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In a previous publication [Beni¢ et al., Phys. Rev. D 104, 094027 (2021)], we have computed the
perturbative QCD contribution to transverse single spin asymmetries (SSAs) in semi-inclusive deep
inelastic scattering (SIDIS) involving the g;(x) distribution. In this paper, we first present a more efficient
derivation of the asymmetries which is applicable to both transverse and longitudinal SSAs and correct
some inconsistencies in our previous calculation. We then adapt the method to compute transverse SSAs
in the Drell-Yan process proportional to gr(x) and its gluonic counterpart and discuss the crossing
symmetry between the results for SIDIS and the Drell-Yan process. Finally, we present numerical results
for various asymmetries measurable at the EIC, RHIC, COMPASS, and Fermilab (SpinQuest), including
also part of the genuine twist-three corrections to g (x) from a recent global analysis. We find that the
asymmetries can reach percent-level magnitude, if the kinematics predominantly probes the large-x
(valence) region of the polarized proton, but remain at subpercent levels otherwise.
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I. INTRODUCTION

In recent years, there has been renewed interest in the
perturbative QCD contribution to single spin asymmetries
(SSAs) [1-4] motivated by the ongoing and future experi-
ments capable of the precision measurement of spin
asymmetries up to high transverse momenta. By perturba-
tive, we mean that the imaginary phase necessary to
generate asymmetries comes from 2 — 2 hard (partonic)
scattering kernels. For transverse single spin asymmetries
(SSAs) Ayr, such a contribution was studied long ago [5,6]
and had been largely neglected by the community owing to
the purported proportionality to a current quark mass
Ayr < agm,. On the other hand, longitudinal SSAs Ay,
are insensitive to the mass effect and have been calculated
within the standard collinear factorization framework in
both the Drell-Yan [7,8] process and semi-inclusive deep
inelastic scattering (SIDIS) [3].

In our previous publications [1,2], we have systematically
extended the investigation of transverse SSAs in SIDIS to a
subleading level. In the kp-factorization framework, we
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have identified the complete set of SSA sources up to two
loops in hard kernels and to twist three in two-parton
transverse-momentum-dependent (TMD) parton distribu-
tion functions (PDFs). We then focused on the asymmetries
originating from the polarized quark distribution function
gr(x), as well as its gluonic counterpart G3r(x), which
survives in the collinear factorization framework. The
corresponding quark- and gluon-initiated O(a?) hard ker-
nels for SIDIS were computed, and the resultant asymme-
tries A7 associated with, e.g., the sin(¢;, — ¢s), sin ¢bg, and
sin(2¢);, — ¢5) harmonics, were predicted for measurements
at the future Electron-Ion Collider (EIC). We have shown
that in SIDIS, the naive relation Ayy o m, is incorrect and
should be replaced by A7 o« My, where M is the proton
mass. We have further performed a numerical analysis and
found that some of the asymmetries could reach a percent
level, manifesting the importance of high-accuracy studies
in the considered kinematic regions.

In this paper, we first present, in Secs. II and III, a more
efficient derivation of the asymmetries in SIDIS, which
allows for a unified treatment of transverse and longitudinal
SSAs. We take this opportunity to correct some incon-
sistencies in our previous results [2]. In Sec. 1V, the
formalism is extended to compute, for the first time, the
contributions to transverse SSAs in the Drell-Yan process
proportional to gy and Gsr in the ¢g annihilation and
Compton scattering channels. Here, too, the approach is
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applicable to longitudinal SSAs, and we reproduce the
known results in the literature [7,8] for completeness. We
then discuss how the formulas for SIDIS and the Drell-Yan
process may be related by crossing symmetry. Finally in
Sec. V, we numerically evaluate the various asymmetries.
We update our predictions for the EIC and provide new
predictions for the kinematics of the RHIC, COMPASS, and
the Fermilab SpinQuest experiments. The possible impact
of the genuine twist-three effects in light of the recent
extraction of g7 [9,10] is also explored.

II. SSA IN SIDIS, QUARK-INITIATED CHANNEL

In this and the next sections, we revisit our calculation of
SSAs in SIDIS in [2]. After reviewing the basic kinematics
of the reaction and our new approach developed in [1,2], we
propose a simpler derivation which helps reveal the
inconsistencies in the previous analysis. It also facilitates
the comparison with relevant results in the literature and
allows a straightforward extension to the Drell-Yan case to
be discussed in a later section.

A. Setup

Consider SIDIS in the so-called hadron frame where the
virtual photon with the virtuality ¢> = —Q? and the
transversely polarized proton with the momentum P* are
collinear. We neglect the proton mass M, whenever
possible, so P¥~ & P is effectively a lightlike vector.
We also need another lightlike vector n# = §* /P, such
that P - n = 1. The spin-dependent part of the cross section
can be written as

dAc - aﬁm f
dxpdQdzpdgidpdy — 1287*x3S2,07

dz
<Y [ St o

where xz = Q?/(2P - q) is the Bjorken variable, and S, =

(P +1)? is the ep center-of-mass energy. u and v are the
polarization indices of the virtual photon in the complex-
conjugate amplitude and in the amplitude, respectively. The
outgoing lepton has the momentum /#* = [* — ¢* and the
azimuthal angle ¢. The incoming parton has the momen-
tum p* = xP*. The outgoing hadron 4 has the azimuthal
angle y and the longitudinal momentum fraction

==t 2)

of the virtual photon momentum. It comes from the
fragmentation of a parton a = ¢, g, g in the final state,
and D{(z) is the corresponding fragmentation function
(FF). Finally, the variable,

P2 !
2 = Thl M 3
qar Z% 7 ()

is the characteristic transverse momentum of the process,
where the last equality has been expressed in terms the
partonic Mandelstam variables,

S=(p+q? T=(p-p)? d=(g—py)* (4

The leptonic tensor is given by the standard expression,
LW = 2(IM1" + IPI") — g Q2. (5)

Following the literature [11], we perform a tensor decom-
position,

1,2,3,48.9 .
Lo, = 0F Y Aow, VW, (6)
k

where

.
VI =3 (QTVTY + XUX* + V1Y),
Vi = TrTv,

- 1

Vi = = (VXY + X1T7),

Vi =

(T*X¥ - Y*XY),

N[ =

- 1
Vg = =5 (T"Y" YT,

VB =~ (XFYY + YXY), (7)

N[ =

are defined in terms of the orthogonal four-vectors nor-
malized as T? = —X? = —Y? = —Z? = 1. For a later pur-
pose, it is convenient to express them in terms of the
partonic Mandelstam variables,1

Tﬂ:l q" + 2Q2 P!
0 s+0°7 )

[ 5+ 0? 1 §it
XH = — =" Ho_ gh — 24 )pH],

su{ i Pamd §+Q2(Q+t>p]
Zﬂ:_q7M7

0
Y# =eoZ,X,T,. (8)

The coefficients are given by

'0Our conventions for 75 and the antisymmetric tensor e**** are
the same as in [1,2]: y5 = +iy’y'y?y® and epp03 = 1 = =% s0
that Trlysy’y'y*y’] = —4i.
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Ay =14 cosh’>y = ——

’

1—¢
Az - —2,
2+/2¢(1
A; = —sinh 2y cos ¢, = —ﬁcosqﬁh,
A, = sinh? y cos 2¢, = 0 £ cos 20,
—¢
24/2¢(1
Ag = — sinh 2y sin ¢, = —ﬁsin(ﬁh,
. 2 . 2¢e .
Ay = sinh? y sin 2¢p;, = [ sin 2¢y, 9)
—¢

where the ‘electron rapidity’ y is defined by coshy =
2xpS.,/0* =1, and ¢, =¢ —y is the hadron angle
relative to the lepton angle (lepton plane). We have
introduced in (9) the ratio of the longitudinal/transverse
photon fluxes,
e= 1TV (10)
l-y+%

with the standard variable y = P - ¢/P - [ in DIS. Our task
is to derive the hard factor wy,. The transversely polarized
proton can emit either a quark (or an antiquark) or a gluon
that initiates hard scattering. We consider the quark-
initiated channel in the remainder of this section. The
gluon-initiated channel is studied in the next section.

B. Quark-initiated, quark-fragmenting channel

The basic hard scattering processes in the quark-initiated
channel include gy* — gg and gy* — gg, where either the
(anti)quark or the gluon in the final state fragments into the
detected hadron. We first consider the quark fragmenting
channel, namely, a =¢g (or a=g¢g) in (1). The new
approach to SSAs that we pursue was originally developed
by Ratcliffe [12] and rediscovered and completed by us
[1,2]. It features the following hadronic tensor:

€
who =2 [ dxgh)s

x%w«kw—pqﬁﬂr[ysw&?<k>]>k,,+---, (1)
where $% = (0.5,.0) = My(0, cos g, sin g, 0) is the
spin vector of the proton with $2 = —M3%. (In [2], we
adopted the normalization S = —1.) The § function arises
from the on-shell condition for the unobserved gluon with
the momentum k + g — p,. The distribution gr(x) is
defined through the matrix element,

di _
[ e PSLlaO) s Walim|PS.) = Stgix). (12

where W denotes the Wilson line connecting [0, An].
Equation (12) already shows that a transverse SSA is
proportional to the proton mass |S,| = My, but not the
current quark mass m, as often assumed in perturbative
calculations [S]. We set m, = 0 throughout this paper.

In (11), we have employed the Wandzura-Wilczek (WW)
approximation and omitted the contribution from the
genuine twist-three ggg correlation functions. The full
expression can be found in [1,2]. While the truncated
formula (11) has attractive features such as gauge invariance
and infrared finiteness, strictly speaking, the WW approxi-
mation is not self-consistent. Our rationale is that, since the

hard kernel S is evaluated to O(a?), the omitted terms
in (11) are formally of higher order in @; compared to the
genuine twist-three contributions previously investigated in
the literature [13—17]. The WW part, on the other hand, has
no analogue in the usual twist-three approach to SSAs.
Moreover, it can be evaluated solely from the knowledge of
twist-two PDFs. It thus deserves a focused study.

The imaginary phase necessary for a SSA arises from

internal loops in the hard kernel S,(,Z) (k). We assume that it

is symmetric in uv, because the leptonic tensor (5) is.
Thanks to the factorization property discussed in [1],

S,(;{,)(k) is calculable in perturbation theory and infrared
finite.” It starts at O(a?) and involves six topologically
different loop diagrams in the y*q — g amplitude. The
tree-level amplitude consists of two diagrams, so there are
12 diagrams at the squared amplitude level (see [2] for the
explicit expression). These diagrams have to be computed
for a noncolinear incoming parton momentum k* =
(xP*,k,,0), and the limit k; — O can be taken only after
the differentiation with respect to k l.3 In [2], we derived
(11) by brute force, taking care of the cancellation of
infrared divergences from various diagrams. The calcu-
lation was quite cumbersome, and the result has not been
checked by other means. In this paper, we present a more
efficient approach, which can be straightforwardly gener-
alized to the Drell-Yan case.

*The k | -derivative in (11) gives

= Trlys$. S/%) (p)]
k=p

0
St ETI[V#S;%)(/C)]

st (k) 13)
|,

The first term alone is infrared divergent [18,19]. The divergence
is cured by the second term, which takes into account a quark
transverse momentum [1,20,21].

*More precisely, we required the on-shell condition k2 = 0
in [1] for the incoming parton in the proof of gauge invariance,
which implies k= = k2 /(2k*) # 0. However, k= can be ne-
glected for the present purpose, since we only keep terms linear
in k 1-

+ S4Tr [yS »
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Our basic observation is that the symmetric tensor,

Hyu (k) = TrlyskS,) (k)] (14)
consists only of the three four-vectors k, ¢, and p, and
involves the totally antisymmetric tensor because of the
presence of ys. Furthermore, it has to satisfy the QED Ward
identity g, H"* = 0. There are only two independent tensor
structures that satisfy these criteria,

k-q k-
TV (k) = <k/‘ +— 0 q") evkary (k”+Q—2qq”) erkapy,

T4 (k) = <p +Pa 4 qq”)e”’““’q + (pq +quzqq ) ek,

Q2
(15)
We can thus write
(k) = T4 (K)S) (5.7.8,0%) + T4 (0)S,(5. 1.2, 0%). (16)

Thanks to the Lorentz covariance, the scalar functions S, ,
depend only on Q? and the Mandelstam variables,

§=(k+q)* T=(k—p,)? G=(q—p,)’=a, (17)
which are the noncollinear generalizations of (4). In terms
of these variables, we have

S((k+q—py)?) =6(3+T+0—k +0%. (I8)
Since only the terms linear in k| are needed [see (11)], we
can ignore any k> dependence in the & function as well as

in H* (k).

Given H*, we invert the relation (16) to obtain S, as

(H-T\)(T-Ty) = (H-To)(T,-T5)

S](ga;7i’\tv Q2) =

(T, T\)(T,T,)— (Tl T,
ey oy (HT)(T-Ty) = (H-T)(T,-Ty)
5(5.1.2.0%) = (T12'T11)(T21 T,)- (Tl Tzl) = (19)

where a shorthand notation 7'y - T = T\*T5,,, etc., have
been introduced. The hadronic tensor is then written as

e R
wa:;/dx5(§+t+i¢+Q2)

dg7(x) S1-p,
X |x H,.,
[ dx p-(g=pg) ™" 2
S, - oM,
_'_g(]{(x) 1 pq X 17 (p)

p-(g—p,) ox

rawst (Gpm) | e

which follows from (40) in [2] with the partial integration.

We now come to the actual computation of S, ,. Because
S, are functions only of the Mandelstam variables 3, 7, i, it
is enough to calculate them for the special case k = p,
express the result in terms of 5,7, 11, and then make the
replacements §,7, &t — §,7,@. This is a tremendous sim-
plification compared to the brute-force calculation in [2],
especially because H"* involves loop integrals. With this
new method, there are only two loop integrals to perform
(corresponding to T’l‘ . 2) relative to six in [2] (correspond-

,,,,,

integrals themselves are s1mpler owing to the srmpler
kinematics k — p. The details of the calculation is rel-
egated to the Appendix. Here, we show the final expres-
sions,

. Q*G+H [ C Q*+3)+1 1 i
ESI(S’I’M’QZ):MF (saz ){§+AQ2_ d (§+Q2))2 ~(Ca=2CR) g0~ ) |

0? Q> +5+37 T—ii 7
gjsz(s,t,u,QZ):2CF§ﬁ2 Cy+Cpr 1 0 +(Cy —2Cp) - In 3107/ (21)

where N, =3 is the number of colors, C = (N> -1)/(2N,) and C, = N,. Importantly, S;, vanish in the photo-
production limit Q? — 0. The vanishing is necessary in order to avoid a klnematlc pole in the hard factor H** at Q% = 0 [see
(15) and (16)]. It then immediately follows that, since the terms proportional to ¢* and ¢* in T", vanish when contracted
with the lepton tensor, asymmetries from the present mechanism (neglecting the genuine twist-three effects) are
proportional to Q% and hence vanish at Q> = 0. Unfortunately, part of our previous result in [2] does not pass this
consistency check.
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Inserting (20) into (1), we find

d°®Ac a2 My dx dz qr 1 1
= em 1——)(1-2
dxpdQ*dzpdqidpdy  162°x3S7,0% qr ZquAkSk / / < ( 5‘) < 2))

d
: < B 8 + 30} a >A””> (22)
dx
with the variables
2 z —1
)ACEX—B:AQ—Z, 25_,sz 5 - (23)
x 5+0 z 540

Following [2], we have defined the partonic cross sections in (22),

4
MN SLP ~
SAsld = "= L9 gy ()P
ar 0T g = py) ulP)
‘M S, - oM, oM, (k o
IMy g ppt0 — (5L Pa_ Fulp) | [Sj—" a )} e, (24)
qr p-(q—py) ox ok Jiep

where Sy = sin(®g — y) for k =1,2,3,4, and S; = cos(®g — y) for k = 8,9. This structure arises from the property
T, Vh, =0, k=1,2,3,4, (25)

so that we have A% _ 1234 = 0, and the explicit derivatives of the T'", tensors,

oH" (p) v 5 a 2 0 ¢ nnn v At 2 0« inn a2
X =T"(p)( 2S5, tuQ)—i—anl(s,t,u,Q) + 75 (p) Sz(s,t,u,Q)—f—anz(s,t,u,Q) . (26)

The k| derivative is evaluated as

aH””(k)] [ aT"”(k)} A o .
St = |8 —= S1(5,7,2,0%) + T (p)| S =+ S1(3.%, 11, Q)
|: + ak’j_ k=p + akﬁ_ k=p ak’j_ k=p
oT5" (k) o ) ) L
[ 0] s+ rro)s 2ssine) @)
k=p 1 k=p
with
aT’”’ k
{S’l ak'l( )] = §' ePiPa + (p" + = 0 q") €S1P + (4 <> v),
k=p
dT””(k) Py 4 Pqg 4 v
{Sﬁ oK% ] B <p’;+ or 4 )€t Pt T gt )t = Ty (SL). (28)
k=p

For the derivatives on S} ,, we exploit the fact that S, , are functions of the Mandelstam variables as in [22],

d ;0 .0 9 9
— = (S - t—,\, S/1 —2S . .

Py (29)
ot Lok’

Some care is needed to implement these derivatives in practice. According to the definition (17), the k|, dependence of the
hard factor is solely encoded in 7. However, if one uses the 5-function constraint § + 7 + &t = —Q2 to eliminate # or 7 in
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=0, (30)

S12(53,7, @), it may seem that one could artificially modify ( Sipg 0
p k=p

the k, dependence. In the original prescription in [22], all (q- Pq) ox
the Mandelstam variables are treated as being independent
when the hard factor is differentiated in order to avoid this
ambiguity. However, such an approach is not practical in
the present case owing to the complexity of the one-loop
diagrams. In fact, we have inserted the relation 5§ + 7 + it =
—Q?in (21) to simplify the calculation. This is nevertheless
justified because

0\ ., -, -~
+SL5k4><S+H‘”+Q2)

and the hard factor (24) is unaffected by this ambiguity. In
other words, one can freely switch between it <> -5 — 7 —
Q? even before taking the derivatives without changing the
final result. In practice, this leads to an enormous sim-
plification especially in the Drell-Yan process, where there
are more diagrams to calculate.

The hard kernels thus obtained are given by

I
A& =2Cp(1 - %) (CA(l —R) 4 Cplh— 1= 2433%2) + (Cy —2C5)(1 —2x)i “z) qg,
- T
1 2
A& = 2Cp(1 - )2 (CA+CF(1—3Z) (Cy —2C5)(1 - 22) “12>Q_27
T

AAqq__3 ZgAAqq

Z qr Opg>

L
nstt = 21722 npan.

< dqr

R R+ -%)(1-2) gy 1-20
R
1—2 22 4(1-2)(1 -2

astt = 1229 ppu *a4(1-%)( Z)Aagg,

qr (I-%)2

1
Al = CFE (CA(l —2)(1=32+2-4%2) + Cp(—(1 —=%)> = 2(6 —133)(1 = &) + 22(3 + 2(~11 + 63)))

4 (Cy—2CH)(3 =5+ 3(~ 7+4x—|—2z))Zan>qQ
T
AGY! = =2Ck : ;x <CA(1 —%)(1-22)4+ Cp(-4+2(11-52) +2(4-32(3-2)))
1 2
+(Cyo—2C)(1-2(3-2)—%(1-22 ))1n—zz)§_§‘ (31)

The same expressions hold for the antiquark-initiated channels A677 = A%4. The coefficients A&, 4 have been
conveniently written as the linear combinations of A%} and A7 This is thanks to the fact that the relations in (24) for
k=1,2,3,4 take a special form,

94M N

qr

aTZ,;w (k)
ok,

R T 1 (k) “ s
SkAGZq = { |:S’J{_ (13]12/1:| S] (S, t,u, QZ) + |:Sﬁ_
1 k=p

} S,(5,1, 1, Q2)}T/””, (32)
k=p

so the hard coefficients A7?, k = 1....,4 are the linear combinations of S , just like A7 , [see Eq. (24)]. We also find
A&3" = 2A6]7/3. Tt follows by noticing V5 = 2 V)" + Z#Z¥ + ¢, where the extra terms, Z*Z* and ¢, decouple owing to
the QED Ward identity and to g, %", (k) = 0, respectively.

Compared with our previous result in [2], an exact agreement for As3? and A&J} (k =8, 9) has been confirmed.
However, for AGY* 3.4.8.9> only the logarithmic terms agree, and the remainders are different. In particular, A&7 in [2] does
not vanish in the photoproduction limit Q = 0, in contradiction with the general observation made below (21).

As a nontrivial check of our revised formulas in (31), it is useful and instructive to make a connection to the longitudinal
single spin asymmetry recently discussed in [3], which is associated with a longitudinally polarized proton with the spin
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vector ¥ ~ &, S*. In this case, the hadronic tensor is given by

18* dx
W= 356 [ 80080+ pTlrspSiE (o),

(33)

where Ag(x) is the polarized quark PDF. The hard factor S,(f,) is in fact exactly the same as for a transverse SSA (11)
However, there is no parton transverse momentum & involved in the longitudinal case; namely, the observable is purely

twist two. Inserting (33) into (1) and using (14) and (16), we find that only the k = 8,9 harmonics survive

d°Ac aema dz dx g 9> 1 1
s o | £ Pson(G- (1-5)(1-3))

Q2

deszdzqu%d¢dx
X (—AgA&z% + AgA5TY), (34)
where
g*A8TE = M, (p)VY,
g*A81s =M, (p)Vy". (35)
Switching the variables as dg7 = dPj;/z7, dQ* = x5S, ,dy and integrating over y, we arrive at
dPA 2 d 2 1 1
e [ 5 aa(3) 50(3)e(@ (-2) (-2)
xpzpQ* 1 —¢ z (0] x 2z
(36)

deddefdP%Td¢h
.\ 2
<_S> [ 2¢(1 + &) A&T% sin gy, + eAGTE sm(2¢h)} .

sin¢.q—q 2 AN _ SN2, s
Cur and e; A6 = Cyyp , with

Comparing the above expression to (2) and (4) in [3], we identify e2A&
Cy1’s being given in (18) and (19) in [3]. We find a complete agreement with our result including the sign. Indeed, it follows

from (24) and (25) that
(37)

Abpy o = £2(1 — ) A6T3 o,
namely, the hard coefficients in the longitudinal SSA and (part of) transverse SSA are proportional to each other as already
noticed in [3].

C. Quark-initiated, gluon-fragmenting channel
In this case, we write

Next we investigate the gluon fragmentation channel y*q — gg with g — h.
I =k + g" — ply = P} /z, instead of plj = P} /z. It is convenient to employ the same tensor decomposition for the
hard part as in (16), because the hard factors S; , can then be simply obtained from (21) by the crossing 7 <> ii. For the cross

section, we apply the replacement p, — [, everywhere in (22) to get

d°Ac 2 a2 My , dx [ dz q2 . .
Ny AS/_/_Dg 5<—T—<1—7><1—7>>
dxpdQ*dz,dgidpdy l6ﬂ2x2S§pQ2 qr Xq:eqzk: Kk |0 1(2) 0’ p 3
d
x (xz g;;( )Aggc—FxQT( )AAqq>, (38)

where the hard coefficients are defined as

074038-7



BENIC, HATTA, KAUSHIK, and LI PHYS. REV. D 109, 074038 (2024)

4 N Aqg SJ_ ) ll 5y
SiA Op = 77’%(1’)% ,

qr p-(g—=1)
G*My AG S - d 0 ] )~y

S A q"_(i —H, Sh——H,, (k P 39
o FRCETAR w(p) + L od ()k:p k (39)

To perfoml the above contractions, the expressions for V”” in the partonic variables need to be adjusted accordingly by
applying p4 — I to (8). To compute the derivatives, we write T’ff’z(k) in terms of /; by substituting p, = k+¢q — [,

k- k-
T/lw(k) = — (kﬂ —+ Q—Zq qﬂ) evkal _ (kl/ + Q_zqql/> etkaly ;

T (k) = <k" . (k le) qc]ﬂ)eykqll _ <ky B4 (k —Ql;) . qqy> ehkali (40)

which lead to

LT (p) _ e oTy" (p)

=2T"(p),
0x apﬁ 1 (p)
ars’(p) 015 (P) y
P B S T () + T (), (41)
and
aﬂ%m] (
Si 1 — —Sﬂ el’pqll — pﬂ _|_ qﬂ eUSJ_qll + (ﬂ <> U)
|: + ak]i k=p - Q
aTs (k —1,)-
] e = (o L e ), @)
1 k=p

The explicit expressions for the hard coefficients are found to be
1=%)(1 -2 1-2)In(1-2
N ——2CF7( 1 -2) [CA(I ) 4 Ch(-3E5 4 45 2 2) +(Cy —20,)(1 23y LTI =D @

A&Y) = 2Cp

<
.
st = 31722 ppu.
< qr
L
st = 2172 L pga
< d4qr
#24(1-2)(1-2) 1-20
Aa.qg _ A&‘I!J _ = A&‘I!] ,
3 2(1-3)2 e
12 2 4(1—%)(1 -2
pagp =172 gy FEHRZNOD) o
qr (1-%)2

L
AGYY = CF7Z (CA(I —R)(482 T8 — 24 3) + Cp((R(68 — 11) + 3)22 + %(7% — 6)2 + 2(11 — 8%)% + 2 — 6)

2 qr
_A _2)\2
Aagy:ch(l x)zf J) (ZCA(—5€2+5C+2—1)+CF(5C(SZ( ) —4) —2(52+4) +4)
_ s 2
T
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It is seen that the coefficients A” and As%;, with k = 8,9
match exactly (56) in [2]. As to A&{% 4o, only the
logarithmic terms agree, with the remainder being different.
We have explicitly cross-checked that starting from our
results for H,, and calculating the longitudinal SSAs, the
resultant hard coefficients [proportional to Aé% o, cf., (37)]
agree exactly with those obtained in [3]. Note that A6 pg g in
(31) and (43) are related by the crossing symmetry (up to a
minus sign for Aépg) [3],

A A A 1-2 b4
t— i, Z-1-2, qr < \|—5— ~qr. (44)
Z 1-2

sssss

since a transverse SSA involves the derivative of a hard
factor. More specifically, the derivatives of 7, for k =
1,2,3,4 in (28) and (42) cannot be exactly mapped onto
each other by the replacement p, — p + ¢ — ;. As for
k=38,9, A6gy contain the derivatives of S ,.

II1. SSA IN SIDIS, GLUON-INITIATED CHANNEL

In the previous section, we have assumed that the
transversely polarized proton emits a quark (or an anti-
quark). As it emits a gluon, there is a new contribution to a
SSA proportional to the Gy (x) distribution [23,24],*

di .
/ Z—e'WPS L|F"(0)WF" (n)|PS )
T

i St :
= —EFxAG(x)e”ﬁP" — ixGsp(x)ePSin ... (45)

which is the gluonic analog of the g;(x) distribution. The
relevant diagrams that provide an imaginary phase have
been identified and computed in [2]. In this section, we
revisit the calculation following the new approach intro-
duced in the previous section.

A. Gluon-initiated, quark-fragmenting channel
Our starting point is (32) in [2],

. dx et op
whe =i} [ G 80+ a = p, )Y (Pogatg

0
e [ axGup(o) (e = gt ) T (a((k + a = o) Si ), (46)

where ¢ = ¢ — P*n* — n*P" and 0" = ¢** — P#n”, and
a and g are the polarization indices of the gluon in the
complex-conjugate amplitude and in the amplitude, re-

spectively. The explicit expression of the hard factor S;gi)a/}
is referred to (58)—(61) of [2]. We rewrite (46) in a way

similar to (11). For the first term, we use the identity,

enapS. S,({,’,)“ﬁ Oayp = ePPS. Sﬂ,ﬁ _ hPasy S;(fz}/)an

_ L apSinclo)
= —%°L Sﬂ

vap® (47)

where the second equality follows from the Schouten
identity,

(P . n)eaﬂSln — naePﬁSLn + nﬂeaPSln' (48)

Applying also the Schouten identity to the second term
of (46), we obtain a compact formula,

. dx 0
W'ZU = —ze%I TGST(x)Sﬂﬂ
X (3((k+ g = py e S0 (k) _ . (49)

We then notice that in the present approximation k* ~ 0, it
is permissible to write

oK%

(k- q)e?ns9) (k) = (k- n)etas?) (k). (50)

where we have employed the Schouten identity and the
Ward identity k“S,(liLﬁ = kﬁSL‘LLﬁ = 0 again. This allows us
to write,

=2i
i 2€aﬁqu;(ﬁ)aﬁ(k)> ., (51)
k=p

for k-n/k-q=2x/(§+ Q%) commutes with the k;
derivative. The form (51) is convenient with the hard part
in the brackets consisting only of the vectors k, ¢, and p,,
so the same argument leading to (16) holds; we employ the
trick (50) to eliminate the vector n from the antisymmetric
tensor. We then have the parametrization,

*Note the absence of the factor 1 /2 in our definition of G,
because of which the cross section formulas obtained below have
different overall coefficients compared to those in other channels.
Nevertheless, we stick to the original normalization in our
previous works.
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—2i
M) = = 57 0 (B)

= T, (K)S\Y (3,7, &1, Q) + Ty, (K)SY (3,7, 21, 02), (52)

with the same tensors 7% as in (15).
Analogous to the quark-initiated case, (51) yields the contribution to the cross section,

d°Ac a0t My dx [ dz 1 1
_ emYs S Dq 1 —— 1 ——
dxpdQ*dzpdqidpdy — 8r*x3S%,0° qr ZquA" "/ / ( ( X> ( Z>>

) ( ngT( )Aa%qk“Lxgn( )A‘A’gq>’ (53)

where the summation is over the quark and antiquark flavors g. The hard coefficients are defined as

4
g MN A SJ_ Uy
S, A&Y :77-[ L (p)VY,
a7 HA0DE= T (a-p,) " (»)
AM S, - aHY) aH"Y (k .
g NSkAgzq: L pq X Hﬂ (p)+ |:Sjl_ Hﬂi( >:| VZL/ (54)
qr p-(g=py) 0x /ST P

As in [2], we evaluate S(lf'% analytically. Again thanks to the new method, the calculation is much simpler. We omit the
detailed derivation, since it is similar to the quark case as explained in the Appendix. The result is given by

U @z s o 0’ i 2 <47 2
?Sl <S7t7u Q>_2TR(C _ZCF)'P’//P (E—FQZ)z((t )(S+t)+2t )
+2(F+5)In (- ! +?(f-3)In( - ﬁ
243 Q> +5
1 0’3+ 0% in .
ES&”(s’t,u Q )— 2TR(CA —ZCF) ;31:\[3 (s n Q2)2 ([’2 —+ u2)
—|—?21n(— 2; >+u21n< 212 ~>}, (55)
0° + 0°+3
from which we arrive at
51n 3
AT = 2TR(Cy —2CF [ 2(1-22) - 1—x)1n(1—z)+(1—5c)in2]qg,
- T
1-%)3 1-2)In(1-2) zInz] Q?
AGYL = —2T,(C, 2CF)( _ {2( —gyog-UzDhl-2 2 Z]Q—z
b4 b4 1-2] g7
. 0
st = 31722 pp
1 z qp DS
1_s
At — 21228 ppu
< dqr
R YZ+(1-%)(1-2) . 1-20 ..
AGY — 12 AG% — £ A%
03 2(1 _ )%)2 D8 qr Opg
R 1-20 .0 *2+(1-%1-2),
AsY = = A6y 1-3)2 AG7,
< d4qr (1-1%)
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1—
AGY! = TR(Cy —2Cp) — x{ (4 +2(=1142+222 + (7 - 42%)))
R I R . R W an Aaa 2InZ] O
Jr(l—x)(3—3>z—x(5—2z))ln(1—Z)+(1—x)(—l+x+31—2xz)1 AP
—2)qr
(1= 37

A85" = 2Tx(Ca = 2Cp) {—2+3z—(1—z)(—zxuz—z%u—fq)

) _(1-%-202-%)

A1n a1 M2
zlnz} 0 (56)

1-2] &

with T = 1/2.Ttis noticed that the hard coefficients A67% and A6}, k = 8.9, agree exactly with (66) and (67) in [2] (after
the adjustment of the conventional factor of 2). The logarithmic terms of the coefficients A5{% , s agree with (67) in [2], but
the remainder is different.

B. Gluon-initiated, antiquark-fragmenting channel

The hard coefficients in the antiquark fragmenting channel g — g — h are written as [cf. (54)],

94MN S+

S.A Agl]_iHU f}ﬂv’
ar " (g1 P
4
g'My ~ 0 S+ [ } Sy
S A = | —————— —H,, Sh —H,Y VY, 57
S5 <p(_l) W (p) + ak”()}{:p (57)

where /{ = P, /z and the crossing 7 <> it is implied in H,(ﬁ,)
Performing the derivatives as in (41) and (42), we obtain
the hard coefficients,

MG = NG AT = AGY. (58)
The result for Aag pso can be inferred in a way which
manifests the crossing symmetry under (44),

~94

Abpgo(X,2) =F A‘Afg)qsg(f" -2 (59)

)|QT_>2‘/T/(1_2)‘

C. Comparison to the longitudinal polarization case

It is again illustrative to make a comparison to the case
with a longitudinally polarized proton, where the hadronic
tensor takes the form [cf. (49)],

ez St [dx
Wi = =i 22 [ S AG)e?™S [ (p)
_ ST [dx (9)
5 pr | 5 AGH M (p). (60)

Inserting H,(fi)( p) derived above, we find a formula
analogous to (36) with the replacement Ag(x) - AG(x).

It is seen from (54) that the hard coefficients A67%, are

594
related to Ay, o Via

Aa"llj)qsy = £2(1 - X)Ad73,. (61)
We observe a perfect agreement A&Y% = Cih” and

AGY) = Cii]‘z@‘i’h), where Cy,’s are given in (18) and (19)
(with g — ¢) in [3]. In the antiquark fragmentation channel,
A6T3o(%.2) =

A"Lg o(2,2) =F Aa’%g@“ 1-2)

2 ’
qr—=1=24T1

(62)

also confirms the consistency with [3].

IV. SSA IN DRELL-YAN PROCESS

The new mechanism to generate transverse SSAs in
SIDIS described in the previous sections has a direct
counterpart in the Drell-Yan process, as the two processes
are related by crossing symmetry. In this section, we
show that the gr(x) and Gsy(x) distributions generate
SSAs in the polarized Drell-Yan process pp! — 717X or
pp' = I"I"X. The theoretical framework is entirely
similar to that for SIDIS, but there are practical differences
owing to the timelike/spacelike nature of a virtual photon.
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A. Setup

We first review the basics of the unpolarized Drell-Yan
process pp — y*X — [T17X and set up our notations. The
important subprocesses include the ¢g annihilation ¢(p) +
g(p)) = v (q)g(p + p' — q) and the Compton scattering
q(p) +9(p') = r"(9)q(p + p' — q). followed by the sub-
sequent decay of the timelike virtual photon y*(g) —
Y1)l (L) with ¢*>=Q>>0. Here, we assign
pt =xPt, p" =x'P*, p*=p? =0, Z% = l% =0, and
the center-of-mass energy s = (P + P')>~2P-P. We
assume that the photon transverse momentum is large,
g1 > Aqcps so that collinear factorization is applicable,
but do not assume a particular ordering between ¢ and Q.
The partonic Mandelstam variables are defined as
S=(p+p)=xxs. i=(p—q). @=(p'-q)*. (63)
We parametrize the virtual photon momentum in the
proton-proton center-of-mass frame as

¢ =@"4.9) g = %e*y, (64)
|
do 4ﬂagm o 2 B 4na§m
g~ wg a7 T 5 on
B dral, a,
350N, 272

/%dx_)f/ Ze?/("q?z‘](x)gl<x/) +044q(x)G(X') + 64,G(x)q(x')5(8 + 1+ it = Q).

where m; = /0% + ¢ is the transverse mass, and y is the
rapidity. The following relations are useful:

, 1 (3+1)(5+1)
91 = 3 :

The differential cross section is given by

64 d3lld3lz

do —
77 250" 20)20(21)7218

LW

Hv

(66)
where the hadronic and leptonic tensors take the form,

W, = / d*ye=i4(PP'|],(y)],(0)|PP'),
L = A1+ Bl = g1, 1) = 2(q' g = ' = gg).
(67)

with /=1, — I,. Inserting 1 = [d*q6¥ (g -1, — ) and
integrating over the phase space of the dilepton, we get

WH (=)

(68)

The second line shows the QCD factorization formula for the unpolarized cross section with the summation over
q =u,d,u,d,.... The lowest-order cross sections for the gg — y*¢g and gg — y*q subprocesses are

a1 20% §
qu:2CF<?+5+—>, aqg:2TR<_—?+

at

As we see in the following subsections, it is necessary to
keep the dependence on lepton angles in order to have
nonvanishing SSAs from the present mechanism. We thus
return to (66) and work in the so-called Collins-Soper (CS)
frame [25], in which experimental data are commonly
presented. In the CS frame, ¢* = (Q,0,0,0), and the
lepton momenta take the form,

= % (1,sin 6, cos ., sinb,,sing,,cosb,,),

5= % (1,—sinf.;cos ., —sinb  sing,,, —cosb,). (70)

We thus have

-1 20% 5 —a 20%
— ) angzTR< +—— . (69)

A AN ~ N A A
St -

N

SlLdl,  dPad("3R) 1
= = —d*qdQ, (71)
0 @F 2
and
d 2
(o) Aom LYW . (72)

dqdQ ~ 6AntsQr T TH

with dQ = d cos 0,.,d¢.,. In complete analogy to the SIDIS
case (6)-(9), we decompose the lepton tensor (67) in this
frame as [26-28]

L =207 AV, (73)
k
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where

A; =1+ cos?6,,,

AZ = _27

A3 = sin 29” COS ¢cx’

A, = sin’6,, cos 2¢,.,.

-AS = — Sin Zecs Sin ¢(;§7

Ay = sin? 0.,sin2¢,., (74)
and

- 1
V= 3 (XHXY + YHYY = 2717Y),
VY =-zv7,

. 1
Vi = =3 (20X 4 X120,

w1
Vi :E(—X”X”—FY”Y”),

w1

Vg =5 @Y+ iz,

YUY 1 v v

Vo' = =5 (XY 4+ YEXY). (75)

In the above expressions the orthonormal vectors 7, X, Y, Z coincide with 7# = (1,0,0,0), X* = (0,1,0,0), Y* =
(0,0,1,0) and Z* = (0,0,0, 1) in the CS frame. In generic frames, we may write

2 = ——((q-P)P = (q-P)P") = o

sm |
20

sqg my

YW =—e"X,Z,T,,

XH = —

with P* = P* — P - gq"/ ¢*, etc.

B. Quark-initiated channel: ¢g annihilation

We now turn to SSAs, assuming that the proton
with momentum P~ &, PT is transversely polarized.
It emits either a quark or a gluon, which participates in
hard scattering. In the collinear kinematics with
q1 > Agcp, it has been known that SSAs can arise from
the genuine twist-three ¢ggg and ggg correlation functions
[14,16,29,30]. We first demonstrate that the gr(x) dis-
tribution gives rise to a novel source of SSAs, considering
the case in which the polarized proton emits a quark. The
unpolarized proton emits either an antiquark to proceed
with the ¢g annihilation or a gluon to proceed with the
Compton scattering. These two cases are studied sepa-
rately in this and the next subsections.

The derivation of SSAs is completely parallel with
that in SIDIS [1]. In the annihilation channel gg — y*g,
by following the same steps as in [I] with trivial
modifications, we can immediately derive the hadronic
tensor [cf. (11)],

((g- PP +(q-P)P") = —

((g-P)p* = (q-p)P"™).

- q-p)p'+(q-p)p™*).
squL(( ) (q-p)P")

(76)

qq eé q dx' PSRV
Wy = Z4NC dxgr(x) _/Q(X )S1

x % (5((Kk + p' = @) TelyskSHL (k) )iy + -+

(77)

where again the genuine twist-three correlators have been
neglected. The diagrams contributing to the hard factors
S have been identified in [31] in the context of
longitudinal SSAs and are displayed in Fig. 1. For trans-
verse SSAs, the same set of diagrams are relevant, except
that we have to compute them for the noncollinear
incoming parton momentum k* = (xP*, k,0).

We adopt the same strategy as in SIDIS; the available
vectors to construct Si are k, p’ and ¢, and SZ! has to

satisfy the Ward identity q”SZg = 0. After tracing with a ys,
the only allowed tensor structures are
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T IX S
XKV

FIG. 1.
lepton pair from the virtual photon via y* — [7]~.

A class of one-loop diagrams in the gg — gy* channel that contain imaginary parts. The short blue fermion lines denote the

_ _ - -k k
i = Tersts0] = a4 2.0 (=L, )b+ (k- L, )l

a5 (7)

where 3,7, i are the noncollinear (p — k) versions of the
Mandelstam variables in (63). An immediate consequence
of (78) is that

W (k) =0, (79)
namely, the spin-dependent contribution to the cross
section (68) integrated over the lepton phase space van-
ishes. This explains why we need to keep the lepton angles.

In contrast, SSAs from the genuine twist-three correlation
functions [14,16,29,30] do not vanish after the integration
over the lepton angles, which take the form dAs ~ S L Xq,
in the laboratory frame.

Concerning the coefficients A%7 and BY9, again it is
enough to compute them for the collinear kinematics in (63)

q-p kqp' q-p kap!
- q2 q/4>€vqp +<PL— qz qu>€ﬂqp:|

= A4T) (k) + BUT?,(k),

(78)

and then implement the replacement 3,7, i — 5,7, it. In the
case of SIDIS discussed in the previous section, we have
calculated the hard factors analytically and demonstrated the
efficiency of our new approach. For the Drell-Yan process,
in order to save even more efforts and reduce the risk of
algebraic errors, we opt to evaluate them using the
Mathematica package ‘Package-X’ [32]. This allows us to
directly obtain the imaginary part of each diagram as a
discontinuity in the kinematical variables. The diagrams 1
and 2 in Fig. 1 have cuts in both § > 0 and Q° > 0 that need
to be added. The diagrams 3, 4, and 5 have cuts only in
Q? > 0. By default, individual diagrams are computed in
4 — 2¢ dimensions in Package-X and typically contain 1/¢
poles even in the imaginary parts. These poles must cancel in
the end, serving as a consistency check of the result. We find

o, 20°(30* — ¥ — 60% — 257 42P)
AN, LE) = g'Cr [C G+DG+a%a
20 (Q*(f—m)-2i(3+1) (3+9Di, 5§ (5-Da, 5
~ (G =205 2{ St Ta Miya d 1“§+ZH’ (80)

and B(3,7, i) = A%(5, 1,

7). Note that A%7 and B% are proportional to Q?, so transverse SSAs vanish in real photon

(‘direct’ photon) production with Q% = 0, similar to the SIDIS case.” The same observation holds for the other channels
discussed below. This is not the case for SSAs from the genuine twist-three distributions [14,16,29,30].

5Strictly speaking, the CS frame is not defined for Q = 0. However, since the hard coefficients are Lorentz invariant, one can still

conclude that transverse SSAs vanish in the laboratory frame.
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7<

FIG. 2. A class of one-loop diagrams in the gg — gy* channel that contain imaginary parts. The short blue fermion lines denote the

lepton pair from the virtual photon via y* — [/,

C. Quark-initiated channel: Compton scattering

Another important subprocess in the Drell-Yan process is
the Compton scattering gg — y*q, where the gluon comes
from the unpolarized proton. The corresponding hadronic
tensor takes the form,

Wi = Z41\/ o & 1360 "Sh
alfﬂ (65 + 7+ — O*)TrlyskSp (k))i—p.  (81)
|
AC(3,1,71) = ¢*Tx [CF 2Q2;§;g 3+;) jQZ)
— (Cy—2CF) §3<§2$2ﬁ)t3

L 60° 0°
BC(S,[,M):g TR|: FSE(E-'—I?!) (CA_ch) §3'i;3 (§+ )2
+2(G+)n S~+;2(s—a)1n(s+’;(f+”
s u

which vanish for real photon production at Q =0 as
mentioned earlier.

D. Crossing symmetry

One might expect that the results for SSAs in SIDIS and
in the Drell-Yan process would be related by crossing
symmetry. A quick inspection reveals that this is not the
case. For example, (21) and (80) are not exactly related by
§ <> 1, although some parts are. Even the numbers of

with the unpolarized gluon PDF G(x). As in (78), we adopt
the parametrization,

HEI/ = Tr[yﬁksgy(k)]
— AR )T, (k) + BC(5, 7, 0) T2, (k). (82)

In this case, there are eight diagrams that contain imaginary
parts as listed in Fig. 2. Diagrams 1, 2, and 3 have
discontinuities in both s > 0 and Q* > 0. Diagrams 4, 5,
and 6 have discontinuities in s > 0, and diagrams 7 and 8
have discontinuities in Q® > 0. After confirming the
cancellation of 1/e poles, we obtain

esgsa)

diagrams involved are different in the two cases. The reason
is that we are focusing on the imaginary parts of loop
diagrams. Because of different kinematics (¢g*> <0 or
g*> > 0), topologically the same diagrams provide imagi-
nary parts in one case but not in the other. Nevertheless,
crossing symmetry should work for the total (real plus
imaginary) amplitudes as illustrated in [33], where the
authors extracted the imaginary parts of the one-loop
amplitudes in SIDIS and the Drell-Yan process from the
known one-loop result for ete™ — y* - ggg [34], even
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though the latter has no imaginary part. This was achieved
by analytically continuing logarithms and dilogarithms,
which are the sources of the imaginary parts, into appro-
priate kinematical regions. As a matter of fact, our direct
evaluation of the aforementioned diagrams agrees perfectly
with their result inferred by crossing symmetry. Specifically,
A%%, B9 match H¢, HS in (4.3) of [33], and A9, B49 match

H g", H 9C “1in (4.4) of [33] up to overall constants. This might
seem surprising at first sight, given that the results in [33]
were meant for different observables, i.e., the so-called
time-reversal odd (or ‘T-odd’) asymmetries in the unpolar-
ized Drell-Yan process via W-boson production, which had
been originally analyzed in [35,36]. The equivalence to
the present calculation can be understood as follows (see
also [3]). The W-boson coupling is proportional to 1 — ys.
As one picks the ‘1’ term in the amplitude and the y5 term in
the complex-conjugate amplitude in the unpolarized Drell-
Yan process (or DIS), the configuration is equivalent to the

longitudinally polarized Drell-Yan process (or DIS) with
photon production (or photon exchange); one can move the
ys term from the W-boson vertex to the proton matrix
element by repeatedly anticommuting it with y matrices
along a fermion flow. In the case of transverse SSAs, there is
an additional complication having to do with the noncol-
linear kinematics. However, the hard factors S;, are
essentially the same and can be derived via a careful
implementation of crossing symmetry [34].

E. Gluon-initiated channel

So far we have assumed that the transversely polarized
proton emits a quark. In parallel with our discussion in
SIDIS (see Sec. III), the polarized proton can also emit a
gluon leading to another contribution to SSAs proportional
to the Gs7(x) distribution in the Drell-Yan process. The
relevant subprocess is the Compton scattering gg — y*¢
with the hard factor,

dxdx’ J
) ~ 2\ Lapkn ¢C(9)
_ ZzN / —G3r(x)q(x') 4 — o (6(s +i4 01— 0%)e? Sﬂyaﬁ(k))kzp
- e dx 2 -~ o~ ~ 2 &% kp' <Cl9)
= zq:ch/dxx’g”(x) q(x)S* —- o (5(s +iti-Q)— - S s (k) ) (84)
which can be compared to (51) and (81). This time we use the relation,
k- p €a/1an"<w)a/}(k) —k- nefl/}kp S;(w>a/3(k) (85)

following from the Schouten and Ward identities, to eliminate the vector n. Note that k - n/k - p’ = 2x/3 commutes with the

k, derivative.

As before, we parametrize the hard part with two independent tensors,

HEI/(Q) — a/}kp 2i

— S = A

COTL, (k) + BCOTZ, (k). (36)

The relevant diagrams are the same as in Fig. 2, but we need to employ the replacement p <> p’ (or 7 <> 1) and contract the
gluon indices a, f with the antisymmetric tensor €PP' The results are

25347 ((5 it 5
407 . BPTT
2CF)~~3(§+5£) (su+(s+u) 1 §+ﬁ) (87)

It is seen that the cross section is for the most part related to the one in the Compton scattering channel (83) via the crossing

7 < i, as naively expected. The minus sign is due to e*?9”" = —¢#?'9? However, there are extra O(1/N,) terms from
different contractions of Lorentz indices. Again, the above expressions vanish at Q = 0.

F. Summary of the results

After computing the hard factors in all the subprocesses, we can write down the formulas for transverse SSAs. Inserting

(73) into (66) and using the formula
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0 . S1-¢q 0 N
N <—5(§+t+ﬁ—k2—Q2)> =~ (3 1+ 0= Q%) (88)
L\ okt p P (P—q) ox )
we find
o S S A / dx/ L )0 + i+ - 07) (2 20 g8 1 gt (x) 807 (89)
= e2 [ — | —q(x)s(s - x 6 xg7(x)A&T |,

d*qdQ  87°N.sQ* 4 Kok - i %) w1 dx Dk T X91 k
d°6C a2, 2My dx [ dx TSN dgi(x) , . 5
d'qdQ ~ 87N 50’ ;AkSk;eé/ 7/ T O+ i i - 0% (xz dx APbitxg T(X)A(j%)’ 0

d°cC9) a2, a’M dx [ dx' . dGsr(x) . .c e
FqdQ 4N sQN3 zk:AkSkZe%’ / 7/ AW i i 07) (xz TZA"D(kg) T ¥Gar(x)AG, @)7 oD
¢ q

. . . 6
where the partonic cross sections are given by

4
g MN ~i Sl “q i Y
S 6L, = ——Hi (p)V,
Q k Dk p‘(p’—q) ;4()
AM S, - oM., oM, (k 5
g NS,A&;(:( o e (p)+ [Si "1( )} )V’”, (93)
0 p-(p'—q) ox Ok |j—p
with i = ¢qg,C,C(g). We define S; = sin(®y) for k =1,2,3,4 and S; = cos(®Dy) for k = 8.9
As in the SIDIS case, we present the partonic cross sections in terms of the new variables,
0’ 0° 0* 0’ 03 0’
:—:—A’ :—:—’ pu— a _— a pu— ~ ~ ~ ~ :—’ 94
gt oot M Tygooa CTRTRTNEEGan o w O
which can be often found in the literature. For the ¢g annihilation channel, we have
qq _ 2Cpy/c In(c/x,) | In(c/xp)
Asy = x,(1—xp) <2CF(XZ = x3) + (Ca = 2Cp)x %, <— I—x, + I—x, ;
A&qug = 2Cr (CAxaxb(Z—xa —xp) + Cp(xa(xg = 2)c + x,(xp —2)c + X3 + x3)
V1—cx, (1 —xp)
In (¢/x, In(c/x
- (€= 260e (na(1 =) L 1y, L) ), (95)
1 - Xa 1- Xp
®Similar to (30), we have the relation
Si-q A R VR T _
(p-(p/—q)xdx+slak’i)(s+t+u Q)k:p70, (92)

which allows us to apply the constraint § + 7 + i = Q? to the hard factors A’, B’ before taking the derivatives in (93), as having done
already in the previous subsection.

"More precisely, ®g — O — ¢4, where ¢, is the azimuthal angle of the virtual photon in the center-of-mass frame. In the CS frame,
one sets ¢, = 0 as part of the frame definition.
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3x ( xb) AAqq

A&‘I‘I ,
=5 x e Ops
] 1= %)« on
pggt = Fall = X0) ppar.
2 /T —c b8
~qq 1 A g A
T ) (angg +VI- c'Aagg)
N 1 x, N N
e (= (VI=cast] +2veasg).
g Cpy/c
A&gq = #{;) |:_CAxaxb(c + 3xa(1 - xa) + xb) + CF(_Cz<xb + 3) + C<xa<xa(5xa + 2) + 3) - xb<3xb + 4) - 7)
1 |
—9x3 + Tx, + Txp(xp + 1)) + (C4 — 2Cp) (xa(be + c)w —x,(2x, — ¢) w» ,
— a — 4D
7 C
M55 = s | =Caxaxp (¢ = exg (¥ = 3) + e(=3x, + 1) + x4 (1 = x,) = ) + Cp(=¢>(x, + 3)
x.xp(1=¢)

+ A (xa (223 = 1) +x,(Bxp + 11) +2) = c(2x,(2x,(x, =2) + 1) + 10x7 +x, = 1) —x,(x2 + 1) —x(x, + 1))

(G- 2cF>c(x3,<xa 1+ 3)(1 =) L) (e (2, =, >”/))} (%)

I —x,

For the quark-initiated Compton channel, we get

. 2T rx, In(1 —-¢
885, = 225 (~Cam(e(2=x0) = x, =) + Crle+ x)(e = 26) - (€4 = 260t - ) "0 =),
2TpV/1 = cx,
AGS, = H (CAxb(—c +x,4+ 1)+ Cplc(—=x, +2x, + 1) = 2x,(1 — x,) —4x;)
In(c/x, In(1-c¢
+ (Ca —2Cr)x, <_l(—7x) + (1 = xg)xp %)) (97)
3x,(1=x,)
AGS =T Z T ppC
1 2 X, /1 —c D8
x,(1=xp)
AGS =2 AGS,,
2T o b
1
AGS = — (Veass + VI=cass,).
2 (1 - X )
. 1
AG$ = T )Xb (\/1 — cASS, + 2fA609>
Trx,
AG§ = 0 Cx (P (2%, + 2%, — 3) + c(x,(x, + 6) + x5, +4) —4(x2 + X, + x,))
(1 _xa)xbc /

+ Cr(c*(4x, = 2) 4+ ((x, = 9)x, + 4x3 — 2x;, — 16) + 2¢(2x,4(x, + 6) + x,(x, + 12) + 8)

= 8(x4 (x4 +2) + xp(x +2))) + (Ca = 2Cp)x5(1 = x,) (C lnl(C/xa) — xp(=5¢ + 4xa)-ln(1c_ C)ﬂ ’

_xa
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Trx,V1—c
(1 —x,)%x,c

+ Cp(=2c2(2x2 = 3x, 4+ 2x; + 2) + c(x,(x,(5x, — 18) +7) + 10x, — 2) + 2(4x3 + x, + x3))

AGS = {CAxb(Zc2 + c(x,(2x, —5) = 2) + x,(=3(x, — D)x, — 1))

+ (€0 =200 (el + ) =x) 5L (1 =S+, ) 0= | (98)

1 —-x, c
For the gluon initiated Compton channel, we have

2TR(1 - xa)xb

A;jg(sg) — YT (—CA(xux,,(c(Z —X,) =X, —xp) +2¢x2) + Cp(xy(c + xp)(c — 2x2) + 4cx?)
In(1—-c
- (CA - 2Cp)xa(1 - xa)xi %) s
2TR(1 —x,)x; V1 —¢
A&g(g) _ & ( Y )xb)2c (CAxa(C —xp+ 1)+ Cp(ce(=2x, + x, — 1) + 2x,(1 — x3))
Xg\L = Xp
In(c/x In(1-c
- (=26 (L 1 -y M) ), (99)
1—x, c
3x,(1=xp) , c(g
AT = 2R T2 NG,
2 x,V/1—c¢ D8
AAc< 9 Xa( xb)AAc ’
xb\/l —c ?ps
A&?(ﬁ) — _2<1 . )xh (\/_AGDB + V1 —CAGDg ),
R 1 X,
AGSY T (VI—casfy +2vensyy),
. T
AGSY = "R 10, x2(=4c3 + 2(3 = 2x,) + c(x, — 322 — dxy — 4) + 4(x, + x3) + 4x2)
Ax,(1 = xp) b b
+ Cr(3(8x2 + x, 4 6) + 2(2(x, — 3)x4(2x, + 3) + x,(3x, — 10) — 24)
+ ¢(=2x3 +20x2 + 40x, + 4x,(x; + 8) 4+ 24) — 8(x,(x,(x, 4+ 2) +3) + x,(x, + 3)))
1 In(1 —
+ (Cp = 2Cp)x,(1 — x,)x3 (CM-FX;,(C —4xb)u>],
1—x, c
Trv1
AGSY) = ﬁ {CAx (=4c® + A2 (2x, +4x, — 1) + c(xy — %2 + 5x, +3) = 3(x, +xp) + x5 — 2x7)

+ Cr(8c®(x, + 1) + *(=2x,(2x, + 3) + (x, — 11)x, + 6)
+ c(=2x,4(xq +6) = 3(x, = 2)(xp — 1)x, = 6) + 6x,(x, + 1) — 4x3 + 6x;)

+(Cq = 2C5)x2 ((c(xa ~2)—x,) Ine/x,) | X2(x, —3)(1 - xb)w)] . (100)

l—xb

G. Longitudinal SSA in Drell-Yan Process

Finally, we examine the longitudinal polarization case for a consistency check of the previous results in the literature
[7,8,31]. The hard factor in the annihilation channel is written as
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2 + /
wig =3 S / D N g(x) / Y ()85 + T+ it = O%)Telys pSLi(p)). (101)
e 4N.PT ) «x x' ”D
q C

Contracting (78) with the lepton tensor in (73) and noticing T,l,;,zf/’,;" =0 for k = 1,2, 3,4, we derive, including the other
channels,

dAanI aema dx i ) A )
d4qu 8 SQ2N Z qP+/ / 7 q( ')5(s + i 40— QZ)

x (sin 20, sin ¢, AL + sin®6,, sin 2¢h., AGIY), (102)

dAGC aema d.x A A )
d4qd§2 87%sQ°N., Z t1p+/ / —G(X8(5+1+ i — Q%)

X (sin 20, sin . AGSq + sin? O, sin 2¢. A6S,), (103)

dAcCW) Xy O dx
L AG Ns(s+1+a—Q*
d*qdQ 8nsQ2NZ"P+/ (x) / a()3( +1+i - 07)

X (sin 26, sin ¢, AGSY + sin? 0, sin 26, A6, (104)
where

ta(—(5+a)A" + (5 +1)BY)

4q,m
ta((3+a)A"+ (34+17)B)
40m

G* A6,y = VY (A'T), + B'T2,) =

’

§*A&Ly = VIU(AIT), + BIT2,) = , (105)

with i = qg, C, C(g). Comparing (93)-(105), we deduce the relations between the hard coefficients for longitudinal SSAs
and the corresponding ones for transverse SSAs,

1—c x,

Abhg o = £2 A&i&g, (106)

c 1—x,

which verify the agreement with the previous results [7.8].F We collect the explicit formulas below for completeness,

N { . <_ _&> L Ca=2Ck <ln(c/xu) B ln(c/xb))]’

V1-c¢ X, Xp 2 1—x, 1 —x,
1 In(c/x, 1 1
AB15 = Crye {CF( ) (Cy- 2cF>{ (1 _ cinfe/x >> n (1 —M> H (107)
X, 1 —x, c— X, I —x, c—Xxp
2(c — xp) x, 1+4+x, Cy—2Cp XX xg(c—xp)
AULg—TRT[CF(E— 2 ) + 2 Xh—1+ c - c2 1n(1—c) ,
2(c = xp) x, 1+x, Cy—2Cp 1 x,In(1-¢)  x,In(c/x,)
Absg =Tr———2 |Cp| = - - ; 108
51y ke [ F(be * 2 ) * 2 AN - X, ¢ +xb(l —x,)? (108)

$An earlier work [31] computed the O(1/N,) term of A&Z% in the annihilation channel. The logarithmic terms agree, but the
nonlogarithmic terms do not. This disagreement was already noted in [7].
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AC .
AULt(Sg> = AGES ton — TR(Cy —2Cp)

~C A
AGLéw = _A6L9|f<—>lft - TR(CA - 2CF)

A numerical evaluation of the asymmetries was carried
out in [8] for the RHIC and J-PARC kinematics with
q, < Q, which were found to reach up to a few percent in
the forward rapidity region.

V. NUMERICAL RESULTS

In this section, we revise our predictions made in [2] for
transverse SSAs in SIDIS in light of the corrected formulas
presented in Secs. II and ITI. We then make new predictions
for SSAs in the Drell-Yan process based on the results
in Sec. IV.

A. Parton distributions

Since we have neglected the genuine twist-three terms
initially as indicated by (11) and (77), we should, to be
consistent, employ the Wandzura-Wilczek (WW) approxi-
mation for the gr and G;7 distributions,

xgp(x) ~ x / | dx/Ai(/X/) (WW),
xGar(x) zg 1 Ly AGX(,X/) (WW).  (110)

However, there have been recent attempts to constrain the
genuine twist-three part of the g (x) distribution from a
global analysis of the “worm-gear” TMD g7 (x, k) [9]
supplemented with QCD equations of motion [10] and
small-x resummation [37]. Motivated by these develop-
ments, we try, in addition to (110), two different estima-
tions [10] based on the equation of motion (EOM) and the
Lorentz invariant relation (LIR)

— L L~ —-LIR
% 0.4
o 0.3
(o]
0.2
S o1
)
= 0.0
5 —01
0.2 0.4 0.6 0.8
x

FIG. 3.
roughly match the blue and magenta bands on Fig. 2 in [10].

2x,(1 = x,)
—=,
A e
|
xgh(x) % i (x)  (EOM),
xg’;(x)zqu(x)er% (LIR),  (111)

where g(llr) is the second moment of the TMD PDF
gir(x, k) from [9]. Of course, partly including genuine
twist-three corrections this way is not entirely consistent,
since we have neglected the other twist-three corrections
in (11), (77) from the outset. Still, it is a useful exercise to
get a rough estimate of the potential impact of genuine
twist-three corrections. According to the derivation of (11)
in [1,2], we consider the EOM scenario to be more natural
in the present context. However, the LIR scenario cannot be
excluded.

We plot xg%?(x) in Fig. 3 and x2dg%“(x)/dx in Fig. 4,
which enter the computation of SSAs [see, e.g., (89)]. The
g% (x) PDFs of the remaining flavors are set to zero in the
EOM and LIR scenarios, while they are computed from
Ag(x) in the WW scenario, for which the result in [38] is
adopted. The outcomes in the EOM and LIR scenarios
display the importance of the genuine twist-three correc-
tions, although the uncertainty bands are broad. In par-
ticular, the PDFs in the LIR scenario are qualitatively
different, exhibiting nodes when going from moderate to

large x [10], because the (numerical) derivatives of gng)(x)
are involved. For Gs7(x), we use AG(x) from [38]. These
plots already make clear that SSAs from the g;(x)
distribution can be sizable only when the large-x or valence
quark region of the polarized proton is probed (cf., Fig. 6
of [2]).

= 01t
@ ST T T~
N 4 Sao
| 0.0F / ===
& 7
E 01 -/
< & \ /
[} N__7
8
_0‘2 i 1 1 1 1
0.2 0.4 0.6 0.8
xr

xgr(x) for u (left) and d (right) quarks in the three different scenarios defined in (110) and (111). The blue and magenta bands
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FIG. 4.

For the unpolarized cross section in the denominator, we
take the PDFs and FFs in the WW scenario from [39] and
[38], respectively, including all the light flavors ¢ = u, d, s
and the gluon. In the EOM and LIR scenarios, we take the
PDFs from [40] and the FFs from [41] in order to be
consistent with [9]. We consider both the proton-proton
and pion-proton Drell-Yan reactions. In the latter case, we
employ the z~ PDF from [42].

Our numerical evaluations take into account the follow-
ing sources of uncertainty. The uncertainties in the g7 (x)
and G37(x) PDFs are inherited from Ag(x) and AG(x) in

the WW scenario and from g(llT)q(x) in the EOM and LIR
scenarios. The 1-o uncertainty from the Monte Carlo
replica method is included. Second, we set the factoriza-
tion and renormalization scales in the PDFs/FFs and the
running coupling ag to £Q and estimate the scale uncer-
tainty by changing the parameter ¢ within 0.5 < £ < 2.
The described uncertainties are combined in quadrature in
the numerical results presented below.

B. SSA in SIDIS revised

We first revise our predictions for SIDIS made in [2].
The calculation is based on the definitions of the SIDIS
asymmetries given in (79), (75), (70), and (20) of [2], which
are expressed in terms of the ¢7.(x) and Gs7(x) PDFs (and
their derivatives) and the hard coefficients having been
corrected in Secs. II and III.

We focus on the comparison with Fig. 8 in [2], which
was one of the main results there. In Fig. 5, we show
the results of all the asymmetries as a function of P;, for
't (left) and n~ (right), considering the typical EIC
kinematics with \/E =45 GeV, 0.5<2z; <09 and
1 < Q% < 10 GeV2. We have imposed a lower cut W >
5 GeV on W? = (¢ + P)? = Q*(1 — xp)/xp. The cuts for
Fig. 5 are the same as in Fig. 8 of [2] with P, = 1 GeV.
Comparing the WW result in the left plot of Fig. 5 (for z 1)
and the first column in Fig. 8 of [2], we notice that the

=

3 0.4

% //’\\\

U 0.2 / N

a\ Z D

I 00f" N

@ \\\ ////‘
\a: —0.2 S
"@QE

= —0.4r1

H 1 1 1 1

0.2 0.4 0.6 0.8

x%dgy(x)/dx for u and d quarks in the three different scenarios defined in (110) and (111).

Sivers moment A““((p’“ ~’s) drops to subpercent level,

compared to the percent level in Fig. 8 of [2]. The
difference is attributed to the correction of the hard
coefficient A&|. Results for the other moments

ASm @ t95) (Collins asymmetry), Asm Bér=ds) Af}r}%)
ASI"(ZM bs)
ur

and

are not significantly affected, because they are
dominated by the derivative terms (dg?/dx and dGsy/dx),
for which the respective hard coefficients Aép, do not
change. We observe that the z~ asymmetries are smaller
than the 7z ones in the WW scenario partly owing to
|g%| > |g%|. Figure 5 also contains new predictions based
on ¢%(x) from the EOM and LIR scenarios, that are not
present in [2].

The modifications on the other results in [2] are
qualitatively similar and we do not repeat them here.
Instead, we explore alternative kinematics to optimize
the impact of our new mechanism and find that the
asymmetries tend to become larger at lower center-of-mass
energies. We show in Fig. 6 new predictions for 7z as
functions of x at the EIC with /S,, =20 GeV,
0.0 <y <095, 05<z,<09, and 1 < Q <10 GeV,
and without a cut on W. Three curves in the left panel
correspond to the WW scenario with different lower P, |
cuts for examining the sensitivity of our predictions to the
P,r <1 GeV region, where a matching to a TMD com-
putation should be implemented in principle. We find that
the asymmetries depend rather sensitively on the choice of
the lower P, cut. The sin ¢g and sin(2¢;, — ¢5) asymme-
tries reach a few percent now and can get even larger after
the twist-three corrections are included as shown in the
right panel.

C. SSA in Drell-Yan Process

We then present the results for transverse SSAs in the
Drell-Yan Process. The spin-dependent part of the cross
section can be decomposed as [cf. (74)],
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FIG.5. The P;,, dependencies of all the SIDIS asymmetries for the EIC kinematics at /S,, = 45 GeV in the WW, EOM, and LIR
scenarios. Left (right) is for z (z7).

dAc

m =sinDg(F; + F,cos P, + F3c082¢h,.) + cos Og(F4sin . + Fssin2¢p,,)

= F5n%s gin g + FNP+Ps) sin(¢p,, + D) + FPe=Ps) gin(gh,, — D)
4 FSnQ0et®s) gin (2, + D) 4 F(20e=P5) sin (24, — D), (112)

where
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FIG. 6. The xz dependencies of all the SIDIS z+ asymmetries for the EIC kinematics at /S, » = 20 GeV. Left: different lower P,
cutoffs in the WW scenario. Right: different scenarios.

poin®s —

Foin(de,t®s) — %(f 2+ Fa).

Foin(e—05) %(—}—2 + Fa),
Fsin(2p,+®5) _ %(]—“3 + Fs),
Fsin(2,—b5) _ %(_]:3 + Fs). (113)

Explicitly, we write
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3 dx [dx ., . .
F, = gasfo/y/—/é(s +iti—0%)) el
4
(1 020, =5 [0 )86 + GLY g 3) 006 + 200Gy (18557

3 de (dx . . .
_gasF0/7/75(5+t+M—Q2)Z€tz]

q

sin20,, (0 (00 + GO )agh (A5 +20(x )Gy ()26,

3 dx (dx' . . .
f3:8asfo/x G +i+0—0%)) e

x sin’0, [q<x'>xg‘;<x>Aaz"’ + G )xgh(x) A6 + 24 (¢ )xGsy ()65,
d R
afo / . / 53 +1+ i - Ze

d dg?
 (=5in20,)fg) 7 oy + ngx)AAqq) +600) (2 5 886, -+ xg} ()05

dx
+2CI(X/)< ggTAAgs + xGsr(x )A&g(g)ﬂ’

3 dx X .
§a3,f0/7/75(S+I+M—Q2)zq:€%]

dg ! dg!
x sin20,, {Z](x’) <x2 EIT A9 1 xg‘;(x)A&g‘1> +G(x) ( 2897 A5G 4 xgl(x )Aag>

dx dx
N (29951 \ Clo) ~C(g)
+2q(x")( x WAGDQ + xG37(x)Adg ; (114)
with
agmasMN
Fo= 5052, (113)

In F, we have eliminated A&, i = ¢g,C,C(g), by means of the relation As, = 2A8%/3. As a consequence, the 6,
dependence has been altered from the more familiar form 1 + cos? @,,. Note that f_ll d cos 0,,(cos? 0., — 1/3) = 0, namely,
the asymmetries will vanish if the lepton angles 6., ¢, are integrated over as already mentioned.

The COMPASS Collaboration has reported in [43,44] the first measurements of transverse SSAs in the pion-induced
Drell-Yan Process. In their work, the asymmetries in the CS frame are normalized by the unpolarized cross section which, in
the COMPASS kinematics Q > ¢, exhibits the angular distribution,

ldo 3 (Q2+§q’i Q2——

3
S 0 —(1 20..,). 116
cd0 1o\ O g o L cos?0,, + - > (1 + cos?0.y) (116)

167

Following the expectation based on TMDs [27], they assumed F; « 1 + cos® 8., so that the 6,, dependence drops out in
the sin @ asymmetry, whereas the sin(2¢,, &+ @) harmonics come with the prefactor sin® 0.,/ (1 + cos 6%;). The sin(¢,, &
@) harmonics have been neglected, since they do not arise from twist-two TMDs [27]. In this paper we do not assume that
g is small compared to Q. Besides, in the present mechanism, | is not proportional to 1 + cos” 6., as we have seen. It is
then more convenient to normalize the asymmetries using the angular-integrated cross section (68). We thus define
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2 f d¢m i dd)s SIH(a¢cr + ﬂq)S) [d6<¢csv (I)S) - d6(¢csv (I)S + ﬂ)]
2 f_ll dcos ecs f d¢m i dCDS [d6(¢cs» q)S) + d6(¢csv (I)S + ”)]

d -1 2r
= (dTaq> 2/0 d¢cs£ 2—;Sin<a¢cs +ﬁq)5)d6(¢cs7(1)$)’ (117)

3 a sin(ag.;+po
Ed ’ﬁ(eCs)AUT( l S)(Q1 CIJ_’y) =

where do(¢.,, Dg) = d4 o5 The ‘depolarization factors’ are defined as d*!(6.,) = cos® 0., — 1/3, d"*(0,,) = sin 20,

and d*>*'(0,,) = sin? @,,. The above relations yield

_ ~qq N ~C
My Lq€3 300301 () 8817 + G g (1) A6 +24(x')xGr (x) 25T |

Az}r,lr(b‘ = 5 — 7 / s (118)
Q 224€4(0439(x)q(x') + 649 (x)G(x') + 04,G(x)g(x'))
_ AG dgl A o N
cnigso) _ aMy 350 [0 )xg () 8647 — 3(x') (2 % A5 + xgf(x)A6ET) + -] o
o Q Y qea(04qa(¥)q(x') + ang(X)G(x ) +04G(¥)q(x)) ’
_ ndd | = g s .
ooy _ @My 220 [£20)xgH A5+ 3() (2 G MG + g (1)a6]7) + - | (120)

o 0 >24€7(049(x)3 () + 044 (x)G(x') + 04,G(x)q(x')) ’

where the phase space integral [4 [4X5(3+7+ i — Q?) is implied in both the numerator and denominator. The

summation over ¢ includes antiquarks. The dots in (119) and (120) stand for the contributions from the Compton

sin 2(’5“14)5 ) in terms of the

subprocesses, which can be easily deduced from (114). In the small-g, region, our definition of A,
measured cross section (117) agrees with that in [43], but ASm ¥ does not because of the different 9” dependence. We note
that the COMPASS Collaboration did not directly confirm the 1 + cos®@,, dependence of the sin ®g asymmetry from
the data.

The integration over x’ can be performed by using the delta function constraint,

5G4+ 1+ i — Q%) —5<—s<x’—m£_y) <x—m\j§y> +qi>. (121)

The minimum of x is attained when x’ = 1, so the integration range of x is given by

m, e’ qﬁ_
I >x>x,, = + - (122)
Vs s(1 =)
We also need the following relations in the center-of-mass frame:
% Q*(xy/s —e'my) 0°
X, = , Xy = =, c=———. (123)
xmy\/s my (xy/smy — e’ Q) g1 + 0

. . . B . c Tl s / 5,1Y 1
Alternatively introducing the ‘partonic rapidity’” Y as x,x’ = \/%e , we proceed with

/d;cjf/é(ﬂﬂa—Qz)f(X)g(X’)“'—/ 2d22f<\/ >g<\/§e_y> 2y

where

V8 =m, cosh(Y —y) + \/micoshz(Y -y) - 02 (125)

and
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FIG.7. The g, dependencies of all the Drell-Yan asymmetries for the /s = 200 GeV RHIC kinematics. Here, we have fixed y = 3

and Q =2 GeV (left) and Q =4 GeV (right).

2 2
= ? ey, X, = AQ el ™.
\/EmL \/Emi

(126)

Xa

We have checked the consistency between the two methods.

The numerical outcomes for the Drell-Yan asymmetries
defined by Egs. (118)—(120) are first given in Fig. 7 for the
RHIC kinematics with y/s = 200 GeV. All the Drell-Yan
azimuthal moments are displayed as functions of g for the
forward case y =3 and with Q = 2 GeV (left) and O =
4 GeV (right). When Q = 2 GeV, all the considered scenar-
ios, i.e., WW, EOM, and LIR, for ¢%(x) and Gs7(x), yield
percent-level and positive asymmetries in the region
qr ~ 1-5 GeV. The sin(¢., = ®5) asymmetries, expected
to be small in the TMD framework, are comparable to the

other asymmetries. In the large g; region, some of the
asymmetries tend to be negative in the LIR scenario. While
the results are generally largest in magnitude in the LIR
scenario, so is the overall uncertainty which is mostly due to
scale variations. Interestingly, the results exhibit a strong Q
dependence. Shifting to Q = 4 GeV, the asymmetries drop
to about half of a percent (see a discussion in the concluding
section).

In Fig. 8, the RHIC results are presented as funct-
ions of the Feynman-x defined by xp=2¢%/\/s =
2m  sinh(y)/+/s, so that large and positive x; corresponds
to the forward region, i.e., large x in the polarized proton.
Here, we have fixed Q =2 GeV, and ¢, = 2 GeV (left)
and ¢, =5 GeV (right). xz can be understood as a proxy
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FIG. 8. The xr dependencies of all the Drell-Yan asymmetries for the /s = 200 GeV RHIC kinematics. We have fixed Q = 2 GeV

and ¢, = 2(5) GeV left (right).

for y with the x = 0.5 corresponding to the very forward
case y =~ 4.5. We have also explored the negative x region,
observing very small, subpercent asymmetries. All the
Drell-Yan asymmetries become enhanced in the large xp
region sensitive to the valence content of the polarized
proton. For g, =2 GeV, the asymmetries are mostly
positive, reaching up to about 5% in their central values,
with increasing uncertainties. The asymmetries change sign
above xp ~ 0.4 in the LIR scenario, reflecting the sign
change in the g% PDF and its derivative from Figs. 3 and 4.

Next, we turn to the analysis on the pion induced Drell-
Yan process that was measured at COMPASS, where 7~
with the momentum 190 GeV collides with a proton at
rest [43] corresponding to /s ~ 18.9 GeV. We take the

average value of the Drell-Yan virtuality Q = 5.3 GeV at
COMPASS. Our predictions, shown in Fig. 9 (left), as
functions of g are obtained by integrating over the rapidity
y of the Drell-Yan pair. COMPASS is mostly sensitive to the
valence region, so the iiu — gy channel dominates, with the
u being the valence quark in z~. The large values of x
probed in the polarized proton lead to qualitatively different
results for the three scenarios. Whereas in the WW and the
EOM scenarios, the asymmetries are positive, and we find
mostly negative results in the LIR scenario. COMPASS
[43,44] reported O(10%) asymmetries for the sin @y,
sin(2¢., £ ®5) harmonics in the region ¢, > 1 GeV,
although there are only two data points, and experimental
errors are as large as the central values. It is clear that the

074038-28



PERTURBATIVE QCD CONTRIBUTION TO TRANSVERSE ...

PHYS. REV. D 109, 074038 (2024)

0]. T T T T T T T 40_ T T T T T =
S popE—— 1 20F ]
'903 --------------- 007/’.4*\\\:
ES —0.1}—0c0o<y<oo 1 ly=10 )
= FQ = 5.3 GeV —2.0FQ =2.0 GeV
—0.2_ f f f f f f f f f
= 0.1} 2'0: .......... 1
K - s
T, 0.0 ===t 1 00r ]
S oaf T | 20)
= —0.2} a0l I
—0.3_ f f f f 4 f f f f f
z 01} 0F ]
: PX1] S .
o 0O - 08 -
ES-oaf T 1 .,
ool 1 =0
i | = i | 2.0 = i = i
& 025f | -
Sq —0.25}¢ o
ED
< 0.5} 4 —2.0p
/a 05_ 7 20_ N
e | L TTeeall 1
& 00T {1 00y |
S - . 1 _o0l--- LIR e
25 0.5} N 2'0_ EOM
< - COMPASS, /s =189 GeV | _40f — Www 1
0T T30 10 5.0 1.0 2.0 3.0
q. (GeV) q. (GeV)

FIG. 9. The asymmetries Ay’s as functions of g, for the COMPASS kinematics at /s = 18.9 GeV. On the left panel, we have
fixed Q = 5.3 GeV and integrated over the rapidity y of the Drell-Yan pair. On the right panel, the results are obtained for

Q0 =2.0GeV and y = 1.0.

perturbative contribution is very small in the considered
kinematics compared to other TMD-based nonperturbative
contributions, e.g., [41,45-47]. On the other hand, the
asymmetries can reach percent-level magnitude for lower
Q values and when large x in the polarized proton is probed,
similar to the RHIC case investigated above. This is
demonstrated by the right panel of Fig. 9 for Q0 =2 GeV
and y =1, which correspond to 0.24 < xp < 0.48
and 1.0 < g, < 3.5 GeV.

Finally, we show in Fig. 10 the predictions for the future
fixed target measurement in the SpinQuest experiment at
Fermilab [48,49], where a 120 GeV proton (instead of a
n~) collides with a polarized target proton at rest,

corresponding to /s ~ 15.5 GeV. On the left panel, we
take QO =4 GeV within the intended windows 3 < Q0 <
10 GeV and y = —0.5, reflecting SpinQuest’s preference
towards the small-x (sea-quark) regions in the polarized
target. With this kinematics, the asymmetries are all
subpercent even after the uncertainty bands are taken into
account, which increase as ¢ is increased towards the
kinematic threshold. On the other hand, when we go to
lower Q regions, the perturbative contributions are at the
percent level as shown on the right panel in Fig. 10 for
Q=2 GeV and y = 1. It is seen that the behaviors of
various asymmetries are qualitatively similar to the
COMPASS 7~ results.
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VI. DISCUSSIONS AND CONCLUSIONS

In this paper, we have proposed a unified formalism to
analyze SSAs in SIDIS and the Drell-Yan process and for
both longitudinally and transversely polarized protons. The
new method is more efficient than our previous brute-force
approach to transverse SSAs in SIDIS [2] and actually
helps uncover mistakes in part of the earlier calculation [2].
The predictions for transverse SSAs in the Drell-Yan
process from the present mechanism are entirely new.
We reproduced the known results for the longitudinal
polarization case in the literature on both SIDIS [3] and
the Drell-Yan process [7,8]. We emphasize that the com-
plete QCD results for SIDIS and the Drell-Yan process
have been presented, which should supersede the naive

parton model argument A;r ~agm,/+/s [5] frequently
quoted in the literature.

We have observed that the asymmetries in the WW
approximation vanish in the limit Q — 0, i.e., the photo-
production limit of SIDIS and direct photon production in
pp collisions, and by extension, also in light-hadron
production in pp. In these processes and within the
WW approximation, SSAs may be indeed proportional
to a current quark mass m,. An evaluation in the parton
model with nonzero m, was performed in [6]. In QCD,
the second term in (13) needs to be included, which
will cancel the logarithmic singularity Inm, in the first
term. After this cancellation, we expect a contribution of
the form,
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Ayr asMnggT(x)v (127)
which is even more suppressed than the naive estimate
Ayr « agm, for light quarks.

Based on the analytical formulas, we have numerically
evaluated the asymmetries in the Drell-Yan process relevant
to the experiments at RHIC, COMPASS, SpinQuest, and
EIC. The asymmetries can reach a few percent level in some
preferable kinematics associated with the large-x (valence)
region of the polarized proton, but stay at subpercent level
elsewhere. Yet, they are one or two orders of magnitude
larger than the common prejudice A7 ~ O(107%) based on
the naive estimate Ayr « a,m, /+/s. The enhancement is
mostly attributed to the ratio My /m,, ~ O(10%), but there is
also a suppression factor xAg(x)/q(x) < 1 from the PDFs
in the WW approximation.

The dependencies of Ay on +/s, ¢, and Q can be
roughly inferred from the analytic expressions for the
partonic cross sections summarized in Sec. IV F, which,
however, will be significantly modified by the convolution
with PDFs. In general, there exists no simple analytical
formula for Ayz(y/s,q.,Q). Nevertheless, we have
observed that the dependence on +/s is relatively weak
in the Drell-Yan process, and an approximate power-law
behavior in the limit Q > ¢,

sin(a My Be.
AUT( PesthPs) <‘ﬂ°(r21\’> ”’ 0> q,,My. (128)

A numerical extraction gives the exponents,

BO,I ~ 17,
B2,1 ~ 07,

Bl.l ~ 14,
BZ.—I ~ 12,

Bl,—l ~ 07,
(129)

at y =0 and g, = 2. These exponents are sensitive to y
(and also to g to a lesser extent), since dominant partonic
channels vary with values of y. In practice, the logarithmic
dependence In Q?/q% is also expected in the hard coef-
ficients, which is not taken into account in the above
parametrization. We should mention that the scaling (128)
is seen only in a region where the magnitude of A 7 is
already negligibly small. Similarly, in the opposite regime
with

sin(a : M Ca,

AUT( P tI) o <7Q0r N) ﬂ, g, > Q.My, (130)
q1

we find, for y =2 and Q = 2,

Coi~2,0,

Cy1~0.8,

Cl,] ~ 12,
Cy_; ~0.8.

Cl,—l ~ 12,
(131)

These noninteger exponents indicate that the actual ¢ or Q
dependence is more complicated than what naively follows

from the dimensional or twist counting argument Ay ~
1/q, or Ayr ~1/Q. A similar comment applies to the
SIDIS case.

At last, we have also explored the possible impact of the
genuine twist-three corrections using the recent extraction
of gr(x) from the global analysis [9] and the equations of
motion [10]. It was found that these corrections tend to
enhance the asymmetries and can even flip the sign of the
asymmetries in the LIR scenario. However, since our
formulas involve the derivative of gr(x), uncertainties of
gr(x) are amplified. A more accurate determination of
gr(x) is therefore welcome for future studies.
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APPENDIX: COMPUTATION OF THE HARD
KERNEL IN SIDIS

In this Appendix, we outline the main steps to arrive at
(21). Starting from (34) of [2], we write

y 2ﬂig4
H,ul/(p>T"; == Nc
X/ h (27)8(13)(27)8((p + g = L) )W
(ayt SRR R
(A1)
where
Wr = Tr,,uuTr[ySPAaﬂ<p +q- pq)
X Ma[f(p +q- Pyg» lZ)Ay/j(ZZ)] (A2)

The building blocks M and A were introduced in [2], which
are given by

_ 3 ml 7
M5 = 2, A3
ap ; 9] d, ( )
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2 _

“ :W’ Miagp=Vapp(p+ 4= g L)Py" (P +d 1),  di=(p+q—p,—h)>
(NZ-1) ,

=g M= PP+ AP Td-h).  d=(p+a)
NZ-1

€= iN o myg = PPy = Dr(pHd=h).  ds=(py—b) (A4)

with V being the three-gluon vertex, and

2 au
ari a a a a
A=Y S == a=r D da= (-9 dn=(p+a),
i=1 J
2 al/'[)’, 17 L
AV=> 3t d=r-Rr da=rpedr. du=(p-bP de=(p+’ (A3)
j=1"RJ

We perform the loop integral as
/d4l2 @)s(3)20)5((p + q - 1) = = > /ldA /hdrﬁ (A6)
— 2z V4 - =— ,
(2ﬂ)4 2 pPTqg—1i 32”2u2:i o 2 A 2

where [ . denote the solutions of the §-function conditions 2 = 0 and (p + g — [,)> = 0, namely,
2(as) 2

_ q A5,
1 + Clez), 12(a2> = 7(1 - Clez), Az = 1 - —_— a, = +1. (A7)

pr4qt
o =219 -

(a2)

In addition, we also have the on-shell conditions for the tagged parton pg =0and (p+¢q- pq)2 = 0, that produce

- 2
Pl = %(1 tal). Py =5 (-ah). A=/l —LLquL, a,=+1. (A8
Next, we write the Dirac trace as
W, = i i o Wrili_ (A9)
' ij=1 I=1 ldLidlde’
where
Wi =T,,Tr [yskai’fmz,aﬁa?eﬂ, (A10)

and d; in the denominator contains the ¢, angular dependence. After the computation of the Dirac traces, the angular
dependence in the numerator takes the form,

2 (9) (PqL - 11\?
Wr,ilj:ZWr,ilj -5 ) (Al1)

9=0

The ¢, integral can then be performed analytically, leading to

2z 1 Pgl - ZZJ_ 9 2r
i 2 Al2
A ¢2 dl ( s > s g.l ( )

where
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[ega) _ _ 2

0.1 |anq + a2A2| ’
I(atl*aZ) — _l 1 _ 1 + aqaZAqA2

L1 2 la,A, 4 ar A,

(aga) 1 1 +a,a,8,7,
I, ! —(1 A\ -
2.1 8( +aga, 2)< 4 B, + ahy)

(1 + aqaquA2>2 (1 _ 1 + aqaquA2>}

(ag.a2) 1 2 |1
LY = ——(1-A2)(1-A}) |5
3 32< o)l ) 2+(1—A§)(1—A§) la,A, + ay |

|(1qu - a2A2| ’

Jlara) _ l (1 _ 1- aqaZAqu)
13 |anq - a2A2|

(ay.a) 1 1 - aqa2AqA2
L7 =<(1- AN —7—————
23 3 (1 —agar8,4) ( la A, — ayAy)
2
(aq,az) 2 2 1 (1 - aqaquA2> 1 —_ aqaquAz
1 :—(I—A)(I—A){——k - (A13)
33 32 a Y12 (1-A2)(1-A)) la,A, — ayl,|

The above relations allow us to get

_ (aq aZ) (th,az)
H(p) T, = 8st I Azzdhd&z e, (A14)

ilj

with

2
A, =a, (1 +- +’Q2>. (A15)

Because there is no collinear divergence in the sum over ijlg, the A, integral can be safely done. The result is actually
independent of a,, so the summation over a, simply gives a factor of 2. It is then straightforward to derive (21).
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