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Probing new physics with polarization components of the tau lepton
in quasielastic e"p — A 7~ scattering process
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Kinematics restricts the ability of rare charm decays to explore the charged lepton-flavor-violation
processes mediated by the quark-level ¢ — u#z transition. To fill the gap, we propose exploring new
physics (NP) through the quasielastic scattering process e~ p — 7~ A, and the polarization of the 7 lepton.
As analyzing modes for the 7 polarization, we consider the decays 7~ — z7v,, 7~ — p~v,, and
7~ = £~ by, and show that the 7 polarization components can be extracted from analyzing the kinematics
of the 7 visible decay products. In the framework of a general low-energy effective Lagrangian, we then
perform a detailed analysis of the polarization components in various aspects and scrutinize possible NP
signals. With one upcoming experimental setup, we finally demonstrate promising event rate can be
expected for the cascade process and, even in the worst-case scenario—no signals are observed at all—it
can still provide a competitive potential for constraining the NP, compared with those from the high-p;

dilepton invariant mass tails at high-energy colliders.
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I. INTRODUCTION

The observation of neutrino oscillations has established
that lepton flavor symmetry, an accidental symmetry in the
Standard Model (SM), is explicitly broken. If neutrinos get
their masses through Yukawa interactions with the SM
Higgs, the expected rates for charged lepton flavor viola-
tion (cLFV) enabled by the neutrino oscillations are sup-
pressed by Gim} ~ 107 making them practically
unobservable in current experiments [1,2]. Thus observa-
tion of cLFV would clearly point to the existence of new
physics (NP) beyond the SM.

Among the various cLFV processes (see Refs. [1-5] for
recent reviews), the ones mediated by the ¢ — uf?’
transitions at the quark level have received appreciable
attention in recent years. These processes have been
extensively studied in rare charm decays [6—17] and also
been explored by analyzing the high-p; dilepton invariant
mass tails in the processes pp — £¢’ [18-20]. Recently, we
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have proposed studying them through a low-energy scat-
tering experiment, which turns out very complementary in
searching for NP to the rare charm decays and the high-p;
dilepton invariant mass tails [21].

Despite the growing efforts above, few can probe the
cLFV processes induced by the ¢ — u¢’z transitions (with
¢ = e, p). Start with the rare charm decays. The largest
accessible phase space for semileptonic D-meson decays is
given by mp+ —m o ~ 1.735 GeV, which is smaller than
the z-lepton mass, rendering the semitauonic D-meson
decays kinematically forbidden; the same conclusion also
holds for the charmed-baryon decays. Meanwhile, due to
mpo < m, +m,, the purely tauonic D-meson decay
D° — 7y is kinematically forbidden, too." Although the
decay D° — e is kinematically allowed, it has not been
detected in experiments partially because of its very narrow
phase space. Given that the new proposed low-energy
scattering process involves only the leptons e and u [21],
analyzing the high-p; dilepton invariant mass tails
becomes the only way to explore the cLFV processes
induced by the ¢ — ur transitions for the moment. In the
framework of a general low-energy effective Lagrangian
[denoted by L as introduced in Eq. (1)], since the high-p7
dilepton invariant mass tails cannot pinpoint all the possible
NP Dirac structures [19], clearly other new processes and

'Note that 7 — D% is also kinematically forbidden due to
m, < mpo +my,.
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observables, particularly the low-energy ones, are badly
needed; this is still true even if the decay DO = ze is
measured in the future, since the purely leptonic D-meson
decays are known to be only sensitive to the axial and
pseudoscalar four-fermion operators of the L.¢ [22-25].

In this paper, we will propose the quasielastic (QE)
scattering process e~ p — 7~ A, mediated by the quark-
level e"u — 77 ¢ transition. This process is free from the
kinematic problem that the semitauonic charmed-hadron
decays encounter and covers all the effective operators of
the L. Unfortunately, even with the purely tauonic D-
meson decays and the high-p; dilepton invariant mass
analyses, there are still not enough observables to fully
pinpoint all the NP Dirac structures and determine the
corresponding Wilson coefficients (WCs). We will thus
also consider the polarization of the produced z lepton,
which involve all the effective operators of the L, and can
fill the gap (at least partially), though they are more difficult
to measure than the cross sections.

Since the 7 lepton is very short-lived and decays weakly,
its polarization is revealed through its ensuing decay
distributions. As analyzing modes for the 7 polarization,
we shall make use of its four dominant decays, 7~ — z7v,,
7 > p v, and v = £V, (with £ =e, u), which
together account for more than 70% of the total = decay
width [26]. Since the decay products of these modes
contain at least one undetected neutrino, we shall focus
on the visible final-state kinematics and integrate out all the
variables that cannot be directly measured. We will show
that the three polarization components of the z can be
extracted from the analyses of the kinematics of the visible
decay product (i.e., z—, p~, and £7).

The QE scattering process we propose can be explored
through a fixed target experiment. Thanks to the advances
in technologies of electron beams and proton targets—note
the ongoing scientific program of 12 GeV Continuous
Electron Beam Accelerator Facility (CEBAF) at Jefferson
Lab (JLab) and its potential upgrades [27]—promising
event rates can be expected for the scattering process in
various NP scenarios, if it is measured with a properly
selected experimental setup, together with the constraints
from the high-p; dilepton invariant mass tails as input. On
the other hand, even in the worst-case scenario—no signals
are observed at all—the QE scattering process can still
provide competitive constraints with respect to those
obtained from the high-p; dilepton invariant mass tails.

We conclude this section by outlining the content of our
paper. We start, in Sec. I, with a brief introduction of our
theoretical framework, including the most general low-
energy effective Lagrangian, cross section, spin density
matrices, as well as the kinematics and form factors. In such
a framework, we show in Sec. IIC how to extract the
polarization components of the 7 in the QE scattering
process. In Sec. III, we perform comprehensive phenom-
enology analyses of the polarization components in various

NP scenarios and explore possible impacts from the form
factors. Based on the currently available experimental
constraints, we evaluate in Sec. IV the prospect for
discovering NP through the low-energy QE scattering
experiment in various aspects. Finally, we collect our main
conclusions in Sec. V, and relegate further details on the
spin density matrices and explicit expressions of the various
observables to the appendixes.

II. THEORETICAL FRAMEWORK

A. Low-energy effective Lagrangian

The idea of using effective Lagrangian for studying
lepton-flavor-violation processes, such as the lepton-flavor
changing decays, lepton-flavor conversion, and neutrino-
less double beta decay, at the quark and hadronic level has
been well developed in Refs. [28—45] and widely used in a
series of papers (see, e.g., Refs. [46-53]). For the scattering
process e~ p — 7~ A, (or e"u — 7~ c at the quark level) in
this work, the general low-energy effective Lagrangian can
be written as (see, e.g., Refs. [19,51,53,54])

Ya

where v = (v/2G)~!/? is the electroweak vacuum expect-
ation value, O, is the semileptonic operator listed in
Table I, and g, is the corresponding effective WC.? Note
that the tensor operators with mixed quark and lepton
chiralities vanish due to Lorentz invariance. In addition, the
operators OLF and ORE are neither generated in the
Standard Model effective field theory due to gauge invari-
ance [54], nor in certain ultraviolet models, such as the
leptoquark models [55,56]. Finally, this framework is only
applicable up to an energy scale of O(m,, ), with m, being
the bottom-quark mass, above which new degrees of
freedom would appear.

B. Spin density matrices and polarization vector

The cascade processes considered in this work can be
broken down into the QE scattering (e”p — A.77) and
successive decays of the z lepton (t~ — 77 v,, p~v,, £ UpL,).
The fully differential cross section can be written as (see, e.g.,
Refs. [57,58])),

1 1
AF (K2 —m?)?+

1
= Epfﬂ/d¢(k’p’pl’k/):| |:

dog mzrzpf/l’p/?/ldq)(k,P;P'»Pd,Py)

P dd(Kpapy) |,

(2)

2m.I';

’If the effective hadronic-level Lagrangian is also evoked, its
WCs can be connected to those at the quark level through the on-
mass-shell matching condition [33,34,39-44,53].
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TABLE L. Operator O, of L. in Eq. (1), where Pr; = (1 £
¥s5)/2 denote the right- and left-handed projectors, and ¢* =
i[y",y*]/2 is the antisymmetric tensor. And coeff is short for
coefficient.

Coeff. Operator Coeff. Operator
gt (7, Pre)(cyPru)  giR (27, Pre)(Cr"Pru)
giR (Ty Pre)(Cr" Pgu) gik (Ty,Pre)(Cr'PLu)
5 (zPpe)(cPru) g5~ (zPge)(CPgu)
R (TPpe)(cPgu) gt (TPge)(cPLu)
gkt (to,, Pre)(co" Pru) gRR (7o, Pre)(co™ Pru)

where d(Ki, ... ) =[] oty (22) 84 (Ski=3,p))
is Lorentz invariant. To account for the spin average of the
initial electron and proton, we have introduced a prefactor
1/4. And to obtain the second equation in Eq. (2), we have
applied the narrow-width approximation,

lim mh
im —
-0+ 7 (p? — m?)* + mI'?

=8(p*-m?).  (3)

to the 7 propagator 1/[(k”> — m2)? + m2I'2], which is valid
due to the much smaller decay width of 7 than its mass [26].
Finally, we always bear in mind that for the 7= — £ U, v,
mode, p;,, momentum of the outgoing #-antineutrino, must
be taken into account in both the d®(k,p;p’, ps p.)
and d®(K'; py, p,)-

Now several necessary explanations of the various
symbols in Eq. (2) are in order. First, the indices 4,1 =
{1/2,-1/2} characterize the helicity of the z. Second, the
flux factor F is 4((p-k)?> —m2m3)'/? with k and p
denoting the four momenta of the initial electron and
proton, respectively. Third, the four-momenta of A, and
v, are correspondingly represented by p’ and p,, while p,
refers to momentum of the visible decay product of the ,
with d = =z, p, ¢ corresponding to the four decay channels
of the 7. Finally, p? is the spin density decay matrix of the 7,
whereas its spin density production matrix is denoted by p*.
Their explicit expressions and details of the calculation
procedures can be found in Appendixes A1 and A2,
respectively.

The density matrix p” can be expanded in terms of Pauli
matrices ¢ with the first (second) row and column
corresponding to the helicity 4 = 1/2(—1/2),

PZ/ = 61/1/C -+ ZGZIZ?,
= C(é,w + ZGZ/VP“> s (4)
a

where P, = £%/C denote the three components of the 7
polarization vector P*=>"_ P,sh [59]. The explicit

expressions of C and X% can be determined by matching
the pﬁ, in Eq. (4) with that in Eq. (A29).

C. Extraction of the 7 polarization components

Since the spin density matrices p©*P and d® are Lorentz
invariant, they can be calculated in any frame of reference.
We pick the laboratory (Lab) frame—i.e., the initial proton
is set to static—to evaluate the terms in the first square
bracket in Eq. (2), and denote the result as

) >

C(
9,4 = GanFEm (5M ’ ZG”
)dq : (5)

1 da
e <5M * Z"M’

where g = k — k' and E denotes the electron beam energy.
Note that do,/dq” is the unpolarized differential cross
section of the scattering process e~ p — A.z~ in the Lab
frame, given by

dog C
dq*  32nFEm,’

(6)

We choose the rest frame of the z lepton, on the other
hand, to deduce the terms in the second square bracket in
Eq. (2), and get

'5
do?) —Bd E, [ﬂd5/1/1—)(d(l7d $5)0%,]; (7)

where B,_, ,, denote the corresponding branching frac-
tions of 7~ = 77y, TT — pTu,, and TT — £ D, decays.
The scalar functions #,; and y, read, respectively,

m% 5(m1_Ed_ Ipd‘)

T Ty 2alpa
20(1 2 x)0(x=2
nap = 2OAY = 00X=2) 130y ypa-3x)
mzf(y)m
¥ —a ng 5(7’}’!7 - Ed - Ipdl)
e T )2 2alp
40(1 +y2 = x)0(x =2
oo =Y Z00X=D) 1y 50 ng ()

mif(y)z

where 6(...) denotes the step function, a,_,, = {I,
(m7 =2m3)/(m? +2my)}, and x =2(p,-K)/m3, y=
my/m, in the d =¢ case. For some details of the
calculations, we refer the reader to Appendix A 3.

With the do” and do? given respectively in Egs. (5) and
(7), we write the fully differential cross section as
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dUd dUY dpd
P =By dq/ [’7:1 )(dZ(Pd Sa P} )

To discuss the polarization components P,, we must
specify the spin vectors s,. To this end, we first define
three orthogonal unit vectors as follows:

K K xk

ny =—-, np =———,
EK P < k|

ny=npxn;, (10)

where k and k' are the three-momenta of the electron and
the 7 in the Lab frame. We then define the longitudinal (L),
perpendicular (P), and transverse (T) spin four-vectors of
the 7 in its rest frame as

sp = (0.ny), sp = (0.np), st =(0.n7). (1)

Finally, a Lorentz boost from the 7 rest frame to the Lab
frame leads to

k'| EK
SIZ — <| " T >’ (12)

m; m.|K'|

but leaves the perpendicular (s%) and transverse (s%) spin
four-vectors unchanged. These transformed s/ can be used
to compute the polarization components P, in the Lab
frame, as shown in Appendix C.

Taking the three unit vectors (nr, np, 1y ) as the Cartesian
basis (n,, ny, n;) in the 7 rest frame, we write > (p, -
s,)P, in Eq. (9) as

Z(Pd Sa)Pa

a

= —|py|(Prsin 6, cos ¢,

+ Ppsinf;sing, + Py cosb,),  (13)

where 0, and ¢, denote the polar and azimuthal angles of
p, in this frame. Now integrating over |p,| in Eq. (9), we
obtain

d;lj;zzd = %Z_;; [g? + g% (Pr(q?) sin0,cos ¢,
+ Pp(q )Slnﬁd sing, + PL(qz)cosed)], (14)
where
gr =1, 0 = a,,, (15)
and

2 W 2 —2(4 — 30 dx
gf:f(y) Ly x* —4y*[x(3 — 2x) — y*(4 — 3x)]d
r_ 2 1+y2x2_ 2 2 _ 9y ldx
o= [ AN -2 (19

One can easily verify ¢ = 1 for £ = e, .

From Eq. (14), it is easy to extract the P, in terms of the
polar 6, and azimuthal ¢; asymmetries. For instance, upon
integration on ¢,, one obtains

C{ZGd

- Bd dGS
dg*dcosf,;

9" + ghPL(g?) cos ). (17)
based on which P; is given by

29d f() dcosgddqzdcosé) f dcos gd dqzdcosé’d

L= - (18)
gD fO dcoseddqzdcosad + f—l dcosty dqzdcosed
Similarly, integrating over cos 6, yields
dZGd Bd dG
=< cos
dg*d,  2rdq’ [gd 3 9b(Pr(@%) cosda
T Pp(q?)sin m)] | (19)
One can then extract the Pp and Py, respectively, as
2
P, — ng f(;r d¢d dqdzj(/, - 27[ ¢d dq%;z/)d (20)
PE p ’
9p fo d¢d dqzd(/),, + fz d¢d dqqubd
ng ﬁl d¢d dd;d[ﬁ f ¢d d d¢
PT 29 77 q q- d (21)

d .z &P
gD ﬁ% d¢d dquqﬁ + rdd)d dq2d¢

Clearly such an extraction scheme relies on the
reconstruction of the 7 rest frame, which in turn depends
on detection of the 7 momentum. For the QE scattering in
this work, we expect that the 7 three-momentum can be
determined by detecting the A. momentum, contrary to the
B-hadron semitauonic decays [60-76], the (anti-)neutrino-
nucleus inclusive scattering (v,(,)A, — t7X) [77,78], or
the electron-ion inclusive collision (ep — tX) [79,80],
in which the 7 three-momentum cannot be determined
precisely.

Finally, for the convenience of later discussions, we also
integrate over Q, in Eq. (14) and get

d d B,C
=B @
q dq~ 32zFEm,

where the factor ¢¢ has been removed due to ¢¢ = 1.
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D. Form factors and kinematics
of the scattering process

The spin density matrix p” is constructed out of the
leptonic and hadronic matrix elements, i.e., LER and HLR
witha = S, V, T, as shown in Eq. (A29). The former can be
calculated straightforwardly, while the latter shall turn to its
complex conjugate [21,59,81,82], which are parametrized
by the A. — N transition form factors [83-85]. Since a
scattering process generally occupies a different kinematic
range (¢°> < 0) from that of a decay (g> > 0), theoretical
analyses of the scattering process require an extrapolation
of the form factors to negative g®. Thus, the form-factor
parametrizations suitable for our purpose must be analytic
in the proper ¢° range.

In our previous analyses of the 7z polarizations in the
v.n — 7~ A, scattering process [59], we considered several
schemes that meet the selection criterion and have been
utilized to parametrize the A. — N form factors by various
models. For instance, the dipole parametrization scheme,
employed within the MIT bag model (MBM) [86,87] and
the nonrelativistic quark model (NRQM) [88], and the
double-pole scheme in the relativistic constituent quark
model (RCQM) [89,90]. However, only the form factors
associated with the matrix element (N|ay*P;c|A.) were
calculated in these models. The primary scheme we took
was initially proposed to parametrize the B — 7 vector
form factor [91], and has been used in the LQCD
calculation of the A. — N transition form factors [84].
Contrary to other model evaluations, the LQCD calculation
not only covers all the form factors, but also provides an
error estimation. Thus, we will adopt the latest LQCD
results [84] throughout this work, too. For more details
about the form factors in these different models, we refer
the reader to Refs. [21,59,81].

Extrapolating the form factors to positive ¢” raises
ambiguity about the form factors, which in turn induces
theoretical uncertainties in predictions. Indeed, model
calculations of the N — A_ form factors can significantly
affect the predictions of A, weak production in neutrino QE
scattering processes [81,92] and of the 7 polarizations in the
scattering v,n — 7~ A, [59]. Worse, the uncertainties
induced by using the different schemes even dwarf that
from the error propagation of the form factors [59,81].
Thus, we will also analyze the 7 polarizations in the e p —
77 A, scattering process in terms of the form factors
calculated within the models MBM, NRQM, RCQM,
and LQCD in various NP scenarios, and examine if the
same observation also applies to this process.

Let us now turn to the kinematics of the scattering
process e~ p — A,7”, in which the ¢ is bounded by [21]

a—E\/71<
m, +2E "~

2<a+E\//_1

, 23
T m,+2E (23)

q

Q? = 16 GeV* A
__15¢ ]
N Ll
3 ]
U 10r ]
N@. ]
5r ]

O ] Il Il

6 8 10 12 14
E (GeV)
FIG. 1. Criteria for selecting the electron beam energy E, where

2
max (min

Eq. (23), and the blue line represents the condition Q® <
16 GeV? required by our theoretical framework. The yellow
range indicates the eligible E.

the red (green) curve denotes the E-Q ) relation given by

where

a= E(m%\( —m% 4+ m?—=2m,E) + m,m?,

A=my + (my +2m,E—m3)?
—2m3} (my +2m,E + mz).
Note that the electron mass has been ignored due to

m,/E < 1. The condition of Eq. (23) indicates that the
electron beam energy E determines the maximal and

minimal values of Q% (Q? = —¢?), which, in turn, implies
that any constraints on Q2. and Q2. restrict the E

selection. For instance, condition Q% = Q2. indicates

a minimal requirement for E (E 2 8.33 GeV); this can also
be visualized in Fig. 1 by noting the intersection point of
the red and green curves that represent the E — Q2. and
E — Q2. relations, respectively. Besides these constraints,
we also consider the one from our theoretical framework.
Since our analyses are carried out in the framework of L
given by Eq. (1), to ensure the validity of our results, we
require Q2,, to not exceed Q2 = 16 GeV? ~ m3. Such a
requirement, depicted by the blue line in Fig. 1, results in an
upper bound E < 13.41 GeV, provided that the observ-
ables one is interested in, such as the total cross section,
involve Q2... Otherwise, E is not bounded from above,
since one can always focus on the lower Q? range, even

though a high Q2. is available due to a high E.

III. PHENOMENOLOGY ANALYSES

A. Observable analyses

The factor C in Eq. (4) is connected to the unpolarized
differential cross section do, of the scattering process
e~ p — At~ [cf. Eq. (6)] through the following relation
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TABLE IL

Non-zero reduced amplitude squared .A,_ that contributes to the cross section of the scattering process

e”p — A,7v". The subscript a — §, e.g., V; — V., indicates Ay, _y, , is induced by the interference between the

operators OLE and OLR.

LL LR LL LR LL
(gv")* (v")* (g5°)" (95")* (97")"
LL
gy AVI,I,—VLL AVLI__VI_R 'AVI_I,—SLL AVI_I,—SLR 'AVLI_—TI,L
R
QZ Ay, Vi AV Vi Vii-Six Av,-s., Ay 10,
ng 'AVI_I,—SLL Vie—Sir SrL—SiL SrL—Sir Se=TrL
gs' Ay, -5, Av,-s., SiL-Sik SiL-Sus Sur—Tos
g% AVLL_TLL VLR_TLL SLL_TLL SLR_TLL TLL_TLL
(") (") (958" (g§F)* (g1%)*
R
9'§L Ay, -vi, Ay, Vi Ay, -5, Ay, =51 Ay, -1,
ggR Ay, -vi Vie—Vig Ay, =5, Av,-s,, Ay, -1,
gSL AVLL_SLL AVLL_SLR SLL_SLL SLL_SLR SLL_TLL
%R AVLL_SLR VLL_SLL SLL_SLR SLL_SLL SLR_TLL
gr Vie=Trs ‘AVLR—TLL Sr—Tr1 Sr—Tr1 Tri-TpLr
20— |MP = %Z%QZ Ay (24) Finally, simultaneously flipping the chiral properties of
v
the lepton and quark currents of two operators O, and Oy

where | M|? is the amplitude squared without spin average
of the initial particles, and A,_; with a subscript, e.g.,
Vi1 — Vg, represents the reduced amplitude squared that
is induced by the interference between the operators OLL
and O4R. Since all of the operators in Table I can contribute
to the scattering process, g, and gy go through all the WCs.

We list in Table II all the non-zero A,_s. Already, some
patterns emerge. First, A,_s vanishes if induced by inter-
ference between two operators with their lepton currents of
opposite chiral properties, equivalently Lf(2)Lj*(2) =0,
because the electron mass has been ignored due to
m,/E < 1. Second, all of the A are real, leading to
Ayp = As_o. Third, Ag is equal to A

—SiL —Sir*

yields the same reduced amplitude squared A,_;, e.g.,
Ay o—ve, = Av,,—v,,- The latter two patterns arise due to
the chiral structures of the lepton and quark currents and the
form-factor paramertrization of the hadronic matrix ele-
ments. Based on these patterns, we only present one A,_z
in Table II, if its duplicates appear.

Similar to C, £¢ can be written as

1 * AT
= > GaGp Ay (25)

where the reduced amplitude squared A7_; contains the

polarization information of the z, and shares the same
subscript with the A,,_;. We list in Table I1I all the non-zero

TABLE IIl.  Nonzero reduced amplitude squared A} _; that contains the polarization information of the lepton 7.

Note that it has the same subscript with the A,_j.

L\ * LR\ % L\ % R\ % LL\x*
(9v") (9v") (95") (g5") (97")
gLL T T A‘r T T
14 Vie=ViL Vie=Vir Vie=Si Vie—=Sir Vie=TrL
LR T T T T T
9y ViL=Vir Vir=Vir Vie—=Sir Vie=Sie Vir=TrL
LL T T* T T T
9gs Vir—=SiL ViL=Sir Se—=SLL Str—Sir Se—TrL
R A‘r* Ar* T T T
S ViL—=Sir Vie=SiL S1.—SLr S1.=SL Sir=TrL
LL T* Tk T* Tk T
9r Vie=TrL Vir=TrL Sp—Tre Ser—TrL Tp—Tre
RR\* L\ * RR % RL % R\ *
(g8") (98") (95") (95") )
RR _ AT T _ AT AT _ Ar*
9y Vie=Vio Vie=Vir Vir=SiL Vir—=Sir Vie-Trr
L _ AT _ AT _ AT _ AT _ AT
gﬁ Vie=Vir Vir=Vir AVI_L_SLR 'AVLL—SLL 'AVLR—TLL
RR AT AT T T _Ar*
9gs Vie—=Sce Vie—=Sir S1.=SiL S1.—SLr Spe—TrL
L _AT T _ AT _ AT _ AT
S ViL—Sir Vie=SiL SLL—SLr S1L=SiL Ser—Trr
R _ AT T T T T
T Vie=TrL Vir—=TrL Si=TrL Sir=TrL Ty —Tp.

075025-6



PROBING NEW PHYSICS WITH POLARIZATION COMPONENTS ...

PHYS. REV. D 109, 075025 (2024)

" One can see that certain patterns emerging from the
A,_p in Table II can apply to A7, 4» too. For instance, A;_ﬂ
also vanishes if induced by interference between two
operators with their lepton currents of opposite chiral
properties, equivalently Lf (4)Lj* (') = 0, due to the same
reason. Another example is that the relation ‘AELL—SLL =
A§ s, also holds in this case.

Of course, distinct differences exist between the two
cases. First, instead of A;_,, =Aj A;_ﬂ = A/Ti*_a in
general for @ # f# (one exception is when both the a and
p denote the vector operators). Such a difference arises
from the appearance of &gy ys,1{p)» Which is always
accompanied by the imaginary unit i. Interestingly enough,
the very same term generates a non-zero Pp provided that
all the WCs are complex. For @ = 3, on the other hand,
Af—, remains real due to missing the &4y x1(s,1{p}- Based
on these arguments, one can see that Pp vanishes in a pure-
vector scenario, i.e., only the vector operators Oy are
activated. And it also vanishes if only one WC is turned on
in the L, i.e., all other WCs are set to zero. The second
difference is that, contrary to the A,_g case, simultaneously
flipping the chiral properties of the lepton and quark
currents of two operators O, and Oy now yields —A;_ﬂ,
.- A‘€/RR_VRL = _'A‘{/LL—VLR'

With C and X¢ given respectively in Eqs. (24) and (25),
the polarization components P, are now formulated in
terms of the A,_s and Afl_ﬁ as well as the WCs. Since the
WCs have not been determined yet, it will be difficult to
explore the behavior of P, in general with respect to the
kinematics Q?, the beam energy E, etc. However, if only
one operator O, in Eq. (1) is activated at a time, the P,
become independent of the WC g,. Immediately, Pp in
these NP scenarios vanishes, as indicated by the patterns
arising in Tables II and IIL. In addition, P; 7 in the NPs gh*
and gRR differ only by a minus sign; the same conclusion
also holds for the NP pairs (g5%, gRE), (g5E, gfR), (giR,
gRL), and (g5, g&R). Besides the simple case above, the P,
can also be independent of the WCs, if only O%~ and Q4R
(ORR and ORL) are activated simultaneously. To justify this
one can check the explicit expressions of the corresponding
A,—p and A}_j in Appendixes B and C.

The behavior of P, predicted above in the two simple
cases can also be justified graphically. Let us focus on the
first one and explore in Fig. 2 how the P; ; vary with
respect to the Q? in various NP scenarios (note Pp = 0).
For a simple demonstration, we consider the beam energy
E =12 GeV as a benchmark. And since the P; ; induced
by the O%F and OLF (ORR and ORL) are identical, only the
former are presented, as already argued in the second
simple case. Now one can clearly see that the sign of P; 7
indeed flips as one simultaneously flips the chiral proper-
ties of the lepton and quark currents of an operator—check
the solid and dashed curves in the same color. In addition,

2 4 6 8 10 12
Q* (GeV?)

FIG. 2. Variations of the polarization P; and P with respect to
0? in different NP scenarios, where we have set the electron beam
energy at £ = 12 GeV.

the lepton 7 produced in the NP ¢giF (gRF) is almost fully
polarized along the longitudinal direction, as indicated by
the blue (dashed) curves. In the NP gkl (¢%%) denoted by
the red (dashed) curves, on the other hand, the 7 is fully
polarized in the longitudinal direction only at the maximal
and minimal Q2 in the middle Q? regions, say
0?€(5,9) GeV?, it prefers being polarized transversely.
Finally, the P; 7 in the NPs ¢gil and gkl (gRF and gRF)
display a roughly opposite pattern and, interestingly, the P
in both scenarios becomes zero at Q% ~ 12 GeV2.
Finally, we explore the dependence of P, on the
electron beam energy E. Based on the observations made
in Fig. 2, we shall focus on the NPs gi%, giR, gkl and ght.
As shown in Fig. 3, the P; (P7) in the NP gl remains +1
(0) to a very good approximation in the whole allowed Q?
regions. Meanwhile, the P; (P7) in the NP gkt at the
corresponding Q2. and Q2 remains +1 (0) for E =9,
12 GeV; this pattern would also apply to the case of E =
15 GeV ifits corresponding Q2. were not excluded by our
theoretical framework. On the other hand, the P; in the
middle Q? regions becomes more favorite than the P, for
the 7 as E increases (note P, = Oand Py = —1 at Q?> ~7.5,

12.5 GeV? for E = 15 GeV). As for the NPs g5l and gkt,
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FIG. 3.

The polarization Py 7y in various NP scenarios with three different electron beam energies. Note that the NP scenarios with

right-handed lepton current are not presented and neither is the NP giR. Also only the P;; within the kinematic range

0% €[Q2,,.16 GeV?| are presented for E = 15 GeV.

both the minimal and maximal values of the P; and the
minimum of the Py change vastly as E increases, but
the roughly opposite pattern between the two NP cases
remains.

B. NP model identification

We considered in Ref. [82] the low-energy polarized
scattering process e~ p — e~ A,, and demonstrated in a
model-independent way that 15 NP scenarios constructed
only with the vector operators Oy can be effectively
disentangled from each other by measuring 4 spin asym-
metries A¢, A7, A7%, and A%. The key ingredients are the
longitudinal polarized electron beam and proton target. In
this subsection, we will also define 15 NP scenarios in a
similar way, and show that they can be distinguished from
each other by using the longitudinal polarized electron
beam and by measuring the P; of the 7.

To begin with, let us introduce the new 15 NP scenarios,
which are constructed with the 4 vector operators OLF,
OLR, ORL, and OFR, as well as their possible combinations:

(1) cases with one vector operator: (I) OLE, (II) OLR,
(IIT) ORE, and (IV) OFR;

(2) cases with two vector operators: (V) OLE and OLR,
(VI) OLE and OFE, (VIT) OLF and O, (VIII) OLR
and OFF, (IX) OLF and OFR, and (X) OFF and OFR;

(3) cases with three vector operators: (XI) OLL, OLR,
and ORL, (XI) OLE, OLR, and ORR (X1I) OLL,
ORL, and OBR and (XIV) OLR, OFE and OFR;

(4) cases with four vector operators: (XV) OLE, OLR,
ORL, and ORR.

And we assume no scalar and tensor operators are
activated.

For a simple demonstration, we once again consider the
benchmark beam energy E = 12 GeV. Supposing the
scattering experiment is run twice with the electron beam
left- (e;) and right-handed (eg) polarized accordingly, we
collect the complete results for the cases [-XV in Table IV.
And for the sake of simplicity, we focus on Q% ~ 6 GeV?,
so that P7 ~ 0.5(0) for the NP scenario gil (g5F), as shown
in Fig. 2. The constant ¢, depending on |ght|?, |g5R|?, and
Re[ghl gbR], is expected to be away from 0 and 0.5 in
general. Now based on their results of Py with e¢; and ey,
those NP scenarios can be divided into nine groups: {II, III,
VI, {1 VI}, {V, XI}, {1V, IX}, {X, XIV}, {VII}, {XII},
{XIII}, and {XV}. Already, the 4 NP scenarios listed
accordingly in the last 4 groups can be distinguished from

TABLE IV. The P; predicated in the cases I-XV with the
electron beam left- (¢; ) and right-handed (ey) polarized, where ¢
is expected to be away from 0 and 0.5 in general; see text for
details.

I I I v v
PT(eL) 0.5 0 0 0 C
Pr(eg) 0 0 0 -0.5 0
VI VII VIII X X

Pr(e,) 0.5 0.5 0 0 0
Prleg) 0 ~0.5 0 ~0.5 —c
XI XII XTI XIV XV

Pr(er) c c 0.5 0 c
Pr(eg) 0 -0.5 —c —c —c
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Q* (GeV?)

2 4 6 8 10 12 2 4 6 8 10 12

Q* (GeV?)

FIG. 4. The polarization P, 7 as a function of Q?, predicted with the form factors calculated in LQCD (red), NRQM (blue), and
RCQM (green), respectively. Note that the 1o-level statistical uncertainties of the form factors in LQCD have been propagated to all the
observables, as denoted by the outer red regions. In addition, the P; ; denoted by the three colors overlap perfectly for the NP g&L, while

for the NP g&E only the LQCD results are presented.

each other and the rest of the NP models. To further
disentangle the remaining 11 cases, one can simply check
the events of the scattering process for the two experiments.
Take the first group {II, III, VIII} for an illustration. If one
observes events with the e; beam, while none with the ey
beam, the NP scenario is the case II; if the observation is
completely opposite, it belongs to the case III; if one
observe events in both times, it shall be the case VIII. In this
way, the NP scenarios II, III, and VIII are disentangled.
Following the same procedure, one can also disentangle the
rest 8 cases.

Let us conclude this subsection by making the following
comment. In Ref. [82], seven LQ models S, R,, S3, Us,
V,, U, and V, were disentangled by using the polarized
scattering process e~ p — e~ A,; additional processes are
needed to further distinguish S5 from Uj, since they yield
the same effective operator O%E. To achieve this goal, the
scalar and tensor contributions in the LQ models S; and R,
were ignored, which was a reasonable assumption, since
the WCs of the scalar and tensor operators are closed
related in the two LQ models and the former are stringently
constrained by the leptonic D-meson decays [21,93]. For
the WCs of the L. in Eq. (1), on the other hand, none of
them has been constrained more stringently than the others,
as to be shown in Sec. I'V. Thus it will be more involved to
fully disentangle the LQ models. Nonetheless, the LQ
models Us; (S3), V,, U; and V, are already distinguished
through the identification mechanism, since they corre-
spond to the cases I, II, IV, and III, respectively. Moreover,
the scalar LQ models S; and R, can be disentangled from
the others, because they generate a nonzero Pp—induced

by the interference among the vector, scalar, and tensor
operators—whereas the others do not.

C. Impacts from the form factors

As mentioned in Sec. II D, the primary results of the
form factors we adopt are from the LQCD calculations,
since they provide us with an error estimation [84]. Yet our
calculation has only involved the central values of these
inputs so far. Given that the uncertainties of the form factors
can affect the theoretical predictions significantly [59,81],
they should be taken into account in the analyses of this work,
too. In addition, the ambiguity arising in extrapolating the
form factors to positive g> with different parametrization
schemes can have a huge impact on theoretical predictions
[59,81,92]; this impact can even dwarf the one induced by the
error propagation of the form-factor uncertainties. Since our
analysis is based on the same extrapolation, we should also
examine if the same observation applies to the P, in various
NP scenarios in this work.

As a simple illustration, let us focus again on the first
simple case, i.e., only one WC is activated at a time. We
evaluate in Fig. 4 the P  with the form factors calculated
in LQCD (red), NRQM (blue), and RCQM (green),
respectively.3 And we also take account of the lo-level
statistical uncertainties of the form factors in the LQCD
case. Following the same argument made in Fig. 2, we only

*We do not present the results with the form factors calculated
in MBM, because both MBM and NRQM employ the dipole
form for the ¢> dependence of the form factors [94,95] (see also
Refs. [59,81] for details).
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present the NP scenarios ght, ¢hR, gkE, and g5t in this
figure. It can be seen that in the case of git, the LQCD
always predicts the largest P; but the smallest P, whereas
the situation is completely opposite in the RCQM. For the
NP ¢iR on the other hand, the RCQM predicts compatible
P; v with the LQCD at the 1o level, while the NRQM
produces the smallest P; but the largest P;. Contrary to the
two NP scenarios above, situation in the NP ggL 1s much
simpler. Since both the P; and P are independent of the
WC gL, all of the three models generate the same P; 7; for
details of the P, in this case we refer the reader to
Appendix C. Finally, for the NP g%, only the LQCD results
are presented, since the relevant form factors have not been
calculated in other two models.

Despite the complicated behaviors of the P; ; calculated
with various form-factor parametrization schemes in the NP
scenarios, two overall observations can be made easily. The
first one is that the uncertainties of the P, ; from the error
propagation of the statistical uncertainties of the form
factors in the LQCD increase along with the Q°—these
uncertainties of the P;  would become even larger if the
systematical ones were taken into account, too. Such a
pattern is closely related to the behaviors of the form factors
with respect to the 02 [59]. The other observation is that the
uncertainties of the P; ; due to the different schemes
overwhelm the ones induced by the error propagation of the
form-factor uncertainties. Clearly, these two observations
are consist with the results of Ref. [59].

The uncertainties of the P, will certainly affect the
model identification in Sec. Il B. We have shown that a
distinct difference between the predicted Py in the NPs ghl
and gER at a certain O is one of the key ingredients in the
success of NP model identification. Clearly, such a differ-
ence will be blurred when the uncertainties discussed above
are taken into account, as shown in Fig. 4. We note that the
largest possible Py in the NP ¢giR (denoted by the blue
curve) exceeds the smallest one in the NP g&% (denoted by
the lower, red dashed curve) at Q% ~5 GeV?, indicating
that the identification mechanism will fail in the Q? >
5 GeV? regions. Even if one focuses only on the LQCD
results, the mechanism will also fail at Q2 > 10 GeV?,
since the largest possible Py in the NP g4 (denoted by the
upper, red dashed curve) exceeds the smallest one in the NP
gkt (denoted by the lower, red dashed curve) in this

regions. The situation will certainly becomes even tougher
|

o >_aB4G¥
32zFEm,

for this mechanism if the systematical uncertainties of the
form factors are considered, too.

IV. PROSPECT AND CONSTRAINTS

We now evaluate the prospect for observing the process
e p—- AT (> v,p v, D, in the framework of
the L.z. As mentioned in Sec. II B, this cascade process can
be broken down into the QE scattering ¢e”p — A,z and the
successive decays 7~ — n"v,, p_U,, £ Upv,. Given that the
formeris a cLFV process, the cascade process would certainly
suffer from low experimental statistics. To alleviate this
problem, we consider all the successive decays of the lepton
7in this process and integrate over all the variables in Eq. (14);
in other words, we shall consider the total cross section.

We propose searching for the cascade process through a
fixed-target experiment, whose event rate is given by

dN
yrie Lo. (26)
The luminosity £ reads £ = [Lpy, with I being the beam
intensity, and L and p; denoting the length and the number
density of the proton target, respectively. The total cross
section o is related to the o, the unpolarized one of the QE
scattering process, through the relation o = >, B,o,, as
indicated by Eq. (22).

From Eq. (26), it is clear that to perform a concrete event-
rate estimation for the scattering experiment, we have to
choose a suitable experimental setup and assign proper
values to the WCs. For the former, we prefer the 12 GeV
CEBAF at JLab [27]—specifically, the proposed Solenoidal
Large Intensity Device (SoLID) [96], which is feasible to
study subthreshold J/yw production from liquid hydrogen
[97] or deuteron [98] (all proton targets). We note that the
produced J /y is reconstructed through its decay into a lepton
pair (e*e™) in these experiments [97,98]. By analogy, we
expect (or assume) the produced A, of the cascade process
can also be reconstructed through its decay products and the
visible decay products (p, 7, £) of the 7 can be detected. Thus,
we choose the same experimental setup as Ref. [98], i.e., the
12 GeV electron beam with intensity up to 1.25 pA and the
liquid deuteron target, which together make up the overall
luminosity £ = 1.2 x 10>’ cm™2 s~!. With the beam energy
E = 12 GeV, the o can be now written as

{1.86(|gv" 2 + [g¥*[*) + 1.20(|gv"|* + |g¥" [*) + 13.60(|g5"|* + |gF"|?)

+0.51(|g5" [ + |g§° P + 1g5° > + [g§"[*) + LOIRe[gf g5 + gi g§* + gi* g5 + gf* g§"*]

+0.56Re[gh g5* + iR B + gk + gl gkR] + 0.65Re[gh gh* + gRRgL]

+ 0.90Re[gfgi + g gf] — 4.39Relgtf gh* + o] + 0.36Relgf g5 + o™

— 1.98Re[ght gkl + gRR gRR] 4 0.38Re[ghR ght + gBL gRR*]} x 103 GeV®. (27)
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TABLE V. Summary of the upper bounds on the WCs g from
the high-p; dilepton invariant mass tails (at 90% CL) and the
e p— A1 (- n v, p v, £ Du,) scattering processes in the
framework of the L.¢ by Eq. (1). Note that a common factor 1073
has been factored out, and constraints on g% and g&* have not
been set by the high-p; dilepton invariant mass tails [19].

Processes e I I I 7
pp — e [19] 5.27 527 111 2.11
e p— At (—>dv,) 140 1.74 267 052

TABLE VI. Summary of the event-rate estimations for the
e p— A1 (- n v, p v, £ D,u,) processes in the first simple
case discussed in Sec. III A. Note that we have set >, B, = 70%
and assumed no event is observed after 1 year’s running of the
experiment. And the event rate is given in units of N/yr.

géL.RR geR.RL géL,RR ngL,RR
14.16 9.13 17.22 16.59

For the general expression of the do/dq?, we refer the reader
to Appendix B.

We now turn to the values of the WCs. Thus far, available
constraints on the WCs are solely set by the analyses of
high-p; dilepton invariant mass tails in pp — 7teT [19].
Taking account of the renormalization group (RG) running
effects neglected in Ref. [19],* and assuming only one WC
contributes to the process at a time, we list in Table V the
upper bounds at the 90% confidence level (CL). For an
optimistic event-rate estimation, we take those upper
bounds for the WCs. Note that since O4R and ORL were
not included in the L. in Ref. [19], no constraints on their
WCs g5k® and k" has been set yet.

Supposing a run time of 1 year (yr) and 100% detecting
efficiency of the visible final particles, we evaluate the
expected event rates in units of number per year (N/yr) for
the first simple case discussed in Sec. III A. The final
results are listed in Table V1. It can be seen that comparable

event rates can be expected for the NP gf,L’RR, géL’RR , and

g?L‘RR . Compared with the NP g‘L,L‘RR, the predicted event
rate for the NP g‘L,R'RL, on the other hand, is slightly smaller,
though its WC takes the same value as the gf,L’RR . The
underlying reason is their different reduced amplitude
squared A, as explicitly shown in Eq. (27) and in
Eq. (B1) for general cases. In fact, this is an unique
character of the QE scattering process mediated by Zu —
#" ¢ in our framework: one can see that the constraints on

the WCs gf,L RR and gﬁR’RL set by the charmed-hadron weak

*Detailed discussion about the RG effects for the Zu — £'c
process in the framework of the L. can be found in Ref. [21].

decays and the high-p; dilepton invariant mass tails are
always the same (see, e.g., Refs. [21,82]).

The expected event rates in Table VI, though nonzero,
are still not big enough to extract the P, of the = with good
statistics. One way out is to consider the facilities with
higher luminosity. We note that even higher luminosity
(108 to 10** cm™2 s7!) can be achieved in Hall C at JLab in
the upcoming era [27]. On top of that, both liquid hydrogen
and deuterium targets and polarized electron beams are
available. If our proposed experiment can be conducted in
this hall, not only can the expected event rate be further
enhanced, extraction of the P, and NP model identification
may become promising, too.

The event rates in Table VI are what one can expect in the
best scenario, because they are carried out with the upper
limits of the WCs. Therefore, it is still possible that no event
of the cascade process will be observed with our preferred
experimental setup in future. If such a worst-case scenario
indeed happens, our proposed scattering experiment can
still set competitive constraints on the WCs, as shown in
Table V, where we have also assumed a run time of 1 yr and
100% detecting efficiency of the visible final particles.
Surely more stringent constraints can be obtained if the
experiment can be conducted in the Hall C at JLab in the
future.

However, to fully pinpoint the WCs of the L in Eq. (1),
clearly more observables are needed. Recall that we had to
make the assumption, i.e., only one WC contributes at a
time, to get the constraints listed in Table V. Even if the
purely tauonic D-meson decays were measured in the
future, they would be still not enough, since they are only
sensitive to the axial and pseudo-scalar four-fermion
operators of the L. Since the polarization components
P, of the 7 involve all the effective operators of the L (see
Appendix C), they can partially fill the gap, though they are
more difficult to measure than the cross section, as already
indicated in Table VI. One may also consider the QE
scattering with both the electron beam and proton target
polarized, since polarized QE scattering processes can also
shed light on the NP Dirac structures [82].

Finally we would like point out that our predictions in
Tables V and VI can be weakened by the non-100%
detecting efficiency of the produced particles, such as the
A, baryon, since it may be hard to keep track of all its
decay products. Thus a sophisticated detecting system for
these particles is crucial. Our results can also be affected
significantly by the uncertainties of the form factors. As
demonstrated in Sec. III C, they can exert huge influence
on the predictions of Py, which in turn affect the
efficiency of the NP model identification. By analogy,
they will certainly have a huge impact on the event-rate
estimation and the constraints on the WCs. All this calls
for a more concrete form factor parametrization scheme
and better control of the uncertainties in future LQCD
calculations.
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V. CONCLUSION

We have proposed searching for NP through the polari-
zation of the 7 lepton in the QE scattering process
e~ p — A.7~. As analyzing modes for the 7z polarization,
we have considered its four dominant decays t~ — 77 v,
7 > pv, and 77 = £ Dy, and demonstrated that its
three polarization components P, can be extracted from the
analyses of the kinematics of its visible decay products.

Working in the framework of a general low-energy
effective Lagrangian given by Eq. (1), we have first
performed a detailed analysis of the P, and discovered
some interesting patterns. First, the P, in a NP scenario
with only left-handed lepton currents differ by a minus sign
to that in another NP scenario with only right-handed
lepton currents, as shown in Tables II and III. Second, due
to missing the &gy (x1(s,}{p}» the perpendicular component
Pp vanishes in the simplest NP scenario, i.e., only one WC
is activated at a time, and in the pure-vector case, i.e., only
the vector operators Oy, are activated. Third, the P, can be
independent of the WCs in certain NP scenarios, e.g., when
only O%F and OLR (ORR and ORL) are activated simulta-
neously. Based on these patterns, we have then shown that
15 NP models constructed with only vector operators can
be distinguished from each other by using the longitudinal
polarized electron beam and measuring the transverse
component P of the 7. We have also explored the impacts
of the form factors in various aspects and observed that
large uncertainties of the polarization observables arise
from using the different schemes and dwarf that from the
error propagation of the form factors, which is consist with
our previous result in Ref. [59], though it was focused on
the neutrino QE scattering process v,n — A.7".

We have finally performed a simple event-rate estimation
for the cascade process e p — At (= 7 v, p,,
£~ Dyv,) in the simplest NP scenarios with our preferred
experimental setup and the upper boundary of the WCs
from the analyses of high-P; dilepton invariant mass tails.
Although promising event rate can be expected for this
process, it remains challenging to extract the P, of the 7
with good statistics, which thus calls for an experimental
setup of even higher luminosity. Nonetheless, even in the
worst-case scenario—no signals is observed at all—we
have shown in a model-independent way that the low-
energy scattering process can provide competitive con-
straints, in comparison with the high-P7 dilepton invariant
mass tails.
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APPENDIX A: CALCULATION OF THE SPIN
DENSITY MATRICES

1. 7 decay density matrix

The helicity amplitude for the 7= — z7v, decay is
given by
My = 170) = V2GRV, uf it 1, Pris(2). (A1)
where f, is the = decay constant and 1 = {1/2,—-1/2}
characterizes the helicity of the z. With the amplitude

above, we compute the spin density decay matrix of the z in
this decay process [58],

(ﬂflz) ),u’ = MuM;

G 2
= % [2m3(m? = m2)8, — 4m3(py - 5*)of, ],

(A2)

where G = i\/iGFVde,,, o (a =1, 2, 3) are the Pauli
matrices, and the subscript 7 in p2 indicates the 7~ — 77 v,
decay channel. The spacelike four-vector s;; are the spin
vectors of the 7, which together with the k’/m, form an

orthonormal set [58],

ﬁ,sazo g4 . g0l — _gad
T
k,k,
ZSZ : s;z = —9w + ﬁ (A3)
a T

Note that in computing the density matrix p2 in Eq (A2), as
well as the rest of density matrices for production and decay
of the 7, we always employ the Bouchiat-Michel formulas
[58,99,100]:

r(p)is() =[5+ Spsseoy | (84 m). - (a)

The helicity amplitude for the 7= — p~v, decay is
written as

2’) —_ —_— . * * -
MYz~ = py,) = z\/iGFVudfpml,sﬁ (Ap)it, v, Pru(4),
(A5)

where f, and €,(4,) represent the decay constant and
polarization vectors of the p meson. Similar to the previous
case, we also compute the spin density decay matrix of 7 in
this case,
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G, l?

R =% [( 2 _ p2)(m? + 2m2)5

—Zz m2 —2m2)m,(p, - s (A6)

)M”

with G, = iV2GrV:,f,.
From Eqgs. (A2) and (A6), one can easily obtain the decay
rates for these two channels, which read respectively as

L1 Pl
I7=r D
4 (77 =77 = 22m4m7z Trlpz]
G221V 12m3 2\ 2
_ Ffﬂ| ud| mz l_m_;r i (A7)
167 m;
11 |p
=T L
(7 = p7ve) = 22m, 4m_x Trlpy
G% %lvud|2m1 m,g 2

Based on these two decay rates, we can rewrite pfﬁ
universally as

(p?),r = 16am I'¢ |:’7d5/1/1/ - E Ya(Pa- S“)Gﬁla (A9)

where
2 3
mz 2m;
_ S =, ——, A10
Na mg —_ m%{ Xd ay (m% _ mg)z ( )
with
2 2
m:s —2m
=1, Yy = ——2 All
Ag— ad—p m% I 2m/2) ( )

The helicity amplitude for the 7= — £~ v,v, decays are
given by
|

My(e= = £7Dpv,) = i2V2G ity Pru, (A)iisy, Prvs.

(A12)

which leads to the spin density decay matrix of the 7

(02) = 64G2 [w )k - po)a

=Y meoly(pe-p) (s pi)|. (A13)

After integrating over the phase space, we can get the decay
rate as

Y =T(r = ¢ i,)
Gam;

- T(1—8y? + 8y0 —y8 — 24941
1923( y+ 80—y y*Iny)
G%m
19243

(), (A14)

where y = m,/m,. Following the same procedure in the
previous two cases, we rewrite the p2 as

64 x 1922°T%
P =— =575
o m2f(y)

= moty(pe-pu)(
a

{(pf P ) K - p)ou

54 pﬁ)] . (A15)

2. 7 production density matrix

The amplitude M of the QE scattering process e”p —
A7 can be generically written as

1
M =~ (HELL + HELR), INT:
5 O (HELE + HELE) (A16)

a

with @ = S, V, T. The hadronic matrix elements H% are
defined, respectively, as

H = 3 NP (5" + gk0)2u + (5% — 1) er il p(p. ) (A17)
HE = 2 (A0 I+ o )eu+ (o8 — g )er s p(p. ). (A18)
HY = SN+ gbR)ermu + (G = gh)eryullp(p. ). (A19)
Hy' = %<Ac(p’, SIS + gvb)er'u + (g8F = g )er'r ullp(p. s)). (A20)

075025-13
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HY™ = gk (A (p'. s [eo™ulp(p.s)).  (A21)

H7" = gfR(A(p'.s")|co™ulp(p.s)).  (A22)

which can be evaluated by using the form factors discussed
in Refs. [21,59,82]. Meanwhile, the Ileptonic matrix
element L5 are correspondingly given by

LL =a(k, A)PLu(k,r), (A23)
LR = a(k', 2)Pru(k, ), (A24)
L, = a(K, 2y, Pru(k,r), (A25)
LY, = a(K, )y, Pru(k.r), (A26)
L%, = a(k', 2)o,,Prulk,r), (A27)
LY, = (k' 2)o,,Pru(k.r), (A28)

where r and s (¥ and s’) denote the helicities of initial
(final) lepton and baryon, respectively. Based on the
amplitude M in Eq. (A16), we can write the 7 production
spin density matrix as

phy = MAM ()
1 < ()
= S L LG ()
rs,s" ap
+ HRHELE()LE (1)} (A29)

Note that in deriving the second equation in Eq. (A29), we
have used the following relation,

Lé(ﬂ)Lg*(l’) =0, (A30)
which is valid due to the negligible electron mass in this
process. To obtain the concrete expression of pi > one has
to deal with L5* (A)Lﬁg’R* (4'), which can be accomplished
by using the Bouchiat-Michel formulas in Eq. (A4).

Finally, the density matrix p”, as discussed in Sec. II B,
can be expanded in terms of Pauli matrices ¢¢:

phy = c((sM + Za;lpa), (A31)

where P, represent the three components of the 7z polari-
zation vector P [59].

3. Phase space integration

We here provide some useful results and formulas to get
the do” and do” in Egs. (5) and (7), respectively.

First, for the do” the relevant phase space integration in
the Lab frame is given by [21]

d3p/ d3k/
do(k, p;p', k') =
/ (k. pi ', K) / 2E, (27) 2E (27)}
x 2r)*s*(k+p—p —K)
1 &K

_/Wﬁfs(ﬂz—mi)
__dg’
- 16zEm,, ’

(A32)

where g=k—k' = p’ — p, and the § function in the
second step has been used to get rid of the angular
integration of k'.

Second, for the doP with d = x, p, the involved phase
space integration in the 7 rest frame can be written as

dp,  d&p

do(k'sps, p,) = Y
[ @opan) = [ 55l e
x (27)*6*(K' = ps— p,)

_ 1 /d3pd6(mr —E;—|p4l)
(27)* ) 2E, 2lp4l '

(A33)

For the do” with d = £, on the other hand, the following
equation helps [74],

d3 d3p—/
L V5 g~ p, — s, )PEPL,
/ 2lp,|2lps,| ‘ ’
o

o q/z 5 q q//)’ \
= 2 0 ,
A (g“ +2= 5 )0ld")

(A34)

where ¢ = k' — p, and 6(...) denotes the step function.
Given x = 2(p, - k')/m? and y = m,/m, (see Sec. 11 C),
the step function 8(g'?) can be written as 8(1 + y> — x). It
is also important to note that x = 2m,E,/m?2 > 2m,/m, =
2y in the 7 rest frame; hence the second step function in the
scalar functions 7,_, and y,_, in Eq. (8).

APPENDIX B: AMPLITUDE SQUARED OF THE
QE SCATTERING PROCESS

The amplitude squared |M|?> of the QE scattering
process e~ p — 7~ A, mediated by the L. is connected
to the diagonal element of the density matrix p* through the
relation | M|? = 2C, or equivalently |M|*> = Tr[pf] as it
should be. With all the operators of L in Eq. (1) taken into
account, we here write the |M|? as

075025-14
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vIMP = (Igi" 1> + 1g88 P Av,, v,y + (65 P + 198 P) Ay v, + (955 P+ 958 1P Ary, 1,
+ (|55 1> + [g%R12 4 |g5% 1> + |95 %) As,, —s,, + 2Re[gihg5®* + gfRgRAAs, s,
+ 2Re

+ 2Re[gi* g™ + gf-gf* | Ay, o1, + 2Re[gg g + g§R g Ay, 1,
+ 2Re gLRg%L* RL RR*}ASLR_TLL’

[geLgeR* +Q§RQ€ }AVLL—VLR —|—2Re[ VLgLL* +gRR R +Q‘L/R LR +9‘R;L RL*]AVLL—SLL
+ 2Re[git g™ + ¥R gt + gt as" + gft 9§ A, s, + 2Relgit g + gFR gt Ay, 1,
[
[

(B1)

where the various patterns discovered in Table II have been taken into account. For the convenience of interested readers and

future discussions, we provide the explicit expressions of the A on the right-hand side of Eq. (B1) as

mz(m; = q*) m%(m% -m3)
Avy v, = TT[ o(ma, —mp)2s, + gg(mp, +mp,)*s_| — Tp

< of s+ 909, Y, + (2 = ), = = )]+ [
+

2 2
g (mA[ —m,)
e 2e7s P {4m2 g (AE2 —m2 + %) + (m2 — ¢*)(m}_ —m% — ¢?)

x [8Em,q* + mZ(m} —mj, —q*)|} + (fl gi){8E2 2q* + (m? — q?)
+
x 2m3 ¢* —4Em,(my —m}_+ q*) = (my_—my)* + 2mym; — g*}

—2f19.[4Em,q* + (m7 — q*)(m}_—mjy —q°)],

m (o = ) w2 — mi)
AVypVig = TT[ o(ma, —my)2sy + gg(ma, +mp)>s_] — #”
13 (my, +my)
< (fof+ + 909+ ) [4Em,q* + (m3 — qz)(mf\c —my, —q*)] + { : 2q*s
+

2 (mx —m.)2
g(zq—w {4m2qt (4B — 2 + @) + (m2 = ) (m3_ —m2 — ¢P)

> 2
X [8Em,q* + mz(mf\f —-m3 - qz)}} + (Q + i—l> {8E*m2q* + (m? — ¢*)

sy oS-

_l’_

X [2m3\0q2 - 4Emp(m1%7 - mf\c +q%) - (m,z\r - m%,)2 + 2m%,m$ -q*}
+2f 191 [4Em,q* + (m7 = ¢*)(m} —mj; = ¢°)],

2
m
ASLL_SLL = 72 2 [ 0( p)2s+ + g%(mAC + mp)zs—]’
me
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n2 h2
A = =8 (o ) Gt (= )+ 20 (2 = ) 4, +
+ -
+ @) + ¢*(A4Em, + m + ¢*)* — m2[m} + 6m%q* + q* + 8Em,(m> + ¢*)]}
2 (myx +m,)? h:(my —m
+16[ i SA<'q4 ) + i ?"q4 o)’ (2m,(2E + m,)q*(2Em,, + ¢*)
+ -

mzq*(my, + q*)(4Em,, + mj, + q*) + my mz(m7 — ¢*) + mi(m, + q*)
32m$(m/2\£ - m3)
q4
x [m3} (m?—q*) —mi(m}, + q*) + ¢*(4Em, + m} + ¢*)|h by,

- 2m/2\5 (m% - qz)[miz'(m% + q2) - 2Em17q2]} -

mz(mz — q*) mz(my_—my)
Ay, v, = T[ o(ma, —my,)*s, — go(mp, +mp)*s_] — #p
fAi(my, +m,)?
< of s = JAEm P + 0 = ), == )+ [P e
+
gi(m,\(_ - mp)z 2 A2 2 2 2 2\ 2 2 2
T s {4myq*(AE* —m; + q°) + (m7 — ¢*)(m3_—m}; — q°)
2 202 2 2 le gi 2.2 2 2
X[SEqu +mr<mAE_mp_q)]}+ S—_S— {SE myq +(m _q)
+ -
X [2mf\cq2 - 4Emp(m?, - mi( +q%) - (mf\c - m%,)2 + 2m?,m% - q*},
2> 9 2 9
m. g~ — mz m,(m . m )
Ay, -5, = ETM[ o(ma, —mpy)*s. + gglmp, +m,)*s_| + #
X (fof+ 4 909+ ) [4Em,q* + (m7 — ¢*)(my —mj — %)),
m.(q> — m?) me(my_—myp)
A, o =M t) 2 R 25 .
Vir—=Scr chqz [f()(m/\c mﬁ) St gO(mAC + m[’) s ] + chqZ
x (fof+ = 9094 )4Em,q* + (mz — ¢*)(m3_—mj, — ¢*)],
2m,
Av,,-1, =— 7 {[m3 (m? = q*) = mi(my + ¢*) + ¢*(4Em, + m, + ¢*)][(my, —m,,)
X (fohy +2f 1hi) + (my, +m,)(gohy +2g1h1)] = (m2 = g*)[(my, +m),)
X S_(frhy +2f 1 hy)+ (mp, — mp)s+(g+il+ +2g, )]}
mT
Avitiy = =3 {[m3,(m? = ¢*) = mi(m}, + %) + ¢*(4Em,, + m}, + ¢*)][(mp, —m,)
X (fohy +2f1h1) = (ma_+m,)(gohy +2g1h))] = (m? — ¢?)[(my +m,)
X s_(fyhy +2f1hy) = (ma, —m,)s, (g hy +2g,h))]}
2 -
As, -1, = . [4Em,q* 4+ (m? — qz)("ﬁ\. —mj, = q*)|[fohi(my, —m,) + gohy (ma, +m,)].
2 -
Asy o1, =0 [4Em,q* + (m7 — q*)(m} —m}, — ¢*)][fohs(ma, —m,) = goh(ma, +m,)],
mz — ¢
ASL[‘—SLR = 2m2 [ %(m/\c - mP)ZSJr - g%(m/\c + mp)zs—]'
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where the various f, g, and & denote the form factors used to parametrize the hadronic matrix elements of the A, — p
transition [83-85]. Note that s, = (m, =+ mp)2 — ¢2, and m, denotes the c-quark running mass.

APPENDIX C: DETAILS OF THE POLARIZATION COMPONENTS OF THE =

The components of the polarization vector P are defined in Sec. II B as

(C1)

where s, denote the spin four-vectors in the Lab frame. Note that the denominator C has been replaced in the last step by
|M|?/2, whose explicit expression is given by Eq. (B1). In addition, the explicit expression of X% read

20%%% = (g7 PP = |g§* P AT, —v,, + (90" > = a8 DAY, -y, + (971> = 197517 AT, 1,
+ (lg" 1> + |g5%1> = |9RR|2 — 9§ P) A, s, + 2Re[(gi gb — g af AT, v,
—|—2Re[( LL L* RR*< +g6R LRx* gl“;L*gRL)A‘g/LL_SLL]

—|—2Re[( gLR* +gl‘}R LLx g\liR*gS _ L* RR)A‘{/LL—SLR]

+ 2Re|(gi" g7 — g§* 91") ;LL—TLL] + 2Re[(gy* g™ — gy gfR) A VLR—TLL]

+ 2Re[(g5" 95" — 9§ g§") A5, s, | + 2Re[(g5 g1 — g5 g A5, 1]
[(

+ 2Re[(g§R gt — g gfR)AY ], (C2)

where the various patterns discovered in Table III have been also taken into account. The explicit expressions of all the A*
on the right-hand side of Eq. (C2) are presented as follows:

m3 (s, - k) m.(my, —my)
AVvy, = TZ[ o(ma, =my)2sy + gi(mp, +mp)2s_] = —

X (fof + + 909:){ (54 - K)[4Em,q* + (m7 = ¢*)2my_—2m3 - ¢°)]

fi(my, +m,)? n gi(my, —m,)?

—q*(m? —q*)(s,-p+5,-0)} +m,

q45+ q S-
X {(sq - B)[(m3_—m3)(mi(my —my —q*) = q*(2m3 —4m,E —2m, + ¢*))
+q*(4m; —q )] G (Sa- P+ 54 P)AEm,q* + (mi — ¢*)(m} —mj —q*)]}
_4mrfigi[( : )(m% _q _2Emp) +2Emp(sa w4 )]
T om, (f Ly ){<sa PYREm, (m} — m + q) + (m2 — )+ m— )
+2m, (s, - p)E(my —m} +q*) +m,(g* = m7)]}, (C3)
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me(sa k) me(m}_—m)
;LR_VLR - T [fO(mA - mp)szr + g%(m/\c + mp>23_] - T

X (fof + + 909:){(s0 - K)[AEm,q* + (m? = ¢*)(2my_—2m3 — ¢*)]

f3i(ma, +m,)?  gi(my, —m,)?

_qz(m%_qz)(sa'p+sa'p,>}+m‘r 4 + 4
q'5y qs-
X {(sq - k) [(my —mp)(mz(my —my —q*) — q*(2m3 —4m,E = 2m}, + ¢°))

+q*(4my = ¢*) = ¢ (sa - P+ 5q - P)BEm,G* + (m7 — ¢*)(my —m, — q*)]}

+4m flgL[( Sa* p)(m% - q2 - 2Emp) + 2Emp(sa : p/)}

2
o < St _>{(S”'p)[2EmP(m2Ac —mp, + ) + (mF = ¢*)(m}_+mj —q*)]

+2my (s, p)E(my —my +q%) +my(q> = m?)]},

e 4 2m (k- s,)
Sp—=Si. — Y Si=Sie m%_q2 ’

nr R
Ay, = =16m (5 ) (20, p)REm (0, =+ )+ (2= )0+ = )

+4m,(sq - pE(my —my +q*) 4+ my(q> = m3)] 4 (sq - k)sys_}

—16m{(s, - k)(mz = q*)s_s, = [AEm,q* + (m7 — ¢*)(m}_—mj = q°)]
m —m 272

X [(50- PY(WE 12+ ) + (50 02— i, + )]} | =m0

g*s_
(mAC +m >2hi 64‘"’11—(7’”3\C - mz)l’lLi‘ll
s . - p . {(sa - P)2Em,q* + (m}_—m})(m3 = ¢*)]
+
— (54 P)REm,q* + (m? — ¢*)(my_—mj, —¢*)]},
m3(s, - k) mo(mj —my)
A v = T[ o(my, —mp)*sy = gg(ma, +m,)*s ] = —

x (fof+ = 909: ){(sa - K)[4Em,q* + (m? = ¢*)(2m} —2mj, — ¢°)]

fi(ma, +m,)?*  gi(my, —m,)?

2 2 2 /
_Q(mr_q)(sa'p+sa'p)}+mr -
q*sy q's_
X {(sq - B)[(my —mp)(mz(my —m} —q*) — > (2m}_—4m,E = 2mj; + q°))

+q*(4my = *)] = ¢*(sa - p + 54 - P)BEm,G* + (m7 — ¢*)(my —mj, — q*)]}

w2 (B L) (- )2y, =+ )+ (= )

Syoos_
x(my, 4 mj, = q*)] + 2m (s, - P)E(my —m} +q°) +m,(q* = m3)]},

2 2 _ 2

m ( - k) my mp)

'A‘{/LL—SLL == {fO( p)2s+ - g%(’n/\C + mp)Zs_} -
Cq qu

X (fof+ + gog: ) {a*(mz = ¢*)(sq - P') + (50 P =50 P')
X 2Em,q* + (my —my)(mi — q*)] 4 2iqPe 1y {0y {5,340} >
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. mz (s, - k) (my, —m3)
AVLL_SLR T mcq2 {f%(mAC B mp>23+ - g%(m/\c + mP)zs—} - mcq2
X (fof+ = 909:){a*(mz = ¢*) (s - P') + (50 - P = 5a - D)
X 2Em,q* + (my —my)(mi — q*)] + 2iq*e 1y () {5,040} > (C9)

. (mp, —mp)foh (my, +m )goh

Vi -Ty = —4m$ |: qu - + q2p ~ [(sa : p)(2Emp - m% + q2)

=2(Emy(sa - P') = ieqey iy s, p)] + [BEmpq? + (m7 = ¢?)(m} = mj, = ¢)]

x [=2ieqy s,y oy T (Sa - P) My, —mp +m =2Em,) + (s, - p')(2Em, —mj_+mj + ¢*)]

o {4(’"/\( +m,)f L hy . 4(mp, —m,)g hy

} +4(q* —m3)

s+ q° s_q?
(mp, =my)fihy  (mp +m,)gihy .
X |: < qu —|— c qu [—218{](}{/(/}{%}{[7} —+ (sa . p)(m%L _ m%} + m% _ 2Emp)

+(s4- p')(2Em,, — m% + m3, + q*)| + 4{[4m3q*(m? — 2E?)
+2Em,(mz = 3q%)(my —my_+q*) = ¢*s_s.|(sq - p + 54+ P') = (m7 + ¢*)
x [(m7 = q*)(mj, = my_+ q°) —4Em,q°|(sq - p) + 2i[4Em,q* + (m7 — ¢°)

x (m}, = my = @)|ewy s, (p) ) [

(ma, +m,)f s | (my, = mp>9+f’+} , (C10)

S4+q° s_q*

. (mp, —m,)fohy  (ma, +m,)goh
VieeTy, = —4m% [ qu - qu = [(sa : p)(ZEmp - m% + q2)
=2(Em,(s4 - P') = iy s,y ()] + BEmq® + (m7 — ¢*)(my —mj = ¢°)]
X [=2iey 1y (5,1 (p) T (S0 - P) (MR, —mp, +m; —2Em,,) + (s, - p')(2Em, —m}
d(my +m h 4(myx —m h
+m%+q2)][< A, ;)fl 1 ( A, zp)gJ_J_
S+9q s_q
(ma, —mp)fihy  (my +m,)gih, .
) [ q2p - qu [=2ie w5, 1py + (S0 P) (R —mj
+mz =2Em,) + (sq - p')(2Em, —m3_+ mj, 4 ¢*)] + 4{[4myq* (m7 — 2E?)
+2Em,(m7 = 3q%)(my —m3 +q*) = ¢*s_s;|(sq - p + 54 P) = (mF + ¢°)

x [(m7 = ¢*)(my —mi_ + q*) = 4Em,q*](sq - p) + 2i[4Em,q* + (m? — ¢*)

} +4(q> —m3)

(mp, +mp)fihy  (my —mpy)g . h
x (’”i—mﬁ—fiz)}g{k}{k’}{sa}{p}}{ T e (C11)

4m, .
A1,y = o =Dieg o) ) o+ (S0 P)REm, = i+ g7) = 2Em (s, - )]

X [fohs(mp, —m,) + goil+(m/\,, +m,)], (C12)

4m, .
Aty = o P 2iE U ) p) 4s,) T (Sa - P)(2Em), — m; +q*) = 2Em, (s, p')]

x [fohs (ma, = my) = goh. (my +m,)]. (C13)
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. 2m (k- s,)
Sp=Sik — Y Si=Sik mTZ _ qza ’ (C14)
T

where &g 1145, 1p) = Ewapk”K¥sSpP, with & being a
totally antisymmetric tensor. From the equations above,
it is clear that A{,{_L_VLR does not contain the &y (k1 (5,1{p}>

resulting in a vanishing Pp. Interestingly enough, if only
g5kl and giR are activated simultaneously, the P, are
independent of those two WCs, due to the relations
presented in Egs. (C5) and (C14). Due to the same reason
[cf. Eq. (C2)], the same conclusion also holds, if only the

Rk and gf* are activated at the same time.
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