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Axion-pion scattering amplitudes at finite temperatures are calculated within chiral perturbation theory
up to the one loop level. Unitarization procedure is implemented to these amplitudes in order to extend the
applicable range of energy and temperature. The influence of the thermal axion-pion scattering amplitudes
on the aπ → ππ cross sections and the axion thermalization rate is investigated, with the emphasis on the
comparison with the zero-temperature-amplitude case. A brief discussion on the cosmological implication
of the axion thermalization rate, which is calculated by using the aπ → ππ amplitudes at finite
temperatures, is also given. The thermal corrections to the axion-pion scattering amplitudes can cause
around a 10% shift of the determination of the axion decay constant fa and its massma, comparing with the
results by using the aπ → ππ amplitudes at zero temperature.
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I. INTRODUCTION

The conjectural particle axion constitutes a dynamical
research subject in many areas of physics, including
particle physics, cosmology, astronomy, etc. [1–6]. The
primary aim of the QCD axion is to solve the strong CP
problem, which can be elegantly addressed within the
Peccei-Quinn (PQ) mechanism [7–9]. The axion is con-
jectured to be a Nambu-Goldstone boson that arises from
the spontaneous breaking of a global Uð1ÞPQ symmetry at
some high energy scale fa, also known as the axion decay
constant. The key idea of the PQ mechanism is to promote
the anomalous term θGG̃ in QCD, beingG and G̃ the gluon
filed tensor and its dual, by the dynamical axion field a
as a

fa
GG̃, which softly breaks the Uð1ÞPQ symmetry and

makes the axion actually a pseudo-Nambu-Goldstone
boson (pNGB). In fact the anomalous a

fa
GG̃ term is

commonly regarded as the model independent part in the
construction of various axion models. Being the essential
QCD nature, axion inevitably interacts with the hadrons
and intensive investigations are carried out to find evidence
for such interactions [4].

One attractive way to trace the axion imprint is to study
the axion production in the thermal medium of the early
Universe. Below the critical temperature (Tc ∼ 150 MeV)
of QCD phase transition, the quarks and gluons are
confined inside hadrons and consequently one needs the
axion-hadron interactions as inputs to reliably calculate
the axion production in the thermal bath. As the lightest
QCD hadron, the pions are expected to provide the most
important sources for the axion production below Tc.
Indeed, continuous efforts have been made to refine the
axion-pion interactions in recent years, in order to improve
the cosmological constraints on the axion properties. In a
pioneer work [10], the axion-pion scattering amplitude is
calculated by taking the leading-order (LO) chiral pertur-
bation theory (χPT). The LO χPT axion-pion amplitude is
adopted in many sequential works to constrain the axion
decay constant fa or its mass ma [11–15]. Recently, the
calculation of the axion-pion scattering amplitude is pur-
sued up to the next-to-leading order (NLO) in χPT, and an
important finding is that the perturbative χPT results
become unreliable for the temperature T > 62 MeV, due
to the loss of convergence of the chiral expansion for the
axion thermalization rate [16]. Later on, different strategies
are proposed to extend the applicable region of the χPT
amplitudes in Refs. [17,18]. The inverse amplitude method
(IAM) is employed in Ref. [18] to unitarize the NLO axion-
pion amplitude. While, in Ref. [17] it is assumed that the
axion-pion amplitudes can be approximated by scaling the
pion-pion amplitudes with the axion-pion mixing strength
factor. It is pointed out that in all the previous works the
axion thermalization rates are calculated by taking the
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axion-pion scattering amplitudes at zero temperature,
instead of the thermal ones, as an approximation. In this
work, we fill this gap by performing the aπ → ππ scattering
amplitudes at finite temperatures in χPT up to the one-loop
level. Then we briefly study the influence of the thermal
aπ → ππ amplitudes on the axion thermalization rates and
the determinations of the axion parameters by confronting
the extra effective number of relativistic thermal degrees of
freedom ΔNeff .
This article is organized as follows. In Sec. II, we

elaborate the relevant axion chiral Lagrangian and the
calculation of aπ → ππ scattering amplitudes at finite
temperatures up to the one-loop level. A survey of thermal
corrections to the scattering amplitudes will be also given in
this section, with the emphasis on comparing with the zero-
temperature amplitudes used in literature. In Sec. III, a brief
discussion about the cosmological constraints on the axion
parameters relying on the averaged axion thermalization
rates calculated from the thermal aπ → ππ scattering
amplitudes will be presented. We give a short summary
and conclusions in Sec. IV. Technical details about the
calculations of thermal loops and phase space integrals are
given in Appendices.

II. AXION-PION SCATTERING AMPLITUDES
AT FINITE TEMPERATURES

A. Relevant axion χPT Lagrangians

In this work we stick to the minimal QCD axion
Lagrangian

LaQCD ¼ LQCD þ 1

2
∂μa∂μaþ a

fa

g2s
32π2

Gc
μνG̃

μν
c ; ð1Þ

with the dual of the gluon tensor G̃μν
c ≡ εμνρσGc

ρσ=2.
Various extensions of the axion interactions with quarks,
leptons and photons can be found in many recent reviews
[1–6]. By performing the quark field transformation
q → ei

a
2fa

Qaγ5q, being Qa a 2 × 2 Hermite matrix in quark
flavor space with TrðQaÞ ¼ 1, one can eliminate the
anomalous term aGG̃ and in the meantime also introduce
additional axial-vector coupling

−
∂μa

2fa
q̄γμγ5Qaq; ð2Þ

and a modification to the quark mass term as

−q̄ei
a

2fa
Qaγ5Mqe

i a
2fa

Qaγ5q; ð3Þ
where Mq corresponds to the two-flavor quark mass
matrix Mq ¼ diagðmu;mdÞ.
Based on these ingredients, the axion χPT Lagrangian

can be constructed order by order as the usual χPT [19,20]

LaχPT ¼ 1

2
∂μa∂μaþ L2 þ L4 þ � � � : ð4Þ

The LO axion χPT Lagrangian atOðp2Þ in the SUð2Þ reads

L2 ¼
F2

4
h∂μU∂

μU† þ χaU† þ Uχ†ai þ ∂μa

2fa
JμAjLO; ð5Þ

where F corresponds to the pion decay constant at LO,
χa ¼ 2B0MqðaÞ, and the axion dressed quark mass matrix
MqðaÞ is given by

MqðaÞ ¼ e−i
a

2fa
QaMqe

−i a
2fa

Qa : ð6Þ

The pion fields are collected in U ¼ ei
ffiffi
2

p
Φ=F with

Φ ¼
 π0ffiffi

2
p πþ

π− − π0ffiffi
2

p

!
: ð7Þ

JμAjLO stands for the axial-vector current −q̄γμγ5Qaq in
Eq. (2) at the hadron level from the LO χPT

JμAjLO ¼ −i
F2

2
hQað∂μUU† þU†

∂
μUÞi: ð8Þ

In literature sometimes different assignments for the chiral
transformation behaviors of the chiral building blocks, espe-
cially the axion dressed quarkmass terms, are assumed in the
calculation. Here we follow the conventions of the seminal
χPT works in Refs. [19,20] for the chiral transformation
behaviors of thevarious buildingblocks:χ ≡ 2B0ðsþ ipÞ →
χ0 ¼ VRχV

†
L (so that the QCD quark mass term −q̄Rðsþ

ipÞqL þ H:c: is chiral invariant), and U → U0 ¼ VRUV†
L,

the latter of which implies that the covariant derivative takes
the form DμU ¼ ∂μU − irμU þ iUlμ, with the relations
between the right/left-hand (rμ=lμ) and vector/axial-vector
(vμ=aμ) external sources: rμ ¼ vμ þ aμ and lμ ¼ vμ − aμ.
The sign conventions introduced in Eq. (6) for the axion
dressed quark mass and Eq. (8) for the axial-vector current
are consistent with the just mentioned definitions of chiral
transformation behaviors used in Refs. [19,20]. It is men-
tioned that there is aminus sign difference for the definition of
hadronic axial-vector currents between ours in Eq. (8) and the
one in Ref. [18].
Regarding the choice ofQa, it is noticed in Ref. [21] that

by taking

Qa ¼
M−1

q

hM−1
q i ; ð9Þ

the mass mixing between axion and pion will be auto-
matically eliminated at LO. Nevertheless, the last term in
Eq. (5) will lead to the kinematic mixing for axion and pion.
To be definite in our calculation, we will take the form of
Qa in Eq. (9) throughout, although the physical quantities
should remain the same with different choices of Qa.
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The axion-pion scattering amplitudes receive the NLO contributions at Oðp4Þ both from the loops by taking the LO
vertices in Eq. (5) and the Oðp4Þ local chiral operators [19,22]

L4 ¼
l3 þ l4
16

hχaU† þ Uχ†aihχaU† þ Uχ†ai þ l4
8
h∂μU∂

μU†ihχaU† þ Uχ†ai

−
l7
16

hχaU† −Uχ†aihχaU† −Uχ†ai þ h1 − h3 − l4
16

½ðhχaU† þUχ†aiÞ2

þðhχaU† −Uχ†aiÞ2 − 2hχaU†χaU† þ Uχ†aUχ†ai� þ ∂μa

2fa
JμAjNLO; ð10Þ

where the NLO piece of the axial-vector current is

JμAjNLO ¼ −il1hQaf∂μU;U†gih∂νU∂
νU†i

− i
l2
2
hQaf∂νU;U†gih∂μU∂

νU† þ ∂
νU∂

μU†i

− i
l4
4
hQaf∂μU;U†gihχaU† þ Uχ†ai: ð11Þ

Notice that only the terms relevant to this work are kept in
Eqs. (10) and (11). Another subtlety issue is that by taking
Qa in Eq. (9) the axial-vector currents JμAjLO and JμAjNLO
will contain the isosinglet components, which are closely
related to the QCD UAð1Þ anomaly and the massive η0. A
consistent framework to handle the isosinglet axial-vector
current is the Uð3Þ chiral theory [23,24], and this is beyond
the scope of the present study. It is noted that the isosinglet
components from both the LO and NLO hadronic axial-
vector currents in Eqs. (8) and (11) vanish. We remind that
when new dynamical degrees of freedom are incorporated
into the χPT framework, in general additional operators
could be constructed accordingly, apart from the Gasser-
Leutwyler types in Refs. [19,20]. Awell-known example of
such kind is given in the series of works in Refs. [25–28],
where it is demonstrated that when photons are considered
as dynamical fields running in the loops a plethora of new
operators will be needed in the chiral Lagrangian. However,
it is pointed out that the virtual corrections from the axion
loops will be extremely suppressed by the extra ð1=faÞ2
factors in the axion-pion amplitudes and hence we do not
further consider such possible effects in this work.
We use the imaginary time approach to include the finite-

temperature effects [29–31]. Within the framework of χPT
[32,33], the thermal corrections only enter via the chiral
loops, while the low energy constants (LECs) li and hi
accompanying the local operators in Eqs. (10) and (11) do
not depend on the temperatures. This in turn implies that
once the values of the unknown LECs are fixed at zero
temperature one can make pure predictions at finite temper-
atures. In Appendix A, we give relevant formulas for the
one-loop integrals at finite temperatures.

B. Calculation of axion-pion scattering amplitudes
at finite temperatures up to one loop

For the calculation of the amplitudes, one needs to
address the LO a − π0 mixing first. After taking the specific
form of Qa in Eq. (9), the a-π0 mixing at LO is exclusively
caused by the ∂μaJ

μ
AjLO term in Eq. (5), which leads to

δaπ∂μa∂μπ0 with

δaπ ¼
δIF
2fa

; δI ¼
md −mu

md þmu
: ð12Þ

By taking the field redefinition: a → a − δaππ
0 þOð1=f2aÞ,

π0 → π0 þOð1=f2aÞ, one can eliminate the mixing term of
axion and π0 at LO and in the meantime render the
coefficients of their kinetic terms as 1=2 at the level of
Oð1=faÞ (see Appendix B). Nevertheless, the a-π0 mixing
will appear againatNLOin the chiral expansion,which leads
to a nondiagonal two-point functionsGijwith i; j ¼ a; π0. In
Appendix B, we give a detailed discussion about the two-
point functions up to NLO, along with the temperature
dependence of the axion and pion masses. The terms of
Oð1=f2aÞ will be neglected in the calculation of the axion-
pion scattering amplitudes throughout.
The axion-pion scattering amplitudes can be extracted

from the four-point Green functions by using the Lehmann-
Symanzik-Zimmermann (LSZ) reduction formula, as done
in Ref. [16]. Retaining the contributions up to NLO, the
aπ0 → πþπ− and aπ0 → π0π0 scattering amplitudes read

Maπ0;πþπ− ¼
�
1þ 3

2
Σð4Þ0
ππ ðm2

πÞ
�
Að2Þ
aπ0;πþπ−

þ Að4Þ
aπ0;πþπ− −

Σð4Þ
aπ0

ð0Þ
m2

π
Að2Þ
π0π0;πþπ− ; ð13Þ

Maπ0;π0π0 ¼
�
1þ 3

2
Σð4Þ0
ππ ðm2

πÞ
�
Að2Þ
aπ0;π0π0

þ Að4Þ
aπ0;π0π0

−
Σð4Þ
aπ0

ð0Þ
m2

π
Að2Þ
π0π0;π0π0

; ð14Þ

and the other two charged channels aπþ → πþπ0 and
aπ− → π0π− are connected to aπ0 → πþπ− by crossing

AXION-PION SCATTERING AT FINITE TEMPERATURE IN … PHYS. REV. D 109, 075030 (2024)

075030-3



symmetry. The quantities of Að2;4Þ
aπ;ππ and Að2Þ

ππ;ππ in Eqs. (13)
and (14) stand for the amputated four-point Green functions

by taking the physical masses for the external states. Σð4Þ
ππ

and Σð4Þ
aπ are the two-point one-particle-irreducible (1PI)

amplitudes whose expressions can be found in Appendix B,

and Σð4Þ0
ππ stands for the derivative of Σð4Þ

ππ . The superscripts
(2) and (4) denote the chiral orders. The corresponding

Feynman diagrams for the amputated amplitudes Að2;4Þ
aπ;ππ and

Að2Þ
ππ;ππ can be seen in Fig. 1. The NLO amplitudes consist

two parts: the chiral loops with the LO vertices (5) and the
pieces contributed by the Oðp4Þ local operators.
For the aðp1Þπðp2Þ → πðp3Þπðp4Þ scattering amplitude

at finite temperatures, it can be decomposed into two parts:
the zero temperature part and the thermal correction one,

Maπ;ππ ¼ MðT¼0Þ
aπ;ππ þ ΔMðTÞ

aπ;ππ: ð15Þ

The amplitude MðT¼0Þ
aπ;ππ at zero temperature up to one loop

has been computed and then plugged into the phase space
integrals weighted by the Bose-Einstein (BE) distribution
factors to estimate the axion thermal rates in Refs. [16,18].
As an improvement, we calculate the thermal correction

part ΔMðTÞ
aπ;ππ up to one loop in this work, and its full

expressions are given in Appendix C. It is noted that at
finite temperatures the commonly adopted Mandelstam
variables

s¼ðp1þp2Þ2; t¼ðp1−p3Þ2; u¼ðp1−p4Þ2; ð16Þ

are not enough to describe the thermal amplitudes

ΔMðTÞ
aπ;ππ , due to the loss of the Lorentz invariance at

finite temperature T. As shown later in Appendix C it is
convenient to introduce the four momenta ps, pt, pu,
corresponding to s, t, u, respectively, to describe the
thermal amplitudes [34]

ps ¼p1þp2; pt¼p1−p3; pu ¼p1−p4: ð17Þ

In general the thermal amplitude can depend on the
temporal and spatial components of the four momenta in
a separate manner, as can be seen in Appendix C. Due to

the rotation invariance, the number of independent kin-
ematic variables in the finite-temperature amplitudes is
five, and this number is also the effective dimension of the
phase space integral in the evaluation of axion rate. In
Appendix D we will illustrate in detail about the five
specific kinematic variables to calculate the phase space
integral.
Due to the momentum expansion feature of χPT, its

amplitudes are not expected to be convergent well at
relatively high energy regions, especially where the reso-
nances can appear. In Ref. [16], it is demonstrated that the
axion thermalization rates calculated from the NLO χPT
amplitudes are questioned to be valid above T > 62 MeV.
In the thermal bath the mean energy of a particle increases
when the temperature raises. E.g., it was estimated in
Ref. [16] that the mean energy of the pion at T ¼ 100 MeV
is hEπi ≃ 350 MeV. To restore the unitarity relations of the
partial-wave (PW) amplitudes can extend the applicable
energy region of the perturbative χPT results and generate
the heavier resonances that can paly relevant roles at finite
temperatures. Therefore the unitarization procedure also
provides an efficient way to enlarge the validity region of
temperatures for the perturbative χPT amplitudes. We will
use the inverse amplitude method (IAM) [35–38] to
perform such unitarization, which will be done in the
isospin (I) bases

Maπ0;I¼0 ¼ −
2ffiffiffi
3

p Maπ0;πþπ− −
1ffiffiffi
3

p Maπ0;π0π0 ; ð18Þ

Maπ0;I¼2 ¼ −
ffiffiffi
2

3

r
Maπ0;πþπ− þ

ffiffiffi
2

3

r
Maπ0;π0π0 ; ð19Þ

Maπþ;I¼1 ¼ −
ffiffiffi
1

2

r
Maπþ;πþπ0 þ

ffiffiffi
1

2

r
Maπþ;π0πþ ; ð20Þ

Maπþ;I¼2 ¼ −
ffiffiffi
1

2

r
Maπþ;πþπ0 −

ffiffiffi
1

2

r
Maπþ;π0πþ ; ð21Þ

where the conventions jI; I3i of the pions: jπþi ¼ −j1; 1i,
jπ−i ¼ j1;−1i and jπ0i ¼ j1; 0i are used to obtain the above
relations. Slight differences of the isotensor amplitudes in

FIG. 1. Feynman diagrams of the amputated four-point Green functions in Eqs. (13) and (14). The dashed line stands for the axion
field and the solid line corresponds to the pion field. The number n for each vertex denotes its chiral order ofOðpnÞ. Diagrams 1(a)–1(f)
denote Að2;4Þ

aπ;ππ , and diagram 1(g) corresponds to Að2Þ
ππ;ππ which will be multiplied by the NLO a-π0 mixing to give one type of

contributions to the aπ → ππ scattering amplitudes at Oðp4Þ, i.e., the last terms in Eqs. (13) and (14).

JIN-BAO WANG, ZHI-HUI GUO, and HAI-QING ZHOU PHYS. REV. D 109, 075030 (2024)

075030-4



Eqs. (19) and (21) arise due to the isospin breaking effects in
the axion-pion interactions.
At finite temperature T, we will work in the center of

mass (CM) frame to perform the PW expansion

Maπ;IðEcm; cos θÞ ¼
X
J

ð2J þ 1ÞPJðcos θÞMaπ;IJðEcmÞ;

ð22Þ

in order to proceed the unitarization procedure, with
PJðcos θÞ the Legendre polynomials. In the CM frame
all the kinematic variables appearing in the thermal
amplitudes can be related to the energy Ecm and the
scattering angle θ defined in that frame. The PWamplitudes
with definite angular momentum J can be obtained via
Eq. (22) by performing the PW integrals

Maπ;IJðEcmÞ ¼
1

2

Z þ1

−1
d cos θMaπ;IðEcm; cos θÞPJðcos θÞ:

ð23Þ
We follow the IAM procedure to construct the unitarized
PW aπ → ππ amplitude at finite temperature

MIAM
aπ;IJ ¼

ðMð2Þ
aπ;IJÞ2

Mð2Þ
aπ;IJ −Mð4Þ

aπ;IJ

; ð24Þ

where Mð2Þ
aπ;IJ and Mð4Þ

aπ;IJ denote the χPT amplitudes at
Oðp2Þ and Oðp4Þ, respectively. The s-channel thermal

unitariy relation of the amplitude Mð4Þ
aπ;IJ takes the form

ImMð4Þ
aπ;IJðEcmÞ ¼

σπðE2
cmÞ

32π

×

�
1þ 2nB

�
Ecm

2

��

×Mð2Þ;IJ�
ππ;ππ Mð2Þ

aπ;IJ; ðEcm > 2mπÞ ð25Þ

with

σπðsÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4m2
π

s

r
; ð26Þ

and the BE distribution factor

nBðEÞ ¼
1

e
E
T − 1

: ð27Þ

In the zero-temperature limit, the BE distribution factor
nBðEÞ tends to vanish and the thermal unitarity relation in
Eq. (25) recovers the standard one at zero temperature
given in Ref. [18]. A subtle difference comes up in the
finite-temperature case that additional thermal Landau cuts
generally appear [39–41]. E.g., in the Kπ → Kπ scattering

process, the thermal Landau cuts generated in the u channel
show up in the physical energy region above the Kπ
threshold [41]. In the current study of the aπ → ππ process,
apart from the thermal unitarity cuts shown in Eq. (25),
there are also thermal Landau cuts in the energy region
Ecm > 2mπ contributed from both the t and u channels,
which magnitudes turn out to be generally much smaller
than the unitarity cuts.

C. Surveys of the thermal corrections to the axion-pion
scattering amplitudes and cross sections

In this part, we examine to what extent the finite-
temperature corrections can affect the axion-pion scattering
amplitudes and cross sections, comparing with the zero-
temperature results. To make close comparison with the
zero-temperature study of Ref. [18], we will take the same
inputs for the Oðp4Þ LECs and other parameters as those
used in the former reference, i.e., in perturbative calculation
we take l̄1 ¼ −0.36ð59Þ, l̄2 ¼ 4.31ð11Þ, l̄3 ¼ 3.53ð26Þ,
l̄4 ¼ 4.73ð10Þ, l7 ¼ 0.007ð4Þ, together with mu=md ¼
0.50ð2Þ, Fπ ¼ 92.1ð8Þ MeV and mπ ¼ 137 MeV; while
for the IAM results we take the combinations l̄1 − l̄2 ¼
−5.95ð2Þ, l̄1 þ l̄2 ¼ 4.9ð6Þ, and others are same as the
perturbative case.
In Fig. 2, we give the magnitudes of different PW

amplitudes at T ¼ 0, 100 and 155 MeV. The first lesson we
can learn from this figure is that the thermal corrections to
the perturbative NLO amplitudes are insignificant up to
T ¼ 155 MeV. Regarding the unitarized amplitudes, the
largest thermal effects appear in the IAM amplitudes for the
IJ ¼ 11 channel and clear deviations can be seen in this
case when increasing the temperatures, while the thermal
corrections to the IAM amplitudes in other channels look
small up to T ¼ 155 MeV.
We then calculate the cross sections for the aπ → ππ in

charged bases, both at zero and finite temperatures,

σðEcmÞ ¼ N
1

16ð2πÞ2E2
cm

jp⃗fj
jp⃗ij

Z
dΩjMj2; ð28Þ

where jp⃗ij and jp⃗fj are the magnitudes of three-momenta of
the initial and final particles in the CM frame, andN ¼ 1=2
for identical particles and otherwise N ¼ 1. The compar-
isons are shown in Fig. 3. For the evaluation of the cross
sections by using the perturbative amplitudes, one can
expand the amplitude squared as

jMj2 ¼ jMð2Þj2 þ 2Mð2ÞReðMð4ÞÞ þ jMð4Þj2; ð29Þ

where the property that the LO Mð2Þ is real has been used.
In later discussions, we will denote σLO as the LO cross
section when taking jMð2Þj2 in Eq. (29), and designate
σNLO when taking the first two terms of Eq. (29), and σNLO0

when taking all the three terms of Eq. (29) to evaluate the
cross sections in Eq. (28). When using the unitarized IAM
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amplitudeMIAM in Eq. (24) to calculate the cross sections,
the result is simply denoted as σIAM. One can gain a rough
estimate about how the next-to-next-to-leading order per-
turbative corrections may affect the cross sections by
comparing σNLO with σNLO0 at low energies.
The curves corresponding to the IAM amplitudes in

Figs. 2 and 3 are considered to be the preferred results in
this work. By taking a closer look at different curves, one
can gain a rough conclusion that the perturbative NLO
amplitudes begin to be unreliable around E ≃ 0.5 GeV,
above which the next-to-next-to-leading order and IAM
results begin to deviate noticeably.
The resonant shapes of the IAM amplitudes around

0.7–0.8 GeV in the IJ ¼ 11 channel in Fig. 2, i.e., the black
lines in bottom left panel of this figure, clearly indicate the
existence of the ρð770Þ resonance. To search the precise
resonance pole position, we need to extrapolate the IAM
amplitude of Eq. (24) on the physical/first Riemann sheet
(RS) into the second RS, which is given by

MIAM;II
aπ;IJ ðsÞ ¼ ðMð2Þ

aπ;IJÞ2

Mð2Þ
aπ;IJ −Mð4Þ;II

aπ;IJ

; ð30Þ

with

Mð4Þ;II
aπ;IJðsÞ ¼ Mð4Þ

aπ;IJðsÞ − i
σπðsÞ
16π

×

�
1þ 2nB

� ffiffiffi
s

p
2

��
MIJ;ð2Þ

ππ;ππM
ð2Þ
aπ;IJ: ð31Þ

The resonance pole corresponds to the zero of the denom-
inator of the second-sheet IAM amplitude MIAM;II

aπ;IJ ðsÞ.
Around the resonance pole position sR, the unitarized
IAM amplitude on the second RS can be written as

MIAM;II
aπ;IJ ðsÞjs→sR

∼ −
gRaπgRππ
s − sR

; ð32Þ

where the magnitudes of the residues of gRaπ and gRππ
correspond to the couplings of the resonance R with the aπ
and ππ channels, respectively.

FIG. 3. Cross sections in the charged bases. For the notaions of σLO;NLO;NLO0;IAM, see the text for details. Notice that the LO
contributions to the aπ0 → π0π0 amplitude and cross section vanish.

FIG. 2. Magnitudes of the various aπ → ππ partial-wave amplitudes in the isospin bases. The curves labeled as NLO include both the
contributions at Oðp2Þ and Oðp4Þ.
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At zero temperature, the σ=f0ð500Þ and ρð770Þ poles
from the unitarized aπ → ππ amplitudes in Eq. (30) are
found to be 422 − i240 MeV and 739 − i72 MeV, respec-
tively, which are almost identical to the results from the
unitarized ππ → ππ IAM amplitudes: 428 − i241 MeV
and 742 − i74 MeV, in order. The tiny difference arises
since the IAM aπ → ππ amplitude adopted in Eq. (24) does
not fully satisfy the unitarity relation up to higher order.
While, on the other hand, the minute differences of the
resonance pole positions from the aπ → ππ amplitudes,
compared to the results of the rigorous IAM ππ → ππ
amplitudes, also indicate that the IAM formalism provides
a reliable framework to unitarize the aπ → ππ system. To
fix the jgRππj from the IAM ππ → ππ amplitudes and
the products of jgRaπgRππj from the aπ → ππ case, at
zero temperature we obtain jfagσaπj ¼ 0.032 GeV2 and
jfagρaπj ¼ 0.035 GeV2, implying a similar ratio between
the two couplings jgρaπ=gσaπj ≃ 1.1.
In order to perform an efficient numerical calculation of

the resonance positions and their residues in the aπ → ππ
amplitudes at finite temperatures, we make the approxi-
mation by only including the s-channel thermal unitarity
effects. At T ¼ 100 MeV, the σ and ρð770Þ poles in the
aπ → ππ amplitudes evolve to 368 − i310 MeV and
744 − i77 MeV, respectively, which are qualitatively sim-
ilar to the results from the unitarized ππ → ππ amplitudes
[34,42,43]. The ratio of the ρaπ and σaπ couplings slightly
decreases to jgρaπ=gσaπj ≃ 0.96 at T ¼ 100 MeV.

III. BRIEF DISCUSSIONS ON THE AXION
THERMALIZATION RATE AND ITS

COSMOLOGY IMPLICATION

We will closely follow Refs. [16,18] to proceed a brief
discussion of the cosmological constraint on the axion
parameters based on our updated calculation of the thermal
aπ → ππ amplitudes. The axion decoupling temperature
TD plays the key role, and according to the proposal in
Ref. [11] it can be estimated as the temperature at which the
axion interaction rate turns to be lower than the expansion
rate of the universe. The explicit freeze out condition
advocated in Ref. [11] to determine the axion decoupling
temperature is

ΓaðTDÞ ¼ HðTDÞ; ð33Þ

where HðTÞ ¼ T2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4π3g�ðTÞ=45

p
=mPl denotes the Hubble

expansion parameter, with g�ðTÞ the effective number of
relativistic thermal degrees of freedom (d.o.f) and mPl the
Plank mass. ΓaðTÞ in Eq. (33) stands for the averaged axion
thermalization rate in the pion thermal bath, and it can be
calculated via

ΓaðTÞ ¼
1

neqa

Z
dΓ̃
X

jMaπ;ππj2nBðE1ÞnBðE2Þ

× ½1þ nBðE3Þ�½1þ nBðE4Þ�; ð34Þ

where the sum runs over all the possible aπ reaction
channels, the axion number density in equilibrium is neqa ¼
ζð3ÞT3=π2 with ζ the Riemann zeta function, and the phase
space integral is

Z
dΓ̃ ¼

Z �Y4
i¼1

d3pi

ð2πÞ3
1

2Ei

�
ð2πÞ4δ4ðp1 þ p2 − p3 − p4Þ:

ð35Þ

The recipe given in Ref. [44] will be used to calculate the
above phase space integral. For the sake of completeness,
we give some details about the evaluation of this integral
in Appendix D. A more sophisticated way to solve the
momentum dependent Boltzmann equations for the axion-
pion scatterings, rather than taking the criteria in Eq. (33), is
proposed in Refs. [17,45]. However, the primary aim of this
work is to examine to what extent the thermal corrections
to the aπ → ππ scattering amplitudes can influence the
determinations of the axion parameters, comparing with
the situation by using the amplitudes at zero temperature,
and therefore we will stick to the criteria in Eq. (33) to
proceed.
For the perturbative calculation up to NLO, we expand

the squared amplitude as
P jMj2 ≃P jMð2Þj2 þP

2Mð2ÞReðMð4ÞÞ, and then the perturbative axion rate
will be casted into the following form [11]

Γpert
a ðTÞ¼

�
δI

3faF

�
2

T5

�
h̃lohlo

�
mπ

T

�
þT2

F2
h̃nlohnlo

�
mπ

T

��
;

ð36Þ

where the dimensionless functions hlo and hnlo denote the
contributions from

P jMð2Þj2 and
P

2ReðMð2ÞMð4ÞÞ,
respectively. The numeric factors h̃lo and h̃nlo are intro-
duced so that hloðmπ=TÞ and hnloðmπ=TÞ are separately
normalized at unity at the temperature Tc, which will be set
as 155 MeV in order to make close comparisons with the
results in Refs. [16,18]. The values of these factors are:
h̃lo ≃ 0.164, h̃nlo ≃ −0.0550 (when using zero-temperature
amplitudes) and −0.0755 (when using thermal amplitudes).
When using IAM amplitudes as inputs, the rate is simply
expressed as

ΓIAM
a ðTÞ ¼

�
δI

3faF

�
2

T5h̃IAMhIAM

�
mπ

T

�
: ð37Þ

For comparison, hIAMðmπ=TÞ is also normalized to unity at
Tc ¼ 155 MeV by the numeric factor h̃IAM ≃ 0.117 (when
using zero-temperature amplitudes) and 0.0817 (when using
thermal amplitudes). The results of hlo;nlo;IAMðmπ=TÞ are
shown in Fig. 4(a).
For the axion thermalization rates estimated from the

perturbative χPT amplitudes, the corresponding curves are
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given in Fig. 4(b). After considering the NLO corrections of
the amplitudes, the axion rate even drops to a negative value
at high temperatures, due to the extreme breakdown of the
chiral expansion in these regions. In Refs. [16,18], it is
proposed to inspect the valid region of χPT by using the
ratios of the NLO and LO parts of the thermalization rates
as a criteria. Our results for such ratios as a function of T are
given in Fig. 4(c). The breakdown temperature of χPT was
extracted from the maximum of the ratio for the aπþ
channel [18]. By approximating the aπ scattering ampli-
tude from its zero-temperature expression, we confirm that
the χPT breakdown temperature deduced from the aπþ
channel is around 70 MeV, and at this point the ratio
reaches the maximum value that is around 60%, see the
blue solid line in Fig. 4(c). For the result after taking the
thermal correction to the aπ scattering amplitude, i.e.,
the blue dashed line, the maximum point of the ratio
for aπþ channel increases to around 85 MeV, with the
maximum ratio around 65%. The dashed lines in Fig. 4(c)
are all above the solid lines, thus the convergence of the
chiral expansion for axion thermalization rate gets worse
after taking the thermal corrections into the aπ scattering
amplitudes. Therefore after including the thermal correc-
tions to the aπ → ππ amplitudes it is still unlikely to extract
reliable bounds from the axion thermalization rates by
using the perturbative χPT amplitudes, validating the
previous conclusion in Refs. [16,18] that was obtained
by taking the zero-temperature aπ → ππ amplitudes.
The axion averaged thermalization rates as a function of

T from the IAM amplitudes are illustrated in Fig. 5(a),
where two groups of lines corresponding to two specific
values of fa are given. We then compare the axion rates by
scanning the values of fa with the Hubble parameters by
taking the cosmological inputs from Ref. [46]. According
to the criteria in Eq. (33), the interception point of the two
curves of ΓaðTÞ and HðTÞ correspond to the axion
decoupling temperature TD, which varies with the value
of fa. In Fig. 5(b), we show the relations between TD and

fa by taking the scattering amplitudes both at zero and
finite temperatures to evaluate ΓaðTÞ. The effects from the
thermal corrections to the scattering amplitudes become
noticeably important at higher values of fa.
To take a comprehensive study of the cosmological

analysis goes beyond the scope of this work, here we will
concentrate on exploring the constraint of the extra effec-
tive number of relativistic d.o.f:

ΔNeff ≃
4

7

�
43

4g⋆sðTDÞ
�4

3

; ð38Þ

on the axion parameters as done in Refs. [16,18], where
g⋆sðTÞ corresponds to the effective number of entropy d.o.f
at temperature T, and the cosmological determinations in
Ref. [46] will be used in our analysis. The constraint of
ΔNeff on the axion decay constant fa is given in Fig. 5(c),
where the gray area in the bottom corresponds to the region
for T > 155 MeV and the IAM χPT is considered to be
untrustworthy in this region. Our study indicates that the
inclusion of the thermal corrections to the scattering ampli-
tudes can slightly lower the bound fa ≳ 2.1 × 107 GeV,
comparing with the constraint fa ≳ 2.3 × 107 GeV obtained
by taking the aπ → ππ scatering amplitudes at zero temper-
ature. That is to say the thermal corrections to the scattering
amplitudes can cause around a 10% shift to the constraint of
the axion decay constant fa.
In turn one could translate the bounds of fa into the

constraints of the axion mass ma, relying on the LO/NLO
χPT predictions in Appendix B. The constraints on the
QCD axion massma are shown in Fig. 5(d), where we have
distinguished the constraints by including/excluding the
thermal corrections to the aπ scattering amplitudes and also
using the LO/NLO expressions for the axion masses. When
excluding the thermal corrections of aπ scattering ampli-
tudes, the bounds for the axion masses are ma ≲ 0.24 eV
by mLO

a and ma ≲ 0.25 eV by mNLO
a . When including the

thermal corrections of aπ scattering amplitudes, the bounds

FIG. 4. The symbols of ZT and FT indicate that the results are calculated by taking the zero-temperature and finite-temperature
scattering amplitudes, respectively. (a) The curves for the hlo;nlo;IAMðmπ=TÞ functions are defined in Eqs. (36) and (37). (b) The axion
rates in this figure are calculated by taking the perturbative aπ → ππ scattering amplitudes upto NLO, with fa ¼ 1.5 × 107 GeV for
illustration. ΓLO

a only includes the contribution from hlo, and ΓNLO
a contains the contribution both from hlo and hnlo. (c) Ratio between the

NLO parts and LO parts of the axion thermal averaged rates. Γlo
a denotes the LO part of the perturbative rate and Γnlo

a denotes the part of
perturbative rate contributed only by hnlo.
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for the axion mass are ma ≲ 0.27 eV by mLO
a and ma ≲

0.28 eV by mNLO
a . Therefore the thermal corrections of the

amplitudes introduce a 10% variation to the determination
of the upper limits of ma.

IV. SUMMARY AND CONCLUSIONS

In this work we have performed the complete calculation
of the aπ → ππ scattering amplitudes up to the one-loop
level at finite temperatures within the SUð2Þ QCD axion
chiral perturbation theory. The inverse amplitude method is
further used to unitarize the partial-wave aπ → ππ scatter-
ing amplitudes, which extends the applicable energy and
temperature regions of the amplitudes in chiral perturbation
theory. The largest effect from the thermal correction to the
aπ → ππ scattering amplitudes appears in the aπ� → π�π0
channels with IJ ¼ 11 for the ππ system, while the thermal
effects in other scattering amplitudes are small.
The axion averaged thermalization rates are then calcu-

lated by using the updated aπ → ππ scattering amplitudes
at finite temperatures. The axion decoupling temperatures
are obtained with the averaged axion thermalization rates
calculated from the thermal aπ → ππ scattering amplitudes

within the inverse amplitude method. The extra effective
number of relativistic degrees of freedom ΔNeff is then
used to constrain the axion decay constant fa, which gives
fa > 2.1 × 107 GeV, comparing with the bound of fa >
2.3 × 107 GeV when neglecting the thermal corrections in
the aπ scattering amplitudes. This 10% correction effect for
the lower limit of fa also delivers a similar magnitude of
shift to the upper limit of the axion mass. Therefore our
study shows that the inclusion of the thermal effects in the
aπ → ππ scattering amplitudes can cause a mild shift
(around 10%) of the axion parameters when confronting
with the cosmological constraint of ΔNeff . It is necessary to
include the thermal corrections in the aπ scattering ampli-
tudes in the future attempts that aim to improve the
cosmological determination of the axion parameters at
this level.
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APPENDIX A: RELEVANT ONE-LOOP
INTEGRALS AT FINITE TEMPERATURES

In the imaginary time formalism, the finite-temperature
effects enter via the chiral loops by replacing the temporal
integrals with the Matsubara sums, i.e.,

−i
Z

ddq
ð2πÞd Iðq

0; q⃗Þ → −i
Z
β

ddq
ð2πÞd Iðq

0; q⃗Þ

¼ T
X
n

Z
dd−1q
ð2πÞd−1 Iðiωn; q⃗Þ; ðA1Þ

where the replacement of q0 → iωn ¼ i2πnT with n∈Z is
taken and the symbol β is introduced to highlight the
integrals with finite-temperature corrections. Meanwhile,
the zeroth components of all external momenta also
need to be replaced by the Matsubara frequencies, which
can be extrapolated to real energies after completing the
Matsubara sums. When performing such sums, one can
always separate the results into the zero-temperature part
and the finite-temperature correction part:

GðTÞ ¼ T
X
n

Z
dd−1q
ð2πÞd−1 Iðiωn; q⃗Þ

¼
Z

ddqE
ð2πÞd Iðiq

0
E; q⃗Þ þ

Z þ∞−i0þ

−∞−i0þ

dzE
2π

×
Z

d3q
ð2πÞ3 ½IðizE; q⃗Þ þ Ið−izE; q⃗Þ�nBðizEÞ

≡GðT ¼ 0Þ þ ΔGðTÞ; ðA2Þ
where the first term corresponds to the zero-temperature
integral and the second one stands for the finite-temperature
correction. One can use the standard dimensional regulari-
zation to calculate the zero-temperature integral, in which
the UV divergence will appear. We use the conventional
MS − 1 renormalization scheme that is widely employed in
χPT [19] for the zero-temperature integrals GðT ¼ 0Þ.
Next we give relevant formulas for the one-loop integrals

at finite temperatures, i.e., the ΔGðTÞ part. The finite-
temperature integrals in this work are the same as those in
thermal ππ scattering [34], which include the tadpole
integrals, like the diagram 1(c), and the one-loop two-
point integrals for diagram 1(d)–1(f).

1. Tadpole loop integral

According to Eq. (A2), the basic tadpole integral reads

FβðTÞ≡ −i
Z
β

ddq
ð2πÞd

1

q2 −m2
¼ Fβð0Þ þ ΔFβðTÞ; ðA3Þ

where the zero-temperature integral in the MS − 1
scheme is

Fβð0Þ ¼ −
m2

16π2
log

m2

μ2
; ðA4Þ

and the finite-temperature correction is

ΔFβðTÞ ¼ −
1

2π2

Z þ∞

m
dEq

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
q −m2

q
nBðEqÞ; ðA5Þ

with Eq ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jq⃗j2 −m2

p
.

For the integrals with p · q or q2 in the numerators, the
results are

−i
Z
β

ddq
ð2πÞd

p · q
q2 −m2

¼ 0; ðA6Þ

−i
Z
β

ddq
ð2πÞd

q2

q2 −m2
¼ m2FβðTÞ: ðA7Þ

2. Basic two-point one-loop integrals
at finite temperatures

Four types of the two-point one-loop integrals will
appear in the calculation of χPT

−i
Z
β

ddq
ð2πÞd

ð1; p1 · q; q2; p1 · qp2 · qÞ
ðq2 −m2Þ½ðk − qÞ2 −m2� ; ðA8Þ

whose zero-temperature parts can be given in terms of the
B0ðk2; m2Þ function [19]

16π2B0ðk2; m2Þ ¼ −σm log
σm − 1

σm þ 1
− 1þ log

m2

μ2
;

σmðk2Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4m2

k2

s
; ðA9Þ

due to the Lorentz invariance. In the following, we refrain
from discussing the zero-temperature parts of the integrals
in Eq. (A8) and focus on the finite-temperature correction
(FT C). While for the latter part, the Lorentz invariance is
lost and one needs to separately treat the temporal and
spatial components of the integration variable qμ ¼ ðq0; qiÞ
in the evaluation. It turns out that the FT C parts of the four
types of integrals in Eq. (A8) can be expressed in terms of
three independent thermal loop functions [34]

ΔJlðT;k0; jk⃗jÞ≡−i
Z
β

ddq
ð2πÞd

ðq0Þl
ðq2−m2Þ½ðk−qÞ2−m2�

����
FT C

;

ðl¼ 0;1;2Þ; ðA10Þ
where the subscript FT C is introduced to emphasize that
ΔJlðT; k0; jk⃗jÞ only include the finite-temperature parts of
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the integrals. After completing the Matsubara sums, the
integrals in Eq. (A10) can be written as

ΔJlðT; k0; jk⃗jÞ ¼
X

λ1;λ2¼�1

fðlÞλ1λ2ðT; k0; jk⃗jÞ; ðA11Þ

with

fðlÞλ1λ2ðT;k0;jk⃗jÞ¼
Z

d3q
ð2πÞ3

1

4EqEk−q

λ1λ2
k0−λ1Eq−λ2Ek−qþ i0þ

× ½−λ1ðλ1EqÞlnBðEqÞ
−λ2ðk0−λ2Ek−qÞlnBðEk−qÞ�; ðA12Þ

andEk−q ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk⃗ − q⃗Þ2 þm2

q
. The functionsfðlÞλ1λ2ðT; k0; jk⃗jÞ

depend on k0 and jk⃗j in a separate manner. Before giving the

technical details about the calculation of the thermal loop
functions in Eq. (A12), we first elaborate the reduction
formulas for the temperature correction parts of the two-point
one-loop integrals in Eq. (A8).

3. Reduction of the two-point one-loop integrals
at finite temperatures

The numerators with spatial components qi in the
integrals of Eq. (A8) can be written in terms of the basic
ones in Eqs. (A3) and (A10). For the sake of completeness,
we give a brief discussion about the finite-temperature parts
of the various integrals in Eq. (A8).
For the three types of numerators with ðp1 · qÞ; q2; ðp1 ·

qÞðp2 · qÞ in the integrals of Eq. (A8), their FT C parts can
be reduced to ΔFβðTÞ (A3) and ΔJlðT; k0; jk⃗jÞ (A10). The
FT C reduction formulas take the form

(i) ðp1 · qÞ

−i
Z
β

ddq
ð2πÞd

p1 · q
ðq2 −m2Þ½ðk − qÞ2 −m2�

����
FT C

¼ p0
1ΔJ1ðT; k0; jk⃗jÞ − ðp⃗1 · k⃗ÞΔb1ðT; k0; jk⃗jÞ; ðA13Þ

with

Δb1ðT; k0; jk⃗jÞ ¼
1

2jk⃗j2
½2k0ΔJ1ðT; k0; jk⃗jÞ − k2ΔJ0ðT; k0; jk⃗jÞ�; ðA14Þ

(ii) q2

−i
Z
β

ddq
ð2πÞd

q2

ðq2 −m2Þ½ðk − qÞ2 −m2�
����
FT C

¼ ΔFβðTÞ þm2ΔJ0ðT; k0; jk⃗jÞ; ðA15Þ

(iii) ðp1 · qÞðp2 · qÞ

−i
Z
β

ddq
ð2πÞd

ðp1 · qÞðp2 · qÞ
ðq2 −m2Þ½ðk − qÞ2 −m2�

����
FT C

¼ p0
1p

0
2ΔJ2ðT; k0; jk⃗jÞ − ½p0

1ðp⃗2 · k⃗Þ þ p0
2ðp⃗1 · k⃗Þ�ΔbJ1ðT; k0; jk⃗jÞ

þ ðp⃗1 · p⃗2ÞΔb21ðT; k0; jk⃗jÞ þ ðp⃗1 · k⃗Þðp⃗2 · k⃗ÞΔb20ðT; k0; jk⃗jÞ; ðA16Þ

with

ΔbJ1ðT; k0; jk⃗jÞ ¼
1

2jk⃗j2
½−k0ΔFβðTÞ þ 2k0ΔJ2ðT; k0; jk⃗jÞ − k2ΔJ1ðT; k0; jk⃗jÞ�; ðA17Þ

Δb21ðT; k0; jk⃗jÞ ¼
1

2jk⃗j2
�
k2

2
ΔFβðTÞ −

k4 þ 4m2jk⃗j2
4

ΔJ0ðT; k0; jk⃗jÞ þ k0k2ΔJ1ðT; k0; jk⃗jÞ − k2ΔJ2ðT; k0; jk⃗jÞ
�
;

ðA18Þ
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Δb20ðT; k0; jk⃗jÞ ¼
1

2jk⃗j4
�
−
3k02 þ jk⃗j2

2
ΔFβðTÞ þ

3k4 þ 4m2jk⃗j2
4

ΔJ0ðT; k0; jk⃗jÞ

− 3k0k2ΔJ1ðT; k0; jk⃗jÞ þ ð3k02 − jk⃗j2ÞΔJ2ðT; k0; jk⃗jÞ
�
: ðA19Þ

It is reiterated that the above reduction formulas with the subscript of FT C include only the finite-temperature
correction parts.

4. Technical details about the evaluation of basic thermal loop functions

We give some technical details below about how to evaluate the integrals in Eq. (A12). It is noted that fðlÞλ1λ2ðT; k0; jk⃗jÞ
satisfy the following reflection relations with respect to k0 [40]

fð0;2Þþþ ðT;−k0; jk⃗jÞ ¼ ½fð0;2Þ−− ðT; k0; jk⃗jÞ��; fð0;2Þþ− ðT;−k0; jk⃗jÞ ¼ ½fð0;2Þ−þ ðT; k0; jk⃗jÞ��;
fð1ÞþþðT;−k0; jk⃗jÞ ¼ −½fð1Þ−−ðT; k0; jk⃗jÞ��; fð1Þþ−ðT;−k0; jk⃗jÞ ¼ −½fð1Þ−þðT; k0; jk⃗jÞ��; ðA20Þ

which lead to the following relations of the various loop functions introduced previously

ΔJ0;2ðT;−k0; jk⃗jÞ ¼ ½ΔJ0;2ðT; k0; jk⃗jÞ��; ðA21Þ

ΔJ1ðT;−k0; jk⃗jÞ ¼ −½ΔJ1ðT; k0; jk⃗jÞ��; ðA22Þ

Δbð1;20;21ÞðT;−k0; jk⃗jÞ ¼ ½Δbð1;20;21ÞðT; k0; jk⃗jÞ��; ðA23Þ

ΔbJ1ðT;−k0; jk⃗jÞ ¼ −½ΔbJ1ðT; k0; jk⃗jÞ��: ðA24Þ

Next we use a similar procedure in Ref. [40] to simplify the expressions of fðlÞλ1λ2ðT; k0; jk⃗jÞ given in Eq. (A12). To proceed
the evaluation of the integrals in Eq. (A12), we take Eq ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q⃗2 þm2

p
and Ek−q ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k⃗2 þ q⃗2 − 2jk⃗jjq⃗j cos θ þm2

q
as the

two integral variables, i.e.,

Z
d3q
ð2πÞ3

1

4EqEk−q
¼ 1

4ð2πÞ2jk⃗j

Z þ∞

m
dEq

Z
Emax
k−q

Emin
k−q

dEk−q; ðA25Þ

with

Emin =max
k−q ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jk⃗j2 þ E2

q ∓ 2jk⃗j
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
q −m2

qr
: ðA26Þ

The real and imaginary parts of the fðlÞλ1λ2ðT; k0; jk⃗jÞ functions are given by

RefðlÞλ1λ2ðT; k0; jk⃗jÞ ¼
Z þ∞

m
dEqP

Z
Emax
k−q

Emin
k−q

dEk−q
1

4ð2πÞ2jk⃗j
λ1λ2

k0 − λ1Eq − λ2Ek−q

× ½−λ1ðλ1EqÞlnBðEqÞ − λ2ðk0 − λ2Ek−qÞlnBðEk−qÞ�; ðA27Þ

ImfðlÞλ1λ2ðT; k0; jk⃗jÞ ¼ −
π

4ð2πÞ2jk⃗j

Z þ∞

m
dEq

Z
Emax
k−q

Emin
k−q

dEk−qδðk0 − λ1Eq − λ2Ek−qÞ

× λ1λ2½−λ1ðλ1EqÞlnBðEqÞ − λ2ðk0 − λ2Ek−qÞlnBðEk−qÞ�; ðA28Þ
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whereP denotes taking principle value of the integrals. The δ

functions in ImfðlÞþþðT; k0; jk⃗jÞ and ImfðlÞ−−ðT; k0; jk⃗jÞ are
nonvanishing for k2 > 4m2, which give the unitary cuts.

While the δ functions in ImfðlÞþ−ðT; k0; jk⃗jÞ and

ImfðlÞ−þðT; k0; jk⃗jÞ are nonvanishing for k2 < 0, leading to
the so-called Landau cuts.

Next we can integrate out Ek−q in ImfðlÞλ1λ2ðT; k0; jk⃗jÞ by
the δ function. We take ImfðlÞþþðT; k0; jk⃗jÞ for illustration.

The integral for ImfðlÞþþðT; k0; jk⃗jÞ is nonvanishing only if
Emin
k−q ≤ k0 − Eq ≤ Emax

k−q, and to combine with k2 > 4m2

one can get

k0

2
−
jk⃗j
2
σmðk2Þ ≤ Eq ≤

k0

2
þ jk⃗j

2
σmðk2Þ: ðA29Þ

Therefore, we have

ImfðlÞþþðT; k0; jk⃗jÞ ¼
−θðk0 − Eth

k Þ
16πjk⃗j

Z
Emax
q;þþ

Emin
q;þþ

dEqðEqÞl½−nBðEqÞ − nBðk0 − EqÞ�;

Emin
q;þþ ¼ k0

2
−
jk⃗j
2
σmðk2Þ; Emax

q;þþ ¼ k0

2
þ jk⃗j

2
σmðk2Þ; ðA30Þ

with Eth
k ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jk⃗j2 þ 4m2

q
. Similarly, one can obtain

ImfðlÞþ−ðT; k0; jk⃗jÞ ¼
−θð−k2Þ
16πjk⃗j

Z þ∞

Emin
q;þ−

dEqðEqÞl½nBðEqÞ − nBðEq − k0Þ�;

Emin
q;þ− ¼ k0

2
þ jk⃗j

2
σmðk2Þ; ðA31Þ

ImfðlÞ−þðT; k0; jk⃗jÞ ¼
−θð−k2Þ
16πjk⃗j

Z þ∞

Emin
q;−þ

dEqð−EqÞl½−nBðEqÞ þ nBðk0 þ EqÞ�;

Emin
q;−þ ¼ −

k0

2
þ jk⃗j

2
σmðk2Þ; ðA32Þ

ImfðlÞ−−ðT; k0; jk⃗jÞ ¼
−θð−k0 − Eth

k Þ
16πjk⃗j

Z
Emax
q;−−

Emin
q;−−

dEqð−EqÞl½nBðEqÞ þ nBð−k0 − EqÞ�;

Emin
q;−− ¼ −

k0

2
−
jk⃗j
2
σmðk2Þ; Emax

q;−− ¼ −
k0

2
þ jk⃗j

2
σmðk2Þ: ðA33Þ

The remaining integration of Eq in ImfðlÞλ1λ2ðT; k0; jk⃗jÞ is straightforward and can be even analytically evaluated, nevertheless
we do not explicitly show the results here, due to the rather lengthy expressions.
In the special case of jk⃗j ¼ 0, ΔJ1ðT; k0; 0Þ and ΔJ2ðT; k0; 0Þ can be reduced to ΔFβðTÞ and ΔJ0ðT; k0; 0Þ:

ΔJ1ðT; k0; 0Þ ¼
k0

2
ΔJ0ðT; k0; 0Þ; ðA34Þ

ΔJ2ðT; k0; 0Þ ¼
1

2
ΔFβðTÞ þ

�
k0

2

�
2

ΔJ0ðT; k0; 0Þ; ðA35Þ

with

ΔJ0ðT; k0; 0Þ ¼ θðk0 − 2mÞ iσmðk
02Þ

8π
nB

�
k0

2

�
− θð−k0 − 2mÞ iσmðk

02Þ
8π

nB

�
−
k0

2

�

þ 1

ð2πÞ2 P
Z þ∞

m
dEq

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

m2

E2
q

s �
1

k0 þ 2Eq
−

1

k0 − 2Eq

�
nBðEqÞ: ðA36Þ
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APPENDIX B: TWO-POINT FUNCTIONS
AND MASSES OF AXION AND PION

AT FINITE TEMPERATURES

The bilinear terms of a and π0 from the LO Lagrangian
(5) read

L2;bilinear ¼
1

2
∂μa∂μaþ 1

2
∂μπ

0
∂
μπ0 þ δaπ∂μa∂μπ0

−
1

2
m̄2

aa2 −
1

2
m̄2

ππ
0π0; ðB1Þ

where δaπ is given in Eq. (12) and the QCD axion mass at
LO is

m̄2
a ¼ γudm̄2

π
F2

f2a
; γud ¼

mumd

ðmu þmdÞ2
: ðB2Þ

The barred quantities correspond to their LO expressions.
Up to Oð1=f2aÞ, the a − π0 mixing in Eq. (B1) can be

eliminated by the field redefinition

a → a − δaππ
0 þOð1=f3aÞ;

π0 →

�
1þ 1

2
δ2aπ

�
π0 þOð1=f3aÞ; ðB3Þ

and the Lagrangian in Eq. (B1) becomes

L2;bilinear ¼
1

2
∂μa∂μaþ 1

2
∂μπ

0
∂
μπ0

−
1

2
m̄2

aa2 −
1

2
m̄2

πð1þ δ2aπÞπ0π0: ðB4Þ

The correction term δ2aπ in the pion mass behaves Oð1=f4aÞ
and can be safely ignored. Then the LO propagators of a
and π read

Ḡ ¼
 
Ḡaa 0

0 Ḡπ0π0

!
; ðB5Þ

with

Ḡaa ¼
i

p2 − m̄2
aþ i0þ

; Ḡπ0π0 ¼
i

p2− m̄2
π þ i0þ

: ðB6Þ

With contributions from the various two-point 1PI ampli-
tudes Σij, the two-point Green functions of a and π take
the form

G ¼ Ḡ:½1 − ð−iΣÞ:Ḡ�−1; ðB7Þ

with

G ¼
�

Gaa Gaπ0

Gaπ0 Gπ0π0

�
; Σ ¼

� Σaa Σaπ0

Σaπ0 Σπ0π0

�
: ðB8Þ

Up to NLO in chiral expansion, the explicit expressions of
the matrix elements of G and Σ read

Gaa ¼
i

p2 − m̄2
a − Σð4Þ

aa þ i0þ
; ðB9Þ

Gπ0π0 ¼
i

p2 − m̄2
π − Σð4Þ

π0π0
þ i0þ

; ðB10Þ

Gaπ0 ¼
iΣð4Þ

aπ0

ðp2 − m̄2
a − Σð4Þ

aa þ i0þÞðp2 − m̄2
π − Σð4Þ

π0π0
þ i0þÞ

;

ðB11Þ

where

Σð4Þ
aa ðp2Þ ¼ 3γud

2f2a
m̄2

πFβðTÞ þ 2ðl3 þ h1 − h3Þ
γud
f2a

m̄4
π

− 8l7
γ2ud
f2a

m̄4
π; ðB12Þ

Σð4Þ
π0π0

ðp2Þ ¼ −
1

6F2
ð4p2 − m̄2

πÞFβðTÞ −
2

F2
l4m̄2

πp2

þ 2

F2
ðl3 þ l4Þm̄4

π −
2δ2I
F2

l7m̄4
π; ðB13Þ

Σð4Þ
aπ0ðp2Þ ¼ −δI

2

3Ffa
p2FβðTÞ − δI

1

Ffa
l4m̄2

πp2

þ δI
4γud
Ffa

l7m̄4
π; ðB14Þ

and the superscript (4) denotes the Oðp4Þ contribution.
In this work, the isospin breaking correction in mπ is
neglected, and therefore we have

Σð4Þ
ππ ðp2Þ ¼ Σð4Þ

π� ðp2Þ ¼ Σð4Þ
π0π0

ðp2Þ

¼ −
1

6F2
ð4p2 − m̄2

πÞFβðTÞ −
2

F2
l4m̄2

πp2

þ 2

F2
ðl3 þ l4Þm̄4

π: ðB15Þ

In the calculation of the axion-pion scattering amplitudes
one will need Gaπ0ðm2

aÞ to account for the a − π0 mixing at
NLO. Ignoring the terms of Oð1=f2aÞ and pulling out the
axion pole in Eq. (B11), by keeping the terms up to NLO
one has
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Gaπ0ðp2Þjp2→0 ¼
i

p2 þ i0þ

�
−
Σð4Þ
aπ0

ð0Þ
m2

π

�
: ðB16Þ

Up to NLO in χPT, the ratios of the pion and axion
masses at finite and zero temperatures can be written as

m2
πðTÞ

m2
πð0Þ

¼ 1−
1

2F2
ΔFβðTÞ;

m2
aðTÞ

m2
að0Þ

¼ 1þ 3

2F2
ΔFβðTÞ;

ðB17Þ
where the masses at zero temperature read

m2
πð0Þ ¼ m̄2

π

�
1 − l̄3

m̄2
π

2ð4πFÞ2
�
; ðB18Þ

m2
að0Þ ¼ γudm2

π
F2

f2a

�
1 − 2

m2
π

ð4πFÞ2 log
m2

π

μ2

þ 2½hr1ðμ2Þ − h3�
m2

π

F2
− 8l7γud

m2
π

F2

	
: ðB19Þ

In Eq. (B19) we have replaced m̄2
π with the “physical” pion

mass m2
π up to NLO. The results are consistent with

Ref. [47] by ignoring δI term in m2
π . When calculating

the boundary of the axion mass, the renormalization scale μ
is set at 770 MeV, and h1 ¼ h3 ¼ 0 is taken. Our result
confirms the temperature dependence of the QCD axion
mass in the former reference as well. The curves of
maðTÞ=maðT ¼ 0Þ and mπðTÞ=mπðT ¼ 0Þ are given in
Fig. 6. As shown in this figure, the thermal correction
decreases the axion mass around 10% up to T ¼ 155 MeV,
while it slightly increases the pion mass at the level
around 3%.

APPENDIX C: EXPLICIT EXPRESSIONS OF
THE aπ → ππ SCATTERING AMPLITUDES

AT FINITE TEMPERATURES

Here we give the explicit one-loop expressions of the
aπ0 → πþπ− and aπ0 → π0π0 scattering amplitudes at
finite temperatures. For completeness we also give the
zero-temperature parts of the scattering amplitudes,
although they have been given in Ref. [18]. The finite-
temperature corrections to the aπ → ππ scattering ampli-
tudes represent the new ingredients of this work.

1. aðp1Þπ0ðp2Þ → π + ðp3Þπ − ðp4Þ scattering amplitudes

The LO amplitude for aπ0 → πþπ− is

Mð2Þ
aπ0;πþπ− ¼ δI

2faF
ðs −m2

πÞ: ðC1Þ

In this work, we will use in the scattering amplitudes the
LO pion decay constant F, which is independent of the
temperature T. Up to NLO, F is related to the physical pion

decay constant Fπ via F ¼ Fπ½1 − m2
π

ð4πFπÞ2 l̄4� [19], which
leads to F ¼ 86.0 MeV by taking the same value of
l̄4 ¼ 4.73 from Ref. [18].
The NLO amplitude is decomposed into the zero-

temperature part and finite-temperature correction part.
The zero-temperature part is [18]

Mð4Þ;ðT¼0Þ
aπ0;πþπ− ¼ δI

192π2faF3

�
2l̄1ðs −m2

πÞðs − 2m2
πÞ þ 2l̄2½4m4

π þ t2 þ u2 − 3m2
πðtþ uÞ�

þ 1

3
½11t2 þ 8tuþ 11u2 − 15m2

πðtþ uÞ� þ 3sðs −m2
πÞσπðsÞ log

�
σπðsÞ − 1

σπðsÞ þ 1

�

þ ½9m4
π − 4m2

πðsþ 2tÞ þ tðsþ 2tÞ�σπðtÞ log
�
σπðtÞ − 1

σπðtÞ þ 1

�

þ½9m4
π − 4m2

πðsþ 2uÞ þ uðsþ 2uÞ�σπðuÞ log
�
σπðuÞ − 1

σπðuÞ þ 1

�	
−
4γudδI
faF3

l7m2
πðs − 2m2

πÞ; ðC2Þ

with σπðsÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4m2

π=s
p

. The finite-temperature correction part is

ΔMð4Þ;ðTÞ
aπ0;πþπ− ¼ 3

2
ΔΣð4Þ0

ππ ðm2
πÞMð2Þ

aπ0;πþπ− þ ΔAð4ÞTad
aπ0;πþπ− þ ΔAð4Þs

aπ0;πþπ− þ ΔAð4Þt
aπ0;πþπ− þ ΔAð4Þu

aπ0;πþπ− ; ðC3Þ

FIG. 6. The ratios of the axion and pion masses at finite and
zero temperatures predicted by the NLO χPT.
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where ΔΣð4Þ0
ππ is the finite-temperature part of the derivative of Eq. (B15)

ΔΣð4Þ0
ππ ðm2

πÞ ¼ −
2

3F2
ΔFβðTÞ: ðC4Þ

The last four terms of Eq. (C3) correspond to the finite-temperature correction parts from the tadpole diagram 1(c), the
s-[1(d)], t-[1(e)], and u-channel [1(f)] diagrams, respectively, whose expressions read

ΔAð4ÞTad
aπ0;πþπ− ¼ 5δI

6faF3
ðs −m2

πÞΔFβðTÞ; ðC5Þ

ΔAð4Þs
aπ0;πþπ− ¼ δI

6faF3
½sðs −m2

πÞΔJ0ðT; p0
s ; jp⃗sjÞ þ p0

sðs −m2
πÞΔJ1ðT; p0

s ; jp⃗sjÞ

− ðs −m2
πÞΔFβðTÞ − jp⃗sj2ðs −m2

πÞΔb1ðT; p0
s ; jp⃗sjÞ�; ðC6Þ

ΔAð4Þt
aπ0;πþπ− ¼ δI

faF3

�
1

12
ðt −m2

πÞðt − 3m2
πÞΔJ0ðT; p0

t ; jp⃗tjÞ −
1

12
ðt −m2

πÞΔFβðTÞ

þ 1

6
ðt −m2

πÞðp0
2 þ 2p0

4ÞΔJ1ðT; p0
t ; jp⃗tjÞ − p0

1ðp0
2 þ p0

4ÞΔJ2ðT; p0
t ; jp⃗tjÞ

−
1

6
ðt −m2

πÞ½ðp⃗2 þ 2p⃗4Þ · p⃗t�Δb1ðT; p0
t ; jp⃗tjÞ

þ ½p0
1ðp⃗2 þ p⃗4Þ · p⃗t þ ðp0

2 þ p0
4Þp⃗1 · p⃗t�ΔbJ1ðT; p0

t ; jp⃗tjÞ

− p⃗1 · ðp⃗2 þ p⃗4ÞΔb21ðT; p0
t ; jp⃗tjÞ − p⃗1 · p⃗t½ðp⃗2 þ p⃗4Þ · p⃗t�Δb20ðT; p0

t ; jp⃗tjÞ
	
; ðC7Þ

ΔAð4Þu
aπ0;πþπ− ¼ δI

faF3

�
1

12
ðu −m2

πÞðu − 3m2
πÞΔJ0ðT; p0

u; jp⃗ujÞ −
1

12
ðu −m2

πÞΔFβðTÞ

þ 1

6
ðu −m2

πÞðp0
2 þ 2p0

3ÞΔJ1ðT; p0
u; jp⃗ujÞ − p0

1ðp0
2 þ p0

3ÞΔJ2ðT; p0
u; jp⃗ujÞ

−
1

6
ðu −m2

πÞ½ðp⃗2 þ 2p⃗3Þ · p⃗u�Δb1ðT; p0
u; jp⃗ujÞ

þ ½p0
1ðp⃗2 þ p⃗3Þ · p⃗u þ ðp0

2 þ p0
3Þp⃗1 · p⃗u�ΔbJ1ðT; p0

u; jp⃗ujÞ

− p⃗1 · ðp⃗2 þ p⃗3ÞΔb21ðT; p0
u; jp⃗ujÞ − p⃗1 · p⃗u½ðp⃗2 þ p⃗3Þ · p⃗u�Δb20ðT; p0

u; jp⃗ujÞ
	
: ðC8Þ

2. aðp1Þπ0ðp2Þ → π0ðp3Þπ0ðp4Þ scattering amplitudes

The nonvanishing contribution to the aπ0 → π0π0 scattering amplitude begins at Oðp4Þ. The zero temperature part is

Mð4Þ;ðT¼0Þ
aπ0;π0π0 ¼ δI

32π2faF3

�
1

3
ðl̄1 þ 2l̄2Þðs2 þ t2 þ u2 − 3m4

πÞ þ ðs2 þ t2 þ u2 − 3m4
πÞ

þ ðs −m2
πÞ2σπðsÞ log

�
σπðsÞ − 1

σπðsÞ þ 1

�
þ ðt −m2

πÞ2σπðtÞ log
�
σπðtÞ − 1

σπðtÞ þ 1

�

þ ðu −m2
πÞ2σπðuÞ log

�
σπðuÞ − 1

σπðuÞ þ 1

��
þ 12γudδI

faF3
l7m4

π: ðC9Þ

It is noted that there is a typo for the l7 term in Ref. [18] and the numeric coefficient should be 12, instead of 36.1 The finite-
temperature correction part of the amplitude is

ΔMð4Þ;ðTÞ
aπ0;π0π0

¼ δI
2faF3

½ðs −m2
πÞ2ΔJ0ðT; p0

s ; jp⃗sjÞ þ ðt −m2
πÞ2ΔJ0ðT; p0

t ; jp⃗tjÞ

þ ðu −m2
πÞ2ΔJ0ðT; p0

u; jp⃗ujÞ�: ðC10Þ

1We thank Gioacchino Piazza for confirming this coefficient.
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APPENDIX D: PHASE SPACE INTEGRALS IN
THE AXION THERMALIZATION RATE

We follow the steps of Ref. [44] to reduce the twelve-
dimensional phase space integral in the axion thermal-
ization rate to a five-dimensional one. It is convenient to use
ps ¼ p1 þ p2 ¼ ðEs; p⃗sÞ for illustration. Due to the rota-
tional invariance, the integrand of Eq. (34) does not depend
on the direction of p⃗s and thus we can take the z⃗ direction as
ˆz⃗ ¼ p⃗s=jp⃗sj, as shown in Fig. 7. Without loss of generality,
one can assign the ðp⃗1; p⃗2Þ plane as the ðˆx⃗; ˆz⃗Þ plane. And ϕ
stands for the angle between the ðp⃗3; p⃗4Þ plane and the
ðp⃗1; p⃗2Þ plane.
By defining p⃗i · p⃗s ¼ jp⃗ijjp⃗sj cos θi and using the three-

momenta conservation, one has

cos θ1 ¼
jp⃗sj2 þ jp⃗1j2 − jp⃗2j2

2jp⃗sjjp⃗1j
; cos θ2 ¼

jp⃗sj2 þ jp⃗2j2 − jp⃗1j2
2jp⃗sjjp⃗2j

;

cos θ3 ¼
jp⃗sj2 þ jp⃗3j2 − jp⃗4j2

2jp⃗sjjp⃗3j
; cos θ4 ¼

jp⃗sj2 þ jp⃗4j2 − jp⃗3j2
2jp⃗sjjp⃗4j

: ðD1Þ

According to the coordinate of Fig. 7, each component of p⃗i can be written as

p⃗1 ¼ jp⃗1jðsin θ1; 0; cos θ1Þ; ðD2Þ

p⃗2 ¼ jp⃗2jð− sin θ2; 0; cos θ2Þ; ðD3Þ

p⃗3 ¼ jp⃗3jðsin θ3 cosϕ; sin θ3 sinϕ; cos θ3Þ; ðD4Þ

p⃗4 ¼ jp⃗4jð− sin θ4 cosϕ;− sin θ4 sinϕ; cos θ4Þ: ðD5Þ

Next we reduce the twelve-dimensional integral of Eq. (35) to a five-dimensional one. In the first step we substitute the
following identity

1 ¼
Z þ∞

0

dEs

Z
d3psδðEs − E1 − E2Þδ3ðp⃗s − p⃗1 − p⃗2Þ; ðD6Þ

into the Eq. (35), and then p⃗2 and p⃗4 can be integrated out by the two δ functions of three-momenta conservation

Z
dΓ̃ ¼

Z þ∞

0

dEs

Z
d3ps

Z
d3p1

Z
d3p3

Q
i¼1;3δðEs − Ei − Eiþ1Þ
16ð2πÞ8E1E2E3E4

����
p⃗2¼p⃗s−p⃗1;p⃗4¼p⃗s−p⃗3

¼
Z þ∞

0

dEs

Z þ∞

0

djp⃗sj
Z þ∞

0

djp⃗1j
Z þ∞

0

djp⃗3j
Z

2π

0

dϕ

�Z þ1

−1

Y
i¼1;3

d cos θi

�

×

�Y
i¼1;3

δðEs − Ei − Eiþ1Þ
� jp⃗sj2jp⃗1j2jp⃗3j2
8ð2πÞ6E1E2E3E4

: ðD7Þ

The integrals over cos θ1;3 can be performed by the remaining two δ functions. Using δðgðxÞÞ ¼Pi δðx − x̄iÞ=jg0ðx̄iÞj with
x̄i the root of gðxÞ, we have

Y
i¼1;3

δðEs − Ei − Eiþ1Þ ¼
E2E4

jp⃗sj2jp⃗1jjp⃗3j
Y
i¼1;3

δ

�
cos θi −

2Es

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jp⃗ij2 þm2

i

p
− ðsþm2

i −m2
iþ1Þ

2jp⃗sjjp⃗ij
�
; ðD8Þ

FIG. 7. Coordinate system chosen for the evaluation of the
phase space integral.
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with s ¼ E2
s − jp⃗sj2, which requires that

���� 2Es

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jp⃗ij2 þm2

i

p
− ðsþm2

i −m2
iþ1Þ

2jp⃗sjjp⃗ij
���� ≤ 1: ðD9Þ

Expanding the above inequality one can get

16s2jp⃗ij4 þ ð8sBi − 16A2
i E

2
sÞjp⃗ij2

þ B2
i − 16A2

i E
2
sm2

i ≤ 0; ðD10Þ

with Ai ¼ sþm2
i −m2

iþ1 and Bi ¼ A2
i þ 4E2

sm2
i . The

existence of solutions for the quadratic inequality about
jp⃗ij2 requires s ≥ ðmi þmiþ1Þ2, which is equivalent to

Es ≥miþmiþ1; jp⃗sj≤
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
s − ðmiþmiþ1Þ2

q
: ðD11Þ

For the cases of i ¼ 1 and 3, the requirements for Es and
jp⃗sj are

Emin
s ¼ max

i¼1;3
fmi þmiþ1g;

jp⃗sjmax ¼ min
i¼1;3

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
s − ðmi þmiþ1Þ2

q 	
: ðD12Þ

The solutions of Eq. (D10) provide the integral boundaries
to the jp⃗i¼1;3j variables [44]

jp⃗ijmin;max ¼
1

2s

���Es

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½s − ðmi −miþ1Þ2�½s − ðmi þmiþ1Þ2�

q
∓ ðsþm2

i −m2
iþ1Þjp⃗sj

���: ðD13Þ

Therefore the phase space integral in the axion thermal-
ization rate can be now written as a five-dimensional
integral

Z
dΓ̃ ¼

Z þ∞

Emin
s

dEs

Z jp⃗sjmax

0

djp⃗sj
Z jp⃗1jmax

jp⃗1jmin

djp⃗1j

×
Z jp⃗3jmax

jp⃗3jmin

djp⃗3j
Z

2π

0

dϕ
jp⃗1jjp⃗3j

8ð2πÞ6E1E3

; ðD14Þ

with the integral boundaries given in Eqs. (D12) and (D13).
All the kinematic variables in thermal scattering amplitudes
given in Appendix C can be expressed by the five integral
variables in Eq. (D14) through Eqs. (D2)–(D5).
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