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In this work, we study the propagation and absorption of plasma waves in the context of the Maxwell-
Carroll-Field-Jackiw (MCF]J) electrodynamics with a purely spacelike background playing the role of the
anomalous Hall conductivity, concerning the anomalous Hall current. Such a current is also found in an
axion field which increases linearly with a space coordinate. The Maxwell equations are rewritten for a
cold, uniform, and collisionless fluid plasma model, allowing us to determine the new refractive indices and
propagating modes. The analysis begins for propagation along the magnetic axis, examined in the cases of
chiral vectors parallel and orthogonal to the magnetic field. Two distinct refractive indices (associated with
right-handed circularly polarized [RCP] and left-handed circularly polarized [LCP] waves) are obtained
and the associated propagation and absorption zones are determined. The low-frequency regime is
discussed and we obtain RCP and LCP helicons. We scrutinize optical effects, such as birefringence and
dichroism, and observe rotatory power sign reversion, a property of chiral MCFJ plasmas. We also examine
the case of transversal propagation in the direction orthogonal to the magnetic field, providing much more

involved results.
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I. INTRODUCTION

The propagation properties of electromagnetic waves in
a cold magnetized plasma is based on the standard
Maxwell equations to describe radio-wave propagation
in the ionosphere [1-6]. The interaction of electromagnetic
waves and atmosphere has attracted the attention of
researchers over the years, including new investigations
on reflection, absorption, and transmission in topical
plasma scenarios [7]. The cold plasma limit is adopted
to study the fluid plasma behavior under the action of a
constant external magnetic field [8—13], being defined
when the excitation energies are small, so that the thermal
and collisional effects can be neglected. In this regime, the
ions can be taken as infinitely massive, in such a way that
they do not respond to electromagnetic oscillations,
especially high-frequency waves. The cold plasma behav-
ior is then described by considering first-order differential
equations written for the electron number density n and the
electron fluid velocity u, namely,
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where B represents the average magnetic field, and ¢ and
m stand for the (electron) charge and mass. The linearized
version of the magnetized cold plasmas considers fluctua-
tions around average quantities, n, and B,, which are
constant in space and time. Following the usual procedure,
assuming B, = Bz, the corresponding plasma dielectric
tensor is

S —-iD 0
8,’](({)) =& iD S 0 , (3)
0 0o P

where g is the vacuum electric permittivity, and

w? w w?
S=l-—5t5., D=——"5, P=1-—4, (4
(w? —w?) o(0® —?) w? “)

with @, = nog*/(mey) and o, = |q|By/m being the
plasma and cyclotron frequencies, respectively.
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From the Maxwell theory, two distinct refractive indices
are obtained for longitudinal propagation to the magnetic
field, k|| By,

0)2

1 S o(wtw,) )

ny =
which provide right-handed circularly polarized (RCP) and
left-handed circularly polarized (LCP) modes [1]. This is
the standard result of wave propagation in the usual
magnetized cold plasma. The refractive indices (5) present
the cutoff frequencies w,,

1
(O :5(\/0)34'46037 F o.), (6)

defining limits for the propagation and absorption zones.
As for propagation orthogonal to the magnetic field, k LB,
k = (k. k,.0), it is found that the corresponding trans-
versal mode, SE = (0,0,8E,), is associated with the
refractive index

2
np=1-22, (7)
1)
while the extraordinary longitudinal mode, OJE =
(6Ex,5Ey,O) is related to [13]
(S+ D)(S-D)
no =\[——g— (8)

with P, S, and D given in Eq. (4). The refractive index ny
provides a linearly polarized propagating mode, whereas
ng, in general, is related to an elliptically polarized mode.

In condensed matter systems, chiral media are endowed
with optical activity [14] stemming from parity-odd
models, as bi-isotropic [15] and bi-anisotropic electrody-
namics [16-21], where circularly polarized waves propa-
gate at distinct phase velocities, yielding birefringence and
optical rotation [22]. Such an optical activity is due to
anisotropies of the matter structure or can be implied by
external fields (Faraday effect [23-25]), being measured in
terms of rotatory power (RP) [26]. Magneto-optical effects
constitute a useful tool to investigate new materials, such
as topological insulators [27-35] and graphene com-
pounds [36].

In the context of modified electrodynamics, the Maxwell-
Carroll-Field-Jackiw (MCFJ) electrodynamics was initially
proposed to examine the possibility of CPT and Lorentz
violation (LV) in free space, establishing severe constraints
on the magnitude of the LV coefficients [37]. This model
also represents the CPT-odd piece of the U(1) gauge
sector of the broad Standard Model extension (SME) [38].
The SME has been extensively examined by many authors

and in a variety of scenarios, such as in radiative evalu-
ations [39,40], topological defects solutions [41], super-
symmetry [42], Cherenkov radiation [43—45], and classical
and quantum aspects [46]. The MCFJ electrodynamics
is also relevant due to its connection with the axion
Lagrangian [47,48],

1
L= F"F, +0(E-B), 9)

where F,, =d,A, —0d,A, is the field strength and the
axion term, 0F*F ap» implies

1 1
L= FFy +5¢"(0,0)A,Fy. (10)

with the dual tensor, F* = (1/2)e"**F ;. In the case
where the axion derivative is a constant vector,
0,0 = (kur),» the Lagrangian (10) recovers the MCFJ one,

1 1
L= ~1 G"F,, + Z€”mﬂ(kAF)ﬂAuFaﬂ = A (1)

where (k4f), is the LV 4-vector background and G* =
% 7PE p 18 the continuous matter field strength.1 Such a
Lagrangian provides the modified electrodynamics in
matter, described by the inhomogeneous Maxwell equa-
tions,

V-D=J"—k,-B, (12)
oD
VxH-"="=J—k}B+kyxE  (13)

where G = D, G = —¢,;; H*, and (kap)* = (k7. Kar).
These must be considered together with the homogeneous
Maxwell equations, obtained from the Bianchi identity
OMF”” = 0, and suitable constitutive relations.

The timelike CFJ component, kg > appears in the
modified Ampere’s law (13) composing the chiral magnetic
current,

Js = k2,B, (14)

which has been used to investigate electromagnetic proper-
ties of matter endowed with the chiral magnetic effect
(CME) [50]. The CME [51,52] consists of a macroscopic

'"The 4-rank tensor, y**%, describes the medium constitutive
tensor [49], whose components provide the electric and magnetic
responses of the medium. Indeed, the electric permittivity and
magnetic permeability tensor components are written as ¢;; =
%70 and yl‘k' = %ei jlj(ijm"enl,,k, respectively. For isotropic polari-
zation and magnetization, it holds that ¢;; =ed; and
u{il =u's; j» providing the usual isotropic constitutive relations,
D=¢cE, H=y"B.
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linear magnetic current law, J = o3 B, stemming from an
asymmetry between the number density of left- and right-
handed chiral fermions. Such an effect has been inves-
tigated in a plethora of distinct contexts [53—58], including
Weyl semimetals (WSMs) [59], where the chiral current
may be different from the usual CME linear relation when
electric and magnetic fields are applied, yielding a current
effectively proportional to B?, that is, J = o(E-B)B
[33,60,61].

The spacelike vector, k,p, describes an anomalous
charge density in Gauss’ law (12) and contributes to the
current density,

Jan = Kyr X E, (15)

in the Ampere’s law (13), associated with the anomalous
Hall effect (AHE), with k5 playing the role of anomalous
Hall conductivity [50]. The AHE engenders an electric
current in the presence of an electric field due to the
separation between the energy-crossing points in momentum
space for right-handed and left-handed fermions [62—65]. It
has been investigated in distinct contexts, such as noncol-
linear antiferromagnets [66,67], chiral spin liquids [68], and
WSMs [69]. Optical effects of a WSM with broken time-
reversal and inversion symmetries governed by the axion
and the AHE terms were recently examined in WSM
systems, with a focus on magneto-optical (Faraday, Kerr,
and Voigt) effects [69,70]. The AHE term has also been
considered in the propagation of surface plasmon polaritons
in WSMs [71]. Optical effects induced by the current term
k,r x E were also examined in the context of the MCFJ
electrodynamics in continuous media [72]. The anomalous
Hall current is also connected with a static axion scenario,
0,0 = 0, with a constant gradient VO = cte, as considered to
address an axionic Casimir-like effect in Ref. [73].

In a recent investigation [74], the chiral effects of the CFJ
timelike (pseudoscalar) chiral component, k3, on the
electromagnetic modes in magnetized cold plasmas were
addressed. The electromagnetic and optical properties of the
propagating modes, such as birefringence, absorption, and
optical rotation, were discussed, with careful comparisons
with the usual cold plasma features allowing the identi-
fication of the role played by the chiral factor.

n*>—n2-=§

2

—nny, —iD —i(V,/w) n?—n?—

—n.n, +i(V,/w)

The refractive indices and associated propagating modes
are also obtained, entailing the examination of the optical
effects of birefringence and dichroism. Each scenario is
analyzed in the cases of propagation along the magnetic

—n.ny, +iD +i(V, /o)

In this work, we study wave propagation in a magnetized
cold plasma governed by the Maxwell equations (12) and
(13) modified by the AHE current term, J, g = ksr X E,
which, using the plane-wave ansatz, read

lgl]klE] + kAF -B = 0, (163)

ik X B + ipgwe;;kK'E' — pokop x E = 0. (16b)
We also consider anisotropic constitutive relations (in the
electric polarization sector),

D' =¢;(w)E, B = uyH', (17)
where ¢;; is the cold plasma permittivity (3) and g is the

vacuum permeability. The modified wave equation for the
electric field is

with

M,~~:n25

&ij k
b n-n~—€—0—5€,~ij s (19)

ij — Tty

written in terms of the refractive index n = k/w and with
vk = kf1 /€0 appearing as the redefined components of the
chiral vector (which breaks the time-reversal symmetry and
preserves space inversion). In this scenario, the wave
equation (18) becomes

. g VK .
n25,-j —n'n’ —S—Z—laeikj E’ :0, (20)

from which arise the dispersion relations that describe the
wave propagation in the medium (by setting det M;; = 0).
To obtain the electromagnetic collective modes of a cold
plasma modified by the anomalous Hall current-like term,
one implements the plasma permittivity tensor (3) in the
wave equation (20), yielding the linear homogeneous
system

—n.n, —i(V,/o) SE,

—nyn, +i(Vy/o) | | 6E

| =o. (21)

—nyn, —i(V,/o) n*—n?—-P oF,

|

field and orthogonal to the magnetic field, also known as

the Faraday and Voigt configurations, respectively [75].
This paper is outlined as follows. In Sec. II we obtain the

general dispersion relation for a cold magnetized plasma in
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the presence of the anomalous Hall current, considering the
Faraday configuration. In Sec. III we discuss the general
properties of the cold plasma modes in the Voigt configu-
ration. The dispersion relations, refractive indices, and
optical properties, such as birefringence and absorption,
are determined in all cases examined. Finally, we summa-
rize our results in Sec. I'V.

II. WAVE PROPAGATION ALONG
THE MAGNETIC FIELD AXIS

In this section, we analyze the wave propagation along
the magnetic field direction, that is, n = nZ. Then, it
holds that

n*-S +iD +i(|V|/w)cos . —i(|V|/w)singsinp | [ SE,
—iD —i(|V|/w) cos B n* -5 +i(|V|/w)sinfcos¢ | | 6E, | =0, (22)
i(JV|/w)singsinf  —i(|V|/w) sin fcos ¢ —-P OE,
|
where we have used, without loss of generality, the ? |V]
spherical parametrization (ng)? =1 m T w (28)

V = |V|(sin cos ¢, sin f sin ¢, cos ), (23)

with the angle § defined between the external magnetic B
field and the background vector V. Requiring det[M;;] = 0
in Eq. (22), the dispersion relations are given by

V2
2P[D? — (n® - S)?] + %(P +S-n*)+T;=0, (24)
W
where
r *E 2 Zyp-S5 4DPm 25
p= cos(2B)(n* + )+ - cos(f). (25)

We note that the dispersion relation (24) depends only on
the f angle. Thus, we can organize the analysis of the
dispersion relation (24) by considering two main scenarios:
(i) a chiral vector parallel to the magnetic field and (ii) a
chiral vector orthogonal to the magnetic field.

A. Chiral vector parallel to the magnetic field

For a chiral vector parallel to the magnetic field, V||B,
one sets f# — 0 in Eq. (24), implying

P((n* = S)*> — (D +|V|/w)?) =0. (26)

Longitudinal waves, with n||6E or E = (0,0, 6E.), may
occur when P = 0, with nonpropagating vibration at the
plasma frequency, = @,,.

For transverse waves, n LSE or 6E = (6E,.E,,0), the
dispersion relation (26) simplifies to

(n* =82 = (D+|V|/w)* =0 (27)

which, with the relations (4), provides the following
refractive indices:

o VI

n)P=1-—>~-— .
()" =1 ow+o.)

(29)

The indices np and n; may be real or complex in some
frequency ranges, enriching their behavior in comparison to
the usual cold plasma one. The propagation and absorption
zones are modified by the presence of the chiral vector V,
as will be shown later.

The propagating modes associated with the refractive
indices, given in Eqgs. (28) and (29), are obtained as the
corresponding eigenvectors (with a null eigenvalue) of
Eq. (22). The resulting electric fields are the LCP and RCP
modes, namely,

1
1
ny — ELCP - —F= +l , (30)
2
f_o_
1 1]
ng — ERCP =—|—-i]. (31)
2
f_o_

There are two cutoff frequencies for the refractive index
ng in (28),

1
2

wr =

(@ + V) £ /(@ = [V +402).  (32)

While the cutoff frequency wj, is always positive, oz is
positive only under the condition

V] > a)%/a)c, (33)

for which the index np presents two (positive) roots. The
refractive index n; (29) has a single cutoff frequency,
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1 1 1
or = =300 =3 V45 (0c = [V)? + 403, (34)

which is positive for the condition
V| < w3/ w,. (35)

To examine the behavior of the refractive indices (28)
and (29), we consider two distinct scenarios, following the
conditions (33) and (35):

(1) For |V| > @?/w,, the index n; presents no positive
root (no cutoff), while the index np has two
positive roots.

(2) For |V| < w?/w,, both indices n; and ng have one
positive cutoff.

1. About the index ng

The general behavior of the index ny is represented in
Fig. 1 in terms of the dimensionless parameter w/w, and
under the condition (33), as detailed below.

(i) For @ - 0, np — +ico, which is complex and
divergent in this limit, differing from the behavior
of the usual magnetized plasma index n_, which
provides n — oo near the origin.

(i) For 0 < @ < wy, an absorption zone appears, where
Im[ng] # 0. This characteristic does not manifest in
the usual cold plasma index n_, which is real and
positive in this range. See the black line in this
frequency zone in Fig. 1.

(ili) For w; <@ < w,, ng is real, with Re[ng] > 0,
revealing a propagation zone.

(iv) For ® — ., ng — o0, a resonance at the cyclotron
frequency occurs.

FIG. 1. Index of refraction ny under the condition (33). The
dashed blue (black) line corresponds to the imaginary piece of np
(n_), while the solid blue (black) line represents the real piece of
ng (n_). Note that the chiral factor opens a new lossy window
near the origin and enlarges the second absorption zone. Here,
0, = ,,|V| =20, and o, = 1 rad s~!. The (dashed and solid)
blue lines representing ny is thicker than the black line for n_.
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FIG. 2. Index of refraction np under the condition (35). The

dashed blue (black) line corresponds to the imaginary piece of ng
(n_), while the solid blue (black) line represents the real piece of
ng (n_). The chiral factor increases the absorption zone near
resonance. Here, w. = w,,, V| = O.Swp, and w,. = 1 rad sl
The (dashed and solid) blue lines representing ny is thicker than
the black line for n_.

(v) For o, < w < a);, there is an absorption zone,

where ny, is imaginary, Im[ng| # 0. Such an absorp-
tion zone is larger than the usual zone shown by the
black-dashed line in Fig. 1, since wj > w_.

(vi) For @ > wy, the index ny is real and positive,
yielding an attenuation-free propagating zone and
recovering np — 1 in the high-frequency limit.

On the other hand, under condition (35), w; <0, so
there is only one cutoff frequency and a single absorption
zone, defined for w, < w < a);. The first absorption zone
is replaced by a propagation region, now defined for
0 < w < w,, similar to the usual case. For ® > w,, the
behavior is similar to that pointed out in items (v) and
(vi) above. This scenario for ng is illustrated in Fig. 2.

2. About the index nj

The index n;, given in Eq. (29), has no positive root
under the condition (33) (no cutoff frequency) and one
cutoff frequency under the condition (35). Its features are
described below.

(i) For @ — 0, under the condition (33), the presence of
|V| renders the refractive index real and positively
divergent at the origin, n; — o0, differing from the
usual index n, (5), which is complex and divergent,
Im[n, ] — oo, at the origin. This behavior is similar
to what is observed in the index n; of the chiral
MCFJ model examined” in Ref. [74].

(ii) For @ > 0, the index n; is always real, Im[n; | = 0.

Thus, wave propagation occurs for any frequency.
The real and imaginary parts of n; are represented
in Fig. 3.

See Eq. (48) and Fig. 4 of Ref. [74].
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w/we
FIG. 3. Refractive index n; (red lines) for condition (33) and

index n, (black lines) of Eq. (5). The dashed (solid) lines
correspond to the imaginary (real) pieces of n; and n. . The chiral
factor suppresses the absorption window. Here, w, = w,,
|V| = 2w, and @, = 1 rads™'. The (dashed and solid) red line
representing n; is thicker than the black line for n,.

(iii) Under the condition (35), n; presents a cutoff
frequency w;, given by Eq. (34). Therefore, an
absorption zone appears for 0 < w < @w;, where
Im[n;] # 0, as depicted in Fig. 4.

We observe that the indices nz and n; are always
positive, implying the nonexistence of negative refraction,
a phenomenon that was reported in the context of the MCFJ
cold plasmas in the presence of the chiral timelike back-
ground factor.

The results of this subsection may be compared with the
case of wave propagation along the magnetic field with
the MCFJ timelike background, examined in Sec. IV of
Ref [74], whose scenario was richer due to the attainment of
four distinct indices and negative refraction, which typically
occurs in bi-isotropic media as well [76,77]. In the present
case, however, there are only two positive indices (no
negative refraction).” Nevertheless, regarding the propaga-
tion and absorption properties, the present chiral-vector case
is more involved since two absorption zones are opened
under the condition (33), while in the analogous situation of
Ref. [74] only one absorption zone was reported.

3. Dispersion relation behavior

The behavior of the dispersion relations can be visualized
in plots of @ x k. In this subsection, the dispersion relations
associated with the circular modes, connected to the indices
ng and n;, are presented in dimensionless plots of
(w/w.) x (k/w,). The dispersion relation associated with
+ng, under the condition (33), is depicted in Fig. 5. The

*Note that negative indices may also exist in the case where
one takes the negative roots of Egs. (28) and (29), that is, —n; and
—ng, which correspond to the exact mirror image of the positive
indices (in relation to the frequency axis).

4
A
[y | |
[ \l: +:
3 _-‘l‘l 3 3 1
Loy i I
:\\\ 3\ 3\
| |
2-\‘ \\ | | i
| |
n “ \\\ |
RN I
| |
1 _'”\\’7’ N ———
\, A
0 i 1 |
L I |
i l l
-1 L 1 L 1 1 1
0.0 0.5 1.0 1.5 2.0 25

w/w,

FIG. 4. Refractive index n; (red lines) for condition (35) and
refractive index n, (black lines) of Eq. (5). The dashed (solid)
lines correspond to the imaginary (real) pieces of n; and n . The
chiral factor narrows the absorption zone and enhances
the attenuation-free propagation regime. Here, .= w,,
|V| =0.5w,, and @, =1 rads™'. The (dashed and solid) red
lines representing n; is thicker than the black line for n,.

propagation occurs for wx < @ < w. and ® > w}, while
two absorption windows appear: o, < ® < wj and
0 < w < wg. On the other hand, the behavior for the
condition (35) is shown in Fig. 6, where the propagation
occurs for 0 < w < w. and @ > w} and the absorption

happens for w, < w < wy. Figures 5 and 6 illustrate

k/w,

FIG. 5. Dispersion relations related to the refractive indices ng
(solid blue line) and —ny (solid black line), under the condition
(33). The dashed black line represents the indices of the standard
case, ==n_. The highlighted area in red indicates the enlargement
of the absorption zone for np in comparison to the gray
absorption zone of the usual indices (£n_). Here we use
w.=w, and |V| =2w,, with @, = 1 rads™". Solid blue lines
occur for k/@ > 0, and solid black lines for k/w < 0.
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k/w,

FIG. 6. Plot of the dispersion relations related to the refractive
indices np (solid blue line) and —ny (solid black line), under the
condition (35). The dashed black line corresponds to the indices
of the usual case (+n_). The highlighted area in red indicates
the absorption zone amplification for np in comparison
with the one of £n_. Here we use . = w,, and |V| = 0.5w,,
with @, = 1 rads™'. Solid blue lines occur for k/w > 0, and
solid black lines for k/w < 0.

k/w,.

FIG. 7. Dispersion relations associated with the refractive
indices n; (solid blue line) and —n; (solid black line), under
the condition (33). The dashed black line corresponds to the
indices of the usual case (£n,). The highlighted area in gray
indicates the absorption zone for the indices £n,, where one
notices the absence of absorption for 7, . Here we use . = ,
and |V| = 2w,, with @, = 1 rads™'. Solid blue lines occur for
k/w > 0, and solid black lines for k/w < 0.

3.0F

25F

20

05F

k/w,

FIG. 8. Dispersion relations associated with the refractive
indices n; (solid blue line) and —n; (solid black line), under
the condition (35). The dashed black line corresponds to the
indices of the usual case (£n,). The highlighted area in red
indicates the absorption zone for n;, narrowed in comparison to
the absorption zone associated with +n . Here we use o, = w,,
and |V| = 0.5, with @, = 1 rads™". Solid blue lines occur for
k/w > 0, and solid black lines for k/w < 0.

enhanced absorption zones. Figure 7 illustrates the
dispersion relations associated with +n; for the condition
(33), where the propagation occurs for @ > 0, being
compatible with the absence of an absorption zone; see
Fig. 3. The dispersion relation for the condition (35) is
depicted in Fig. 8, where there is an unusual absorption
zone in 0 < w < w;, while the propagation appears for
@ > w;. In these two latter cases, the absorption zone is
reduced in comparison to the zone of the usual indices,
+n,,0<w<w,.

An interesting point is that the refractive indices np,
represented by blue lines in Figs. 5-8, do not become
negative under the influence of the chiral vector V,
allowing the plots of @ x k to remain centered at k = 0.
This is not the case for cold plasmas under the timelike CFJ
electrodynamics [74], where the scalar chiral parameter V,
induces zones of negative refraction (negative refractive
indices), decentralizing the curves of @ x k (see Ref. [74]).

4. Low-frequency helicon modes

There are low-frequency plasma modes that propagate
along the magnetic field axis, called helicons. In a usual
magnetized plasma, there exist only RCP helicon modes,”
for which the refractive index (5) yields

*See Chapter 9 of Ref. [10] and Chapter 8 of Ref. [3] for basic
details.
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1
_= 36
n-=wp, v, (36)
in the low-frequency regime,
0 <L, 0, L0, < w,. (37)

Considering the circular electromagnetic modes associ-
ated with the indices (28) and (29), the corresponding
helicons indices are

IVI

\/r

where we have used the “bar” notation to indicate the
helicons quantities. Due to the chiral vector | V|, one obtains
expressions for both RCP and LCP helicons. As i3 = —ii7,
one of these indices is imaginary when the other is real. In
fact, ig becomes imaginary for [V| > w? /., while iy, is
imaginary for |V| < @? /w,. This means that RCP and LCP
helicons do not propagate simultaneously. Indeed, only one
of the modes in Eq. (38) can propagate for each value of | V|
adopted. In this context, note that the usual cold plasma
helicon mode is recovered in the limit |V| — 0, for which
the helicon index 71p yields the usual result of Eq. (36),
while 7; becomes purely imaginary, indicating the absence
of propagation.

(38a)

(38b)

5. Rotatory power

Chiral media possess optical activity, described in terms
of the rotation of the polarization (birefringence) that takes
place when RCP and LCP modes propagate at different
phase velocities. Such a rotation is measured in terms of
the rotatory power, which is useful for performing an
optical characterization of multiple systems, such as
crystals [78,79], organic compounds [80,81], graphene
phenomena in the terahertz band [82], the gas of fast-
spinning molecules [83], chiral metamaterials [84—86],
and chiral semimetals [87,88], and in the determination of
the rotation direction of pulsars [89]. The RP may be
dispersive (depend on the frequency) [90-92]. The RP is
defined as

@
6= —§<Re[”L] — Re[ng]), (39)
where n; and ny are the refractive indices for different
circular polarizations. For the case where the background
vector is parallel to the magnetic field (see Sec. Il A), the
refractive indices, given by Eqgs. (28) and (29), yield

5:—§Re{\/7e:—\/17_}, (40)

where R, is given by
(41)

The behavior of the RP (40) is depicted in Fig. 9, being
negative for the interval 0 < w < & and positive for
® <w<w, For > w, the RP is always negative,
exhibiting a sharp behavior at @ = wp, the point at which
the real piece of nyp assumes nonzero values again (see
Fig. 1). The frequency &,

» = \/a)L(a)

obtained from Egs. (40) and (41), indicates where the RP
changes sign, as shown in Fig. 9. Note that & is real only for
the condition (33). Hence, the RP reversion only occurs in
this case, as confirmed in Fig. 9. In fact, under the condition
(35), the corresponding RP depicted in Fig. 10 is not
endowed with sign reversal, a behavior analog to the
standard RP in plasmas.

It is worth remarking that the RP reversion is observed
in graphene systems [82], Weyl metals and semimetals
with low electron density with chiral conductivity [87,88],
and bi-isotropic dielectrics with magnetic chiral conduc-
tivity [93]. Such a reversion does not occur in conventional
cold plasma, but it takes place in rotating plasmas [94] and
in the MCF]J plasma with a chiral pseudoscalar factor [74].
Therefore, RP reversion may be considered a signature of
chiral MCFJ nonrotating cold plasmas.

e — @3/ V]), (42)

: ! +0:: |
13 3 ]
:ll ||: ]
'3 3 1
I I ]
I I ]

I I
| | T
I I E
T :

Ir I
J I 1
\/_
I .

I I
| | T
1 ‘ ]
2 3 4

w (rad s71)

FIG. 9. The solid blue line represents the RP (40) defined by the
refractive index n;, and ny for the condition (33). The dashed black
line corresponds to the usual RP for a conventional cold plasma.
The chiral factor determines the RP sign reversion at w < @ and a
constant asymptotic value, —|V|/2, for high frequencies. Here we

use @, = @, |V| =2w,, and o, = 1 rads™!
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FIG. 10. Solid blue lines: RP (40) associated with the refractive
indices n; and np for the condition (35). The dashed line
represents the usual RP for a usual cold plasma. Small deviations
of the RP are originated from the chiral factor. The main
difference in comparison with the usual case is the non-null
asymptotical value, —|V|/2, for high frequencies. Here we use
V|=0.50,, and o, = 1 rads™".

W, = w,,

Furthermore, it is important to pay attention to the
intervals 0 < w < wy and @, < @ < a);g, where the refrac-
tive index np is imaginary and the RP receives a contri-
bution only from the index n; , exhibiting an approximately
linearly increasing magnitude, the opposite of the n;
profile. For @ > w}j, the modes associated with the nj
and ny propagate and contribute to the RP, whose magni-
tude diminishes monotonically with @, tending to the
asymptotic value —|V|/2, as shown in Fig. 9. In fact, in
the high-frequency limit, o > w,,, ., the refractive indices
n; and np provide (at first order)

V]

~14+-—, 43
npR 2w (43)
so the RP asymptotic value is
VI
Ot ——, 44
. (44)

a result that holds even in the absence of the magnetic field.
This asymptotic limit differs from the behavior of a cold
usual plasma, whose RP decays as 1/@? for high frequen-
cies, tending to zero for w > w,, w.. See the dashed line
in Fig. 9.

6. Dichroism coefficients

Absorption occurs in the zones where the indices are
complex. When circularly polarized modes undergo absorp-
tion at different degrees, dichroism takes place, working as
another parameter for optical characterization. It could be
used to distinguish between Dirac and Weyl semimetals
[95], perform enantiomeric discrimination [96,97], and

develop graphene-based devices at terahertz frequencies
[98]. Dichroism for LCP and RCP waves is expressed in
terms of the coefficient

6= =7 (Im[n,] — Imin]). (45)

For the condition (33), nz has non-null imaginary parts in
the intervals 0 < w < wy and w, < @ < w}, while n; is
always real (for @ > 0). In this case, the dichroism
coefficient is written as

2 /R_, for0<w< ws,
2 R
5, = 0, for oy < w < w,, (46)
2. /R_, forw, <w < w}
2 — ol R
0, for o > w},

with R_ of Eq. (41). Such a coefficient is depicted
in Fig. 11.

Considering the condition (35), both np and n; have
non-null imaginary parts in the intervals ., < @ < w}, and
0 < w < wy, respectively, in which the dichroism coeffi-
cient is non-null,

5d:{‘% Ry
+2VR_, forw, <o < w}.

for 0 < w < wy,
(47)

The general behavior of (47) is exhibited in Fig. 12.

B. Chiral vector orthogonal to the magnetic field

In the scenario where the background vector is orthogo-
nal to the magnetic field, f — 7/2, and the dispersion
relation (24) reads

PID* = (n* = SP’| + ([VP/a?)(S = n?) =0, (48)

2.0 —— : :
| | | |
Ll | |
5\ §\ | |
5F 5 | 1
= 3 3 i l
— | | | |
R S | |
- | | | |
g Lo i l
S 03¢ Lo | l
| | | |
| | | \
0.0f R l : T
Seol-7 | I |
| | | | |
| | | | |
-0.5 [P Il 1 1 1L
0.0 0.5 1.0 15 2.0 25 3.0
w (rad s7)
FIG. 11. Dichroism coefficient of Eq. (46) (red solid lines)

associated with n; and ng, under the condition (33). The black
dashed line represents the dichroism coefficient of a usual cold

plasma. Here, o. = @, |V| = 20, and @, = 1 rad s~
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2.0

84 (rad m™")

0.0

25 3.0

w (rad s

FIG. 12. Dichroism coefficient of Eq. (47) (solid red lines)
associated with n; and ng, under the condition (35). The dashed
line represents the dichroism coefficient for a conventional cold
plasma. Here, we set o, = @, |V| = 0.5w,, and @, = 1 rad s7L.

yielding two refractive indices:

\/! \iN
2' Pl}z +5 P2D* + Vi (49)

4a*

V21, IV
S — ——\/P2D? + . 50
2Pw* P +4a)4 (50)

From Eq. (22), mixed elliptical polarizations are evalu-
ated for the propagating modes,

(”A)2 =S5-

(”3)2 =

<
nap—> Eup=0C 1 . (51a)
~iIVI(3 5 — S)/ (@RP)
where
B &

V(2= SY[(|V|/wP)? + sin? ¢] + D? cos? p + [k?
(51b)
- ((n2—S)Z—Dz)cozﬁsinqbntiD(nz—S)’ (51¢)
k = (n*> — S)cos ¢ — iD sin . (51d)

In Eq. (51a), one notices a longitudinal imaginary
component. The transversal sector is, in general, elliptically
polarized since ¢ is a complex quantity. Starting from
Eq. (51a) and setting |V| — 0, the usual RCP and LCP
modes are recovered, which is an expected correspondence.

The refractive indices given in (49) and (50) have real
positive roots given by

1 2
a1 p = 6\/860% F 24 %fl + (F2)23VU 42| V]2,

(52)
wAz—é\/gw%"F%_fb (53)
where
U= 1108 + f> + 3V3/—c* (508 + f3), (54a)
f1 =40} + 202 V|* + |V]*, (54b)
fr = —120}|V|> + 62| V|* + 2| V]S, (54c)
f3 = 2408| V> + 4a?|V|* + 1202|V|® + 4| V|3, (54d)
fa=V3-12)¥3U + 2|V~ (54¢)

where wy;, is associated with n, and wp is associated

1. About the index ny

The refractive index n,, given in Eq. (49), has two
positive roots, w4 and @,,, as illustrated in Fig. 13, where
we observe the following:

(i) For w — 0, the index is imaginary and tends to
infinity, ny, — —+ioco, which is the same behavior as
for the usual magnetized plasma index n, near the
origin.

(i1)) For 0 < w < wyy,

it holds that Re[ny] =0,

Im[ny] # 0, defining an absorption zone.

FIG. 13. Refractive index n, (red lines) and n (black lines) of
Eq. (5). The dashed (solid) lines correspond to the imaginary (real)
pieces of n, and n, . There is an intermediary propagation zone in
the range w,; < @ < w, and a new absorption interval defined for
w. < w < wy,. Here, o, = w,, |V| =2w,, and @, = 1 rads™".
The (solid and dashed) red curves are thicker than the (solid and
dashed) black lines.
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(iii) For wy <® < w,., ny is real, Re[ny] >0 and
Im[n,] = 0, opening an intermediary propagation
zone that does not appear in the usual case. Compare
the black and red lines in Fig. 13.

(iv) For w — w,, there is a resonance, ny, — oo, at the
cyclotron frequency, a behavior that is not seen in
the standard case. For w, < @ < wy,, n, is imagi-
nary, that is, Im[n,] #0, Re[ny] =0, and thus
another absorption zone is allowed.

(v) For @ > w,,, there is a propagating zone, in which
the index n, is always positive and real, withn, — 1
in the high-frequency limit. See Fig. 13.

2. About the index np

The index ng in Eq. (50) has only one cutoff frequency,
represented by wp. Its real and imaginary parts are
illustrated in Fig. 14.

(i) In the limit @ — O, the index np is real and tends to
infinity, ng - 4+o0. For0 < w < w,, the index np is
real, with Im[np] = 0, a behavior close to that of
standard magnetized plasmas.

(i) Forw — w,, ng — o0, and there is a resonance at the
cyclotron frequency. This behavior also occurs in the
usual case. For o, < w < wp, the index is imagi-
nary, Re[np] = 0, Im[ng] # 0, describing an absorp-
tion zone that is larger than the usual one, since
wp > w_. See Fig. 14.

(iii) For @ > wp, one has a propagating zone, where np
is always real and positive, with ng — 1 in the high-
frequency limit.

The results of the present section cannot be compared
with those of Ref. [74] since the defining condition of this
section—a chiral vector orthogonal to the magnetic field—
is not possible in the scenario of a scalar chiral factor [74].

4

T Um— T T T T T T T T ]
o I I 1
}l“ L | @ ]
Y \3 \3 ]
3F \||\ [l [l B
\ ]
IRNRE 3 ;
AR | ,
2F o NN | 1
300N ! ]
n NN i —
P SER W U ]

T N SO 1
| \\\ <~ | |

| | ~, |
| \\\ \\“ :

0 : T T
I I I i

l l l

1 i ! . ! .
0 1 2 3 4
w/w,

FIG. 14. Refractive index np (blue lines) and n_ (black lines) of
Eq. (5). The dashed (solid) lines correspond to the imaginary
(real) pieces of np and n_. The intermediary absorption zone,
o, <o < wg, has now amplified length. Here, o, = w,,
V| =2w,, and . =1 rads™. The (solid and dashed) blue
curves are thicker than the (solid and dashed) black lines.

3. Optical effects

Considering the configuration of the background vector
orthogonal to the magnetic field, the refractive indices (49)
and (50) are not associated with circularly polarized modes
[see Eq. (51a)]. In this panorama, the birefringence is better
characterized in terms of the phase shift per unit length,
given by

i i—ff(Re[nA] ~ Re[ng)). (55)

or, explicitly,

A 2z VP o V2
d Iy \/S_2Pa)2+dAB_ S_2Pa)2_:AB - (56)

where

[V[*
4P2*

Exp(w, |V]) =/ D* + (57)

In the high-frequency limit @ > (@.,®),), the phase
shift is

A2 20,07
A 2 | 2w 58)
d Ao\ Qow* = |V]H)w

As for the absorption effect for noncircularly propagat-
ing modes, one can define the difference of absorption
between the two modes per unit length, written as

A 2
= = == (mfny] ~ Iming]). (59)

0
For w, < w < w,,, the indices n, and np are purely
imaginary; see the corresponding dashed lines in Fig. 13
and 14. In this range, the absorption factor (59) is

Ay, 27 V2 V2 _
b 20 \/%_:AB_S_W C im,-s|. (60)

2Pw’?
For w < w,;, only the mode associated with n, is
absorbed. In this case, we can write the absorption
coefficient y = 2wIm|n], which is explicitly given by

VP

Fa)z—dAB—S. (61)

y =2w

076003-11



RIBEIRO, SILVA, and FERREIRA

PHYS. REV. D 109, 076003 (2024)

III. WAVE PROPAGATION ORTHOGONAL
TO THE MAGNETIC FIELD

For propagation orthogonal to the magnetic field, we can
implement n = (n,,n,,0) in Eq. (21). Furthermore, we
propose a parametrization for the wave propagation in the

n? —n2costa—S

2 2 2

—n®cosasina—iD —i(|V|/w)cos n* —n’sinfa— S
—i(|V]/w)cos¢sinp n*-p SE,

+i(|V|/@) sing sinp

The null determinant condition provides the following
dispersion relation:

(n2 - P)[D2 + S(n2 -9)] - (\V|/2a))2® =0, (64)
where

© = [2(P+S) —3n?| + 8Dw(P — n*)cos B/|V|
— (n* = 2P +28) cos(2p) + 2n?sin*(f) cos(2(a — ¢)).
(65)

A. Chiral vector parallel to the magnetic field
A chiral vector parallel to the magnetic field, V| B,
implies f# = 0, whose replacement in Eq. (64) yields the
index n?,

, (66)

2 _
nyp=1-

g, | &,

which is also given in Eq. (7) and is associated with the
same usual linear transversal mode.
It also provides a modified refractive index,

$2—D? |V +2D|V]w

=S So? (67)

associated with the elliptical propagating mode,

-,
n,-E=C,| 1 [, (68)
0
where
1

C,= (69a)

N

plane orthogonal to the magnetic field in terms of the angle
a between the propagation direction and the x axis,

n = n(cosa, sina, 0). (62)

Thus, Eq. (20) now reads

—n*cosasina+iD +i(|V|/w)cosp —i(|V|/w)singsinp | | SE,

+i(|V]/w)cosgsing | | 6E, | =0. (63)

i[D + (|V]/w)] — n* cos asina
& = 2 :

69b
n?sin’a — S (69b)

The refractive index n, has three cutoff frequencies, wj
and w;, given in Egs. (32) and (34).

1. About the index n,
The refractive index n, has the refractive index n as the
conventional cold plasma counterpart, given in (8), sharing
with it the same resonance frequency

w%—l—w

W = 2. (70)
Under the condition (35), n, shows two cutoff frequencies,
o} and w;, which are the same as those of Eqgs. (32) and
(34), respectively. These frequencies are marked in Fig. 15.
Moreover, we point out the following:

(i) For 0 < < w,, n, is imaginary, corresponding to

an absorption zone smaller than the usual one,

FIG. 15. Red line: index n, under the condition (35). Black
line: index ny. Dashed (solid) lines represent the imaginary (real)
pieces of n,, and n. Note that the chiral vector factor shortens the
first absorption zone and slightly augments the second one. Here
we use: @, = w,, |[V| =0.5w,, and w, = 1 rads™'. The (solid
and dashed) red curves are thicker than the (solid and dashed)
black lines.
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FIG. 16. Red line: plot of the index 7, under the condition (33).
Black line: plot of the index n. Dashed (solid) lines represent the
imaginary (real) pieces of n, and ng. The chiral vector reduces
the first absorption frequency window and enhances the second
one. Here we use: o, = @, |V| = 2w, and o, = 1 rad s~ The
(solid and dashed) red curves are thicker than the (solid and
dashed) black lines.

0 <w<w,,since w; < w,. See the black dashed
line in Fig. 15.

(ii) For o, <o < w.,, Re[n,]#0 and Im[n,] =0,
defining a propagation zone larger than the stan-
dard-case one (w; < ® < @,,).

(iii) Forw — w,,, there is a resonance, n,, — +o0, which

is the same behavior as in the usual case. For
w., <® < of, Re[n,] =0 and Im[n,]#0, and
another absorption zone is allowed.
(iv) For @ > wj, the quantity n, is always positive,
corresponding to a propagation zone, which in the
usual case begins at @ = w_.
Under the condition (33), n, has two roots, a),%, and
similar characteristics to those described above, as shown

in Fig. 16.

2. Opfical effects

For the configuration of a background vector parallel to
the magnetic field, the propagating modes obtained were
described by elliptical and linear polarized vectors, asso-
ciated with the refractive indices ny and n,,, respectively. In
this case, the birefringence is evaluated by employing the
phase shift per unit length,

A 2=x
5= " (Re[n7] — Re[n,]), (71)

which for the indices (66) and (67) reads

A 2% $?-D?> |V?+2D|V|®
—=""1VP- - . (72
d vp \/ S Sw? (72)

In the limit ® > (@), @), using the parameters S, D, and P
given in (4), such a phase shift reduces to

A 2z w? —|V|?
—="(1-/—).

In the usual case, where A/d & (ny — ng), the phase shift
is null in the high-frequency limit, a result recovered for
|[V| = 01in (73). Thus, the chiral vector is responsible for an
unusual dispersive birefringence in the high-frequency
domain.

Concerning the absorption for noncircularly propagating
modes, the difference in absorption between the two modes
per unit length,

Ay 2
=i — 2 (1mny] - Im[n,]), (74)
d X
yields
Ay, 27 V> +2D|V|w S — D?
—m_ 2 VP- - 75
d X Ve \/ Sw? S (75)

for the indices in Egs. (66) and (67). It is non-null for
0<w<wyp- and ., < ® < wg+, under the condition
(33) or (35), as shown in Figs. 15 and 16, respectively.

B. Background vector orthogonal to the magnetic field

Considering the chiral vector orthogonal to the magnetic
field, VLB, we take f — 7/2 in Eq. (64), yielding two
refractive indices,

S(P+S8)-=D?> |V|*sin*(a—¢) n
2, = - +- 1 (76
(7). 28 250” 1507 79)
where
1= /A2~ 16502 (P (8 — D?) - S|V]), (77a)

A=2(D*—S§?—PS)a?* — V| cos (2(a—p)) +|V[2. (77b)

The indices (n%), are related to the following electro-
magnetic modes:

—{y
(ny)y - EL =Cy 1 . (78)

|V](cos p+ily sin¢p)
a)(nzi—P)

where Cy is a normalization constant and

076003-13



RIBEIRO, SILVA, and FERREIRA

PHYS. REV. D 109, 076003 (2024)

_ Gt iD(n?sin®> a — S)(cos? ¢ — sin” ¢)

_ , (79
CY |/1|2 ( a)
with
¢, =y + D?*cos’ ¢ — n? cosasina(n®sin>a — S), (79b)
y = [(n?sin®a — §)? + (n* cosasina)?|singcos ¢, (79¢)
A= (n*sin>a—S)cos¢ — (n*cosasina+iD)sing. (79d)

The refractive indices in (76) have real and positive
roots @ | , associated with (ny), and @ | associated with
(ny)_. These frequencies are not presented here as they are
very extensive and intricate solutions of a sixth-order
equation in frequency.

In the following, some aspects of the indices (ny), will
be discussed. Figures 17 and 18 illustrate the general
behavior of (ny), for a—¢ =0 (V|n) and a—¢ =
7/2 (V_Ln), shown by the red and blue lines, respectively.

1. About the index (nv),

The refractive index (ny), can be compared to the index
ny, given in Eq. (66), which describes the usual transversal
mode. We find that (ny), has two cutoff frequencies, @
and @ ;. The behavior of (ny), is illustrated in Fig. 17,
which shows the following features:

(i) For0 < @ < w,, (ny), is imaginary, corresponding

to an absorption zone.

FIG. 17. Red (blue) line indicates the index (ny), fora—¢=
0 (a — ¢ = x/2). The black line illustrates n;. Dashed (solid)
lines represent the imaginary (real) pieces of (ny), and nj.
The chiral factor allows a new intermediary propagating zone
forw, <o < w,, which is followed by a new absorption zone
for w, < ® < w,,. Here we use o, =w,, |V|=2w,, and
. = 1 rads™!. The black line is the thinnest one (solid and
dashed parts). The blue line is lower than the red curve (solid
and dashed pieces).

FIG. 18. Red (blue) line: plot of the index (ny)_ fora—¢ =0
(o — ¢ = n/2). Black line: plot of the index n,. Dashed (solid)
lines represent the imaginary (real) pieces of (ny)_ and ny. The
chiral factor enhances the length of the two absorption zones.
Here we use o, = ,, |V| = 2w, and w, = 1 rads™". The black
line is the thinnest one (solid and dashed parts). The red line is
lower than the blue curve (solid and dashed pieces).

(i) For o, <w < w,, there is an attenuation-free
propagation zone where Re[(ny),.]#0 and
Im[(ny),] = 0. In the standard case, there is an
absorption zone in this range.

(iii) For w — w,, (ny), has an unusual discontinuity, as
shown in Fig. 17. For w, < @ < w,,, the index
(ny), is imaginary and there is an absorption zone.
This aspect contrasts with the usual case, where ny is
always real for @ > w,,.

(iv) Forw > w,,, (ny), is real, yielding an attenuation-
free propagation zone.

2. About the index (ny)_

The index (ny)_ is a modification of the index n), given
in Eq. (8), associated with the usual extraordinary mode.
The former has a cutoff frequency at w,,, as shown in
Fig. 18. Some aspects of (ny)_ are summarized below.

(i) For 0 < w < w,, there is an absorption zone where

Re[(ny)_| =0 and Im[(ny)_| #0. For o = w,,
(ny)_ has a discontinuity, as noticed in Fig. 18.
For w, < ® < w,, the index (ny)_ is real, corre-
sponding to a propagation window. As w,, > @, the
first absorption zone is enlarged while the first
propagating window is shortened.

(ii) For @ = @, (ny)_— co, which is the same

behavior as in the usual case, as indicated in Fig. 18.
For w., <® < w, ., the index (ny)_ is purely
imaginary and the associated mode is absorbed.
As w, > w_, this second absorption zone is also
enlarged in comparison with the usual-case one.

(iii) For o > @, the quantity (ny)_ is always real,

corresponding to an attenuation-free propagation
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zone. In the standard case, the propagation zone
occurs for w > w_.

3. Opfical effects

For this configuration, there are two elliptical propagat-
ing modes associated with the refractive indices (ny),,
given in Eq. (76). Thus, the birefringence is measured in
terms of the phase shift per unit length,

A 2m

"7 ((ny) = (ny)-). (80)

Using the indices (76), the latter becomes

A 2rx p— =
S-mE-vTED. @)
where
S(P +S) - D?
= —5 (82a)
_ V|2 sin?(a —
28w

In the high-frequency limit, where o > (o, ®,),
Eq. (81) becomes

G WA Ve 0 = 4 Ve o), (53)

with

£x = +\/|V] 480 + Fcos(2a— ¢))

—2|V[?sin?(a — ¢). (83b)

7= (8w* = 2|V[*) + |V|* cos(2(a — ¢)). (83c)
In this limit, the usual-case result, A/d = 0, is recovered
for |V| — 0.

Considering the lossy effect, one observes that electro-
magnetic modes associated with the refractive indices
(ny), are absorbed for @ < @, (see the dashed line in
Figs. 17 and 18). In this range, we can write the difference
of absorption between the two modes per unit length,

AIm 2z
= 70 miny), ] —Im{(ny) ). (84)

or

%:i_ﬁ E_-M-yE -N). (85

For ., < ® < w4, only (ny)_ has a non-null imaginary
piece. Then, the corresponding absorption coefficient
y = 2wIm[(ny)_] in this range is

y =2w\/E, , —IL (86)

On the other hand, for w, < @ < w,,, only (ny), has an
imaginary piece, which implies the following absorption
coefficient:

y =2w\/E,_—IL (87)

In the usual case, the two electromagnetic modes are
absorbed for w < w,, since the indices ny and ny are
purely imaginary in this range.

IV. FINAL REMARKS AND PERSPECTIVES

Electromagnetic-wave propagation and absorption in a
cold magnetized plasma were analyzed in the case of the
spacelike MCFJ theory, which entails the AHE current
term, J,; = k4 X E. Here, the background vector repre-
sents the chiral factor of the system. Using the usual cold
plasma permittivity tensor and the modified Maxwell
equations, we obtained the dispersion relation and corre-
sponding refractive indices for two main situations: (i) wave
propagation along the magnetic axis (see Sec. II) and
(ii) wave propagation orthogonal to the magnetic axis (see
Sec. III). These two scenarios were examined for two
possible configurations of the chiral vector: longitudinal
and orthogonal to the magnetic field.

In Sec. I A, we discussed wave propagation along the
magnetic field with the chiral vector in the same direction.
The modified refractive indices ng and n; were obtained,
being associated with RCP and LCP modes, respectively.
Their properties were carefully examined in order to
determine how the conventional propagation and absorp-
tion zones are affected. Figures 1, 2, 3, and 4 display the
dispersive behavior of these indices, which are also scruti-
nized in the plots of the dispersion relations (see Figs. 5, 6,
and 7). The appearance of new absorption or propagation
zones, as well as the length increase or reduction of these
zones, are the main effects induced by the chiral vector. In
contrast with the cold plasma under a scalar chiral factor
[74], the present plasma model does not manifest negative
refraction.

In the very-low-frequency regime, the propagating
modes were analyzed and there occurs the possibility of
propagating RCP [Eq. (38a)] or LCP helicons [Eq. (38b)],
another effect stemming from the chiral vector. However,
only one of them can propagate for each choice of the chiral
vector magnitude. This is an additional point of distinction
in comparison with the cold plasma with a scalar chiral
factor of Ref. [74], where both RCP and LCP helicons
could propagate simultaneously.

The circular birefringence in Sec. II A was evaluated in
terms of the RP for the refractive indices ny and n;, under
the two conditions for the magnitude of the chiral vector,
V| > @} /w,. and |V| < w%/w,.. The corresponding RPs
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are depicted in Figs. 9 and 10, respectively, being the
former endowed with sign reversion. Such an inversion
occurs in scenarios of rotating plasmas [94], where the RP
changes sign and decays as 1/w? for high frequencies. It
also occurs in the MCFJ chiral plasma with a timelike
component, V [74], where the RP reverses and tends to an
asymptotic value, —V. In the present case, an analogous
behavior occurs: the RP reverses and tends to the asymp-
totic value —|V/|/2. Therefore, it is worth discussing the
possibility of using the RP to characterize chiral plasmas
described by the effective MCFJ electrodynamics (con-
cerning the scalar or vector chiral factor). In this sense, one
can compare the RP of Fig. 9 with that of Fig. 14 of
Ref. [74] and note a substantial similarity: both are
endowed with sign reversal and asymptotic negative values.
The main difference between them takes place near the
origin when the former RP tends to zero. Concerning the
RP depicted in Fig. 10, the behavior is similar to those of
Figs. 15 and 16 of Ref. [74] in the range 0 < w < .., but
different for @ > w,., where the latter become positive due
to the negative refraction, while the present RP is negative
(see Fig. 10). Thus, we reinforce that the RP behavior may
constitute a route to distinguish between the MCFJ cold
plasmas with scalar or vector chiral factors, that is, cold
plasmas with a magnetic current (CME) and the AHE. As
for the absorption zones, the coefficient of circular dichro-
ism reveals a behavior analogous to that of the conventional
cold plasma under the condition (35).

In Sec. II B, we considered the case of propagation along
the magnetic field and the chiral vector orthogonal to it. The
refractive indices were obtained and their properties were
examined. The associated modes have mixed transversal
and longitudinal components, with elliptical polarization in
the transversal sector. Thus, the birefringence and the
dichroism were measured in terms of phase shift coef-
ficients per unit length.

The general dispersive behavior of the refractive indices
obtained in this case is represented by Figs. 13 and 14. The

TABLE L.
that the entry does not apply to the mentioned plasma model.

zones of attenuation-free propagation and absorption are
defined by several characteristic frequencies, determined
by Egs. (52) and (53). In comparison with the usual cold
plasma scenario, some differences are noted. The dispersive
refractive index of Fig. 13 presents two absorption zones
with a propagation regime between them. For the case
depicted in Fig. 14, the absorption zone is increased by
Aw = wp — w_ 1in relation to the usual case.

The scenario of propagation orthogonal to the magnetic
field was addressed in Sec. IIl, also considering the cases
with a chiral vector parallel and orthogonal to the magnetic
field. Besides the usual transversal mode of Eq. (66), in
Sec. IIT A we obtained a second refractive index associated
with a general elliptically polarized propagating mode. Its
dispersive behavior under the condition (35) is represented
in Fig. 15, revealing that the chiral vector narrows the first
absorption zone and slightly increases the second one, in
comparison with the usual cold plasma. For condition (33),
the chiral vector shortens the first window of absorption
and greatly enhances the second one; see Fig. 16. The
birefringence and absorption effects were evaluated in
terms of the phase shift of Eq. (72) and the coefficient
of Eq. (75), respectively.

In Sec. III B, the case of the chiral vector orthogonal to
the magnetic field was discussed. The intricate dispersive
behaviors of the refractive indices obtained in this case are
represented in Figs. 17 and 18. Compared to the standard
cold plasma, we note that in Fig. 17 a new absorption zone
appears between the two propagation windows, while the
chiral vector decreases the first one. In Fig. 18, the two
absorption zones are enlarged compared to the correspond-
ing zones of the usual cold plasma.

General properties of three distinct cold plasma electro-
dynamics, namely, (i) standard cold plasma, (ii) cold
plasma with magnetic current, (iii) cold plasma with
anomalous Hall current (the present article), are sumarized
in Tables I and II for Faraday and Voigt configurations,
respectively, comparing aspects of the propagating modes,

Propagation properties of cold plasmas in distinct contexts for the Faraday configuration (k|/B). The symbol “ - - means

Cold plasma in usual

Cold plasmas in MCFJ

Cold plasmas in MCFJ theory with

electrodynamics theory with Jz = kg B anomalous Hall current (AHE)
Propagating modes RCP and LCP RCP for ng 4, LCP for VB V1B
ny g; see Ref. [74] LCP and RCP Elliptical
Birefringence RP, RP 6, and RP (40) Phase shift (56)
6 = —9%(Re[n,| —Re[n_]) Sgg; see Ref. [74]
RP inversion No Yes Yes, under the condition (35)
Absorption Yes (dichroism) Yes (dichroism) Yes, (dichroism) Coefficients (60)

Helicons RCP

RCP and LCP, enabled by
the magnetic current

coefficient (46)

RCP or LCP
(nonsimultaneous); see Eq. (38)

and (61)
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TABLE IL
that the entry does not apply to the mentioned plasma model.

Propagation properties of cold plasmas in distinct contexts for the Voigt configuration (k_LB). The symbol “ - -’ means

Cold plasmas in usual
electrodynamics

Cold plasmas in MCFJ
theory with Jp = kB

Cold plasmas in MCFJ theory with
anomalous Hall current (AHE)

Propagating modes Linear for ny and elliptical

for ng
Birefringence Phase shift
RP inversion

Absorption Yes

Helicons

Mixed elliptical, V|IB
in general

Phase shift

V1B
Elliptical

Phase shift (81)

Elliptical
Phase shift (72)

Yes Yes, given by
Eq. (75)

Yes, given by Eqgs. (85),
(86), and (87)

birefringence, RP inversion, and heli-
con modes.

It is important to state that the present investigation has
led to plasma solutions in a static axion scenario, d,0 = 0,

with a spatially dependent axion field,

absorption,

O(r)=V-r, (88)
such that VO = V = cte, similar to the one considered to
examine the axionic Casimir-like effect in Ref. [73]. An

interesting future perspective consists in examining plasma
modes in the context of the axion Lagrangian,

1
L=~ G"F, +g0(E-B), (89)

and the corresponding equations of motion,

V.D=J0—gVé. B, (90)
oD
VXH—E:J—Q(OZQ)B—I—gV@xE, (91)

in a time-dependent scenario. For an oscillating axion
field 6(¢) = 6y exp(iw,t), considering a situation in which
the axion field oscillates at the same frequency as the

electromagnetic field, cold plasma modes may be found
by employing the same framework as in the present work.
A model with an oscillating axion background was
recently considered for examining Casimir forces [99],
with an axion field 8 = 0, sin(w,t). A plasma investiga-
tion in this time-dependent scenario seems to be a
promising perspective. Another possibility is to examine
optical properties with astrophysical interest, such as the
time of arrival of radio waves from pulsars, in the chiral
plasma scenario of the present work and that of Ref. [74].
It may involve the evaluation of group velocity and time
delay [100], which can be accomplished in the regime of
free propagation for each of the cases examined.
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