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We construct an extended version of the linear sigma model in such a way as to describe spin-1 hadrons
as well as spin-0 hadrons in two-color QCD (QC,D) by respecting the Pauli-Giirsey SU(4) symmetry.
Within a mean-field approximation, we therefrom examine a mass spectrum of the spin-1 hadrons at finite
quark chemical potential (4,) and zero temperature. Not only mean fields of scalar mesons and scalar-
diquark baryons but also of vector mesons and vector-diquark baryons are incorporated. As a result, we find
that, unless all of those four types of mean fields are taken into account, neither lattice result for the critical
U, that corresponds to the onset of baryon superfluidity nor for x, dependence of the pion mass can be
reproduced. We also find that a slight suppression of the p meson mass in the superfluid phase, which was
suggested by the lattice simulation, is reproduced by subtle mixing effects between spin-0 and spin-1
hadrons. Moreover, we demonstrate the emergence of an axial-vector condensed phase and possibly of a
vector condensed phase by identifying the values of y, at which the corresponding hadron masses vanish.
The possible presence of isotriplet 1~ diquarks that may be denoted by a tensor-type quark bilinear field is

also discussed.
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I. INTRODUCTION

Revealing the characteristics of hadrons in cold dense
matter stands as a significant pursuit in quantum chromo-
dynamics (QCD), since these particles serve as good probes
to explore medium modifications of QCD symmetry
properties, such as chiral symmetry restoration. For this
reason, thus far, tremendous theoretical and experimental
effort has been devoted to shed light on the hadronic
properties in dense nuclear matter [1,2]. First-principles
lattice Monte Carlo simulations, however, are difficult to
apply to such a cold and dense regime due to the so-called
sign problem [3.,4]. Hence, our understanding of how the
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hadronic properties are modified in cold dense matter is
limited as compared to the case of hot QCD matter.

Although lattice simulations remain to be effective in
three-color QCD at finite quark chemical potential (u,),
exceptionally for two-color QCD (QC,D) with even num-
bers of quark flavors, the cumbersome sign problem dis-
appears and indeed the simulations turn out to be applicable
atnonzero y, [5]. So far, many lattice simulations have been
performed toward the delineation of hadron modifications as
well as of the phase structure in cold dense QC,D [6-30]
(see Ref. [31] and references therein). In concert with those
numerical experiments, theoretical examinations have been
made for qualitative understanding by using hadronic and
microscopic models [32-60].

In QC,D, diquarks, i.e., bound states of two quarks,
emerge as color-singlet hadrons thanks to the pseudoreality
of SU(2), color group, unlike in three-color QCD. As a
consequence, diquarks and mesons can be embedded into
single multiplets and described collectively. Moreover, the
pseudoreality allows us to extend SU(2); x SU(2) chiral
symmetry to the so-called Pauli-Giirsey SU(4) symmetry
[32,33], and then, the chiral condensate induces the sym-
metry breaking of SU(4) — Sp(4). Thus, chiral models in
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QGC,D are constructed based on this symmetry-breaking
pattern and, additionally, small violation of the Pauli-Giirsey
SU(4) symmetry to account for a finite pion mass.

Another noteworthy feature of QC,D is the emergence of
the diquark condensed phase; diquarks are bosonic hadrons
carrying the quark number in QC,D so that they start to
form a Bose-Einstein condensate (BEC) at certain yu,
[32,33]. This distinctive phase violates U(1), baryon-
number symmetry spontaneously, and hence, the diquark
condensed phase is also referred to as the baryon superfluid
phase. Meanwhile, the stable phase at smaller y,, which no
longer contains BECs, is simply called the hadronic phase.
In the latter phase all thermodynamic quantities show no u,,
dependence at zero temperature, and such a salient property
is called the Silver-Blaze property.

Recently, a mass spectrum of the low-lying spin-0
hadrons carrying negative and positive parities was simu-
lated on lattice at finite y, [61,62]. The simulation result
indicates that # mesons (isosinglet 0~ mesons) are lighter
than pions in the superfluid phase, which is in contrast to
our naive expectation that # mesons are heavier than pions
due to the U(1), anomaly effects. Motivated by this
characteristic mass inversion, in Ref. [59] we constructed
the linear sigma model (LSM) based on the (approximate)
Pauli-Giirsey SU(4) symmetry, which is capable of
describing not only O~ mesons and 0% (anti)diquark
baryons but also 0 mesons and 0~ (anti)diquark baryons.
Based on the LSM, indeed, we succeeded in explaining the
mass inversion by showing that the # mass is sufficiently
suppressed in the superfluid phase owing to mixing with 0~
(anti)diquark baryons, which is triggered by the U(1),
baryon-number violation.

In this paper, we extend the LSM by newly incorporating
spin-1 hadrons, i.e., 1* mesons and (anti)diquark baryons,
but still respecting the Pauli-Giirsey SU(4) symmetry.
Then, we demonstrate the importance of mixing effects
between spin-0 and spin-1 hadrons for the y, dependence
of physical quantities such as the diquark condensate and
the quark-number density. Besides, we present the pre-
dicted masses of spin-1 hadrons in cold matter and possible
novel phases triggered by mass-vanishing spin-1 hadrons
such as axial-vector and vector condensed phases.

The predictions given by the present study on how the
spin-1 hadrons have their masses modified in cold matter
are expected to be checked by future lattice QC,D
simulations. Ultimately, our comprehensive model, which
allows us to simultaneously describe the spin-0 and spin-1
hadrons without incorporating the quark degrees of free-
dom explicitly, even at high densities, could serve as a
guideline on how to use a hadronic model in cold matter. In
addition, as diquarks themselves are observable, QC,D
possesses an advantage over three-color QCD where
diquark dynamics can be solely seen through, e.g., singly
heavy baryons (SHBs) made of one heavy quark and one
diquark [63-71]. The SHBs are now under intensive

investigation in accordance with the recent development
of experimental techniques. In this regard, our findings
on the diquarks in QC,D would also serve as good
references for understanding the SHBs dynamics from
chiral symmetry.

This article is organized as follows. In Sec. II we
introduce quark-bilinear fields for spin-O and spin-1
hadrons and construct an effective model describing these
hadrons based on the Pauli-Giirsey SU(4) symmetry. After
explaining, in Sec. III, our procedure to fix model param-
eters for later numerical calculations, we show, in Sec. IV,
g dependence of the mean fields within the present model
and, in Sec. V, our main results, namely, the hadron mass
spectrum at finite y,. Besides, the chiral partner structure
for the spin-1 hadrons is demonstrated in Sec. VL
Sections VII and VIII are devoted to discussions and
conclusions, respectively.

II. MODEL CONSTRUCTION

In this section, we construct our effective model describ-
ing both the spin-0 and spin-1 hadrons based on the linear
realization of the Pauli-Giirsey SU(4) symmetry.

A. Spin-0 hadron fields

For the purpose of constructing the effective Lagrangian,
we first introduce a useful building block of the spin-0
hadrons whose SU(4) symmetry properties are manifest,
following the previous work [59].

In two-flavor QC,D, SU(2); x SU(2)g chiral symmetry
is extended to the Pauli-Giirsey SU(4) symmetry due to the
pseudoreal property of SU(2), gauge group, as shown in
Appendix A. The extended symmetry enables us to treat
mesons and diquark baryons in a unified way. Then, as
shown in Ref. [59], it is useful to introduce a 4 x 4 matrix X
corresponding to both the spin-0 mesons and diquarks
baryons as defined by

5
==Y (8 + iP)XCE. (1)
=0

a

In this equation, X¢=0 = ﬁ 14,4 and X*='= are generators

belonging to the Lie algebra of SU(4)/Sp(4), the expres-
sions for which are given by Eq. (B5) in Appendix B.
Besides, E is the 4 x 4 symplectic matrix defined by

e=(5 ) ©)

In Eq. (1) §“ and P* represent a set of the spin-0 hadron
fields as
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where 6, a,, 7, and 7 are mesons while B and B’ (B and B')
are (anti)diquark baryons. The quantum numbers carried by
those hadrons are summarized in Table I. With the
correspondence (3), the 4 x 4 matrix X reads,

0 —B'+iB Lj;"”o at—int
| B-iB 0 a —ig e
== _Lﬁo—”" —a +in~ 0 —-B'+iB
—at+int —THEET R 0
(4)

In terms of the quark doublet operator y = (u, d)”, the
hadrons are denoted by

_ I _ _
c~wy,  ag e~ %wﬁu, ag ~pTy,

L

—_ —_ :F 0 —_ 3
~ i , V4 ysTry, T ~WIYsTHY,
n~yiysy Vst Wiysty

[ 1
B~ —LI/ITC}/ST%TJ%I//, B ~— —l[/TCTgTzfl//,

V2 V2
_ i - 1
B~ _EWTCYST%T%W*’ B~ EWTCTET%U/*, (5)

where C = iy?y? is the charge-conjugation Dirac matrix
and T} = 1} + irj%. Using Eqs. (3) and (5), one can see that,
in terms of the four-component quark field ¥ defined by
Eq. (A6), the 4 x 4 matrix X, Eq. (4), reads

TABLE I. Quantum numbers of the spin-0 hadrons.

Hadron JP Quark number Isospin
o 0" 0 0
agp 0+ 0 1

n 0~ 0 0

/2 0~ 0 1

B (B) 0" +2 (-2) 0
B' (B) 0~ +2 (-2) 0

Zij ~ T;UZT%Ti. (6)
Thus, under the SU(4) transformation, ¥ transforms as
~ - UzUT (7)

with U € SU(4). This symmetry property plays a signifi-
cant role in constructing the effective Lagrangian describ-
ing the spin-0 hadrons.

Here, it is well-known that the sigma field (o) can
acquire its mean-field value; 67 = (o), to mimic the chiral
condensate which results in the chiral symmetry breaking.
Within such a mean-field level, the matrix (4) is reduced to

O,
ZQZOEﬁEE, (8)

where E is the symplectic matrix, Eq. (2). In general, X, is
not invariant under SU(4): £, — UZ,U”. Only when the
element U is generated by h satisfying

hEWT = E, (9)

however, X, turns out to be invariant. Equation (9) shows
that the spontaneous symmetry-breaking pattern triggered
by the chiral condensate is SU(4) — Sp(4) in QC,D.
Before moving on to the spin-1 hadrons, we comment on
the properties of S and P“. With the correspondence (3),
for instance, one can see that the pseudoscalar mesons (07)
and scalar (anti)diquaks (0"), parities of which are oppo-
site, are collectively denoted by P¢ i.e., these hadrons
belong to the same multiplet of the SU(4) algebra. The
difference of parities are understandable from their intrinsic
parities; the pseudoscalar mesons contain one quark and
one antiquark while the scalar (anti)diquarks contain two
(anti)quarks. Also, from this consideration it can be under-
stood that those hadrons are the ground states in the
hadronic phase because of their S wave nature in a
quark-model description. Likewise, the scalar mesons
(0™) and pseudoscalar (anti)diquarks (0~) are collectively
represented by S, while they belong to the same multiplet.
Those hadrons can be identified as P-wave excited states.

B. Spin-1 hadron fields

In Sec. II A, we have introduced the 4 x 4 matrix X
corresponding to the spin-0 mesons and diquark baryons.
Next, in this subsection we consider another 4 x 4 matrix
@*, which is essential to describe the spin-1 hadrons toward
construction of our effective Lagrangian.

In two-flavor QC,D, the relevant low-lying spin-1
mesons and diquark baryons are
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' ~Pyty, i ~wrsy'w,

_ 1
P T

1
0, _ +, _
a* ~pTiysrty, a7t~ 751117?}’57’”1//7 (10)

and
1,=0, i
By ~ —\EWTCV”TET}'W
L—+1, i
By~ —sylCrini (1 £y,

1
Bjis~ —%WTC}’S}’”T%T,%W

B B

Bﬁs = (BZS)T7 (11)

respectively, in terms of the quark operator. The quantum
numbers for those states are summarized in Table II. Here,
|

TABLE II. Quantum numbers of the spin-1 hadrons.

Hadron JP Quark number Isospin
0) 1- 0 0

p 1- 0 1

1 1" 0 0
a 1" 0 1
Bg (Bg) 1" +2 (=2) 1
Bys (Bas) 1= +2 (=2) 0

for the spin-1 diquark baryons, the subscripts S and AS
denote the “symmetric” and “antisymmetric” structure of
the flavor contents, respectively, that is, the former is
isotriplet while the latter is isosinglet. Besides, the super-
script I, = 0, %1 for By (By) stands for the eigenvalues of
the isospin “z components”. We note that the axial-vector
and vector (anti)diquark baryons are isotriplet and iso-
singlet, respectively, as dictated by the Pauli principle.’

For spin-1 hadrons, it would be convenient to introduce a
4 x 4 matrix ®* by the following assignment:

o L] 7T A BT B VBT (12)
2 V2B B+ Bas - L/;M? —(p~ +ay)
Bi " —By V2BETT' —(pt+a}) _w—p"gl—a?

In fact, in terms of the four-component quark field P,
Eq. (A6), and the interpolating fields, Egs. (10) and (11),
®# can be simply rewritten in the form of

D;; ~ VoY, (13)

where ¢ = (1,6') (¢ is the Pauli matrix in the two-
component spinor space). Thus, the matrix (12) fulfills the
following homogeneous SU(4) transformation law:

O - UDHUT, (14)

which allows us to construct an effective Lagrangian
straightforwardly. For this reason, in what follows we
employ @®* as a building block of the spin-1 hadrons.
We note that, with the help of U(4) generators X and S,
Eqgs. (BS) and (B4), the spin-1 hadron matrix ®* can be
expressed as

Tn three-color QCD, the diquarks are translated into SHBs.
Indeed, the axial-vector and vector diquarks, Bg and B,g, would
correspond to X.(2455) [and its heavy-quark spin partner
%.(2520)] and A,(2595) [and A,(2625)], respectively.

10 5 “
o+ = (Z visi—3" V"’X“) , (15)
i=1

a=0
where
V2
V/l ‘V/2
fi=V", ali:7:|:1 , a) =V~
V2
gm0 _ YV +ivl o VO —iv!0
S \/z ’ S \/z 5
Bt _ (V3 +iVO) & (V7 +iVv8)
S 2 s
Bl=t _ (V3 =iV F (V7 —iVv®)
S 2 9
V/S _ 'V/4 B V/S 'V/4
Bys = : _ (16)

_, Byg =—F7.
V2 “ V2

The reduced form (15) is useful to see symmetry
properties of the spin-1 hadrons. For instance, from
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Eq. (15) one can see that the vector mesons (17) and axial-
vector (anti)diquarks (17), parities of which are opposite,
belong to the Sp(4) algebra proportional to S and hence to
the same multiplet. Likewise, the axial-vector mesons (1)
and vector (anti)diquarks (17) are the elements of the
remaining algebra. The difference of parities between the
mesons and (anti)diquarks in a single multiplet can be
understood from their intrinsic parities as in the case of the
spin-0 hadrons. We note that V' and V'* are the ground and
excited states, respectively, in the hadronic phase, since the
former and latter are identifiable as S-wave and P-wave
states, respectively.

C. Extended linear sigma model

In Sec. IT A and Sec. II B, the 4 x 4 matrices correspond-
ing to the spin-0 and spin-1 hadrons in two-flavor QC,D,
and ®#, have been introduced. In this subsection, by making
the most of these building blocks, we construct an effective
Lagrangian to describe interactions among those hadrons.

The SU(4) transformation laws for £ and @®* are
given by Egs. (7) and (14). Toward construction of the
effective Lagrangian, in addition to the SU(4) properties
it is necessary to examine the discrete symmetries; par-
ity and charge conjugation invariance. Those discrete
|

transformation laws of X and ®* can be read off from
the interpolating fields (6) and (13). From Eq. (A6) the
four-component quark field ¥ transforms as
P o2 2 € .pr 2
¥(x) = Qrio”¥P*(xp), Y- E'7?Y,  (17)
under parity and charge conjugation with xp = (x°, —x),
where E is the symplectic matrix (2) and Q is defined by

Q—(l(; 10f> (18)

Thus, the resultant transformation laws of X and ®* read

S(x) 5 Q8 (xp)Q, s S ETSE,

>(x) D —QdT(xp)Q. &S ETOE (19)

Using the transformation laws given by Egs. (7), (14),
and (19), one can construct the following effective
Lagrangian in such a way as to preserve the Pauli-
Giirsey SU(4) symmetry as well as parity and charge-
conjugation invariance:

Leisy = tr[D,EDFE] — mitr[E7E] — 41 ([ETE])? = Ltr[(E7E)?] + w[HTE 4 ZTH] + ¢(det £ + det =)

1 . .
- 5tr[cb,wd)ﬂ”] + mit[®,®¢] + igstr(®,, (@, @] + htr[ZTE]tr[@, D] + hytr[ZETD, D]

+ hatr[@TETDHY] 4 g,tr[D, D, DF D] + gstr[D, DD, D] + gotr[®,DH]tr[@, D] + gtr[D, D, |tr[@ D], (20)

In this Lagrangian,
®,=D,0,-D,, (21)
is the field strength of ®* and the covariant derivatives read,

D,2=0,%~iG,2— LGl —ig®,% — ig,S®],
D,®, =9,0, - i[G,. ®,], (22)

where G, is an external field, the transformation law of
which is G, - UG,U" — id,UU". One systematic way to
introduce the chemical potential p, is to replace the time
component of the U(l)y baryon-number part of G,
appropriately. Here, from Eq. (A8) and the interpolating
fields (6) and (13), the U(1), baryon-number part is
proportional to J defined by

J= (10f _1). (23)

Hence, we replace G, by

G, = uy6u0J, (24)

to access a finite-density system. Besides, in constructing
the model, we have included contributions allowed by the
relevant symmetries up to fourth order in X(*) and ®*. We
note that the 4 x 4 matrix H in Eq. (20) is responsible for
explicit breaking of the Pauli-Giirsey SU(4) symmetry to
yield the finite pion mass, which takes the form of

H = h,E. (25)

The Lagrangian (20) can be understood as an extension
of the previous LSM established in Ref. [59] where only
spin-0 hadrons are treated. For this reason we call this
model the extended linear sigma model (eLSM). We note
that this eLSM is the QC,D version of the one invented for
three-color QCD by the Frankfurt group [72] and applied to
the case of finite density by one of the present authors [73].

In the eLSM Lagrangian (20), with the help of the
antisymmetric property: X7 = —X, the kinetic term for X
can be expanded as
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tr[D, X D"E) = r[0,Z7 0] + (g1 + ¢2)u[ZET(D,G*

+ G, )] +2(g) + g)tr[@; =T GE]

+i(g) + go)tr[®, (*ZZF — Zg*EF)]

+ (g1 + P u[ZE D, 0]

+ 29 g tr[ @} ZT 3. (26)
The trace structure of the last two pieces in the right-hand
side is equivalent to the 4, and A5 terms in Eq. (20), while
the remaining interactions are proportionally dependent on
the combination of g; + ¢, alone. Hence, the four param-

eters gy, ¢», hy, and hz can be absorbed into three new
combinations,

Ci=g1+ 9,
C=gi+g+h,
C3 =219, + hs. (27)

When the spectrum includes spin-1 hadrons, it is well-
known that the Zweig rule, i.e., the large N, suppression of
the interactions, works phenomenologically. In other
words, diagrams that are not linked by a single quark line
are not expected to play significant roles as far as the spin-1
hadrons are concerned. In the following analysis, therefore,
we will leave only terms including a single trace for ®*’s,
which allows us to work with the following reduced eLSM:

. 1
L% = tr[D,ZDFE] — mdu[E7E] — 4 ([E7X])? = Ltr[(Z7E)?] + w[H'E + ZTH] 4 c(det £ + det £F) — Etr[d)WCD””]

+ mitr[@, D4 + igstr[®,, (@, ®*]] + hytr[EXTD, D] + hytr[®] ETOHE] + g,tr[D, D, DHDY]

+ gstr[éﬂtbﬂcbyd)”}.

As we will see, the masses of the hadrons can be read off
from quadratic terms of the corresponding fields on top of
the appropriate mean fields.

III. INPUTS

In Sec. II C we have constructed the eLSM to describe
both the spin-0 and spin-1 hadrons at arbitrary y,. In this
section, before numerical investigation of x, dependence of
the mean fields and the hadron masses, we explain our
procedure to determine various parameters of the reduced
eLSM.

The reduced eLSM (28) includes 12 parameters; m3, m?,
A1s 425 hys €, 935 Gas g5, C15 €, and Cs. In this exploratory
study, we try to reduce the number of the parameters as
much as possible to avoid unnecessary complexities in the
following numerical analysis. First, as discussed in
Ref. [59], contributions from the 4; and ¢ terms, which
only affect the mass spectrum of the spin-O hadrons, are
expected to be small from the N, counting. Thus, we take
A1 =c¢=0. The main aim of the present paper is to
delineate the behavior of the spin-1 hadrons at finite p,,
so that this simplification does not affect the following
arguments considerably. Next, as for the couplings among
the spin-1 hadrons, there is no a priori way to determine all
of the parameters due to the currently limited lattice data.
When we derive the present eLSM from the O(p?) hidden-
local-symmetry (HLS) Lagrangian [41], however, it is
expected that the interactions among the spin-1 hadrons
satisfy the following “gauge-principle parametrization™:

G =00,  9a=—95= G5 (29)

(28)

|
From this consideration, we assume Eq. (29) to employ
only a single parameter gq instead of gz, g4, and gs. In
addition, one can see from Eq. (27) that the roles of Cy, C,,
and C; are essentially the same; these three parameters
control the interaction strength between the spin-0 and
spin-1 hadrons. For this reason we assume

Cl = C2 =C (30)

for simplicity. In Eq. (30) we have not included C; to define
the common coupling, since Cj is uniquely fixed by inputs
as will be explained below.

Now the number of the model parameters is reduced to
seven: m, m3, A, hy,, go. C, and Cs. The present study is
devoted to unveiling properties of the spin-1 hadrons, and
hence, we take C and gq,, which control couplings related to
the spin-1 hadrons, as free parameters. In order to determine
the remaining five parameters, as the first four inputs, we use
the masses of 7, B'(B'), p, and @, at vanishing Mg simulated in
Refs. [61,62]. In these lattice simulations, the mass ratio of

the pion and the p meson reads mSTH) / mf,H) ~0.81.> When we
fix the physics scale such that the pseudocritical temperature
of the chiral phase transition becomes 7. = 200 MeV at
#g = 0 [24], the input mass values are given by [61,62]

m =738 Mev,  m

B/(B/) = 1611 MCV,

Hq =0

m = 908 MeV, mi) = 1614 MeV.  (31)

The superscript (H) is attached to emphasize that the
quantities are defined in the hadronic phase where no diquark
condensates emerge.
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While the pion mass is considerably heavier than the physical
value, we employ these inputs in the present work to
consistently provide predictions for future lattice simula-
tions. As for the last input, following Ref. [59] we take the
mean field value of ¢ as

ol =250 MeV., (32)

which gives a typical strength of the chiral symmetry
breaking. Using analytic expressions for the hadron masses
derived in Appendix D, together with Egs. (31) and (32), the
remaining parameters can finally be determined as

1 H _ H
= =5 (&) =322 (m" 7,
o Lo )y, M)y € 1)y
mj :E[(mp )7+ (ma, )]‘g("o )7

Cr = — ot (™) = ()2, (33)

for a given C, where the renormalization factor Z, is of the
form

2((H)y2\ ~1/2
Z, = (1 —%) . (34)
S(mal )2

We note that the analytic expression for &, which links the
magnitude of explicit breaking of chiral symmetry to the pion

mass, can be derived from a stationary condition of the
effective potential with respect to aém.

In the following analysis, we will regard g4 and C as free
parameters to explore how the mean fields as well as
hadron masses behave at finite u,. Recall that gg is the
coupling constant that controls the interaction strength
among only spin-1 hadrons. Meanwhile, C is particularly
responsible for the transition between the spin-0 and spin-1
hadrons through derivative couplings, as indicated by
Eq. (26). Thus, C can be regarded as a parameter that
measures the magnitude of the spin-O and spin-1 mixing
effect. For instance, in the hadronic phase, nonzero C
induces 7—a; mixing and #—f| mixing, which can be
captured by the renormalization constants, Z, and Z,, as
derived in Appendix D.

IV. MEAN FIELDS

In this section, employing a mean-field approximation,
we numerically explore y, dependence of the mean fields at

Hadronic phase. Baryon superfluid phase

< » <«

2.0 : —
1.5} A/O'(()H)
P 1.0}
@ o5} g0/05"
c _
8 0.0 ; V/O'(()H)
= 05} i
1.0} /o
-5} . . <L
0.0 0.5 1.0 15 20
g/ mE)

FIG. 1. Hq dependence of the mean fields: 6, A, @, and V, with
C =12. The value indicated by the arrow represents the

asymptotic constant value of A; A ~0.34m, = 1.74a(<)H).

zero temperature from the reduced eLSM (28) with the
inputs presented in Sec. III.

At finite p,, not only the sigma meson ¢ but also the
(anti)diquark baryon B (B) can acquire a nonzero mean-
field value, resulting in the appearance of the baryon
superfluid phase [32,33]. Following Ref. [59] we take A =
(B%) to express the mean field of the (anti)diquark. In
addition to those spin-0 hadrons, violation of the Lorentz
invariance yields a mean field of the @ meson [74].
Assuming the parity invariance, only the time component
of @ can have a nonzero mean-field value: @ = (w,—).
Furthermore, in the baryon superfluid phase, one can
expect that the @ meson mixes with the vector (anti)diquark
B s (B,s) due to the baryon-number violation. Thus, these
diquarks are also capable of acquiring nonzero mean-field
values. When the phase of A is chosen according to
A = (B%), only V = (V'}_;) becomes nonzero.” To sum-
marize, in the present analysis we take into account the
following four mean fields without loss of generality:

(o), A

= <a)/4:0> , 14

(B%).
(Viizo)- (35)

Q
=}
I

Sl

The u, dependence of these mean fields can be determined
by solving the corresponding stationary conditions.

Depicted in Fig. 1 is the resultant u, dependence of the

mean fields: oy, A, @, and V, normalized by UE)H>. In

obtaining this plot, the strength of the spin-0 and spin-1
mixing effect is chosen as C = 12. As shown in Sec. V B,

*In this phase choice, one can indeed prove that \4 ,54:0> must
be always zero by solving the stationary conditions explicitly.
Inversely, if we choose the phase of A such that (B*) # 0 but
(B%) =0, then (V'i_g) = 0 but (V}_) # 0 is obtained for V.
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this value leads to a slight reduction of the p mass in the
superfluid phase, a feature consistent with the lattice
data [61,62]. We note that the stationary conditions hold
independently of gg, so that the resultant y, dependence of
the mean fields is not affected by ¢q. Figure 1 implies that
the baryon superfluid phase is triggered by the onset of
nonzero A at a critical chemical potential y, = g with

uir = mit? /2, (36)

which is irrespective of whether or not the spin-1 hadrons
are present. This critical value is universal in the sense that
it is also derived from chiral effective models involving
only spin-0 hadrons [32,33,36,59]. At the same time as the
onset, both V and @ begin to acquire nonzero values.
Detailed analyses in the vicinity of the phase transition will
be provided in Sec. VII A. At asymptotically high u,, o,
and V vanish. Meanwhile, A converges to a constant (see
the arrow in Fig. 1) whose value can be evaluated as

A/O'(()H) ~ O.34(m1/6(()H>) = 1.74 for the present values of C
and Cs, whereas @ grows in the negative direction with a
power of u,.

Here, we note that the onsets of nonzero @ and V do not
necessarily coincide with the critical chemical potential
(36), since those mean fields are unphysical, in other words,
they are gauge-dependent quantities within the gauge-field
description. In fact, the mean field of @ was found to be
proportional to u, in the hadronic phase within the HLS
formalism [41].

The converging behavior of A is distinct from the result
within the conventional LSM in the absence of spin-1
hadrons [59]. To take a closer look at this difference, we
depict the u, dependence of 6, and A with and without the
spin-0 and spin-1 mixing effect, C = 12 and C = 0, in the
top panel of Fig. 2. The figure indicates that o, does not
have its p, dependence corrected considerably by the
mixing while A has its p, dependence significantly
modified by the mixing; the asymptotically converging
behavior of A is induced only when the spin-0 and spin-1
mixing takes effect. In fact, the asymptotic constant value
of A with the mixing effect is essentially determined by the
bare mass of the spin-1 hadrons, m;, together with a factor
stemming from the mixing strength C and C;. The
diverging behavior of A in the absence of the mixing is
lost, but instead the negatively diverging growth of @
appears as indicated in Fig. 1. We note that spin-1 mean
fields @ and V are always zero when C = 0,

®=0 and V=0 (atanypu,for C=0), (37)
as will be argued in Sec. VII A. We also note that, when we
take C to be negative, the signs of the induced @ and V
in the superfluid phase become positive and negative,
respectively.

X Hq
2.0f
o asymptotic 0C|1721
,“'/ -
15 mixing
3 ) \
° Ao
‘E 1.0¢ A/O‘SH) w/ mixing
é —— A/(r(()::) w /0 mixing
— 09/0y ’ W/ mixing
0.5¢ . Uu/(T'SH) w/o mixing
0.0l H UO/U(()H) -------------------
0.0 0.5 1.0 1.5 20
pg/my
o i
1.2} .
o H /
1N : i
> 1.0f : /
= k;
G 0.8} s /
° : !
el H
ﬁ 0.6y x mi“q
£ 04}
S E
Z 0.2F — 7l W/ mixing
i =—=u g W/O mixing
0.0} !
0.0 0.5 1.0 1.5 2.0
g/ miy

FIG. 2. p, dependence of o and A (top) and of the quark-
number density 71, (bottom) with and without spin-0 and spin-1
mixing, C = 12 and C = 0.

The emergence of @ induced by the mixing makes the
growth of A suppressed everywhere in the superfluid phase.
Here, we recall that in three-color QCD, the repulsive
contributions from @ mesons play a significant role in
stabilizing nuclear matter against the attractive ones from o
mesons [74]. In this regard, the hindered evolution of A in
the present QC,D matter would also be understood by such
repulsive effects.”

The significant corrections due to the spin-0 and spin-1
mixing effect are also reflected by p, dependence of the
quark-number density as displayed in the bottom panel of
Fig. 2. In this figure we have plotted the normalized density

~ nq
y=—a (38)
o1e2m

where n, is the ordinary quark-number density given by

*For another notable effect of , this mean field will be found
to suppress the chemical potential of the diquark baryons
effectively as 2u, — 2u, + (C/2v/2)@ with (C/2v2)@ < 0,
as shown in, e.g., Eq. (C16). This negative effect is consistent
with the case for nucleons in three-color QCD.
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LG S CA o p
n, = —SM =4A%, +—(Aw — Vo) (39)
! a:“q mean field ! \/E 0

with the mean fields (35), and f, = o-éH) /+/2 is the pion-
decay constant. The figure shows that the asymptotic
growth that is proportional to ﬂ; as can be derived in
the absence of the mixing is changed into the m%,uq
dependence due to the mixing. As a result, increment in
the density gets milder. It should be noted that the Silver-
Blaze property for the quark-number density is obvious
since n, is proportional to A°

Before moving on to evaluation of the hadron masses at
finite p,, we give comments on roles of the spin-1 mean
fields @ and V in controlling the onset of the baryon
superfluid phase. As indicated in Fig. 1, the superfluid
phase emerges once u, reaches the critical chemical
potential (36), which is exactly what lattice simulations
suggest [8,17,21]. Note, however, that this is only when we
include all the four mean fields: 6, A, @, and V. If any of
the mean fields were dropped, the critical chemical poten-
tial would not coincide with Eq. (36) in the presence of the
spin-0 and spin-1 mixing effect. We have checked this
property by choosing various parameter sets.® In fact, if @
or V is neglected while keeping C = 12, then the critical
chemical potential is found to change to approximately

0.379m£,H) , which is lower than pg = mﬁ,H) /2 suggested by
lattice simulations. Accordingly, one can show that the pion
mass in the superfluid phase is not given by m, = 2u,
that other chiral effective models commonly predict
[32,33,36,59]. Furthermore, the Nambu-Goldstone (NG)
boson associated with the breakdown of U(1), symmetry
does not emerge in this case. From these observations, we
conclude that @ and V as well as 6, and A play important
roles in cold and dense QC,D matter when the spin-0 and
spin-1 mixing effect is present.

V. MASS SPECTRUM

In this section we examine a mass spectrum of the spin-1
hadrons at finite y, by expanding the Lagrangian (28) on
top of the mean fields obtained in the previous section.

A. General properties

Before showing numerical results for the 1, dependence
of the spin-1 hadron masses, we start with general proper-
ties of such hadrons in a medium. In what follows, we
consider the rest frame of the medium.

5Although the present eLSM predicts n, o p,, for larger y,,, at
some point, such a hadronic description would be violated and
quark matter would appear, which leads eventually to n, o /43.

®In Sec. VII A, we, indeed, analytically prove that Eq. (36)
holds as long as all of 6y, A, @, and V are included based on a
certain assumption on their critical behaviors.

The quantum numbers carried by (axial-)vector mesons
are identical to those of (pseudo)scalar mesons with a
derivative, e.g., a‘f'” and 0/z?, so that such two kinds of
mesons can mix with each other even in the hadronic phase
with nonzero C. Similarly, (anti)baryons can mix with the
corresponding spin-1 (anti)baryons through a derivative. In
the rest frame of the hadronic medium, therefore, the
following four mixings appear:

(9o, d}).

(9o1.f1)- (00B.Bjs).  (40)

(00B.B)s).
where each bracket represents the mixing partners and
the isospin indices are suppressed for simplicity. Here, the
superscript “t” stands for the time component (¢ = 0) of the
respective spin-1 hadrons. The time components of the
spin-1 hadrons are unphysical, so the mixings in Eq. (40)
only lead to modifications of =z, 5, B, and B, while the
physical components, i.e., the spatial components of the
spin-1 hadrons remain unaffected. We note that the remain-
ing spin-0 hadrons: o, a,, B, and B’, are not contaminated
by any mixing.

Meanwhile, in the baryon superfluid phase the mixings
get more complicated due to the U(1); baryon-number
violation as well as the creation of a baryonic medium.
Taking into account the unbroken SU(2), isospin sym-
metry, one can see that the following six mixings are
possible:

(doao. '),

(00B', 9B’ don1, f1),
(G, By, Bi.a}). (B} By.a})
(0B, 9yB, 00, Blys, Bly5, "), (Bis. By @), (41)
where each bracket again represents the mixing partners.
That is, all of the spin-0 hadronic states are corrected by the
corresponding unphysical spin-1 states. Besides, the physi-
cal components of Bg, By, a;, and of Byg, B4, @, are also
corrected by the mixings. A schematic picture of the
mixings among the hadrons both in the hadronic and
superfluid phases are shown in Fig. 3.

In the present paper, the hadron masses are evaluated at
tree level in the presence of the mean fields (35). The
analysis is straightforward but is complicated and lengthy
since, particularly in the superfluid phase, we need to find
pole positions of the respective propagator matrix for the
mixed states in Eq. (41). For this reason, we leave the
detailed procedure to compute the hadron masses to
Appendix C.

B. Numerical results for the hadron masses
at nonzero y,

In this subsection, based on the expressions derived in
Appendix C we numerically elucidate 1, dependence of the
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t : time component
s : spatial component

COIT. COIT.

Wh a'i 77"\ fi

Ccorr. Corr.

B Bl Bh Bis

o,a9, B, B’
.N9 wsvpsaffaai’BnggaBilszilS
mixing B
W', pt, B, B (unphysical)

Hadronic phase (p, < i)

FIG. 3.

masses of spin-1 hadrons. As for the free parameters gq, and
C, we first take (ge,C) = (10,12) to draw a typical
prediction of the mass spectrum of the spin-1 hadrons.
Next, we vary the value of C with g4 kept fixed to unveil
how the spin-O and spin-1 mixing affects the mass
spectrum. More concretely we take (gq,C) = (10, 16)
and (ge, C) = (10, 8). Finally, we also choose (g4, C) =
(5,12) to see influence of the coupling ge on the mass
spectrum.

Depicted in Fig. 4 is the resultant y, dependence of the
spin-1 hadron masses at (g, C) = (10, 12). As can be seen
from this figure, at vanishing chemical potential, the masses
of o, p, By, and By degenerate and so do those of f, a,,

w, Bas, Bag mix [H

1~ hadron masses

0.0 0.5 1.0 1.5 2.0
pg!m{y

COIT. COIT. Bg
t t
B/ COIT. B COfrT. Bt
C AN 50 o
Rt
B‘mixing ‘mixing Bas

three 0~ states three 07 states
S s S
B B af

g mixing

three 17 states

S ns s
BasBas w
- mixing

three 1~ states
No mixing -[ p°, ff

Superfluid phase (ug" < pq)

Schematic picture of corrections to the hadron masses from various mixings.

B,s, and B . In the hadronic phase, as U, increases, all the
meson masses do not change and the (anti)baryon masses
simply modified linearly. These stable behaviors are
reminiscent of the Silver-Blaze property. Here, the slopes
of the linear decrement (increment) of diquark (antidi-
quark) baryons can be understood by their baryon numbers.
More explicitly, their mass formulas are given by Eqgs. (D3)
and (D4). In the baryon superfluid phase, on the other hand,
due to the U(1), baryon-number violation, w-B,g-Byg
mixing and a,-Bs-Bg mixing take place, leading to non-
monotonic y, dependence of the masses of the resulting
mixed states. Most remarkably, the a,-Bg-Bg mixing has
been observed by the recent lattice simulation [62].

4r fgo =10,C =12

w

1* hadron masses
N

N

0.0 05 1.0 15 20

gl My

FIG. 4. u, dependence of the masses of negative-parity (left) and positive-parity (right) spin-1 hadrons for (ge, C) = (10, 12). In this

figure the masses are normalized by mS,H>.
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Meanwhile, the p and f; mesons are not contaminated by
any mixing so that those masses depend on y, fairly
monotonically. We note that the present parameter set
yields a slight reduction of the p meson mass in the
superfluid phase, which is consistent with the lattice
data [61,62].

In the presence of the spin-0 and spin-1 mixing effect, it is
worth examining the mass spectrum of the spin-0 hadrons in
addition to that of the spin-1 hadrons as depicted in Fig. 4. In
Fig. 5, we thus draw the resultant y, dependence of the
spin-0 hadron masses at (ge, C) = (10, 12). In this figure,
the hadron masses are again shown to depend on g,
monotonically in the hadronic phase, which is consistent
with the Silver-Blaze property. Besides, in the superfluid
phase, the left panel indicates that a massless mode emerges
in the 6-B-B mixed state. This mode corresponds to a NG
boson associated with the spontaneous breakdown of U (1),
baryon-number symmetry. Moreover, from the right panel,
the pion mass is found to increase linearly in the superfluid
phase; this numerical result can be reproduced by a simple
formula,

0* hadron masses

0.0 0.5 1.0 1.5 2.0
pgIm

my; = 2/"(]7 (42)
which is consistent with other chiral models [32,33,36,59].
We again emphasize that all these reasonable results stem
from the present correct treatment of the four mean fields
(35) within the eLSM.

C. C dependence of the mass spectrum

The mass spectrum of the spin-1 hadrons presented in
Fig. 4 is just a typical example. In this case, the value of Cis
fixed such that the slight reduction of the p meson mass in
the superfluid phase suggested by lattice simulations is
successfully reproduced. Next, we change the value of C
while keeping g4 = 10. When we take C to be larger, e.g.,
C = 16, the u, dependence of the spin-1 hadron masses is
obtained as depicted in Fig. 6. From this figure one can find
that the mass spectrum in the hadronic phase is identical to
the one with (ge, C) = (10, 12), Fig. 4, as long as all the
other parameters are the same. In the superfluid phase, the p
meson mass slightly increases with p,, which is clearly
different from the lattice result. This suggests that the

4 L ge =10,C =12 — *

0~ hadron masses
N

0.0 0.5 1.0 1.5 2.0
pg/mE

FIG.5. u, dependence of the masses of positive-parity (left) and negative-parity (right) spin-0 hadrons for (ge, C) = (10, 12). In this

figure the masses are normalized by m,@ .

L ge =10,C =16

3 5 w
i w,BAS,BASmix I

1~ hadron masses
N

0.0 0.5 1.0 1.5 20
pg/m

4t F _w | f

go = 107 C=16 | .. Bg

: B

3t a1
a1, Bg, Bg mix [

1* hadron masses
N

0.0 0.5 1.0 1.5 2.0
g/ m{5?

FIG. 6. Same as Fig. 4 but for (g4, C) = (10, 16).
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axialvector condensed phase

1~ hadron masses
N

w, Bag, Bag mix

0.0 0.5 1.0 1.5 2.0
gl m{)

FIG. 7.

relevant value of the parameter C that controls the magni-
tude of the spin-0 and spin-1 mixing effect could not be so
large. We note that, since the renormalization factor Z, (or
Z,), Eq. (D11), must be real, the inputs presented in Sec. 11
already constrains C as C < 18.3.

When we take C to be smaller, e.g., C = 8, the mass
spectrum is evaluated as in Fig. 7. The right panel indicates
that, in this parameter choice, the mass of the lowest-lying
a,-Bs-Bg mixed state reaches zero at Hg R O.88m,(,H), as the
chemical potential increases in the superfluid phase. Since
this mode includes an isotriplet axial-vector component, it
is reasonable to argue that above this chemical potential,
an axial-vector condensed phase where SU(2), isospin
symmetry is broken emerges on top of the baryon super-
fluidity [34], as exhibited by the shaded area in Fig. 7.
Thus, the true mass spectrum in this phase is obscure
although we have still plotted the numerical result. For a
self-consistent analysis, however, it would be necessary to
include another mean field that is responsible for the axial-
vector condensed phase.

Above the critical chemical potential ,, ~ 0.88m.", the
mass of the lowest-lying w-B,g-B,s mixed state also

converges to zero at y, ~ 0.95m£,H> as indicated in the left
panel of Fig. 7. Besides, the p meson mass also becomes
zero at p, ~ 1.1m,(,H). These critical chemical potentials lie
in the axial-vector condensed phase, so that more precise
determination of their values would require extension of the
present exploratory analysis. From those findings, however,
at least one could expect the existence of the vector
condensed phase. We note that the axial-vector condensa-
tion occurs prior to the vector condensation, reflecting the
fact that the Bg mass is invariably lighter than the B¢ one
at u, = pg, since By is an S-wave state.

From the above analysis, one can infer that when C is
small enough, the appearance of the axial-vector (and
vector) condensate in the superfluid phase is favored. To
see this tendency more clearly, in Fig. 8, we plot the critical
chemical potential for the appearance of the axial-vector

axialvector condensed phase

1* hadron masses
N

a1, Bs, Bs mix

H ¥~ zero point
0.0 0.5 1.0 1.5 2.0
P/

Same as Fig. 4 but for (g4, C) = (10,8).

condensed phase as a function of the mixing strength C. In
this figure, the pure baryon superfluid phase lies below the
curve, while in the above shaded area the axial-vector
condensate emerges in the superfluid phase. The figure
indeed indicates that the smaller value of C triggers the
axial-vector condensation at lower y,. In other words, the
spin-0 and spin-1 mixing controlled by C acts as a stabilizer
to avoid emergence of the axial-vector condensate, i.e.,
onset of the Bose-Einstein condensation of parity-even
spin-1 hadrons, in the low density regime. We note that,
even when we take a value of C as large as possible, we find
the critical chemical potential for the axial-vector conden-
sation at a certain value, which could be too high for the
present model to be valid.

D. g¢ dependence of the mass spectrum

Thus far we have only varied the value of C, while
keeping g = 10, to focus on the spin-O0 and spin-1
mixing effects on the hadron mass spectrum. Let us now
examine effects of the coupling go. When we employ
(90, C) = (5,12), the mass spectrum is obtained as in
Fig. 9. This figure exhibits appearance of the axial-vector

2.0

1.8
superfluidity with
axialvector condensed phase

Critical pq/mit)
[ )

-
o

°
©

pure superfluidity

o
[2)

0 2 4 6 8 10 12
Mixing strength C

FIG. 8. Critical chemical potential for the axial-vector con-
densation as a function of mixing strength C. We take g = 10.
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pg/mE

4 gp=5,0=i12

1* hadron masses
N

axialvector condensed phase

¥ zero point
1.0 1.5 2.0

Hq/my

0.0 0.

FIG. 9. Same as Fig. 4 but for (g9, C) = (5, 12).

condensate and possibly of the vector condensate similarly
to Fig. 7. One obvious distinction is the qualitative behavior
of the p meson mass. The p, dependence of the p meson
mass in Fig. 9 does not change from that in Fig. 4 in the
sense that both show the same gradual decrease with p,,
whereas the p meson mass in Fig. 7 decreases rapidly to
zero. This characteristic behavior can be understood by the
fact that the p meson mass has no dependence on ¢gg, as
shown in Eq. (C6). Thus, g¢ plays a role in changing the y,
dependence of the w-B,s-B,g mixed states and the
a,-Bg-Bg mixed states, particularly the lowest one for
each. Detailed consideration of th p meson mass in the
superfluid phase will be done in Sec. VII B.

Depicted in Fig. 10 is the g4 dependence of the critical
chemical potential for the axial-vector condensation. In this
figure the axial-vector condensed phase is indicated by the
shaded area. Figure 10 implies that the smaller value of gg
leads to the appearance of the axial-vector condensate at
lower yu,. Moreover, one can see that reentrant axial-vector
condensation occurs in a regime of large g4 in such a way
that the intervening pure superfluid region shrinks with
increasing u,,.

2.0

1.8}

(H)
s
(2]

-
N

superfluidity with
axialveg¢tor condensed phase :

Critical pq/m
o

1.0

0.8}
06 pure superfluidity
0 2 4 6 8 10 12 14
Coupling go

FIG. 10. Critical chemical potential for the axial-vector con-
densation as a function of the coupling go. We take C = 12.

E. Signs of C and g4

We conclude this section by giving comments on the
signs of C and gq. Throughout the above numerical
analysis, we have assumed C > 0 and g > 0. When the
signs are taken to be C < 0 and g¢ < 0, we can obtain
qualitatively similar results for the mass spectrum although
the detailed numerical values are slightly changed. For
instance, a negatively larger value of C acts to prevent the
axial-vector condensation and possible vector condensation
from occurring in the superfluid phase. On the other hand,
when we take C > 0 and g < 0 or C < 0 and gg > 0, the
resultant mass spectrum always exhibits both types of

condensation in the range of mS,H) /2 < Mg < 2m§rH>.

VI. CHIRAL PARTNER STRUCTURE

From the numerical analysis in Sec. V, we have suc-
ceeded in gaining insights into roles of the mixing strength
C and the coupling g4 in determining the spin-1 hadron
masses at finite u,. In this section, by focusing on a high u,
regime where chiral symmetry is sufficiently restored, we
demonstrate the so-called chiral partner structure of the
spin-1 hadrons by identifying the pairs of 17 and 1
hadrons that are degenerate in mass.

At sufficiently high u,, the four mean fields would
asymptotically behave as o) — aoolu;z, A - A,
D — Doty and V — V uz!, as expected from the numeri-
cal results in Fig. 1, where 6, Ay, @, and V, are
constants. Using these asymptotic behaviors and the mass
formulas derived in Appendix C, first, one can easily show
m,, = my and m, =m, at u, — oo, where w and q,
mesons are decoupled from the respective mixings with the
(anti)diquark baryons.7 That is, (w, 1) and (p, a;) can be
regarded as the chiral partners even in the presence of the
mean fields A and @ in a high density region. Next, as for

"Here, the superscript “s” for the hadron masses representing
the spatial component is omitted for simplicity. The same
abbreviation applies to Eq. (54) to refer to the p meson mass.
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FIG. 11.  pu, dependence of all the 1* and 1~ hadron masses for
(90, C) = (10,16). The chiral partner structures are clearly
shown by the degeneracy.

the remaining (anti)diquark baryons, By, Bg, B,s, and B g,
the asymptotic behaviors of the mean fields tell that the
mixing structures for the Vo-V o system and the V-V
system become identical while the remaining bare masses
satisty my, = my, and my, = my; at j, — co, as can be
seen from Appendix C. Thus, (Bg, Bsg) and (Bg, B,s) are
also regarded as the chiral partners.

The above analytic consideration of the chiral partner
structure is, indeed, numerically confirmed as shown in
Fig. 11. In this figure we have taken (g, C) = (10, 16) to
see the mass degeneracy clearly. Figure 11 indicates that
the mass degeneracy occurs between the following 17 and
17 hadrons, (Bs,Bys), (p.a1), (@, f1), and (Bs, Bys)
from below, at high u,. We note that the chiral partner
structure for the spin-0 hadrons in the absence of the
U(1), anomaly was examined in Ref. [59], where mass
degeneracy was demonstrated for (B, B’), (6,7), (ag,n),
and (B, B').

VII. DISCUSSIONS
A. Analytic derivation of pg" —m,, / 2 in the eLSM

In Sec. IV, we have numerically seen that the phase
transition from the hadronic phase to the baryon superﬂuld
phase takes place just when u, coincides with m,(, ) /2,
similarly to other chiral models ignoring spin-1 hadrons
[32,33,36,59]. In this section we analytically prove such a
universal property within our present eLSM based on a
reasonable assumption.

The p, dependence of the mean fields, 6, A, @, and V,
has been determined by stationary conditions in Sec. I'V.
These conditions can be derived from Eq. (28) as

6o 2\0[20}1 \fcao AV —4C30AV +C83 (V2 - @?)

PSP et -m -2 A =0, (@)
A: —ﬁﬂq\‘/ fA Voo + 42 + V2Cu,o

(; (V2 —@?) +g(f/2 + @%) — m}

- %2 (63 + A%) =0, (44)
: &quz ff AVo, — % (63 — A?)

+%(o% + A?%) +m? =0, (45)
and
V: —%M,{A 6o — f‘_/Aao + C83 (63 — A?)

+%(a§ + A%) +m3 =0. (46)

The numerical solutions imply that emergence of @ and V
is accompanied by nonzero A, i.e., by the onset of the
baryon superfluidity and that the phase transition is of
second order. Let us now suppose that the critical exponents
of A and V are +1/2 while that of @ is +1. Indeed, these
exponents are suggested by the numerical result. Then, A
and V take the form of

A~ A (ug = pg)' 2,
% (Iu ,uq)l/z
— g (47)

in the vicinity of the phase transition, where A® > 0,
Ve > 0, and @ < 0. From these exponents, one finds that
in the limit of y, — u&', A*/@, AV /@, and A/V approach
nonzero values, while A/ V — 0. Thus, the first and second
terms of Eq. (45) and the first term in Eq. (46), which remain
finite at the critical chemical potential, act as catalyzers to
yield nonzero @ and V above Hg = Mg, respectively.

Given the critical behavior (47), at u, = ug, the sta-
tionary conditions, Egs. (43)—(46), are reduced to

2V2h
V2hy Z2(mM2 =0, (48)
o
0
r (H)
Chg oo (H)
AW = Z2(me )2 =0, (49
o TAwD (mz") (49)
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Cug'y Caaémy (H)\2
-0 7 =0, 50
g5 g ) (50)

and

Cug aéH) X
V2

respectively, where we have used the hadron mass formulas
in Appendix D and defined

+(m{"7 =0, (51)

ACT ACT 2
x=—=>0, y= ( — )
VCI' a)Cl‘

<o0. (52)

From Egs. (49) and (51) as well as the renormalization
factor (D11), therefore, one can analytically prove

®

m
ﬂflr = 2 ? (53)

which was numerically confirmed in Fig. 1. We note that C
cannot be zero from the stationary condition for V at
Mg = Mg, Eq. (51), as long as Eq. (47) holds. In other
words, V always vanishes when C = 0, and similarly, from
Eq. (50) one can see @ = 0 at any u, when C = 0.

B. Comments on the p mass reduction

Here we provide comments on the p meson mass
reduction in the superfluid phase.
As derived in Eq. (C6), the p meson mass is evaluated as

C - C;
8

(63 + A?), (54)

in both the hadronic and superfluid phases. This universal
structure stems from the fact that the p meson is not
contaminated by any mixing with other hadrons, even in
the presence of the superfluidity. Then, if the combination
03 + A? is enhanced in the superfluid phase while C < Cs,
the m, reduction observed on the lattice can be reproduced
within the present eLSM. From Fig. 2, however, one can
see that the enhancement of the combination 3 + A? in the
superfluid phase gets mild as the spin-0 and spin-1 mixing
effect becomes prominent. That is why m,, is relatively hard
to change for a larger value of C.

Since y,, dependence of the combination 63 + A% in the
superfluid phase is rather monotonic as can be inferred from
Fig. 2, the resultant m, also changes almost linearly as a
function of y,. On the other hand, the lattice data would
imply a rather abrupt reduction of m, just above u, = ug,
although there remain error bars; u, dependence of m,
measured by the lattice simulation would look convex
downward [61,62]. One promising mechanism to yield such

a downward-convex behavior of m, could be additional
mixing with other states that are associated with the super-
fluidity but have yet to be considered in the present analysis.
The p meson, which is an isotriplet state carrying J* = 17,
may strongly mix with an isotriplet and J* = 1~ diquark
B' ~ ¢y CE*ely] . where 3 = L [y#, ] is the anti-
symmetric tensor and the subscript “sym.” means the flavor
symmetric structure. Inclusion of this new diquark state,
however, requires us to introduce another quark bilinear
operator &} ~ W25 12W;, where 6 = £ (/0" — 5"0")
with 6# = (1, —6"), which is beyond the scope of the present
study. Thus, we leave detailed examination of the B'-p
mixing in the superfluid phase for future study.

VIII. CONCLUSIONS

In summary, for dense QC,D at zero temperature, we have
constructed the extended linear sigma model, eL.SM, in such
away as to respect the Pauli-Giirsey SU(4) symmetry and to
describe both the spin-0 and spin-1 hadrons. Then, based on
the eL.SM, richness of the mass spectrum of the spin-1
hadrons in dense QC,D has been explored.

In the baryon superfluid phase where the diquark
condensate emerges, we have found that not only the
scalar meson and scalar diquark baryon but also the time
components of the vector meson and vector diquark baryon
possess their mean field values, in the presence of spin-0
and spin-1 mixing. These mean fields are induced by
violation of the Lorentz invariance as well as of U(1)
baryon-number conservation. Besides, we have analytically
shown that the onset condition of superfluidity corresponds
to py, = mng) /2 (m,(,H) is the pion mass in the hadronic
phase) and that the pion mass in the superfluid phase reads
m, = 2u,. Moreover, the appearance of the NG boson
associated with U(1) violation has been confirmed. Those
self-consistent properties, which were numerically indi-
cated by lattice simulations, are derived only when the
above four types of mean fields are included.

Inclusion of the vector-meson and vector-diquark mean
fields has led to suppression of the otherwise substantial
increase of the scalar-diquark mean field in the superfluid
phase via the spin-0 and spin-1 mixing. Simultaneously, it has
been found that the slight reduction of the p meson mass in the
superfluid phase suggested by the lattice data is successfully
reproduced in the presence of the significant spin-0 and spin-
1 mixing. Furthermore, by varying the magnitude of this
mixing and of coupling among the spin-1 hadrons, we have
demonstrated the emergence of the axial-vector condensate
and the possible vector condensate. Those novel condensates
are induced when the masses of the corresponding modes
reach zero. Given such condensates, therefore, it is inevitable
to investigate the in-medium masses of the spin-1 hadrons
from the first-principles lattice calculation of dense QC,D
toward further delineation of the phase structures.
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In addition, we have also discussed a possible existence
of an isotriplet 17 diquark, motivated by the possible
downward-convex behavior of the p meson mass reduction
in the superfluid phase as suggested by the lattice simu-
lations [61,62]. This diquark is denoted by a tensor-type
quark bilinear field, while no examination has been done so
far. Therefore, it would be challenging to pursue properties
of such a new diquark state from both effective theories and
first-principles numerical studies.
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APPENDIX A: THE PAULI-GURSEY SU(4)
SYMMETRY IN TWO-FLAVOR QC,D

In this appendix, we briefly show emergence of the
Pauli-Giirsey SU(4) symmetry in QC,D with two fla-
vors [32,33].

The QC,D Lagrangian for massless u and d quarks is of
the form,

Loc,p = WiDy, (A1)
where y = (u,d)" is the quark doublet and D,y = 9,y —
ig.AuT¢y is the covariant derivative describing interactions
between the quarks y and gluons Aj. The 2 x 2 matrix
T¢ =1%/2 is the SU(2), generator (74 is the Pauli matrix
for colors). Adopting the Weyl representation for the Dirac

matrices, the Lagrangian (A1) can be expressed in terms of
left-handed and right-handed quarks as

Loc,p = Wkid,o"wg — gy pALT e wy

+y1i0,6"w; — gwiALT "y, (A2)
In this Lagrangian, u = (ug, u; )" and d = (dg,d; )" in the
Weyl representation, and the 2 x 2 matrices in the spinor
space are defined by ¢* = (1,6') and 5* = (1, —¢") with
the Pauli matrix ¢'. Here, we make use of the pseudoreal
property of the Pauli matrix. Namely, using relations

T¢ = —7o(T%) 22, (A3)

ol = —c*(c')T 62,
and accordingly introducing the “conjugate quark fields”
Pr=0TWg  WL=0TY], (Ad)
the Lagrangian (A2) can be expressed in a unified form as
Loc,p = ¥'id,o"¥ — gV AloHY. (A5)

Here, we have described the quark fields by using a four-
component column vector defined as

d
lI,E(lljk) _ ~R
43 ur,

dy

(A6)

The Lagrangian (AS5) is obviously invariant under an
SU(4) transformation of
Y > U¥Y with UeSU4), (A7)
rather than SU(2), x SU(2)g chiral transformation. Such
an extended symmetry is sometimes referred to as the
Pauli-Giirsey SU(4) symmetry [32,33]. As can be seen
from Eq. (A6), the Pauli-Giirsey SU(4) symmetry is
realized by treating y and ¥ in a single multiplet, reflecting
the fact that mesons and diquark baryons can be described
in a unified way in two-flavor QC,D. It should be noted that
the U(1), baryon-number transformation is generated by

1 0

Yo e 0P with J= (
0 -1

)@

where e ™/ belongs to a subgroup of the Pauli-Giirsey
SU(4) group.

APPENDIX B: GENERATORS
OF U(4) LIE ALGEBRA

In this appendix, we list the generators of U(4) Lie
algebra.

The number of the U(4) generators is 4 x 4 = 16. It is
convenient to separate these 16 generators into two sets S’
(i = 1-10) and X“ (a = 0-5) that satisfy,
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E(SHT = —S'E, E(XY)T = X“E, (B1)
with the symplectic matrix,
0 1
E= 7. (B2)
-1, 0

That is, the elements generated by %, h = ¢~ exhibit
the following relation:

hERT = (B3)
This relation means that & belongs to the Sp(4) group,
which is the subgroup of the original U(4) group.

More concretely, the generators S’ belonging to the Lie
algebra of Sp(4) read

Si=1—4: 1 <T; 0 >
2v2\0  —(e)"
L — < 0 Bl), (B4)
2v2 \(B)" 0
with T‘;—lf, B’ —lf, BS =ily, B’ —T;, B8 = n'f,

B’ =7}, and B'® = ir;. Meanwhile, the remaining gen-
erators belonging to the algebras of U(1)and SU(4)/Sp(4)

are given by
a=0-3 _ 1 (Tf 0 )
2v2\0 (#)")
1 0 D¢
s (0
22\ (D))" 0
where 74~ 0 =1, is the 2 x 2 unit matrix and = 13 are the

Pauli matrices in the flavor space. Besides, D4 = Tf and
D’ = iz}

APPENDIX C: MASS FORMULAS

In this appendix, we derive hadron mass formulas from
the reduced eLSM Lagrangian (28).

The mass formulas are derived by picking up quadratic
terms of the hadron fields in the Lagrangian (28) on top of
the mean fields o, A, @, and V defined by Eq. (35). The
eLLSM describes the mass spectrum of 16 hadrons in total,
namely, eight spin-0 hadrons, #, 7, B, B, ¢, ay, B, and B,
and eight spin-1 hadrons, w, p, By, BS, f1, a;, Byg, and
Bys. As explained in Sec. VA, those 16 hadrons are
separated into the following four systems due to different
mixing patterns:

(1) agp-p system;

(2) n-B'-B'-f, system;

(3) m-a,-Bs-Bg system;

(4) 0-B-B-w-B,5-B,g system.
Then, in what follows we show the mass formulas for these
four systems separately.

1. ay-p system

As for the ay-p system, the relevant Lagrangian is
obtained as

ﬁ(l) :£00+£ﬂ+£aop’ (Cl)
where each term reads
1 2
Ly, = 5 ~0,a90"ag — —>aj, (C2)
1 (m))* ( 5)
‘Cp __<a/4pu aupu) + £ (,0 ) " - P :0 s (C3)
4 2 2
and
c-C _ _
Loy = 1 2 (AV4 + 6p@)agp’. (C4)

In these terms, we have suppressed the isospin indices for
simplicity, and have defined the mass parameters by

34 c-C
mg, = mi+ =2 (00 + &) === (V2 + &), (C5)
and
s C-GC
(mp)* = (m})* = mi + T(U% +4%),  (C6)
where the superscripts “s” and “s” are attached to distin-

guish between time-component (unphysical) and spatial-
component (physical) masses.

Thus, from Eq. (C4) one can see that the a; meson mixes
with the time component of the p meson due to the violation
of the Lorentz invariance. For this reason, the mass of the
ap meson does not coincide with m,, provided by Eq. (C5)
but is determined by a pole of the propagator matrix for the
ay-p° system at vanishing momentum p = 0. The inverse of
the propagator matrix iD(‘11>( Do, 0) can be derived as

lD_l (p() 0) _ <Maoao Maoﬂ) (C7)
0 Mpao MPP
with
Maoao = p% - mgov (C8)
c-¢C
Mayp = Myay == 2(AV 4 00@),  (C9)
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and

M, = (mp)?. (C10)
Therefore, the mass of a, at arbitrary u, is evaluated by
numerically solving det [iD(‘ll) (po,0)] = 0. Meanwhile, the
spatial components of the p meson, i.e., the physical states
of p do not join any mixing, and hence, the p meson mass is
identical to mj, Eq. (C6).

2. -B'-B'-f, system
Employing a similar procedure demonstrated in
Appendix C 1, the mass spectrum of the #-B’-B’-f | system
can be evaluated. In this case, 5, B, B (or B, B”) and the
time component of f| can mix. The inverse propagator
of these four states at vanishing momentum p = 0:
iD;)(Po.0), is given by

My Mg, My My,
MB:‘” MB;BQ MB;B/S MBQf]

iD7} (po.0) = , (C11)
(2)( o0) MB;n MBng MB;B; MBgf] (
Mfl’l Mleg Mle; Mflfl
where each matrix element reads
C? _
M’M = p(z) — m%l + §V2, (ClZ)
= _ %y Cl13
Mg, = -Mp, = —l\ﬁVPo, (C13)
2&2 C = C3 = -
MI]Bg :MB/SW :—760A+7§Vﬂq+fvw, (C14)
. C
Mgy = =My = _lmdol’o’ (C15)
2 2 c 72 ¢ :
iy = pE—m, +—V 2 —aa |, (Cl6
Mg, = po—my + g /T ( ﬂq‘f‘z\/zw) (C16)
= =2il2 ¢ 1
Mg, = —Mp g, = 2i( 2p, +2_\/§w Po- (C17)
C+C;, - _
My, =Myp == (0oV —A®)—V2CAu,, (CI8)
2 2 C _\?
Mg, = Py — mp + <2ﬂq +2\/§0)> ; (C19)
M M ;€ A (C20)
7 = — ) = ] —— ,
BLf) LA 22 Po
and

My p = (m}.l)z, (C21)
with the mass parameters,
34
miy, = mj +T(6(2) +4%)
C-C*+C; -
—%(W +@?), (C22)
2 2 A 2 2
I?’lB/S = m0+z(3GO+A )
cC-C*+cC C—-0Cs -
- < TG 1y (C23)
2 2 A 2 2
my = mg +Z(% +3A%)
c-C C-C*+C, -
-~ 2 @2 — +Cp2 (C24)
8 8
and
(mf )? = mi + — (o5 + A?) (C25)

In the presence of the mixing, the mass spectrum of the
n-B'-B' system is evaluated by numerically solving
det [lD(_Ql)( Po,0)] = 0. Meanwhile, the space components

of f, are decoupled, which allows us to simply obtain the
physical f| meson mass as

C+ G
8

(02 +A2).  (C26)

(m},)? = m3 +

3. m-a,-Bg-Bg system

Here, we derive the mass formulas for the 7-a,-Bg-Bg
system. In this case, 7 and the time components of a;, By,
Bg (or V°, V10) can mix. In addition, the space components
of a,, Bg, Bg (or V°, V') also mix with each other.

First, we consider the mixing among z and the time
components of a;, By, and Bg. The inverse propagator
of these four states at vanishing momentum p =0,
iD(S') (po,0), is given by

Mrm’ Mﬂal Mﬂvg MIIV]O
Ma T Ma a 0 Mﬂ Vv
D1 0) = 1 14 1V10 ’
l (3) (pO ) MV()” 0 Mvgvg 0
MV|0” Mvmal 0 MVme
(C27)

where each matrix element reads
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Mrm’ = P% - m;%-a (CZS)
M M i ¢ (C29)
ray, — ar — T =0 s
23 0Po
G - C Cy . _
My, = My, = 73”‘)‘/ - %Aﬂq - wa, (C30)
e
My, = =My, = lmAPO’ (C31)
Maa, = (mf)?, (C32)
G
Malvlo = MV]O“I —TG()A, (C33)
My, = (mfy,)?, (C34)
and
My,v,, = (miy, )%, (C35)
with the mass parameters
c-¢C
mi = mi+ ) oy + A7) === (V7). (C36)
C C
(g, > = m} + < (0 + A7) + 2 (65 =A%), (C37)
c-C
(my, ) = mt + == (f + &%), (C38)
and
C C;
(my )2 =mi+— 5 (6 + A%) — 2 (63— A%).  (C39)

In the presence of the mixing, the pion mass is evaluated by
numerically solving det [zD(‘31>( Po,0)] =0.

Next, we consider the mixing among the spatial com-
ponents of a;, Bg, and Bg. In this case, the correspond-
ing inverse propagator at vanishing momentum p = 0,
if)(_;) (po,0), is given by

Malu] Malvg Malvlo
l’bal) (p()s 0) = MVgal MV9V9 MV‘)VIU N (C40)
MVIO‘JI MVlovg MV]OVIO

where each matrix element reads

Maa = =Ph =2V + (m )2, (C41)
Malvg My,q, V2igeV po, (C42)
Mﬂlvlo = MVloal
C 2
= —Z260A = V2go Va, %‘PV@, (C43)
- Ya 9o\,
B =-r-27= (20,4 220) (2 (O
- - 9o
My, =My v, = =20 <2ﬂq + = NG >POa (C45)
and
My = -5 = (203 +228) +(my, )2, (C46)
VioVio — Hq \/ia) My, )=
with the mass parameters
C C;
(m$ ) =m}+— 5 (63 4+ A%) +— 2 2 (62— A%),  (C47)
s \2 2 -G 2 2
(my,)” =mj + 3 (‘70 + A%), (C48)
and
C Cs
(m'{,m)2 =mi+ 2 (63 + A?) - 5 (6 —A?%).  (C49)

In the presence of the mixing, the mass spectrum for the
a,-Bg-Bg system is evaluated by numerically solving
det [iD(';)(pO, 0)] =0.

4. 6-B-B-w-B,4-B 5 system

Here, we derive the mass formulas for the
6-B-B-w-B,5-B g system. In this case, 6, B, B (or B*,
B) and the time components of m, B,g, Byg (or V™4, V)
can mix. In addition, the space components of @, B,g, By
(or V*, V) also mix with each other.

First, we consider the mixing among o, B, B (or B*, B)
and the time components of w, Byg, BAS. The inverse
propagator of these six states at vanishing momentum

p=0, iD(le)(po, 0), is given by
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th Mo‘B4 MO‘B5 Mo‘a) MUVQ MGV’S
Mp,s Mpp, Mpp Mp, Mpy Mpy
iD(;l)(pO, 0) _ MBSO" MBSB4 M3535 MBSw MBsVQ Mstg ’ (CSO)
Mwo‘ MwB4 MwBS Mww -/Vle'4 0
My, My, My, My, Myy 0
My, Myp, My, 0 0 My,
|
where each matrix element reads My, = My, p,
c-C¢,, - C C
c? — AV - 2600 — — , C64
Moo = pi -+ V2 =i, (C51) 4 4 700 T M (C64)
C
C _ - ——
MO'B4 _MB40' = i—2Vp0, (C52) MBSV/S MV;BS 12\/560170’ (C65)
c_. 2 Csé My = (mi,)?, (C66)
Map, = Mg = =—=Viy =S 00 = %wv, (C53)
C
C—C C ) Mu)V’4 = MVﬁ‘a) - _fGOA’ (C67)
Moy = Moo == 3 oy — fAV, (C54)
My, = (mvg)zv (C68)
c+C¢; - C (T d
MO‘VA :Mvi(,: 4 Uov—ﬁAﬂq—TAa), (CSS) an
Mvgvg = (miﬂ)za (C69)
, C (C56) ‘ 5
Moy = =My, = i——=Apy,
s s 2¢/2 Po with the mass parameters,
2 ? 72 _\? 2 P 2 2
./\/13434 :po+§V + 2ﬂq+ \/.60 mB4, (C57) m6:m0+z(3GO+A )
c-¢C C-C*+0C; -
-2 - 8+ 372, (C70)
Mp,p,=—Mpp,=2i <2ﬂq +75)> Pos (C58)
A
c m%4:m(2)+zz(6%+A2)
MB4(1] _MwB4 = i—APO’ (ng) 2
C-C+GC5 -
2v2 - %(W +@?), (C71)
C
Mp,y, = —Myp I ——=060Do (C60) A
o 22 i, = m+ (0 +347)
Gy, o _ C C—-C?>+C; C-0C;-
Mp,y, = My, = 7 (AVy +09@) + ﬁaoﬂw (Co1) - S @ — V2, (C72)
2 2 2 £\2 2 ¢ 2 2 G 2 2
Mg, = py+ 2,uq+2\/_60 mg., (C62) (m,) :’711‘|'§(f’0‘|'A )_?(GO_A ), (C73)
C C
Mo = Mo, (mﬁ,:t)2 =mi + 3 (63 + A%) + §3 (63— A?%), (C74)
B C+Cy, . C3 -
= V2Cu,A + ) Ao — ZUOV, (C63) and
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c+c3(
8

(m{,,S)2 =m? + o} + A?). (C75)
In the presence of the mixing, the mass spectrum for
the o-B-B system is evaluated by numerically solving
iD<‘4]) (po,0) =0.

Next, we consider the mixing among the spatial com-
ponents of w, B,g, and B,g. In this case, the correspond-
ing inverse propagator at vanishing momentum p =0,

if)@') (po,0), is given by

Ma)a) ~/\~/la)\/f4 vag
D) (P, 0) = | My, Myry Myiye |, (CT6)
Mv;w Mv;vg Mv;v;
where each matrix element reads
N gé _
Mwa} = _P% - 7V2 + (mZ))Z’ (C77)
Cs S 9% =

va/ MV/ :—TG()A—F\/EQ(DVIM(I—F?V&), (C78)
M“’V; = _MVQ(U = \/Eigd)‘_/po’ (C79)
My = — <2ﬂq Jo @)2 + (m3, )2, (C80)

4V \/z 4
MV’ v, = —MV/ vy = =2 <2ﬂq -+ g_d)&)) Po- (Cgl)

4Vs 5V4 \/i
and

C 2 9<1> 2 2
Myry==pj— 2 (2 +\/_ ) +(m{,,5) . (C82)
with the mass parameters,
) C C;
(m$)? =m?+— g (03 + A?) - 5 2 (62— A2),  (C83)
s )2 2 2 G5 2

(mvg) —m1+8(60+A) 3 (a - A%), (C84)

and
cC+C
(my, ? = m} + == (o5 + 7). (C85)

In the presence of the mixing, the mass spectrum for the
@w-Bag-Byg system is evaluated by numerically solving
det [iD()(po,0)] = 0.

APPENDIX D: MASSES IN THE
HADRONIC PHASE

As derived in Appendix C, in general, the hadron masses
are evaluated by pole positions of the appropriate propa-
gator matrices, which would be obtained numerically.
When we focus on the hadronic phase, the mass formulas
can be evaluated analytically. In this appendix, we exhibit
the resultant mass formulas for all hadrons.

Such formulas can simply be obtained by taking A =0
and accordingly @ = V = 0, while keeping o, # 0, in the
mass formulas in Appendix C. In this limit, one can find

c-C
=i =\t + S e o)
H H C+C;, m
! = ! = \/m% g @ (D2)
H
m%ﬁ = m = 2uy,
m =™ 4 2u,. (D3)
(H) _  (H)
Mp,s = My, _2#‘7’
(H) _  (H)
mBAS =My, + 2”‘1’ (D4)
for the spin-1 hadrons, while
A
me!) = Z\[mf+ 7 (o), (D5)
H A n
my! = Z,\[md + 7 (05" )2, (D6)
32
miy =/} + = (0" . (D7)
A
m? = \/m% +3% (05", (DS8)
mgﬂ = mM 2u,,
m — mﬁ,H) +2u,, (D9)
mg,{> = mgo) Z,uq,
miy = miy + 24, (D10)

for the spin-0 hadrons. In Egs. (D6) and (D5), the
renormalization factors Z, and Z, are defined by
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Cz(g(()H))z -1/2
Z,= 1|1 BPVIRTIS )
8<ma| )2

Cz(g(()H))z -1/2

L (D11)

which stems from the z-a; mixing and the »-f; mixing,
respectively. It should be noted that Z, = Z, follows from

m;}ll) = mg]{) These types of mixing originate from the

spontaneous breakdown of chiral symmetry since Z, =
Z, =1 when (o-ém) =0, as in the three-color eLSM [72].
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