, X2, X3)
' Dyx3x3

N,3(x1,x2,x3)

3

38
Dox3x3 88)

After integrating out the ISPs in each subsector, we can
perform the reductions under maximal cuts. The master
integrals for these subsectors can be chosenas I(1, 1, 0,0, 0),
1(0,1,1,0,0), and I(1,0, 1,0,0), respectively. The reduc-
tion coefficients are

(1 —€)?(m} —2m3s — 2m3s + 2m3s — 2mam3 + 2m3m3 + m3 — 3m% + 2m3m3 + s%)

s = Do ;
(1 =¢)*(2mis — 2mis — 2m3s — 3m{ + 2mIm3 + 2mim3 + m3 + m3 — 2m3m3 + s?)
co = D, .
o= (1 —¢)>(m} —2m}s + 2m3s — 2m3s + 2m3m3 — 2m3m?} — 3m3 + m3 + 2m3m3 + 5?) (89)
D, '
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where

Dy = m3(m$(4m3(m3 + s) + 4m3s + 6m3 + 6m3 + 6s%)

—~

—4m3 (—m3(—=10m3s + m3 + s2) — mi(m3 + )

+ (m3 — 5)*(m3 + ) + m§)
— 4m§(m5 + m3 + 5) + (=2m3(m3 + s)
+ (m3 —5)* + m3)> + md). (90)

Again, the reduction coefficients agree perfectly with the
usual IBP reduction from Kira.

D. The equal-mass sunrise family

It is interesting to study the equal-mass case of the above
sunrise family, where m? = m3 = m3 = m?. This case is
simpler with degenerate kinematics, and it may appear that
one can easily obtain the results by taking the limit from the
more general unequal-mass case. However, we will show
that one needs to be careful regarding the increased
symmetry of the degenerate case.

In the previous subsection, we have employed two kinds
of bases for the unequal-mass family, Egs. (74) and (83). In
the equal-mass limit, there is a symmetry with respect to the
exchange among the three propagators. One can see that the
basis in Eq. (83) explicitly encodes this symmetry, such that
le;) = |es) = |e3) in the degenerate limit. The same is true
for the subsector master integrals introduced below Eq. (88).
Therefore, it is straightforward to take the limit and obtain
the reduction result for the equal-mass sunrise family:

lp) = (c1 + 2 + c3)ler) + cules)
+ (e5 4+ cg + c7)les). (91)

On the other hand, if we take the basis of Eq. (74), the
degenerate symmetry is somewhat hidden. In fact, we can
see that |e,) = |e3) in the equal-mass limit, and obtain

lp) = ciley) + (ca + c3)|ea) + cales)
+ (5 + ¢c6 + ¢7)les). (92)

However, in this limit, the integral |e,) is also related to the
other master integrals and is hence reducible. The reduc-
ibility of |e,) has a connection to the increased symmetry,
but the reduction coefficients cannot be easily seen.
Therefore, the lesson to be learned here is that one needs

|

1N,
b
X1XpX3Xy4 4)65)(,'7

@:

FIG. 2. Three-loop unequal-mass banana integral family.

to choose the basis carefully to maximally exploit the
symmetries of the integral family.

E. The three-loop banana integral family
The method extends to higher loop orders as well. We
study in this section the three-loop banana integral family.
The topology is depicted in Fig. 2, with the propagator
denominators given by

_ 2 2 )
xp = ki —mj, Xy = ky —mj,

x3 = (ky — k3)2 - m%, xy = (ko — ks — P)z - mi,
Xs = k§7 xe = (ky _p)z’ x7 = (ky = p)*,
Xg = (k3 - P>2, Xg = (kl - k2)2, (93)

where p? =, X 0p = {X1,%2.X3,%4 }, Xigp = { X5.,X6.X7,X5.Xo }..

We start from the standard representation with ugy =
G(ky, ko, k3, p), whose explicit expression is too cumber-
some to be shown in the paper. We sequentially integrate
out xg, X and xg to arrive at a loop-by-loop representation
for the top sector, where the u function is given by (up to an
irrelevant constant factor)

_ “1/2- _1/2-
uppL = X§X54(xs, 51, 83) 27 A x5, x7, 84) 7127

X A(x7,5,8,)7127€, (94)

where s; = x; +m?, and A(x,y, z) is the Kéllén function
defined as

Ax,y,2) =x* 4+ y? + 22 = 2xy — 2yz — 2zx. (95)

We consider the integral 7(1,1,1,1,0,—1,0,0,0),
whose integrand in the loop-by-loop representation (94)
can be obtained by integrating out xq, X, and xg, starting
from the standard one x4/ (xx,x3x,4). The result is given by

N, = sxg - szxg + §51X5 — §152X5 — §53X5 + $253X5 — §S4X5 + $254X5 + S5x7X5

+ 5851X7X5 — SpX7X5 — §3X7X5 — S4X7X5 + slx% - s3x% + 551X7

— §183X7 — $53X7 + S83X7 — S154X7 + 5354X7 — 55154 + 515254 + $5354 — 528354 + X7X2 + X3x5. (96)
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Note that, comparing to Eq. (47), the integrand here
contains extra factors (i.e., x5 and x;) in the denominator.
This is common when working with nonstandard Baikov
representations at multiloop levels. These factors are
present in the u-function above, and hence correspond to
twisted boundaries. To reconcile this kind of integrands
|

1(1,1,1,1,0,0,0,0,0),

e I( )
1(1,1,2,1,0,0,0,0,0),
( )
( )

€4
1(2,1,2,1,0,0,0,0,0),
1(1,1,2,2,0,0,0,0,0),

€7

e

0

Performing the top-sector ISP reduction, we get

1

(@ = Z ¢i(éil, (98)

L

—_

where ¢; are functions of e, s, and s;, whose explicit
expressions are given in Appendix B 2. Taking the limit
s; — m?, we get the maximal-cut reduction coefficients c;:

(99)

We can now construct the top-sector subtracted integrand
according to Eq. (51). At this point, we note that one
prominent feature of the above reduction coefficients is

Dl = (—1 + €)2 = Do, (100)

which means that / £°’ in (51) vanishes. This is important

since, according to the discussions below Eq. (96), there are
extra factors of 1/x5 and 1/x; in the Q function inside the

definition of 7\”. If 1'”) is not 0, then these 1 /x5 and 1/x;
factors will remain in the subtracted integrand @,. We will
encounter this kind of situations in Sec. V, and discuss
methods to deal with these more complicated cases. In the
current case, the subtracted integrand can be transformed

into four subsectors:

N x3) | Np(xg.x3,x) | Nig(xp, %3, X4)

T X X1 X33 x1x3x3
Nr4(X1,X2,X3,X4)
753 (101)
X5X5X3

These four terms can be dealt with in four different
representations. They can be obtained sequentially inte-
grating out variables as following:

ey:1(2,1,1,1,0,0,0,0,0),
es:1(1,1,1,2,0,0,0,0,0),
es:1(1,2,1,2,0,0,0,0,0),
ey :1(1,1,1,3,0,0,0,0,0). (97)

with the derivations following Eq. (47), it is enough to
extend the function Q in (47) to rational functions of x,
whose singularities only live on twisted boundaries.

There are 11 master integrals in the top sector [45]. The
number is the same for top-sector ISP reduction. We choose
the master integrals to be

e3:1(1,2,1,1,0,0,0,0,0),
e6:1(2,1,1,2,0,0,0,0,0),
e9:1(1,2,2,1,0,0,0,0,0),

integrating out x,,xs,X7
—_——

UrpL url(x17X27X3),

integrating out x3,xs5,x7
—_—

UL Uyo (X1, X2, Xg),

integrating out x,,x7,Xs
_

UrBL ur3(xl9x3’x4)’

integrating out x;,xs,x7
S

UrpL Upy (XQ, X3, x4)-

The four subsector master integrals can be chosen as

e =1(1,1,1,0,0,0,0,0,0),
ey =1(1,1,0,1,0,0,0,0,0),
e =1(1,0,1,1,0,0,0,0,0),
eys =1(0,1,1,1,0,0,0,0,0). (102)

The reduction coefficients can be easily obtained from
maximal cuts and are given by

1 1 3

612:_6’ 013:—@ C14:_6’ 015:5 (103)
We see that the top-sector ISP reduction for the
banana family is more complicated than the sunrise family.
However, after subtracting the top-sector components, the
reductions in the subsectors are almost trivial for both
families. This is of course a special feature of the banana
and sunrise families, since the subsectors are all products of
one-loop tadpoles. This simplicity should not be expected
in general multiloop families, as we will see in the next

section.

V. TOP-SECTOR ISP REDUCTION
FOR MORE GENERAL CASES

In this section, we discuss the top-sector ISP reduction
for more general multiloop families. We use the massless
and massive double-box families as examples. We dem-
onstrate that our method still works when the number of
master integrals in top-sector ISP reduction is larger than
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the maximal-cut case. We also discuss some complications
when performing the recursive reduction in subsectors.

A. The massless double-box family

This family is depicted in Fig. 3, and the propagator
denominators are given by

xp =1, X = (I, = p1)*, x3 = (I, = p1 = p2)*,
xg = (I = L), xs = (L — p1 = p2)*.
Xo = (lz—Pl —Pz—P3)2, X7 = l%,
Xg = (12 - pl)Z’ Xg = (11 —P1— P2~ P3)2’ (104)
where the kinematic configuration is
p? =0, (i=1,2,3,4),
(Pr+p)* =5 (pp+ps)=r (105)

Starting from the standard representation, we integrate out
Xg to arrive a loop-by-loop representation. The u function is

U= PiP;l/Z—eP;I/Z—e’
Py =—4G(ly, p1,p2)/s,
P3 =16G(l, 1y, p1, p2)-

P, = 16G (1, py. pa. p3),
(106)

The three polynomials are complicated functions in terms
of the variables x;. To simplify the expressions, we
introduce a set of new variables (hinted by the form of
the Gram matrices):

1 =Xy,

20 = X1 — Xy, 3= S5+ Xp — X3,

Z4EXI—X4+X7, ZSES—X5+X7,

Z@E—S+X5—X6, 7 = X7, g =S5—X;5 +Xg. (107)
The top-sector ISP reduction involves intersection numbers
over the ISP xg, while keeping xy, ..., x; fixed. This can be
turned into intersection numbers over the new variable zg,
while keeping z;, ..., z7 fixed (since they do not depend on
xg). This kind of variable changes can often greatly

simplify the expressions and accelerate the calculations.

P2 T3 x5 P3
) xq Te
P 1 r P4
FIG. 3. Massless double box family.

To simplify further, we set s = 1 and recover it in the end
by dimension counting. The explicit expressions of the
polynomials are then given by

P =z — 2523 + 23,

Py = 1222 — 41°z; — 21z52¢ — 4127 + 22
+ 2zg(tz5 + 2126 + 26) + 23,

Py =23 — 2232524 + 2322 — 42127 + 4202327
+ (23 + 22320 + 22 — 42)73

—2(2523 — 2423 + 222523 + 2024 — 22125)28.  (108)
We now consider the reduction of the integral
p=1(1,1,1,1,1,1,1,-2,0),
2
p=— 8 (109)
X1 XpX3X4X5X6X7

in this family. The number of master integrals in the top
sector is 2, which can be obtained by computing the
dimension under maximal cut. However, the dimension
of the cohomology group is 5 in the top-sector ISP
reduction. This is a new phenomenon that did not happen
in the sunrise and banana families. We will show that our
method still works in this situation, as mentioned below
Eq. (35).

We choose the following ISP-integrated integrals as the
basis for top-sector ISP reduction:

e, =1(1,1,1,1,1,1,1,0,0),
é=1(1,1,1,1,1,1,1,-1,0),
éy=1(2,1,1,1,1,1,1,0,0),
éy=1(1,1,2,1,1,1,1,0,0),
és=1(1,1,1,1,2,1,1,0,0). (110)

It is clear that after fully integrating over the remaining
variables X props three of the above basis become reducible.
For the choice of basis, we have employed the symmetries
under exchanges of variables, such that after full integra-
tion, (e3| = (e4] = (es|. They can then be reduced as

(e1] + subsector integrals, (111)

which can be easily obtained under maximal cut.
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We transform the integrands in (110) to the regular form:

. 1 . Xg
Gp=—————————, =
X1 XoX3X4X5X6X7

1 0y, P3 1
—_—— — 6 s
2 P3 X1 XpX3X4X5X6X7
1 9, Ps 1
——— — € s
2 P3 XIX2X3X4)C5X6X7
R d,, 1\, 1\ 0.Ps
e5—[ P, +<_§_> P, +(_§_€>P—3
1

x— (112)
X1 XpX3X4X5X6X7

X1 X2 X3X4X5X6X7

QD

3

Q>

4

We then perform the top-sector ISP reduction for (@| and
obtain

(@] = é1(e1] + ca(ey| + C3(&5| + Cafey| + &5(es],  (113)
where ¢; = N(1i>/D1 and

= (=1+2€)010,0304.

= (s — x5+ 2x5 — X7),

= (82 = 2sx; — 25x3 + X3 + x5 — 2x1x3),

(SX7 + SXg — X7 + X5X7 + XgX7 — X5X6)
Q4 = (12 — X320 + XsXy — X7 — X1 X4

+)C3)C4+)C]X5 —X3X7). (114)

The numerators N Y) are complicated and we do not list
their explicit expressions here. We now need to take the
maximal-cut limit x,,, — 0. It turns out that only ¢, has a

well-defined multivariate limit:

(115)

For the remaining coefficients, we note that (es|, (e4], and
(es| are reducible to (e, | under maximal cut. Therefore, we
only need to consider the limit of the combination

. <~ 1+ 2¢
cp = hm C1+

Xprop—

(Q+Q+Q0

ste
= - . 116
1-2¢ (116)

We have checked that ¢; and ¢, correctly reproduce the
reduction coefficients of (¢| onto {e;| and (e,|.

We now proceed to perform the top-sector subtraction,
and transform the subtracted integrand to subsectors. For
this we would like to apply Eq. (51). However, since

D (Xprop = 0) =0, the C in (51) and (53) is not well

defined. To get around this, we introduce a new function
Djy(Xprop) to replace D in (51), and define Cy as the
maximal-cut limit of Dj,/D,. Ideally speaking, we would
like Dy, to satisfy two conditions: (1) it should be a
monomial of the Baikov variables, as it appears in the
denominator of (51), and we do not want to introduce extra
polynomial factors there; (2) the limit x,,,, — 0 of D{/D;
exists. However, in general these two conditions cannot be
satisfied simultaneously. So we weaken the second con-
dition, and only require the existence of the directional limit
along a particular path.

There is some freedom in the choice of the path. The
final result is independent of the path, as long as the same
one is taken everywhere. To be concrete, we choose to take
X1, X3, X4, X5, X to O first, and then take x, and x5 to 0. We
can see that

(27.,X3,X%4.,X5,%6)—>0

D) ———=— (1 —2¢)s*(s — x7)?xpx3. (117)
Therefore, we can choose
Djy = (1 —2¢)s*x,x3, (118)
and define
o= legrl’ODK(xl’xaxljf)xsyxd - 0) =
N(()i)/ = %(()o)[% = N(()i)s“xzx%, (119)

where D = 1-2¢. We can now replace D, N((f) in Eq. (51)
by Dj, and NéW, and obtain

r: E’ +er ’

1£0> — (_1)Ia—"/cd"xpmpd Xip (%) O (Xip)

*D/ Dl(xprop)

x DY — )
D()'xl s Xy,
i (@) —-n n

I<r> _ (_1)|h [-n+1 /c d"X prop A" Xisp 1t (x)Qi(xisp)

(i)! (i)

(i N - N I'

o pp? Mo ~ N (*p 0p). (120)
D()'xl . xn

To show that the above integrand indeed belongs to the
subsectors, we need to demonstrate that
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DE)(XZ’ X7) - Dl (xprop)

A0) — ,
Dyy(x2, x7)
N (e xg) = N ()
Al =20 2T L " prop (121)
DO('x27x7)

will cancel some denominator factor x;. By construction,
we see that A(”) takes the form

2sx7 — X2
0) _ 7 7 .
A =—— + F(xy, X3, X4, X5, X3 X2, X7),

. (122)

where the function F vanishes in the limit (x| ,x3,x4,x5,x¢) = 0.
Hence, each term in ' must cancel at least one of x, x3, x4,
Xs, X¢ in the denominator, while the first term of A(®)

cancels x; in the denominator. Hence, the integrand I£O>

belongs to the subsectors. The integrands / ¥ are similar.
Therefore, we have demonstrated that in this more com-
plicated example, our method still works.

B. Double-box families with massive propagators

The discussions in the previous subsection can also be
extended to double-box families with massive propagators.
In Fig. 4, we depict the outer-massive double-box topology
where the thick lines represent massive propagators with
the same mass m. There are three master integrals in the top
|

—2m*s + 2m%s% + 6m%st + 8m3r: — 52t — 251>

sector. For the top-sector ISP reduction, we can borrow a lot
from the massless case. We choose the variables x; to be the
same as Eq. (104), and the u function is hence unchanged.
The propagator denominators are now

2

x; —m?, 2

X, —m?, 2

X3 —m~, X4,

2 x7 —m?. (123)

X5 —m-~, Xg —m-,

With the above denominators, we take the integrand basis
e, for the top-sector ISP reduction according to (110). From
the exchange symmetry, we still have (es;| = (e4] = (es],
but they are now independent of {e,| in the outer-massive
case. Hence, we can choose the top-sector master integrals
to be <€1 s <€2 s <€3‘.

The top-sector ISP reduction is actually not affected by
introducing the internal masses, since the propagators only
serve as overall factors of the integrals. Therefore, the
reduction coefficients ¢; are the same as in Eq. (113).
However, the maximal-cut limit now becomes

x4 =0, (X1, X2, X3, X5, X6, X7) = m>.  (124)
The reduction coefficients ¢y, ¢,, and c5 are given by the
limits of ¢;, ¢ and ¢34+ ¢4+ s, respectively. The
results read

N e(6m*s + 8m*t — m*s* + 4m>st + 8m*1* — 25°t — 2s1°)

2s(1 = 2¢) s(1 = 2¢) '
—8m?se + 2m*s — 8m>te + 3s%¢ + st
c) = ,
: s(1—2e)
4m? — 2t)(4m%s + 4m*t — st
C3Z(m §)(s 4 2t)(4m*s + 4m s). (125)
2s(1 = 2¢)
[
The situation is slightly more complicated for the inner- (e3] = (eq] = 1+ 2e (e1] + subsector integrals.  (126)
3l = (€] = 1 :

massive double-box family, depicted in Fig. 5. There are
four master integrals in the top sector. However, with the
integrands in (110), I3 =1, are reducible to /; under
maximal cut:

b2 3 5 p3

| |

b1 1 D4

FIG. 4. The outer-massive double-box family. Thick lines are
massive propagators with the same mass .

Hence, the integrands in (110) are not enough to serve
as a basis for the maximal-cut reduction. This can be

D2 3 5 p3

N |

b1 1 b4

FIG. 5. The inner massive double box. Thick lines are massive
propagators with the same mass m.
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easily remedied by introducing a different integrand
basis, e.g.:

e =1(1,1,1,1,1,1,1,0,0),

¢, =1(1,1,1,1,1,1,1,-1,0),
éy=1(1,1,1,1,1,1,1,-2,0),
éy=1(1,1,1,1,1,1,1,0,-1),

s =1(1,1,1,1,1,1,1,-1,-1). (127)

C. The reduction in the subsectors
of the massless double-box family

We now consider the reduction in the subsectors of the
massless double-box family, after subtracting the top-sector
components. Unlike the sunrise and banana families whose
subsectors simply consist of products of one-loop integrals,
the subsectors of double-box families are nontrivial. Here,
new difficulties may arise which require extra treatment
before applying the top-down reduction recursively.

Let us demonstrate the situation using a simple example.
Take Eq. (127) as the basis for the massless double-box
family. Their integrands in the regular form are

R 1 . Xg
GG =——————, ) =——,
XX X3X4X5X6X7 X1 XpX3X4X5X6X7
R x% . 1 N
ey =——""", ey =—""" """,
X1 X2 X3X4X5X6X7 X1 XpX3X4X5X6X7 2P1
N Xg N
bg=— 8 (128)

X1 XoX3X4X5X6X7 2P

where the polynomial P; in the denominator is defined in
Eq. (106). It comes from integrating out xo from the
standard representation. The explicit expression for the
numerator N is (s has been set to 1 for simplicity)

N = 1252528 — 212527 — Z4(—125 + (2t + 1)25 + 2¢)
+ z3(=122 + z5((1 4+ 1)zg + 26)+2127 — 28(26 + 23))
+ 2zlz§ - z22§ — 27212528 + 2222528 + 222628 + 22127

- 22527, (129)
where the variables z; are defined in Eq. (107).

Suppose that we now want to reduce the integral
1(1,1,1,1,1,1,1,-3,0), whose integrand is ¢ = x3/
(x1xpx3x4x5x6x7 ). Performing the top-sector ISP reduction
and subtracting the top-sector components, we arrive at the
subtracted integrand of the form

py = -2 =296] (130)

52P1X2X3X4X5X6X7

Apparently, the first term in the above belongs to the sub-
sector {0,1,1,1,1,1,1,0,0}, but with an extra polynomial

P, in the denominator. Since x; is now an ISP in this
subsector, we may integrate it out and arrive at a lower
representation defined by

—ep—1/24+e p—1/2—€
g < PYfP " TP

P, ==4G(l = py.p2).
(131)

Py :4G(11 —PlJz—Pl’Pz)’
Pi3= 16G(127P1,P27P3)’

where u,; denotes the u function obtained by integrating
out x;. This new representation has one variable less and is
easier for calculating intersection numbers. However, the
denominator P is still present in @, after integrating out x;.
The regulator for P, [which is present in u of (106)] is now
absent in u\;, since all three factors Pyj, Py, P3 are
different from P,. This means that P; becomes a relative
boundary in this new representation, which destroys one of
the benefits of our top-down approach. This is a common
problem of our approach in the top-down reduction at two
loops and beyond. To proceed, we need to get rid of the
denominator P; before integrating out x;. This can be
achieved by IBP relations at the level of the representation
(106). It is an interesting question to find an efficient way to
perform this kind of transformations.

VI. CONCLUSION AND OUTLOOK

In this paper, we have further surveyed the recursive
structure of Baikov representations [25], focusing on its
application to the reduction of Feynman integrals. We have
outlined a systematic approach to perform the top-down
reduction using intersection theory of Feynman integrals.
Our method completely avoids the introduction of extra
regulators for relative boundaries. We also employ the
recursive structure to minimize the number of integration
variables involved in the intersection theory. These two
improvements significantly simplify the computation of
intersection numbers. In particular, we find that, for one-
loop reductions, there is no need to compute any inter-
section number at all. We also demonstrate our method
using the two-loop sunrise and the three-loop banana
families.

A key point in the top-down reduction method is to
transform the top-sector subtracted integrands to the sub-
sectors. To this end we have introduced the concept of the
top-sector ISP reduction. Roughly speaking, we keep the
propagator denominators unintegrated, and treat them as
constants when performing the IBP reduction. This is used
to construct integrands which are IBP equivalent to zero,
but when adding them to the top-sector subtracted inte-
grands, the results are manifestly subsector integrals. In this
work, we perform the top-sector ISP reduction within the
framework of intersection theory, but the idea can be easily
adopted in other IBP frameworks.
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Our method may also be applied as intermediate steps in
the construction of canonical bases using the method of
intersection theory [44,46]. In particular, a common com-
plication in both the top-down reduction and the canonical-
bases construction is how to transform the integrands with
polynomial denominators to ones without, as explained in
Sec. V. Only those integrands without extra denominators
other than those from propagators explicitly correspond to
Feynman integrals. The presence of these extra denomi-
nators also spoils the naive application of the recursive
reduction approach. It is an interesting question deserving
further investigations in the future.
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APPENDIX A: REDUCIBLE SECTORS
AND ZERO SECTORS

In Eq. (54), we rewrite a one-loop integral in a reducible
sector as subsector integrals with a modified u function,
P(x)" = P(x)""!, corresponding to a shifted dimension
d— d—2 (recall that y =d/2+ ---). We then need to
bring these integrals back to d dimensions. The dimen-
sional recurrence relations are well understood and are
implemented in LiteRed [7]. To be self-contained, we show
here how to construct the necessary relations without
resorting to external tools. In the meantime, we also show
how to identify zero sectors in which all integrals vanish.

Recall that the one-loop Baikov polynomial P(x) is
a a quadratic polynomial of Baikov variables: P(x)=
G(l, pi,...,pg). For reducible sectors, we have
P(x = 0) = 0. This means that the constant term is zero
in this polynomial. If the linear terms of x are also absent,
P(x) becomes a homogeneous polynomial and this sector
can be identified as a zero sector. The reason is that any
integral in this sector has an overall scaling behavior under
the transformation x — Ax:

I= /P(x)y ﬁ% AP AL

i—1 Xi

(A1)

where 4 is a nonzero constant. Since y depends linearly on
the dimensional regulator ¢, the power of 4 is nonzero for
any set of integer powers {a;}. Hence one can conclude
that 7 is a scaleless integral that vanishes in dimensional
regularization.

We can now consider a P(x) with some linear terms.
Without loss of generality, we assume that the linear term of
x, is nonzero, and write P(x) as

P(x) = x (c +dix + idm) +---,  (A2)

i=2

where terms in the ellipsis are independent of x;. We then
consider the dimensional recurrence relations. For integrals
with a raised power of P(x) (e.g., in d + 2 dimensions), we
can trivially rewrite them as

/ P(x)r! H;ﬂ— / P(x)7<P(x)ﬁiiff). (A3)

i—1 Vi

The right-hand side is an integral in d dimensions with
numerators. Integrals with a lowered power of P(x) [e.g., in
d —?2 dimensions, as we encountered in Eq. (54)], are
slightly more difficult to deal with. We consider the integral

I, = /P(x)7‘1 HE

1
i=1 i

(A4)

Using integration by parts with respect to x;, we have

nedx; 0 1
Py (T[S ) v —
/ (x) ( x‘f"> laxlx?‘

=27

+y/P(x)V_1 (H%) (C —|—2d1x1 + Zd,-x,-) = 0
i=1"i =2

(AS)

From the above we can solve [, as

a dx; 14 dx; 1/ (T dx
I, == | P(x) =i__ [ px)y | | bt
1 C}/ (X) XTI+1 11 x;li c (x) ] x‘?i

x (2d1x1 + Z d,x,-) . (A6)

i=2

The first term is an integral in d dimensions, while the second
term consists of integrals in d — 2 dimensions but with a
reduced power of propagators. Applying the above pro-
cedure recursively for the second term, one can transform it to
a sum of d-dimensional integrals and (d — 2)-dimensional
subsector integrals. These subsector integrals can be dealt
with similarly, after integrating out the ISPs. In the end, we
can write /; as a linear combination of d-dimensional
integrals, as promised.

APPENDIX B: EXPLICIT EXPRESSIONS
FOR SUNRISE AND BANANA FAMILIES

In this appendix, we provide explicit expressions for
certain integrands and reduction coefficients appeared
in Sec. V.
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1. The unequal-mass sunrise family
Here we list the explicit expressions for N<1i) in Eq. (85):
MY = (26 = 1)(s = 51)51(5% = 251 + 524 83)5 + 53 + 53+ 83 + 65283 = 291 (52 + 53)),
(2e = 1) (s — 52)855(5% = 2(s1 + 55 + 53)5 + 57 + (55 — 53)> = 25, (55 — 353)),

=2
e
)
|

4
N?) = —%+ 53(251€ + 2526 + 4536 — 53)

+ 5?(=3s7€ — 2s5751€ — 653516 — 3536 — 953€ — 655536 + 25351 + 353 + 25,53)

+ 5(2s3€ — 2s5957€ — 253516 — 2535 1€ + 325,5351€ + 2s53€ + 8s§€ — 25,53€ — 5357
1
— 657535) — 353 — s383) + 3 (—ste + 4sys3€ + ds3s7€ — 65357€ — 1053 s2¢

- 4s2s3s%€ + 4s%s1€ + 12s§s1€ - 28s2s§s1€ - 4s§s3s1€ - s‘zle - 5s‘3‘€ + 12s2sg€

— 10s353€ + 4s353€ + 25357 — 4s3s) + 1255535, + 255 — 45253 + 25353),

1
N(l4> =3 (2e —1)(3e = 2) (s = 3(s; + 55 + 53)8 + (357 + 2(55 + 53)57 + 353 + 353 + 25553)s

— 53 4 57(s5 4 53) — (55— 53)%(52 + 53) + 51(53 — 10535, + 53)). (B1)

2. The three-loop banana family

The coefficients ¢; in (98) are

1
¢ = m [30s€? — 18s,€* — 65,6* — 65362 — 6546> — 535€ + 2351€ + Ts,€ + Tsz€

+ Tsu€ + 245 — 651 — 25, — 253 — 254,
(=54 6¢)(s — s1)s1

2= 6(—1+¢)? ’

L $2(2se —4dsie — 2506 —dsye —dsge — s +4s; + 5y + 253 + 254)

“= 6(—1 +¢)? ’

N 53(2s€ — 4516 — 4dsye — 2536 — dsge — s + ds; + 255 + 53 + 254)

“= 6(—1 +e) ’

Cs = 12(%1_'_6)2 [s%€ — 25, 5€ — 25,5€ — 2535€ — Os4s€ + sT€ + 53¢ + s%e + 5s3€ — 25, 55€

— 251536 + 65,536 + 651546 + 145554€ + 1453546 + 2545 — 2sﬁ — 85154 — 45254 — ds384),

L So8sa(s 4 sy =5y =353 —54)

Ce =0, ¢, =0, Cg = ,

6 7 8 3(_1 +€)2

c _SQS3(S+S1—S2—S3—3S4) - _S3S4(S+S]_3S2—S3—S4)

T 3(=1+e¢)? ’ 0 3(=1+¢)? ’
~ —S4 2 2. 20 2.2

— T 12— 2sys — 255 — 2535 — 2 — 25,5y =2
¢y e [s 518 — 28538 — 28535 — 2545 + 87 + 85 + 55 + 55 — 2515, — 25153
+6S2S3 - 25154 + 6S2S4 + 6S3S4]. (BZ)
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