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In a previous publication [Benić et al., Phys. Rev. D 104, 094027 (2021)], we have computed the
perturbative QCD contribution to transverse single spin asymmetries (SSAs) in semi-inclusive deep
inelastic scattering (SIDIS) involving the gTðxÞ distribution. In this paper, we first present a more efficient
derivation of the asymmetries which is applicable to both transverse and longitudinal SSAs and correct
some inconsistencies in our previous calculation. We then adapt the method to compute transverse SSAs
in the Drell-Yan process proportional to gTðxÞ and its gluonic counterpart and discuss the crossing
symmetry between the results for SIDIS and the Drell-Yan process. Finally, we present numerical results
for various asymmetries measurable at the EIC, RHIC, COMPASS, and Fermilab (SpinQuest), including
also part of the genuine twist-three corrections to gTðxÞ from a recent global analysis. We find that the
asymmetries can reach percent-level magnitude, if the kinematics predominantly probes the large-x
(valence) region of the polarized proton, but remain at subpercent levels otherwise.
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I. INTRODUCTION

In recent years, there has been renewed interest in the
perturbative QCD contribution to single spin asymmetries
(SSAs) [1–4] motivated by the ongoing and future experi-
ments capable of the precision measurement of spin
asymmetries up to high transverse momenta. By perturba-
tive, we mean that the imaginary phase necessary to
generate asymmetries comes from 2 → 2 hard (partonic)
scattering kernels. For transverse single spin asymmetries
(SSAs) AUT , such a contribution was studied long ago [5,6]
and had been largely neglected by the community owing to
the purported proportionality to a current quark mass
AUT ∝ αsmq. On the other hand, longitudinal SSAs AUL

are insensitive to the mass effect and have been calculated
within the standard collinear factorization framework in
both the Drell-Yan [7,8] process and semi-inclusive deep
inelastic scattering (SIDIS) [3].
In our previous publications [1,2], we have systematically

extended the investigation of transverse SSAs in SIDIS to a
subleading level. In the kT-factorization framework, we

have identified the complete set of SSA sources up to two
loops in hard kernels and to twist three in two-parton
transverse-momentum-dependent (TMD) parton distribu-
tion functions (PDFs). We then focused on the asymmetries
originating from the polarized quark distribution function
gTðxÞ, as well as its gluonic counterpart G3TðxÞ, which
survives in the collinear factorization framework. The
corresponding quark- and gluon-initiated Oðα2sÞ hard ker-
nels for SIDIS were computed, and the resultant asymme-
tries AUT associated with, e.g., the sinðϕh − ϕSÞ, sinϕS, and
sinð2ϕh − ϕSÞ harmonics, were predicted for measurements
at the future Electron-Ion Collider (EIC). We have shown
that in SIDIS, the naive relation AUT ∝ mq is incorrect and
should be replaced by AUT ∝ MN, where MN is the proton
mass. We have further performed a numerical analysis and
found that some of the asymmetries could reach a percent
level, manifesting the importance of high-accuracy studies
in the considered kinematic regions.
In this paper, we first present, in Secs. II and III, a more

efficient derivation of the asymmetries in SIDIS, which
allows for a unified treatment of transverse and longitudinal
SSAs. We take this opportunity to correct some incon-
sistencies in our previous results [2]. In Sec. IV, the
formalism is extended to compute, for the first time, the
contributions to transverse SSAs in the Drell-Yan process
proportional to gT and G3T in the qq̄ annihilation and
Compton scattering channels. Here, too, the approach is
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applicable to longitudinal SSAs, and we reproduce the
known results in the literature [7,8] for completeness. We
then discuss how the formulas for SIDIS and the Drell-Yan
process may be related by crossing symmetry. Finally in
Sec. V, we numerically evaluate the various asymmetries.
We update our predictions for the EIC and provide new
predictions for the kinematics of the RHIC, COMPASS, and
the Fermilab SpinQuest experiments. The possible impact
of the genuine twist-three effects in light of the recent
extraction of gT [9,10] is also explored.

II. SSA IN SIDIS, QUARK-INITIATED CHANNEL

In this and the next sections, we revisit our calculation of
SSAs in SIDIS in [2]. After reviewing the basic kinematics
of the reaction and our new approach developed in [1,2], we
propose a simpler derivation which helps reveal the
inconsistencies in the previous analysis. It also facilitates
the comparison with relevant results in the literature and
allows a straightforward extension to the Drell-Yan case to
be discussed in a later section.

A. Setup

Consider SIDIS in the so-called hadron frame where the
virtual photon with the virtuality q2 ¼ −Q2 and the
transversely polarized proton with the momentum Pμ are
collinear. We neglect the proton mass MN whenever
possible, so Pμ ≈ δμþPþ is effectively a lightlike vector.
We also need another lightlike vector nμ ¼ δμ−=Pþ, such
that P · n ¼ 1. The spin-dependent part of the cross section
can be written as

dΔσ
dxBdQ2dzfdq2Tdϕdχ

¼ α2emzf
128π4x2BS

2
epQ2

×
X
a

Z
dz
z2

Da
1ðzÞLμνwa

μν; ð1Þ

where xB ¼ Q2=ð2P · qÞ is the Bjorken variable, and Sep ¼
ðPþ lÞ2 is the ep center-of-mass energy. μ and ν are the
polarization indices of the virtual photon in the complex-
conjugate amplitude and in the amplitude, respectively. The
outgoing lepton has the momentum l0μ ¼ lμ − qμ and the
azimuthal angle ϕ. The incoming parton has the momen-
tum pμ ¼ xPμ. The outgoing hadron h has the azimuthal
angle χ and the longitudinal momentum fraction

zf ¼ Ph · P
q · P

¼ z
pa · P
q · P

; ð2Þ

of the virtual photon momentum. It comes from the
fragmentation of a parton a ¼ q; q̄; g in the final state,
and Da

1ðzÞ is the corresponding fragmentation function
(FF). Finally, the variable,

q2T ¼ P2
h⊥
z2f

¼ ŝû
t̂
; ð3Þ

is the characteristic transverse momentum of the process,
where the last equality has been expressed in terms the
partonic Mandelstam variables,

ŝ ¼ ðpþ qÞ2; t̂ ¼ ðp− pqÞ2; û ¼ ðq− pqÞ2: ð4Þ

The leptonic tensor is given by the standard expression,

Lμν ¼ 2ðlμl0ν þ lνl0μÞ − gμνQ2: ð5Þ

Following the literature [11], we perform a tensor decom-
position,

Lμνwμν ¼ Q2
X1;2;3;4;8;9

k

AkwμνṼ
μν
k ; ð6Þ

where

Ṽμν
1 ¼ 1

2
ð2TμTν þ XμXν þ YμYνÞ;

Ṽμν
2 ¼ TμTν;

Ṽμν
3 ¼ −

1

2
ðTμXν þ XμTνÞ;

Ṽμν
4 ¼ 1

2
ðTμXν − YμXνÞ;

Ṽμν
8 ¼ −

1

2
ðTμYν þ YμTνÞ;

Ṽμν
9 ¼ 1

2
ðXμYν þ YμXνÞ; ð7Þ

are defined in terms of the orthogonal four-vectors nor-
malized as T2 ¼ −X2 ¼ −Y2 ¼ −Z2 ¼ 1. For a later pur-
pose, it is convenient to express them in terms of the
partonic Mandelstam variables,1

Tμ ¼ 1

Q

�
qμ þ 2Q2

ŝþQ2
pμ

�
;

Xμ ¼
ffiffiffiffiffi
t̂
ŝû

r �
−
ŝþQ2

t̂
pμ
q − qμ −

1

ŝþQ2

�
Q2 þ ŝû

t̂

�
pμ

�
;

Zμ ¼ −
qμ

Q
;

Yμ ¼ ϵμνρσZνXρTσ: ð8Þ

The coefficients are given by

1Our conventions for γ5 and the antisymmetric tensor ϵμνρλ are
the same as in [1,2]: γ5 ¼ þiγ0γ1γ2γ3 and ϵ0123 ¼ 1 ¼ −ϵ0123 so
that Tr½γ5γ0γ1γ2γ3� ¼ −4i.
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A1 ¼ 1þ cosh2 ψ ¼ 2

1 − ε
;

A2 ¼ −2;

A3 ¼ − sinh 2ψ cosϕh ¼ −
2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2εð1þ εÞp
1 − ε

cosϕh;

A4 ¼ sinh2 ψ cos 2ϕh ¼
2ε

1 − ε
cos 2ϕh;

A8 ¼ − sinh 2ψ sinϕh ¼ −
2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2εð1þ εÞp
1 − ε

sinϕh;

A9 ¼ sinh2 ψ sin 2ϕh ¼
2ε

1 − ε
sin 2ϕh; ð9Þ

where the ‘electron rapidity’ ψ is defined by coshψ≡
2xBSeq=Q2 − 1, and ϕh ≡ ϕ − χ is the hadron angle
relative to the lepton angle (lepton plane). We have
introduced in (9) the ratio of the longitudinal/transverse
photon fluxes,

ε ¼ 1 − y

1 − yþ y2

2

; ð10Þ

with the standard variable y ¼ P · q=P · l in DIS. Our task
is to derive the hard factor wa

μν. The transversely polarized
proton can emit either a quark (or an antiquark) or a gluon
that initiates hard scattering. We consider the quark-
initiated channel in the remainder of this section. The
gluon-initiated channel is studied in the next section.

B. Quark-initiated, quark-fragmenting channel

The basic hard scattering processes in the quark-initiated
channel include qγ� → qg and q̄γ� → q̄g, where either the
(anti)quark or the gluon in the final state fragments into the
detected hadron. We first consider the quark fragmenting
channel, namely, a ¼ q (or a ¼ q̄) in (1). The new
approach to SSAs that we pursue was originally developed
by Ratcliffe [12] and rediscovered and completed by us
[1,2]. It features the following hadronic tensor:

wq
μν¼e2q

2

Z
dxgqTðxÞSλ⊥

×
∂

∂kλ⊥
ðδððkþq−pqÞ2ÞTr½γ5=kSðqÞμν ðkÞ�Þk¼pþ���; ð11Þ

where Sμ⊥ ¼ ð0; S⃗⊥; 0Þ ¼ MNð0; cosΦS; sinΦS; 0Þ is the
spin vector of the proton with S2⊥ ¼ −M2

N . (In [2], we
adopted the normalization S2⊥ ¼ −1.) The δ function arises
from the on-shell condition for the unobserved gluon with
the momentum kþ q − pq. The distribution gTðxÞ is
defined through the matrix element,Z

dλ
4π

eiλxhPS⊥jq̄ð0Þγμ⊥γ5WqðλnÞjPS⊥i ¼ Sμ⊥g
q
TðxÞ; ð12Þ

where W denotes the Wilson line connecting ½0; λn�.
Equation (12) already shows that a transverse SSA is
proportional to the proton mass jS⊥j ¼ MN , but not the
current quark mass mq as often assumed in perturbative
calculations [5]. We set mq ¼ 0 throughout this paper.
In (11), we have employed the Wandzura-Wilczek (WW)

approximation and omitted the contribution from the
genuine twist-three qq̄g correlation functions. The full
expression can be found in [1,2]. While the truncated
formula (11) has attractive features such as gauge invariance
and infrared finiteness, strictly speaking, the WW approxi-
mation is not self-consistent. Our rationale is that, since the

hard kernel SðqÞμν is evaluated to Oðα2sÞ, the omitted terms
in (11) are formally of higher order in αs compared to the
genuine twist-three contributions previously investigated in
the literature [13–17]. The WW part, on the other hand, has
no analogue in the usual twist-three approach to SSAs.
Moreover, it can be evaluated solely from the knowledge of
twist-two PDFs. It thus deserves a focused study.
The imaginary phase necessary for a SSA arises from

internal loops in the hard kernel SðqÞμν ðkÞ. We assume that it
is symmetric in μν, because the leptonic tensor (5) is.
Thanks to the factorization property discussed in [1],

SðqÞμν ðkÞ is calculable in perturbation theory and infrared
finite.2 It starts at Oðα2sÞ and involves six topologically
different loop diagrams in the γ�q → qg amplitude. The
tree-level amplitude consists of two diagrams, so there are
12 diagrams at the squared amplitude level (see [2] for the
explicit expression). These diagrams have to be computed
for a noncolinear incoming parton momentum kμ ¼
ðxPþ; k⊥; 0Þ, and the limit k⊥ → 0 can be taken only after
the differentiation with respect to k⊥.3 In [2], we derived
(11) by brute force, taking care of the cancellation of
infrared divergences from various diagrams. The calcu-
lation was quite cumbersome, and the result has not been
checked by other means. In this paper, we present a more
efficient approach, which can be straightforwardly gener-
alized to the Drell-Yan case.

2The k⊥-derivative in (11) gives

Sλ⊥
∂

∂kλ⊥
Tr½γ5=kSðqÞμν ðkÞ�

���
k¼p

¼ Tr½γ5=S⊥SðqÞμν ðpÞ�

þ Sλ⊥Tr
�
γ5 =p

∂SðqÞμν ðkÞ
∂kλ⊥

�
k¼p

: ð13Þ

The first term alone is infrared divergent [18,19]. The divergence
is cured by the second term, which takes into account a quark
transverse momentum [1,20,21].

3More precisely, we required the on-shell condition k2 ¼ 0
in [1] for the incoming parton in the proof of gauge invariance,
which implies k− ¼ k2⊥=ð2kþÞ ≠ 0. However, k− can be ne-
glected for the present purpose, since we only keep terms linear
in k⊥.
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Our basic observation is that the symmetric tensor,

HμνðkÞ≡ Tr½γ5=kSðqÞμν ðkÞ�; ð14Þ

consists only of the three four-vectors k, q, and pq and
involves the totally antisymmetric tensor because of the
presence of γ5. Furthermore, it has to satisfy the QEDWard
identity qμHμν ¼ 0. There are only two independent tensor
structures that satisfy these criteria,

Tμν
1 ðkÞ ¼

�
kμ þ k · q

Q2
qμ
�
ϵνkqpq þ

�
kνþ k · q

Q2
qν
�
ϵμkqpq ;

Tμν
2 ðkÞ ¼

�
pμ
q þpq · q

Q2
qμ
�
ϵνkqpq þ

�
pν
q þ

pq · q

Q2
qν
�
ϵμkqpq :

ð15Þ

We can thus write

HμνðkÞ¼Tμν
1 ðkÞS1ðs̃; t̃; û;Q2ÞþTμν

2 ðkÞS2ðs̃; t̃; û;Q2Þ: ð16Þ

Thanks to the Lorentz covariance, the scalar functions S1;2
depend only on Q2 and the Mandelstam variables,

s̃¼ ðkþqÞ2; t̃¼ ðk−pqÞ2; ũ¼ ðq−pqÞ2 ¼ û; ð17Þ

which are the noncollinear generalizations of (4). In terms
of these variables, we have

δððkþ q − pqÞ2Þ ¼ δðs̃þ t̃þ û − k2 þQ2Þ: ð18Þ

Since only the terms linear in k⊥ are needed [see (11)], we
can ignore any k2 dependence in the δ function as well as
in HμνðkÞ.

Given Hμν, we invert the relation (16) to obtain S1;2 as

S1ðs̃; t̃; û;Q2Þ¼ ðH ·T1ÞðT2 ·T2Þ− ðH ·T2ÞðT1 ·T2Þ
ðT1 ·T1ÞðT2 ·T2Þ− ðT1 ·T2Þ2

;

S2ðs̃; t̃; û;Q2Þ¼ ðH ·T2ÞðT1 ·T1Þ− ðH ·T1ÞðT1 ·T2Þ
ðT1 ·T1ÞðT2 ·T2Þ− ðT1 ·T2Þ2

; ð19Þ

where a shorthand notation T1 · T2 ≡ Tμν
1 T2μν, etc., have

been introduced. The hadronic tensor is then written as

wq
μν ¼ e2q

2

Z
dxδðŝþ t̂þ ûþQ2Þ

×

�
x
dgqTðxÞ
dx

S⊥ · pq

p · ðq − pqÞ
HμνðpÞ

þ gqTðxÞ
S⊥ · pq

p · ðq − pqÞ
x
∂HμνðpÞ

∂x

þ gqTðxÞSλ⊥
�

∂

∂kλ⊥
HμνðkÞ

�
k¼p

�
; ð20Þ

which follows from (40) in [2] with the partial integration.
We now come to the actual computation of S1;2. Because

S1;2 are functions only of the Mandelstam variables s̃; t̃; ũ, it
is enough to calculate them for the special case k ¼ p,
express the result in terms of ŝ; t̂; û, and then make the
replacements ŝ; t̂; û → s̃; t̃; ũ. This is a tremendous sim-
plification compared to the brute-force calculation in [2],
especially because Hμν involves loop integrals. With this
new method, there are only two loop integrals to perform
(corresponding to Tμν

i¼1;2) relative to six in [2] (correspond-

ing to the basis tensors Ṽμν
k¼1;2;3;4;8;9). Moreover, the

integrals themselves are simpler owing to the simpler
kinematics k → p. The details of the calculation is rel-
egated to the Appendix. Here, we show the final expres-
sions,

1

g4
S1ðs̃; t̃; ũ; Q2Þ ¼ 2CF

Q2ðs̃þ t̃Þ
s̃ũ2

�
CA

s̃þQ2
− CF

3ðQ2 þ s̃Þ þ t̃
ðs̃þQ2Þ2 − ðCA − 2CFÞ

1

ũ
ln

�
−

t̃
s̃þQ2

��
;

1

g4
S2ðs̃; t̃; ũ; Q2Þ ¼ 2CF

Q2

s̃ũ2

�
CA þ CF

Q2 þ s̃þ 3t̃
s̃þQ2

þ ðCA − 2CFÞ
t̃ − ũ
ũ

ln

�
−

t̃
s̃þQ2

��
; ð21Þ

where Nc ¼ 3 is the number of colors, CF ¼ ðN2
c − 1Þ=ð2NcÞ and CA ¼ Nc. Importantly, S1;2 vanish in the photo-

production limitQ2 → 0. The vanishing is necessary in order to avoid a kinematic pole in the hard factorHμν atQ2 ¼ 0 [see
(15) and (16)]. It then immediately follows that, since the terms proportional to qμ and qν in Tμν

1;2 vanish when contracted
with the lepton tensor, asymmetries from the present mechanism (neglecting the genuine twist-three effects) are
proportional to Q2 and hence vanish at Q2 ¼ 0. Unfortunately, part of our previous result in [2] does not pass this
consistency check.
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Inserting (20) into (1), we find

d6Δσ
dxBdQ2dzfdq2Tdϕdχ

¼ α2emα
2
s

16π2x2BS
2
epQ2

MN

qT

X
q

e2q
X
k

AkSk

Z
dx
x

Z
dz
z
Dq

1ðzÞδ
�
q2T
Q2

−
�
1 −

1

x̂

��
1 −

1

ẑ

��

×

�
x2

dgqTðxÞ
dx

Δσ̂qqDk þ xgqTðxÞΔσ̂qqk
�
; ð22Þ

with the variables

x̂≡ xB
x

¼ Q2

ŝþQ2
; ẑ≡ zf

z
¼ −t̂

ŝþQ2
: ð23Þ

Following [2], we have defined the partonic cross sections in (22),

g4MN

qT
SkΔσ̂

qq
Dk ¼

S⊥ · pq

p · ðq − pqÞ
HμνðpÞṼμν

k ;

g4MN

qT
SkΔσ̂

qq
k ¼

 
S⊥ · pq

p · ðq − pqÞ
x
∂HμνðpÞ

∂x
þ
�
Sλ⊥

∂HμνðkÞ
∂kλ⊥

�
k¼p

!
Ṽμν
k ; ð24Þ

where Sk ¼ sinðΦS − χÞ for k ¼ 1; 2; 3; 4, and Sk ¼ cosðΦS − χÞ for k ¼ 8; 9. This structure arises from the property

Tμν
1;2Ṽ

k
μν ¼ 0; k ¼ 1; 2; 3; 4; ð25Þ

so that we have Δσ̂qqDk¼1;2;3;4 ¼ 0, and the explicit derivatives of the Tμν
1;2 tensors,

x
∂HμνðpÞ

∂x
¼ Tμν

1 ðpÞ
�
2S1ðŝ; t̂; û; Q2Þ þ x

∂

∂x
S1ðŝ; t̂; û; Q2Þ

�
þ Tμν

2 ðpÞ
�
S2ðŝ; t̂; û; Q2Þ þ x

∂

∂x
S2ðŝ; t̂; û; Q2Þ

�
: ð26Þ

The k⊥ derivative is evaluated as

�
Sλ⊥

∂HμνðkÞ
∂kλ⊥

�
k¼p

¼
�
Sλ⊥

∂Tμν
1 ðkÞ
∂kλ⊥

�
k¼p

S1ðŝ; t̂; û; Q2Þ þ Tμν
1 ðpÞ

�
Sλ⊥

∂

∂kλ⊥
S1ðs̃; t̃; ũ; Q2Þ

�
k¼p

þ
�
Sλ⊥

∂Tμν
2 ðkÞ
∂kλ⊥

�
k¼p

S2ðŝ; t̂; û; Q2Þ þ Tμν
2 ðpÞ

�
Sλ⊥

∂

∂kλ⊥
S2ðs̃; t̃; ũ; Q2Þ

�
k¼p

; ð27Þ

with

�
Sλ⊥

∂Tμν
1 ðkÞ
∂kλ⊥

�
k¼p

¼ Sμ⊥ϵνpqpq þ
�
pμ þ p · q

Q2
qμ
�
ϵνS⊥qpq þ ðμ ↔ νÞ;

�
Sλ⊥

∂Tμν
2 ðkÞ
∂kλ⊥

�
k¼p

¼
�
pμ
q þ pq · q

Q2
qμ
�
ϵνS⊥qpq þ

�
pν
q þ

pq · q

Q2
qν
�
ϵμS⊥qpq ¼ Tμν

2 ðS⊥Þ: ð28Þ

For the derivatives on S1;2, we exploit the fact that S1;2 are functions of the Mandelstam variables as in [22],

x
∂

∂x
¼ ðŝþQ2Þ ∂

∂ŝ
þ t̂

∂

∂t̂
; Sλ⊥

∂

∂kλ⊥
¼ −2ðS⊥ · pqÞ

∂

∂t̃
: ð29Þ

Some care is needed to implement these derivatives in practice. According to the definition (17), the k⊥ dependence of the
hard factor is solely encoded in t̃. However, if one uses the δ-function constraint s̃þ t̃þ ũ ¼ −Q2 to eliminate ũ or t̃ in
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S1;2ðs̃; t̃; ũÞ, it may seem that one could artificially modify
the k⊥ dependence. In the original prescription in [22], all
the Mandelstam variables are treated as being independent
when the hard factor is differentiated in order to avoid this
ambiguity. However, such an approach is not practical in
the present case owing to the complexity of the one-loop
diagrams. In fact, we have inserted the relation s̃þ t̃þ ũ ¼
−Q2 in (21) to simplify the calculation. This is nevertheless
justified because

�
S⊥ ·pq

p ·ðq−pqÞ
x
∂

∂x
þSλ⊥

∂

∂kλ⊥

�
ðs̃þ t̃þ ũþQ2Þ

����
k¼p

¼0; ð30Þ

and the hard factor (24) is unaffected by this ambiguity. In
other words, one can freely switch between ũ ↔ −s̃ − t̃ −
Q2 even before taking the derivatives without changing the
final result. In practice, this leads to an enormous sim-
plification especially in the Drell-Yan process, where there
are more diagrams to calculate.

The hard kernels thus obtained are given by

Δσ̂qqD8 ¼ 2CFð1 − x̂Þ
�
CAð1 − x̂Þ þ CFðx̂ − 1 − ẑþ 3x̂ ẑÞ þ ðCA − 2CFÞð1 − 2x̂Þ ẑ ln ẑ

1 − ẑ

�
Q
qT

;

Δσ̂qqD9 ¼ 2CFð1 − x̂Þ2
�
CA þ CFð1 − 3ẑÞ − ðCA − 2CFÞð1 − 2ẑÞ ln ẑ

1 − ẑ

�
Q2

q2T
;

Δσ̂qq1 ¼ −3
1 − ẑ
ẑ

Q
qT

Δσ̂qqD8;

Δσ̂qq2 ¼ −2
1 − ẑ
ẑ

Q
qT

Δσ̂qqD8;

Δσ̂qq3 ¼ −
x̂ ẑþð1 − x̂Þð1 − ẑÞ

2ð1 − x̂Þẑ Δσ̂qqD8 −
1 − ẑ
ẑ

Q
qT

Δσ̂qqD9;

Δσ̂qq4 ¼ 1 − ẑ
ẑ

Q
qT

Δσ̂qqD8 −
x̂ ẑþð1 − x̂Þð1 − ẑÞ

ð1 − x̂Þẑ Δσ̂qqD9;

Δσ̂qq8 ¼ CF
1

ẑ

�
CAð1 − x̂Þð1 − x̂þ ẑ − 4x̂ ẑÞ þ CFð−ð1 − x̂Þ2 − ẑð6 − 13x̂Þð1 − x̂Þ þ ẑ2ð3þ x̂ð−11þ 6x̂ÞÞÞ

þ ðCA − 2CFÞð3 − ẑþ x̂ð−7þ 4x̂þ 2ẑÞÞ ẑ ln ẑ
1 − ẑ

�
Q
qT

;

Δσ̂qq9 ¼ −2CF
1 − x̂
ẑ

�
CAð1 − x̂Þð1 − 2ẑÞ þ CFð−4þ ẑð11 − 5ẑÞ þ x̂ð4 − 3ẑð3 − ẑÞÞÞ

þ ðCA − 2CFÞð1 − ẑð3 − ẑÞ − x̂ð1 − 2ẑÞÞ ln ẑ
1 − ẑ

�
Q2

q2T
: ð31Þ

The same expressions hold for the antiquark-initiated channels Δσ̂q̄ q̄ ¼ Δσ̂qq. The coefficients Δσ̂1;…;4 have been
conveniently written as the linear combinations of Δσ̂qqD8 and Δσ̂qqD9. This is thanks to the fact that the relations in (24) for
k ¼ 1; 2; 3; 4 take a special form,

g4MN

qT
SkΔσ̂

qq
k ¼

��
Sλ⊥

∂T1;μνðkÞ
∂kλ⊥

�
k¼p

S1ðŝ; t̂; û; Q2Þ þ
�
Sλ⊥

∂T2;μνðkÞ
∂kλ⊥

�
k¼p

S2ðŝ; t̂; û; Q2Þ
	
Ṽμν
k ; ð32Þ

so the hard coefficients Δσ̂qqk , k ¼ 1;…; 4 are the linear combinations of S1;2 just like Δσ̂
qq
D8;9 [see Eq. (24)]. We also find

Δσ̂qq2 ¼ 2Δσ̂qq1 =3. It follows by noticing Ṽμν
2 ¼ 2

3
Ṽμν
1 þ ZμZν þ gμν, where the extra terms, ZμZν and gμν, decouple owing to

the QED Ward identity and to gμνT
μν
1;2ðkÞ ¼ 0, respectively.

Compared with our previous result in [2], an exact agreement for Δσ̂qq2 and Δσ̂qqDk (k ¼ 8, 9) has been confirmed.
However, for Δσ̂qq1;3;4;8;9, only the logarithmic terms agree, and the remainders are different. In particular, Δσ̂qq1 in [2] does
not vanish in the photoproduction limit Q ¼ 0, in contradiction with the general observation made below (21).
As a nontrivial check of our revised formulas in (31), it is useful and instructive to make a connection to the longitudinal

single spin asymmetry recently discussed in [3], which is associated with a longitudinally polarized proton with the spin
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vector Sμ ≈ δμþSþ. In this case, the hadronic tensor is given by

wq
μν ¼ 1

2

Sþ

Pþ e2q

Z
dx
x
ΔqðxÞδððpþ q − pqÞ2ÞTr½γ5 =pSðqÞμν ðpÞ�; ð33Þ

where ΔqðxÞ is the polarized quark PDF. The hard factor SðqÞμν is in fact exactly the same as for a transverse SSA (11).
However, there is no parton transverse momentum k⊥ involved in the longitudinal case; namely, the observable is purely
twist two. Inserting (33) into (1) and using (14) and (16), we find that only the k ¼ 8; 9 harmonics survive,

d6Δσ
dxBdQ2dzfdq2Tdϕdχ

¼ α2emα
2
s

16π2x2BS
2
epQ2

X
q

e2q

Z
dz
z
dx
x
Dq

1ðzÞΔqðxÞδ
�
q2T
Q2

−
�
1 −

1

x̂

��
1 −

1

ẑ

��

× ð−A8Δσ̂
qq
L8 þA9Δσ̂

qq
L9Þ; ð34Þ

where

g4Δσ̂qqL8 ≡ −HμνðpÞṼμν
8 ;

g4Δσ̂qqL9 ≡HμνðpÞṼμν
9 : ð35Þ

Switching the variables as dq2T ¼ dP2
hT=z

2
f, dQ

2 ¼ xBSepdy and integrating over χ, we arrive at

d5Δσ
dxBdydzfdP2

hTdϕh
¼ πα2em

xBzfQ4

y
1 − ε

X
q

e2q

Z
dx̂
x̂
Δq
�
xB
x̂

�
dẑ
ẑ
Dq

1

�
zf
ẑ

�
δ

�
q2T
Q2

−
�
1 −

1

x̂

��
1 −

1

ẑ

��

×
�
αs
2π

�
2h ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2εð1þ εÞ
p

Δσ̂qqL8 sinϕh þ εΔσ̂qqL9 sinð2ϕhÞ
i
: ð36Þ

Comparing the above expression to (2) and (4) in [3], we identify e2qΔσ̂
qq
L8 ¼ Csinϕh;q→q

UL and e2qΔσ̂
qq
L9 ¼ Csin 2ϕh;q→q

UL , with
CUL’s being given in (18) and (19) in [3]. We find a complete agreement with our result including the sign. Indeed, it follows
from (24) and (25) that

Δσ̂qqD8;9 ¼ �2ð1 − x̂ÞΔσ̂qqL8;9; ð37Þ

namely, the hard coefficients in the longitudinal SSA and (part of) transverse SSA are proportional to each other as already
noticed in [3].

C. Quark-initiated, gluon-fragmenting channel

Next we investigate the gluon fragmentation channel γ�q → qg with g → h. In this case, we write
lμ1 ≡ kμ þ qμ − pμ

q ¼ Pμ
h=z, instead of pμ

q ¼ Pμ
h=z. It is convenient to employ the same tensor decomposition for the

hard part as in (16), because the hard factors S1;2 can then be simply obtained from (21) by the crossing t̃ ↔ ũ. For the cross
section, we apply the replacement pq → l1 everywhere in (22) to get

d6Δσ
dxBdQ2dzfdq2Tdϕdχ

¼ α2emα
2
s

16π2x2BS
2
epQ2

MN

qT

X
q

e2q
X
k

AkSk

Z
dx
x

Z
dz
z
Dg

1ðzÞδ
�
q2T
Q2

−
�
1 −

1

x̂

��
1 −

1

ẑ

��

×

�
x2

dgqTðxÞ
dx

Δσ̂qgDk þ xgqTðxÞΔσ̂qgk
�
; ð38Þ

where the hard coefficients are defined as
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g4MN

qT
SkΔσ̂

qg
Dk ¼

S⊥ · l1
p · ðq − l1Þ

HμνðpÞṼμν
k ;

g4MN

qT
SkΔσ̂

qg
k ¼

�
S⊥ · l1

p · ðq − l1Þ
x
∂

∂x
HμνðpÞ þ

�
Sλ⊥

∂

∂kλ⊥
HμνðkÞ

�
k¼p

�
Ṽμν
k : ð39Þ

To perform the above contractions, the expressions for Ṽμν
k in the partonic variables need to be adjusted accordingly by

applying pμ
q → lμ1 to (8). To compute the derivatives, we write Tμν

1;2ðkÞ in terms of l1 by substituting pq ¼ kþ q − l1,

Tμν
1 ðkÞ ¼ −

�
kμ þ k · q

Q2
qμ
�
ϵνkql1 −

�
kν þ k · q

Q2
qν
�
ϵμkql1 ;

Tμν
2 ðkÞ ¼ −

�
kμ − lμ1 þ

ðk − l1Þ · q
Q2

qμ
�
ϵνkql1 −

�
kν − lν1 þ

ðk − l1Þ · q
Q2

qν
�
ϵμkql1 ; ð40Þ

which lead to

x
∂Tμν

1 ðpÞ
∂x

¼ pλ ∂T
μν
1 ðpÞ
∂pλ ¼ 2Tμν

1 ðpÞ;

x
∂Tμν

2 ðpÞ
∂x

¼ pλ ∂T
μν
2 ðpÞ
∂pλ ¼ Tμν

1 ðpÞ þ Tμν
2 ðpÞ; ð41Þ

and �
Sλ⊥

∂Tμν
1 ðkÞ
∂kλ⊥

�
k¼p

¼ −Sμ⊥ϵνpql1 −
�
pμ þ p · q

Q2
qμ
�
ϵνS⊥ql1 þ ðμ ↔ νÞ;

�
Sλ⊥

∂Tμν
2 ðkÞ
∂kλ⊥

�
k¼p

¼ −Sμ⊥ϵνpql1 −
�
pμ − lμ1 þ

ðp − l1Þ · q
Q2

qμ
�
ϵνS⊥ql1 þ ðμ ↔ νÞ: ð42Þ

The explicit expressions for the hard coefficients are found to be

Δσ̂qgD8 ¼ −2CF
ð1 − x̂Þð1 − ẑÞ

ẑ

�
CAð1 − x̂Þ þ CFð−3x̂ ẑ þ 4x̂þ ẑ − 2Þ þ ðCA − 2CFÞð1 − 2x̂Þ ð1 − ẑÞ lnð1 − ẑÞ

ẑ

�
Q
qT

;

Δσ̂qgD9 ¼ 2CF
ð1 − x̂Þ2ð1 − ẑÞ2

ẑ2

�
CA − CFð2 − 3ẑÞ þ ðCA − 2CFÞð1 − 2ẑÞ lnð1 − ẑÞ

ẑ

�
Q2

q2T
;

Δσ̂qg1 ¼ −3
1 − ẑ
ẑ

Q
qT

Δσ̂qgD8;

Δσ̂qg2 ¼ −2
1 − ẑ
ẑ

Q
qT

Δσ̂qgD8;

Δσ̂qg3 ¼ −
x̂ ẑþð1 − x̂Þð1 − ẑÞ

2ð1 − x̂Þẑ Δσ̂qgD8 −
1 − ẑ
ẑ

Q
qT

Δσ̂qgD9;

Δσ̂qg4 ¼ 1 − ẑ
ẑ

Q
qT

Δσ̂qgD8 −
x̂ ẑþð1 − x̂Þð1 − ẑÞ

ð1 − x̂Þẑ Δσ̂qgD9;

Δσ̂qg8 ¼ CF
1 − ẑ
ẑ2

�
CAð1 − x̂Þð4x̂ ẑ−7x̂ − ẑþ 3Þ þ CFððx̂ð6x̂ − 11Þ þ 3Þẑ2 þ x̂ð7x̂ − 6Þẑþ 2ð11 − 8x̂Þx̂þ ẑ − 6Þ

þ ðCA − 2CFÞðx̂ð8x̂ − 2ẑ − 11Þ þ ẑþ 3Þ ð1 − ẑÞ lnð1 − ẑÞ
ẑ

�
Q
qT

;

Δσ̂qg9 ¼ 2CF
ð1 − x̂Þð1 − ẑÞ2

ẑ3

�
2CAð−x̂ ẑþx̂þ ẑ − 1Þ þ CFðx̂ð3ẑðẑþ 2Þ − 4Þ − ẑð5ẑþ 4Þ þ 4Þ

þ ðCA − 2CFÞðx̂ð2 − 4ẑÞ þ ẑðẑþ 3Þ − 2Þ lnð1 − ẑÞ
ẑ

�
Q2

q2T
: ð43Þ
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It is seen that the coefficients Δσ̂qg2 and Δσ̂qgDk with k ¼ 8; 9
match exactly (56) in [2]. As to Δσ̂qg1;3;4;8;9, only the
logarithmic terms agree, with the remainder being different.
We have explicitly cross-checked that starting from our
results for Hμν and calculating the longitudinal SSAs, the
resultant hard coefficients [proportional toΔσ̂qgD8;9, cf., (37)]
agree exactly with those obtained in [3]. Note thatΔσ̂D8;9 in
(31) and (43) are related by the crossing symmetry (up to a
minus sign for Δσ̂D8) [3],

t̂ → û; ẑ→ 1− ẑ; qT ∝
ffiffiffiffiffiffiffiffiffiffi
1− ẑ
ẑ

r
→

ẑ
1− ẑ

qT: ð44Þ

Interestingly, this symmetry does not hold for Δσ̂1;2;3;4;8;9,
since a transverse SSA involves the derivative of a hard
factor. More specifically, the derivatives of T2 for k ¼
1; 2; 3; 4 in (28) and (42) cannot be exactly mapped onto
each other by the replacement pq → pþ q − l1. As for
k ¼ 8, 9, Δσ̂8;9 contain the derivatives of S1;2.

III. SSA IN SIDIS, GLUON-INITIATED CHANNEL

In the previous section, we have assumed that the
transversely polarized proton emits a quark (or an anti-
quark). As it emits a gluon, there is a new contribution to a
SSA proportional to the G3TðxÞ distribution [23,24],4Z

dλ
2π

eixλhPS⊥jFnαð0ÞWFnβðλnÞjPS⊥i

¼ −
i
2

Sþ

Pþ xΔGðxÞϵαβPn − ixG3TðxÞϵαβS⊥n þ � � � ; ð45Þ

which is the gluonic analog of the gTðxÞ distribution. The
relevant diagrams that provide an imaginary phase have
been identified and computed in [2]. In this section, we
revisit the calculation following the new approach intro-
duced in the previous section.

A. Gluon-initiated, quark-fragmenting channel

Our starting point is (32) in [2],

wg
μν ¼ ie2q

Z
dx
x
G3TðxÞδððpþ q − pqÞ2ÞϵnαβS⊥SðgÞα

0β0
μν ðpÞωα0αωβ0β

− ie2q

Z
dxG3TðxÞ



gβλ⊥ ϵαPnS⊥ − gαλ⊥ ϵβPnS⊥

�
∂

∂kλ⊥



δððkþ q − pqÞ2ÞSðgÞμναβðkÞ

�
k¼p

; ð46Þ

where gμν⊥ ¼ gμν − Pμnν − nμPν and ωμν ¼ gμν − Pμnν, and
α and β are the polarization indices of the gluon in the
complex-conjugate amplitude and in the amplitude, re-

spectively. The explicit expression of the hard factor SðgÞμναβ

is referred to (58)–(61) of [2]. We rewrite (46) in a way
similar to (11). For the first term, we use the identity,

ϵnαβS⊥SðgÞα
0β0

μν ωα0αωβ0β ¼ ϵnPβS⊥SðgÞμνnβ − ϵnPαS⊥SðgÞμναn

¼ −ϵαβS⊥nSðgÞμναβ; ð47Þ

where the second equality follows from the Schouten
identity,

ðP · nÞϵαβS⊥n ¼ nαϵPβS⊥n þ nβϵαPS⊥n: ð48Þ

Applying also the Schouten identity to the second term
of (46), we obtain a compact formula,

wg
μν ¼ −ie2q

Z
dx
x
G3TðxÞSλ⊥

∂

∂kλ⊥
× ðδððkþ q − pqÞ2ÞϵαβknSðgÞμναβðkÞÞk¼p

: ð49Þ

We then notice that in the present approximation k2 ≈ 0, it
is permissible to write

ðk · qÞϵαβknSðgÞμναβðkÞ ¼ ðk · nÞϵαβkqSðgÞμναβðkÞ; ð50Þ

where we have employed the Schouten identity and the

Ward identity kαSðgÞμναβ ¼ kβSðgÞμναβ ¼ 0 again. This allows us
to write,

wg
μν ¼ e2q

Z
dxG3TðxÞSλ⊥

∂

∂kλ⊥

×

�
δððkþq−pqÞ2Þ

−2i
s̃þQ2

ϵαβkqSðgÞμναβðkÞ
�

k¼p
; ð51Þ

for k · n=k · q ¼ 2x=ðs̃þQ2Þ commutes with the k⊥
derivative. The form (51) is convenient with the hard part
in the brackets consisting only of the vectors k, q, and pq,
so the same argument leading to (16) holds; we employ the
trick (50) to eliminate the vector n from the antisymmetric
tensor. We then have the parametrization,

4Note the absence of the factor 1=2 in our definition of G3T ,
because of which the cross section formulas obtained below have
different overall coefficients compared to those in other channels.
Nevertheless, we stick to the original normalization in our
previous works.
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HðgÞ
μν ðkÞ≡ −2i

s̃þQ2
ϵαβkqSðgÞμναβðkÞ

¼ T1μνðkÞSðgÞ1 ðs̃; t̃; û; Q2Þ þ T2μνðkÞSðgÞ2 ðs̃; t̃; û; Q2Þ; ð52Þ

with the same tensors Tμν
1;2 as in (15).

Analogous to the quark-initiated case, (51) yields the contribution to the cross section,

d6Δσ
dxBdQ2dzfdq2Tdϕdχ

¼ α2emα
2
s

8π2x2BS
2
epQ2

MN

qT

X
q

e2q
X
k

AkSk

Z
dx
x

Z
dz
z
Dq

1ðzÞδ
�
q2T
Q2

−
�
1 −

1

x̂

��
1 −

1

ẑ

��

×

�
x2

dG3TðxÞ
dx

Δσ̂gqDk þ xG3TðxÞΔσ̂gqk
�
; ð53Þ

where the summation is over the quark and antiquark flavors q. The hard coefficients are defined as

g4MN

qT
SkΔσ̂

gq
Dk ¼

S⊥ · pq

p · ðq − pqÞ
HðgÞ

μν ðpÞṼμν
k ;

g4MN

qT
SkΔσ̂

gq
k ¼

 
S⊥ · pq

p · ðq − pqÞ
x
∂HðgÞ

μν ðpÞ
∂x

þ
�
Sλ⊥

∂HðgÞ
μν ðkÞ
∂kλ⊥

�
k¼p

!
Ṽμν
k : ð54Þ

As in [2], we evaluate SðgÞ1;2 analytically. Again thanks to the new method, the calculation is much simpler. We omit the
detailed derivation, since it is similar to the quark case as explained in the Appendix. The result is given by

1

g4
SðgÞ1 ðs̃; t̃; û; Q2Þ ¼ 2TRðCA − 2CFÞ

Q2

t̃3û3

�
t̃ û

ðs̃þQ2Þ2 ððt̃
2 − û2Þðs̃þ t̃Þ þ 2t̃2ûÞ

þ t̃2ðt̃þ s̃Þ ln
�
−

t̃
Q2 þ s̃

�
þ û2ðt̃ − s̃Þ ln

�
−

û
Q2 þ s̃

��
;

1

g4
SðgÞ2 ðs̃; t̃; û; Q2Þ ¼ 2TRðCA − 2CFÞ

Q2ðs̃þQ2Þ
t̃3û3

�
t̃ û

ðs̃þQ2Þ2 ðt̃
2 þ û2Þ

þ t̃2 ln

�
−

t̃
Q2 þ s̃

�
þ û2 ln

�
−

û
Q2 þ s̃

��
; ð55Þ

from which we arrive at

Δσ̂gqD8 ¼ 2TRðCA − 2CFÞ
ð1 − x̂Þ2

ẑ2

�
x̂ ẑð1 − 2ẑÞ − ð1 − x̂Þ lnð1 − ẑÞ þ ð1 − x̂Þ ẑ ln ẑ

1 − ẑ

�
Q
qT

;

Δσ̂gqD9 ¼ −2TRðCA − 2CFÞ
ð1 − x̂Þ3

ẑ2

�
2ẑð1 − ẑÞ − 1 −

ð1 − ẑÞ lnð1 − ẑÞ
ẑ

−
ẑ ln ẑ
1 − ẑ

�
Q2

q2T
;

Δσ̂gq1 ¼ −3
1 − ẑ
ẑ

Q
qT

Δσ̂gqD8;

Δσ̂gq2 ¼ −2
1 − ẑ
ẑ

Q
qT

Δσ̂gqD8;

Δσ̂gq3 ¼ −
x̂ ẑþð1 − x̂Þð1 − ẑÞ

2ð1 − x̂Þẑ Δσ̂gqD8 −
1 − ẑ
ẑ

Q
qT

Δσ̂gqD9;

Δσ̂gq4 ¼ 1 − ẑ
ẑ

Q
qT

Δσ̂gqD8 −
x̂ ẑþð1 − x̂Þð1 − ẑÞ

ð1 − x̂Þẑ Δσ̂gqD9;

BENIĆ, HATTA, KAUSHIK, and LI PHYS. REV. D 109, 074038 (2024)

074038-10



Δσ̂gq8 ¼ TRðCA − 2CFÞ
1 − x̂
ẑ3

�
ẑð4þ x̂ð−11þ ẑþ 2ẑ2 þ x̂ð7 − 4ẑ2ÞÞÞ

þ ð1 − x̂Þð3 − 3ẑ − x̂ð5 − 2ẑÞÞ lnð1 − ẑÞ þ ð1 − x̂Þð−1þ x̂þ 3ẑ − 2x̂ ẑÞ ẑ ln ẑ
1 − ẑ

�
Q
qT

;

Δσ̂gq9 ¼ 2TRðCA − 2CFÞ
ð1 − x̂Þ2

ẑ3

�
−2þ 3ẑ − ð1 − ẑÞð−2x̂þ x̂ ẑ−2ẑ2ð1 − x̂ÞÞ

− ð2 − x̂ð2 − ẑÞ − 2ẑÞ ð1 − ẑÞ lnð1 − ẑÞ
ẑ

− ð1 − x̂ − ẑð2 − x̂ÞÞ ẑ ln ẑ
1 − ẑ

�
Q2

q2T
; ð56Þ

with TR ¼ 1=2. It is noticed that the hard coefficientsΔσ̂gq2;9 andΔσ̂
gq
Dk, k ¼ 8; 9, agree exactly with (66) and (67) in [2] (after

the adjustment of the conventional factor of 2). The logarithmic terms of the coefficients Δσ̂gq1;3;4;8 agree with (67) in [2], but
the remainder is different.

B. Gluon-initiated, antiquark-fragmenting channel

The hard coefficients in the antiquark fragmenting channel g → q̄ → h are written as [cf. (54)],

g4MN

qT
SkΔσ̂

gq̄
Dk ¼

S⊥ · l1
p · ðq − l1Þ

HðgÞ
μν ðpÞṼμν

k ;

g4MN

qT
SkΔσ̂

gq̄
k ¼

 
S⊥ · l1

p · ðq − l1Þ
x
∂

∂x
HðgÞ

μν ðpÞ þ
�
Sλ⊥

∂

∂kλ⊥
HðgÞ

μν ðkÞ
�
k¼p

!
Ṽμν
k ; ð57Þ

where lμ1 ¼ Pμ
h=z and the crossing t̃ ↔ ũ is implied inHðgÞ

μν .
Performing the derivatives as in (41) and (42), we obtain
the hard coefficients,

Δσ̂gq̄Dk ¼ Δσ̂gqDk; Δσ̂gq̄k ¼ Δσ̂gqk : ð58Þ

The result for Δσ̂gq̄D8;9 can be inferred in a way which
manifests the crossing symmetry under (44),

Δσ̂gq̄D8;9ðx̂; ẑÞ ¼∓ Δσ̂gqD8;9ðx̂; 1 − ẑÞjqT→ẑqT=ð1−ẑÞ: ð59Þ

C. Comparison to the longitudinal polarization case

It is again illustrative to make a comparison to the case
with a longitudinally polarized proton, where the hadronic
tensor takes the form [cf. (49)],

wg
μν ¼ −i

e2q
2

Sþ

Pþ

Z
dx
x
ΔGðxÞϵαβPnSðgÞμναβðpÞ

¼ e2q
2

Sþ

Pþ

Z
dx
x
ΔGðxÞHðgÞ

μν ðpÞ: ð60Þ

Inserting HðgÞ
μν ðpÞ derived above, we find a formula

analogous to (36) with the replacement ΔqðxÞ → ΔGðxÞ.

It is seen from (54) that the hard coefficients Δσ̂gqL8;9 are
related to Δσ̂gqD8;9 via

Δσ̂gqD8;9 ¼ �2ð1 − x̂ÞΔσ̂gqL8;9: ð61Þ

We observe a perfect agreement Δσ̂gqL8 ¼ Csinϕh
UL and

Δσ̂gqL9 ¼ Csinð2ϕhÞ
UL , where CUL’s are given in (18) and (19)

(with g → q) in [3]. In the antiquark fragmentation channel,

Δσ̂gq̄L8;9ðx̂; ẑÞ ¼ Δσ̂gqL8;9ðx̂; ẑÞ ¼∓ Δσ̂gqL8;9ðx̂; 1 − ẑÞjqT→ ẑ
1−ẑqT

;

ð62Þ

also confirms the consistency with [3].

IV. SSA IN DRELL-YAN PROCESS

The new mechanism to generate transverse SSAs in
SIDIS described in the previous sections has a direct
counterpart in the Drell-Yan process, as the two processes
are related by crossing symmetry. In this section, we
show that the gTðxÞ and G3TðxÞ distributions generate
SSAs in the polarized Drell-Yan process pp↑ → lþl−X or
p̄p↑ → lþl−X. The theoretical framework is entirely
similar to that for SIDIS, but there are practical differences
owing to the timelike/spacelike nature of a virtual photon.
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A. Setup

We first review the basics of the unpolarized Drell-Yan
process pp → γ�X → lþl−X and set up our notations. The
important subprocesses include the qq̄ annihilation qðpÞ þ
q̄ðp0Þ → γ�ðqÞgðpþ p0 − qÞ and the Compton scattering
qðpÞ þ gðp0Þ → γ�ðqÞqðpþ p0 − qÞ, followed by the sub-
sequent decay of the timelike virtual photon γ�ðqÞ →
lþðl1Þl−ðl2Þ with q2 ¼ Q2 > 0. Here, we assign
pμ ¼ xPμ, p0μ ¼ x0P0μ, p2 ¼ p02 ¼ 0, l21 ¼ l22 ¼ 0, and
the center-of-mass energy s ¼ ðPþ P0Þ2 ≈ 2P · P0. We
assume that the photon transverse momentum is large,
q⊥ ≫ ΛQCD, so that collinear factorization is applicable,
but do not assume a particular ordering between q⊥ and Q.
The partonic Mandelstam variables are defined as

ŝ¼ðpþp0Þ2¼xx0s; t̂¼ðp−qÞ2; û¼ðp0−qÞ2: ð63Þ

We parametrize the virtual photon momentum in the
proton-proton center-of-mass frame as

qμ ¼ ðqþ; q⃗⊥; q−Þ; q� ¼ m⊥ffiffiffi
2

p e�y; ð64Þ

wherem⊥ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2 þ q2⊥

p
is the transverse mass, and y is the

rapidity. The following relations are useful:

ŝþ t̂þ û¼Q2; q2⊥¼ t̂ û
ŝ
; m2⊥¼ðŝþ t̂Þðŝþ ûÞ

ŝ
: ð65Þ

The differential cross section is given by

dσ ¼ e4

2sQ4

d3l1d3l2
ð2πÞ32l01ð2πÞ32l02

LμνWμν; ð66Þ

where the hadronic and leptonic tensors take the form,

Wμν ¼
Z

d4ye−iq·yhPP0jJμðyÞJνð0ÞjPP0i;

Lμν ¼ 4ðlμ1lν2 þ lν1l
μ
2 − gμνl1 · l2Þ ¼ 2ðqμqν − lμlν − q2gμνÞ;

ð67Þ

with l≡ l1 − l2. Inserting 1 ¼ R d4qδð4Þðq − l1 − l2Þ and
integrating over the phase space of the dilepton, we get

dσ
d4q

¼ 4πα2em
3sQ4ð2πÞ4 ðq

μqν − q2gμνÞWμν ¼
4πα2em

3sQ2ð2πÞ4 W
μνð−gμνÞ

¼ 4πα2em
3sQ2Nc

αs
2π2

Z
dx
x
dx0

x0
X
q

e2qðσqq̄qðxÞq̄ðx0Þ þ σqgqðxÞGðx0Þ þ σgqGðxÞqðx0ÞÞδðŝþ t̂þ û −Q2Þ: ð68Þ

The second line shows the QCD factorization formula for the unpolarized cross section with the summation over
q ¼ u; d; ū; d̄;…. The lowest-order cross sections for the qq̄ → γ�g and qg → γ�q subprocesses are

σqq̄ ¼ 2CF

�
û
t̂
þ t̂
û
þ 2Q2ŝ

û t̂

�
; σqg ¼ 2TR

�
ŝ
−t̂

þ −t̂
ŝ
−
2Q2û
ŝ t̂

�
; σgq ¼ 2TR

�
ŝ
−û

þ −û
ŝ

−
2Q2 t̂
ŝ û

�
: ð69Þ

As we see in the following subsections, it is necessary to
keep the dependence on lepton angles in order to have
nonvanishing SSAs from the present mechanism. We thus
return to (66) and work in the so-called Collins-Soper (CS)
frame [25], in which experimental data are commonly
presented. In the CS frame, qμ ¼ ðQ; 0; 0; 0Þ, and the
lepton momenta take the form,

lμ1 ¼
Q
2
ð1;sinθcs cosϕcs;sinθcs sinϕcs;cosθcsÞ;

lμ2 ¼
Q
2
ð1;−sinθcs cosϕcs;−sinθcs sinϕcs;−cosθcsÞ: ð70Þ

We thus have

d3l1d3l2
l01l

0
2

¼ d3qd3ðl1−l2
2
Þ

ðl01Þ2
¼ 1

2
d4qdΩ; ð71Þ

and

dσ
d4qdΩ

¼ α2em
64π4sQ4

LμνWμν; ð72Þ

with dΩ ¼ d cos θcsdϕcs. In complete analogy to the SIDIS
case (6)–(9), we decompose the lepton tensor (67) in this
frame as [26–28]

Lμν ¼ 2Q2
X
k

AkṼ
μν
k ; ð73Þ
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where

A1 ¼ 1þ cos2 θcs;

A2 ¼ −2;

A3 ¼ sin 2θcs cosϕcs;

A4 ¼ sin2θcs cos 2ϕcs;

A8 ¼ − sin 2θcs sinϕcs;

A9 ¼ sin2 θcs sin 2ϕcs; ð74Þ

and

Ṽμν
1 ¼ 1

2
ðXμXν þ YμYν − 2ZμZνÞ;

Ṽμν
2 ¼ −ZμZν;

Ṽμν
3 ¼ −

1

2
ðZμXν þ XμZνÞ;

Ṽμν
4 ¼ 1

2
ð−XμXν þ YμYνÞ;

Ṽμν
8 ¼ 1

2
ðZμYν þ YμZνÞ;

Ṽμν
9 ¼ −

1

2
ðXμYν þ YμXνÞ: ð75Þ

In the above expressions the orthonormal vectors T, X, Y, Z coincide with Tμ ¼ ð1; 0; 0; 0Þ, Xμ ¼ ð0; 1; 0; 0Þ, Yμ ¼
ð0; 0; 1; 0Þ and Zμ ¼ ð0; 0; 0; 1Þ in the CS frame. In generic frames, we may write

Tμ ¼ qμ

Q
;

Zμ ¼ 2

sm⊥
�ðq · P0ÞP̃μ − ðq · PÞP̃0μ
 ¼ 2

ŝm⊥
�ðq · p0Þp̃μ − ðq · pÞp̃0μ
;

Xμ ¼ −
2Q

sq⊥m⊥
�ðq · P0ÞP̃μ þ ðq · PÞP̃0μ
 ¼ −

2Q
ŝq⊥m⊥

�ðq · p0Þp̃μ þ ðq · pÞp̃0μ
;
Yμ ¼ −ϵμνρσXνZρTσ; ð76Þ

with P̃μ ¼ Pμ − P · qqμ=q2, etc.

B. Quark-initiated channel: qq̄ annihilation

We now turn to SSAs, assuming that the proton
with momentum Pμ ≈ δμþPþ is transversely polarized.
It emits either a quark or a gluon, which participates in
hard scattering. In the collinear kinematics with
q⊥ ≫ ΛQCD, it has been known that SSAs can arise from
the genuine twist-three qq̄g and ggg correlation functions
[14,16,29,30]. We first demonstrate that the gTðxÞ dis-
tribution gives rise to a novel source of SSAs, considering
the case in which the polarized proton emits a quark. The
unpolarized proton emits either an antiquark to proceed
with the qq̄ annihilation or a gluon to proceed with the
Compton scattering. These two cases are studied sepa-
rately in this and the next subsections.
The derivation of SSAs is completely parallel with

that in SIDIS [1]. In the annihilation channel qq̄ → γ�g,
by following the same steps as in [1] with trivial
modifications, we can immediately derive the hadronic
tensor [cf. (11)],

Wqq̄
μν ¼

X
q

e2q
4Nc

Z
dxgqTðxÞ

Z
dx0

x0
q̄ðx0ÞSλ⊥

×
∂

∂kλ⊥
ðδððkþ p0 − qÞ2ÞTr½γ5=kSqq̄μνðkÞ�Þk¼p þ � � � ;

ð77Þ

where again the genuine twist-three correlators have been
neglected. The diagrams contributing to the hard factors
Sqq̄ have been identified in [31] in the context of
longitudinal SSAs and are displayed in Fig. 1. For trans-
verse SSAs, the same set of diagrams are relevant, except
that we have to compute them for the noncollinear
incoming parton momentum kμ ¼ ðxPþ; k⊥; 0Þ.
We adopt the same strategy as in SIDIS; the available

vectors to construct Sqq̄μν are k, p0 and q, and Sqq̄μν has to
satisfy the Ward identity qμSqq̄μν ¼ 0. After tracing with a γ5,
the only allowed tensor structures are
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Hqq̄
μν ≡ Tr½γ5=kSqq̄μνðkÞ� ¼ Aqq̄ðs̃; t̃; ũÞ

��
kμ −

q · k
q2

qμ

�
ϵkqp

0
ν þ

�
kν −

q · k
q2

qν

�
ϵkqp

0
μ

�

þ Bqq̄ðs̃; t̃; ũÞ
��

p0
μ −

q · p0

q2
qμ

�
ϵkqp

0
ν þ

�
p0
ν −

q · p0

q2
qν

�
ϵkqp

0
μ

�
≡ Aqq̄T 1

μνðkÞ þ Bqq̄T 2
μνðkÞ; ð78Þ

where s̃; t̃; ũ are the noncollinear (p → k) versions of the
Mandelstam variables in (63). An immediate consequence
of (78) is that

gμνWqq̄
μνðkÞ ¼ 0; ð79Þ

namely, the spin-dependent contribution to the cross
section (68) integrated over the lepton phase space van-
ishes. This explains why we need to keep the lepton angles.
In contrast, SSAs from the genuine twist-three correlation
functions [14,16,29,30] do not vanish after the integration
over the lepton angles, which take the form dΔσ ∼ S⃗⊥ × q⃗⊥
in the laboratory frame.
Concerning the coefficients Aqq̄ and Bqq̄, again it is

enough to compute them for the collinear kinematics in (63)

and then implement the replacement ŝ; t̂; û → s̃; t̃; ũ. In the
case of SIDIS discussed in the previous section, we have
calculated the hard factors analytically and demonstrated the
efficiency of our new approach. For the Drell-Yan process,
in order to save even more efforts and reduce the risk of
algebraic errors, we opt to evaluate them using the
Mathematica package ‘Package-X’ [32]. This allows us to
directly obtain the imaginary part of each diagram as a
discontinuity in the kinematical variables. The diagrams 1
and 2 in Fig. 1 have cuts in both ŝ > 0 andQ2 > 0 that need
to be added. The diagrams 3, 4, and 5 have cuts only in
Q2 > 0. By default, individual diagrams are computed in
4 − 2ϵ dimensions in Package-X and typically contain 1=ϵ
poles even in the imaginary parts. These poles must cancel in
the end, serving as a consistency check of the result. We find

Aqq̄ðs̃; t̃; ũÞ ¼ g4CF

�
CF

2Q2ð3Q4 − s̃2 − 6Q2 t̃ − 2s̃ t̃þ2t̃2Þ
ðs̃þ t̃Þðs̃þ ũÞ2 t̃ ũ

− ðCA − 2CFÞ
2Q2

t̃2ũ2

�
Q2ðt̃ − ũÞ − 2t̃ðs̃þ t̃Þ

s̃þ ũ
−
ðs̃þ t̃Þt̃

ũ
ln

s̃
s̃þ ũ

−
ðs̃ − t̃Þũ

t̃
ln

s̃
s̃þ t̃

	�
; ð80Þ

and Bqq̄ðs̃; t̃; ũÞ ¼ Aqq̄ðs̃; ũ; t̃Þ. Note that Aqq̄ and Bqq̄ are proportional to Q2, so transverse SSAs vanish in real photon
(‘direct’ photon) production with Q2 ¼ 0, similar to the SIDIS case.5 The same observation holds for the other channels
discussed below. This is not the case for SSAs from the genuine twist-three distributions [14,16,29,30].

FIG. 1. A class of one-loop diagrams in the qq̄ → gγ� channel that contain imaginary parts. The short blue fermion lines denote the
lepton pair from the virtual photon via γ� → lþl−.

5Strictly speaking, the CS frame is not defined for Q ¼ 0. However, since the hard coefficients are Lorentz invariant, one can still
conclude that transverse SSAs vanish in the laboratory frame.
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C. Quark-initiated channel: Compton scattering

Another important subprocess in the Drell-Yan process is
the Compton scattering qg → γ�q, where the gluon comes
from the unpolarized proton. The corresponding hadronic
tensor takes the form,

WC
μν ¼

X
q

e2q
4Nc

Z
dx

dx0

x0
gqTðxÞGðx0ÞSλ⊥

×
∂

∂kλ⊥
ðδðs̃þ t̃þ ũ −Q2ÞTr½γ5=kSCμνðkÞ�Þk¼p; ð81Þ

with the unpolarized gluon PDF GðxÞ. As in (78), we adopt
the parametrization,

HC
μν ≡ Tr½γ5=kSCμνðkÞ�

¼ ACðs̃; t̃; ũÞT 1
μνðkÞ þ BCðs̃; t̃; ũÞT 2

μνðkÞ: ð82Þ

In this case, there are eight diagrams that contain imaginary
parts as listed in Fig. 2. Diagrams 1, 2, and 3 have
discontinuities in both s > 0 and Q2 > 0. Diagrams 4, 5,
and 6 have discontinuities in s > 0, and diagrams 7 and 8
have discontinuities in Q2 > 0. After confirming the
cancellation of 1=ϵ poles, we obtain

ACðs̃; t̃; ũÞ ¼ g4TR

�
CF

2Q2ðs̃þ 3t̃ − 4Q2Þ
s̃ t̃ðs̃þ ũÞ2

− ðCA − 2CFÞ
2Q2

s̃3ðs̃þ ũÞt̃3
�
s̃ t̃ Q2ðs̃ − t̃Þ þ ðs̃þ ũÞðs̃þ t̃Þ

�
s2 ln

s̃
s̃þ t̃

þ t̃2 ln
ðs̃þ ũÞðs̃þ t̃Þ

t̃ ũ

�	�
;

BCðs̃; t̃; ũÞ ¼ g4TR

�
−CF

6Q2

s̃ t̃ðs̃þ ũÞ − ðCA − 2CFÞ
Q2

s̃3t̃3

�
s̃ t̃

ðs̃þ t̃Þ2 ðQ
2ðs̃þ t̃Þ2 þ 2s̃ t̃ ũÞ

þ s̃2ðs̃þ ũÞ ln s̃
s̃þ t̃

þ t̃2ðs̃ − ũÞ ln ðs̃þ t̃Þðs̃þ ũÞ
t̃ ũ

	�
; ð83Þ

which vanish for real photon production at Q ¼ 0 as
mentioned earlier.

D. Crossing symmetry

One might expect that the results for SSAs in SIDIS and
in the Drell-Yan process would be related by crossing
symmetry. A quick inspection reveals that this is not the
case. For example, (21) and (80) are not exactly related by
s̃ ↔ t̃, although some parts are. Even the numbers of

diagrams involved are different in the two cases. The reason
is that we are focusing on the imaginary parts of loop
diagrams. Because of different kinematics (q2 < 0 or
q2 > 0), topologically the same diagrams provide imagi-
nary parts in one case but not in the other. Nevertheless,
crossing symmetry should work for the total (real plus
imaginary) amplitudes as illustrated in [33], where the
authors extracted the imaginary parts of the one-loop
amplitudes in SIDIS and the Drell-Yan process from the
known one-loop result for eþe− → γ� → qq̄g [34], even

FIG. 2. A class of one-loop diagrams in the qg → qγ� channel that contain imaginary parts. The short blue fermion lines denote the
lepton pair from the virtual photon via γ� → lþl−.
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though the latter has no imaginary part. This was achieved
by analytically continuing logarithms and dilogarithms,
which are the sources of the imaginary parts, into appro-
priate kinematical regions. As a matter of fact, our direct
evaluation of the aforementioned diagrams agrees perfectly
with their result inferred by crossing symmetry. Specifically,
Aqq̄; Bqq̄ match Ha

8; H
a
9 in (4.3) of [33], and Aqg; Bqg match

H
Cq

8 ; H
Cq

9 in (4.4) of [33] up to overall constants. This might
seem surprising at first sight, given that the results in [33]
were meant for different observables, i.e., the so-called
time-reversal odd (or ‘T-odd’) asymmetries in the unpolar-
ized Drell-Yan process via W-boson production, which had
been originally analyzed in [35,36]. The equivalence to
the present calculation can be understood as follows (see
also [3]). The W-boson coupling is proportional to 1 − γ5.
As one picks the ‘1’ term in the amplitude and the γ5 term in
the complex-conjugate amplitude in the unpolarized Drell-
Yan process (or DIS), the configuration is equivalent to the

longitudinally polarized Drell-Yan process (or DIS) with
photon production (or photon exchange); one can move the
γ5 term from the W-boson vertex to the proton matrix
element by repeatedly anticommuting it with γ matrices
along a fermion flow. In the case of transverse SSAs, there is
an additional complication having to do with the noncol-
linear kinematics. However, the hard factors S1;2 are
essentially the same and can be derived via a careful
implementation of crossing symmetry [34].

E. Gluon-initiated channel

So far we have assumed that the transversely polarized
proton emits a quark. In parallel with our discussion in
SIDIS (see Sec. III), the polarized proton can also emit a
gluon leading to another contribution to SSAs proportional
to the G3TðxÞ distribution in the Drell-Yan process. The
relevant subprocess is the Compton scattering qg → γ�q
with the hard factor,

WCðgÞ
μν ¼ −i

X
q

e2q
2Nc

Z
dx
x
dx0

x0
G3TðxÞqðx0ÞSλ⊥

∂

∂kλ⊥



δðs̃þ t̃þ ũ −Q2ÞϵαβknSCðgÞμναβðkÞ

�
k¼p

¼
X
q

e2q
2Nc

Z
dx

dx0

x0
G3TðxÞqðx0ÞSλ⊥

∂

∂kλ⊥

�
δðs̃þ t̃þ ũ −Q2Þ−2i

s̃
ϵαβkp

0
SCðgÞμναβðkÞ

�
k¼p

; ð84Þ

which can be compared to (51) and (81). This time we use the relation,

k · p0ϵαβknSðgÞμναβðkÞ ¼ k · nϵαβkp
0
SðgÞμναβðkÞ; ð85Þ

following from the Schouten andWard identities, to eliminate the vector n. Note that k · n=k · p0 ¼ 2x=s̃ commutes with the
k⊥ derivative.
As before, we parametrize the hard part with two independent tensors,

HCðgÞ
μν ≡ ϵαβkp

0 −2i
s̃

SCðgÞμναβðkÞ ¼ ACðgÞT 1
μνðkÞ þ BCðgÞT 2

μνðkÞ: ð86Þ

The relevant diagrams are the same as in Fig. 2, but we need to employ the replacement p ↔ p0 (or t̂ ↔ û) and contract the
gluon indices α, β with the antisymmetric tensor ϵαβpp

0
. The results are

ACðgÞðs̃; t̃; ũÞ ¼ −BCðs̃; ũ; t̃Þ − g4TRðCA − 2CFÞ
4Q2ðs̃þ t̃Þ

s̃ũ3

�ðs̃þ 2ũÞũ
ðs̃þ ũÞ2 þ ln

s̃
s̃þ ũ

�
;

BCðgÞðs̃; t̃; ũÞ ¼ −ACðs̃; ũ; t̃Þ − g4TRðCA − 2CFÞ
4Q2

s̃ũ3ðs̃þ ũÞ
�
s̃ ũþðs̃þ ũÞ2 ln s̃

s̃þ ũ

�
: ð87Þ

It is seen that the cross section is for the most part related to the one in the Compton scattering channel (83) via the crossing
t̂ ↔ û, as naively expected. The minus sign is due to ϵμpqp

0 ¼ −ϵμp0qp. However, there are extra Oð1=NcÞ terms from
different contractions of Lorentz indices. Again, the above expressions vanish at Q ¼ 0.

F. Summary of the results

After computing the hard factors in all the subprocesses, we can write down the formulas for transverse SSAs. Inserting
(73) into (66) and using the formula
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Sλ⊥
�

∂

∂kλ⊥
δðs̃þ t̃þ û − k2 −Q2Þ

�
k¼p

¼ −
S⊥ · q

p · ðp0 − qÞ x
∂

∂x
δðŝþ t̂þ û −Q2Þ; ð88Þ

we find

d6σqq̄

d4qdΩ
¼ α2emα

2
sMN

8π2NcsQ3

X
k

AkSk

X
q

e2q

Z
dx
x

Z
dx0

x0
q̄ðx0Þδðŝþ t̂þ û −Q2Þ

�
x2

dgTðxÞ
dx

Δσ̂qq̄Dk þ xgqTðxÞΔσ̂qq̄k
�
; ð89Þ

d6σC

d4qdΩ
¼ α2emα

2
sMN

8π2NcsQ3

X
k

AkSk

X
q

e2q

Z
dx
x

Z
dx0

x0
Gðx0Þδðŝþ t̂þ û −Q2Þ

�
x2

dgqTðxÞ
dx

Δσ̂CDk þ xgTðxÞΔσ̂Ck
�
; ð90Þ

d6σCðgÞ

d4qdΩ
¼ α2emα

2
sMN

4π2NcsQ3

X
k

AkSk

X
q

e2q

Z
dx
x

Z
dx0

x0
qðx0Þδðŝþ t̂þ û −Q2Þ

�
x2

dG3TðxÞ
dx

Δσ̂CðgÞDk þ xG3TðxÞΔσ̂CðgÞk

�
; ð91Þ

where the partonic cross sections are given by6

g4MN

Q
SkΔσ̂iDk ¼

S⊥ · q
p · ðp0 − qÞH

i
μνðpÞṼμν

k ;

g4MN

Q
SkΔσ̂ik ¼

�
S⊥ · q

p · ðp0 − qÞ x
∂Hi

μνðpÞ
∂x

þ
�
Sλ⊥

∂Hi
μνðkÞ
∂kλ⊥

�
k¼p

�
Ṽμν
k ; ð93Þ

with i ¼ qq̄;C;CðgÞ. We define Sk ¼ sinðΦSÞ for k ¼ 1; 2; 3; 4 and Sk ¼ cosðΦSÞ for k ¼ 8; 9.7

As in the SIDIS case, we present the partonic cross sections in terms of the new variables,

xa ¼
Q2

2p · q
¼ Q2

Q2 − t̂
; xb ¼

Q2

2p0 · q
¼ Q2

Q2 − û
; c ¼ xa þ xb − xaxb ¼

Q2ŝ
ðŝþ t̂Þðŝþ ûÞ ¼

Q2

m2⊥
; ð94Þ

which can be often found in the literature. For the qq̄ annihilation channel, we have

Δσ̂qq̄D8 ¼
2CF

ffiffiffi
c

p
xað1 − xbÞ

�
2CFðx2a − x2bÞ þ ðCA − 2CFÞxaxb

�
−
ln ðc=xaÞ
1 − xa

þ ln ðc=xbÞ
1 − xb

��
;

Δσ̂qq̄D9 ¼
2CFffiffiffiffiffiffiffiffiffiffiffi

1 − c
p

xað1 − xbÞ

�
CAxaxbð2 − xa − xbÞ þ CFðxaðxa − 2Þcþ xbðxb − 2Þcþ x2a þ x2bÞ

− ðCA − 2CFÞc
�
xað1 − xbÞ

ln ðc=xaÞ
1 − xa

þ ð1 − xaÞxb
ln ðc=xbÞ
1 − xb

��
; ð95Þ

6Similar to (30), we have the relation

�
S⊥ · q

p · ðp0 − qÞ x
∂

∂x
þ Sλ⊥

∂

∂kλ⊥

�
ðs̃þ t̃þ ũ −Q2Þ

����
k¼p

¼ 0; ð92Þ

which allows us to apply the constraint s̃þ t̃þ ũ ¼ Q2 to the hard factors Ai, Bi before taking the derivatives in (93), as having done
already in the previous subsection.

7More precisely,ΦS → ΦS − ϕq⊥ where ϕq⊥ is the azimuthal angle of the virtual photon in the center-of-mass frame. In the CS frame,
one sets ϕq⊥ ¼ 0 as part of the frame definition.

PERTURBATIVE QCD CONTRIBUTION TO TRANSVERSE … PHYS. REV. D 109, 074038 (2024)

074038-17



Δσ̂qq̄1 ¼ 3

2

xað1 − xbÞ
xb

ffiffiffiffiffiffiffiffiffiffiffi
1 − c

p Δσ̂qq̄D8;

Δσ̂qq̄2 ¼ xað1 − xbÞ
xb

ffiffiffiffiffiffiffiffiffiffiffi
1 − c

p Δσ̂qq̄D8;

Δσ̂qq̄3 ¼ −
1

2

xa
ð1 − xaÞxb


 ffiffiffi
c

p
Δσ̂qq̄D8 þ

ffiffiffiffiffiffiffiffiffiffiffi
1 − c

p
Δσ̂qq̄D9

�
;

Δσ̂qq̄4 ¼ 1

2

xa
ð1 − xaÞxb


 ffiffiffiffiffiffiffiffiffiffiffi
1 − c

p
Δσ̂qq̄D8 þ 2

ffiffiffi
c

p
Δσ̂qq̄D9

�
;

Δσ̂qq̄8 ¼ CF
ffiffiffi
c

p
xbð1 − cÞ

�
−CAxaxbðcþ 3xað1 − xaÞ þ xbÞ þ CFð−c2ðxb þ 3Þ þ cðxaðxað5xa þ 2Þ þ 3Þ − xbð3xb þ 4Þ − 7Þ

− 9x3a þ 7xa þ 7xbðxb þ 1ÞÞ þ ðCA − 2CFÞ
�
xað2xb þ cÞ lnðc=xaÞ

1 − xa
− xbð2xa − cÞ lnðc=xbÞ

1 − xb

��
;

Δσ̂qq̄9 ¼ CF

xaxbð1 − cÞ3=2
�
−CAxaxbðc2 − cxaðxa − 3Þ þ cð−3xb þ 1Þ þ xað1 − xaÞ − xbÞ þ CFð−c3ðxb þ 3Þ

þ c2ðxaðx2a − 1Þ þ xbð3xb þ 11Þ þ 2Þ − cð2xað2xaðxa − 2Þ þ 1Þ þ 10x2b þ xb − 1Þ − xaðx2a þ 1Þ − xbðxb þ 1ÞÞ

þ ðCA − 2CFÞc
�
x2aðxa þ 3Þð1 − xbÞ

ln ðc=xaÞ
1 − xa

þ ð1 − xaÞxbð2xa − xb − cÞ ln ðc=xbÞ
1 − xb

��
: ð96Þ

For the quark-initiated Compton channel, we get

Δσ̂CD8 ¼
2TRxa
c3=2

�
−CAxbðcð2 − xbÞ − xa − xbÞ þ CFðcþ xaÞðc − 2x2bÞ − ðCA − 2CFÞx2axbð1 − xbÞ

lnð1 − cÞ
c

�
;

Δσ̂CD9 ¼
2TR

ffiffiffiffiffiffiffiffiffiffiffi
1 − c

p
xa

cð1 − xaÞ
�
CAxbð−cþ xa þ 1Þ þ CFðcð−xa þ 2xb þ 1Þ − 2xað1 − xaÞ − 4xbÞ

þ ðCA − 2CFÞxa
�
−
lnðc=xaÞ
1 − xa

þ ð1 − xaÞxb
lnð1 − cÞ

c

��
; ð97Þ

Δσ̂C1 ¼ 3

2

xað1 − xbÞ
xb

ffiffiffiffiffiffiffiffiffiffiffi
1 − c

p Δσ̂CD8;

Δσ̂C2 ¼ xað1 − xbÞ
xb

ffiffiffiffiffiffiffiffiffiffiffi
1 − c

p Δσ̂CD8;

Δσ̂C3 ¼ −
1

2

xa
ð1 − xaÞxb


 ffiffiffi
c

p
Δσ̂CD8 þ

ffiffiffiffiffiffiffiffiffiffiffi
1 − c

p
Δσ̂CD9

�
;

Δσ̂C4 ¼ 1

2

xa
ð1 − xaÞxb


 ffiffiffiffiffiffiffiffiffiffiffi
1 − c

p
Δσ̂CD8 þ 2

ffiffiffi
c

p
Δσ̂CD9

�
;

Δσ̂C8 ¼ TRxa
ð1 − xaÞxbc3=2

�
−CAxbðc2ð2xa þ 2xb − 3Þ þ cðxaðxa þ 6Þ þ xb þ 4Þ − 4ðx2a þ xa þ xbÞÞ

þ CFðc3ð4xa − 2Þ þ c2ððxa − 9Þxa þ 4x2b − 2xb − 16Þ þ 2cð2xaðxa þ 6Þ þ xbðxb þ 12Þ þ 8Þ

− 8ðxaðxa þ 2Þ þ xbðxb þ 2ÞÞÞ þ ðCA − 2CFÞx2að1 − xbÞ
�
c
lnðc=xaÞ
1 − xa

− xbð−5cþ 4xaÞ
lnð1 − cÞ

c

��
;
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Δσ̂C9 ¼ TRxa
ffiffiffiffiffiffiffiffiffiffiffi
1 − c

p

ð1 − xaÞ2xbc
�
CAxbð2c2 þ cðxað2xa − 5Þ − 2Þ þ xað−3ðxa − 1Þxa − 1ÞÞ

þ CFð−2c2ð2x2a − 3xa þ 2xb þ 2Þ þ cðxaðxað5xa − 18Þ þ 7Þ þ 10xb − 2Þ þ 2ð4x3a þ xa þ xbÞÞ

þ ðCA − 2CFÞxa
�
ðcðxa þ 4Þ − xaÞ

lnðc=xaÞ
1 − xa

þ ð1 − xaÞxbð−5cþ 4xa þ xbÞ
lnð1 − cÞ

c

��
: ð98Þ

For the gluon initiated Compton channel, we have

Δσ̂CðgÞD8 ¼ 2TRð1 − xaÞxb
xað1 − xbÞc3=2

�
−CAðxaxbðcð2 − xaÞ − xa − xbÞ þ 2cx2aÞ þ CFðxbðcþ xbÞðc − 2x2aÞ þ 4cx2aÞ

− ðCA − 2CFÞxað1 − xaÞx3b
lnð1 − cÞ

c

�
;

Δσ̂CðgÞD9 ¼ 2TRð1 − xaÞx2b
ffiffiffiffiffiffiffiffiffiffiffi
1 − c

p

xað1 − xbÞ2c
�
CAxaðc − xb þ 1Þ þ CFðcð−2xa þ xb − 1Þ þ 2xbð1 − xbÞÞ

− ðCA − 2CFÞxb
�
lnðc=xbÞ
1 − xb

þ xað1 − xbÞ
lnð1 − cÞ

c

��
; ð99Þ

Δσ̂CðgÞ1 ¼ 3

2

xað1 − xbÞ
xb

ffiffiffiffiffiffiffiffiffiffiffi
1 − c

p Δσ̂CðgÞD8 ;

Δσ̂CðgÞ2 ¼ xað1 − xbÞ
xb

ffiffiffiffiffiffiffiffiffiffiffi
1 − c

p Δσ̂CðgÞD8 ;

Δσ̂CðgÞ3 ¼ −
1

2

xa
ð1 − xaÞxb


 ffiffiffi
c

p
Δσ̂CðgÞD8 þ

ffiffiffiffiffiffiffiffiffiffiffi
1 − c

p
Δσ̂CðgÞD9

�
;

Δσ̂CðgÞ4 ¼ 1

2

xa
ð1 − xaÞxb


 ffiffiffiffiffiffiffiffiffiffiffi
1 − c

p
Δσ̂CðgÞD8 þ 2

ffiffiffi
c

p
Δσ̂CðgÞD9

�
;

Δσ̂CðgÞ8 ¼ TR

c3=2xað1 − xbÞ
�
CAx2að−4c3 þ c2ð3 − 2xaÞ þ cðxa − 3x2b − 4xb − 4Þ þ 4ðxa þ xbÞ þ 4x2bÞ

þ CF

�
c3ð8x2a þ xb þ 6Þ þ c2ð2ðxa − 3Þxað2xa þ 3Þ þ xbð3xb − 10Þ − 24Þ

þ cð−2x3a þ 20x2a þ 40xa þ 4xbðxb þ 8Þ þ 24Þ − 8ðxaðxaðxa þ 2Þ þ 3Þ þ xbðxb þ 3ÞÞ

þ ðCA − 2CFÞxað1 − xaÞx2b

�
c
lnðc=xbÞ
1 − xb

þ xbðc − 4xbÞ
lnð1 − cÞ

c

��
;

Δσ̂CðgÞ9 ¼ TR

ffiffiffiffiffiffiffiffiffiffiffi
1 − c

p

xað1 − xbÞ2c
�
CAxað−4c3 þ c2ð2xa þ 4xb − 1Þ þ cðxa − x2b þ 5xb þ 3Þ − 3ðxa þ xbÞ þ x3b − 2x2bÞ

þ CFð8c3ðxa þ 1Þ þ c2ð−2xað2xa þ 3Þ þ ðxb − 11Þxb þ 6Þ
þ cð−2xaðxa þ 6Þ − 3ðxb − 2Þðxb − 1Þxb − 6Þ þ 6xaðxa þ 1Þ − 4x3b þ 6xbÞ

þ ðCA − 2CFÞx2b
�
ðcðxa − 2Þ − xaÞ

lnðc=xbÞ
1 − xb

þ x2aðxa − 3Þð1 − xbÞ
lnð1 − cÞ

c

��
: ð100Þ

G. Longitudinal SSA in Drell-Yan Process

Finally, we examine the longitudinal polarization case for a consistency check of the previous results in the literature
[7,8,31]. The hard factor in the annihilation channel is written as
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Wqq̄
μν ¼

X
q

e2q
4Nc

Sþ

Pþ

Z
dx
x
ΔqðxÞ

Z
dx0

x0
q̄ðx0Þδðŝþ t̂þ û −Q2ÞTr½γ5 =pSqq̄μνðpÞ�: ð101Þ

Contracting (78) with the lepton tensor in (73) and noticing T1;2
μν Ṽ

μν
k ¼ 0 for k ¼ 1; 2; 3; 4, we derive, including the other

channels,

dΔσqq̄

d4qdΩ
¼ α2emα

2
s

8π2sQ2Nc

X
q

e2q
Sþ

Pþ

Z
dx
x
ΔqðxÞ

Z
dx0

x0
q̄ðx0Þδðŝþ t̂þ û −Q2Þ

× ðsin 2θcs sinϕcsΔσ̂
qq̄
L8 þ sin2θcs sin 2ϕcsΔσ̂

qq̄
L9Þ; ð102Þ

dΔσC

d4qdΩ
¼ α2emα

2
s

8π2sQ2Nc

X
q

e2q
Sþ

Pþ

Z
dx
x
ΔqðxÞ

Z
dx0

x0
Gðx0Þδðŝþ t̂þ û −Q2Þ

× ðsin 2θcs sinϕcsΔσ̂CL8 þ sin2 θcs sin 2ϕcsΔσ̂CL9Þ; ð103Þ

dΔσCðgÞ

d4qdΩ
¼ α2emα

2
s

8π2sQ2Nc

X
q

e2q
Sþ

Pþ

Z
dx
x
ΔGðxÞ

Z
dx0

x0
qðx0Þδðŝþ t̂þ û −Q2Þ

× ðsin 2θcs sinϕcsΔσ̂
CðgÞ
L8 þ sin2 θcs sin 2ϕcsΔσ̂

CðgÞ
L9 Þ; ð104Þ

where

g4Δσ̂iL8 ¼ −Ṽμν
8 ðAiT1

μν þ BiT2
μνÞ ¼

t̂ ûð−ðŝþ ûÞAi þ ðŝþ t̂ÞBiÞ
4q⊥m⊥

;

g4Δσ̂iL9 ¼ Ṽμν
9 ðAiT1

μν þ BiT2
μνÞ ¼

t̂ ûððŝþ ûÞAi þ ðŝþ t̂ÞBiÞ
4Qm⊥

; ð105Þ

with i ¼ qq̄;C;CðgÞ. Comparing (93)–(105), we deduce the relations between the hard coefficients for longitudinal SSAs
and the corresponding ones for transverse SSAs,

Δσ̂iD8;9 ¼ �2

ffiffiffiffiffiffiffiffiffiffiffi
1 − c
c

r
xb

1 − xb
Δσ̂iL8;9; ð106Þ

which verify the agreement with the previous results [7,8].8 We collect the explicit formulas below for completeness,

Δσ̂qq̄L8 ¼ CF
−2cffiffiffiffiffiffiffiffiffiffiffi
1 − c

p
�
CF

�
xb
xa

−
xa
xb

�
þ CA − 2CF

2

�
lnðc=xaÞ
1 − xa

−
lnðc=xbÞ
1 − xb

��
;

Δσ̂qq̄L9 ¼ CF
ffiffiffi
c

p �
CF

�
xa
xb

þ xb
xa

�
− ðCA − 2CFÞ

�
1

1 − xa

�
1 −

c lnðc=xaÞ
c − xa

�
þ 1

1 − xb

�
1 −

c lnðc=xbÞ
c − xb

�	�
; ð107Þ

Δσ̂CL8 ¼ TR
2ðc − xbÞffiffiffiffiffiffiffiffiffiffiffi

1 − c
p

�
CF

�
xa
xb

−
1þ xa

2

�
þ CA − 2CF

2

�
xb − 1þ xaxb

c
−
xaðc − xbÞ

c2
lnð1 − cÞ

	�
;

Δσ̂CL9 ¼ TR
2ðc − xbÞffiffiffi

c
p

�
CF

�
xa
2xb

þ 1þ xa
2

�
þ CA − 2CF

2

�
xb −

1

1 − xa
−
xa lnð1 − cÞ

c
þ xa lnðc=xaÞ
xbð1 − xaÞ2

	�
; ð108Þ

8An earlier work [31] computed the Oð1=NcÞ term of Δσ̂qq̄L8 in the annihilation channel. The logarithmic terms agree, but the
nonlogarithmic terms do not. This disagreement was already noted in [7].
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Δσ̂CðgÞL8 ¼ Δσ̂CL8jt̂↔û − TRðCA − 2CFÞ
2xað1 − xaÞffiffiffiffiffiffiffiffiffiffiffi

1 − c
p ;

Δσ̂CðgÞL9 ¼ −Δσ̂CL9jt̂↔û − TRðCA − 2CFÞ
2xbð1 − xaÞffiffiffi
c

p ð1 − xbÞ
�
1 −

xb lnðc=xbÞ
c − xb

�
: ð109Þ

A numerical evaluation of the asymmetries was carried
out in [8] for the RHIC and J-PARC kinematics with
q⊥ < Q, which were found to reach up to a few percent in
the forward rapidity region.

V. NUMERICAL RESULTS

In this section, we revise our predictions made in [2] for
transverse SSAs in SIDIS in light of the corrected formulas
presented in Secs. II and III. We then make new predictions
for SSAs in the Drell-Yan process based on the results
in Sec. IV.

A. Parton distributions

Since we have neglected the genuine twist-three terms
initially as indicated by (11) and (77), we should, to be
consistent, employ the Wandzura-Wilczek (WW) approxi-
mation for the gT and G3T distributions,

xgqTðxÞ ≈ x
Z

1

x
dx0

Δqðx0Þ
x0

ðWWÞ;

xG3TðxÞ ≈
x
2

Z
1

x
dx0

ΔGðx0Þ
x0

ðWWÞ: ð110Þ

However, there have been recent attempts to constrain the
genuine twist-three part of the gTðxÞ distribution from a
global analysis of the “worm-gear” TMD g1Tðx; k⊥Þ [9]
supplemented with QCD equations of motion [10] and
small-x resummation [37]. Motivated by these develop-
ments, we try, in addition to (110), two different estima-
tions [10] based on the equation of motion (EOM) and the
Lorentz invariant relation (LIR)

xgqTðxÞ ≈ gð1Þq1T ðxÞ ðEOMÞ;

xgqTðxÞ ≈ xΔqðxÞ þ x
dgð1Þq1T ðxÞ

dx
ðLIRÞ; ð111Þ

where gð1Þ1T is the second moment of the TMD PDF
g1Tðx; k⊥Þ from [9]. Of course, partly including genuine
twist-three corrections this way is not entirely consistent,
since we have neglected the other twist-three corrections
in (11), (77) from the outset. Still, it is a useful exercise to
get a rough estimate of the potential impact of genuine
twist-three corrections. According to the derivation of (11)
in [1,2], we consider the EOM scenario to be more natural
in the present context. However, the LIR scenario cannot be
excluded.
We plot xgu;dT ðxÞ in Fig. 3 and x2dgu;dT ðxÞ=dx in Fig. 4,

which enter the computation of SSAs [see, e.g., (89)]. The
gqTðxÞ PDFs of the remaining flavors are set to zero in the
EOM and LIR scenarios, while they are computed from
ΔqðxÞ in the WW scenario, for which the result in [38] is
adopted. The outcomes in the EOM and LIR scenarios
display the importance of the genuine twist-three correc-
tions, although the uncertainty bands are broad. In par-
ticular, the PDFs in the LIR scenario are qualitatively
different, exhibiting nodes when going from moderate to

large x [10], because the (numerical) derivatives of gð1Þ1T ðxÞ
are involved. For G3TðxÞ, we use ΔGðxÞ from [38]. These
plots already make clear that SSAs from the gTðxÞ
distribution can be sizable only when the large-x or valence
quark region of the polarized proton is probed (cf., Fig. 6
of [2]).

FIG. 3. xgTðxÞ for u (left) and d (right) quarks in the three different scenarios defined in (110) and (111). The blue and magenta bands
roughly match the blue and magenta bands on Fig. 2 in [10].
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For the unpolarized cross section in the denominator, we
take the PDFs and FFs in the WW scenario from [39] and
[38], respectively, including all the light flavors q ¼ u, d, s
and the gluon. In the EOM and LIR scenarios, we take the
PDFs from [40] and the FFs from [41] in order to be
consistent with [9]. We consider both the proton-proton
and pion-proton Drell-Yan reactions. In the latter case, we
employ the π− PDF from [42].
Our numerical evaluations take into account the follow-

ing sources of uncertainty. The uncertainties in the gqTðxÞ
and G3TðxÞ PDFs are inherited from ΔqðxÞ and ΔGðxÞ in
the WW scenario and from gð1Þq1T ðxÞ in the EOM and LIR
scenarios. The 1-σ uncertainty from the Monte Carlo
replica method is included. Second, we set the factoriza-
tion and renormalization scales in the PDFs/FFs and the
running coupling αS to ξQ and estimate the scale uncer-
tainty by changing the parameter ξ within 0.5 < ξ < 2.
The described uncertainties are combined in quadrature in
the numerical results presented below.

B. SSA in SIDIS revised

We first revise our predictions for SIDIS made in [2].
The calculation is based on the definitions of the SIDIS
asymmetries given in (79), (75), (70), and (20) of [2], which
are expressed in terms of the gqTðxÞ and G3TðxÞ PDFs (and
their derivatives) and the hard coefficients having been
corrected in Secs. II and III.
We focus on the comparison with Fig. 8 in [2], which

was one of the main results there. In Fig. 5, we show
the results of all the asymmetries as a function of Ph⊥ for
πþ (left) and π− (right), considering the typical EIC
kinematics with

ffiffiffiffiffiffiffi
Sep

p ¼ 45 GeV, 0.5 < zf < 0.9 and
1 < Q2 < 10 GeV2. We have imposed a lower cut W >
5 GeV on W2 ¼ ðqþ PÞ2 ¼ Q2ð1 − xBÞ=xB. The cuts for
Fig. 5 are the same as in Fig. 8 of [2] with PhT ≳ 1 GeV.
Comparing the WW result in the left plot of Fig. 5 (for πþ)
and the first column in Fig. 8 of [2], we notice that the

Sivers moment Asinðϕh−ϕSÞ
UT drops to subpercent level,

compared to the percent level in Fig. 8 of [2]. The
difference is attributed to the correction of the hard
coefficient Δσ̂i1. Results for the other moments

AsinðϕhþϕSÞ
UT (Collins asymmetry), Asinð3ϕh−ϕSÞ

UT , AsinðϕSÞ
UT and

Asinð2ϕh−ϕSÞ
UT are not significantly affected, because they are

dominated by the derivative terms (dgqT=dx and dG3T=dx),
for which the respective hard coefficients Δσ̂Dk do not
change. We observe that the π− asymmetries are smaller
than the πþ ones in the WW scenario partly owing to
jguT j > jgdT j. Figure 5 also contains new predictions based
on gqTðxÞ from the EOM and LIR scenarios, that are not
present in [2].
The modifications on the other results in [2] are

qualitatively similar and we do not repeat them here.
Instead, we explore alternative kinematics to optimize
the impact of our new mechanism and find that the
asymmetries tend to become larger at lower center-of-mass
energies. We show in Fig. 6 new predictions for πþ as
functions of xB at the EIC with

ffiffiffiffiffiffiffi
Sep

p ¼ 20 GeV,
0.01 < y < 0.95, 0.5 < zf < 0.9, and 1 < Q < 10 GeV,
and without a cut on W. Three curves in the left panel
correspond to the WW scenario with different lower Ph⊥
cuts for examining the sensitivity of our predictions to the
PhT ≤ 1 GeV region, where a matching to a TMD com-
putation should be implemented in principle. We find that
the asymmetries depend rather sensitively on the choice of
the lower PhT cut. The sinϕS and sinð2ϕh − ϕSÞ asymme-
tries reach a few percent now and can get even larger after
the twist-three corrections are included as shown in the
right panel.

C. SSA in Drell-Yan Process

We then present the results for transverse SSAs in the
Drell-Yan Process. The spin-dependent part of the cross
section can be decomposed as [cf. (74)],

FIG. 4. x2dgTðxÞ=dx for u and d quarks in the three different scenarios defined in (110) and (111).
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dΔσ
d4qdΩ

¼ sinΦSðF 1 þ F 2 cosϕcs þ F 3 cos 2ϕcsÞ þ cosΦSðF 4 sinϕcs þ F 5 sin 2ϕcsÞ

¼ FsinΦS sinΦS þ FsinðϕþΦSÞ sinðϕcs þΦSÞ þ Fsinðϕcs−ΦSÞ sinðϕcs −ΦSÞ
þ Fsinð2ϕcsþΦSÞ sinð2ϕcs þΦSÞ þ Fsinð2ϕcs−ΦSÞ sinð2ϕcs −ΦSÞ; ð112Þ

where

FIG. 5. The Ph⊥ dependencies of all the SIDIS asymmetries for the EIC kinematics at
ffiffiffiffiffiffiffi
Sep

p ¼ 45 GeV in the WW, EOM, and LIR
scenarios. Left (right) is for πþ (π−).
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FsinΦS ¼ F 1;

FsinðϕcsþΦSÞ ¼ 1

2
ðF 2 þ F 4Þ;

Fsinðϕcs−ΦSÞ ¼ 1

2
ð−F 2 þ F 4Þ;

Fsinð2ϕcsþΦSÞ ¼ 1

2
ðF 3 þ F 5Þ;

Fsinð2ϕcs−ΦSÞ ¼ 1

2
ð−F 3 þ F 5Þ: ð113Þ

Explicitly, we write

FIG. 6. The xB dependencies of all the SIDIS πþ asymmetries for the EIC kinematics at
ffiffiffiffiffiffiffi
Sep

p ¼ 20 GeV. Left: different lower Ph⊥
cutoffs in the WW scenario. Right: different scenarios.
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F 1 ¼
3

8
αsF 0

Z
dx
x

Z
dx0

x0
δðŝþ t̂þ û −Q2Þ

X
q

e2q

×

�
1þ cos2θcs −

4

3

�h
q̄ðx0ÞxgqTðxÞΔσ̂qq̄1 þ Gðx0ÞxgqTðxÞΔσ̂C1 þ 2qðx0ÞxG3TðxÞΔσ̂CðgÞ1

i

F 2 ¼
3

8
αsF 0

Z
dx
x

Z
dx0

x0
δðŝþ t̂þ û −Q2Þ

X
q

e2q

× sin 2θcs

�
q̄ðx0ÞxgqTðxÞΔσ̂qq̄3 þ Gðx0ÞxgqTðxÞΔσ̂C3 þ 2qðx0ÞxG3TðxÞΔσ̂CðgÞ3

i
;

F 3 ¼
3

8
αsF 0

Z
dx
x

Z
dx0

x0
δðŝþ t̂þ û −Q2Þ

X
q

e2q

× sin2θcs
h
q̄ðx0ÞxgqTðxÞΔσ̂qq̄4 þGðx0ÞxgqTðxÞΔσ̂C4 þ 2qðx0ÞxG3TðxÞΔσ̂CðgÞ4

i
;

F 4 ¼
3

8
αsF 0

Z
dx
x

Z
dx0

x0
δðŝþ t̂þ û −Q2Þ

X
q

e2q

× ð− sin 2θcsÞ½q̄ðx0Þ
�
x2

dgqT
dx

Δσ̂qq̄D8 þ xgqTðxÞΔσ̂qq̄8
�
þ Gðx0Þ

�
x2

dgqT
dx

Δσ̂CD8 þ xgqTðxÞΔσ̂C8
�

þ 2qðx0Þ
�
x2

dG3T

dx
Δσ̂CðgÞD8 þ xG3TðxÞΔσ̂CðgÞ8

��
;

F 5 ¼
3

8
αsF 0

Z
dx
x

Z
dx0

x0
δðŝþ t̂þ û −Q2Þ

X
q

e2q

× sin2θcs

�
q̄ðx0Þ

�
x2

dgqT
dx

Δσ̂qq̄D9 þ xgqTðxÞΔσ̂qq̄9
�
þ Gðx0Þ

�
x2

dgqT
dx

Δσ̂CD9 þ xgqTðxÞΔσ̂C9
�

þ 2qðx0Þ
�
x2

dG3T

dx
Δσ̂CðgÞD9 þ xG3TðxÞΔσ̂CðgÞ9

��
; ð114Þ

with

F 0 ¼
α2emαsMN

3sQ3π2Nc
: ð115Þ

In F 1, we have eliminated Δσ̂i2, i ¼ qq̄;C;CðgÞ, by means of the relation Δσ̂i2 ¼ 2Δσ̂i1=3. As a consequence, the θcs
dependence has been altered from the more familiar form 1þ cos2 θcs. Note that

R
1
−1 d cos θcsðcos2 θcs − 1=3Þ ¼ 0, namely,

the asymmetries will vanish if the lepton angles θcs;ϕcs are integrated over as already mentioned.
The COMPASS Collaboration has reported in [43,44] the first measurements of transverse SSAs in the pion-induced

Drell-Yan Process. In their work, the asymmetries in the CS frame are normalized by the unpolarized cross section which, in
the COMPASS kinematics Q ≫ q⊥, exhibits the angular distribution,

1

σ

dσ
dΩ

¼ 3

16π

�
Q2 þ 3

2
q2⊥

Q2 þ q2⊥
þQ2 − 1

2
q2⊥

Q2 þ q2⊥
cos2 θcs þ � � �

�
≈

3

16π
ð1þ cos2θcsÞ: ð116Þ

Following the expectation based on TMDs [27], they assumed F 1 ∝ 1þ cos2 θcs, so that the θcs dependence drops out in
the sinΦS asymmetry, whereas the sinð2ϕcs �ΦSÞ harmonics comewith the prefactor sin2 θcs=ð1þ cos θ2csÞ. The sinðϕcs �
ΦSÞ harmonics have been neglected, since they do not arise from twist-two TMDs [27]. In this paper we do not assume that
q⊥ is small compared to Q. Besides, in the present mechanism, F 1 is not proportional to 1þ cos2 θcs as we have seen. It is
then more convenient to normalize the asymmetries using the angular-integrated cross section (68). We thus define
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3

16π
dα;βðθcsÞAsinðαϕcsþβΦSÞ

UT ðQ; q⊥; yÞ≡ 2
R
2π
0 dϕcs

R
2π
0

dΦS
2π sinðαϕcs þ βΦSÞ½dσðϕcs;ΦSÞ − dσðϕcs;ΦS þ πÞ�

1
2

R
1
−1 d cos θcs

R
2π
0 dϕcs

R
2π
0

dΦS
2π ½dσðϕcs;ΦSÞ þ dσðϕcs;ΦS þ πÞ�

¼
�
dσ
d4q

�
−1
2

Z
2π

0

dϕcs

Z
2π

0

dΦS

2π
sinðαϕcs þ βΦSÞdσðϕcs;ΦSÞ; ð117Þ

where dσðϕcs;ΦSÞ≡ dσ
d4qdΩ. The ‘depolarization factors’ are defined as d0;1ðθcsÞ ¼ cos2 θcs − 1=3, d1;�1ðθcsÞ ¼ sin 2θcs,

and d2;�1ðθcsÞ ¼ sin2 θcs. The above relations yield

AsinΦs
UT ¼ αsMN

Q

P
qe

2
q

h
q̄ðx0ÞxgqTðxÞΔσ̂qq̄1 þ Gðx0ÞxgqTðxÞΔσ̂C1 þ 2qðx0ÞxG3TðxÞΔσ̂CðgÞ1

i
P

qe
2
qðσqq̄qðxÞq̄ðx0Þ þ σqgqðxÞGðx0Þ þ σgqGðxÞqðx0ÞÞ

; ð118Þ

Asinðϕcs�ΦsÞ
UT ¼ αsMN

Q

1
2

P
qe

2
q

h
�q̄ðx0ÞxgqTðxÞΔσ̂qq̄3 − q̄ðx0Þðx2 dgqT

dx Δσ̂
qq̄
D8 þ xgqTðxÞΔσ̂qq̄8 Þ þ � � �

i
P

qe
2
qðσqq̄qðxÞq̄ðx0Þ þ σqgqðxÞGðx0Þ þ σgqGðxÞqðx0ÞÞ

; ð119Þ

Asinð2ϕcs�ΦsÞ
UT ¼ αsMN

Q

1
2

P
qe

2
q

h
�q̄ðx0ÞxgqTðxÞΔσ̂qq̄4 þ q̄ðx0Þðx2 dgqT

dx Δσ̂
qq̄
D9 þ xgqTðxÞΔσ̂qq̄9 Þ þ � � �

i
P

qe
2
qðσqq̄qðxÞq̄ðx0Þ þ σqgqðxÞGðx0Þ þ σgqGðxÞqðx0ÞÞ

; ð120Þ

where the phase space integral
R

dx
x

R
dx0
x0 δðŝþ t̂þ û −Q2Þ is implied in both the numerator and denominator. The

summation over q includes antiquarks. The dots in (119) and (120) stand for the contributions from the Compton

subprocesses, which can be easily deduced from (114). In the small-q⊥ region, our definition of Asinð2ϕcs�ΦSÞ
UT in terms of the

measured cross section (117) agrees with that in [43], but AsinΦS
UT does not because of the different θcs dependence. We note

that the COMPASS Collaboration did not directly confirm the 1þ cos2 θcs dependence of the sinΦS asymmetry from
the data.
The integration over x0 can be performed by using the delta function constraint,

δðŝþ t̂þ û −Q2Þ ¼ δ

�
−s
�
x0 −

m⊥e−yffiffiffi
s

p
��

x −
m⊥eyffiffiffi

s
p

�
þ q2⊥

�
: ð121Þ

The minimum of x is attained when x0 ¼ 1, so the integration range of x is given by

1 > x ≥ xmin ¼
m⊥eyffiffiffi

s
p þ q2⊥

sð1 − m⊥e−yffiffi
s

p Þ : ð122Þ

We also need the following relations in the center-of-mass frame:

xa ¼
eyQ2

xm⊥
ffiffiffi
s

p ; xb ¼
Q2ðx ffiffiffi

s
p

− eym⊥Þ
m⊥ðx

ffiffiffi
s

p
m⊥ − eyQ2Þ ; c ¼ Q2

q2⊥ þQ2
: ð123Þ

Alternatively introducing the ‘partonic rapidity’ Y as x; x0 ¼
ffiffî
s
s

q
e�Y , we proceed with

Z
dxdx0

xx0
δðŝþ t̂þ û −Q2ÞfðxÞgðx0Þ � � � ¼

Z
2dY

ŝ −Q2
f

 ffiffiffî
s
s

r
eY
!
g

 ffiffiffî
s
s

r
e−Y
!
� � � ; ð124Þ

where

ffiffiffî
s

p
¼ m⊥ coshðY − yÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2⊥cosh2ðY − yÞ −Q2

q
; ð125Þ

and
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xa ¼
Q2ffiffiffî
s

p
m⊥

ey−Y; xb ¼
Q2ffiffiffî
s

p
m⊥

eY−y: ð126Þ

We have checked the consistency between the two methods.
The numerical outcomes for the Drell-Yan asymmetries

defined by Eqs. (118)–(120) are first given in Fig. 7 for the
RHIC kinematics with

ffiffiffi
s

p ¼ 200 GeV. All the Drell-Yan
azimuthal moments are displayed as functions of qT for the
forward case y ¼ 3 and with Q ¼ 2 GeV (left) and Q ¼
4 GeV (right).WhenQ ¼ 2 GeV, all the considered scenar-
ios, i.e., WW, EOM, and LIR, for gqTðxÞ and G3TðxÞ, yield
percent-level and positive asymmetries in the region
qT ≈ 1–5 GeV. The sinðϕcs �ΦSÞ asymmetries, expected
to be small in the TMD framework, are comparable to the

other asymmetries. In the large qT region, some of the
asymmetries tend to be negative in the LIR scenario. While
the results are generally largest in magnitude in the LIR
scenario, so is the overall uncertainty which is mostly due to
scale variations. Interestingly, the results exhibit a strong Q
dependence. Shifting to Q ¼ 4 GeV, the asymmetries drop
to about half of a percent (see a discussion in the concluding
section).
In Fig. 8, the RHIC results are presented as funct-

ions of the Feynman-x defined by xF ¼ 2q3=
ffiffiffi
s

p ¼
2m⊥ sinhðyÞ= ffiffiffi

s
p

, so that large and positive xF corresponds
to the forward region, i.e., large x in the polarized proton.
Here, we have fixed Q ¼ 2 GeV, and q⊥ ¼ 2 GeV (left)
and q⊥ ¼ 5 GeV (right). xF can be understood as a proxy

FIG. 7. The q⊥ dependencies of all the Drell-Yan asymmetries for the
ffiffiffi
s

p ¼ 200 GeV RHIC kinematics. Here, we have fixed y ¼ 3
and Q ¼ 2 GeV (left) and Q ¼ 4 GeV (right).
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for y with the xF ¼ 0.5 corresponding to the very forward
case y ≈ 4.5. We have also explored the negative xF region,
observing very small, subpercent asymmetries. All the
Drell-Yan asymmetries become enhanced in the large xF
region sensitive to the valence content of the polarized
proton. For q⊥ ¼ 2 GeV, the asymmetries are mostly
positive, reaching up to about 5% in their central values,
with increasing uncertainties. The asymmetries change sign
above xF ≈ 0.4 in the LIR scenario, reflecting the sign
change in the gqT PDF and its derivative from Figs. 3 and 4.
Next, we turn to the analysis on the pion induced Drell-

Yan process that was measured at COMPASS, where π−

with the momentum 190 GeV collides with a proton at
rest [43] corresponding to

ffiffiffi
s

p
≈ 18.9 GeV. We take the

average value of the Drell-Yan virtuality Q ¼ 5.3 GeV at
COMPASS. Our predictions, shown in Fig. 9 (left), as
functions of qT are obtained by integrating over the rapidity
y of the Drell-Yan pair. COMPASS is mostly sensitive to the
valence region, so the ūu → gγ channel dominates, with the
ū being the valence quark in π−. The large values of x
probed in the polarized proton lead to qualitatively different
results for the three scenarios. Whereas in the WW and the
EOM scenarios, the asymmetries are positive, and we find
mostly negative results in the LIR scenario. COMPASS
[43,44] reported Oð10%Þ asymmetries for the sinΦS,
sinð2ϕcs �ΦSÞ harmonics in the region q⊥ > 1 GeV,
although there are only two data points, and experimental
errors are as large as the central values. It is clear that the

FIG. 8. The xF dependencies of all the Drell-Yan asymmetries for the
ffiffiffi
s

p ¼ 200 GeV RHIC kinematics. We have fixed Q ¼ 2 GeV
and q⊥ ¼ 2ð5Þ GeV left (right).
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perturbative contribution is very small in the considered
kinematics compared to other TMD-based nonperturbative
contributions, e.g., [41,45–47]. On the other hand, the
asymmetries can reach percent-level magnitude for lower
Q values and when large x in the polarized proton is probed,
similar to the RHIC case investigated above. This is
demonstrated by the right panel of Fig. 9 for Q ¼ 2 GeV
and y ¼ 1, which correspond to 0.24 < xF < 0.48
and 1.0 < q⊥ < 3.5 GeV.
Finally, we show in Fig. 10 the predictions for the future

fixed target measurement in the SpinQuest experiment at
Fermilab [48,49], where a 120 GeV proton (instead of a
π−) collides with a polarized target proton at rest,

corresponding to
ffiffiffi
s

p
≈ 15.5 GeV. On the left panel, we

take Q ¼ 4 GeV within the intended windows 3 < Q <
10 GeV and y ¼ −0.5, reflecting SpinQuest’s preference
towards the small-x (sea-quark) regions in the polarized
target. With this kinematics, the asymmetries are all
subpercent even after the uncertainty bands are taken into
account, which increase as q⊥ is increased towards the
kinematic threshold. On the other hand, when we go to
lower Q regions, the perturbative contributions are at the
percent level as shown on the right panel in Fig. 10 for
Q ¼ 2 GeV and y ¼ 1. It is seen that the behaviors of
various asymmetries are qualitatively similar to the
COMPASS π− results.

FIG. 9. The asymmetries AUT’s as functions of qT for the COMPASS kinematics at
ffiffiffi
s

p ¼ 18.9 GeV. On the left panel, we have
fixed Q ¼ 5.3 GeV and integrated over the rapidity y of the Drell-Yan pair. On the right panel, the results are obtained for
Q ¼ 2.0 GeV and y ¼ 1.0.
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VI. DISCUSSIONS AND CONCLUSIONS

In this paper, we have proposed a unified formalism to
analyze SSAs in SIDIS and the Drell-Yan process and for
both longitudinally and transversely polarized protons. The
new method is more efficient than our previous brute-force
approach to transverse SSAs in SIDIS [2] and actually
helps uncover mistakes in part of the earlier calculation [2].
The predictions for transverse SSAs in the Drell-Yan
process from the present mechanism are entirely new.
We reproduced the known results for the longitudinal
polarization case in the literature on both SIDIS [3] and
the Drell-Yan process [7,8]. We emphasize that the com-
plete QCD results for SIDIS and the Drell-Yan process
have been presented, which should supersede the naive

parton model argument AUT ∼ αsmq=
ffiffiffi
s

p
[5] frequently

quoted in the literature.
We have observed that the asymmetries in the WW

approximation vanish in the limit Q → 0, i.e., the photo-
production limit of SIDIS and direct photon production in
pp collisions, and by extension, also in light-hadron
production in pp. In these processes and within the
WW approximation, SSAs may be indeed proportional
to a current quark mass mq. An evaluation in the parton
model with nonzero mq was performed in [6]. In QCD,
the second term in (13) needs to be included, which
will cancel the logarithmic singularity lnmq in the first
term. After this cancellation, we expect a contribution of
the form,

FIG. 10. The asymmetries AUT’s as functions of qT for the Fermilab SpinQuest collision energy
ffiffiffi
s

p ¼ 15.5 GeV. We have taken
y ¼ −0.5, Q ¼ 4.0 GeV (left) and y ¼ 1.0, Q ¼ 2.0 GeV (right).
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AUT ∝ αsMNm2
qgTðxÞ; ð127Þ

which is even more suppressed than the naive estimate
AUT ∝ αsmq for light quarks.
Based on the analytical formulas, we have numerically

evaluated the asymmetries in the Drell-Yan process relevant
to the experiments at RHIC, COMPASS, SpinQuest, and
EIC. The asymmetries can reach a few percent level in some
preferable kinematics associated with the large-x (valence)
region of the polarized proton, but stay at subpercent level
elsewhere. Yet, they are one or two orders of magnitude
larger than the common prejudice AUT ∼Oð10−4Þ based on
the naive estimate AUT ∝ αsmq=

ffiffiffi
s

p
. The enhancement is

mostly attributed to the ratioMN=mq ∼Oð102Þ, but there is
also a suppression factor xΔqðxÞ=qðxÞ < 1 from the PDFs
in the WW approximation.
The dependencies of AUT on

ffiffiffi
s

p
, q⊥ and Q can be

roughly inferred from the analytic expressions for the
partonic cross sections summarized in Sec. IV F, which,
however, will be significantly modified by the convolution
with PDFs. In general, there exists no simple analytical
formula for AUTð

ffiffiffi
s

p
; q⊥; QÞ. Nevertheless, we have

observed that the dependence on
ffiffiffi
s

p
is relatively weak

in the Drell-Yan process, and an approximate power-law
behavior in the limit Q ≫ q⊥,

AsinðαϕcsþβΦSÞ
UT ∝

�
q⊥orMN

Q

�
Bα;β

; Q ≫ q⊥;MN: ð128Þ

A numerical extraction gives the exponents,

B0;1 ∼ 1.7; B1;1 ∼ 1.4; B1;−1 ∼ 0.7;

B2;1 ∼ 0.7; B2;−1 ∼ 1.2; ð129Þ

at y ¼ 0 and q⊥ ¼ 2. These exponents are sensitive to y
(and also to q⊥ to a lesser extent), since dominant partonic
channels vary with values of y. In practice, the logarithmic
dependence lnQ2=q2⊥ is also expected in the hard coef-
ficients, which is not taken into account in the above
parametrization. We should mention that the scaling (128)
is seen only in a region where the magnitude of AUT is
already negligibly small. Similarly, in the opposite regime
with

AsinðαϕcsþβΦSÞ
UT ∝

�
QorMN

q⊥

�
Cα;β

; q⊥ ≫ Q;MN; ð130Þ

we find, for y ¼ 2 and Q ¼ 2,

C0;1 ∼ 2; 0; C1;1 ∼ 1.2; C1;−1 ∼ 1.2;

C2;1 ∼ 0.8; C2;−1 ∼ 0.8: ð131Þ

These noninteger exponents indicate that the actual q⊥ orQ
dependence is more complicated than what naively follows

from the dimensional or twist counting argument AUT ∼
1=q⊥ or AUT ∼ 1=Q. A similar comment applies to the
SIDIS case.
At last, we have also explored the possible impact of the

genuine twist-three corrections using the recent extraction
of gTðxÞ from the global analysis [9] and the equations of
motion [10]. It was found that these corrections tend to
enhance the asymmetries and can even flip the sign of the
asymmetries in the LIR scenario. However, since our
formulas involve the derivative of gTðxÞ, uncertainties of
gTðxÞ are amplified. A more accurate determination of
gTðxÞ is therefore welcome for future studies.

ACKNOWLEDGMENTS

We thank Shohini Bhattacharya, Genki Nukazuka,
Marc Schlegel, Werner Vogelsang, Shinsuke Yoshida,
and Feng Yuan for discussions and correspondences.
The work of S. B. and A. K. is supported by the
Croatian Science Foundation (HRZZ) Grant No. 5332
(UIP-2019-04). Y. H. is supported by the U.S. Department
of Energy under Contract No. DE-SC0012704, and also
by Laboratory Directed Research and Development
(LDRD) funds from Brookhaven Science Associates.
H.-n. L. is supported by National Science and
Technology Council of the Republic of China under
Grant No. MOST-110-2112-M-001-026-MY3. S. B. is
thankful for the warm hospitality at the University of
Tübingen in 2022, where part of this work was done.

APPENDIX: COMPUTATION OF THE HARD
KERNEL IN SIDIS

In this Appendix, we outline the main steps to arrive at
(21). Starting from (34) of [2], we write

HμνðpÞTμν
r ¼ −

2πig4

Nc

×
Z

d4l2
ð2πÞ4 ð2πÞδðl

2
2Þð2πÞδððpþ q− l2Þ2ÞWr;

ðA1Þ

where

Wr ≡ Tr;μνTr½γ5 =pAαμðpþ q − pqÞ
× M̄αβðpþ q − pq; l2ÞAνβðl2Þ�: ðA2Þ

The building blocks M̄ and A were introduced in [2], which
are given by

M̄αβ ¼
X3
l¼1

cl
ml;αβ

dl
; ðA3Þ
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c1 ¼
NcðN2

c − 1Þ
4

; m1;αβ ¼ −Vαβρðpþ q − pq; l2Þ=pqγ
ρð=pþ =q − =l2Þ; d1 ¼ ðpþ q − pq − l2Þ2;

c2 ¼
ðN2

c − 1Þ2
4Nc

; m2;αβ ¼ =pqγαð=pþ =qÞγβð=pþ =q − =l2Þ; d2 ¼ ðpþ qÞ2;

c3 ¼
N2

c − 1

4Nc
; m3;αβ ¼ −=pqγβð=pq − =l2Þγαð=pþ =q − =l2Þ; d3 ¼ ðpq − l2Þ2; ðA4Þ

with V being the three-gluon vertex, and

Aαμ ¼
X2
i¼1

aαμLi
dLj

; aαμL1 ¼ γαð=pq − =qÞγμ; aαμL2 ¼ γμð=pþ =qÞγα; dL1 ¼ ðpq − qÞ2; dL2 ¼ ðpþ qÞ2;

Aνβ ¼
X2
j¼1

aνβRj
dRj

; aνβR1 ¼ γνð=p − =l2Þγβ; aνβR2 ¼ γβð=pþ =qÞγν; dR1 ¼ ðp − l2Þ2; dR2 ¼ ðpþ qÞ2: ðA5Þ

We perform the loop integral as

Z
d4l2
ð2πÞ4 ð2πÞδðl

2
2Þð2πÞδððpþ q − l2Þ2Þ ¼

1

32π2
X
a2¼�

Z
1

0

dΔ2

Z
2π

0

dϕ2; ðA6Þ

where l�
2ða2Þ denote the solutions of the δ-function conditions l22 ¼ 0 and ðpþ q − l2Þ2 ¼ 0, namely,

lþ
2ða2Þ ¼

pþ þ qþ

2
ð1þ a2Δ2Þ; l−

2ða2Þ ¼
q−

2
ð1 − a2Δ2Þ; Δ2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4l22⊥
s

r
; a2 ¼ �1: ðA7Þ

In addition, we also have the on-shell conditions for the tagged parton p2
q ¼ 0 and ðpþ q − pqÞ2 ¼ 0, that produce

pþ
qðaqÞ ¼

pþ þ qþ

2
ð1þ aqΔqÞ; p−

qðaqÞ ¼
q−

2
ð1 − aqΔqÞ; Δq ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4p2
q⊥
s

s
; aq ¼ �1: ðA8Þ

Next, we write the Dirac trace as

Wr ¼
X2
ij¼1

X3
l¼1

cl
Wr;ilj

dLidldRj
; ðA9Þ

where

Wr;ilj ¼ Tr;μνTr
h
γ5=ka

αμ
Liml;αβa

νβ
Rj

i
; ðA10Þ

and dl in the denominator contains the ϕ2 angular dependence. After the computation of the Dirac traces, the angular
dependence in the numerator takes the form,

Wr;ilj ¼
X3
g¼0

wðgÞ
r;ilj

�
pq⊥ · l2⊥

s

�
g
: ðA11Þ

The ϕ2 integral can then be performed analytically, leading to

Z
2π

0

dϕ2

1

dl

�
pq⊥ · l2⊥

s

�
g
¼ 2π

s
Ig;l; ðA12Þ

where
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I
ðaq;a2Þ
0;1 ¼ −

2

jaqΔq þ a2Δ2j
;

I
ðaq;a2Þ
1;1 ¼ −

1

2

�
1 −

1þ aqa2ΔqΔ2

jaqΔq þ a2Δ2j
�
;

I
ðaq;a2Þ
2;1 ¼ 1

8
ð1þ aqa2ΔqΔ2Þ

�
1 −

1þ aqa2ΔqΔ2

jaqΔq þ a2Δ2j
�
;

I
ðaq;a2Þ
3;1 ¼ −

1

32
ð1 − Δ2

qÞð1 − Δ2
2Þ
�
1

2
þ ð1þ aqa2ΔqΔ2Þ2
ð1 − Δ2

qÞð1 − Δ2
2Þ
�
1 −

1þ aqa2ΔqΔ2

jaqΔq þ a2Δ2j
��

;

I
ðaq;a2Þ
0;2 ¼ 1;

I
ðaq;a2Þ
1;2 ¼ 0;

I
ðaq;a2Þ
2;2 ¼ 1

32
ð1 − Δ2

qÞð1 − Δ2
2Þ;

I
ðaq;a2Þ
3;2 ¼ 0;

I
ðaq;a2Þ
0;3 ¼ −

2

jaqΔq − a2Δ2j
;

I
ðaq;a2Þ
1;3 ¼ 1

2

�
1 −

1 − aqa2ΔqΔ2

jaqΔq − a2Δ2j
�
;

I
ðaq;a2Þ
2;3 ¼ 1

8
ð1 − aqa2ΔqΔ2Þ

�
1 −

1 − aqa2ΔqΔ2

jaqΔq − a2Δ2j
�
;

I
ðaq;a2Þ
3;3 ¼ 1

32
ð1 − Δ2

qÞð1 − Δ2
2Þ
�
1

2
þ ð1 − aqa2ΔqΔ2Þ2
ð1 − Δ2

qÞð1 − Δ2
2Þ
�
1 −

1 − aqa2ΔqΔ2

jaqΔq − a2Δ2j
��

: ðA13Þ

The above relations allow us to get

HðpÞ · Tr ¼ −
ig4

8Ncs

X
a2¼�

Z
1

0

dΔ2

X
ilj

1

dLidRj

X
g

w
ðgÞðaq;a2Þ
r;ilj I

ðaq;a2Þ
g;l ; ðA14Þ

with

Δq ¼ aq

�
1þ 2t

sþQ2

�
: ðA15Þ

Because there is no collinear divergence in the sum over ijlg, the Δ2 integral can be safely done. The result is actually
independent of a2, so the summation over a2 simply gives a factor of 2. It is then straightforward to derive (21).
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