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We compare the relative importance of different mechanisms for polarized J=ψ production in semi-
inclusive deep inelastic scattering processes at large Q2. The transverse momentum dependent (TMD)
factorization framework and nonrelativistic quantum chromodynamics are used to study the leading
contributions from light quark fragmentation to polarized J=ψ , and compared to direct production
via photon-gluon fusion, which can proceed through color-singlet as well as color-octet mechanisms.
We identify kinematic regimes where light quark fragmentation dominates, allowing for the extraction of

the 3S½8�1 matrix element, as well as regimes where photon gluon fusion dominates, suggesting that the gluon
TMD parton distribution function can be probed.
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I. INTRODUCTION

The Electron-Ion Collider (EIC) [1,2] is scheduled to
begin operations early in the next decade, and is expected to
“revolutionize our understanding of the inner workings
of the nucleus by providing us with detailed knowledge
of the internal structure of the proton...” [3] One facet of
understanding the structure of nucleons is the precision
extraction of transverse momentum dependent (TMD)
distributions, and the production of polarized J=ψ offers
a new and relatively unexplored method for studying these
distributions. A thorough theoretical understanding of the
various mechanisms responsible for polarized J=ψ pro-
duction is advantageous as it allows us to determine the
kinematic regimes where the TMD distribution of partons
(TMDPDFs) in the proton can be cleanly extracted. In
particular, it is important to isolate regions of phase space
where either the quark or gluon TMDPDF dominate so
each can be measured independently.
In this paper, we use an effective field theory (EFT)

approach by combining the transverse momentum depen-
dent factorization framework and nonrelativisitic QCD

(NRQCD) [4–6] to systematically study the most important
channels for polarized J=ψ production. Using the power
counting of the EFT we conclude that there are leading
contributions both from light quark fragmentation and
photon-gluon fusion. In the limit of large center-of-mass
energy, fragmentation is the dominant mechanism for
inclusive production of any identified hadron in collisions.
In the specific case of J=ψ production via fragmentation,
NRQCD power counting tells us that light quark fragmen-
tation to a charm anticharm (cc̄) pair in a color-octet 3S1
configuration (the so-called color-octet mechanism) is the
leading order process. No machine, however, has infinite
energy so it is important to consider corrections to
fragmentation. These are called direct production contri-
butions. Again using the combined power counting of
TMD factorization and NRQCD two important direct
production processes which compete with fragmentation
can be identified: photon-gluon fusion to either a color-
octet cc̄ pair in a 1S0 or 3PJ configuration, or to a color-
singlet cc̄ pair in a 3S1 configuration. Many previous
studies [7–31] have investigated transverse momentum
dependence in quarkonium direct production processes,
but most, with the exception of Refs. [32,33], neglect TMD
fragmentation. Other papers [34,35] have looked at TMD
fragmentation functions for heavy quarks fragmenting to
heavy hadrons in an effective field theory framework.
In this paper we are interested in the production of

quarkonium via light quark fragmentation so we study
semi-inclusive deep inelastic scattering (SIDIS), shown in
Fig. 1, at large Q2 and small transverse momentum where
this mechanism becomes relevant. We derive cross sections
for the production of unpolarized, longitudinally polarized,
and transversely polarized J=ψ in SIDIS [36–38] via
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fragmentation or photon-gluon fusion. The goal is to
identify regions of phase space where one process clearly
dominates, which would allow for a clean extraction
of either the quark or the gluon TMDPDF. In addition,
for regions where light quark fragmentation dominates,

the 3S½8�1 long distance matrix element (LDME) gives
the sole leading order contribution, implying that SIDIS
at very large Q2 offers a new avenue to extract this poorly
constrained quantity. The kinematic regions we study are
not accessible by current or previous experiments, like
those conducted at JLab or HERA. Hence, this work is
mostly exploratory in nature and meant to be compared
directly with future experiments at the EIC.
We are not aiming for a precision calculation of

cross sections and thus do not incorporate higher
order corrections or resummations of large logarithms.
Furthermore, we model the nonperturbative behavior of
TMD functions with a Gaussian in transverse momentum,
and the shape-function that arises in photon-gluon fusion
to color octet cc̄ as a Gaussian as well. The latter
nonperturbative effects give contributions away from
z ¼ 1, and have not been included in previous studies.
The main novel features of this work are the comparison
of TMD fragmentation with color octet production
mechanisms and the study of polarized J=ψ production
in SIDIS at large Q2.
In Sec. II we discuss the kinematics of SIDIS, the

reference frame used in this calculation, and the
NRQCD factorization formalism. In Sec. III we review
the treatment of the polarization of a spin-1 hadron such as
the J=ψ . In Secs. IVand V we detail the calculation of cross
sections for J=ψ production via photon-gluon fusion
and light quark fragmentation, respectively. In Sec. VI
we plot the cross sections differential in P2⊥ in different
binned kinematic regions in order to isolate which pro-
duction mechanisms are dominant in those regions. We also
investigate the cos ð2ϕÞ azimuthal asymmetry, which has
been studied in detail in the literature [18–25]. Including
the effect of light quark fragmentation reduces this asym-
metry. Finally, we conclude in Sec. VII.

II. QUARKONIUM PRODUCTION VIA SIDIS

A. Kinematics

We are considering J=ψ production via SIDIS:

lðlÞ þ hðpÞ → lðl0Þ þHðPÞ þ X; ð1Þ
where l is a lepton, h is the initial nucleon,H is the final state
J=ψ , whose momenta are indicated in parentheses. X is the
undetected part of the final state. We work in a frame where
the nucleon and virtual photon momenta are back-to-back:

qμ ¼ ð0; 0; 0;−QÞ;

pμ ¼ Q
2xB

ð1; 0; 0; 1Þ; ð2Þ

and we define the usual kinematic variables

Q2 ¼ −q2 ¼ −ðl − l0Þ2; xB ¼ Q2

2p · q
;

y ¼ p · q
p · l

; z ¼ p · P
p · q

: ð3Þ

The transverse momentum of the J=ψ , P⊥, is with respect to
the z-axis defined by the direction of the nucleon’s momen-
tum. The differential cross section for SIDIS is given by

dσ
dxdzdQ2dP2⊥

¼ α2emM
2Q2xzs

LμνWμν: ð4Þ

The leptonic and hadronic tensors are

Lμν ¼ e−2hl0jJμð0ÞjlihljJ†νð0Þjl0i ð5Þ

Wμν ¼ e−2
Z

d4x
ð2πÞ4 e

−ixq
X
X

hpjJ†μðxÞjP;XihP;XjJνð0Þjpi:

ð6Þ
In the parton model, one works with the initial and final

state partons (such as quarks or gluons) instead of the
hadrons. In this case we can define the momenta pA for the
initial parton. The struck parton carries some fraction of
the initial nucleon’s longitudinal momentum, ξ, so new
relevant variables can be defined

pμ
A ¼ ξpμ; x ¼ xB

ξ
ð7Þ

which are more convenient to work with for factorization of
the hadronic tensor.
The component of the photon momentum transverse to

pA and P is

qμt ¼qμ−
1

pA ·P

�
P ·q−

pA ·q
pA ·P

M2

�
pμ
A−

pA ·q
pA ·P

Pμ; ð8Þ
FIG. 1. Semi-inclusive deep inelastic scattering.
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such that qt · qt ¼ −q2
T . Note that

P0 − P3 ¼ 2x
Q

pA · P ¼ 2x
Q

ξp · P ¼ zQ;

P0 þ P3 ¼ P2⊥ þM2

P0 − P3
¼ P2⊥ þM2

zQ
; ð9Þ

so that

Pμ ¼ 1

2

�
P2⊥ þM2

zQ
þ zQ; 2P⊥; 0;

P2⊥ þM2

zQ
− zQ

�
: ð10Þ

Using the relation

P⊥ ¼ −zqT; ð11Þ
where qT is the transverse momentum of the photon in a
frame where the incoming proton and outgoing J=ψ are
collinear, the momentum of the J=ψ is then given by

Pμ ¼ Qz
2

�
q2
T

Q2
þ 1þ M2

z2Q2
;−

2qT

Q
; 0;

q2
T

Q2
− 1þ M2

z2Q2

�
:

ð12Þ

The relation in Eq. (11) is most easily understood if we
write our momenta in light-cone coordinates ðqþ; q−;qTÞ:

qμ ¼
�
−

Qffiffiffi
2

p ;
Qffiffiffi
2

p ; 0

�
;

pμ
A ¼

�
Qffiffiffi
2

p
x
; 0; 0

�
;

Pμ ¼
�
P2⊥ þM2

2P− ; P−;P⊥
�
; ð13Þ

with P− ¼ zQ=
ffiffiffi
2

p
. Now consider the following Lorentz

transformation [39]

ðVþ; V−;V⊥Þ →
�
Vþ þ q2

T

Q2
V− þ

ffiffiffi
2

p

Q
qT · V⊥; V−;

V⊥ þ qT

ffiffiffi
2

p

Q
V−

�
; ð14Þ

after the transformation qμ¼ðqþ;q−;qTÞ with q−¼Q=
ffiffiffi
2

p
,

and

Pμ
h ¼

�
P2⊥ þM2

2P− þ q2
T

Q2
P− þ

ffiffiffi
2

p

Q
qT · PT; P−;P⊥ þ qTz

�
;

¼
�
M2

2P− ; P
−; 0

�
ð15Þ

where we set qT ¼ −PT=z, use z ¼
ffiffiffi
2

p
P−=Q, and denote

the frame in which the J=ψ has no transverse momentum

with an h subscript. Note that pμ
A is unchanged by the

Lorentz transformation. It is straightforward to use Eq. (8)
to show that qt;h ¼ ð0; 0;qTÞ in this reference frame.

B. NRQCD factorization formalism

We utilize the NRQCD factorization formalism, where
the cross section for the production of a J=ψ via SIDIS
is written as a convolution between a TMD PDF of
parton flavor i, fi, with the short-distance coefficients
Fn associated with the production of a cc̄ pair in spin

and color state 2Sþ1L½color�
J (collectively represented by n),

times NRQCD long-distance matrix elements (LDMEs)
hOJ=ψ ðnÞi, corresponding to the hadronization of the cc̄
pair in state n into a J=ψ ,

σ ∼
X
n;i

fi ⊛ Fn;ihOJ=ψðnÞi þO
�
v;

Λ
p⊥

�
: ð16Þ

The utility of this formalism is that the LDMEs scale in
the NRQCD power counting parameter v, the relative
velocity of the quark/antiquark pair, which for charmonium
goes as v2 ∼ 0.3. Thus Eq. (16) is a double expansion
in αs and v. For the scope of this paper, we need four

LDMEs: hOJ=ψð3S½1�1 Þi, hOJ=ψð3S½8�1 Þi, hOJ=ψ ð1S½8�0 Þi, and

hOJ=ψ ð3P½8�
0 Þi. The first of these scales as v3 and the rest

scale as v7, and we discuss in detail the power counting that
justifies retaining only these terms as we consider each
contribution.

1. Polarization puzzle

J=ψ production has been measured in eþe−, pp, pp̄, ep,
γp, and γγ collisions, and compared with corresponding
theoretical calculations in NLO QCD for both the
color-singlet and color-octet mechanisms. Historically,
when fitting to NRQCD predictions, there have been
discrepancies in the LDMEs between different fits.
References [40,41] performed global fits to the world’s
data at NLO in NRQCD and find LDMEs that are
consistent with the relative v suppression of the color-octet
mechanisms compared to the color-singlet mechanisms.
However, using these LDMEs predicts the polarization of
the J=ψ to be transverse to its momentum at high transverse
momentum (PT), which is in conflict with data indicating it
has no polarization. In light of this so-called polarization
puzzle, other authors [42,43] have performed fits to only
the higher values of PT and obtained better agreement.
Both of these papers argue that NRQCD factorization is
most valid at high PT , and Ref. [43] used Altarelli-Parisi
evolution to resum logarithms of PT=M. We summarize the
extracted LDMEs for these three papers in Table I. Note
that there is substantial disagreement between the two high

PT fits on the value of the 3S½8�1 matrix element. Light quark

fragmentation to J=ψ is dominated by the 3S½8�1 mechanism,
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so the computation of polarized TMDFFs for J=ψ
production in this paper provides new observables from
which to extract this LDME and may shed some light on
this discrepancy.

C. J=ψ production mechanisms

We are considering contributions to J=ψ production
from photon-gluon fusion and quark fragmentation. For
photon-gluon fusion, the perturbative short distance coef-
ficient, Fn, is obtained from a squared amplitude for the
direct production diagram γ� þ g → cc̄. We consider the
diagrams at OðαsÞ and Oðα2sÞ (Fig. 2). The former has a
short-distance coefficient proportional to αsðQÞ and has
leading contributions from the color octet 1S0 and 3PJ

channels, whose LDMEs scale as v7. The latter has a
short-distance coefficient proportional to α2sðQÞ and has a
leading contribution in the color singlet 3S1 channel, whose
LDME scales as v3. For the large Q accessible at the EIC
αsðQÞ ∼ 0.1while in the charmonium system v2 ∼ 0.3, thus
the extra suppression of the color octet matrix elements by
v4 is partially offset by one less factor of αsðQÞ in the short
distance coefficient. Therefore, the color octet and color
singlet diagrams are roughly the same order in the double
power counting.
Production via fragmentation is the leading power in

P2⊥=Q2 contribution to the cross section and thus should
dominate the direct production contributions at large Q2.
However, for J=ψ production via fragmentation in SIDIS
we need to consider the mechanism for fragmentation
into cc̄. The hard coefficient in SIDIS production of J=ψ
determines the power of αsðQÞ by which individual
contribution are suppressed; for quark initiated processes

it is α0sðQÞ, while having a gluon initiated process costs a
power of αsðQÞ. The light quark involved in the quark
initiated process can fragment to a cc̄ which hadronizes
to a J=ψ . At leading order this comes with an additional
suppression of αsðMÞ2 in the strong coupling and v7 in the
NRQCD scaling. All other fragmentation processes are
further suppressed compared to quark fragmentation from
quark initiated processes. How the leading fragmentation
contribution compares to the direct production process is
best determined by a comparison of these contributions in
the cross section.
For production via fragmentation, TMD factorization

allows the hadronic tensor to be written as

Wμν ≈ 2z
Z

d2kTd2pT δ
ð4ÞðpT − kT þ qTÞ

× Tr½γμΦðpT; xÞγνΔðkT; zÞ�; ð17Þ

whereΦðpT; xÞ is the TMD PDF of the parton andΔðkT; zÞ
is the TMD FF for the parton fragmenting into a J=ψ [44].
(For details regarding a proof of factorization for fragmen-
tation to a light hadron, refer to Refs. [45–49]). Here,
NRQCD factorization comes into play in the TMD FF,
where we write

Δi→J=ψðz;kT ; μÞ

¼
X
n

di→cc̄ðz;kT ; μÞhOJ=ψ ðnÞi þO
�
v;

Λ
p⊥

�
; ð18Þ

with perturbative coefficients di→cc̄. For quark fragmenta-
tion at Oðα2sÞ, three diagrams plus their mirrors contribute
(Fig. 3). The only LDME involved at this order is color
octet 3S1.
The leading fragmentation contribution thus is Oðα2sv7Þ,

which appears to be subleading to the leading direct
production mechanisms. Naive power counting, however,
is misleading for two reasons. First, fragmentation is the
leading contribution to the cross section in the infinite s
limit, with the direct production contributions suppressed
by powers of M2=s. Second, the fragmentation process
takes place at the scale 2mc, so that the short-distance
coefficient is proportional to αð2mcÞ ∼ 0.3. As a result a
more nuanced analysis is needed to determine which
mechanism dominates.
In Ref. [32], the authors argue that in the region

ð1 − zÞ ∼ 1 and in the limit Q2 ≫ M2, the relative

(a) (b)

FIG. 2. Diagrams at (a) LO and (b) NLO in αs contributing to
quarkonium production via photon-gluon fusion. There are five
other diagrams like the NLO graph, with permutations of the
vertices. Only the NLO graphs can produce a color singlet state.

TABLE I. NRQCD LDMEs for various fits.

hOJ=ψ ð3S½1�1 Þi × GeV3 hOJ=ψ ð3S½8�1 Þi × 10−2 GeV3 hOJ=ψ ð1S½8�0 Þi × 10−2 GeV3 hOJ=ψ ð3P½8�
0 Þi=m2

c × 10−2 GeV3

B & K [40,41] 1.32� 0.20 0.224� 0.59 4.97� 0.44 −0.72� 0.88
Chao et al. [42] 1.16� 0.20 0.30� 0.12 8.9� 0.98 0.56� 0.21
Bodwin et al. [43] 1.32� 0.20 1.1� 1.0 9.9� 2.2 0.49� 0.44
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contribution from color singlet photon-gluon fusion
dσðγ�gÞ and quark fragmentation dσðγ�qÞ can be estimated
to be

dσðγ�gÞ
dσðγ�qÞ ∼

�
M
Qv2

�
2

; ð19Þ

which for charmonium is about 100 GeV2=Q2. This
motivates us to study J=ψ production for Q > 10 GeV
in SIDIS. These Q values are much larger than ever
measured at HERA [50,51]. Reference [32] operates away
from z ¼ 1 and so the 1S0 and 3PJ mechanisms are
excluded from the plots in their paper. This is because
in lowest order perturbation theory they are proportional

to δð1 − zÞ. An important point of this paper is that
higher-order shape function effects become important near
z ¼ 1 [52], which allows these mechanisms to contribute in
the high-z regions.

III. J=ψ POLARIZATION

In our calculations for J=ψ production via SIDIS, several
nonrelativistic tensor structures appear. These are matched
onto vacuum matrix elements of NRQCD operators, in
terms of the NRQCD heavy quark and antiquark fields ψ
and χ, and a projection operator PJ=ψðλÞ that projects out the
J=ψ state of helicity λ [53]. The matrix elements relevant
for our calculation are

M2η0†σiξ0ξ†σjη ↔ hχ†σiψPJ=ψðλÞψ†σjχi;

M2q0mqnη0†σiTaξ0ξ†σjTaη ↔

�
χ†σi

�
−
i
2
D
↔

m

�
TaψPJ=ψðλÞψ†σj

�
−
i
2
D
↔

n

�
Taχ

�
;

M2η0†σiTaξ0ξ†σjTaη ↔ hχ†σiTaψPJ=ψðλÞψ†σjTaχi;
M2η0†Taξ0ξ†Taη ↔ hχ†TaψPJ=ψðλÞψ†Taχi: ð20Þ

These vacuum matrix elements give the NRQCD LDMEs:

hχ†σiψPJ=ψðλÞψ†σjχi ¼
2M
3

ϵ�λiϵjλhOJ=ψð3S½1�1 Þi;
�
χ†σi

�
−
i
2
D
↔

m

�
TaψPJ=ψðλÞψ†σj

�
−
i
2
D
↔

n

�
Taχ

�
¼ 2Mϵ�λiϵjλδmnhOJ=ψð3P½8�

0 Þi;

hχ†σiTaψPJ=ψðλÞψ†σjTaχi ¼ 2M
3

ϵ�λiϵjλhOJ=ψð3S½8�1 Þi;

hχ†TaψPJ=ψðλÞψ†Taχi ¼ 2MhOJ=ψð1S½8�0 Þi: ð21Þ

Note that spin-triplet matrix elements for the J=ψ are
proportional to ϵ�λiϵjλ [53] due to spin symmetry, where ϵλi
is the polarization vector of the J=ψ and λ denotes the
helicity which can be λ ¼ þ1, 0, and −1. The spin singlet
operator is independent of polarization.
We are interested in polarizations that are longitudinal

and transverse to the J=ψ’s direction of motion. The
transverse polarizations can be obtained by subtracting

the longitudinal polarization from the unpolarized case. It is
straightforward to write down the longitudinal polarization.
Requiring that its Cartesian portion be along the same
direction as the J=ψ ’s momentum, along with ϵ2L ¼ −1
and ϵL · P ¼ 0, fixes it to be

ϵμL ¼ 1

M
ðjPj; P0P̂Þ: ð22Þ

FIG. 3. Tree-level diagrams contributing to the polarized quark TMDFF.
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For the unpolarized cross section, the sum over polarization
yields the standard result,

X
pol

ϵ�μϵν ¼ −gμν þ PμPν

M2
: ð23Þ

IV. DIRECT PRODUCTION

At leading order in αs, out of the production mechanisms
we consider, only the direct production of J=ψ via photon-
gluon fusion offers a probe of the gluon structure of the
proton in SIDIS. At leading orders in αs and the relative
velocity v the cc̄ can be produced in either a color octet
or color singlet state (shown in Fig. 2). The color octet
contribution in Fig. 2(a) contributes at z ¼ 1 in perturbation
theory. It is important to study these production mecha-
nisms because, in addition to offering access to the gluon
content of the proton, they can compete with fragmentation
in many kinematic regimes.
For direct production we employ a quasi-TMD factori-

zation framework, working under the assumption that there
is a regime where the transverse momentum of the PDF
should be negligible and the majority of the transverse
momentum dependence comes from the hadronization
of the cc̄ to the J=ψ . This is similar in practice to the

collinear approach, with some slight modifications that
are described below.
For photon gluon fusion, the cross sections are quite

lengthy and so we only give them in the Q2 ≫ M2;P2⊥
limit. The full expressions, which are what we plot, can be
found in a Mathematica notebook on Github [54], the link
to which can also be found on this paper’s arXiv posting.
We have checked that the expressions agree with the
corresponding equations in Refs. [32,52].

A. Color octet production

When z ∼ 1 photon-gluon fusion predominantly produ-
ces cc̄ in the color-octet state which is leading order in αs
[Fig. 2(a)]. In this limit, the cc̄ absorbs all of the momentum
of the collision, radiating no hard gluons. Hence
z ¼ ðp · PÞ=ðp · qÞ → 1. To estimate the size of color-octet
production we calculate this process within a collinear
factorization framework. This has been computed
before [52], and even been studied to some extent in the
TMD framework [19,24], so the results presented here are
not new. At leading order the dominant channels are the
1S½8�0 and 3P½8�

0 states and the final results are proportional to
δð1 − zÞ, confirming the basic arguments presented. The
cross sections are

dσUð1S½8�0 Þ
dx dz dQ2 dP2⊥

≈
32π3zα2emαs
9MQ6z̃3

�
1 − yþ y2

2

�
δðz̄Þδð2ÞðP⊥Þfgðxz̃ÞhOJ=ψð1S½8�0 Þi; ð24Þ

dσLð1S½8�0 Þ
dx dz dQ2 dP2⊥

¼ 1

3

dσUð1S½8�0 Þ
dx dz dQ2 dP2⊥

; ð25Þ

dσUð3P½8�
0 Þ

dx dz dQ2 dP2⊥
≈
64π3 zα2emαs
9M3Q6z̃5

½y2ð8þ zð3z − 8ÞÞ þ 8ð1 − yÞz̃ − 2ð1 − yÞzz̃2�δðz̄Þδð2ÞðP⊥Þfgðxz̃ÞhOJ=ψð3P½8�
0 Þi; ð26Þ

dσLð3P½8�
0 Þ

dx dz dQ2 dP2⊥
≈
64π3z3α2emαs
9M3Q6z̃5

½ð2 − yÞ2 − 2zð1 − yÞ�δðz̄Þδð2ÞðP⊥Þfgðxz̃ÞhOJ=ψ ð3P½8�
0 Þi; ð27Þ

where z̄ ¼ 1 − z, z̃ ¼ 2 − z. The above approximations are
leading order in an expansion of small P⊥. We approximate
this TMD function by replacing the δð2ÞðP⊥Þ with a
Gaussian centered around P⊥ ¼ 0. A similar argument
applies to the δð1 − zÞ, which is summed into a shape
function which is peaked at z ¼ 1 and decays exponen-
tially. Since we are interested in qualitative behavior of
different contributions it is sufficient for our purposes to
model the shape function with a Gaussian. A more
thorough exploration of this process in a rigorous TMD
framework should be conducted in future work.

B. Color singlet production

When z < 1 the color singlet channel dominates
direct production, where one hard gluon is radiated away

[Fig. 2(b)]. There are six diagrams contributing to this
process and the J=ψ produced has transverse momentum
dependence, even in the collinear limit. The cross sections
for the color singlet mechanism are

dσUð3S½1�1 Þ
dxdzdQ2 dP2⊥

≈
512πz̄α2emα2s

243MQ6zz̃2ðP2⊥ þ z̄2M2Þ2
�
1− yþ y2

2

�

×½P2⊥ þ z̄2M2ð2− zz̃Þ�fgðxÞhOJ=ψð3S½1�1 Þi;
ð28Þ

dσLð3S½1�1 Þ
dxdzdQ2 dP2⊥

≈
512πz̄α2emα2s

243MQ6zz̃2ðP2⊥ þ z̄2M2Þ2
�
1− yþ y2

2

�

× P2⊥fgðxÞhOJ=ψ ð3S½1�1 Þi: ð29Þ
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An interesting observation is that the longitudinal cross
section vanishes at small P⊥ and the unpolarized cross
section goes to a constant. This implies that the color
singlet channel contributes only to transversely polarized
J=ψ for small P⊥. Also, the color singlet contribution is a
subleading-power contribution in the TMD limit (i.e., for
small but nonzero P⊥ the color singlet contribution is down
by P2⊥=M2 relative to the color octet contribution consid-
ered above).

V. QUARK FRAGMENTATION

Fragmentation is a production process in which the
virtual photon strikes a parton causing it to become highly
energetic and fragment into final state hadrons. At leading
twist, only light quark fragmentation is relevant for SIDIS;
the diagrams for calculating the light quark fragmentation
functions are depicted in Fig. 3. The leading order polarized
TMD FFs for a light quark fragmenting into J=ψ were
recently presented in Ref. [33]. The results from this work
are briefly reviewed below.

A. TMDs

The bare transverse momentum dependent fragmentation
function for a quark of flavor i to fragment into J=ψ þ X,
where X represents other possible particles in the final state,
is defined as

Δ̃ð0Þ
q→J=ψ ðz;bT; Pþ=zÞ

¼ 1

2zNc
Tr

Z
db−

2π
eib

−Pþ=z
X
X

Γαα0

× h0jW ⌟ψα
i ðbÞjJ=ψðPÞ; Xi hJ=ψðPÞ; Xjψ̄α0

i ðbÞW⌝j0i:
ð30Þ

Here the trace is over spin and color indices and
Γ∈ fγþ=2; γþγ5=2; iσβþγ5=2g covers the Dirac structures
that project out the polarizations of the quark at leading
twist. The half staple shaped Wilson lines are defined as

W ⌟ ¼ Wnðb;þ∞; 0ÞWbT ðþ∞n;þ∞; bTÞ
W⌝ ¼ WbT ðþ∞n;þ∞; bTÞWnð0;þ∞; 0Þ ð31Þ

with the usual Wilson lines,

Wnðxμ;a;bÞ¼P exp

�
−ig

Z
b

a
dsn ·Aa0ðxþsnÞta

�
; ð32Þ

where n is a lightlike vector.

B. Quark fragmentation functions

In the case of an unpolarized parton and either unpo-
larized or longitudinally polarized J=ψ , the diagrams

can be written in terms of the relevant fragmentation
functions as:

dA þ dBþmirror þ dc ¼ D1 þ SLLD1LL; ð33Þ

where SLL is a nonzero parameter in ϵ�μϵν [33], and

D1 ¼
2α2s

27πzM3

z2k2
Tðz2 − 2zþ 2Þ þ 2M2ðz − 1Þ2

½z2k2
T þM2ð1 − zÞ�2

× hOJ=ψð3S½8�1 Þi;

D1LL ¼ 2α2s
27πzM3

z2k2
Tðz2 − 2zþ 2Þ − 4M2ðz − 1Þ2

½z2k2
T þM2ð1 − zÞ�2

× hOJ=ψð3S½8�1 Þi: ð34Þ

The differential cross section is then

dσUUðlþH→ l0 þJ=ψþXÞ
dxdzdQ2d2P⊥

¼4πα2

Q4

�
1−yþy2

2

�
fI½f1D1�þSLLI½f1D1LL�g; ð35Þ

where the convolution integral I is

I½fD�¼
Z

d2pT d2kT δ
ð2ÞðpT−kTþP⊥=zÞfðpTÞDðkTÞ:

ð36Þ

For unpolarized J=ψ , one then sums over SLL ∈ f1=2;
1=2;−1g, and for longitudinally polarized J=ψ SLL∈f−1g.
Note that summing over SLL cancels the cross section’s
dependence on D1LL.

VI. RESULTS

Using the factorized cross sections defined in Eq. (35)
and the collinear direct production cross sections, we can
begin to make predictions for various processes.
The delta functions in PT and (1 − z) that appear in

color octet photon gluon fusion are replaced by Gaussians
(as discussed in IVA).

δð2ÞðPTÞ →
1

πhP2
Ti

e−P
2
T=hP2

Ti

δð1 − zÞ → 1ffiffiffiffiffiffiffiffiffi
πhz̄ip e−ð1−zÞ2=hz̄i: ð37Þ

The parameters hP2
Ti and hz̄i are chosen to be 0.25 GeV2

and 0.04, respectively. For this choice of hz̄i the support of
the shape function is between z ¼ 0.7 and 1.
In the matching of the TMD FF, J=ψ production occurs

at a scale roughly around the mass of the J=ψ so we
evaluate the strong coupling at μ ¼ 3.1 GeV in the J=ψ
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fragmentation functions. However, for direct production,
the J=ψ is produced at a much higher scale, so here we
evaluate the strong coupling at μ ¼ 30 GeV ∼Q. For both
cases, the PDF is probed at the scale ∼Q so we evaluate the
PDFs at μ ¼ 30 GeV. In the numerical analysis we use the
PDF sets for the up and down quarks from Ref. [55].
We plot the differential cross section at the center of

mass energy
ffiffiffi
s

p ¼63GeV. We divide the kinematic phase
space into several bins of x∈ ½0.1; 0.5�& ½0.5; 1�, z∈ ½0.1;
0.4�& ½0.4; 0.8�, and QðGeVÞ∈ ½10; 30�& ½30; 50�, and
plot in the TMD regime P⊥ ∈ ½0; z½bin min�Q½bin min�=2�, in
the same manner as Ref. [32]. The results for an unpolar-
ized beam scattering off an unpolarized cross section to
produce unpolarized J=ψ are presented in Fig. 4.
We notice in the region x∈ ½0.1; 0.5�, Q∈ ½10; 30� direct

production dominates. The smaller z region is largely
populated by color singlet production and cleanly separates
from direct color-octet production. However, in the larger
z∈ ½0.4; 0.8� bin the color octet mechanisms become
relevant due to the implemented shape functions. To access
the gluon TMD PDFs, it appears that the regions x∈
½0.1; 0.5�, Q∈ ½10; 30�, z∈ ½0.1; 0.4� and x∈ ½0.1; 0.5�,
Q∈ ½10; 30�, z∈ ½0.4; 0.8� may be ideal.
When x is larger, in the bin [0.5, 1], fragmentation

dominates over all other mechanisms, regardless of the
z and Q regions considered. In fact, the fragmentation

mechanism is essentially isolated in the bins where x∈
½0.5; 1� and z∈ ½0.1; 0.4� meaning that this region is ideal
for accessing information about the quark TMD PDFs.
We have used the values for the NRQCD LDMEs

determined by Chao et al. [42]: hOJ=ψð3S½8�1 Þi ¼ 0.3×

10−2 GeV3, hOJ=ψð3S½1�1 Þi ¼ 1.16 GeV3, hOJ=ψ ð1S½8�0 Þi ¼
8.9 × 10−2 GeV3, and hOJ=ψð3P½8�

J Þi=m2
c ¼ 0.56×

10−2 GeV3. Using the Bodwin et al. [43] values would
increase the fragmentation contribution by a factor of ∼4.
A goal of this work is to provide new observables and
thereby be a first step toward a new global analysis of the
world’s data through which the NRQCD LDMEs can be
more accurately extracted. However, a more rigorous
development of the production mechanisms in the TMD
framework should be developed first before any precise
extractions can be made.

A. Polarized J=ψ production

We can study the production of polarized J=ψ from
unpolarized beams scattering off of unpolarized targets as
well. In addition to giving more insight about where the
TMDs may be extracted, studying polarized J=ψ produc-
tion provides an additional tool to isolate the various
production mechanisms. This will be useful for determin-
ing the NRQCD LDMEs to greater precision in the future.

FIG. 4. Binned contributions to the cross section for an unpolarized parton fragmenting to an unpolarized J=ψ , from direct production
and light quark fragmentation.
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The results for longitudinally polarized J=ψ are presented
in Fig. 5. The main takeaway is that longitudinally
polarized color singlet production is suppressed at low
P⊥ and light quark fragmentation dominates for almost all
bins, except for x∈ ½0.1; 0.5�, Q∈ ½10; 30�, z∈ ½0.4; 0.8�.
Transversely polarized J=ψ (¼ unpolarized—longitudinal)
would show the color singlet production becoming more
prominent in both x∈ ½0.1; 0.5�, Q∈ ½10; 30� bins.
The polarization of the J=ψ is measured via the angular

distribution of the J=ψ’s decay to a lþl− pair. The decay
distribution can be parametrized as

dΓðJ=ψ → lþl−Þ
dðcos θÞ ∝ 1þ λθ cos2θ; ð38Þ

where the parameter λθ is

λθ ¼
1 − 3 σL

σU

1þ σL
σU

: ð39Þ

We can plot the contributions to this parameter in each of
the bins studied previously; the results are shown in Fig. 6.
We see that J=ψ is primarily longitudinally polarized in
almost all bins.

B. Azimuthal asymmetries

Azimuthal asymmetries are experimental observables of
considerable interest to the community [18–25]. They are
defined as

AWðP⊥Þ ¼
R
dϕh WðϕhÞdσR

dϕh dσ
ð40Þ

where ϕh is the angle between the J=ψ production plane
and the lepton plane and WðϕhÞ is a weight dependent on
the angle. In general, our cross sections have the form

dσ
dxdzdQ2dϕhdP2⊥
¼ ½A0ðP⊥Þ þA1ðP⊥Þ cosðϕhÞ þA2ðP⊥Þ cosð2ϕhÞ�fg1ðxÞ
þB0ðP⊥Þfq1ðxÞ: ð41Þ

The x, z, and Q2 dependence in the Ai coefficients have
been omitted for convenience. Since the quark fragmenta-
tion contribution has no azimuthal dependence it can be
seen that azimuthal asymmetries provide a direct probe of
the gluon PDFs in the proton. For example, it is common to
study Acosð2ϕhÞ by plugging in cosð2ϕhÞ for WðϕhÞ,

FIG. 5. Binned contributions to the cross section for an unpolarized parton going to a longitudinally polarized J=ψ , from direct
production and light quark fragmentation.
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Acosð2ϕhÞðP⊥Þ ¼
R
dxA2ðP⊥Þfg1ðxÞ

2
R
dx ½A0ðP⊥Þfg1ðxÞ þ B0ðP⊥Þfq1ðxÞ�

:

ð42Þ
The denominator is proportional to the unpolarized cross
section which would be obtained by summing all of the
contributions in Fig. 4. The numerator offers direct access

to the gluon PDF. Typically these asymmetries are only
studied using the contributions from color singlet and/or
color octet direct production. However, as shown in Fig. 7,
including fragmentation suppresses the predicted asymme-
tries dramatically regardless of the kinematic region. We do
not expect this qualitative observation to change in a more
rigorous application of the TMD framework (i.e., by taking

FIG. 7. Binned contributions to the cosð2ϕhÞ azimuthal asymmetry for an unpolarized parton producing an unpolarized J=ψ .

FIG. 6. Sum over all contributions in each bin to the decay distribution parameter λθ.
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the PDFs to have nontrivial TMD dependence etc.).
Furthermore, we notice the asymmetry is by far the
largest in the region z∈ ½0.4; 0.8�, Q∈ ½10; 30� GeV and
x∈ ½0.1; 0.5�. Thus, we suggest this kinematic region to
probe the azimuthal asymmetry in J=ψ production.

VII. CONCLUSION

In this paper we compared SIDIS cross sections at large
Q2 for polarized J=ψ production via photon-gluon fusion
and light quark fragmentation utilizing an approximate
TMD framework for the first time. We identified kinematic
regimes where photon-gluon fusion is dominant over
fragmentation, which informs where gluon TMDs can be
accessed. This is of high interest to the hadronic physics
community. Likewise, there are many regions where quark
fragmentation accounts for most of the J=ψ produced.
Thus, J=ψ production in SIDIS at large Q2 offers a new

avenue for extracting the poorly constrained 3S½8�1 LDME.
In addition to the cross sections, we also investigated

the decay distribution parameter λθ, and the effect of
including fragmentation in the azimuthal asymmetry
Acos ð2ϕÞ, which has not been included in previous studies
of the asymmetry. In general, we find that including the
effect of fragmentation suppresses these asymmetries,
meaning this contribution is non-negligible. Our results

will be valuable in comparing to experimental results at the
upcoming EIC.
Future research directions can encompass several areas.

One such avenue is the exploration of higher-order cor-
rections, including an examination of rapidity divergences.
Additionally, there is potential for a full TMD treatment of
the cross sections. Further investigations could focus on
J=ψ production in the context of eþe− collisions. Lastly, an
essential aspect of future work would involve the derivation
of evolution equations for the TMD PDFs and TMD FFs
appearing in these cross sections.
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