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In this work we investigate the relation between higher-dimensional gauge theories and stochastic
gravitational wave (GW) spectrums caused by their potential. It is known that the higher-dimensional
gauge theories can induce the spontaneous symmetry breaking of the gauge symmetry. If the spontaneous
symmetry breaking induces the first-order phase transition, the stochastic GW can be observed in future
interferometers. Through our numerical calculations, we reveal that distinctive parameters in the theories,
like the compact scale, can change the GW spectrums dynamically. We also discuss the verifiability of the

theories through the GW observations.
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I. INTRODUCTION

The Standard Model (SM) has succeeded in explaining
phenomena related to particle physics. However, the
SM has some problems, hence some extension to the
beyond the Standard Model (BSM) in the ultraviolet scale
would be needed. As a candidate for the BSM, higher-
dimensional field theories have been studied [1-7]. In
higher-dimensional theories, the spontaneous symmetry
breaking (SSB) of the gauge symmetry occurs because of
the dynamics of the Wilson line phases, called the Hosotani
mechanism [5,6]. Higher-dimensional gauge theory (for
example, gauge-Higgs unification, GHU [8-13]) also can
solve the gauge hierarchy problem. Therefore, we can
calculate the finite Higgs mass without invoking super-
symmetry in higher-dimensional gauge theory [7,11,12]. In
the framework of higher-dimensional gauge theory at finite
temperature, the scalar fields can possibly induce first-order
phase transitions in SSB [14—18].

If the first-order phase transition occurs, it yields
the stochastic gravitational wave (GW). The GW spec-
trums can be observed by the future space-based inter-
ferometers like the approved Laser Interferometer Space
Antenna (LISA) [19-21], the Deci-Hertz Interferometer
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Gravitational Wave Observatory (DECIGO) [22-24], and
the ground-based interferometer, Finstein Telescope
(ET) [25]. The GW peak frequency relates to a scale for
the first-order phase transition. Hence, the measurement for
the wide GW frequency (by combining) observations is
important to find the signatures of the BSM.

In this paper, we investigate relations between param-
eters in the higher-dimensional gauge theories and the
GW spectrums from the first-order phase transitions. The
first-order phase transition occurs by a temperature
change of a potential for the extradimensional component
of a gauge field. Through our numerical calculations in
simple setups, we reveal that a four-dimensional gauge
coupling in the higher-dimensional gauge theory can
control the GW energy density. Besides, we also confirm
that a compact scale of the theory changes the GW
frequency, while is unrelated to the shape of the GW
spectrum as properties of GW spectrum from phase
transitions. Regions of the above parameters, which
can be investigated in future interferometers, are also
shown. It may help one to consider the verifiability of
the higher-dimensional gauge theory through the GW
observations.

The outline of this paper is as follows. We briefly review
the five-dimensional theory in Sec. II and give the thermal
effective potential. In Sec. III, we introduce calculations
for the GW spectrum from three sources when the SSB
induces the first-order phase transition. Section IV is
devoted to showing numerical results. We reveal the
relations between the distinctive parameters in the higher-
dimensional gauge theories and the GW spectrums. Lastly,
we give a conclusion in Sec. V.

Published by the American Physical Society
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I1. FIVE-DIMENSIONAL GAUGE THEORY

In this section, we will review a five-dimensional SU(3)
gauge theory on M*x S'/Z, [10], where M* is a
Minkowski spacetime and the orbifold S'/Z, is a circle
imposed Z, parity. The radius of the circle is written as R,
which is called the compact scale. We denote x* (4 = 0, 1,
2, 3) as the coordinates in Minkowski spacetime and y as
the fifth-dimensional coordinate. Because of the Z, parity,
two fixed points (y = 0 and y = zR) appear. Under the Z,
transformation at y = 0, the bulk gauge fields Ay (x*,y),
with the spacetime index M = y, y, transform as

A, (¥, —y) = POA”(x”,y)Pal, (2.1)

Ay(xH, —y) = —POAy(x”,y)Pal, (2.2)
where P, = Pj = Pg denotes the operation of Z, trans-
formation at y = 0. Under the Z, transformation at y = zR,
the bulk gauge fields transform as

A, (x*, 7R —y) = P1A, (¥, 7R + y)P, (2.3)

Ay(x*, 7R —y) = —=P1A,(x*, 7R + y)Pl,  (2.4)
where P| = P{! = P'{' is the operation of Z, transformation
at y = zR. On the other hand, we must impose the periodic
boundary condition on the bulk gauge fields as

Ay (X, y +27R) = UAy (x*, y)UT, (2.5)

where U is a unitary matrix. Note that Eq. (2.3) can be
derived using Eqs. (2.1) and (2.5), and then we can obtain
the relation U = P P,.

Due to the orbifold boundary conditions P, and P, the
gauge symmetry is explicitly broken. In this paper, we
consider a SU(3) gauge group with the orbifold boundary
conditions,

P0:P1 :dlag(l,l,—l) (26)
Denoting (£, +) as the Z, charges at y = 0 (left) and y =
7R (right), A, and A, are decomposed as

(++) (++) | (=-

A= EH4H) ) | =) @27
(=-) (=-) | (++)
(=) (=- (+.+)

A= (=) (=- (++) [. (29
(++) ++) | (==

The bulk gauge field components A, and A, with (4, +)
parity have a four-dimensional massless zero mode. Hence
we can read that the SU(3) gauge symmetry is broken into
SU(2) x U(1) from Eq. (2.7). While A, has a (4, 4) parity
in the nondiagonal part (in terms of the SU(3) generators,
A*36.7) this part is identified with a scalar doublet.

We suppose that the vacuum expectation value (VEV) of
A, is taken as

a 2°

) =25 (2.9)

with a dimensionless real parameter a and a four-
dimensional coupling g, = g/v2zR. The coupling g is
a six-dimensional gauge coupling. From the potential
analysis in a later section, Eq. (2.9) leads to the relation,

ao
— =, (2.10
94R )

where q is a constant determined by the minimum of the
potential, and v is a field vacuum expectation value. The
parameter a is related to the Wilson line phase W and
determines the pattern of gauge symmetry breaking. The
Wilson line is written as

0
W = Pexp (ig?é dyAy> = |0 cos(za) isin(za)
st
0 isin(za) cos(za)
(2.11)

In the a = 0 case, the Wilson line phase has a unit matrix,
therefore the gauge symmetry SU(2) x U(1) remains
unbroken. In the a =1 case, the Wilson line phase has a
matrix diag(1,—1,—1) since cos(za) = —1 and sin(za) = 0.
It represents the SSB of the gauge symmetry, SU(2)x
U(l) > U'(1) x U(1). In the a # 1 case, the gauge sym-
metry SU(2) x U(1) is broken into U(1). This symmetry
breaking pattern can be applied to electroweak symmetry
breaking SU(2), x U(1)y —» U(1)gy-

Using periodic boundary condition (2.5) and Z, trans-
formation at y = 0 and y = zR, we can expand A, in terms
of Kaluza-Klein (KK) modes as

1 0, 4
Ay () 4 :\/2—”—RA;(4 ")

1 > (n) (ny>
+— E Ay (xH cos|— |, (2.12
\/77—15,1:1 H ( )(+,+) R ( )

I 3o . (ny
A (X y) o) = \/T_RZAﬁ, >(x”)(_’_) sin (E) (2.13)
n=1

The expansion of the extradimensional components
Ay (¥, ¥) (4.4 and Ay(x*,y)__) are the same expansion
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of Egs. (2.12) and (2.13), respectively, since the Z,
assignments are the same. From the KK expansions
and the VEV of A, the KK mass eigenvalues of A, are

derived as
2 2 2
Mo, nEal o AR o
R R R

Based on the information of KK mass in Eq. (2.14), we can
calculate the four-dimensional effective potential of A, at
zero temperature as [8,10]

eff = _3CZ

(cos(2zna) + 2 cos(nna)), (2.15)

where C = 3/(64x°R*).

Considering extra matter fields, their contributions to the
effective potential can change the gauge symmetry break-
ing pattern. Let us introduce the extra matter fields, which
are N fermions y in the fundamental representation, N,q
fermions y“ in the adjoint representation, and N P scalars ¢
in the fundamental representation. The Z, transformations
of these extra fields are given by

B(x,—y) = nPop(x.y). ¢(x, 7R —y) =/ Pyp(x, 7R + y), (2.16)
w(x,—y) = nPor’y(x,y), w(x. 7R —y) =Py w(x. 7R + ), (2.17)
we(x.—y) = nPorye(x.y)Ph.  wi(x,aR —y) = y'P Y’y (x. 7R + y)P], (2.18)

with 7,77/ = 4. The KK expansions of extra fields are different from the sign of ##'. The fields with 1/ = + are the same
expansion of Egs. (2.12) and (2.13). On the other hand, we can expand the fields with #;’ being negative as

O, Y) (4-) = \/%2@”)()5”)&.—) COS<(n ;2))))’ (2.19)
q)(x”’)’)(—, = \/—ZQD (x" (%), (2.20)

where @ can be replaced for ¢, v, and . As in the derivation of Eq. (2.14), we can obtain the KK masses of the fields with
nm = + or yy’ = — in the fundamental (adjoint) representation. The effective potential of the contributions from matter
fields is given by

1
n

g | 1 )
Vip(a) = (4N} 2N} Z? s(wna) + (4N} — 2N Z? s(an(a 1)) + 4Ny’ Z (Cosz’ma

+ ZCos(ﬂna)) + 4N£;>Ci% (cos(Zﬂn(a —1/2)) + 2 cos(zn(a — 1))),

n=1

(2.21)

where, Ny, Nyg, and N are decomposed into Ny = N}H + N, Ny = NE(;) +N§5>, and N} = N;(H + N;-(_). We define
the total effective potential of A, at zero temperature as the combination of the contributions,

Vira) =

We derive the effective potential at finite temperature. In the finite temperature field theories, the time direction is
compactified on a circle S'. Through a radius of the circle S', we introduce a temperature 7 and express the radius as 77".
Following Refs. [15,26], the four-dimensional thermal effective potential can be obtained as

Vie(a) + Vi (a). (2.22)

0
Veg (a.T)

O1(5/2) & S I .
DN (7R + (1/ TP (-3 41N (cos(2mma) + 2cos(ana)

+ 4(—1)ZN£d) cos(2zn(a —1/2)) + 2 cos(zn(a — 1)))

+ (4(-1)0\/}*) - 2N;<+>) cos(nna) + (4(-1)11\7}‘) - 2N}<‘>) cos(nn(a — 1))} . (2.23)
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The factor (—1) comes from the antiperiodicity of fermions. We can rewrite Eq. (2.23) as

[So] 0] l

vii%a.T)=2C) "
=1 n=1

[n* + I?/(27RT)?

57 [(—3 + 4(—1)1N£§)) (cos(27ma) + 2cos(7ma))

(—l)lNgg) (cos(Zﬂn(a —1/2)) + 2 cos(zn(a — 1)))

+4
+ (4(-1 )N - 2N;<+>) cos(zna) + <4(—1)‘N(_) - 2NS(_)) cos(zn(a — 1))} :

Finally, the total effective potential involving the temper-
ature is given by

Vee(a, T) = VI=0a) + VIZ%a,T).  (2.25)
In our numerical calculation, we use Vg (a, T) — Vo5(0, T)
to take the potential value at @ =0 as the origin.
Meanwhile, we can change the parameter a in the potential

to the scalar field value ¢ by a= gRe¢p, as
Veir(a,T) = Ve (9. T).

ITII. GRAVITATIONAL WAVES FROM
FIRST-ORDER PHASE TRANSITIONS

In this section we will review GW spectrums from first-
order phase transitions. When the first-order phase tran-
sition occurs, bubbles appear in the Universe and expand
until colliding into each other. The nucleation temperature
T > Where a bubble nucleates in one Hubble radius, is
defined by S5/T ~ 140 [27-29]. We can calculate the three-
dimensional Euclidean action S5 as

s.= [ @ E(aﬂqﬁ)z + V<¢)} (3.1)

with the scalar field ¢ and the potential V. The shape of ¢
as a function of the bubble radius coordinate r can be
derived from the bounce solution. The solution has the
O(3) symmetry at very high temperature [30]; hence, we

can obtain the solution from the Euclidean equation of
motion,

Py 2dp _dv

= 32

drr  rdr d¢ (3:2)
where the boundary conditions are
. d¢

| =0, — =0. 33

lim () 2l (33)

The GWs from the first-order phase transition arise from
three sources. Those are the collision of bubbles [31-36],
the sound waves in the plasma surrounding the bubble
walls [37,38], and magnetichydrodynamic (MHD) turbu-
lence in the plasma [39—44]. Each contribution to the GW

(2.24)

spectrum can be written by parameters like a and f. The
phase transition strength « is

€ ( Tnuc )
Prad (Tnuc )

with €(Tyy) = (AV = (1/4)T(0AV/9T))|r_r,,. and the
radiation density pnq(T) = 72, 7%/30." The index AV
denotes the potential difference between the two minima
for the first-order transition. The effective relativistic
degrees of freedom g, is 106.75 in the SM before the

SSB. The f is defined by f/H(T,,) with the inverse
duration of the phase transition  and the Hubble rate at
the nucleation temperature H (7). We can write the

parameter /5 as
~ d (S;
= T— _—
b dT <T>

From numerical simulations and analytic estimations,
the GW spectrum for each source can be written as
[36,38,43,44],

. 2 7100\ }
Qh? = 1.67x 107572 2L
) 67 x 10757 <1+a .

(041w \ 38/,
(0.42 1 ﬁ) 1+28(F/f,)%

a

, (3.4)

(3.5)

T=T

(3.6)

[ Kewa \2 (1003
Qg h* =2.65x 1075 <1+> < ) 0, (f/ fow)?
o [/m

7
“(s307m7) (37)

Quh? = 3.35 x 10747 <'1<t+_bz> (I;O)avw
(f/fturb>3 (38)

[1+ (f/fur)]5 (1 + 87f /)

'Conventionally, the phase transition strength was defined by
using the difference of the enthalpy. Currently, the standard way
is to apply the pseudotrace to € of the phase transition strength
instead of the difference of the enthalpy. See Refs. [45,46].
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with bubble wall velocity v,, and frequency f. The value
of the inverse Hubble time at T, redshifted today #4, is

given by
T, /6
e (%) - @9

We denote the fraction of vacuum energy into each source
as K, Kgy, and Ky, Which are estimated as [34,38,47]

9x

h, = 1. 10°H
65 x 10~ z( 100

| 4 Pa
v 0715 Vs 3.10
K 110715 *t o7 (3.10)
a
~ , 3.11
w073 +0.083v/a + a (3:11)

Kuarp ~ 0. 1Ky (3.12)

The peak frequency for each GW contribution is respec-
tively obtained as [36,38,43,44]
;)

0.62
1.8 -0.1v, + v

9.\
100/ °
T e 9. \s
100 Gev / \ 100/ °

Tnuc
100 GeV

In the following, we calculate the GW spectrum as the
combination of the three contributions,

f,=165%x107 Hz/?<

Tnuc
X -
100 GeV

w = 1.9x 107% Hzv}'f
fSW w

(3.13)

(3.14)

9x

100)1 (3.15)

Fourb = 2.7 x 107 sz;1ﬂ<

Qawh? = Q12 + Q% + Quph?.  (3.16)

IV. NUMERICAL RESULTS

In this section we show relations between higher-dimen-
sional gauge theories and GW spectrums yielded from
them. Following Refs. [10,15], we investigate two cases.

A. Case 1

Case 1 is simply chosen as

~0. (4.1)

Njf) =3, (otherwise)
The effective potential at zero temperature is minimized at
a=ay=1, and the gauge symmetry is broken into
SU(2)x U(1) - U'(1) x U(1). Figure 1 shows shapes
of the effective potential in case 1 for RT =0 (solid),
0.093 (dashed), and 0.15 (dotted). The local minima locate

FIG. 1. Shapes of the effective potential in case 1 for RT =0
(solid), 0.093 (dashed), and 0.15 (dotted).

at a =0 and 1 for all temperatures. Beginning from large
RT like one to the low value, the potential goes bottom as
the temperature decrease, and two minima at a = 0 and
1 degenerate at RT ~0.15. We denote the temperature as
the critical temperature 7., which can be calculated as

1
T, ~—x0.15. (4.2)

c

%

After the degeneration, the minimum at a = 1 becomes the
global minimum for R7T < 0.15. We can obtain the bubble
nucleation temperature as e.g., R, =~ 0.093 for (R, g4) =
(1073 GeV~!, 3) from the condition S5 /T ~ 140 in Sec. III.
In that case, T, ~ 150 GeV and T,,. ~ 93 GeV.

To see the dependence of g, on the phase transition, we
show the action S3/T as a function of the temperature for
different values of g, in Fig. 2. To demonstrate specifically,
we start from R = 107> GeV~! as a example. We calculate
the action using CosmoTransitions [48] and confirmed the
result by FindBounce [49]. The solid, dashed, and dotted lines
in Fig. 2 represent results with g, =3, 4.5, and 6,
respectively. We take g, 2 2.8 because we numerically
find that S5/T does not reach under 140 for g, <2.8.

=4.5

— =3
600

500
400

&~
> 3001
n

2001

100

~ -
___________

0 150

T[GeV]

FIG. 2. Action S3/T as a function of the temperature 7 in case 1
with R = 1073 GeV~!. The solid, dashed, and dotted lines

correspond to g, = 3, 4.5, and 6, respectively.
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— @u=3 -== g=45

DECIGO

FIG. 3.

GW spectrums in case 1 for g, = 3, 4.5, 6, with R = 1073 GeV~! (left), and R = 1073, 107>, and 10~ GeV~!, with g, = 3

(right). The colored regions indicate observed areas by future interferometers.

If S5/T is always larger than 140, the SSB would not occur,
and the vacuum would be trapped at the origin even at zero
temperature. In Fig. 2, the action S3/T for g, = 3 reaches
140 at T\, ~92.9 GeV when starting from high temper-
ature. For T < 70 GeV, S;3/T starts to increase until zero
temperature. It is because the potential barrier between two
minima remains at zero temperature. We can also see the
nucleation temperature 7', increases and approaches 7', as
g4 becomes larger like 7', ~92.9, 126, and 137 GeV for
gs = 3, 4.5, and 6, respectively. Note that since we fix R as
1073, T, is also constant as T, ~ 150 GeV. For the larger
g4, the phase transition becomes easy to occur because it
makes the field distance v between the two minima smaller,
while the height of the potential barrier and the depth of the
global minimum AV remain. We can see the relation
between g, and v from Eq. (2.10).

From now on, we show the GW spectrum from the first-
order phase transition occurring in the higher-dimensional
gauge theory. The left panel of Fig. 3 represents the
GW spectrums for the same values of g, and R as in Fig 2.
The colored regions indicate observable areas in future
space-based interferometers, which are LISA [19-21],
DECIGO [22-24], Big Bang Observer (BBO) [50],
Ultimate DECIGO (U-DECIGO) [51], and the ground-
based interferometer, ET [25]. We can see that the peak of
the spectrum moves to the bottom right as g, increases.
Moving the high frequency implies that 7',,. becomes
higher, and the temperature derivative of S3/T becomes
larger. We can see the features in Fig. 2. The reduction of
the GW energy density comes from the decrease of the
strength of the phase transition a. It is because T\,
approaches T, as g, increases as shown in Fig. 2. In this
case, the higher 7', reduces the difference of the potential
AV when the phase transition occurs. The small AV leads
to the small latent heat €, and high T,,. indicates high
radiation density p.q; They lead to small a. Hence, the
energy density of the GW spectrum decreases as g, rises.
Since we numerically find that GW spectrum for g4 ~ 4
cannot be detected by LISA and S;/7 does not reach
under 140 for g, <2.8, LISA can observe the region

28<gs<4 with R=1073 GeV~!, while BBO and
U-DECIGO can investigate g, 2 2.8 for the SSB.

Until now, we consider the phase transitions with the
compact scale R = 10~ GeV~'. However, scales of higher-
dimensional theories 1/R can be higher. In the right panel of
Fig. 3, we show the GW spectrums when changing R with
the fixed coupling g, = 3. We can see that the peaks of
spectrums slide right side as R decreases while keeping the
spectrum shapes. It is because the GW parameters, a and 3,
do not depend on R. The values for a and /3 are stable since
the potential shape changes by similarity for changing R.
For example, the latent heat € and the radiation density p,,q
alter at the same rate for changing R, hence the ratio a
between them remains the same value. As a result of the
stability of « and /3, the changes of GW spectrums depend
only on T,,. The nucleation temperature 7', increases
with the scale 1/R, and the higher T, makes the GW
frequency peak larger as in the right panel of Fig. 3.
Observable regions of R and the VEV v of the extradimen-
sional gauge component for each interferometer are shown
in Table I. The compact scale R is inversely proportional to
the scalar VEV vas in Eq. (2.10). Through the combination
of the interferometers, the scale of the higher-dimensional
gauge theory can be investigated up to O(107) GeV.

B. Case 2
Case 2 is chosen as
() _ =) _ ) _ =) _
N, =2, N,y =0, Ny =0, Ny~ = 8,
+ -
N =4, N =2, (4.3)
TABLE I. Observable scales of the compact scale R and the
VEV v by the future interferometers.
R [GeV™] v [GeV]
LISA 1074-107" 10'-10°
DECIGO 1070-1073 10°-10°
ET 1077-1076 10°-107

075013-6
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0.04

B
410 . . . 7

2k

of-= FORRRETT <t 4 ’))

FIG. 4. Shapes of the effective potential in case 2 for RT =0
(solid), 0.0246 (dashed), and 0.0254 (dotted).

following Refs. [10,15]. The effective potential at zero
temperature is minimized at ay ~0.058, and the gauge
symmetry is broken into SU(2) x U(1) — U(1). Figure 4
shows shapes of the effective potential in case 2 for RT = 0
(solid), 0.0246 (dashed), and 0.0254 (dotted). The critical
temperature is numerically given by

1

TCZE

x 0.0254, (4.4)

from the dotted line in Fig. 4. We can see the potential
barrier at 7', is tiny compared to that for case 1 in Fig. 1. It
would be because the scale of ¢ at the minimum for a # 0 is
much smaller than that in case 1. The potential barrier
disappears at zero temperature, while it remains in case 1.

To see g4 dependence on the phase transition as in case 1,
we show the action S3/T as the function of T for case 2 in
Fig. 5. Similar to case 1, we take R = 1073 GeV~! for
an example. The solid, dashed, and dotted line indicates
results for g4, = 0.5, 1, and 5. We can see the same feature,
which is that the nucleation temperature 7, becomes
larger and approaches T, as g, increases. The values of T,
are 24.6 GeV, 25.2 GeV, and 25.4 GeV for g, = 0.5, 1,

e e e e 5=5
10
0]
10 LISA
1072 DECIGO
a1l
~=
14
é%lo
10-16'
10"
-20 .
10707 10° 107 10'

f[Hz]

—— @=05  -cm gi=1 e 9=5
600 :
400}
& :
> ;
o
200
0 n : : ; .
23.0 235 240 245 250 255 260
T[GeV]
FIG.5. Action S3/T as a function of the temperature 7 in case 2

with R = 1073 GeV~!. The dashed, solid, and dotted lines
correspond to g, = 0.5, 1, and 5, respectively.

and 5, respectively. The shift of 7', for changing g, is slight
because the potential barrier is much smaller than the scale
of V. as shown in Fig. 4 and the barrier change signifi-
cantly by the slight shift of 7. Besides, contrary to case 1,
S3/T reaches zero and remains until zero temperature
because there is no potential barrier anymore. Since the
potential vanishes, S;/7 always reaches 140 for an arbitrary
value of g,.

The left panel of Fig. 6 represents the GW spectrums for
the same values of g, as in Fig. 5. We can see the same
feature for changing g, as in the left panel of Fig. 3, while
the GW energy density is smaller. Since the potential barrier
is tiny, the potential difference AV at T, becomes small. It
leads to the small a and GW energy density. The interfer-
ometer U-DECIGO is possible to investigate the region
g4 < 1. In the right panel of Fig. 6 shows the GW spectrums
for R = 107',1073, and 107> GeV~! with g, = 0.5. As the
same as in case 1, the spectrum slides for changing R while
keeping the shape. The observable regions by U-DECIGO
are 107 GeV! <R<1072GeV~! and 10' GeV <v <
10? GeV.

===+ R=10"Y —— R=103 - R=10"°
10
-10
10 LISA
10"
3]
< .
& 10" [~U-DECIGO
&}
]
10-16
10"
20 7
10747 10° 107 10"
f[Hz]

FIG. 6. GW spectrums in case 2 for g, = 0.5, 1, and 5 with R = 1073 GeV~! (left), and R = 10~!,1073, and 10~ GeV~! with

gs = 0.5 (right).
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V. CONCLUSION

In this paper, we considered the five-dimensional SU(3)
gauge theories with the orbifold S'/Z, and discuss its
verifiability in future GW observations. At first, we for-
mulated the thermal effective potential, which is possible to
cause the SSB. We perform numerical calculations in the
two cases of field choices where the first-order phase
transitions can occur. In case 1, we introduced fermions
in fundamental representation. The symmetry breaking
pattern is SU(2) x U(1) - U'(1) x U(1). The character-
istic point is that the potential barrier remains at zero
temperature. In case 2, where the potential barrier vanishes
at a certain temperature, we introduced matter fields such as
Eq. (4.3). The symmetry breaking pattern is SU(2)x
U(1) - U(1). This case is similar to the electroweak
symmetry breaking pattern.

Through our numerical calculation, we revealed the
relations between the GW spectrums and the distinctive
parameters, which are the four-dimensional gauge coupling
g4 and the compact scale R for the orbifold. The main results
in case 1 are shown in Fig. 3. Since S3/7T does not reach
under 140 for g4 < 2.8 in Fig. 2, we found that LISA can
observe the region 2.8 < g4 <4 with R = 1073 GeV~!. The
main results in case 2 are also shown in Fig. 6. In this case,
the interferometer U-DECIGO is possible to investigate the
region g4 < 1. In addition, we found that the observable
regions by U-DECIGO are 107 GeV™' <R <1072 GeV~!.

In both cases, larger g, makes the GW peak frequency
higher and the GW energy density smaller. The phenome-
non can be explained by the change of the behavior of S5 /T
for changing g,. On the other hand, R is irrelevant to the
shape of the GW spectrum, while it controls the GW peak
frequency. These features are general properties of GW
spectrum from phase transitions. To be more specific, in
higher-dimensional gauge theories, the independence of R

on the shape of the GW spectrums comes from the similarity
of the potential change for shifting R. Regarding the
difference between the two cases, the important factors
are the scale of the potential barrier between the two minima
and the disappearance of the barrier. If the potential barrier
at the phase transition is large enough, the produced GW
energy density would be huge. In that case, the verifiability
in the GW observations would be hopeful, and we can
investigate wide ranges of the parameters by the combina-
tion of the observations. Meanwhile, if the potential barrier
remains even at zero temperature, the SSB would occur only
for large enough g,. The coupling g, also controls the GW
energy density; hence, the value of g, would be essential for
discussing the verifiability of the GW observations.

As an application of our results, we can consider the
gauge-Higgs unification (GHU), where the zero-mode of
the scalar field induced from extra components of a higher-
dimensional gauge field is identified with the Higgs boson.
To apply our results to gauge-Higgs unification, we must
identify the zero-modes of extra components of higher-
dimensional gauge fields as Higgs fields and realize the
masses of the W gauge boson and the Higgs boson. In order
to realize these masses, the GHU with matter fields in
higher representations, e.g., 10 and 15 representations, has
been studied (see Refs. [9,13]). In the future, we will come
back to the relation between the GHU (or higher-dimen-
sional gauge theories with the matter fields in higher
representation) and the GW spectrum from the first-order
phase transitions.
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