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We have presented a detailed study about the prospects for the measurement of the top Yukawa coupling
in the vector boson fusion production of a top quark pair at high energy muon colliders. By employing the
effective W approximation and the high energy limit for the helicity amplitudes of the subprocess
WþW− → tt̄, we have derived the energy scaling of the statistical signal significance in the presence of the
anomalous couplings by focusing on the interference term only. The sensitivity on the top Yukawa coupling
decreases as the bin energy increases. For the anomalous triple gauge boson couplings and the gauge-
boson-fermion couplings with E2 energy growing behavior, the signal significance has mild increase at the
beginning and starts to decrease for ŝtt̄ ∼ 0.2sμþμ−. The 95% CL on the anomalous top Yukawa coupling is
projected to be 5.6% (1.7%) at a 10 (30) TeV muon collider, which is comparable to the sensitivity of 2% at
the 100 TeV collider.
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I. INTRODUCTION

Precision measurement and direct resonance searches are
the two main ways to search for new physics at colliders. In
the first category, we usually perform the measurement at
the pole masses of known particles such as the Z boson and
Higgs boson [1,2]. The precision that can be achieved is
limited by the systematic and statistical uncertainties. In the
second method, we look for the peak in the invariant mass
distribution or other kinematical variables of the decay
products of new particles, which directly probes the energy
scale of the mass of the new heavy particles. However,
it has long been noticed that any modifications to the
couplings predicted by the spontaneously broken gauge
theories will lead to some kind of energy growing behav-
iors that violate tree-level unitarity [3] (see [4] recently for
the on shell derivation). Specific to 2 → 2 scattering, this
means that anomalous couplings will lead to energy
growing behaviors rather than a constant, as one would
expect in the Standard Model (SM). It is well known that
WLWL → WLWL scattering processes will grow like E2 in
the high energy limit for nonstandard Higgs gauge boson
couplings. On the other hand, WLWL → ff̄ processes
will grow like E2 for anomalous gauge-boson fermion

couplings and anomalous triple gauge boson couplings
(aTGCs). It will also grow linearly with E in the case of
non-Standard Higgs Yukawa couplings. This has motivated
the precision measurements at the hadron colliders [5–8]
due to the high energy bins available at the LHC.
Recently, there is a growing interest in the high energy

muon collider [9,10] and active researches are currently
being done to explore the physics potential [11–40]. The
attractiveness of a muon collider lies in its availability to
reach high energy≳10 TeV while keeping the systematical
uncertainty under control. It can potentially achieve high
integrated luminosity as follows:

L ¼
� ffiffiffiffiffisμp
10 TeV

�
2

× 10 ab−1: ð1Þ

This will allow percentage-level precision in the high
energy bin of ≳10 TeV for muon annihilation electroweak
processes with final states of difermions and dibosons [33],
which is essentially probing the 100 TeV scale. Note that
this is higher than the flavor physics scale in the composite
Higgs scenarios [41,42]. The high energy muon collider
can also be considered as a gauge boson collider due to the
logarithmic growth of the electroweak gauge boson parton
distribution functions [12,14,26]. In this paper, we take
μþμ− → tt̄νν̄ at high energy muon collider as an example to
illustrate the extent to which the energy growing behaviors
in the vector boson fusion subprocess can help to mea-
sure anomalous couplings. We will employ the effective
W-boson approximation (EWA) [43–45] with the analytical
formulas of the helicity amplitudes for the subprocess
WþW− → tt̄ to analyze the energy scaling behavior of the
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signal significance. After the semianalytical study, we will
move on to study the prospects for the measurement of the
top Yukawa coupling at the 10 TeV and 30 TeV muon
collider, where we are focusing on the semileptonically
decaying channel of the top quark pair.
The paper is organized as follows. In Sec. II, we perform

a generic energy scaling analysis of signal significance for
vector boson fusion processes in the presence of anomalous
couplings at the high energy muon colliders. In particular,
we give a detailed analysis for the WþW− → tt̄ process
and study the high energy and threshold behaviors for the
helicity amplitudes in the presence of anomalous top
Yukawa coupling, aTGCs, and anomalous gauge-boson-
fermions couplings. In Sec. III, we study the prospects on
the top Yukawa coupling measurement in the vector boson
fusion (VBF) production of tt̄ at the high energy muon
collider. For future possible study, we have also performed
a brief analysis about the top Yukawa coupling measure-
ment in the VBF production of tt̄h. The results are
presented in the Sec. IV. Section V contains our conclusion.

II. GENERAL ANALYSIS OF WEAK BOSON
FUSION PROCESSES

In this section, we will study the energy scaling behavior
of S=

ffiffiffiffi
B

p
and S=B in the presence of anomalous couplings

for the weak boson fusion processes in the two particle final
states at the high energy muon collider. We will focus on the
hard scattering regime where the scattering angle is in the
central region, i.e., −t̂ ∼ ŝ ¼ Ê2. We start from the analysis
of the partonic processes VV → XY and then employ the
EWA to analyze the energy scaling at the μþμ− collider.

A. Energy scaling behavior
in W +W − → XX;ZZ → XX;WZ → XY

As a preliminary step to understanding the energy scaling
behavior of processes at a muon collider, we consider the
simpler problem of VV → XY where the V stands for aW or
Z boson and X, Y can be any SM particles with electroweak
charges such that the processes have nonzero tree-level
contributions. Restricting to 2 → 2 processes where the
initial state contains two massive bosons, we can express
our cross sections schematically in terms of amplitudes as

σint ∼
MSMMδi

Ê2
; σSM ∼

M2
SM

Ê2
; ð2Þ

where MSM refers to the SM amplitude and Mδi refers to
amplitudes containing beyond Standard Model (BSM)
physics. Since we only focus on the energy scaling behavior
of the cross sections in this section, we have neglected the
possible complex phases and the angular dependence of the
amplitudes. Note that we also study the hard scattering
regime which is away from the possible scattering angle
singularities (mainly from t channel or u channel). In our

semianalytical analysis, we assume that the BSM linear
contribution dominates over the pure BSM cross section
(quadratic contribution), which is usually the case in order
for the effective field theory (EFT) expansion to make sense
in a weakly coupled theory. In the Standard Model effective
field theory (SMEFT) language, pure BSM cross sections
should be considered as the same level as the dimension-
eight contribution. This assumption is equivalent to the
statement that the leading effects are coming from the
dimension-six level.1 Then given our processes, Mδi is
linear in the anomalous couplings δi, and we see that σint is
the interference term.We start from the analysis by assuming
that we can exactly measure the helicities of the initial
bosons and final state particles, so we are really considering

Sh1…h4ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Bh1…h4

p ; ð3Þ

where the signal in the helicity configuration Sh1…h4 is
linear in the coupling modifier δi. In what follows, we only
consider the SM process VV → XY as our dominant
background. It is straightforward to see that under our
simplified assumption, for the case where statistical error
dominates, the dependence on the SM amplitude of the
statistical significance cancels out:

Sh1…h4ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Bh1…h4

p ∼
σh1���h4intffiffiffiffiffiffiffiffiffiffiffiffiffi
σh1���h4SM

q ∼
Mh1���h4

δi

Ê
: ð4Þ

Note that we have neglected all the constant factors, like the
integrated luminosity. Then we can see that in order for the
significance to grow with energy, Mδi must be at least
quadratic in Ê. This is certainly true for the Higgs gauge
boson coupling modification in the vector boson scattering
processes VLVL → VLVL and for the anomalous gauge
boson fermion coupling in the VLVL → ff̄ processes.
However for the top Yukawa coupling, we only have linear
energy growing behavior, and we expect that the significance
stays constant as the bin energy increases. This does not mean
the high energy bins are completely irrelevant, as one can still
improve the significance by combing all the energy bins.
In reality, we cannot measure the helicities of the final

states exactly, and there is always contamination from other
helicity categories. At the muon collider, it will likely be
difficult to determine the initial gauge boson helicities,
especially for theW� bosons. We now consider the inclusive
case, where we sum over the cross sections from all the
helicity configurations for the initial and final states. In this
fully inclusive case, the statistical significance scales like

1In the strong multipole interaction scenario considered in
Ref. [46], there exists an energy window that the squared term
dominates over the linear term, which is also consistent with EFT
expansion. We will not pursue this case in this paper.
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Sffiffiffiffi
B

p ∼
P

h1…h4σ
h1…h4
intffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP

h1…h4σ
h1…h4
SM

q ∼
1

Ê

X
h1���h4

Mh1���h4
SM Mh1���h4

δi
; ð5Þ

where we have used the fact the inclusive SM cross section
has the following energy scaling:

X
h1…h4

σh1…h4
SM ∼

1

Ê2
: ð6Þ

We can see that in order for the significance to increase
with energy, not only should the BSM helicity amplitude
Mh1���h4

δi
grow as Ê2, but the corresponding linearly mixing

term Mh1���h4
SM should also stay constant as the energy in-

creases.2 Before studying the energy scaling of the weak
boson parton luminosity in detail, we comment on the
systematic uncertainty. If the systematic error dominates,
the signal significance becomes

Sh1…h4

Bh1…h4
∼
σh1���h4int

σh1���h4SM

∼
Mh1���h4

δi

Mh1���h4
SM

; ð7Þ

while for the inclusive case, it reads as

S
B
¼

P
h1…h4σ

h1…h4
intP

h1���h4σ
h1…h4
SM

∼
X
h1���h4

Mh1���h4
SM Mh1���h4

δi
: ð8Þ

In the exclusive case, since the SM helicity amplitudes
Mh1���h4

SM are at most a constant for the 2 → 2 processes, any
energy growing behavior in the BSM amplitude Mh1���h4

δi
will lead to enhancement of the signal significance at high
energy bins. This is especially the case at the hadron
colliders like LHC, as one generally has large systematic
errors ranging from a few percentages to tens of percent-
ages. For the inclusive case, similar to the statistical
uncertainty dominance, we need both Mh1���h4

δi
to increase

with energy and Mh1���h4
SM to not decrease too quickly.

B. Anatomy of W +W − → tt̄

In this subsection, we focus on the VBF production of
the top pair and study in detail the helicity amplitudes of
the subprocess WþW− → tt̄ in the presence of anomalous
couplings. The relevant Feynman diagrams are shown in
Fig. 1. For completeness and also for future possible
studies, we also include the aTGCs, the gauge boson
fermion couplings, and Higgs gauge boson coupling.
The full formulas and the conventions are presented in
Appendix B (see Refs. [49,50] for tW → tW helicity
amplitudes). Here we discuss their high energy and thresh-
old behaviors. We start from the high energy hard scattering
limit and consider the central region, where 1� cos θ is
large enough to justify our expansion. As before, we denote
Ê ¼ ffiffiffî

s
p

. The results for the helicity-conserving configu-
rations of the top quarks, i.e., (ht; ht̄ ¼ ð� 1

2
;∓ 1

2
Þ) are

listed in Table I, while the results for the helicity-violating
configurations i.e., (ht; ht̄ ¼ ð� 1

2
;� 1

2
Þ) are presented in

Table II. The energy scaling for the helicity partonic cross
section and the exclusive statistical significance is given in
Table III. Several comments are in order. First, for the SM
helicity amplitudes, only the following helicity configura-
tions survive in the high energy limit:

ðhWþ ; hW− ; ht; ht̄Þ ¼
�
�1;∓ 1;−

1

2
;
1

2

�
;

�
0;0;∓ 1

2
;�1

2

�
;�

−1;0;−
1

2
;−

1

2

�
;

�
0;1;

1

2
;
1

2

�
: ð9Þ

The results can be understood by using the Goldstone
equivalence theorem and by working in the electroweak-
symmetry-unbroken phase of the SM where the Goldstone
scalars ϕ� appear as external states and the SM gauge
bosons and top quarks are massless particles. For the longi-
tudinalW� boson processes, we can see that the SUð2ÞL ×
Uð1ÞY quantum numbers of the top quarks appear in the
helicity amplitudes:

TL
3 ðtL;RÞg2 þ YðtL;RÞg02; ð10Þ

where TL
3 is the third weak isospin generator and Y is the

hypercharge. The presence of the SM top Yukawa coupling
squared term m2

t =v2 associated with the t-channel pole in

FIG. 1. Tree-level diagrams for WþW− → tt̄. The gauge boson propagator in the last diagrams can be either Z or γ.

2When taking into account the angular distributions of the
decayed products of final particles, the requirement may be
relaxed as different helicity configurations of XY can interfere
with each other [47,48].
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the ð0; 0; 1
2
;− 1

2
Þ configuration is due to the left-handed

bottom quark exchange diagram in the ϕþϕ− → tt̄ process.
Note that if the bottom quark mass were not set to zero in
our calculation, there would be a similar term with m2

b=v
2

in the ð0; 0;− 1
2
; 1
2
Þ configuration. Following this reasoning,

we can understand the processes involving only one
longitudinal gauge boson W�ϕ∓ → tt̄.
Secondly, we can see from the Table I that for the

anomalous triple gauge boson couplings δκZ;γ in the
(∓ 1

2
;� 1

2
) top quark pair helicities and the anomalous

TABLE I. High energy limit of the helicity amplitude for WþW− → tt̄ with ht − ht̄ ¼∓ 1. Here mSM denotes mW , mt, mh.

ðhtht̄Þ ðhWþhW−Þ M̃SM
hWþhW− ;htht̄ M̃BSM

hWþhW− ;htht̄

ð− 1
2
1
2
Þ (þ1 −1), (−1 þ1) i g2

−1þcos θ
OðδWtbÞ

(þ1 þ1), (−1 −1) Oðm2
SM

Ê2 Þ i g
2Ê2ð3λZþ4s2Wðλγ−λZÞÞ

6
ffiffi
2

p
m2

W

(þ1 0), (0 −1) OðmSM

Ê
Þ O

�
Ê

mSM

�
δgZ1 ; δκZ;γ; δWtb; δZtL ; λZ;γ

��
(−1 0), (0 þ1) OðmSM

Ê
Þ O

�
Ê

mSM

�
δgZ1 ; δκZ;γ; δWtb; δZtL ; λZ;γ

��
(0 0) i 3g

2þg02

6
ffiffi
2

p i g2Ê2

6
ffiffi
2

p
m2

W

�ð−3þ 4s2WÞðδκZ þ δZtLÞ þ 6δWtb − 4s2WδκγÞ
�

ðhtht̄Þ ðhWþhW−Þ M̃SM
hWþhW− ;htht̄ M̃BSM

hWþhW− ;htht̄

ð1
2
− 1

2
Þ (þ1 −1), (−1 þ1) Oðm2

SM

Ê2 Þ Oðm2
SM

Ê2 Þ
(þ1 þ1), (−1 −1) Oðm2

SM

Ê2 Þ i
ffiffi
2

p
g2s2WÊ2ðλγ−λZÞ

3m2
W

(þ1 0), (0 −1) OðmSM

Ê
Þ O

�
Ê

mSM

�
δgZ1 ; δκZ;γ; δZtR ; λZ;γ

��
(−1 0), (0 þ1) OðmSM

Ê
Þ O

�
Ê

mSM

�
δgZ1 ; δκZ;γ; δZtR ; λZ;γ

��
(0 0) i

ffiffi
2

p
g02
3

þ i 2
ffiffi
2

p
m2

t

v2ð−1þcos θÞ i
ffiffi
2

p
g2s2WÊ2

3m2
W

�
δκZ − δκγ þ δZtR

�

TABLE II. High energy limit of the Helicity amplitude for WþW− → tt̄ with ht − ht̄ ¼ 0. Here mSM denotes mW , mt, mh.

ðhtht̄Þ ðhWþhW−Þ M̃SM
hWþhW− ;htht̄ M̃BSM

hWþhW− ;htht̄

ð− 1
2
− 1

2
Þ (þ1 −1), (−1 þ1) OðmSM

Ê
Þ OðmSM

Ê
δWtbÞ

(þ1 þ1) Oðm3
SM

Ê3 Þ O
�

Ê
mSM

λZ;γ
�

(−1 −1) OðmSM

Ê
Þ O

�
Ê

mSM
λZ;γ

�
(þ1 0), (0 −1) Oðm2

SM

Ê2 Þ O
�
δgZ1 ; δκZ;γ; δWtb; λZ;γ; δZtL ; δZtR

�
(−1 0) ig2 mt

mWð−1þcos θÞ O
�
δgZ1 ; δκZ;γ; δWtb; λZ;γ; δZtL ; δZtR

�
(0 þ1) Oðm2

SM

Ê2 Þ O
�
δgZ1 ; δκZ;γ; δWtb; λZ;γ; δZtL ; δZtR

�
(0 0) OðmSM

Ê
Þ −i g

2mtÊ
4m2

W
ðδhWW þ δtth þOðδκZ;γ; δZtL ; δZtRÞÞ

ðhtht̄Þ ðhWþhW−Þ M̃SM
hWþhW− ;htht̄ M̃BSM

hWþhW− ;htht̄

ð1
2
1
2
Þ (þ1 −1), (−1 þ1) OðmSM

Ê
Þ OðmSM

Ê
δWtbÞ

(þ1 þ1) OðmSM

Ê
Þ O

�
Ê

mSM
λZ;γ

�
(−1 −1) Oðm3

SM

Ê3 Þ O
�

Ê
mSM

λZ;γ
�

(þ1 0), (0 −1) Oðm2
SM

Ê2 Þ O
�
δgZ1 ; δκZ;γ ; δWtb; λZ;γ ; δZtL ; δZtR

�
(−1 0) Oðm2

SM

Ê2 Þ O
�
δgZ1 ; δκZ;γ ; δWtb; λZ;γ ; δZtL ; δZtR

�
(0 þ1) ig2 mt

mWð1−cos θÞ O
�
δgZ1 ; δκZ;γ ; δWtb; λZ;γ ; δZtL ; δZtR

�
(0 0) OðmSM

Ê
Þ i g

2mtÊ
4m2

W
ðδhWW þ δtth þOðδκZ;γ; δZtL ; δZtRÞÞ
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top quark electroweak coupling δWtb; δZtLðδZtRÞ in the
(− 1

2
; 1
2
) (1

2
;− 1

2
) top quark pair helicities, the helicity

amplitudes from longitudinal gauge bosons scale like
Ê2, while the SM contributions stay constant in the high
energy limit. As discussed above, this means that for both
the exclusive channel with all the helicities of the particles
fully measured and the inclusive channel where all the
helicity configurations are included, the statistical signifi-
cance scales like Ê, which results in larger sensitivity for
higher energy bins. However, for the modification of the
top Yukawa coupling δtth in the high energy limit,3 the
helicity amplitude only grows linearly as Ê in the ð0; 0;
∓ 1

2
;∓ 1

2
Þ helicity configuration, and the SM contribution

decreases like 1=Ê. This in turn leads to the constant
behavior for the statistical significance in the exclusive
channel and decreasing statistical significance as Oð1=ÊÞ
in the inclusive channel. This means that in the realistic
case at the muon collider, the sensitivity on the top Yukawa
coupling from the electroweak top pair production would

mostly come from low energy bins. The high energy muon
collider benefits us from the growth of the VBF cross
sections, i.e., the enhancement of the vector boson parton
luminosity. We finally note that for the case of systematical
uncertainty dominance, the significance grows as energy
increases for all anomalous couplings in the exclusive
channel. For the fully inclusive channel, the significance
grows as Ê2 for the anomalous couplings δκZ;γ; δWtb;
δZtL ; δZtR , but stays constant for aTGC λZ;γ and the
anomalous top Yukawa coupling δtth.
Now we examine the threshold behavior of top quark

electroweak pair production. We expand the helicity
amplitudes in terms of the top quark velocity βt around
the

ffiffiffi
s

p
∼ 2mt. For simplicity, we also keep only the leading

power of m2
W;Z=m

2
t . The results are presented in Table IV

for the helicity configurations ðht; ht̄Þ ¼ ð∓ 1
2
;� 1

2
Þ and

listed in Table V for the helicity configurations ðht; ht̄Þ ¼
ð∓ 1

2
;∓ 1

2
Þ. We can see from the tables that all the SM

helicity amplitudes arise at the zeroth order of top quark
velocity β0t except the helicity configurations for
ðhWþ ; hW−Þ ¼ ð�1;∓1Þ as they arise from the J ≥ 2 partial
waves. We also find that for the processes involving the
longitudinal W bosons, there is an additional factor of

TABLE III. Energy scaling for cross sections and statistical signal significance of WþW− → tt̄ in different helicity categories with
different anomalous couplings. The results for δhWW has the same behavior as δtth and therefore are not shown here. Note that we have
highlighted the energy-growing behavior of the statistical signal significance in bold.

(hWþ , hW− , ht, ht̄) σ̂SM σ̂δtth σ̂λZ;γ σ̂δκZ;γ σ̂δWtb
σ̂ZtL σ̂ZtR σ̂δgZ

1

Sδtthffiffiffi
B

p SλZ;γffiffiffi
B

p SδκZ;γffiffiffi
B

p SδWtbffiffiffi
B

p
SδZtLffiffiffi

B
p

SδZtRffiffiffi
B

p
SδgZ

1ffiffiffi
B

p

(0, 0, −, þ) 1
Ê2

× × Ê0 Ê0 Ê0 × × × × Ê Ê Ê × ×

(0, 0, þ, −) 1
Ê2

× × Ê0 × × Ê0 × × × Ê × × Ê ×

(0, 0, ∓, ∓) 1
Ê4

1
Ê2

× 1
Ê2

× 1
Ê2

1
Ê2

× Ê0 × Ê0 × Ê0 Ê0 ×

ð0;þ;þ;þÞð−; 0;−;−Þ 1
Ê2

× 1
Ê2

1
Ê2

1
Ê2

1
Ê2

1
Ê2

1
Ê2

× 1
Ê

1
Ê

1
Ê

1
Ê

1
Ê

1
Ê

ð0;þ;−;−Þð−; 0;þ;þÞ 1
Ê6

× 1
Ê4

1
Ê4

1
Ê4

1
Ê4

1
Ê4

1
Ê4

× 1
Ê

1
Ê

1
Ê

1
Ê

1
Ê

1
Ê

ðþ; 0;−;−Þð0;−;−;−Þ 1
Ê6

× 1
Ê4

1
Ê4

1
Ê4

1
Ê4

1
Ê4

1
Ê4

× 1
Ê

1
Ê

1
Ê

1
Ê

1
Ê

1
Ê

ð0;−;þ;þÞðþ; 0;þ;þÞ 1
Ê6

× 1
Ê4

1
Ê4

1
Ê4

1
Ê4

1
Ê4

1
Ê4

× 1
Ê

1
Ê

1
Ê

1
Ê

1
Ê

1
Ê

ðþ; 0;−;þÞð0;−;−;þÞ 1
Ê4

× 1
Ê2

1
Ê2

1
Ê2

1
Ê2

× 1
Ê2

× Ê0 Ê0 Ê0 Ê0 × Ê0

ð−; 0;−;þÞð0;þ;−;þÞ 1
Ê4

× 1
Ê2

1
Ê2

1
Ê2

1
Ê2

× 1
Ê2

× Ê0 Ê0 Ê0 Ê0 × Ê0

ðþ; 0;þ;−Þð0;−;þ;−Þ 1
Ê4

× 1
Ê2

1
Ê2

× × 1
Ê2

1
Ê2

× Ê0 Ê0 × × Ê0 Ê0

ð−; 0;þ;−Þð0;þ;þ;−Þ 1
Ê4

× 1
Ê2

1
Ê2

× × 1
Ê2

1
Ê2

× Ê0 Ê0 × × Ê0 Ê0

(�, ∓, −, þ) 1
Ê2

× × × 1
Ê2

× × × × × × 1
Ê

× × ×

(þ, þ, −, −) 1
Ê8

× 1
Ê4

× × × × × × Ê0 × × × × ×

(−, −, −, −) 1
Ê4

× 1
Ê2

× × × × × × Ê0 × × × × ×

(�, ∓, −, −) 1
Ê4

× × × 1
Ê4

× × × × × × 1
Ê2

× × ×

(�, ∓, þ, þ) 1
Ê4

× × × 1
Ê4

× × × × × × 1
Ê2

× × ×

(þ, þ, þ, þ) 1
Ê4

× 1
Ê2

× × × × × × Ê0 × × × × ×

(−, −, þ, þ) 1
Ê8

× 1
Ê4

× × × × × × Ê0 × × × × ×

(�, �, −, þ) 1
Ê6

× 1
Ê2

× × × × × × Ê × × × × ×

(�, �, þ, −) 1
Ê6

× 1
Ê2

× × × × × × Ê × × × × ×

3Likewise for the anomalous Higgs gauge boson coupling
δhWW , as only the combination of δtth þ δhWW appears in the
helicity amplitudes at linear order.
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mt=mW enhancement for each longitudinal mode. For the
anomalous TGCs δκZ;γ in the helicity configuration of the
longitudinal W� bosons and λZ;γ in the helicity configu-
rations ðhWþ ; hW−Þ ¼ ð�1;�1Þ, the amplitudes at thresh-
old are enhanced by m2

t =m2
W for all the helicity

configurations of top quark pair. Since the SM contribution
to amplitudes of ðhWþ ; hW−Þ ¼ ð�1;�1Þ at threshold are
not suppressed, it provides an interesting possibility to
measure aTGCs λZ;γ , which we leave for future studies. For
the top Yukawa coupling modification δtth, its leading
contribution to the longitudinal W� gauge boson arises at
order βt, which means that the linear BSM helicity cross
sections arise at β2t .

4 The statistical significance will scale

like β3=2t in the small βt approximation, and we need to have
sizable top quark velocity to achieve maximal sensitivity.
We finally comment on the scattering angle θ distribu-

tion, where θ is the polar angle between the outgoing top
quark and incomingWþ boson. As is well known, there is a
t-channel singularity in the cross section of this process,
which can be seen from the high energy limit in Table I and
appears in the helicity configuration ðhWþ ; hW− ; ht; ht̄Þ ¼
ð−1;þ1;− 1

2
; 1
2
Þ. Note that to obtain the θ distribution for

the helicity amplitudes, one needs to bring back the Wigner
d functions. For the t-channel singularity, the relevant
functions are as follows:

d2−2;−1 ¼
1

2
sin θð1þ cos θÞ;

d22;−1 ¼ −
1

2
sin θð1 − cos θÞ: ð11Þ

TABLE IV. Threshold behaviors of the helicity amplitude for WþW− → tt̄ with ht − ht̄ ¼∓ 1. Here we keep the leading terms in the

top velocity βt expansion and
m2

W;Z

m2
t
expansion.

ðhtht̄Þ ðhWþhW−Þ M̃SM
hWþhW− ;htht̄ M̃BSM

hWþhW− ;htht̄

ð∓ 1
2
� 1

2
Þ (þ1 −1), (−1 þ1) OðβtÞ OðβtδWtbÞ

(þ1 þ1), (−1 −1) −i g2

2
ffiffi
2

p i g
2ð3λZþ8s2Wðλγ−λZÞÞm2

t

3
ffiffi
2

p
m2

W

(þ1 0), (0 −1) −i g2mtffiffi
2

p
mW

O
�

mt
mW

�
δWtb; λZ;γ; δgZ1 ; δκZ;γ ; δZtL ; δZtR

��
(−1 0), (0 þ1) −i g2mtffiffi

2
p

mW
O
�

mt
mW

�
λZ;γ; δgZ1 ; δκZ;γ; δZtL ; δZtR

��
(0 0) −i g2m2

tffiffi
2

p
m2

W
i
g2ð−3ðδκZþδZtL Þþ4s2Wð2δκZ−2δκγþδZtLþδZtR ÞÞm2

t

3
ffiffi
2

p
m2

W

TABLE V. Threshold behaviors of the helicity amplitude forWþW− → tt̄ with ht − ht̄ ¼ 0. Here we keep the leading terms in the top

velocity βt expansion and
m2

W;Z

m2
t
expansion.

ðhtht̄Þ ðhWþhW−Þ M̃SM
hWþhW− ;htht̄ M̃BSM

hWþhW− ;htht̄

ð− 1
2
− 1

2
Þ (þ1 −1), (−1 þ1) OðβtÞ OðβtδWtbÞ

(þ1 þ1), (−1, −1) ig2 �2−cos θ
4 i g

2ð3λZþ8s2Wðλγ−λZÞÞm2
t cos θ

6m2
W

(þ1 0), (0 −1) −ig2 mt
2mW

Oðmt
mW

ðδWtb; λZ;γ; δgZ1 ; δκZ;γ; δZtL ; δZtRÞÞ
(−1 0), (0, þ1) −ig2 mt

2mW
Oðmt

mW
ðλZ;γ ; δgZ1 ; δκZ;γ; δZtL ; δZtRÞÞ

(0 0) −i g
2m2

t

2m2
W
cos θ i

g2ð−3δðκZþδZtL Þþ4s2Wð2δκZ−2δκγþδZtLþδZtR ÞÞm2
t cos θ

6m2
W

þ i 2g
2m4

t βtðδtthþδhWWÞ
ðm2

h−4m
2
t Þm2

W

ðhtht̄Þ ðhWþhW−Þ M̃SM
hWþhW− ;htht̄ M̃BSM

hWþhW− ;htht̄

ð1
2
1
2
Þ (þ1 −1), (−1 þ1) OðβtÞ OðβtδWtbÞ

(þ1 þ1), (−1, −1) ig2 �2þcos θ
4 −i g

2ð3λZþ8s2Wðλγ−λZÞÞm2
t cos θ

6m2
W

(þ1 0), (0 −1) ig2 mt
2mW O

�
mt
mW

�
δWtb; λZ;γ; δgZ1 ; δκZ;γ; δZtL ; δZtR

��
(−1 0), (0,þ1) ig2 mt

2mW O
�

mt
mW

�
λZ;γ ; δgZ1 ; δκZ;γ; δZtL ; δZtR

��
(0 0) i g

2m2
t

2m2
W
cos θ −i g

2ð−3δðκZþδZtL Þþ4s2Wð2δκZ−2δκγþδZtLþδZtR ÞÞm2
t cos θ

6m2
W

− i 2g
2m4

t βtðδtthþδhWWÞ
ðm2

h−4m
2
t Þm2

W

4The extra βt comes in because the final two-body phase space
has linear dependence on the velocity of the top quark.
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We can see that for other helicity configuration
ðhWþ ; hW− ; ht; ht̄Þ ¼ ðþ1;−1;− 1

2
; 1
2
Þ, the t-channel pole

is canceled by the kinematical zero in the Wigner function
d22;−1ðθÞ. The differential helicity cross section with respect
to cos θ for the t-channel singularity in the high energy limit
scales like

dσðhWþ ;hW− Þ¼ðþ1;−1Þ

d cos θ
∼
sin2 θð1þ cos θÞ2

ð1 − cos θÞ2 ∼
ð1þ cos θÞ3
1 − cos θ

;

ð12Þ
which strongly peaks in the forward region with an
enhanced factor of s=4m2

t . On the other hand, the anoma-
lous top Yukawa coupling δtth appears in the longitudinal
gauge boson helicity configuration, and the differential
cross section in the high energy limit reads as

dσðhWþ ;hW− Þ¼ð0;0Þ

d cos θ
∼ sin2 θ; ð13Þ

which has its maximum near the central region θ ∼ π=2.
This means that at the high energy bin, the sensitivity on
the top Yukawa coupling measurement will mostly come
from the central region where the transverse W-parton
distribution functions (PDFs) are suppressed.
At the threshold, the top quark pair production from the

longitudinal gauge boson fusion is enhanced by a factor of
m4

t =m4
W . By focusing on this helicity category, the stat-

istical significance for the top Yukawa coupling behaves as

Sffiffiffiffi
B

p ∼ sin θ cos θ; ð14Þ

where for the SM background, we only include the helicity
conserving top quark pair production, i.e., ðht; ht̄Þ ¼
ð∓ 1

2
;� 1

2
Þ, which is a factor of 2 larger than the helicity

violating ones. The significance peaks around θ ∼ π=4.

C. Weak boson PDF and energy scaling behavior

In this section, we analyze the energy scaling behavior of
μþμ− → XX̄νν̄ processes by making use of the effective
W-boson approximation. As illustrated in Fig. 2, EWA
states that at sufficiently high energies and suitable kin-
ematical regimes (hard scattering limit), the cross section
for the process μþμ− → XX̄νν̄ can be factorized into the
on shell hard subprocess VV̄ → XX̄ convoluted with the
W-boson parton distribution functions

σðμþμ− → XX̄νν̄ÞðsÞ ¼
Z

1

τ0

dτ
X
ij

Φijðτ; μfÞ

× σ̂ðij → XX̄ÞðτsÞ; ð15Þ

where
ffiffiffi
s

p
is the center-of-mass energy of muons and

ffiffiffî
s

p ¼ffiffiffiffiffi
τs

p
is the center-of-mass energy of the XX̄. Here

V ¼ W�; Z denotes any of the SM massive electroweak
gauge bosons.5 The parton luminosity Φijðτ; μfÞ is given
by [12]

Φijðτ; μfÞ ¼
Z

1

τ

dξ
ξ
fiðξ; μfÞfj

�
τ

ξ
; μf

�
: ð16Þ

Here μf is the factorization scale in the process under study,
and the weak boson PDFs at muon collider read as

fμþ=Vλ
ðξ; μf; λ ¼ �1Þ

¼ C
16π2

ðgμV ∓ gμAÞ2 þ ðgμV � gμAÞ2ð1 − ξÞ2
ξ

log

�
μ2f
M2

V

�
fμþ=Vλ

ðξ; μf; λ ¼ 0Þ

¼ C
4π2

�ðgμVÞ2 þ ðgμAÞ2
��1 − ξ

ξ

�
: ð17Þ

Note that for the gauge boson PDFs of the μ− beam, we
have the following relation [45]:

fμ−=Vλ
ðξ; μfÞ ¼ fμþ=V̄−λ

ðξ; μfÞ; ð18Þ

where V̄ is the charge conjugate of V and the electric charge
of the V is determined by the charge conservation. The
coupling constants C; gμV; g

μ
A denote the corresponding

muon-weak-boson couplings and for the W�-boson, it
reads as6

FIG. 2. Illustration of the EWA approximation at the muon
collider.

5We will not discuss the γγ PDF here.
6Note that in the presence of anomalous gauge-boson fermion

δWtb; δZtL ; δZtR , theW, Z gauge boson PDFs will also be changed.
Since the changes are overall constants, it will not modify the
energy scaling behavior of the anomalous couplings.
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C ¼ g2

8
; gμV ¼ −gμA ¼ 1; ð19Þ

while for the Z boson, we have

C ¼ g2

cos2θW
; gμV ¼ 1

2
ðT3

LÞμ þ sin2θW;

gA ¼ −
1

2
ðT3

LÞμ; ð20Þ

where we have neglected the masses of the muons. Note
that ðT3

LÞμL ¼ − 1
2
; ðT3

LÞμR ¼ 0. We will focus on theWþW−

parton luminosity, since it is dominant compared with ZZ.
To obtain the energy scaling behavior of the parton
luminosity ΦWþW−, we first divide the allowed values of
the parameter τ into four regions, [10−4, 0.01], [0.01, 0.2],
[0.2, 0.8], [0.8, 0.95], and then approximate the depend-
ence of ΦWþW− on τ as τ−n in each region. The results are
shown in Table VI, where we neglected the scale-dependent
logarithmic terms.7 Recalling the relations τ ¼ ŝ

s andffiffiffî
s

p ¼ Ê, the dependence on τ can be translated into the
dependence on the invariant mass of WþW− system Ê−2n

for constant invariant mass of the μþμ− system. We can see
that due to the absence of the ð1 − ξÞ2 term in Eq. (17) for
the plus helicity of the W boson, the parton luminosity
ΦWþW−ðτÞ in the ðhWþ ; hW−Þ ¼ ðþ;þÞ category has the
mildest decrease as τ increases.
Then from Eq. (15), we can see that the differential cross

section in the invariant mass of XX̄ becomes

dσ

dÊ
ðμþμ− → XX̄νν̄Þ ¼ 2Ê

s

X
h2;h2

ΦWþ
h1
W−

h2
ðÊÞ

× σ̂ðWþ
h1
W−

h2
→ XX̄Þ: ð21Þ

Now for the most ideal scenario where the helicities of the
initial and final particles can be measured and assuming

that statistical error is dominant, the signal significance
scales like

Sffiffiffiffi
B

p ∼
dσS
dÊffiffiffiffiffiffi
dσB
dÊ

q ∼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ΦWþ

h1
W−

h2

Ê

s
Mh1h2h3h4

δi
∼
Mh1h2h3h4

δi

Ênþ1
2

; ð22Þ

where we have used the energy scaling of the parton
luminosity ΦWþW− ∼ Ê−2n and keep the center-of-mass
energy of the muons

ffiffiffi
s

p
as constant. From Table VI, we

can see that the statistical significance decreases for the
linear energy growth of BSM helicity amplitude in the
whole considered regions and increases or stays constant
for the quadratic energy growth for τ∈ ½10−4; 0.2�. For
higher τ values (τ ≳ 0.2), the statistical significance
decreases at least as Ê−1 for the quadratic energy growth
of the BSM helicity amplitude. A similar conclusion holds
for the fully inclusive case if we replace Mh1���h4

δi
with

Mh1���h4
δi

Mh1���h4
SM , as can be seen from the energy scaling of

the statistical signal significance as follows:

Sffiffiffiffi
B

p ∼
dσS
dÊffiffiffiffiffiffi
dσB
dÊ

q ∼
1ffiffiffiffî
E

p
P

h1���h4ΦWþ
h1
W−

h2
Mh1���h4

SM Mh1���h4
δiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP

h1���h4ΦWþ
h1
W−

h2

�
Mh1���h4

SM

�
2

q : ð23Þ

By using the energy scaling behavior of parton lumi-
nosity ΦWþW− in Table VI and partonic cross section in
Table III for the process μþμ− → tt̄νν̄ in the presence of
anomalous couplings, we can obtain the energy scaling for
the statistical signal significance in the fully inclusive case.
For the top Yukawa coupling δtth and the Higgs gauge
boson coupling δhWW , the result reads as

Sffiffiffiffi
B

p ∼ Ê−1.8; Ê−2.1; Ê−4; for

τ∈ ½10−4; 0.01�; ½0.01; 0.2�; ½0.2; 0.8�; ð24Þ

where we have omitted the highest τ region. As expected,
the sensitivity on the top Yukawa coupling decreases as bin

TABLE VI. Best fit for ΦWþW− for different ranges of τ without including the log terms.

hWþ hW− 10−4 ≤ τ ≤ 0.01 0.01 ≤ τ ≤ 0.2 0.2 ≤ τ ≤ 0.8 0.8 ≤ τ ≤ 0.95

− − 1
τ1.2

1
τ1.4

1
τ2.9

1
τ18

0 0 1
τ1.2

1
τ1.5

1
τ3.0

1
τ18

þ þ 1
τ1.2

1
τ1.4

1
τ2.9

1
τ18

− þ 1
τ1.2

1
τ1.7

1
τ3.9

1
τ27

þ − 1
τ1.1

1
τ1.3

1
τ2.1

1
τ8

− 0 1
τ1.2

1
τ1.5

1
τ3.4

1
τ22

0 − 1
τ1.1

1
τ1.4

1
τ2.5

1
τ13

þ 0 1
τ1.1

1
τ1.4

1
τ2.5

1
τ13

0 þ 1
τ1.2

1
τ1.5

1
τ3.4

1
τ22

7We have checked that the results will not be changed
significantly by including the log terms.
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energy becomes larger. For the anomalous coupling
δκZ;γ; δWtb; δZtL ; δZtR , the sensitivity scales like

Sffiffiffiffi
B

p ∼ Ê0.2; Ê−0.1; Ê−2; for

τ∈ ½10−4; 0.01�; ½0.01; 0.2�; ½0.2; 0.8�; ð25Þ

from which, we can see that there is a mild increase for
the signal significance at low τ, a mild decrease for the
intermediate τ, and a decrease at high τ. Finally, we find
that for the anomalous coupling λZ;γ , the energy scaling
behaves as

Sffiffiffiffi
B

p ∼ Ê−1.6; Ê−1.7; Ê−2.2; for

τ∈ ½10−4; 0.01�; ½0.01; 0.2�; ½0.2; 0.8�; ð26Þ

and for the coupling δgZ1 , we have

Sffiffiffiffi
B

p ∼ Ê−1.6; Ê−1.9; Ê−3; for

τ∈ ½10−4; 0.01�; ½0.01; 0.2�; ½0.2; 0.8�; ð27Þ

which decreases with the energy bins.

III. TOP YUKAWA COUPLINGS AT THE HIGH
ENERGY MUON COLLIDER

In this section, we study in detail the prospects of
measuring the top Yukawa coupling at a high energy muon
collider. To quantify the importance of the anomalous
couplings, we parametrize the cross sections as

σ ¼ σSMð1þ R1δþ R2δ
2Þ; ð28Þ

where δi signifies some fractional deviation in a SM
coupling. Throughout this paper, we will be primarily
considering the interference term which is linear in δ, but
we also remark on the inclusion of the quadratic term. In
terms of the kappa framework [51], δi and κi are related
by κi ¼ 1þ δi.
Before we present the detailed analysis for the VBF

production of the top quark pair, we make some comments
about the Drell-Yan processes which are also involving top
Yukawa coupling. The relevant processes are

μþμ− → tt̄; tt̄h; ð29Þ

in which there is no energy growing behavior for the
anomalous top Yukawa coupling δtth. In Fig. 3, we have
plotted the SM cross sections as functions of center-of-
mass energy of the muon collider for both Drell-Yan (DY)
and VBF productions of the top quark pair and top quark

pair plus a Higgs boson. We can see that due to the
logarithmic growth of the VBF processes and the inverse of
energy squared decrease of the DY processes, the VBF
productions start to become dominant at 5 (8) TeV center-
of-mass energy for the tt̄ðtt̄hÞ. Besides the small cross
sections at the high energy muon collider, the R values
defined in Eq. (28) are also very small for the DY
production of the top quark pair. In order to have the tt̄
process involve the top Yukawa coupling, it is necessary to
include the nonzero muon masses. In this case, the
dependence of the cross section on δtth will be suppressed
by the muon Yukawa coupling squared m2

μ=v2 ∼ 2 × 10−7.
We have checked that for this process, the R ratios defined
in Eq. (28) for the anomalous coupling δtth are very small:

R1 ¼ 2.337 × 10−5; R2 ¼ 1.169 × 10−5 @10 TeV

R1 ¼ 2.343 × 10−5; R2 ¼ 1.172 × 10−5 @30 TeV;

ð30Þ

and we will not consider it any further. For the DY process
μþμ− → tt̄h, the R values are

R1 ¼ 1.62; R2 ¼ 0.797 @10 TeV

R1 ¼ 1.56 R2 ¼ 0.774 @30 TeV: ð31Þ

We can see that the R values stay almost constant as the
center-of-mass energy of the muon collider increases. We
expect that the sensitivity on the top Yukawa coupling from
this process will come from the lower energy stages of the
muon collider. Such analysis has been performed at CLIC
in the baseline energy of 1.4 TeV [52].

A. Simulation and cuts

We now turn to the simulation and analysis of the process
μþμ− → tt̄νμν̄μ; tt̄hνμν̄μ in the presence of the anomalous

FIG. 3. Cross section of SM μþμ− → tt̄, μþμ− → tt̄h, and
μþμ− → tt̄νν̄ with the on shell Z contribution removed.
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top Yukawa coupling δtth. Note that EWAworks well when
the hard scattering scale is much larger than the masses of
the massive gauge bosons, while in our case, we expect the
sensitivity on the top Yukawa coupling comes from the
near-threshold region. In this case, we will use MadGraph5

[53] leading order (LO) full matrix elements to calculate the
cross sections and generate the events at LO for the
kinematical distributions. In Table VII, we have shown
the cross sections for the two processes in the SM case for
both the EWA and full LO matrix element calculations
without any cuts on the pT of the tops, Higgs boson, and
with pT cut larger than 500 GeV. We can see that while
EWA calculations usually lead to larger values for the cross
section without the pT cut, they tend to agree very well with
LO matrix element results at hard scattering scale
pT > 500 GeV. See Refs. [14,54] for a thorough study of
the EWA at the high energy muon collider. The anomalous
coupling δtth is implemented by using the BSMC model
file [55]. We will work at the level of top quarks, and no
decaying of the top quarks will be simulated.
One advantage of the lepton colliders compared with the

hadron collider is that the initial energies of the colliding
leptons are known very precisely [1]; as a result, the
invariant mass of the two outgoing neutrinos is indirectly
determined by the momenta of the top quark pair or the top
quark pair plus Higgs boson. This is defined as recoil mass,
and for the tt̄νμν̄μ process,

M2
recoil ¼ ðpμþ þ pμ− − pt − pt̄Þ2: ð32Þ

For the tt̄hνμν̄μ process, it is given by

M2
recoil ¼ ðpμþ þ pμ− − pt − pt̄ − phÞ2: ð33Þ

We will impose the following cut on the recoil mass at the
generator level:

Mrecoil > 200 GeV; ð34Þ

which will remove the contribution from the process
tt̄Z → tt̄ðνν̄Þ. In Table VIII, we have presented the cross
sections of the VBF tt̄ production and the potential relevant
backgrounds for some benchmark scenarios at the high
energy muon collider. For all the VBF processes, the cross
sections are presented after the cut in Eq. (34).
The decaying branching ratios for the top quark pair are

respectively 45%, 28%, 4.4% in the fully hadronically
decaying channel, semileptonically decaying channel, and
fully leptonically decaying channel [56,57].8 We will focus
on the semileptonically decaying channel where the top
quark and antitop quark can be reconstructed and distin-
guished by the charges of the decayed leptons.9 To suppress
the beam induced background, we put the following cuts on

TABLE VII. Comparison between EWA and full LO matrix element calculations (LOME) at MadGraph5 for the
cross sections of μþμ− → tt̄νμν̄μ and μþμ− → tt̄hνμν̄μ. For the LOME calculation, the cut on the recoil mass in
Eq. (34) has been imposed.ffiffiffi
s

p
(TeV) \ σSM (fb) 6 10 14 30

tt̄νμν̄μ
LOME 11.4 17.1 21.5 31.2
EWA 18.2 27.0 33.2 48.4
LOME pT;t=t̄ > 500 GeV 0.27 0.63 0.95 1.9
EWA pT;t=t̄ > 500 GeV 0.36 0.78 1.1 2.2
tt̄hνμν̄μ
LOME 0.049 0.094 0.14 0.26
EWA 0.075 0.15 0.23 0.48
LOME pT;t=t̄=h > 500 GeV 3.0 × 10−4 1.3 × 10−3 2.7 × 10−3 8.4 × 10−3

EWA pT;t=t̄=h > 500 GeV 3.3 × 10−4 1.3 × 10−3 2.5 × 10−3 7.6 × 10−3

TABLE VIII. Cross sections for signal and background. For the
VBF processes, the cut on the recoil mass in Eq. (34) has been
imposed.ffiffiffi
s

p
(TeV) \ σSM (fb) 3 6 10 14 30

tt̄νμν̄μ 4.93 10.9 16.4 20.5 30.1
tt̄hνμν̄μ 0.0121 0.0460 0.0914 0.141 0.269
tt̄ 19.7 4.95 1.78 0.909 0.198
tt̄h 0.414 0.131 0.0547 0.0305 0.00793
WþW−νμν̄μ

a 120 259 399 515 815
W�Zμ∓ðν̄μ=νμÞb 96.6 215 340 443 717

aNote that there are also similar contributions from ZZ=γγ=Zγ
fusion processes. As discussed below, we only assume some
signal efficiency such that all the reducible SM backgrounds can
be reduced to a negligible level.

bSum of the cross sections for WþZμ−ν̄ and W−Zμþν with
pT > 30 GeV for charged leptons and the on shell W → μν
contribution removed.

8In the estimation of the decaying branching ratios, we have
neglected the τν decay of the W bosons. Including it will have
mild effects on the final results.

9See Ref. [58] for the study in both fully hadronic and
semileptonic channels.
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the polar angles of the top quark pair in the laboratory
frame:

10° < θt;t̄ < 170°; ð35Þ

where in our convention, the z axis aligns with the direction
of the μþ beam. As shown in Fig. 4, the θt distribution
peaks strongly in the forward region at 3, 10, 30 TeV muon
collider and peaks also mildly in the backward region for
10, 30 TeV center-of-mass energy. The cut efficiencies for
the θt;t̄ cuts at the 10 TeV and 30 TeV muon collider are
0.57 and 0.43, respectively. This reduces the cross sections
of the SM tt̄vv̄ in the semileptonically decaying channel to
2.63 fb and 3.61 fb for 10 TeV and 30 TeV muon collider
respectively. Here the numbers have also taken into account
the branching ratios of the semileptonically decaying
channel of top quark pair.
We expect that the signal manifests itself in the kine-

matical region where effective W approximation applies as
this is the hard scattering regime. To maximize the sensiti-
vity and also to help to reconstruct the effective W boson
partonic center-of-mass frame, we impose the following
criterion:

=ET < 200 GeV; ð36Þ

where at the truth level, the missing transverse energy =ET is
equal to the magnitude of the transverse momentum of the
two neutrino system or top quark pair system:

=ET ¼ jp⃗T;ν þ p⃗T;ν̄j ¼ jp⃗t;t þ p⃗T;t̄j: ð37Þ

Note that we also require the missing transverse energy to
be larger than 20 GeV:

=ET > 20 GeV; ð38Þ

which is used to reduce the background from DY produc-
tion of tt̄ with initial state radiation or bremsstrahlung
effects [52]. The cut efficiencies we obtain from comparing
the =ET and θt;t̄ cuts to the θt;t̄ cuts alone are 0.50 and 0.44
for 10 TeVand 30 TeV, which further reduces the SM cross
sections to 1.32 fb and 1.59 fb, where again we include the
semileptonic branching ratio. This sizable suppression from
the =ET cut is as expected as from Fig. 4. For illustration, in
Table IX, we have listed the values of the SM cross sections
in the semileptonically decaying channel and the R1;2 in
different bins of mtt̄ for the VBF production of top quark
pair after all the preliminary cuts in Eqs. (34)–(36) and (38)

FIG. 4. Standard Model distribution of θ and pT of the top quark at 3, 10, and 30 TeV muon colliders after the cut on the recoil mass in
Eq. (34). (a) Standard Model θt. (b) Standard Model =ET of the top.

TABLE IX. The SM cross sections and the R values for
anomalous top Yukawa coupling in the process μþμ− →
tt̄νν̄; tt̄hνν̄ after all the preliminary cuts in Eqs. (34)–(36) and (38)
with semileptonic decay for tt̄, and bb̄ decay for the Higgs boson
in different invariant mass bins at the 30 TeV muon collider.

mðt̄tÞ (TeV) σSM (fb) R1 R2

0–1 1.28 −0.0803 1.33
1–5 0.325 −0.220 12.3
5–10 0.00538 −0.155 157
10–15 4.17 × 10−4 −0.152 468
15–20 5.21 × 10−5 −0.163 886
20–25 6.36 × 10−6 −0.0608 1199
25–30 1.06 × 10−6 −0.00202 355

mðt̄thÞ (TeV) σSM (fb) R1 R2

0–1 1.10 × 10−3 5.75 15.5
1–5 2.74 × 10−3 7.73 320
5–10 1.72 × 10−4 26.8 9090
10–15 2.14 × 10−5 49.8 51400
15–20 3.48 × 10−6 72.8 147000
20–25 7.44 × 10−7 58.7 186000
25–30 1.16 × 10−7 16.5 76500
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at the 30 TeV muon collider. We can see that there is no
energy growing behavior for the interference term, as
expected from the previous analytical study. On the other
hand, we do see the R value for the squared term possesses
larger values at higher energy bins. For comparison, we
have also presented the SM cross section R values for the
process μþμ− → tt̄hνν̄ with semileptonically decaying top
quark pair and Higgs decaying to the bottom quark pair at
the 30 TeV muon collider. We can see that there is indeed
energy growing behavior for the linear term.
As discussed in previous sections and also shown in

Fig. 5, the scattering angle in the partonic center-of-mass
frame θ� can be used to enhance the sensitivity to the top
Yukawa coupling. Here we have used an asterisk to
distinguish between the polar angle of the top quark in
the WþW− frame and the polar angle in the μþμ− frame.
Furthermore, in determining the scattering angle θ� in the
partonic frame, we assume that the neutrinos are collinear
with the muon beams. To be explicit, the scattering angle θ�
can be obtained from the kinematical variables in the lab
frame as follows:

tan θ� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
t;x þ p2

t;y

q
mtt̄

−Etp⃗tt̄ þ pt;zEtt̄
; ð39Þ

where pt;x is the x component of the momentum of the top
quark and similarly for the pt;y; pt;z. mtt̄ is the invariant
mass of the top quark pair and ðEtt̄; p⃗tt̄Þ is the four-
momentum of the top quark pair. Here we have used the

fact that the transverse momentum of the top quark is the
same in both the frame, while the z component of the
momentum of the top quark in the partonic frame is
obtained by a boost.
In addition to the invariant mass bins of the top quark

pair in Table IX, we also divide the scattering angle θ� into
six bins with bin width of 30°. The corresponding cross
sections and R values in each two-dimensional bin are
shown in Tables XII–XV respectively in Appendix A. In
order to take into account the reconstruction efficiencies of
the semileptonically decaying top quark pair, we have
extracted the numbers from the analysis of top quark pair
production at 380 GeV, 1.4 TeV, and 3 TeV center-of-mass
energy of CLIC [52]. The results are listed in Table X. We
will use the following values for the reconstruction effi-
ciencies for different mtt̄ bins:

½0; 1� TeV∶ 64%; all other bins∶ 33%; ð40Þ

and assume that the SM reducible backgrounds have been
reduced to a negligible level. Similar efficiencies apply to
the bins of mtt̄h for the process μþμ− → tt̄hνν̄ with the
Higgs boson decaying into bottom quark pair h → bb̄ with
a branching ratio of 58% [56,57].

IV. RESULTS AND DISCUSSION

We follow the procedure in Appendix C to construct the
likelihood functions by combining all the two-dimensional
bins defined in Tables XII and XIII for 10 TeV, 30 TeV
muon collider correspondingly. The integrated luminosity

FIG. 5. The distributions of θ� for the SM (a) and δtth ¼ 10% (b) after the all the preliminary cuts in Eqs. (34)–(36) and (38). Note that
θ� is the angle between the top and the Wþ in the WþW− center-of-mass frame.

TABLE X. Efficiencies from CLIC analysis of the semileptonically decaying channel with Pðe−Þ ¼ −80% [52].ffiffiffi
s

p
380 GeV 1.4 TeV (

ffiffiffiffi
s0

p
≥ 1.2 TeV) 3 TeV (

ffiffiffiffi
s0

p
≥ 2.6 TeV)

ϵeffðeþe− → tt̄ → qqqqlνÞ 64% 37% 33%
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is assumed to be 10 ð90Þ ab−1 at the 10 (30) TeV muon
collider. The Δχ2 as functions of the anomalous top
Yukawa coupling δtth for the semileptonically decaying
channels of the tt̄νν̄; tt̄hνν̄ are presented in Fig. 6. For each
process, we have considered two cases: with only the linear
term R1 and with both the linear term R1 and the quadratic
term R2. The 95% CL interval for the δtth for different
scenarios is shown in Table XI. We find that owing to the
lack of energy growing behaviors in the tt̄νν̄, the expected
sensitivity on the anomalous top Yukawa coupling δtth is
not majorly affected by the inclusion of the quadratic term
at both 10 TeV and 30 TeV. In contrast, for the tt̄hνν̄, the

quadratic terms can make a big difference (a factor of 2–3)
on the top Yukawa coupling sensitivity, which is a
reflection of the energy growing effects. For this process,
a dedicated study should be provided to address the issue of
the effective field theory breaking down, which we leave
for future work. Here we are focusing on the results
obtained by including the linear term R1 only. At the
10 (30) TeV muon collider, the 95% CL on the anomalous
coupling δtth from tt̄νν̄ reads as 5.6% (1.7%), which is
generally in agreement with the results of [26]. These can
be compared with 4% and 2% projections at 95% CL
for the HE-LHC under the base and optimal scenarios

FIG. 6. Δχ2 plot as a function of anomalous top Yukawa coupling δtth for processes μþμ− → tt̄νν̄ and μþμ− → tt̄νν̄h at 10 TeV (a) and
30 TeV (b) muon collider. Here R1ðR2Þ denotes the interference term and the squared term respectively. (a) μþμ− → tt̄νν̄ withffiffiffi
s

p ¼ 10TeV and L ¼ 10 ab−1. (b) μþμ− → tt̄νν̄ with
ffiffiffi
s

p ¼ 30TeV and L ¼ 90 ab−1.

TABLE XI. 95% CL on the anomalous top Yukawa coupling δtth for different scenarios at the 10 TeVand 30 TeV
muon collider.

ffiffiffiffiffiffiffiffiffiffisμþμ−
p Process Sensitivity

10 TeV @ 10 ab−1 tt̄νν̄ R1 ½−5.9%; 5.6%�
tt̄νν̄ R1 þ R2 ½−4.5%; 4.5%�
tt̄hνν̄ R1 ½−7.6%; 12%�

tt̄hνν̄ R1 þ R2 ½−5.2%; 5.5%�
tt̄νν̄þ tt̄hνν̄ R1 ½−4.8%; 5.0%�

tt̄νν̄þ tt̄hνν̄ R1 þ R2 ½−3.7%; 3.7%�
30 TeV @ 90 ab−1 tt̄νν̄ R1 ½−1.7%; 1.7%�

tt̄νν̄ R1 þ R2 ½−1.4%; 1.4%�
tt̄hνν̄ R1 ½−1.6%; 2.0%�

tt̄hνν̄ R1 þ R2 ½−0.68%; 0.69%�
tt̄νν̄þ tt̄hνν̄ R1 ½−1.2%; 1.3%�

tt̄νν̄þ tt̄hνν̄ R1 þ R2 ½−0.64%; 0.65%�
Other colliders

14 TeV HL-LHC @ 3 ab−1 tt̄h → multiple leptons 6.9% [59]
1.4 TeV CLIC @ 1.5 ab−1 tt̄h → 6jþ bb̄;lν4jþ bb̄ 7.4% [52]
100 TeV collider @ 20 ab−1 tt̄h → lν4jþ bb̄ 2% [60]
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respectively [59] as well as the 2% projection at a 100 TeV
collider [60], which are also listed in Table XI. For the
process tt̄hνν̄, without worrying about the issues of EFT
mentioned earlier, we find that the result is comparable with
tt̄νν̄, especially at 30 TeV muon collider. It deserves further
detailed study, which we leave for future work. Before we
conclude, we would like to comment on the prospects on
the measurement of the CP-phase top Yukawa coupling
ξhtt, which parametrize the CP-violating part of the top
Yukawa coupling [61]:

Lhtt̄ ¼ −
mt

v
ð1þ δtthÞt̄ðcos ξhtt þ i sin ξhttγ5Þt: ð41Þ

Potential observables in the process tt̄hνμν̄μ which are
sensitive to the CP-phase ξhtt include the azimuthal angle
between the tt̄ plane and the μþμ− plane and the correlated
angular distributions of decay products of top and anti-
top [61–63]. We leave the detailed study for future
possible work.

V. CONCLUSION

In this paper, we have performed a detailed analysis
about the measurement of the top Yukawa coupling at the
high energy muon collider by studying the process μþμ− →
tt̄νν̄. In particular, we have studied the energy scaling
behavior of statistical signal significance S=

ffiffiffiffi
B

p
for the

subprocess WþW− → tt̄ and for the full processes at the
muon collider by employing the effective W-boson
approximation. In addition, we have presented the explicit
formulas for the helicity amplitudes for the subprocess
WþW− → tt̄ in the presence of anomalous couplings,
where for completeness, we have also included anomalous
triple gauge boson couplings and anomalous gauge-boson-
fermions couplings. The high energy limits of the different
helicity amplitudes are shown in Tables I and II, whereas
the threshold behaviors are given in Tables IV and V.
We have found that the sensitivity on the anomalous top
Yukawa coupling δtth decreases as the energy of the bin
increases as shown in Eq. (24). This is partially due to the
fact that the SM amplitude for the helicity configurations
ð0; 0;� 1

2
;� 1

2
Þ scales like mt=Ê. As a result, the interfer-

ence between the SM and BSM amplitudes will stay
constant instead of growing linearly with Ê. Secondly, the
suppression of the parton luminosity ΦWþW−ðτÞ at high τ
also reduces the signal significance S=

ffiffiffiffi
B

p
at high energy

bins. As a byproduct, we also found that in the case of triple-
gauge-boson couplings δκZ;γ and the gauge-boson-fermion
couplings δWtb; δZuL ; δZuR , the statistical signal significance
mildly increases for small values of τ, mildly decreases for
intermediate values of τ, and decreases at large τ values.
The semianalytical analysis has been confirmed by our

numerical simulation, where we studied the prospects on
the top Yukawa coupling measurement at 10 TeV and

30 TeV muon colliders. We have imposed the basic
selection cuts in Eqs. (34)–(36) and (38) and focused on
the semileptonically decaying channel of the top quark pair.
The reconstruction efficiencies in this channel have been
extracted from the CLIC analysis for different stages.
Similar efficiencies are also applied to the tt̄hνμν̄μ process,
where the Higgs boson is assumed to decay into a bottom
quark pair. Furthermore, we used the distribution of the
scattering angle in the partonic center-of-mass frame for the
tt̄νμν̄μ to enhance sensitivity. The precision on the anoma-
lous top Yukawa coupling at the 95% CL is projected to be
5.6% (1.7%) for VBF production of a top quark pair at a
10 (30) TeV muon collider. The precision from VBF
production of tt̄h is comparable to the top quark pair,
but is sensitive to contributions from the quadratic term.
Therefore, it demands further detailed study, which we
leave for future possible work.

ACKNOWLEDGMENTS

We would like to thank Markus Luty for the collabo-
ration in the early stage of the project. The work of M. C.
and D. L. was supported by DOE Grant No. DE-SC-
0009999.

APPENDIX A: CROSS SECTIONS,
THE R VALUES, AND ERRORS

In this appendix, we list the cross sections and the R
values for the two-dimensional bins in terms ofmtt̄; θ�. The
cross sections are presented in Table XII for the 10 TeV
muon collider and in Table XIII for the 30 TeV muon
collider. The R values are given in Table XIV for the
10 TeV muon collider and in Table XV for the 30 TeV
muon collider. The errors in the tables are associated with
the limited number of events generated by MadGraph5 [64],
and we describe how to obtain them in the following. Note
that we do not take into account the errors when we make
the projections for the top Yukawa coupling measurement.
The cross section of a given process for some set of

cuts is

σ ¼
P

iwi

N
; ðA1Þ

where the wi are the weights of events that remain after the
cuts and N is the total number of events in the run.10 In
the case where all events have positive weight, the error is
the familiar 1ffiffiffi

N
p . However, the error increases when roughly

half of the events have negative weight.
To determine the error in the cross section, we begin by

writing the cross section of each individual run as

10In order to find cross sections across multiple Les Houches
Event (LHE) files with different cuts, we simply sum the
individual over cross sections.

MIRANDA CHEN and DA LIU PHYS. REV. D 109, 075020 (2024)

075020-14



σ ¼ σþ þ σ− ¼ wm1

N
−
wm2

N
; ðA2Þ

where N denotes the total number of events in the LHE file,
m1 is the total number of positive weight events, m2 the
number of negative weights, and w is the absolute value of
the weight. For the case where no cuts are imposed, we
have that m1 þm2 ¼ N, but this is not the case in general.
Taking δσþ

σþ
¼ 1ffiffiffiffiffi

m1
p and similar for σ−, we have that

δσ2 ¼ δσ2þ þ δσ2− ¼ w2ðm1 þm2Þ
N2

δσ ¼ σ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m1 þm2

p
m1 −m2

; ðA3Þ

which is the error for each LHE file. The second line of
Eq. (A3) assumes that m1 ≠ m2. Since the total cross

section of a given bin is found by summing up the
individual cross sections of the LHE files, we have that

δσ2bin ¼
X
i

δσ2i : ðA4Þ

APPENDIX B: HELICITY AMPLITUDES
FOR W +W − → tt̄

In this appendix, we present the full helicity amplitudes
for the subprocess WþW− → tt̄:

MðWþðp1ÞW−ðp2Þ → tðp3Þt̄ðp4ÞÞ
¼ Mγ þMZ þMh þMt; ðB1Þ

whereMγ;Z;h denotes the s-channel contribution with γ, Z,
h particles as internal lines and Mt corresponds to the
t-channel contribution. Since the initial particles have the

TABLE XIII. The SM cross sections in the two dimensional binsmtt̄; θ� for the process μþμ− → tt̄νν̄ at 30 TeV muon collider after all
the preliminary cuts in Eqs. (34)–(36) and (38).

mtt̄½TeV�=
θ� [°] [fb] [0,30] [30,60] [60,90] [90,120] [120,150] [150,180]

[0, 1] 0.641� 0.00033 1.28� 0.00055 1.95� 0.00080 0.61� 0.00060 0.085� 0.00031 0.0119� 0.00014
[1, 5] 0.368� 0.00021 0.376� 0.00026 0.314� 0.00031 0.0821� 0.00022 0.0174� 0.00013 0.00375� 0.000083
[5, 10] 8.33 × 10−3�

1.2 × 10−5
6.40 × 10−3�
1.4 × 10−5

3.03 × 10−3�
1.3 × 10−5

9.68 × 10−4�
9.0 × 10−6

3.90 × 10−4�
6.6 × 10−6

1.27 × 10−4�
4.8 × 10−6

[10, 15] 7.52 × 10−4�
1.5 × 10−6

4.55 × 10−4�
1.7 × 10−6

1.73 × 10−4�
1.3 × 10−6

6.71 × 10−5�
9.8 × 10−7

3.22 × 10−5�
7.7 × 10−7

1.41 × 10−5�
5.8 × 10−7

[15, 20] 9.77 × 10−5�
2.2 × 10−7

5.02 × 10−5�
2.3 × 10−7

1.97 × 10−5�
1.8 × 10−7

9.15 × 10−6�
1.3 × 10−7

5.65 × 10−6�
1.1 × 10−7

3.17 × 10−6�
8.3 × 10−8

[20, 25] 1.02 × 10−5�
2.4 × 10−8

5.29 × 10−6�
2.4 × 10−8

2.80 × 10−6�
1.8 × 10−8

1.83 × 10−6�
1.4 × 10−8

1.46 × 10−6�
1.1 × 10−8

1.12 × 10−6�
8.5 × 10−9

[25, 30] 4.47 × 10−7�
7.2 × 10−10

4.81 × 10−7�
7.2 × 10−10

5.44 × 10−7�
5.4 × 10−10

5.93 × 10−7�
4.1 × 10−10

7.04 × 10−7�
3.3 × 10−10

1.02 × 10−6�
2.6 × 10−10

TABLE XII. The SM cross sections in [fb] in the two dimensional bins mtt̄; θ� for the process μþμ− → tt̄νν̄ after all the preliminary
cuts in Eqs. (34)–(36) and (38).

mtt̄½TeV�=
θ� [°] [fb] [0, 30] [30, 60] [60, 90] [90, 120] [120, 150] [150, 180]

[0, 1] 0.670� 0.00025 1.22� 0.00039 1.48� 0.00049 0.503� 0.00038 0.0933� 0.00022 0.0145� 0.00011
[1, 2] 0.234� 8.5 × 10−5 0.233� 0.00012 0.142� 0.00012 0.0403� 8.3 × 10−5 0.0122� 5.8 × 10−5 0.00270� 3.5 × 10−5

[2, 4] 0.0449�
2.3 × 10−5

0.0322�
2.6 × 10−5

0.0141�
2.3 × 10−5

4.61 × 10−3�
1.6 × 10−5

1.95 × 10−3�
1.3 × 10−5

6.52 × 10−4�
9.0 × 10−6

[4, 6] 3.08 × 10−3�
2.2 × 10−6

1.76 × 10−3�
2.3 × 10−6

6.49 × 10−4�
1.8 × 10−6

2.78 × 10−4�
1.4 × 10−6

1.40 × 10−4�
1.1 × 10−6

8.01 × 10−5�
8.2 × 10−7

[6, 8] 2.46 × 10−4�
1.9 × 10−7

1.23 × 10−4�
1.9 × 10−7

5.56 × 10−5�
1.5 × 10−7

3.16 × 10−5�
1.1 × 10−7

2.43 × 10−5�
8.8 × 10−8

1.73 × 10−5�
6.9 × 10−8

[8, 10] 8.33 × 10−6�
5.2 × 10−9

6.71 × 10−6�
5.2 × 10−9

6.47 × 10−6�
3.9 × 10−9

6.21 × 10−6�
3.0 × 10−9

7.13 × 10−6�
2.4 × 10−9

9.54 × 10−6�
1.9 × 10−9
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TABLE XV. R values in the two-dimensional bins mtt̄; θ� for the process μþμ− → tt̄νν̄ after all the preliminary cuts in Eqs. (34)–(36)
and (38).

mtt̄½TeV�=θ� [°] [0, 30] [30, 60] [60, 90] [90, 120] [120, 150] [150, 180]

[0, 1]
R1 0.197� 0.0056 0.137� 0.0044 −0.0365� 0.0041 −0.694� 0.012 −1.66� 0.057 −2.88� 0.24
R2 0.286� 0.0078 0.508� 0.0072 1.08� 0.0091 3.55� 0.042 9.70� 0.32 22.3� 2.1

[1, 5]
R1 −0.00399� 0.0057 −0.0849� 0.0071 −0.287� 0.0099 −0.956� 0.030 −2.05� 0.10 −4.76� 0.39
R2 2.66� 0.028 5.50� 0.049 12.8� 0.11 48.0� 0.71 145� 5.2 368� 30

[5, 10]
R1 −0.0171� 0.015 −0.101� 0.022 −0.236� 0.041 −0.824� 0.095 −0.882� 0.17 −2.59� 0.41
R2 32.4� 0.30 92.4� 0.94 242� 3.3 654� 14 1459� 54 3465� 259

[10, 15]
R1 −0.00494� 0.020 −0.131� 0.037 −0.346� 0.077 −0.732� 0.15 −1.09� 0.24 −1.35� 0.42
R2 99.5� 0.84 335� 3.6 890� 14 1946� 45 4012� 138 7773� 460

[15, 20]
R1 −0.0605� 0.023 −0.129� 0.046 −0.351� 0.092 0.406� 0.15 −0.914� 0.19 −0.639� 0.26
R2 195� 1.5 738� 7.8 1770� 28 3159� 65 5080� 133 9193� 386

[20, 25]
R1 −0.0195� 0.023 −0.0786� 0.045 −0.0399� 0.064 −0.0314� 0.074 −0.201� 0.075 −0.268� 0.076
R2 321� 2.5 1166� 13 1942� 27 2519� 40 3201� 56 4070� 95

[25, 30]
R1 0.0111� 0.016 −0.00137� 0.015 −0.0253� 0.010 −0.00295� 0.0069 0.00193� 0.0047 0.00218� 0.0026
R2 339� 4.3 568� 7.7 488� 6.3 373� 4.3 303� 3.1 214� 2.2

TABLE XIV. R-values in the two dimensional binsmtt̄; θ� for the process μþμ− → tt̄νν̄ after all the preliminary cuts in Eqs. (34)–(36)
and (38).

mtt̄½TeV�=θ� [°] [0, 30] [30, 60] [60, 90] [90, 120] [120, 150] [150, 180]

[0, 1]
R1 0.209� 0.070 0.143� 0.052 −0.0484� 0.047 −0.647� 0.081 −1.54� 0.19 −2.60� 0.48
R2 0.279� 0.67 0.563� 0.51 1.16� 0.48 3.40� 0.82 7.20� 1.7 12.8� 4.1

[1, 2]
R1 −0.0314� 0.055 −0.0778� 0.055 −0.266� 0.071 −0.827� 0.13 −1.79� 0.24 −3.81� 0.51
R2 1.29� 0.57 3.06� 0.54 8.43� 0.70 29.9� 1.4 58.3� 2.3 110� 4.5

[2, 4]
R1 −0.0124� 0.052 −0.116� 0.061 −0.313� 0.092 −0.790� 0.16 −1.33� 0.25 −2.68� 0.43
R2 5.28� 0.54 12.8� 0.57 36.2� 0.89 110� 1.7 212� 2.7 362� 6.2

[4, 6]
R1 −0.0109� 0.050 −0.127� 0.066 −0.331� 0.11 −0.481� 0.17 −0.842� 0.23 −1.25� 0.31
R2 17.1� 0.53 44.7� 0.60 128� 1.1 297� 2.2 556� 4.9 649� 7.1

[6, 8]
R1 −0.0171� 0.049 −0.0997� 0.069 −0.205� 0.10 0.211� 0.14 −0.252� 0.16 −0.218� 0.18
R2 33.7� 0.52 95.5� 0.65 207� 1.1 365� 1.9 478� 2.4 479� 2.5

[8, 10]
R1 0.0116� 0.073 −0.0316� 0.082 −0.0188� 0.083 −0.0103� 0.085 0.00346� 0.079 0.00128� 0.068
R2 47.9� 0.79 81.3� 0.77 82.1� 0.80 85.2� 0.88 76.7� 0.86 41.7� 0.62
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same masses as well as the final particles, the energies of
the top quarks are equal to that of the W bosons in the
partonic center-of-mass frame:

Êt ¼ ÊW ¼
ffiffiffî
s

p

2
: ðB2Þ

The other Mandelstam variables t̂; û can be written as
functions of ŝ:

t̂ ¼ ŝ
4

�
−β2t − β2W þ 2βtβW cos θ

�
;

û ¼ ŝ
4

�
−β2t − β2W − 2βtβW cos θ

�
; ðB3Þ

where the velocities of theW bosons and the top quarks are
given by

βW;t ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4m2
W;t

ŝ

s
: ðB4Þ

Here the scattering angle θ in the partonic center-of-mass
frame is the polar angle between the outgoing top quark and

the incomingWþ gauge boson. The z-axis is chosen as the
direction of the Wþ spatial momentum. The azimuthal
angles of the top quark and the antitop quark are chosen as

φt ¼ 0; φt̄ ¼ π; ðB5Þ

which will fix the possible i factors in the polarization
functions of the antitop quarks. We will present the helicity
amplitudes in terms of the Wigner d functions [65]:

Mh1h2;h3h4 ¼ M̃h1h2;h3h4ðθÞðh3 − h4 þ δh3h4Þ
× ð−1Þh2dJ0Δh12;Δh34ðθÞ; ðB6Þ

with

Δh12 ¼ h1 − h2; Δh34 ¼ h3 − h4;

J0 ¼ maxðjΔh12j; jΔh34jÞ; ðB7Þ

and to make results more compact, we have also extracted
some sign factors for convenience. The relevant d functions
are listed as follows [57]:

d11;1 ¼ d1−1;−1 ¼
1

2
ð1þ cos θÞ; d11;−1 ¼ d1−1;1 ¼

1

2
ð1 − cos θÞ;

d11;0 ¼ −d1−1;0 ¼ −
sin θffiffiffi

2
p

d21;2 ¼ −d2−1;−2 ¼
1

2
sin θð1þ cos θÞ; d21;−2 ¼ −d2−1;2 ¼ −

1

2
sin θð1 − cos θÞ; ðB8Þ

which satisfy the following identities:

djm0;m ¼ ð−1Þm−m0
djm;m0 ¼ dj−m;−m0 : ðB9Þ

The top Yukawa coupling modification is parametrized as

Lhtt̄ ¼ −
mt

v
ð1þ δtthÞhtt̄: ðB10Þ

For future studies, we have also included the CP-even
aTGC, which are parametrized as follows [65,66]:

LWWV=gSMWWV ¼ igV1
�
Wþ

μνW−μVν −W−
μνWþμVν

�
þ iκVWþ

μ W−
ν Vμν þ i

λV
m2

W
Wþ

λμW
−μ

νVνλ;

ðB11Þ

where W�
μν ¼ ∂μW�

ν − ∂νW�
μ and V = γ, Z. The SM values

of the TGCs read as

gSMWWγ ¼ e; gSMWWZ ¼ g cos θW; ðB12Þ

where θW is the weak mixing angle. The unbroken
electromagnetism fixes gγ1 to be 1. So we are left with five
anomalous TGC couplings: δgZ1 ; δκZ; δκγ; λZ; λγ defined as
δgZ1 ¼ gZ1 − 1; δκV ¼ κV − 1. At dimension-six SMEFT,
they are further related by the following identities [67]:

δκZ ¼ δgZ1 − tan2θWδκγ; λZ ¼ λγ: ðB13Þ

We also take into account the contributions from the
possible modifications of the top electroweak couplings
and the Higgs gauge boson coupling:

δWtb ¼
gWtb

gSMWtb

− 1; δZtL ¼ gZtL
gSMZtL

− 1;

δZtR ¼ gZtR
gSMZtR

− 1; δhWW ¼ ghWW

gSMhWW

− 1; ðB14Þ

TOP YUKAWA COUPLING MEASUREMENT AT THE MUON … PHYS. REV. D 109, 075020 (2024)

075020-17



with their SM values as follows:

gSMWt ¼
gffiffiffi
2

p ; gSMZtL ¼ g
cos θW

�
1

2
−
2

3
sin2θW

�
; gSMZtR ¼ −

2

3

gsin2θW
cos θW

; gSMhWW ¼ 2m2
W

v
: ðB15Þ

Note that we are working in the broken phase of electroweak symmetry. All the anomalous couplings can be rewritten in
terms of the Wilson coefficients of the dimension-six operators:

δhWW ¼ −
cH
2

v2

Λ2
; δtth ¼ −ξ

�
cH
2

þ cyt

�

δgZ1 ¼ −
cW þ cHW

cos2 θW

m2
W

Λ2
; δκγ ¼ −ðcHW þ cHBÞ

m2
W

Λ2
; λZ ¼ λγ ¼ c3W

m2
W

Λ2

δWtb ¼
gffiffiffi
2

p cð3ÞqL
4m2

W

Λ2
; δZtL ¼ −

g
cw

2m2
W

Λ2
ðcqL − cð3ÞqL Þ; δZtR ¼ −

g
cw

2m2
W

Λ2
ctR; ðB16Þ

where Λ is the cutoff scale and the SMEFT operators are given by

OH ¼ 1

2
∂μðH†HÞ∂μðH†HÞ; Oyt ¼ ytH†Hq̄LHtR

OW ¼ ig
2
ðH†σaD

↔μ
HÞDνWa

μν; OB ¼ ig0

2
ðH†D

↔μ
HÞ∂νBμν

OHW ¼ igðDμHÞ†σaðDνHÞWa
μν; OHB ¼ ig0ðDμHÞ†ðDνHÞBμν

O3W ¼ 1

3!
gϵabcWaν

μ Wb
νρWcρμ; Oð3Þq

L ¼ ig2ðH†σaD
↔

μHÞQ̄Lσ
aγμQL

Ot
R ¼ ig02ðH†D

↔

μHÞūRγμuR; Oq
L ¼ ig02ðH†D

↔

μHÞQ̄Lγ
μQL: ðB17Þ

Now, we turn to the formulas for the helicity amplitudes. In order to list them compactly in tables, we further take some

prefactors out of M̃:

M̃γ ¼ i
2

ffiffiffi
2

p
g2s2WβW
3

Aγ
h1h2;h3h4

M̃Z ¼ i
ffiffiffi
2

p
g2βW

�
1 − Δh34βt

4
ð1þ δZtLÞ −

2

3
s2W

�
1þ 1 − Δh34βt

2
δZtL þ

1þ Δh34βt
2

δZtR

��
ŝ

ŝ −m2
Z
AZ
h1h2;h3h4

M̃h ¼ i
g2

2
ffiffiffi
2

p ð1þ δtthÞð1þ δhWWÞβt
ŝ

ŝ −m2
h

Ah
h1h2;h3h4

M̃t ¼ −i
g2ð1 − Δh34βtÞ

2
ffiffiffi
2

p
βW

ð1þ δWtbÞ2
�
Bh1h2;h3h4 −

1

β2t þ β2W − 2βtβW cos θ
Ch1h2;h3h4

�
; ðB18Þ

where we have abbreviated sin θW as sW . Note that the
kinematical function in front of Ch1;h2;h3;h4 is simply ŝ

4t̂, and
we have omitted the small bottom quark mass. The results for
the helicity configurations ð∓ 1

2
;� 1

2
Þ of final top and antitop

quarks are presented in Table XVI, and for other helicity
configurations ð∓ 1

2
;∓ 1

2
Þ, they are shown in Table XVII.

APPENDIX C: STASTICS

In order to constrain the top Yukawa coupling as shown
in Fig. 6, we follow the frequentist statistics procedure

outlined in [56]. We first construct the likelihood function
LðδtthÞ:

LðδtthÞ ¼ PðnjδtthÞ; ðC1Þ

where n is the observed number of events and PðnjδtthÞ is
the probability under the hypothesis of δtth. Here we have
used the Poisson distribution:

PðnjδtthÞ ¼
ðsðδtthÞ þ bÞn

n!
e−ðsðδtthÞþbÞ; ðC2Þ
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TABLE XVII. Helicity amplitude factors for Wþ
h1
W−

h2
→ th3 t̄h4 for Δh34 ¼ 0. Here V ¼ γ, Z, and note that δgγ1 ¼ 0.

ðh3h4Þ ðh1h2Þ AV
h1h2;h3h4

Ah
h1h2;h3h4

ð− 1
2
− 1

2
Þ (þ1 −1), (−1 þ1) 0 0

(þ1 þ1), (−1 −1)
ffiffi
2

p
mtffiffi
s

p ð1þ δgV1 þ s
2m2

W
λVÞ cos θ −

ffiffi
2

p
mtffiffi
s

p

(þ1 0), (0 −1)
ffiffi
2

p
mt

mW

�
1þ δgV

1
þδκVþλV

2

� 0

(−1 0), (0 þ1) −
ffiffi
2

p
mt

mW

�
1þ δgV

1
þδκVþλV

2

� 0

(0 0) −
ffiffi
2

p
mtffiffi
s

p
�
1þ δgV1 þ sð1þδκV Þ

2m2
W

�
cos θ −

ffiffi
2

p
mt

ffiffi
s

p ð1þβ2WÞ
4m2

W

ð1
2
1
2
Þ (þ1 −1), (−1 þ1) 0 0

(þ1 þ1), (−1 −1) −
ffiffi
2

p
mtffiffi
s

p
�
1þ δgV1 þ s

2m2
W
λV
�
cos θ

ffiffi
2

p
mtffiffi
s

p

(þ1 0), (0 −1) −
ffiffi
2

p
mt

mW

�
1þ δgV

1
þδκVþλV

2

� 0

(−1 0), (0 þ1)
ffiffi
2

p
mt

mW

�
1þ δgV

1
þδκVþλV

2

� 0

(0 0)
ffiffi
2

p
mtffiffi
s

p
�
1þ δgV1 þ sð1þδκV Þ

2m2
W

�
cos θ

ffiffi
2

p
mt

ffiffi
s

p ð1þβ2WÞ
4m2

W

ðh3h4Þ ðh1h2Þ Bh1h2;h3h4 Ch1h2;h3h4

ð− 1
2
− 1

2
Þ (þ1 −1), (−1 þ1) 0 − 8mtβtβWffiffi

3
p ffiffi

s
p

(þ1 þ1), (−1 −1) mtðβ2t −β2W∓2βtβWþ2βtβW cos θÞffiffi
2

p ffiffi
s

p
βtβW

mtðβt∓βWÞ2ðβ2t−β2WÞffiffi
2

p ffiffi
s

p
βtβW

(þ1 0), (0 −1)
ffiffi
2

p
mt

mW

ffiffi
2

p
mtðβt∓βWÞðβt�β2WÞ

mW

(−1 0), (0 þ1) −
ffiffi
2

p
mt

mW
−

ffiffi
2

p
mtðβt�βWÞðβt�β2WÞ

mW

(0 0) −
ffiffi
s

p
mtðβ2tþβ4Wþ2βtβW cos θÞ

2
ffiffi
2

p
m2

WβtβW
−

ffiffi
s

p
mtðβ4tþβ6W−β2t ðβ2Wþβ4WÞÞ

2
ffiffi
2

p
m2

WβtβW

ð1
2
1
2
Þ (þ1 −1), (−1 þ1) 0 8mtβtβWffiffi

3
p ffiffi

s
p

(þ1 þ1), (−1 −1) − mtðβ2t −β2W�2βtβWþ2βtβW cos θÞffiffi
2

p ffiffi
s

p
βtβW

− mtðβt�βWÞ2ðβ2t −β2WÞffiffi
2

p ffiffi
s

p
βtβW

(þ1 0), (0 −1) −
ffiffi
2

p
mt

mW
−

ffiffi
2

p
mtðβt�βWÞðβt∓β2WÞ

mW

(−1 0), (0 þ1)
ffiffi
2

p
mt

mW

ffiffi
2

p
mtðβt∓βWÞðβt∓β2WÞ

mW

(0 0)
ffiffi
s

p
mtðβ2tþβ4Wþ2βtβW cos θÞ

2
ffiffi
2

p
m2

WβtβW

ffiffi
s

p
mtðβ4tþβ6W−β2t ðβ2Wþβ4WÞÞ

2
ffiffi
2

p
m2

WβtβW

TABLE XVI. Helicity amplitude factors for Wþ
h1
W−

h2
→ th3 t̄h4 for Δh34 ¼∓ 1. Here V ¼ γ, Z, and note that δgγ1 ¼ 0.

ðh3h4Þ ðh1h2Þ AV
h1h2;h3h4

Ah
h1h2;h3h4

Bh1h2;h3h4 Ch1h2;h3h4

ð− 1
2
1
2
Þ (þ1 −1), (−1 þ1) 0 0 0 −2

ffiffiffi
2

p
βtβW

(þ1 þ1), (−1 −1) 1þ δgV1 þ s
2m2

W
λV 0 1 β2t − β2W

(þ1 0), (0 −1) ffiffi
s

p
mW

�
1þ δgV

1
þδκVþλV

2

� 0
ffiffi
s

p
mW

ffiffi
s

p ðβtþβWÞðβt−β2WÞ
mW

(−1 0), (0 þ1) −
ffiffi
s

p
mW

�
1þ δgV

1
þδκVþλV

2

� 0 −
ffiffi
s

p
mW

−
ffiffi
s

p ðβt−βWÞðβt−β2WÞ
mW

(0 0) −1 − δgV1 − s
2m2

W
ð1þ δκVÞ 0 − s

2m2
W − sðβt−β2WÞ2

2m2
W

ð1
2
− 1

2
Þ (þ1 −1), (−1 þ1) 0 0 0 −2

ffiffiffi
2

p
βtβW

(þ1 þ1), (−1 −1) 1þ δgV1 þ s
2m2

W
λV 0 1 β2t − β2W

(þ1 0), (0 −1) ffiffi
s

p
mW

�
1þ δgV

1
þδκVþλV

2

� 0
ffiffi
s

p
mW

ffiffi
s

p ðβt−βWÞðβtþβ2WÞ
mW

(−1 0), (0þ 1) −
ffiffi
s

p
mW

�
1þ δgV

1
þδκVþλV

2

� 0 −
ffiffi
s

p
mW

−
ffiffi
s

p ðβtþβWÞðβtþβ2WÞ
mW

(0 0) −1 − δgV1 − s
2m2

W
ð1þ δκVÞ 0 − s

2m2
W − sðβtþβ2WÞ2

2m2
W
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where s is the number of signal events, which is a function
of δtth, and b is the number of SM background events. For
multibin analysis, as is the case in this paper, the total
probability function is given by the product of the prob-
ability function in each bin, i.e.,

Pðn⃗jδtthÞ ¼
Y
i

ðsiðδtthÞ þ biÞni
ni!

e−ðsiðδtthÞþbiÞ: ðC3Þ

The χ2 function is defined as

χ2 ¼ −2 lnL; ðC4Þ

and we will use the method of maximum likelihood to
estimate the confidence interval. The Δχ2 as plotted in
Fig. 6 is defined as

Δχ2 ¼ χ2 − χ2min ¼ 2 lnLmax − 2 lnL; ðC5Þ
where Lmax is the maximal value of the likelihood function
with given date n⃗. The expected sensitivity is obtained by
setting the observed number of events to the SM back-
ground values n⃗ ¼ b⃗. The confidence interval atm standard
deviation is obtained by solving the following equation:

Δχ2 ¼ m2: ðC6Þ
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