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I. INTRODUCTION

Double Higgs production is important for testing the
Higgs self-coupling [1,2] which is responsible for provid-
ing mass to elementary particles and the shape of the Higgs
potential. In the SM, the Higgs potential for the Higgs field
ϕ is defined as,

VðϕÞ ¼ μ2ϕϕ� þ λ

2
ðϕ�ϕÞ2 ð1Þ

where λ > 0 and μ2 < 0. The minimum value of the Higgs
potential occurs at v2 ¼ −μ2=λ. Following spontaneous
symmetry breaking, the Higgs boson acquires a mass
MH ¼ −2μ2 ¼ 2λv2. In the Standard Model, the relation-
ships among the physical Higgs mass, cubic interaction
(λhhh), and quartic interaction (λhhhh) are uniquely defined
and can be expressed as λhhh ¼ vλhhhh ¼ 3M2

H=v.
However, the trilinear Higgs coupling is challenging to
measure directly, as it requires the production of two or
more Higgs bosons simultaneously [3–5]. Also, to measure
the trilinear Higgs coupling at the LHC requires high
luminosity because processes that involve the trilinear
Higgs coupling are rare in SM [4]. The anticipated cross
section for the production of Higgs boson pairs via gluon
gluon fusion stands at approximately 36.69 fb at a center of
mass energy of 14 TeV [6,7]. Even with the highest possible

enhancement of both center of mass energy and integrated
luminosity at LHC, the accurate extraction of λhhhh remains a
formidable challenge. Nevertheless, there is optimism
regarding the feasible observation of Higgs boson pair
production and the determination of λhhh. However, achiev-
ing these goals might necessitate an integrated luminosity of
3000 fb−1 at the HL-LHC, [6,8,9]. The production of Higgs
boson pairs via gluon fusion has been studied across various
theoretical frameworks, including the Standard Model [10],
minimal supersymmetric StandardModel [11,12], LeeWick
Standard Model [13], and singlet extension model [14].
Muon colliders offer several advantages over proton

colliders, which can help to avoid some of the challenges
associated with measuring the trilinear Higgs coupling.
Muon colliders can reach higher center of mass energies
than proton colliders [

ffiffiffi
s

p
∼Oð10 TeVÞ], which can

increase the production rate of triple Higgs boson events
[15]. Here we want to analyze the double Higgs production
initiated by collinear photons radiated by high energy
muon beams. The spectrum of photons with an energy
fraction x emitted by a charged lepton with an initial
energy E is described by the Weizsäcker-Williams spec-
trum, also known as the leading order effective photon
approximation (EPA) [16,17],

fγ;lðxÞ ≈
αe
2π

Pγ;lðxÞ ln
E2

m2
l

: ð2Þ

The splitting functions are, Pγ;l ¼ ð1þ ð1 − x2ÞÞ=x for
l → γ, and Pl=lðxÞ ¼ ð1þ x2Þ=ð1 − xÞ for l → l.
Double Higgs boson production via photon fusion has

been examined in the SM at multi-TeV muon collider [15]
and in the Two Higgs doublet model (2HDM) at the
International Linear Collider (ILC) [18–20]. However, these
models do not account for the impact of the H�� boson’s
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involvement in the γγ → h0h0; A0A0 processes. This aspect
is addressed within the context of the Higgs triplet model
(HTM). In the HTM, a noteworthy hierarchy is observed
between the masses of H�� and H�, and this influence is
thoroughly investigated in the context of this paper.
Initially, we examine the partonic cross sections involv-

ing γγ fusion leading to the production of Higgs pairs in the
HTM. Following that, we numerically compute the cross
sections for μþμ− → γγ → h0h0; A0A0 by performing the
convolution of the parton distribution functions (PDFs)
with the partonic scattering cross section. We consider the
muon collider at a benchmark energy of

ffiffiffi
s

p ¼ 3 TeV, with
the integrated luminosity [21] scaled according to

L ¼
� ffiffiffi

s
p

10 TeV

�
2

× 104 fb−1 ≈ 1ab−1:

This paper is organized as follows: In Sec. II, we present a
description of the Higgs triplet model, while Sec. III
provides constraints on the model parameters and input
values. Section IV outlines the computational method used
for calculating the scattering amplitude and cross sections.
Moving to Sec. V, we conduct an analysis and present
numerical results encompassing partonic cross sections,
collider simulations for h0h0 and A0A0 production, along
with the discussion. Additionally, we explore the examined
couplings, particularly addressing the decoupling and weak-
coupling limits that may arise in the calculations. We
summarize our findings in Sec. VI.

II. THEORETICAL FRAMEWORK

Our theoretical framework is built upon the HTM,
also known as the type II seesaw [22–25]. In the HTM,
alongside the Standard Model weak doublet, represented as
Φ ∼ ð1; 2; 1=2Þ, there is an additional Higgs triplet denoted
as Δ ∼ ð1; 3; 2Þ which transforms under the SUð2ÞL gauge
group. The motivation for the type II seesaw model stems
from the observation that two doublets can be decomposed
into a triplet and a singlet representation (2 ⊗ 2 ¼ 3 ⊕ 1).
It is assumed that these additional fields possess a mass
scale that is significantly higher than the electroweak scale.
By introducing these extra scalar fields, new Yukawa
couplings are established between the SM lepton fields
and the scalar fields. These Yukawa couplings generate
relatively small Majorana neutrino masses without requiring
right handed neutrinos. Due to the higher mass scale of the
additional scalar fields, the resulting masses for the neu-
trinos are much smaller compared to the electroweak scale.
In addition to the Yukawa interactions present in the
Standard Model, the Yukawa sector of the type II seesaw
Model incorporates interactions between the Higgs triplet
field (Δ) and the lepton fields:

LY ⊃ YνLTC ⊗ iσ2ΔLþ H:c: ð3Þ

where L represents a left-handed lepton doublet, C denotes
the Dirac charge conjugation operator, σa (with a ¼ 1, 2, 3)
refers to the Pauli matrices, and Yν represents the Yukawa
couplings for neutrinos.
On the other hand, the kinetic and gauge interactions of

the new field Δ are embodied in the Lagrangian term,
which takes the following form:

Lk ¼ Tr½ðDμΔÞ†ðDμΔÞ�; ð4Þ

incorporating the covariant derivative DμΔ ¼ ∂μΔþ
i g
2
½σaWa

μ;Δ� þ i g
0
2
YΔBμΔ.

The general scalar potential term, VðΦ;ΔÞ, which is
renormalizable, CP-invariant, and gauge invariant, can be
expressed as follows:

VðΦ;ΔÞ ¼ −μ2ΦΦ†Φþ λ

4
ðΦ†ΦÞ2 þ μ2ΔTrðΔ†ΔÞ

þ ½μðΦTiσ2Δ†ΦÞ þ h:c� þ λ1ðΦ†ΦÞTrðΔ†ΔÞ
þ λ2ðTrΔ†ΔÞ2 þ λ3TrðΔ†ΔÞ2 þ λ4Φ†ΔΔ†Φ:

ð5Þ

The doublet field Φ, characterized by a weak hyper-
charge YΦ ¼ 1, and the triplet field Δ, which is represented
in a 2 × 2 representation with a weak hypercharge YΔ ¼ 2,
are expressed as,

Φ ¼
 
ϕþ

ϕ0

!
; Δ ¼

0@ δþffiffi
2

p δþþ

δ0 − δþffiffi
2

p

1A:

The Higgs triplet model incorporates five dimensionless
parameters (λ, λ1, λ2, λ3, λ4), two real parameters with mass
dimensions (μΦ, μΔ), and a lepton number violating
parameter with positive mass dimension (μ). The vacuum
expectation value (vΦ) of the Higgs field, which is respon-
sible for breaking the electroweak symmetry, takes place in
a direction that does not introduce any electric charge or
alter the electrically neutral nature of the vacuum. The Higgs
triplet field acquires a non-zero vacuum expectation value
(vΔ) that leads to the spontaneous breaking of the electro-
weak symmetry. Consequently, the neutral components of
the Higgs triplet field develop nonzero vacuum expectation
value, while the charged components remain zero.
In the absence ofCP violation, the scalar fields ϕ0 and δ0

can be parametrized as follows: ϕ0 ¼ 1ffiffi
2

p ðvΦ þ ϕþ iχÞ and
δ0 ¼ 1ffiffi

2
p ðvΔ þ δþ iηÞ. This parameterization involves

shifting the real part of ϕ0, denoted as ϕ, and the real part
of δ0, denoted as δ, around their vacuum expectation values
(VEVs). As a result, a 10 × 10 squared mass matrix is
obtained to describe the scalars in the model. After
diagonalizing the mass matrix and utilizing the following
rotation matrices:
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�
h0

H0

�
¼
�

cos α sin α

− sin α cos α

��
ϕ

δ

�
; ð6Þ

�
G�

H�

�
¼
�

cos β0 sin β0

− sin β0 cos β0

��
ϕ�

δ�

�
ð7Þ

and, �
G0

A0

�
¼
�

cos β sin β

− sin β cos β

��
χ

η

�
ð8Þ

to transform the fields into their mass eigenstates, a total of
six physical Higgs states (A0; H0; H�; H��), in addition to
the Standard Model Higgs boson (h0), as well as three
massless Goldstone bosons (G0; G�) which acquire the role
of the longitudinal components of the Z0 and W� bosons,
emerge within the model. Here the mixing angles are given
by tan β ¼ ffiffiffi

2
p

tan β0 ¼ 2vΔ=vΦ. The physical masses of
the doubly charged and singly charged Higgs boson are
expressed as,

M2
H�� ¼ M2

Δ − v2Δλ3 −
λ4
2
v2Φ;

M2
H� ¼

�
M2

Δ −
λ4
4
v2Φ

��
1þ 2v2Δ

v2Φ

�
;

M2
Δ ¼ μv2Φffiffiffi

2
p

vΔ
: ð9Þ

The CP-even Higgs bosons, which correspond to the
mass eigenstates resulting from the mixing of the doublet
scalar field (ϕ) and the triplet scalar field (Δ) as shown in
the Eq. (6), have mass eigenvalues determined by the
following expressions:

M2
h0 ¼ K2

1 cos
2 αþK2

2 sin
2 α −K2

3 sin
2 2α;

M2
H0 ¼ K2

1 cos
2 αþK2

2 sin
2 αþK2

3 sin
2 2α: ð10Þ

The following coefficients K1, K2, and K3 are defined as
follows:

K2
1 ¼

v2Δλ
2

;

K2
2 ¼ M2

Δ þ 2v2Δðλ2 þ λ3Þ

K2
3 ¼ −

2vΔ
vΦ

M2
Δ þ vΔvΦðλ1 þ λ4Þ: ð11Þ

Similarly, the emergence of the pseudo scalar A0 is
attributed to the mixing between the fields χ and η, and its
mass is determined by the expression:

M2
A0 ¼ M2

Δ

�
1þ 4v2Δ

v2Φ

�
: ð12Þ

By expressing the couplings (λ,λ1;2;3;4 and μ) in terms of
physical Higgs masses, the mixing angle α and VEVs (vΔ
and vΦ), we can directly relate the strength of the
interactions to the masses of the particles involved and
the vacuum expectation values that characterize the sym-
metry breaking. Furthermore, through this consistent para-
metrization of the couplings, we can readily compare the
predictions and implications of the HTM with those of
other models and experimental observations. Now, using
Eq. (9)–(11), one can obtain the following relations:

μ ¼
ffiffiffi
2

p
vΦ

v2Φ þ 4v2Δ
M2

A; ð13Þ

λ ¼ −
2

v2Φ
ðc2αM2

h þ s2αM2
HÞ; ð14Þ

λ1 ¼ −
2

v2Φ þ 4v2Δ
M2

A þ 2

v2Φ þ 2v2Δ
M2

H�

þ sin 2α
2vΔvΦ

ðM2
h −M2

HÞ; ð15Þ

λ2 ¼
1

2v2Δ

�
c2αM2

h þ s2αM2
H þ v2Δ

v2Φ þ 4v2Δ
M2

A

−
4v2Δ

v2Φ þ 2v2Δ
M2

A þ 2M2
H��

�
; ð16Þ

λ3 ¼
1

v2Δ

�
−

v2Φ
v2Φ þ 4v2Δ

M2
A þ 2v2Φ

v2Φ þ 2v2Δ
M2

H� −M2
H��

�
ð17Þ

and,

λ4 ¼
4

v2Φ þ 4v2Δ
M2

A −
4

v2Φ þ 2v2Δ
M2

H� : ð18Þ

Here we define two distinct parameter spaces as follows:

P1 ¼ fμ; λ; λ1; λ2; λ3; λ4; tan β; cos αg; ð19Þ

P2 ¼ fMh;MH;MA0 ;MH� ;MH�� ; vΔ; vΦ; cos αg: ð20Þ

By utilizing these parameter spaces, computations can be
performed in a bidirectional manner, allowing for the
evaluation of the quantities and relations within the HTM
using either set of parameters. Moreover, vΔ and vΦ are
reparametrized following the conventions of Ref. [22]:
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v2ϕ ¼ 1

1þ 1
2
tan2 β

S2WM
2
W

παe
ð21Þ

and,

v2Δ ¼ tan2 β
1þ 1

2
tan2 β

S2WM
2
W

4παe
ð22Þ

with v2ϕ þ 2v2Δ ¼ v2.

III. CONSTRAINTS ON THE POTENTIAL

Constraints on the potential in the HTM are necessary to
ensure the model’s consistency, stability, and compatibility
with experimental observations. The potential plays a
crucial role in determining the behavior of the scalar fields
and their interactions.
In the HTM, vacuum stability is required to ensure that

the electroweak symmetry breaking minimum of the Higgs
potential is stable and that the vacuum dies decay into a
lower-energy state. In order to ensure that the scalar
potential VðΦ;ΔÞ in the HTM is always bounded from
below (BFB) and does not lead to instability of the vacuum
state, we must impose the following constraints on the
model parameters from Ref. [22,26]:

λ ≥ 0; λ2 þ λ3 ≥ 0; λ2 þ
λ3
2
≥ 0; ð23Þ

λ1 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λðλ2 þ λ3Þ

p
≥ 0; λ1 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ

�
λ2 þ

λ3
2

�s
≥ 0 ð24Þ

and,

λ1þ λ4þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λðλ2þ λ3Þ

p
≥ 0; λ1þ λ4þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ

�
λ2þ

λ3
2

�s
≥ 0:

ð25Þ

To prevent the occurrence of tachyonic Higgs states, we
establish the following constraints using Eqs. (9) and (12):

μ > μ1 ¼ 0; ð26Þ

μ > μ2 ¼
λ4MWSW
4
ffiffiffiffiffiffiffiffiffiffi
2παe

p tan βffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ tan2 β

2

q ; ð27Þ

μ > μ3 ¼
MWSW
4
ffiffiffiffiffiffiffiffiffiffi
2παe

p ð2λ4 tan β þ λ3 tan3 βÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ tan2 β

2

q : ð28Þ

By considering the transformation [22]

tan 2α ¼ 2K2
3

K2
3 −K2

2

; ð29Þ

the physical mass of the heavy Higgs can be rewritten as,

M2
H ¼ 1

2
fK2

1 þK2
2 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðK2

1 −K2
2Þ2 þ 4K4

3

q
g: ð30Þ

This implies that the heavy Higgs avoids tachyonic
modes when fðμÞð1þ tan2 β

2
Þ−3=2 > 0 for a given set of

values in P1, where fðμÞ is a quadratic function of the form
−aμ2 þ bμþ c (see the Appendix B). Moreover, fðμÞ > 0
for μ∈ ½μ−; μþ� and the full expression for μ� are given in
Eq. (31). The minimum limits provided by Eqs. (26)–(28)
and μ− might be mutually overpowering depending on the
specific numerical values assigned to P1, and this aspect
should be considered when establishing the lower bound of
lepton number violating parameter μ. We select the maxi-
mum value among the values yielded by Eqs. (26)–(28) and
μ− thus readjusting the constraints to the form μ∈ ½μL; μþ�
where μL ¼ maxfμ1; μ2; μ3; μ−g.

μ� ¼ MWSW
8 tan β

ffiffiffiffiffiffiffiffi
παe

p ð1þ tan2 β
2
Þ
h
λþ 2ðλ1 þ λ4Þ tan2 β �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2λ2 þ 8λ tan2 βðλ1 þ λ4 þ λ2 tan2 β þ λ3 tan2 βÞ

q i
ð31Þ

This provides an upper bound for μ when defining the
parameter space and ensures the absence of tachyonic
modes for the heavy Higgs in the HTM.
An upper limit for tan β can be derived by examining

electroweak precision measurements. In the Standard
Model, the presence of custodial symmetry ensures that
ρ ¼ 1 at the tree level, whereas in the Higgs triplet model,
the relation becomes

ρ ¼
1þ 2v2Δ

v2Φ

1þ 4v2Δ
v2Φ

¼ 1þ 1
2
tan2 β

1þ tan2 β
: ð32Þ

The experimental value of the rho parameter,
ρexp ¼ 1.0008þ0.0017

−0.0007 ,[27], being close to unity, leads to
the bound tan β ≲ 0.0633.
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IV. THE DETAILS OF THE CALCULATION

The process of the Higgs pair production in photon
collision is denoted by

Aμðk1Þ þ Aνðk2Þ → ϕðk3Þ þ ϕðk4Þ; ð33Þ

where ϕ∈ fh; A0g and their corresponding 4-momenta are
enclosed in parentheses. The one-loop Feynman diagrams
for γγ → ϕϕ can be categorized into triangle-type (Fig. 1),
box-type (Fig. 2), and quartic coupling-type (Fig. 3)
diagrams. Since the tensor amplitude for the process
γγ → ϕϕ at the one-loop level is computed by summing
all unrenormalized reducible and irreducible contributions,
the resulting values are finite and maintain gauge invari-
ance. The tensor amplitude and the amplitude are expressed
as follows:

Mμν ¼ ðMbox
μν þMtriangle

μν þMquartic
μν Þ; ð34Þ

M ¼ Mμνϵ
μðk1; λ1Þϵνðk2; λ2Þ: ð35Þ

The total partonic cross sections for γγ → ϕϕ processes
are expressed as

σ̂ðŝ; γγ → ϕϕÞ ¼ 1

32πŝ2

Z btþbt− dt
X
spins

jMj2; ð36Þ

where bt� ¼ ðM2
ϕ − ŝ=2Þ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðŝ=2 −M2

ϕÞ2 −M4
ϕ

q
. Since

the Higgs pair production via photon-photon collisions is
a subprocess of μþμ− collisions at the muon collider, the
total cross section of this process can be conveniently
obtained by utilizing the expression

σðs;μþμ− → γγ → ϕϕÞ ¼
Z

1

2M2
ϕffiffi
s

p
dτ

dLγγ

dτ
σ̂ðŝ¼ τs; γγ → ϕϕÞ;

ð37Þ

along with the photon luminosity

dLγγ

dτ
¼
Z

1

τ

dx
x
fγ=μðxÞfγ=μ

�
τ

x

�
; ð38Þ

where
ffiffiffî
s

p
and

ffiffiffi
s

p
represent the center-of-mass energies of

γγ and μþμ− collisions, respectively.
To calculate the total cross sections, we employed the

Weizsäcker-Williams approximation, which represents the
leading order (LO) contribution for the photon PDFs, as
shown in Eq. (2). In the work presented in Ref. [28], the
solution to the DGLAP equations has been achieved
through iterative techniques. As a second approach in
performing the cross section calculations, we use their
second order corrected PDF, denoted as LOþOðα2et2Þ as
well, see the Eq. (C1). Third, we used EW PDF at the
leading-log (LL) accuracy available at [29].

FIG. 1. Triangle-type diagrams contribute to the one-loop level process γγ → ϕϕ, where ϕ can be either h0 or A0. In these diagrams,
solid lines denote Standard Model fermions, specifically in the T1 topology. Within the loops, dashed lines represent charged Higgs
bosons (H�; H��), while the wavy lines in the loops represent W bosons.

FIG. 2. Box-type diagrams contribute to the one-loop level process γγ → ϕϕ, where ϕ can be either h0 or A0. In these diagrams, solid
lines denote Standard Model fermions, specifically in the B1, B3, and B5 topologies. Within the loops, dashed lines represent charged
Higgs bosons (H�; H��), and the charged Goldstone boson Gþ, while the wavy lines in the loops represent W bosons.
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In this paper, the explicit presentation of the matrix
element expressions has been omitted due to their length.
We implemented the HTM Lagrangian into FeynRules [30].
The generation of the FeynArts models files was performed
by FeynRules [32]. The generation of one-loop amplitudes
was performed by FeynArts [33,34] and the subsequent
generation of the matrix element squared was performed
using FormCalc [35]. In order to incorporate photon struc-
ture functions, distinct Fortran subroutines were devel-
oped for both LO and the second order corrected EPA.
The numerical assessments of the integration over the
2 → 2 phase space were carried out using the CUBA

library [36–38].

V. ANALYSIS, RESULTS, AND DISCUSSION

Initially, we examine the overall rates of the partonic
processes γγ → h0h0; A0A0 in the center of mass system of
γγ before convoluting them with the photon energy
spectrum in a muon collider. In our numerical analysis,
we employed MW ¼ 80.379 GeV, MZ ¼ 91.18 GeV, the

Weinberg angle SW ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − M2

W
M2

Z

r
, and the fine structure

constant αe ¼ 1=137.03598.
According to BFB conditions, Ref. [22], the parameters

λi, (i ¼ 1, 2, 3, 4) can be written as functions of masses of
CP-odd and CP-even bosons. The requirement for the
square root expressions in Eqs. (24) and (25) to be real is
consistent with the conditions that λ2 þ λ3 and λ2 þ λ3=2
are both positive. We can derive the following expressions

to identify the range of parameter values that satisfy the
condition of vacuum stability:

MA0 ≤
ðv2Φ þ 4v2ΔÞ1=2

vΦ
ðcos α2M2

H0 þ sin α2M2
h0Þ1=2; ð39Þ

MH� ≤
ðv2Φþ 2v2ΔÞ1=2ffiffiffi

2
p

vΦ
ðM2

H�� þ cosα2M2
H0 þ sinα2M2

h0Þ1=2:

ð40Þ

Throughout the calculations, we explore various hier-
archies between MH� and MH�� , primarily determined by
the sign of λ4 at low tan β values, as explained by Eq. (41)
given below

M2
H� −M2

H�� ¼ M2
WS

2
W

4αeπ
λ4 þ

μMWSWffiffiffiffiffiffiffiffiffiffi
2παe

p tan β þOðtan2 βÞ:

ð41Þ

The mass difference between H� and H��, denoted as
ΔM ¼ MH� −MH�� , is proportional to the coupling con-
stant λ4. When λ4 is positive at small vΔ or tan β, the mass
of the singly charged Higgs boson tends to be larger than
that of the doubly charged Higgs boson. On the other hand,
if λ4 is negative it can lead to the opposite scenario where
the mass of H� is smaller than that of H��.
At vΔ=vΦ ≪ 1 and α ≈ 0, the Eq. (39) is reduced to

MA0 ⪅ MH0 . In our analysis, we considered three distinct
scenarios based on the sign of ΔM:

FIG. 3. Quartic-type diagrams contribute to the one-loop level process γγ → ϕϕ, where ϕ can be either h0 or A0. In these diagrams,
dashed lines Within the loops represent charged Higgs bosons (H�; H��), and the charged Goldstone bosonGþ, while the wavy lines in
the loops represent W bosons.
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(1) Utilizing input values of MH0 ¼463.5GeV,MH�� ¼
428.31 GeV, vΦ ¼ 245.9 GeV, vΔ ¼ 1 GeV, and
cosα ¼ 0.999, we determined the maximum value
of MA0 to be approximately 463.5 GeV, with a
corresponding maximum value of MH� at 446.28
GeV. This parameter set was employed to compute
partonic cross sections for the scenario where
ΔM > 0.

(2) For the case where ΔM < 0, we employed input
values ofMH0 ¼ 463.5 GeV,MH�� ¼ 496.26 GeV,
vΦ ¼ 245.9 GeV, vΔ ¼ 1 GeV, and cos α ¼ 0.999.
The resulting analysis determined the maximum
values of MA0 and MH� to be approximately
463.5 GeV and 480.19 GeV, respectively.

(3) In the scenario where ΔM ¼ 0, input values of
MH0 ¼ 459.14 GeV, MH�� ¼ 459.14 GeV, vΦ ¼
245.9 GeV, vΔ ¼ 1 GeV, and cosα ¼ 0.999 were
employed. The maximum possible values for
MA0 and MH� were found to be approximately
459.15 GeV.

Subsequently, we employed this parameter set to compute
partonic cross sections for γγ → h0h0 within the energy
range 2Mh ≤

ffiffiffî
s

p
≤ 6 TeV, as illustrated in Fig. 4.

Comparing the cross section profiles between the Higgs
triplet model and Standard Model, the HTM reaches peak
values of 3.8 fb for ΔM > 0, 4.8 fb for ΔM ¼ 0, and 5.2 fb
for ΔM < 0. Utilizing the same parameter sets, we calcu-
lated the partonic cross sections for γγ → A0A0, and the
results are presented in Fig. 5. The cross sections attain
peak values of 0.6 fb for ΔM > 0, 6.8 fb for ΔM ¼ 0, and
0.8 fb for ΔM < 0.

A. μ+ μ− → γγ → h0h0; A0A0 cross sections

During the process of performing computations, utilizing
the mass parameters within the parameter spaceP2 may not
be the most efficient approach, as it could potentially lead

to violations of unitarity conditions [22]. As a result, in
order to ensure the validity and consistency of the com-
puted convoluted cross sections, we proceed by employing
the inputs that reside within the parameter space P1. This
strategic choice helps to maintain the integrity of the
calculations and supports accurate predictions in accor-
dance with the theoretical framework.
In Figs. 6–11, at

ffiffiffi
s

p ¼ 3 TeV, we present the cross
sections for various input values of λ4, while maintaining
fixed values of λ ¼ 0.51, λ1 ¼ 10, λ2 ¼ 1, λ3 ¼ −1,
α ≈ 0, and tan β ¼ 0.001. With λ4 under variation, the
associated upper and lower bounds for the lepton number
violating parameter undergo changes in accordance with
Eqs. (26)–(28), and (31) and considerations related to the
avoidance of tachyonic modes. Nevertheless, for computa-
tional efficiency, we set an arbitrary upper limit of 2 for μ,
although it can extend to much larger values (≈5×103GeV)
given by Eq. (31). Additionally, Table I provides the
generated values of MA0 and MH0 corresponding to these
input parameters.
For tan β ≥ 8.13 × 10−7, the branching ratio BrðH�� →

W�W�Þ ≈ 1 is greater than BrðH�� → l�l�Þ. The ATLAS
experiment has excluded H�� boson masses between
200 GeV and 220 GeV at a 95% confidence level,
Ref. [23]. We encounter these exclusion limits at
λ4 ¼ þ1.82, and the corresponding masses for MA0 and
MH0 are considered when calculating the cross sections in
this scenario.
In computing the cross sections of μþμ− → γγ → ϕϕ,

our first approach involved convoluting the partonic
cross sections with the Weizsäcker-Williams approxima-
tion (LO), followed by the second approach, where
we convoluted with the Weizsäcker-Williams approxima-
tion corrected up to the second order, Oðα2et2Þ. Lastly,
we employed the EW PDF sets, and the results were
systematically compared. The percentage differences and

FIG. 4. The partonic cross section of γγ → h0h0 as a function offfiffiffî
s

p
for different values of Mh,MH ,MA0 , MH� and MH�� .

FIG. 5. The partonic cross section of γγ → A0A0 as a function
of

ffiffiffî
s

p
for different values of Mh,MH ,MA0 , MH� , and MH�� .
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comparisons in cross sections for h0h0 and A0A0 produc-
tion processes using the three approaches can be summa-
rized as follows.
(1) According to Figs. 6, 7, and 8, the cross section for

μþμ− → γγ → h0h0 at MH� ≈MH�� is approxi-
mately 10 times larger than the cross section
when MH�� > MH� , and it is approximately 60
times larger when MH� > MH�� compared to
MH�� ≈MH� .

(2) The cross section for μþμ− → γγ → h0h0 obtained
from the LO approximation exhibits an approximate
6.5% difference compared to the results obtained
using EW PDF. Furthermore, the difference between
the results obtained from LOþOðα2et2Þ and EW
PDF is approximately 1.12%. The difference

between the results obtained from LO and LOþ
Oðα2et2Þ stands at around 5%.

(3) In Figs. 9–11, the cross section for μþμ− → γγ →
A0A0 is notably higher, being approximately 1.2
times larger at MH� > MH�� compared to the sce-
nario where MH� ≈MH�� . Similarly, when MH� >
MH�� , the cross section is approximately 5.6 times
larger than the case when MH� < MH�� .

(4) In the mass range of 300 GeV ≤ MA0 ≤ 450 GeV,
the cross section for μþμ− → γγ → A0A0 shows a
6% discrepancy between the leading order approxi-
mation results and results obtained using EW PDF.
The contrast between LOþOðα2et2Þ and EW
PDF is approximately 1%, with the difference
between LO and LOþOðα2et2Þ results remaining
at around 5%.

FIG. 7. The total cross section σðμþμ− → γγ → h0h0Þ as a
function of MH0 values for MH�� < MH�. The pink region in the
plot represents the scenario where MH�� falls within exclusion
limits between 200 GeVand 220 GeV, resulting in corresponding
MH0 mass values ranging from 315 GeV to 335 GeV.

FIG. 8. The total cross section σðμþμ− → γγ → h0h0Þ as a
function of MH0 values for MH�� > MH�.

FIG. 6. The total cross section σðμþμ− → γγ → h0h0Þ as a
function of MH0 values for MH�� ≈MH�.

FIG. 9. The total cross section σðμþμ− → γγ → A0A0Þ as a
function of MA0 values for MH�� ≈MH�.
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B. Decoupling limits

In the decoupling limit, characterized by α → 0, the
lighter scalar, often identified as the SM-like Higgs boson
(h0), retains properties similar to the SM Higgs boson.
Meanwhile, the heavier scalar masses become decoupled
from the electroweak scale. As α approaches zero, the
tree level scalar trilinear couplings can be expressed as
series of tan β, Eqs. (F1)–(F10), providing insight into the
decoupling behavior at specific values. By defining,

λ0 ¼ −
3
ffiffiffiffiffiffiffiffi
παe

p
vMWSW

�
M2

h

− 3
2
þ 3

8
tan2 β þOðtan4 βÞ

�
;

we observe that λHTMhhh jλ¼λ0 → λSMhhh. According to our
numerical inputs, λHTMh0h0h0 and λSM

h0h0h0
are nearly

indistinguishable, with the percentage difference being
approximately 1%. This relationship is governed by the
expression shown in Eq. (F1).
TheH0h0h0 trilinear coupling at α → 0, see the Eq. (F2),

is meeting a weak-coupling decoupling [39] at

μd ≈
MWSWðλ1 þ λ4Þffiffiffiffiffiffiffiffiffiffi

8παe
p tan β: ð42Þ

Here, μd represents the associated lepton flavor violating
parameter value at which λHTMHhh converges to zero
(λHTMHhh jμ¼μd → 0) for tan β ≪ 1. The Table II displays the
weak-coupling decoupling scenario, along with MH0 , for
each hierarchy case considered in the aforementioned
calculations, where the coupling H0h0h0 is found to
approach small values.
The couplings h0HþH− and h0h0HþH− demonstrate

sensitivity to distinct sets of Feynman diagrams.
Specifically, h0HþH− exhibits sensitivity to T2, B2, B4,
B6, V1, and V7, while h0h0HþH− is responsive to the
topologies V11 and V15 depicted in Figs. 1, 2, and 3.
Examining Eqs. (F4) and (F6), it is observed that the
magnitudes of these couplings reach their maximum values
when the parameter λ4 is set to 1.82, while their minimum
values are obtained at λ4 ¼ −1.82 in the carried out
computations. Notably, the results presented in Figs. 6, 7,
and 8 suggest that the cross sections of h0h0 production
experience enhancement when λ4 > 0, despite the small
value of λHTMH0h0h0 at the weak coupling decoupling limit.
Additionally, the coupling h0h0HþþH−− shows sensitivity
to the Feynman diagrams V11 and V15 and Eq. (F7)
indicates this coupling maintains a constant and non-zero
value throughout the calculations.
The couplings h0A0A0 and H0A0A0 exhibit sensitivity to

specific Feynman diagrams, namely T1, T2, T3, V1, and
V2, as illustrated in Fig. 1 and Fig. 3. According to Eq. (F3),
as λHTMH0A0A0 ≈

ffiffiffi
2

p
μ tan2 β for small μ, λHTMH0A0A0 also approaches

the weak-coupling decoupling limit when tan β ≪ 1 and
λ2 þ λ3 ¼ 1þ ð−1Þ ¼ 0. For the values of μ∈ ½0.2; 2�,
2.8 × 10−5 < λHTMH0A0A0 < 2.8 × 10−3, but the H0A0A0 cou-
pling becomes substantial for large μ. Despite the relatively
small magnitude of H0A0A0 in the calculations, Eq. (F8)

TABLE I. The presented mass ranges in this table correspond to
the input values tan β ¼ 0.001, λ ¼ 0.51, λ1 ¼ 10, λ2 ¼ 1,
λ3 ¼ −1, and μ ¼ ½0.2; 2�. The numerical values demonstrate
that ΔM > 0 for λ4 > 0, ΔM ¼ 0 for λ4 ¼ 0, and ΔM < 0 for
λ4 < 0.

MH� GeV MH�� GeV MH0 GeV MA0 GeV

λ4 ¼ þ1.82 201–809.6 114–792.5 261–826.5 261–826.5
λ4 ¼ 0 261–827 261–827 261–827 261–827
λ4 ¼ −1.82 309–843 351–859 261–826.5 261–826.5

FIG. 10. The total cross section σðμþμ− → γγ → A0A0Þ as a
function of MA0 values for MH�� < MH�. The pink region in the
plot represents the scenario where MH�� falls within exclusion
limits between 200 GeVand 220 GeV, resulting in corresponding
MA0 mass values ranging from 315 GeV to 335 GeV.

FIG. 11. The total cross section σðμþμ− → γγ → A0A0Þ as a
function of MA0 values for MH�� > MH�.
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reveals that the magnitude of h0A0A0 reaches its maximum
when λ4 is greater than 0. Conversely, this coupling attains
its minimum values at λ4 ¼ −1.82 in our calculations.
Moving on to the couplings A0A0HþþH−− and
A0A0HþH−, their sensitivity lies in Feynman diagrams
labeled as V11 and V15 in Fig. 3. According to Eq. (F9),
λHTMA0A0HþþH−− remains nonzero, while Eq. (F10) indicates
that λHTMA0A0HþH− ≈ −3=2ðλ1 þ λ4Þ tan2 β is relatively small.
Notably, the results presented in Figs. 9, 10, and 11 suggest
an enhancement in the cross sections of A0A0 production
when λ4 is greater than 0.
In comparing the cross sections of h0h0 production

between the HTM and the SM, we adopt a relative
difference approach expressed as follows:

Δσ
σSM

¼ σHTMðμþμ− → γγ → h0h0Þ
σSMðμþμ− → γγ → h0h0Þ − 1: ð43Þ

This relative difference provides a measure of how the
HTM cross sections deviate from their SM results. When
the relative difference approaches zero, it indicates that the
cross sections within the HTM are close to the SM results.
The closeness of these results does not depend on the
hierarchy of charge and doubly charged Higgs bosons but
rather on the choice of parton distribution functions.
Particularly, Figs. 12–14 visually depict that the cross

sections within the HTM closely align with the SM results
for the same values of λHTMH0h0h0 , irrespective of the hierarchy,
as detailed in Table III.

TABLE II. The table illustrates the mass values of MH0 and the
trilinear Higgs coupling corresponding to different λ4 inputs in
the weak-coupling decoupling scenario.

λ4 μd MH0 ðGeVÞ λHTMHhh

þ1.82 1.047 597.98 10−6

0 0.869 544.78 10−7

−1.82 0.725 497.60 10−7

FIG. 12. The relative difference between the cross sections of
Higgs boson pair production in the HTM and the SM, as a
function of the trilinear scalar coupling H0h0h0, is analyzed at a
center-of-mass energy of

ffiffiffi
s

p ¼ 3TeV.

FIG. 13. The relative difference between the cross sections of
Higgs boson pair production in the HTM and the SM, as a
function of the trilinear scalar coupling H0h0h0, is analyzed at a
center-of-mass energy of

ffiffiffi
s

p ¼ 3TeV.

FIG. 14. The relative difference between the cross sections of
Higgs boson pair production in the HTM and the SM, as a
function of the trilinear scalar coupling H0h0h0, is analyzed at a
center-of-mass energy of

ffiffiffi
s

p ¼ 3TeV.

TABLE III. Comparative analysis of h0h0 production cross
sections in the HTM and SM. The table illustrates the values of
λHTMH0h0h0 at which the relative difference, as defined by Eq. (43),
approaches zero. The results remain robust across different
hierarchies of charge and doubly charged Higgs bosons.

λHTMH0h0h0

PDFs

Hierarchy LO LO + Oðα2et2Þ EW PDF

MH� ≈MH�� 0.3 0.2 0.35
MH� > MH�� 0.3 0.2 0.35
MH� < MH�� 0.3 0.2 0.35
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VI. CONCLUSIONS

We have computed the total cross sections for γγ → ϕϕ,
where ϕ∈ fh0; A0g, within the context of the Higgs Triplet
model for a prospective muon collider with

ffiffiffi
s

p ¼ 3 TeV.
Our calculations take into account factors such as vacuum
stability, the absence of tachyonic modes, unitarity con-
ditions, and the ρ parameter. Moreover, both λ4 and the
lepton flavor violation parameter play pivotal roles in our
comprehensive calculations. For the numerical analysis, we
defined two input parameter spaces: P1, generated by
potential parameters (λ), and P2, generated by scalar boson
masses and the vacuum expectation values of triplet and
doublet fields in the Higgs triplet model. The evaluation of
partonic cross sections involves the utilization of the P2

parameter space. It is observed that σ̂ðγγ → h0h0ÞHTM >
σ̂ðγγ → h0h0ÞSM for

ffiffiffî
s

p
> 450 GeV.

In our analysis, we demonstrate that the cross sections
for μþμ− → γγ → h0h0; A0A0 exhibit enhancement when
MH0 ≈MA0 > MH� > MH�� , and the cross sections dimin-
ish to lower values when MH0 ≈MA0 < MH� < MH�� . To
perform these calculations, the P1 parameter space was
employed, setting α ≈ 0 to ensure that the light CP-even
Higgs behaves similarly to the SM Higgs through three
distinct approaches. Our first approach involved convolut-
ing the partonic cross sections with the Weizsäcker-
Williams approximation (LO), followed by the second
approach, where we convoluted with the Weizsäcker-
Williams approximation corrected up to the second order,
Oðα2et2Þ. Lastly, we employed the EW PDF set and
discussed the differences among the results generated by
each approach. Throughout our comprehensive calcula-
tions, the behavior of λHTMhhh closely aligns with λSMhhh
numerically. Here, we explicitly demonstrate the significant
contributions of h0HþH−, h0h0HþH−, and h0A0A0 in
enhancing the cross sections of ϕϕ production mecha-
nisms. We have observed that the magnitude of theH0h0h0

coupling, where σHTM ∼ σSM, remains fixed for each
hierarchy. We explored this using the aforementioned
PDFs as well. These findings provide crucial insights into
the comparable numerical behavior of the HTM and the SM
regarding the λhhh parameter.
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APPENDIX A: DECAY WIDTH OF H0 AND A0

In this appendix, we provide some useful information
about the decay widths and branching ratios of H0 and A0

that could be essential for further discussions. Figs 15–19
show the numerical results of the decay widths and
branching ratios according to the parameter choices in
Section V. The branching ratios of H0 → tt̄; WþW−; Z0Z0,
and A0 → tt̄ were calculated using FeynRules [32].
The decay channels of A0=H0 → γγ; γZ0; gg are given by

analytic expressions (A1) and (A2). The contributions from
H� and H�� should be considered to calculate the decay
widths of H0 → γγ; γZ0 in the context of HTM.

ΓðA0=H0 → γγ; ggÞ ¼ jMðA0=H0 → γγ; ggÞj2
32πMA0=H0

; ðA1Þ

ΓðA0=H0 → γZ0Þ ¼ jMðA0=H0 → γZ0Þj2
16πMA0=H0

�
1 −

M2
Z

M2
A0=H0

�
:

ðA2Þ

The analytic expression for jMj is given by,

FIG. 15. The decay widths of A0 → γγ; γZ; gg as a function
of MA0 .

FIG. 16. The branching ratio of A0 → tt as a function of MA0 .

DOUBLE HIGGS BOSON PRODUCTION VIA PHOTON FUSION … PHYS. REV. D 109, 075015 (2024)

075015-11



jMðA0=H0 → XXÞj2 ¼ jMþþðA0=H0 → XXÞj2
þ jM−−ðA0=H0 → XXÞj2; ðA3Þ

where XX ¼ γγ; gg; γZ0. According to FormCalc output, we
were able to confirm that Mþ− ¼ M−þ ¼ 0 and

jMþ−j2 ¼ jM−þj2. The analytic expressions for Mþþ
are shown in (A11)–(A24). In these expressions, f and q
represent fermions and quarks, respectively, where Nc

f ¼ 3

for quarks and 1 for leptons. Qf denotes the charge of the
Standard Model fermions. The following scalar functions
used in these expressions are evaluated with LOOPTOOLS,
Ref. [35].

B0ðp2;m2
1;m

2
2Þ¼

Z
dDq
iπ2

1

ðq2−m2
1ÞððqþpÞ2−m2

2Þ
; ðA4Þ

C0;Cμ;Cμνðp2
1;p

2
2;ðp1þp2Þ2;m2

1;m
2
2;m

2
3Þ

¼
Z

dDq
iπ

1;qμ;qμqν

ðq2−m2
1Þððqþp1Þ2−m2

2Þððqþp1þp2Þ2−m2
3Þ
:

ðA5Þ

The decay rates for the Higgs boson decaying into two
gauge bosons, VV ðV ¼ W�; Z0Þ, are given by [40]:

ΓðH0 → VVÞ ¼ δV
512π

η2VM
3
H

�
1 −

4M2
V

M2
H

þ 12M2
Z

M4
H

�
β

�
M2

V

M2
H

�
;

ðA6Þ

where δ ¼ 2 for W� and δ ¼ 1 for Z0, and

ηW ¼ g2

M2
W
ðsαvΦ − 2cαvΔÞ; ðA7Þ

ηZ ¼ g2

M2
ZC

2
W
ðsαvΦ − 4cαvΔÞ: ðA8Þ

The decay rate for the Higgs boson decaying into two
fermions is given by:

ΓðH0 → ff̄Þ ¼ g2

32πM2
W
M2

HM
2
fN

c
fβ

�
M2

f

M2
H

�3

sin2 α; ðA9Þ

where Mf is the fermion mass. Note that,

β

�
M2

V;f

M2
H

�
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4M2
V;f

M2
H

s
: ðA10Þ

FIG. 17. The decay widths of H0 → γZ; γγ; gg as a function of
MH0 GeV.

FIG. 18. The branching ratio of H0 → tt̄ as a function of
MH0 GeV.

FIG. 19. The branching ratios of H0 → VV, V ∈ fW�; Z0g as a
function of MH0 GeV.
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MþþðA0 → γγÞ ¼ iffiffiffi
2

p
π
αeM2

A0 sin β
X
f

Nc
fsgnðQfÞQ2

fMfyfC0ð0; 0;MA0 ;M2
f;M

2
f;M

2
fÞ; ðA11Þ

MþþðA0 → ggÞ ¼ iffiffiffi
2

p
π
αsM2

A0 sin β
X
q

sgnðQqÞMqyqC0ð0; 0;MA0 ;M2
f;M

2
f;M

2
fÞδab; ðA12Þ

MþþðA0 → γZ0Þ ¼ αe sin βM2
A0

4
ffiffiffi
2

p
πCWSW

�
1 −

M2
Z

M2
A0

�X
f

QfNc
fMfyfð1 − 4QfS2WÞC0ðM2

Z; 0;MA0 ;M2
f;M

2
f;M

2
fÞ; ðA13Þ

MþþðH0 → ggÞ ¼ αsffiffiffi
2

p
π
sin α

X
q

MqyqF
gg
q δab; ðA14Þ

MþþðH0 → γγÞ ¼ MfþþðH0 → γγÞ þMWþþðH0 → γγÞ þMH�
þþðH0 → γγÞ þMH��

þþ ðH0 → γγÞ; ðA15Þ

MfþþðH0 → γγÞ ¼ αeffiffiffi
2

p
π

X
f

Nc
fQ

2
fMfyfF

γγ
f ; ðA16Þ

MWþþðH0 → γγÞ ¼ αe
2S2W

ðsin αvΦ − 2 cos αvΔÞFγγ
W; ðA17Þ

MH�
þþðH0 → γγÞ ¼ αe

π
λHTMH0H�H�C0ð0; 0;M2

H0 ;M2
H� ;M2

H� ;M2
H�Þ; ðA18Þ

MH��
þþ ðH0 → γγÞ ¼ 4αe

π
λHTMH0H��H��C0ð0; 0;M2

H0 ;M2
H�� ;M2

H�� ;M2
H��Þ; ðA19Þ

MþþðH0 → γZ0Þ ¼ MfþþðH0 → γZ0Þ þMWþþðH0 → γZ0Þ þMH�
þþðH0 → γZ0Þ þMH��

þþ ðH0 → γZ0Þ; ðA20Þ

MfþþðH0 → γZ0Þ ¼ αe sin β

4
ffiffiffi
2

p
πCWSW

X
f

jQfjNc
fMfyfð1 − 4jQfjS2WÞFγZ

f ; ðA21Þ

MH�
þþðH0 → γZ0Þ ¼ −

αe
4πSWCW

λHTMH0H�H�ðS2W − C2
W þ cos β0ÞFγZ

H� ; ðA22Þ

MH��
þþ ðH0 → γZ0Þ ¼ αe

πCWSW
ðC2

W − S2WÞλHTMH0H��H��F
γZ
H�� ; ðA23Þ

MWþþðH0 → γZ0Þ ¼ η1B0ð0;M2
W;M

2
WÞ þ η2B0ðM2

H0 ;M2
W;M

2
WÞ þ η3B0ðM2

Z;M
2
W;M

2
WÞ

þ η4C0ð0;M2
Z;M

2
H0 ;M2

W;M
2
W;M

2
H�Þ þ η5C0ð0;M2

Z;M
2
H0 ;M2

W;M
2
W;M

2
WÞ

þ η6C1ð0;M2
Z;M

2
H0 ;M2

W;M
2
W;M

2
WÞ þ η7C1ð0;M2

Z;M
2
H0 ;M2

W;M
2
W;M

2
H�Þ

þ η8C2ð0;M2
Z;M

2
H0 ;M2

W;M
2
W;M

2
H�Þ þ η9C2ð0;M2

Z;M
2
H0 ;M2

W;M
2
W;M

2
WÞ

þ η10C00ð0;M2
Z;M

2
H0 ;M2

W;M
2
W;M

2
WÞ þ η11C00ðM2

H0 ; 0;M2
Z;M

2
W;M

2
H� ;M2

H�Þ
þ η12C00ð0;M2

Z;M
2
W;M

2
W;M

2
H�Þ; ðA24Þ

η1 ¼
2αev3ΔðcαvΦ þ sαvΔÞ
CWS3WvΦð2v2Φ þ v2ΔÞ

; ðA25Þ

η2 ¼
3αeCWðsαvΦ − 2cαvΔÞ

S3W
; ðA26Þ
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η3 ¼
α2eðsαvϕ − 2cαvΔÞ

2CWS2Wv
2
ϕð2v2ϕ þ 2v2ΔÞ

f8C2
Wv

4
ϕ þ ðS2W − 3Þv2ϕv2Δ − 2ð1þ 3S2WÞv4Δg; ðA27Þ

η4 ¼ −
2αev3Δðcαvϕ þ savΔÞðv4ϕ þ v2Δv

2
ϕ þ v4ΔÞ

CWS3Wv
2
ϕð2v2ϕ þ v2ΔÞ2

; ðA28Þ

η5 ¼
α2e

4CWS5Wv
3
ϕð2v2ϕ þ v2ΔÞ2

× fS2Wvϕðsαvϕ − 2cαvΔÞð2v2ϕ þ v2ΔÞ

× ð16ðM2
H0 −M2

W −M2
ZÞC2

Wv
4
ϕ þ ð−7M2

H0 þ 6M2
W þ 7M2

Z þ ð11M2
H0 − 4M2

W − 11MZÞS2WÞ
× v2ϕv

2
Δ þ 2ð5M2

H0 − 5M2
Z þ ð3M2

H0 þ 4M2
W − 3M2

ZÞS2WÞv4Δ − v2Δðv2ϕ þ 2v2ΔÞ
× ð−ððM2

H0 þM2
ZÞS2WC2

Wvϕðsαvϕ − 2cαvΔÞð2v2ϕ þ v2ΔÞÞ þ ðS2Wv2ϕ þ 2ð1þ S2WÞv2ΔÞ
× ð−4αeπvϕðsαvϕ − 2cαvΔÞð2v2ϕ þ v2ΔÞ þ S2Wð−2ð2λ1 þ λ4Þsαv4ϕ þ 8cαðλ2 þ λ3Þv3ϕvΔ
− λsαv2ϕv

2
Δ þ 2ð2

ffiffiffi
2

p
μsα þ cαðλ1 þ λ4ÞvϕÞv3Δ − 2λ4cαv4ΔÞÞg ðA29Þ

η6 ¼
α2eðM2

H0 −M2
ZÞðSαvϕ − 2CαvΔÞ

2CWS3Wð2V2
ϕ þ v2ΔÞ

f−2C2
Wv

4
ϕ − ð1þ C2

WÞv2Δv2ϕ − 4v4Δg; ðA30Þ

η7 ¼
α2e

CWS3Wvϕð2v2ϕ þ v2ΔÞ
ðM2

H0 −M2
ZÞv3Δðcαvϕ þ sαvΔÞ; ðA31Þ

η8 ¼
α2e

CWS3W
ð3M2

H0 −M2
ZÞv3Δðcαvϕ þ sαvΔÞ; ðA32Þ

η9 ¼
α2eðsαvϕ − 2cαvΔÞ

2cWS3Wv
2
ϕð2v2ϕ þ v2ΔÞ

f4ð2M2
H0 −M2

ZÞC2
Wv

4
ϕ þ ðM2

Z þM2
H0ð2S2W − 5ÞÞv2ϕv2Δ − 4ð2M2

H0 þ ðM2
H0 −M2

ZÞS2WÞv4Δg;

ðA33Þ

η10 ¼
α2eðsαvϕ − 2cαvΔÞ
CWS3Wv

2
ϕð2v2ϕ þ v2ΔÞ

f40C2
Wv

6
ϕ þ ð−41þ 46S2WÞv4ϕv2Δ þ ð−7þ 25S2WÞv2ϕv4Δ þ ð1þ 6S2WÞv6Δg; ðA34Þ

η11 ¼
−2α2ev3Δðcαvϕ þ SαvΔÞ
CWS3Wvϕð2v2ϕ þ v2ΔÞ

; ðA35Þ

η12 ¼
α2ev3Δ

4CWS3Wð2v2ϕ þ v2ΔÞ2
n
4ð2M2

H0 þM2
W − 2M2

ZÞvϕðcαvϕ þ sαvΔÞð2v2ϕ þ v2ΔÞ − ðv2ϕ þ 2v2ΔÞ
�
−2λ4sαv3ϕvΔ

þ ð−2λ2 þ 4λ1 þ 3λ4Þsαvϕv3Δ þ 2
ffiffiffi
2

p
μsαvϕð2v2ϕ − v2ΔÞ þ cαð2λ4v4ϕ − λ4v2ϕv

2
Δ þ 4ðλ1 − 2ðλ2 þ λ3ÞÞv4ΔÞ

�o
; ðA36Þ

Fγγ
W ¼ 4B0ð0;M2

W;M
2
WÞ− 6B0ðM2

H0 ;M2
W;M

2
WÞ þ 4ðM2

W −M2
H0ÞC0ð0;0;M2

H0 ;M2
W;M

2
W;M

2
WÞ

þ 20C00ð0;0;M2
H0 ;M2

W;M
2
W;M

2
WÞ þM2

H0fC1ð0;0;M2
H0 ;M2

W;M
2
W;M

2
WÞ þ 4C2ð0;0;M2

H0 ;M2
W;M

2
W;M

2
WÞg; ðA37Þ

Fγγ;gg
f;q ¼ 2B0ð0;M2

f;g;M
2
f;gÞ þM2

H0C0ð0; 0;M2
H0 ;M2

f;g;M
2
f;g;M

2
f;gÞ − 8C00ð0; 0;M2

H0 ;M2
f;g;M

2
f;g;M

2
f;gÞ

þ 2C2ð0; 0;M2
H0 ;M2

f;g;M
2
f;g;M

2
f;gÞ; ðA38Þ

FγZ
H� ¼ B0ðM2

H0 ;M2
H� ;M2

H�Þ
− 4C00ð0;M2

Z;M
2
H0 ;M2

H� ;M2
H� ;M2

H�Þ; ðA39Þ
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FγZ
H�� ¼ B0ðM2

H0 ;M2
H�� ;M2

H��Þ
− 4C00ð0;M2

Z;M
2
H0 ;M2

H�� ;M2
H��M2

H��Þ: ðA40Þ

APPENDIX B

In order to ensure thatM2
H ≥ 0, we examine the function

fðμÞ ¼ −aμ2 þ bμþ c, which must be non-negative. To
have a maximum value for fðμÞ, we require a > 0. Here,
the coefficients are given by:

a ¼ 8παe

�
1þ tan2β

2

�
tan β

b ¼ 4
ffiffiffiffiffiffiffiffi
παe

p
MWSW

�
1þ tan2β

2

�
fλþ 2ðλ1 þ λ3Þ tan βg

c ¼ −ððλ1 þ λ4Þ2 − λðλ2 þ λ3ÞÞM2
WS

2
W tan

3β: ðB1Þ

In Eq. (31), the expression inside the square brackets can
be written as:

2λ2 þ 8λtan2βðλ1 þ λ4 þ λ2tan2β þ λ3tan2βÞ
≥ 2λð

ffiffiffi
λ

p
− 2tan2β

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 þ λ3

p
Þ2 ≥ 0; ðB2Þ

under the BFB (bounded from below) conditions men-
tioned in Sec. III. Therefore, the roots of fðμÞ ¼ 0, μ� ∈R.

APPENDIX C

The following expression provides the second order
corrected EPA that we use in implementing PDFs using
a Fortran subroutine. Further details are provided in Sec. 2
of Ref. [28].

fγðx;tÞ¼
αe
2π

tPf
vfþ

1

2

�
αet
2π

�
2

½ðPv
γ þPv

fÞPf
vfþ Ivfff� ðC1Þ

Where,

t¼αe log

�
E2

Mμ

�
; Pv

f¼
3

2
; Pv

f¼
−40
9

;

Pf
vf ¼1þð1−xÞ2

x

Ivfff¼
�
3

2
þ2 logð1−xÞ

�
;

Pf
vf¼

ð1−xÞð2x−3Þ
x

þð2−xÞ logðxÞ:

APPENDIX D

To maintain numerical stability when implementing
the Fortran subroutines, we employed the transformations
x ¼ ξ21 þ ð1 − ξ21Þξ2 and τ ¼ ξ21. The Eq. (37) has been
modified as follows.

σðμþμ− → γγ → ϕϕÞ

¼ 2

Z
1ffiffiffiffi
τm

p

Z
1

0

ð1 − ξ21Þ
½ξ21 þ ð1 − ξ21Þξ2�

F̂
ξ1

dξ1dξ2σ̂ðŝÞjŝ¼ξ2
1
s ðD1Þ

F̂ ¼ xfγðxÞ
τ

x
fγ

�
τ

x

�
jx¼ξ2

1
þð1−ξ2

1
Þξ2;τ¼ξ2

1
ðD2Þ

APPENDIX E: FEYNMAN RULES FOR 3
AND 4 SCALARS

We have provided below a set of Feynman rules
applicable for any value of the mixing angle (α) between
the doublet and triplet fields, see the Table IV.

TABLE IV. Here, we adopt the notation cβ ≡ cos β, sβ ≡ sin β, cβ0 ≡ cos β0, and sβ0 ≡ sin β0.

Interaction Feynman Rule

h0h0h0 −6if− μsαc2αffiffi
2

p þ cαvϕ
2

ðλc2α
2
þ ðλ1 þ λ4Þs2αÞ þ sαvΔ

2
ðλ1 þ λ4Þc2α þ 2ðλ2 þ λ3Þs2αÞg

h0h0H0 − i
2
f−2 ffiffiffi

2
p

μcαð1 − 3c2αÞ − 2ð3λ
2
c2α þ ðλ1 þ λ4Þð1 − 3c2αÞÞsαvϕ þ 2ð6ðλ2 þ λ4Þs2α þ ðλ1 þ λ4Þð1 − 3c2αÞÞcαvΔg

h0A0A0 − i
2
f2 ffiffiffi

2
p

μsβð2cαcβ þ sαsβÞ þ ðλs2β þ 2ðλ1 þ λ4Þc2βÞvϕcα þ 2ð2ðλ2 þ λ3Þc2β þ ðλ1 þ λ4Þs2βÞÞvΔsαg
H0A0A0 − i

2
f−2 ffiffiffi

2
p

μsβð2sαcβ − cαsβÞ − ðλs2β þ 2ðλ1 þ λ4Þc2βÞvϕsα þ 2ð2ðλ2 þ λ3Þc2β þ ðλ1 þ λ4Þs2βÞÞvΔsαg
h0HþH− − i

2
fðλvϕs2β0 þ 2λ1vϕc2β0 þ λ4vϕc2β0 þ 2μs2β0 Þcα þ ð4ðλ2 þ λ3ÞvΔc2β0 þ 2λ1vΔs2β0 − 2vΔλ4c2β0 Þsαg

H0HþH− − i
2
f−ðλvϕs2β0 þ 2λ1vϕc2β0 þ λ4vϕc2β0 þ 2μs2β0 Þsα þ ð4ðλ2 þ λ3ÞvΔc2β0 þ 2λ1vΔs2β0 − 2vΔλ4c2β0 Þcαg

h0HþþH−− −icαλ1vϕ − 2iλ2sαvΔ
H0HþþH−− isαλ1vϕ − 2iλ2cαvΔ
h0h0HþH− − i

2
fλc2αs2β0 þ 2λ1ðc2β0c2α þ s2β0s

2
αÞ þ 4c2β0s

2
αðλ2 þ λ3Þ − λ4ðc2β0s2α þ 4c2β0sαcα

vΔ
vΦ
Þg

A0A0HþH− − i
2
f−λð1þ c2β þ c2β0s

2
βÞ þ 2λ1ðcβ þ cβ0 Þ2 þ 4ðc2βc2β0 ðλ2 þ λ3Þ þ λ4ðc2β0c2α þ 4

ffiffiffi
2

p
c2β0sβ0cα

vΔ
vΦ
Þg

h0h0HþþH−− −iλ1 þ iλ1s2α − 2iλ2s2α
A0A0HþþH−− −iλ1 þ iλ1c2β − 2iλ2c2β
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APPENDIX F: tan β EXPANDED
COUPLING FACTORS

In this appendix we present the expanded form of the
coupling factor λHTM for 3 and 4 point scalar interactions.

λHTMh0h0h0 ¼
3

2

MWSWffiffiffiffiffiffiffiffi
παe

p λ −
3

8
λ
MWSWffiffiffiffiffiffiffiffi

παe
p tan2 β þOðtan4 βÞ ðF1Þ

λHTMH0h0h0 ¼
ffiffiffi
2

p
μ −

ðλ1 þ λ4ÞMWSW
2
ffiffiffiffiffiffiffiffi
αeπ

p tan β

þ ðλ1 þ λ4ÞMWSW
8
ffiffiffiffiffiffiffiffi
αeπ

p tan3 β þOðtan5 βÞ ðF2Þ

λHTMH0A0A0 ¼ ðλ2 þ λ3ÞMWSWffiffiffiffiffiffiffiffi
αeπ

p tan β þ
ffiffiffi
2

p
μ tan2 β

þ ð2λ1 − 5λ2 − 5λ3 þ 2λ4ÞMWSW
4
ffiffiffiffiffiffiffiffi
αeπ

p tan3 β

þOðtan4 βÞ ðF3Þ

λHTMh0HþH− ¼ −
ð2λ1 þ λ4ÞMWSW

2
ffiffiffiffiffiffiffiffi
αeπ

p −
ffiffiffi
2

p
μ tan β

−
ð2λ − 6λ1 − 5λ4ÞMWSW

8
ffiffiffiffiffiffiffiffi
αeπ

p tan2 β þOðtan4 βÞ

ðF4Þ

λHTMh0HþþH−− ≈ −
λ1MWSWffiffiffiffiffiffiffiffi

αeπ
p ðF5Þ

λHTMh0h0HþH− ¼ −
1

2
ðλ1 þ λ4Þ þ

1

4
ð−λþ 2λ1 þ λ4Þ tan2 β

þ 1

8
ðλ − 2λ1 − λ4Þ tan4 β þOðtan6 βÞ ðF6Þ

λHTMh0h0HþþH−− ≈ λ1 ðF7Þ

λHTMh0A0A0 ¼ −
ðλ1 þ λ4ÞMWSWffiffiffiffiffiffiffiffi

αeπ
p − 2

ffiffiffi
2

p
μ tan β

þ ð−2λþ 5λ1 þ 5λ4ÞMWSW
8
ffiffiffiffiffiffiffiffi
αeπ

p tan2 β þOðtan3 βÞ

ðF8Þ

λHTMA0A0HþþH−− ¼−2λ2þð−λ1þ2λ2Þ tan2βþOðtan4βÞ ðF9Þ

λHTMA0A0HþH− ¼ −2ðλ2 þ λ3Þ þ
1

2
ð6ðλ2 þ λ3Þ

− 3ðλ1 þ λ4ÞÞ tan2 β þOðtan4 βÞ ðF10Þ
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