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Until recently the spin-flip processes in the deep inelastic scatterings are thought to be suppressed in the
high energy. We found a positive intercept for the spin-flip generalized transverse momentum-dependent

parton distribution (GTMDs) Re(F ,) as Re(F; ) ~ (1)@ #02=8/3) (cos 3¢, + cos ¢hya ). This is done by

1
X

analytically solving the integro-differential evolution equation for Re(F , ), recently proposed by Hatta and
Zhou, in the dilute regime. Interestingly, the surviving solution corresponds to conformal spin n = 2 and
carries an explicit cos 3¢h; + cos ¢y, azimuthal dependence. As the imaginary part of F, ,, is related to the

spin-dependent odderon or gluon Siver function and scales as Im(F|,) ~ x°, the positive intercept for
Re(F,) implies that it is expected to dominate over the gluon Siver function in the small-x limit and may
directly impact the modeling of unpolarized GTMDs and associated spin-flip processes.

DOI: 10.1103/PhysRevD.109.074039

I. INTRODUCTION

Two key physics goals of the upcoming Electron-lon
Collider are to profile the inner structure of the proton and
to probe the yet unexplored saturation regime at small-x [1].
A significant part of these contemporary efforts, to under-
stand the multidimensional structure of proton, revolves
around the study of nonperturbative gluon-gluon correla-
tors, especially at small-x. Technically, the correlator is the
bilocal off-forward hadronic matrix element of color field
strength tensors at two different space points at some light-
cone time. Parametrization of the correlator would give rise
to the generalized transverse-momentum-dependent distri-
butions (GTMDs). The GTMDs are functions of x, gluon
transverse momentum k|, transverse momentum transfer
A, and longitudinal momentum transfer also known as
skewness parameter &£ Different projections, through the
various independent combinations of k,;, A, and spin
vector, if there, S, project out different GTMDs from the
gluon-gluon correlator. All the GTMDs as well as their
descendants, e.g., transverse-momentum-dependent distri-
butions (TMDs), generalized parton distributions (GPDs),
and parton distribution functions (PDFs) are themselves
nonperturbative objects and can be extracted only from
the experiments. However, their evolutions, both across the
high scale Q” or small Bjorken-x, can be studied using
the first principle perturbative quantum chromodynamics
(QCD) setup.
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While all the GTMDs can be thought of as the different
scalar pieces of the nonperturbative color field strength
correlator, they, however, evolve quite differently both along
high scale Q? or small Bjorken variable x. Nucleon helicity
nonflip distributions, e.g., H-type GPDs, follow the Balitsky-
Fadin-Kuraev-Lipatov (BFKL) equation that stems from the
single a; In 1/x resummations [2,3]. Considerable theoreti-
cal work has been done around this distribution that does not
flip the helicity. However, the helicity-flip or spin-flip gluon
E, GPDs or associated GTMDs are among the least explored,
yet phenomenologically important, distributions. As GPD E,,
are associated with the nucleon helicity flip processes, it is a
general belief that they are suppressed in the high energy.
However, recently Hatta and Zhou have shown that GPD E, at
vanishing skewness exhibits Regge behavior similar to the
BFKL pomeron with an identical intercept [4]. This is done by
deriving the small-x evolution equations for the two F-type
spin-flip gluon GTMDs, the f ; and f/ 5. In this article, we
have analytically solved the equations and find small-x
asymptotics of the GTMDs f, (and f| ;) that are related
to the novel helicity flip processes.

II. F-TYPE SPIN-FLIP GTMDs

The gluon GTMDs can be defined through the para-
metrization of the off-forward bilocal correlator of the two
gluon field strength tensors,
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where average proton momentum P = (p + p’)/2 and
momentum transfer A = p’ — p. While the transverse
momentum transfer A, is explicit in the expression, the
longitudinal momentum transfer to the nucleon is presented
through the skewness parameter & as £ = —A'/P™. The
two gauge links ensure the gauge invariance of the color
correlator. The prescription, however, is not unique and
depends on the actual process under consideration. The two
most used staple gauge links are the past pointing and
future pointing gauge links [5]. The dipole distribution,
which we are considering here, contains both.

(i) F-type gluon GTMDs: Contraction of W[ by
symmetric §” will project the four complex (or
equivalently eight real) F-type unpolarized gluon
GTMDs. The unpolarized gluon TMD f¥ and gluon

Siver’s function f# are the forward limit (A; = 0)
of two of these GTMDs. While ¥ is the distribution
of unpolarized gluons in an unpolarized proton, the
Siver function gives distributions of unpolarized
gluons in a transversely polarized proton.

(i) G-type gluon GTMDs: The antisymmetric ie”/ will
project the G-type gluon GTMDs, which are related
to the distribution of circularly polarized gluons. The
gluon helicity TMD ¢, for longitudinally polarized
proton and worm-gear gluon TMD g, for trans-
versely polarized proton are both the descendants of
G-type gluon GTMDs.

(iii) H-type gluon GTMDs: Projection by transverse spin
S| will single out the H-type gluon GTMDs. In the
A, =0 limit, one recovers Boer-Mulder function
h{, (distribution of linearly polarized gluon in an

unpolarized proton) and other TMDs, e.g., hi?, hY,,

hlng , for linearly polarized gluons.
In this article, we consider the F-type gluon GTMDs. In the
off-forward limit, at the leading twist, 5 W/ are para-
metrized through the F-type GTMDs as below [6—12],

; 1 ] ol T 0/+AJ
FIW: ,{'] —ﬁb_‘(lf’i/) |:F1,1 +i LFi,+i LF 5
ljkl AJ
+1 TlFl 4} u(p,A). (2)

All GTMDs, in the above expression, are functions of
(x, k3, A%k, - A, &) and are in general complex func-
tions. In the eikonal limit, £ <« 1, one may write [11], for
n=1, 3,4,

k,-A
Fln fln+l J_M J_f]n’ (3)
whereas, for n = 2,
Flz—kl Lflz‘i‘lflz (4)
MZ

Clearly, in the off-forward limit (A # 0), there are four
complex F-type gluon GTMDs (£ ,,) or equivalently eight

real GTMDs (f ,, and fl.n). Integration over k| in Eq. (2)
would show the two GPDs, spin nonflip H, and spin-flip
E,, as follows:

2wl = Y ar (i, T A
lWl,l'_Fu(p’ ) gV +1 9 oM u(p, )
(5)

Both GPDs are functions of x, A2l and &. The first term is
proportional to J, y, while the second term is proportional
to 6, _y making the H, being the spin nonflip and £, being
spin-flip distributions. The real GTMDs, f} 1, f;,, and f 3
are related to the two GPDs by the following two integrals:

XHg = /dzkifl,l(ki)s (6)

2
xE, = /dzkj_ <—f1,1(kJ_) + %fll(kl) + 2f1~3(k1-)>'
(7)

It’s well known that in the dilute regime, where the
saturation phenomena did not yet kick in, the unpolarized
spin independent f; ; follows BFKL evolution, leading to

1\ @42
Sia ~xG(x) ~ (‘) . (8)

X

Deep inside the saturation region, the distribution is naturally
expected to follow the Balitsky-Kovchegov (BK) equation
[13,14]. The dipole gluon TMD, so as the function f |, at
small-k; and at asymptotically small-x is found to be
proportional to In(k?3 /Q?(x)), where Q,(x) is the saturation
scale [15,16]. Other than £, , only f, , = Im(FY ,) survives
in the forward limit A, = 0. While the f distributions follow
pomeron evolution, the f distributions are connected with
odderons; e.g., fl’z is known as a spin-dependent odderon.
Its Kk, moments are related to the three gluon correlators
relevant for transverse single spin asymmetry [17]. In fact,
for the transversely polarized proton, 71,2 can be identified
as gluon Sivers’ function as xfi;/(x,k}) ~ —2Im(F{,).
Odderons too satisfy the BFKL-like equation in the dilute
regime with identical eigenfunctions and eigenvalues.
However, as the C-odd initial conditions allow only the
odd harmonics, the odderon intercept is found to be at
zero [18,19]. One may then expect that

Fam(3)" )

Access prospects of the gluon Sivers’ function in the
upcoming Electron-lon Collider and its small-x evolution
have been studied recently [20,21]. The function F,4 is
associated with gluon orbital angular momentum and
vanishes in the eikonal limit due to PT symmetry [22,23].
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III. EVOLUTION OF f, ,

The small-x evolution equation for f , as derived by Hatta and Zhou in [4], is a nonlinear integro-differential equation.
In the dilute regime, where the nonlinear term can be dropped, after some rearrangement of terms, the equation can be

written as

0 d*K|

The function F , is defined for convenience and is related
to f1, as

,
f1.2 _kLakj_()kj_ (11)
We note that Eq. (10) has IR poles at k; = 0, k’L =0, and
K| =k, . The first two terms, on the right-hand side of
Eq. (10), essentially constitute the BFKL kernel. As k| isa
vector in the transverse plane, therefore, F,(x,k ) in
principle should be a function of the azimuthal angle ¢,
between k| and A | . Now one may study the eigenvalues of
the integral operator as in Eq. (10), following the procedure
outlined by Del Duca [24]. To begin with, we assume that
the solution of the Eq. (10) admits a Fourier series in the
azimuthal angle:

Fralx ko] i) = Z ~7:” (x, k7)) e, (12)

2)! 2\ (r-1) 2
X1 2(” 7) I/Ll/z { <k—;‘) ! ein(Pua—tra) — kJ;z}
(kp =K )* L\kL 24”2

d*K

2

a, , K2
W.FIQ(X kJ_) /W{Fll(}c’kl) 2k’2 FIZ(X kj_)‘f’

2(ky Ky )? -
i

k2k/2 k4
L LF1o(x K )}. (10)

where F (1"2) ’s are the Fourier coefficients that depend on x

and |k, | (or on k%) but not on ¢;,. The inverse Mellin
transformation for the variable x gives the series solution as
the integral over the complex variable y along a contour that
is a straight vertical line in the complex plane,

dy (1 agia(ny) kzy
J:'(”) , kZ — / - 1 ,
1o (x ) i \x 2

27l

(13)

where one assumes that the Mellin transform function of
F Enz) consists of powers of transverse momentum, & ; i.e.,

it’s a power law function of k3 . This essentially stems from
the conformal structure of the kernel of evolution equation
in Eq. (10). The power law structure makes the eigenfunc-
tion scale invariant.

One may now move on to evaluate the eigenvalue
12(n,y), corresponding to the above eigenfunction,

L1 / f (2(1&-%)2 — KK - k‘i) (k_f> ot
n) (kyp—k)? a1 K

The first term in the above equation is the eigenvalue for the BFKL kernel yppy; (72,

n 1 |n]
2) = i)
+2) =g (g -

o)

While evaluating y;,(n,y), all IR divergences are mutually canceled leading to IR finite, divergence-free y;,(n

eigenvalue y;,(n,y) is found to be

em(fﬁk’A_‘ﬁkA)' (14)

y). After solving Eq. (14), the full

1 |n|
1) ==y —r+ 2 41).
)25 )

(15)

,7) as

presented in Eq. (A9). This also shows that the evolution equation as given in Eq. (10) is IR finite. It is interesting to note
that, unlike the BFKL eigenvalue, for which the saddle point is located at Re(y) = 1/2, the saddle point of y; 5 (n,y) is at

Re(y) = —1/2 for all n. Taking y = —1/2 + iv,

(=) =20t e

LTILLLIEPA I L B
2T )TV T )

(16)

we may now expand y;,(n,v) around v = 0 and evaluate the integral in Eq. (A12) for different values of n.
(i) Special case |n| = 0: If the transverse momentum of gluons is not too large, i.e., k| ~ A, which still is larger than
Aqcp, one may evaluate the v integral in Eq. (A12) in the diffusion approximation and get the amplitude for first or

radial harmonic (corresponds to n = 0). However, the leading behavior of F 50% is found to be ~x*1=102)% and this

term will not survive in the high energy.
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(a) xBrkL(n,v) at the saddle point v = 1/2 + 0.

FIG. 1.

0.0f —]
S _osf ]
: [ ]
N [ ]
é -1.0f
E [ ] n=1
_1'5f 1 n=0
: -
-2.0[ 1 n=2

-0.4 -0.2 0.0 0.2 0.4
4

(b) x1,2(n,v) at the saddle point v = —1/2 + 0.

Eigen values of the two kernels, at their respective saddle points, as a function of v.

(i) Special case |n| = 1 and all other odd harmonics: As the function f , is even under the transformation A | — —A |
or equivalently it depends on the azimuthal angle 6;, only through |k, .A | |, all the odd harmonics, |n| = 1, 3, will

vanish identically from the very beginning.

(iii) Special case |n| = 2: This is the first and only mode that survives in the high energy. After v integration in the saddle

point approximation, one gets

I A

@) L g 1/2 1 ay(4 In 2-8/3) B lIIz(kJ_/A)
P k) = TP <14<c<3>—;—3>as1n<1/x>> <> e"p{ 14(4(3)—%>a51n<1/x>}‘ (17)

Unlike |n| =0 and |n| = 1, one may now observe that

(18)

1\ (4 1n 2-8/3)a,
x) '

i)~ (3

As 4 In2 —8/3 = 0.106 is positive, the term will survive
in the small-x and govern the leading small-x behavior of
F12(x, k). For all other values of n, other than n = 2, the
X1 s are finite and negative at v = 0 [see Fig. 1(b)]. In the
small-x limit, only the term corresponding to n =2 will
survive, leading to

A /1) (4 1n2-8/3)a,
Fralx ko] dra) NW (;)
€

x S, (x, k1) 2 cos(2¢pa), (19)

where

- . 1/2 In? (k3 /A?)
(20)

with 4 In 2 — 8/3 = 0.106 and 7, being 14({(3) — 16/27).
Interestingly in the leading order, we see that the evolution of
F 1. has an azimuthal ¢, dependence. Unlike BFKL, the
surviving solution corresponds to conformal spin n = 2. This
leads to an explicit 2 cos 2¢; o dependence in the GTMDs. As
the function f , comes with an additional cos ¢, from the
prefactor k| .A | as shown in Eq. (4)—this will lead to

1) @s(4 In 2-8/3)
) (cos3¢pra + cos rn)-

Re(Fi,) ~ | -
e(Fi2) <x
We note here that, the cos 2¢); 5 correlation between k| and
A, containedin f| ;—leading to “elliptic GTMDs” have been
studied earlier [25].

IV. EVOLUTION OF f 3

While the evolution equation for F, as presented in
Eq. (10) is a closed equation, the evolution equation for
F13 is not a closed one. The evolution of F 3 not just
depends on itself but depends on F; , as well,

P a [ &K K2
a—Y~7'—1,3(k¢):;/m{fm(kl)—ﬁfm(kﬁ
(k .k/ )2_k2 k/2
—#}—1,2(% : (21)

We assume that ¥ 5 has the following form:

k2
Fizx k) =Ciy(x. k) +C, ﬁlquz(x, ki), (22)

where both ¢; and ¢, are some regular functions of x and
ky. The coefficients C;, are dimensionless constants.
Substituting Eq. (A21) in Eq. (A20), rearranging, and then
equating the mass-independent and mass-dependent parts
to be zero would make ¢, and ¢, to be identified with F ,
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and F, with C=1 and C, = —1/2 (details are in the
Appendix). Therefore,

k2

Fralx k) =Fi(xky) —2—;12}—1,2(& ki).  (23)
The small-x asymptotics of the two functions on the right
side of the above equation are now known,

1\ 41n23, 1\ (41n2-8/3)a,
Fralxa k)~ (x> s F12(xky) ~ <x> .

(24)

V. SUMMARY AND OUTLOOK

Until a few years ago, it was virtually unknown how to
measure gluon GTMDs. Only recently, it was shown that
gluon GTMDs can in principle be accessed via diffractive
di-jet production in the deep-inelastic electron-proton and
electron-ion collisions [25-27]. At about the same time, it
was proposed that the GTMDs, especially the “elliptic”
GTMD can be accessed via virtual photon-nucleus qua-
sielastic scattering [28] and also in proton-nucleus colli-
sions [29]. The three GTMDs f,.l, f,.z, and fm, which
describe how odderons couple to generic spin-1/2 hadrons,
have been studied in the off-forward kinematics and are
found to be accessible via exclusive pion production in the
deep-inelastic scatterings [11]. These studies on accessing
GTMDs, so far, cover either the unpolarized f| ;, odderon
inspired fl’,» (for their connection to gluon Siver function
[11]) or F; 4 due to its close connection to gluon orbital
angular momentum [22]. The two GTMDs, f, and f 3,
which we studied here, have been relatively less explored in
the phenomenological context.

Both the positive intercept and the nontrivial angular
correlation between k| and A, the one we found in this
study, are likely to have phenomenological consequences
and relevant observables within the kinematic and detector
reach of the upcoming Electron-Ion Collider. The proton
recoil momentum A can be directly measured at the EIC,
thanks to the planned installation of Roman pots and the
off-momentum detector to be placed very close to the
beamline to track the recoil proton.

GTMD f|, appears in some results in the literature
(e.g., [30]); however, finding a process in which f;, plays
the dominant role is a challenge and is open to the
community to explore as of now.

Many efforts, especially in the theory front, have been
made in the last few years to explore phenomenology
aimed at nucleon tomography in terms of GTMDs for
current and future experiments. While the TMDs and
GTMDs studies, especially their small-x evolutions in
the quarks sector, have been studied a lot in recent times
[31,32], the gluon PDFs, especially the helicity PDFs
(hPDFs) [33], gluon TMDs [34,35], related nonperturbative
parameters e.g., jet quenching parameter [36] or gluon

GTMDs [23], are relatively less explored objects. A fresh

new approach to the nucleon tomography, e.g., based on

nucleon energy correlators [37,38] or correlations of di-

hadron productions between the current fragmentation

region (CFR) and target fragmentation region (TFR) in

DIS [39], harmonics of parton saturation in lepton-jet

correlations [40], now start appearing.

In this work, we have analytically solved the small-x
evolution equation for spin-flip gluon GTMD f/ , and f 5.
Key results are as follows:

(a) The evolution equation for Re(F;,) carries IR sin-
gular terms. We have shown that all IR divergences,
from different terms, mutually cancel making the
equation a self-consistent and closed equation. The
only known examples of such IR-safe equations,
within small-x physics, are the celebrated BFKL
equation (or BK equation) and the Odderon equation.

(b) The intercept for Re(F,) is found to be positive,

1 (@ 1n2-8/3)a
Re(Fl,Z) ~ (‘)

X

’

which implies that it is expected to dominate over the
gluon Siver function in the small-x limit. This may
directly impact the modeling of unpolarized GTMDs
and associated spin-flip processes.

(c) Unlike BFKL or Odderon evolution equations, the
surviving solution corresponds to conformal spin
n = 2. This leads to an explicit cos 3¢ + cOS Pya
azimuthal dependence in the GTMDs and may translate
to angular correlation observable for slip-flip processes.

(d) There are two broad classes of GTMDs, the first set
that survives in the forward limit and the second set
that does not survive in the forward limit. The second
class of GTMDs is realized only in the off-forward
limit A, # 0. The present paper is the first result on
the small-x asymptotics of any gluon GTMDs that
belong to the second class.
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APPENDIX

1. Derivation of eigenvalue y ,

The eigenvalue y;, defined as

1 dzklj_ |:<2(klkl)2 _ kik/f) k/z(}’—])ein(/)k/A
1

7] (k= k0)? 4
B omn i
_ 2]?/2 ki(}’ 1)em¢kAi| :)(1,2(”’ y)ki(y 1)el"¢m‘ (Al)
1

Below we present an outline to evaluate the eigenvalue
X12(n.7),
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1 aak’ [ AN K
nan =2 [ { () e g
1 1
212712 _ 14 2\ (r—1
LU R (20K R R (RO "
ky —K,) K K ’
m) (kL —k)) 1 1

=yerkL (1, 7) +x12(1,7). (A3)

The first term in the above equation is the eigenvalue for the BFKL kernel,

JBrkL(n.7) =2w(1)—w<y+@> —w<1—7+%>- (Ad)

We now solve the second term of the above equation as

1 d*K’ 20k K=K K? =k (K 0-D
)(Tz(n’ 7/) = _/ il > ( i L) . 1 s _ZL ezn(gﬁk/A—qﬁkA). (AS)
z (kJ_ - klj_) kJ_ kJ_
We now define ¢ = k2 /k% for convenience and rewrite the first term of Eq. (A2) as
2tcos’(wa —Pra) =t =1 i )0
dt [ d in(ya—dia) gr L A6
Hialn7) / / ¢k1—|—t—2\ﬁcos( k,—qukA)e (A6)
which can be further written, taking z = exp(i(¢y — ¢x)), as
1(z +1) [2-t =2
Znlet, A7

The first term of Eq. (A2) has IR singularity at X/, = k, and also at k;, = 0. Both will be mapped in Eq. (A7) as singularities
at r = 1 and at r = oo, respectively. The z integral runs clockwise along a unit circle around the origin in the complex z
plane. Also, as the angular integration is an even function of n, therefore, it can be written only as a function of |n|. We now
perform the z integral by methods of residue for poles at z = /7 and also at z = 1/1/7. We note here that, for n = 0 and
n = 1, there is one more pole at z = 0. Contributions from the z = 0 pole are, however, found to be zero for all values of y.
After performing z integration and ¢ integration, one finally arrives at

. _ Y r+1
2itn!) = [t G "

The complete eigenvalue can now be written by adding yprky (n,7) and x},(n,y) together as

)(1,2(”77’):2‘//(1)_%‘//(}’4‘%)_%W<7+|%+2>—; < +%— )—%w(—H%Jrl). (A9)

While calculating y, ,(n,7), all IR divergences are mutually canceled leading to IR finite, divergence-free y; ,(n,y). This
also shows that the equation under consideration is IR finite.

2. Saddle point at y=-1/2

To identify the saddle point, one needs to find the maxima of y ,,

d 1 |n| 1 |n| 1 |n| 1 |n]
=y ) 2y L, ] —yW =y + = —yW—y+=4+1)=0. (AlO
dy)(m(n’y) SV (7+ 2> SV <}"|’ 5 T2tV vt T rto (A10)

From Eq. (A10), one may observe that the saddle point of y, ,(n,y) is at Re(y) = —1/2 for all n. Taking y = —1/2 + iv,
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1 1
)(,‘2<n,—§+ iu) =2y(1) —Re[w<—§+|2£|+ iu)

VRIS

we may now expand y;,(n,y) around v = 0. Below, we
have jotted down expansion of y;,(n, —3 + iv) for some
initial values of n:

(Al1)

|n| Kia(n =5+ iv)

0 —4(1=1n 2) — [14£(3) — 16]12

1 —1-[2¢(3) = 1]u2

2 (41n2 — 8/3) — 14[2(3) — 16/27)s?
3 —3/2 - [2£(3) — 9/8]1?

3. Saddle point integration over v for n=0, 1, 2

If the transverse momentum of gluons is not too large,
ie., k; ~A, which still is larger than Agcp, one may
evaluate the v integral, in the diffusion approximation, and
get the amplitude,

_ 2
(n> ) dy 1 as/YlZ(”J’) kJ_
F (x,k)z/—,(—) —.
1.2 L 2l \x kﬁ_

(i) Special case |n| = 0:

(A12)

12 (0,—%—1—1’1/) =—4(1-1n2)—[14£(3) — 16]?

The first or “radial” harmonic (corresponds to n = 0) amplitude is found to be

.7:( 5 (x, k) = A

As the leading behavior of F 50% is ~xH(1-In2)a,

(i) Special case |n| =1 and all other odd harmomcs. For |n| = 1, the expansion of y, is

1
)(1.2(1,—5+i1/>

This will lead to

Flaln k) =

(A13)
|
b1 1/2 l 4(1-In2)a; e n2(kJ_/A)
ko [? <(14C(3) - 16)a; 1n(1/x)> <x> e p{ (14(3) = 16)a, ln(l/x)}‘ (Al14)
, this term will also not survive in the high energy.
=-1-[2(3) - 1] (A15)
A T 1/2 l —a; e lnz(kJ_/A)
ko (( 2£(3) = Dag ln(l/x)> <x> e P{ 200) = Da, ln(l/x)}' (Al6)

Again, the leading small-x behavior of F 51; is ~x%, so therefore this term will not survive in the high energy. In fact,
as the function f , is even under the transformation A, — —A | or equivalently it depends on the azimuthal angle

Ora only through |k .

, |n| =1, 3, will vanish identically from the very beginning.

(iii) Special case |n| = 2: For n = 2 the expansion around v = 0 is

1 8 16
;{1.2<2,—§+w> = <4ln2—§> - 14{4“(3)—%]%

(2)

(A17)

This will lead to the following amplitude for F 7 (x, k?),

1 A
Pk =

Unlike |n| =0 and |n| = 1, one may observe that

i)~ (3

xlk, P (14(6(3)—g)asln(1/x)>1/2<%>dr(4ln2_8/3)e’(p{_14(c(3) ° )/a 1) (1/x>}' (A18)

1\ (4 1n2-8/3)a,
) . (A19)

X

As 4 1n 2 —8/3 = 0.106 is positive, the term will survive in the small-x and govern the leading small-x behavior

of .7:1,2()(, kJ_)
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4. Evolution of f; 3

Unlike F ,, the evolution of F 5 not just depends on itself but also depends on F,, as well,

9 a, [ &K, 2 (ki K)? — K2
st =2 [ fr ) - g Faln) - S8 i L
We assume that F 3 has the following form:
Fra(xky) =Cigi(x,ky) +Cz ¢2(x ki), (A21)

where both ¢; and ¢, are some regular functions of x and k | . The coefficients C, , are dimensionless constants. Substituting
Eq. (A21) in Eq. (A20) and rearranging,

0 Qg K k3
Gy —¢1(x, ki)=C %/m [451(% ) _ﬁ¢1(x7kL)

2 a, [ &K K2 (ki k)2 = K22
+ [ oy P2 (kL) = ”/m{czkz ho(x. k) — ?ki) = Fra(x k)

k2
Czﬁqﬁz(x, kL)}:| =0. (A22)

In the above equation, equating the coefficients of the mass-independent part to zero, we can write

9 a [ dK, R B
5451(3@ ki) —;/m [‘ﬁl(’ﬁkﬁ —ﬂﬁﬁl(xv kl)] =0. (A23)

Clearly the evolution of ¢, is BFKL type, and thus, we identify ¢, to be 7 ; with C; = 1. Now, equating the coefficient of
the mass-dependent part to zero,

0 a d*K, K (ki .K))? = K3 K? K
Cza—Yff?z(X, ki) —;/m{cz 2 ha(x, Ky ) = (22 Fralx. k) — Czi,flﬁz(% kJ_)} =0. (A24)
One may observe that ¢, = F;, and C, = —1/2 would satisfy the above equation since
a, d*K'| 2(ky K| )? — K3 K?
—flz(x ki)— (k. — )2{ ( = (lk)z) L]:12( ) k/2F12(x ki)} =0. (A25)
1
Therefore,
at
Fra(xky) = Fi(xky) - Fralx.ky). (A26)
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