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In this paper, we compute a, corrections to the matching coefficients of the dimension-six operators in

the heavy quark expansion of the inclusive semileptonic heavy hadron decay rate and leptonic invariant

mass spectrum with a massless quark and both a massive or massless lepton in the final state, analytically.

The obtained results can be applied to the inclusive semileptonic B — X ,¢v, (£ = e, u,7) and D — X¢0,

(Z = e, u) decays. The main application of our results is the background subtraction of the B — X, £,

decay in the measurement of the B — X .£v, decay, which is important for the precise extraction of V., and

R(D(*>). They also play a role in the computation of lifetimes of heavy hadrons.

DOI: 10.1103/PhysRevD.109.074030

I. INTRODUCTION

The heavy quark expansion (HQE) [1-4], as the standard
tool for the description of inclusive heavy hadron decay
rates and distributions [5-9], has been subject to intensive
progress since its birth around 30 years ago and it is
expected to improve further in the near future, motivated
by the precise determination of |V.,| [10-14], obta-
ining precise predictions for B-hadron lifetimes [15-22],
exploring its applicability and nonperturbative effects in D
decays [23-29], and exploring semitauonic decays from an
inclusive perspective [30] in light of the R(D*)) anomaly
present in the exclusive channels [31-36].

The main assumption in the construction of the HQE is
that the heavy hadron momentum py, = pg + k is equal
to the heavy quark momentum p, up to fluctuations k of
the order of the QCD hadronization scale Agcp. In other
words, due to its large mass m, the heavy quark inside the
heavy hadron is almost on shell.

By taking advantage of the fact that my > Agcp, one
can construct an operator product expansion, the so-called
HQE. As a result, one obtains the decay width and
distributions as a power expansion in Agcp/mg, whose
coefficients have a perturbative expansion in the strong
coupling a,(m). A systematic improvement is possible by
calculating higher orders in the two expansion parameters.
The HQE has proven to be a reliable tool to describe
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inclusive B (my = m;) and, to some extent, D (mgy = m,)
decays.

In this paper, we consider higher order corrections in the
HQE of the inclusive semileptonic B — X, /7, decay rate
and distribution in the dilepton invariant mass g¢*, with
¢ =e, u, 7. A precise experimental measurement of the
differential rate of B — X, £v, relies on experimental cuts to
suppress the overwhelming contamination of the B —
X v, decay. From the theory side, these cuts have the
troublesome consequence that, on the remaining phase
space, where the decay is measured, perturbation theory
breaks down and it is not possible to use the HQE. A
theoretical description in such a region relies on nonpertur-
bative methods involving shape functions [37], which is
important to extract |V ;| from inclusive decays. Contrarily,
a precise theoretical description of the B — X, /7, decay
in the region where the HQE is applicable is important
for reliably modeling this channel as a background in
the measurement of the B — X .£v, decay, used for the
precise extraction of |V, | from inclusive decays [10-12,38]
(¢ = e, u) and R(DY) (¢ = 7) [35].

The total rate of B — X, £, is the most inclusive quantity
and it can be computed within the HQE with impact on
the predictions for B-hadron lifetimes, even though this
decay channel is Cabibbo-Kobayashi-Maskawa (CKM)
suppressed, and therefore the impact is low. However, its
precise determination is very appealing in light of the recent
preliminary measurement by the Belle II Collaboration of
theratiol’(B - X,¢v,)/T(B — X .¢0,) [39], which allows
one to extract the ratio |V, /V ;| [40]. This ratio also enters
as a normalization factor in the branching ratio of B — Xy
and B —» X, /¢ [41].

Also the inclusive semitauonic decay B — X, 70, could
be measured in the near future by Belle II [34,35]. For
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example, the collaboration has already set the first bound
on a b — urv, mediated decay [42].

The expressions obtained for the B — X ,¢v, (€ = e, u)
decay can be directly applied to the inclusive semileptonic
D — X¢v, decay. Unlike in the case of bottom, for charm
the results can be applied to the CKM favored decay
channel ¢ — s¢v,, and therefore they will have a larger
impact. The ¢? spectrum in D mesons also offers an
opportunity to test the HQE for D decays beyond the
total rate.

The current status of the HQE for inclusive semileptonic
decay rates and distributions (we mainly refer to the g>
distribution) is the following:

(i) B — X .¢v,: The leading power coefficient is known
for the total rate and a variety of moments at next-to-
next-to-next-to-leading order (N*LO) [43-50] and
at N2LO [51-55] in the case of a massless and
massive lepton in the final state, respectively. The
1/m3 and 1/m; corrections are known for the width
and some distributions at next-to-leading order
(NLO) [34,36,56-67] in both cases. Finally, the
1/m} and 1/m3 corrections are known at leading
order (LO) [68-70] in the massless lepton case.

(i) B — X,f0,: In the case of a massless quark in the
final state (with either massive or massless leptons)
the coefficients up to order 1/m? can be straightfor-
wardly obtained from the B — X_.£D, decay by
taking the limit m, — 0.' This statement requires
some caveats concerning the N°LO corrections as
they have been estimated by taking an expansion at
small§ = 1 — m,/m,, [47-49] with § — 1. However,
the expansion shows a good convergence even for
8§ = 1 [72]. The N3LO corrections have been also
computed in the leading-color approximation [73],
the latter including results for the ¢ spectrum. The
subset of five-loop diagrams containing closed fer-
mionic loops have been computed without any
approximations in [72]. Starting at order 1/m;
onward it is not possible to extrapolate m,. — 0,
which is related to the appearance of four-quark
operators in the operator basis of the HQE. At 1/m}
the coefficients of the total rate for the two- and four-
quark operators are known at LO [74-76] and NLO
[77,78], respectively.

This paper is a follow-up to Refs. [66,67], where the
coefficients of the 1/m; terms were computed at NLO for
the B — X .7, decay rate and ¢ distribution, i.e., for the
case of a massive quark in the final state. This includes the

"This statement is generally true for the decay rate and the g2
spectrum, but not for other distributions like the lepton energy
spectrum [35]. Nevertheless, methods have been developed and
applied to take the limit m,. — 0 also for such distributions up to
order a,/m? [71].

Darwin and spin-orbit operator coefficients, where the latter
is related to coefficients of lower orders in the Agcp/my,
expansion by reparametrization invariance [79,80]. We
extend our previous calculation to the B — X ,£v, decay,
where the final-state quark is massless. We consider both
cases, a massless and a massive lepton in the final state. In
this case, the operator basis of the HQE at 1/ mi alsoincludes
four-quark operators. As already mentioned, for the Darwin
coefficient, the limit m, — 0 cannot be straightforwardly
obtained from the results of these papers, since for m, = 0
the coefficient is infrared singular, pointing out the operator
mixing of the Darwin operator with four-quark operators
under renormalization. In turn, we also obtain results for the
coefficients of the four-quark operators of the differential
rate at NLO which, to the best of my knowledge, have never
been presented in previous studies. Moments of the spec-
trum with arbitrary cuts can be obtained by integrating the
differential rate with the corresponding weight function in
the desired range.

We provide a Mathematica file [81] containing analytical
results for the NLO coefficients of the Darwin operator and
four-quark operators appearing at 1/ m3Q for both, the total
width, and the ¢* spectrum of the B — X,/i, decay
« =e, u, 7).

We organize the paper as follows. In Sec. II we give our
main definitions for the HQE of inclusive heavy hadron
decays. In Sec. Il we outline the calculation, with Secs. Il A
and III B devoted to the computation of the four-quark
operator coefficients and the Darwin operator coefficient,
respectively. In Sec. IV we discuss the use of evanescent
operators. Finally, we discuss the impact of our results
in Sec. V.

II. HQE FOR INCLUSIVE DECAYS
OF HEAVY FLAVORED HADRONS

This section provides a brief overview of the theoretical
framework employed for the computation of inclusive
semileptonic decays of heavy hadrons and outlines key
definitions.

When the momentum transfer is considerably lower than
the W-boson mass, the heavy quark decay Q — ¢Zv,,
which is mediated by a charged current interaction, is
described by an effective Fermi Lagrangian,

Lo = 2\/§GFVqQ(QLyuQL)(DK,LY”fL) +Hec., (1)

where the subscript L stands for left-handed fermion fields,
Gy is the Fermi constant, and V,, is the corresponding
element of the CKM matrix. We denote the heavy quark
mass by m, and define the dimensionless quantity
n = my/mg, where my is the lepton mass. The light quark
g in the final state is considered to be massless.

The inclusive decay rate of the heavy hadron H, made
of the heavy quark Q is then obtained, by virtue of the
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optical theorem, from the imaginary part of the forward
hadronic matrix element of the transition operator 7,

T = l./deT{Eeff(-x)‘ceff(o)}’

5 1
HHQ*XJ%J:MZMMHdﬂH@, (2)
4]

where the heavy hadron is represented by a full QCD state
|[Hp) with mass My, velocity v, and momentum
pu, = Mpy,v. We regularize both ultraviolet and infrared
divergences in Eq. (2) in standard dimensional regulariza-
tion with D = 4 — 2¢ spacetime dimensions.

Since my > Agcp, the above equation contains contri-
butions that can be computed within perturbation theory.
These contributions can be factorized from the nonpertur-
bative ones by using the HQE, where the imaginary partof 7-
is matched to an expansion in Agcp/m by employing local
operators in heavy quark effective theory (HQET) [82,83],

O, (@) (@)
Im7 =TV | (COOO +C,—+Cr—5+ CG—(;
mg 2mQ 2mQ
;1,1 O?l 1211 Ogl
3 3
4mQ 4mQ
(’)g” (’)2’

+C¥ > (3)
3 6 3 )
4mQ 4mQ

OD OLS

+Cp—5+Crs +C +C
4mQ

3
dm 0
o

ol .
3
4m 0

_|_
3
4mQ

+CY cyl chl

where I’ = GEmy,/(1927°) and C; = C;(n) are the match-
ing coefficients, which can be computed as a perturbative
expansion in the strong coupling a,(u). In the text, we will
refer to the different orders in the Agcp/m( expansion as
leading power, next-to-leading power, and so on. Similarly,
we will refer to the different orders in the a,(u) expansion as
LO, NLO, and so on. Finally, O; denotes the HQET
operators, which we list as follows:

Oy = hy,h, (leading power operator), 4)
O, = h,v - rh, (EOM operator), (5)
O, = h,7’ h, (kinetic operator), (6)

1-
Og= Eh” r*.y"]x 7 ,h, (chromomagnetic operator),
()

Op = hylmy,.[#, . v-7]lh,  (Darwin operator), (8)

1-
Ops zihy . v" {7 |71y v 7 }h,  (spin-orbitoperator),

©)

O = (h,y,PLq)(gr"PLh,)  (vector singlet operator),

(10)
Ol = (h,P.q)(gPgh,) (scalar singlet operator), (11)

O = (h,y,P.T*q)(qr"P.T"h,) (vector octet operator),
(12)

Ol = (h,P,T%q)(gPgT%h,)  (scalar octet operator),

(13)
Ogl = (ljl@}/ yuPLTaQ)<quyDPRTahU)
u
(rank-2 tensor octet operator), (14)
Og' = (hururvaPL T q)(r"r'y*PLT h,)
(rank-3 tensor octet operator), (15)

with P/, = (1 £ys)/2 being the right-/left-handed pro-
jectors, m, = iD, = id, + g,A;T* as the QCD covariant
derivative, ¢/, = a* — v*(v - a), and h, as the HQET field
whose momentum is of the order of Agcp and whose
dynamics is determined by the HQET Lagrangian [83].

Since the quark ¢ is considered to be massless, it remains
a dynamical degree of freedom in the effective theory, and
therefore it must be used in the construction of the operator
basis of the HQE. This degree of freedom shows up first as
the four-quark operators in Eqs. (10)—(15). We use the
index “hl” to denote such operators, which we will also
refer as heavy-light operators.

Note that in D = 4 the operators O can be reduced to
the operators O%/,. This is no longer true if we work in
dimensional regularization where the operator basis is
formally infinite dimensional. In such a case, four-quark
operators with arbitrarily long strings of y matrices con-
tracted in two different fermion lines must be included as
elements of the basis. Nevertheless, at a fixed order in
perturbation theory only a finite number of four-quark
operators appear. To the order we are working on, only the
ones explicitly written above are relevant. Despite this, it is
also possible to make a connection of a D-dimensional
operator basis like the one we have chosen to the four-
dimensional operator basis. However, this requires the
introduction of evanescent operators. We will devote
Sec. IV to a detailed discussion on the topic.

Finally, operators that are of higher dimension after
using the equation of motion (EOM) of HQET have been
neglected in Eq. (3). However, the matching calculation is
done off shell, and such operators affect the extraction of
the Darwin operator coefficient, i.e., the projector to the
corresponding coefficient. Only after the matching calcu-
lation are the operators removed by using the EOM.
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Since we are also interested in the spectrum in the
dilepton invariant mass ¢>, we perform the matching at the
differential level [84]. This can be achieved, on the one
hand, by writing the HQE of the Im7 in differential form,

1 O o
Im7 = FO|VqQ|2/ dr(C()OO + Cb - + Cﬂ—ﬂz
n I’VlQ ZmQ
O @) @)
+Cg szZ +Cp 4mD3 +Cps 4’;_,?
o 0 9]
Ohl Ohl Ohl Oh[
Chl 1 Chl 2 Chl 3 Chl 4
+ 14m3Q+ 24m3Q+ 34m3Q+ 44m3Q
Ohl Ohl
+CH il =8 ) , (16)
4mQ 4mQ

by defining the coefficients of the differential rate C;(r, )
through the coefficients of the total rate,

1

cwm—/ﬁwwwx (17)

n

where r=g*/mg (n<r<1) is the dilepton invariant
mass normalized to the heavy quark mass. On the other
hand, this can be achieved by using a dispersion repre-
sentation defined in dimensional regularization [85] for the
lepton-antineutrino loop on the QCD side, i.e., in Eq. (2).
Note that the use of such a representation is always possible
because the leptonic part is not affected by QCD correc-
tions and therefore appears factorized from the hadronic
part. For a massive lepton and a massless antineutrino, the
dispersive relation reads

/ dPk =Tr(y°PLi(k + ¢ + my)y’PLik)
"] @n)P K((k+ £)F = m2)

[ 1 1 I'(D/2-1)D-2
= [,12 d(q2) qz _ bpz _ i’? (4n’)D/2 F(D _ 2) D—1

4

2\ D=2 D 2
1 m?
—(1+——=L )2y 1
(1+555%) f], (18)

where 7 is the four-momentum flowing through the
leptons. Note that there is no need for subtractions in
the dispersion relation above since singularities are regu-
larized by dimensional regularization. Also observe that by
employing the dispersion representation above the leptonic
part becomes, at the differential level, a massive propagator
of mass g and the dependence on m, factorizes from the
hadronic part. In particular, it implies that the differential
rate is a polynomial in 7 of degree 3. Therefore, the master
integrals needed for the computation of the differential rate

are the same in both cases, for a massive or a massless
lepton in the final state. The corresponding master integrals
can be found in [84].

Exchanging the leading term operator O, in Eq. (16) by
the local QCD operator Q#Q is advantageous, since its
forward hadronic matrix element [see Eq. (24)] is com-
pletely normalized. To that end, we need the HQE of the
Q#Q operator up to the desired order

_ . 0, . O, - O - O
0fQ=00+C, " +Cps 5+ Co5 5 +Cp 3
m ZmQ 2mQ 4mQ
. O sy oMo Ol
+Cus 4m3 + C?l 4m3 * Céﬂ 4m3 * Céﬂ 4m3
(9] 0 0 (0]
5 Ohl 5 Ohl 5 Ohl
nl Y4 nl &5 nl ~'6
G 4m3é G 4m3é +Co 4m3Q’ (19)

where the matching coefficients C; are pure numbers. The
coefficients of the four-quark operators C!' are of O(a?)
and therefore beyond the precision of the calculation, so
they can be neglected.

The operator O, in Eq. (16) can also be removed by
using the EOM of the HQET Lagrangian,

1 1

0, = —% (Or +¢rO¢) — % (cpOp + ¢50Ls)

— L (HON + O + HOU + O}

9]

+ cHOM + o), (20)

where
A
2r mo

G e

are the coefficients of the chromomagnetic and Darwin
operators in the HQET Lagrangian with NLO precision [83].
The coefficient of the spin-orbit operator cg = 2¢cp — 1 is
linked to the one of the chromomagnetic operator due to
reparametrization invariance [86]. Again, the coefficients
c?l of the four-quark operators are of O(a?) and therefore
they can be neglected. The parameter y is the renormaliza-
tion scale and Cr = 4/3, C, = 3 are color factors.

After all these considerations, the HQE for the inclusive
semileptonic decay rate and g> spectrum is finally written as
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dr

1
T(Hy = X, £0;) = / dr
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=1V |2/1drC l_éﬂ_év Ha + é_G__ i_ é_D_lé i_ %_li &
19 ; 0 Co 2my, cp)2my \ep 27")2m), cs 2°")2m}
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+ch Ps L Pe
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2mQ ZmQ 2mQ

2
n
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4 3
2mQ
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Cch C C C C C , 23
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where the coefficients C; = C; — CyC; are defined as the
difference between the coefficients C; of the HQE of the
transition operator in Eq. (16) and the current in Eq. (19)
multiplied by C. Note that reparametrization invariance also
relates coefficients of higher-dimensional operators to
coefficients of lower-dimensional operators in the HQE
of the rate and ¢* spectrum, in particular, Cy = C, and
cpCy, = csC,p, [79,80,87,88].2 The coefficients of the total
rate C; (i =0, u,, UG, Pp,prs) are defined in analogy to
Eq. (17). The HQE hadronic parameters u2, u%, pi, p; ¢» and
pi3 (i=1,...,6) are defined as the following forward
matrix elements of local HQET operators taken between
full QCD states [87]:

(Ho(pn,)|0FQIHo(pu,)) = 2Mp,.  (24)
—(Ho(pu,)|O:lHo(pn,)) = 2Mp,pz.  (25)
cr(Ho(pu,)|O6lHo(pu,)) = 2Mpug.  (26)

—cp(Ho(pu,)|OplHo(Pr,)) = 4Mu,ph.  (27)
—cs(Ho(Puy)|OLs|Ho(Ph,)) = 4Muypis.  (28)
(Ho(puy)|OF|Ho(pn,)) =4Mp,p!"° (i=1.....6).

(29)

III. COMPUTATIONAL OVERVIEW

In this section, we address the computation of the
coefficients of the Darwin and four-quark operators for
the differential and total rates at NLO and obtain analytical
results. The coefficients of lower dimension operators are
known and their expressions can be found within the
definitions of this paper in [67].

Note that this relation was incorrectly extracted from [79] in
Refs. [66,67]. Now the relation is consistent with [79].

For the computation, we follow [66,84]. As a first step,
we compute the matching coefficients for the ¢ spectrum
by using the spectral representation given in Eq. (18) and
matching to Eq. (23). As a second step, we integrate over
the dilepton invariant mass to obtain the coefficients of the
total rate.

Since Egs. (3), (19), and (20) hold at the operator level,
the matching coefficients can be computed by using quarks
and gluons. In general, the matching is performed by
comparing off shell amplitudes and later using the EOM of
HQET to remove operators that vanish on shell. For the
leading power coefficient and the dimension-six four-quark
operators, the matching is done by considering on shell
heavy quarks. For power corrections, the matching coef-
ficients are computed by using a small momentum expan-
sion near the heavy quark mass shell [62,64].

The LO and NLO contributions to the Darwin coefficient
of the differential rate are given by one- and two-loop heavy
quark to gluon-heavy quark (Q — gQ) scattering ampli-
tudes. The LO and NLO contributions to the four-quark
operator coefficients of the differential rate are given by tree
level and one-loop heavy-light quark to heavy-light quark
(Qg — Qgq) scattering amplitudes.

We perform the calculation in the Feynman gauge and
use standard dimensional regularization with anticommuting
7s to treat both UV and IR divergences. The scattering
involving a gluon is computed in the external gluonic field
by using the background field method. We use LiteRed [89,90]
to reduce the corresponding amplitudes to a combination of
the master integrals given in [84]. Algebraic manipulations
are carried out in TRACER [91].

We use the MS renormalization scheme for the strong
coupling () and the HQET operators. The heavy quark
is renormalized on shell,

Qp = (23°)'20Q.

705 — 1, %W (3 g 1 a), (30)
2 4
T € mQ

mQ!B = Z%ZmQ,
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where the subscript B stands for bare quantities, and the
ones without subscript stand for renormalized. To the order
we are working on Z{ = Z9°. Therefore, the results for

the coefficients are conveniently presented in the on shell
scheme.

Note that in phenomenological applications one typi-
cally uses a short distance mass for the heavy quark in order
to obtain more precise theoretical predictions, like the 1§
mass [92-96] or the kinetic mass [97,98]. Changing the
mass scheme is possible by using the known one-loop
relation between the different schemes.

After renormalization of the QCD couplings and fields
there still remain IR divergences in the coefficient functions
that point out the local operators in the effective theory
develop UV divergences or, in other words, an anomalous
dimension. These divergences cancel out after renormali-
zation of the corresponding operators in the HQE. In
particular, operators of different dimensions may mix under
renormalization, as is the case for the Darwin operator. The
details on the renormalization of the effective operators
including the discussion about the operator mixing is left to
Secs. III A and III B, where the computations of the four-
quark operator coefficients and the Darwin operator coef-
ficient are addressed, respectively.

For the presentation of results, we split the Darwin
coefficient of the differential and total rate in the following
way:

Cp(rn) = CLO+ (CFCNLOA_'_CACNLOA)’ (31)

Coln) = €+ (RO + €, c30Y). (32

We provide analytical results for the Darwin and four-
quark operator coefficients of the differential and total rate
in Supplemental Material [81]. The differential rate is
expressed in terms of J and plus distributions, where the
latter is defined as

/nldrf( L—rL ]drf I—r 0 e

where f(1) must be understood as expanded.

A. Four-quark operator coefficients

Four-quark operators are most responsible for lifetime
differences between hadrons containing the same heavy
quark but a different spectator quark [23,26], as they
explicitly involve the light quark field. In addition, they
are phase space enhanced by a factor 1672, overwhelming,
in general, SU(3) breaking effects in matrix elements of
two-quark operators.

The coefficients of the dimension-six four-quark oper-
ators for the inclusive semileptonic Hy — X ,¢v, decay
rate are known up to NLO [23,77,78,99-102]. To the best
of my knowledge, explicit expressions have never been
presented to this order for the g spectrum since previous
studies are focused on their effects to the lifetime
differences. The four-quark operators may have a sizable
impact due to their phase space enhancement. The com-
putation of the four-quark operator coefficients up to NLO
is also necessary for the computation of the Darwin
coefficient at NLO, since the corresponding operators
mix under renormalization.

For the computation, we take the Q(p)g(k) —
0O(p)q(k) scattering amplitude with heavy quark momen-
tum p, with p? = m7, and vanishing light quark momen-
tum k = 0. The diagrams that contribute to the coefficients
of the differential rate are shown in Fig. 1. The first three
diagrams only contribute to the singlet operators, whereas
the remaining diagrams contribute only to the octet
operators. The renormalized coefficients of the four-quark
operators are then given by

Chl = Cly + 6CHS (= 1,...,6), (34)

where C/! 'p 1s defined as the sum of all diagrams of Fig. 1

including Z,, and 5C!"™S is the contribution due to the one-
loop mixing under renormalization of the effective oper-
ators, in particular, the mixing of four-quark operators with
themselves. The coefficients C!' are finite and the cancel-
lation of poles provides a solid check of the calculation. To
O(ay), the four-quark operators only mix with (’)1 , since
these are the only operators whose coefficients get LO
contributions. The corresponding anomalous dimensions
are obtained by computing the UV divergent part of the
diagrams shown in Fig. 2. In this case, the UV divergences
can be computed by taking external heavy and light quarks
with zero four-momenta and regulating IR divergences by
using a gluon mass, which also sets a scale for the
calculation. In Fig. 2, the heavy and light wave function
renormalization constants are

— 1 a1
I =1 420,52 S = 1-Ccps (35
h * Fare F47'L'€ (35)

respectively. We find the following counterterms due to
operator mixing:

Cths =3¢ C, a_l 5C£‘lM—S 3CHC, ag 1
e’ Fage
wiMS _ oni Fs 1 hIMS _ a9 1
o0 =0 471’6' oCi —26; 4re’
e 1 — 1
SChMS _ n & SCHMS n %s 1
Cs Cz 4” Co C1 dne (36)

074030-6



QCD CORRECTIONS TO THE DARWIN COEFFICIENT IN ... PHYS. REV. D 109, 074030 (2024)

FIG. 1. Q(p)q(0) = Q(p)q(0) scattering diagrams contributing to the LO and NLO four-quark operator coefficients C/ (i = 1, ..., 6)
in the HQE of the Hy — X, 7, decay spectrum, Eq. (23). Circles with crosses stand for insertions of L and the thick line stands for
the lepton-antineutrino propagator with mass q.

MS ~MS
Zh Zl

FIG. 2. h,(0)g(0) - h,(0)g(0) scattering diagrams contributing to the operator mixing of four-quark operators with themselves at
NLO. Circles with crosses stand for insertions of O{’fz.
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In the massive lepton case, the four-quark operator coef-
ficients of the differential rate read

Cht = —2567%(1 —n)*(2 + 1)
o 3 U
Chl =2567%(1—n)? [2(1 +2n)— CF%

x (4+5n+3(1 +21) ln<”>>}5(—l 7)., (38)

Mo

2
chl = —%64”2{—<r—n>2{2n+r<1 +97) +377(5 — 21)

3
_1 ]
1—=r i

(=g [15+9n+2<2+n>1n<1—n>

—2r3(3+1n) —4r4 {

—2(2+n)ln<L)]5(—1 —I—r)}, (39)

mo

L (1= [3(3 T dn) —4(1 4+ 2) (1 =)

+4(1+27) 1n(L>]5<—1 —i—r)}, (40)

mo

2
cll = _%327[2{ﬁ (r—n)*[10n+r(5=7n) + r*(1 —n)

+ 73 (1 =2n) —4r4 [1 ir]Jr
+(1 —17)2[2+11+2(1+271)1n(1 - 1)

—2(1+2) ln<L>}5(—1 —l—r)}, (41)

mo

a; 1 1
chl :;32712{?0—17)2(5 —r=r)(n+2r) [1 —r} .

F(1=n)2(2+7) [ln(l —n>-1n<mig>]a(—1 +r)},
(42)

whereas in the massless lepton case (7 = 0), they read

Chl = —51272 {1 % (2 +3mn <L>)]5(—1 +7),
T 2 mQ

(43)
W 201 _ % 3 _
Chl = 5121 [1 Cp <2+2ln<mQ>>]5( 1+ r),
(44)
o _ % 2% 2 4.3 1
Cy = ﬂ647z{3(1+15r 6r 4;’)[1_”}+
T [15 —4ln<L>]6(—1 +r)}, (45)
mo
n_ % 2 J20 oo 3 1
C4—ﬂ1287r {3(1 r—10r —i—4}’)[1_r}+
+ [9+4ln<i>}6(—1 +r)}, (46)
mg

1 1
Cll = %6472 —(5+ r+ 12 —41%)
b2 3 I—r],

+ [1 —1n<an>}5(—1 + r)}, (47)

I LS
C6—ﬂ_64ﬂ'{3}"(5 r r){1 ]

_r+

~In <’7’1‘Q>5(—1 + r)}. (48)

The coefficients of the total rate are obtained from
Eq. (17) by integrating the coefficients of the differential
rate over r in the whole range. In the massive lepton case,
we obtain

Cl'==256m>(n—1)*(n+2) {1 _CF% <2+%ln <L>>} ’

Mo

(49)
Cll = 25672 (5 — 1)2 {2(2;1 F1) -
T

x <5n+4+3(zn+ l)ln(mi>>}, (50)

9]
64
Gyl = ‘%3”2 {(n— 1) (1977 + 1185 - 143)
T
—6(57—6)n*1In(n)

+18(;7—1)2(n+2)<1n(1—n)—1n<mi>)], (51)
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12
Chl = ﬁTgnZ [(;7 — 1) (12877 — Ty — 133)
T

+12¢2(Tn = 6) In(7) = 36(27 + 1)(5 — 1)
x <1n(1 — ) —In (mig)” (52)
il :%%ﬂ [(11— 1)(651% — 88 +47) + 2452 (27 —3) In(n)
—18(217+1)(11—1)2<ln(l—n)—ln<L>)], (53)

mo

16
ol = — %37:2 {25;73 — 5417 4+ 95 + 20+ 247 In ()
T

—18(n=1)2(n+2) <1n(1 —n) —1n<mig>>]. (54)

Finally, in the massless lepton (3 = 0) case, we obtain

Cll = —5127° [I—CF <2+§ln<mg>>} (55)
-snefi-o % (s 2n(4))],

64
chl = _“S,z2<143—361n<”>>, (57)
7 9 o)
12
ey =22 (133 1 30m (1)), (58)
z 9 mo
2
Cgl__%?’ <47—181n(—)>, (59)
mo
64
79 mo

Note that in the massless lepton case the singlet operators
combine in perpendicular form O = O — O, Matrix
elements of such an operator are zero in the vacuum insertion
approximation (VIA). Likewise, in such an approximation
the matrix elements of octet operators over singlet states are
also zero. Even though the computation of these matrix
elements by using HQET sum rules [26,103] show devia-
tions from VIA, it works well as a first approximation [18].
Therefore, in this particular case, the phase space enhance-
ment can be easily canceled by the small value of the matrix
elements themselves. It is quite remarkable that in the
massive lepton case the singlet operators do not combine
in Ofi’, and therefore their matrix elements are not sup-
pressed. Therefore, the four-quark operators will have a
more visible impact in semitauonic decays than in their
electron or muon counterparts.

After changing the operator basis to the evanescent
operator basis used in [77,104], the NLO results for the
total width agree with [77,78]. The change in the operator
basis and the corresponding comparison is discussed in
more detail in Sec. I'V. Note that in [77,78] the coefficients
were computed by directly using an operator basis with
evanescent operators, whereas we have chosen a basis with
arbitrarily long strings of y matrices and later we have done
the change of basis. That constitutes a strong check of the
calculation and confirms the former results.

B. Darwin operator coefficient

The Darwin coefficient of the total rate in inclusive
semileptonic decays with a massless final-state quark can
be extracted to LO from the corresponding calculation in
nonleptonic decays [74,75,105]. To the best of my knowl-
edge it has never been computed for the differential rate to
this order. We address the computation of the Darwin
coefficient at NLO for both the total rate and the ¢>
spectrum, which has never been considered before in the
literature.

For the computation we follow [66,67] and take the
O(p+ k) = O(p + ky)g(k, — ky) scattering amplitude A
in QCD with hard momentum p, with p*> = m7, and two
soft momenta ky, k,, and expand it to quadratic order in the
small momenta (the loop momenta are hard),

A=TIg+ I8 ki + I8 koo + szklak,,, + szkmkzﬁ
+ 10 kiakog + . (61)

where dots stand for higher orders in the expansion. The
diagrams that contribute are shown in Fig. 3. The coef-
ficient of the Darwin operator is obtained by projecting the
amplitude to the corresponding operator. This is achieved
by taking the contribution proportional to k; .k, 4 in Eq. (61)
and using the projector Py, = (gus — v4v5) P, such that
Cp~ Tr[”/l(Qaﬁ - vavﬂ)lifcgzva]’ (62)
where P, = (1 + #)/2. This projection ensures that the
contribution to the Darwin coefficient is disentangled from
the spin-orbit operator and operators that contribute to
higher orders in the power expansion after using the EOM,
but which nevertheless merge with the Darwin operator
before using the EOM (see, e.g., [66] for more details).
In practice, we directly compute the difference between
the HQE of the transition operator and the current,

éD = CD - C()CD
=770, (CD 5= CosCp, B) + 5CMS 2l

+ aeNSAal) y seMS a2 (63)
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FIG. 3.

O(p + ki) -
in the HQE of the H, — X,£¥, decay spectrum, Eq. (23). Black squares stand for 4 insertions, circles with crosses for insertions of L,

thick lines for the lepton-antineutrino propagator with mass ¢, and gray dots for possible one gluon insertions with outgoing momentum
ki — k,. After accounting for all one gluon insertions, there are 5 diagrams at LO and 41 diagrams at NLO.

where
1 al
7z L. 64
Op 6 Ar T € ( )
_ 4. 2
561;[&2(](1) — |:CF <§C”.B _§C1),B>

15 a1
+CA( CGB+ CﬂB 40119)};; (65)

MS. 4q( h
sCS [2C?f3 — Cll, -+ 20k, — CHl, — 4CH, + 32, )

(D

5 1
Ay = B eaaetl - ot 5+ et - st

5c (3
o) —=—2€
+ A< 6 23)) }47119271

6
(67)

are the renormalization factor of the Darwin operator and
the contributions to the Darwin coefficient due to operator

£

O(p + ky)g(ky — k,) scattering diagrams contributing to the LO and NLO coefficients C; of power corrections

mixing under renormalization given by the one-loop
mixing of the two-quark operators, the one-loop mixing
of the four-quark operators, and the two-loop mixing of the
four-quark operators with the Darwin operator, respec-
tively. The quantity Cp, is finite and the cancellation of poles
provides a solid check of the calculation. Finally, i~ =
u¢(ert /(4x))~¢ is the MS renormalization scale.

The one-loop operator mixing due to two-quark operators

is known [106-114]. The quantities Z¢, and 5C11\)4$’2q(1) are
taken from [66,67]. The one-loop operator mixing due to
four-quark operators can be extracted from [75,105]. Note
that the first two terms of Eq. (66) contributes to the
renormalization of Darwin coefficient at LO and NLO when
the coefficients C}’, , are taken at LO and NLO, respec-
tively. Indeed, this is the only contribution due to operator
mixing needed to renormalize the Darwin coefficient at LO.
The bare coefficients C% are defined as in Eq. (34). Note that
the coefficients Cg’l_ 6.8 contribute to the renormalization of
the Darwin operator at NLO only through the one-loop
operator mixing due to the corresponding coefficients are of
O(ay). The two-loop operator mixing due to four-quark
operators is not known and the corresponding contribution
to the Darwin coefficient is inferred from the cancellation of
the poles, which is achieved for a single combination of the
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coefficients Cﬁ’l_ »» which are the only coefficients that are
nonzero at LO and, therefore, the only ones that contribute at
two loops. This cancellation is not straightforward due to the
nontrivial dependence of the coefficients C! , in 77 and r. We
find there is actually a unique combination that cancels the
poles, which provides a check of the calculation. Finally, note
that the structure of the 1/€? pole in Eq. (67) is the same that
appears in the 1/¢ pole in the first two terms of Eq. (66), i.e.,
the corresponding poles are proportional to 2C}'; — Chly.
This is to be expected due to the link between the 1/¢ and
1/€? poles in the one- and two-loop anomalous dimensions
and provides an additional check of the computation.
Renormalization can be performed for the differential
rate, as it holds at the level of the hadronic tensor. However,
it is more involved than for the case of a massive final-state
quark due to the operator mixing with four-quark operators.
The cancellation of poles at the differential level requires
the use of plus distributions due to the apparently different
functional structure of the contribution coming from Q —
Qg scattering diagrams and the contribution coming from
the operator mixing with four-quark operators. Whereas the
former gives contributions proportional to (1 —r)~!="€,
which generate poles only after integration over r, the
latter gives singular (1/¢) contributions proportional to
&(—1+ r). The cancellation of poles is achieved after using

[ arg= [farsre-n| ]

—1—/1dr;—i(l—n)_”ef(l,e)é(—l+r),
(68)

where the singular 6 term that is generated produces
the required contribution to cancel the one coming from
the operator mixing. Note that the right-hand side of the
equation above can be safely expanded in e before
integration. Also note the close connection between dimen-
sionally regularized IR singular integrals at the end point
and o functions sitting at that end point.

Finally, the Darwin coefficient of the differential rate C,
is obtained from

C,. (69)

In the massive lepton case, the Darwin operator coefficient
of the differential rate reads

2 1
Cp0 = ﬁ(;»—;1)2(11 —9r4+9r2 +57°) 2y + r(1 +n) + 2r%) L r]
— M+
16
—|-?(1 -n)? [5 +4n+6(1+n)In(1 —n) —6(1+17n) ln(:)}é(—l +7), (70)
0
C%“O*F =157 (r—n)? {64”7 —8r2(2=73n) + r*(217 = 797y) — 117471 + Tn) — 77 (25 — 39y) + r°(273 + i) + 277

+2(327 — r(8 + 5n) — r*(28 + 487y) — r*(221 — 101y)
—r*(293 + 547n) — r>(419 — 4n) + r°(29 4 38n) + 76r") In(1 — r)
—4r3(42n + 3r(7 = 36n) — r*(108 — 59,) + r*(61 + 19,) + 38r*)In(r)

+32r2(22n + r(11 4 26n) + r*(43 +9n) + r*(9 + 10n) — 4r*(1 = 217) + 16r°) In <”>
mo
—6(1—r)r*(14n+ r(7=29) — 4r*(7 + 5n) = 5r*(5 + n) — 10r*)
1
x (7? = 2Liy(1 = r) 4+ 2Liy(r
( Lip (1 = r) + 2Liy( ))Hl—rL
—é(l —n)? [159 + 8117+ 887%(1 + 1) +24(10 — ) In(1 — )
+432(1 + p)In?(1 — i) — 40(13 + 5¢) ln<L>
Mo
Il p
— 1200(1 + 7) In(1 — ) ln<m—Q> +768(1 + ;)In? (m—Q)]é(—l +7), (71)
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Coy O = — 7.5 (r = n)*|48rn — 4r%(3 = 38n) + (67 + 91n) +2r*(91 + 72n)

— (117 — 4315) + 2r°(209 + 74n) + 29677

+6(87 = r(2+175) — r*(7 4 20n) — r3(28 + 39) + r*(21 — 467)
— 107 (11 —4n) +2r°(19 + 75) + 28¢7) In(1 — 1)

+ 67 (6n + 3r — r*(18 + 7n) + 14r° (2 = ) — 28r*) In(r)

—=36r*(4n+2r(1 —4n) = 2r*(5+3n) + r*(9 + 7n) — r*(13 = 9y) + 187°) In <L>
Mo
+9(1 = r)r*(2n + r(1 +n) +2r*(1 +2n) + 8r%)

x (2% = 2Liy(1 = r) + 2Li2(’”))} L i r] X

1
~ g (1= {5381 + 47437 — 36072 (1 + i) + 24(139 4 169) In(1 — 1)

—720(1 + 5)In>(1 — 5) — 24(219 + 2337) In <L>
mo

—864(1 + 1) In(1 — ) In <n:‘Q> + 1584(1 + 77)In? (;;g) } 5(=1+41r), (72)

where Li,(x) is the dilogarithm. In the massless lepton case (n = 0), it reads

CLO —

2
/’Dig

1 80
(114 13r =92 + 235 + 10/ |——|  + |5 =32( =) [8(=1 + 7). (73)
1-r + 3 mQ

1
CorOF = ——— 1167 = 21772 + 78173 + 175¢* = 2731° — 2r°

18r
+2(8 +28r + 2217 + 29373 + 419r* —29r° — 76/°) In(1 — r)

+4r3(21 = 1087 + 6172 + 387%) In(r) — 322(11 + 43 4+ 972 — 413 + 16/*) In <L>
Mo

1
+6r2(7=35r +3r + 15r° + 10r*) (x> = 2Liy (1 — r) + 2Li2(r))} L ]

1
-3 [159 + 8872 —5201n (L> + 768In2 (Lﬂ S(=1+r), (74)

mo mo

1
Oy O = 77 [12r —67r2 = 1827 + 117r* — 4181° — 296/°
r

+6(2+7r+28r* =217 +110r* = 387° — 28°) In(1 — r)

—6r3(3 — 187 + 2872 — 2873) In(r) + 36:2(2 — 107 + 972 — 137> + 18/*) In (L)
mo

—972(1 +r+6r% - 8r3)(ﬂ2 —2Liy(1 = r) + 2Li2(r))} L 1 ]

—-r
1

g 9381 — 3602 ~ 5256 In <L> + 1584In? (Lﬂfs(—l +r). (75)

mo o)

Again, the coefficient of the total rate is obtained from Eq. (17) by integrating the coefficient of the differential rate over r in
the whole range. In the massive lepton case, we obtain
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1
CLO = 3 (n—=1)(5p> — 43 + 291 + 45) + 4(1 = 4n)n* In(n) + 32(n + 1)(n — 1)? (ln(l —n)—In <mi> >, (76)
o
1
CHLOF — 216 (61" — 145460% 4 22967 + 5338y — 13765) —5" 2(30n* — 35617 — 1925 + 1445 + 147)
1
- ﬁ;7(57;7 — 68681 + 47107 4 996) In() — —— (57;7 — 99761 + 157681* 4 888y — 6737) In(1 — )
16
+ = (8174 —1551% + 216n* + 31 — 100) In (—) +— (14 = 197)7* In(n) In (—)
1
Lo -1y <9 n%(1 — ) — 251In(1 — 1) 1n<i> +161n? (L»
1 1
-3 (157* — 41> — 60n* + 1325 — 83) In(1 — 1) In(y) — 5 (30" + 7721 — 480n% — 48 — 47)Liy (1)
- gnz(% —3)(#* In(y) + 9Li3(n) = 3In(n)Lix (1) — 9£(3)), (77)
1
CHLOA — 108 — (2965* 4 551% — 10557% + 1189y — 485) — ﬁn2(41r,3 — 69y —24)
1 2
+ E (421> 4 8121 — 441y + 6)nIn(y) — ﬁ (21* 4 5715 — 525> = 5915 + 524) In(1 — )
40 4 U
—(2711 + 577> — 139> =61y + 116) In +—n’In(n)In| —
9 mQ 3 mQ
4 H H
—(1—=1)2(n+ 1) 5n2(1 - 6In(1 —n)In( — ) — 112 —
#530= 170+ 1) (5101 =)+ 6101 =) () <1 () )
2 2
+5 (11 = 337* 4+ 21+ 1) In(1 — ) In(n) + 5 (1157 — 1627*> — 15 + 10)Li, (1)
8 . .
+g (7 In(n) + OLis (n) — 3In(n)Lis (1) — 9(3)), (78)
|
where Liz(x) is the trilogarithm and ¢{(x) is the Riemann ¢ O = (h,y,P.Tq)(gry"P,T h,), (82)
function. In the massless lepton (7 = 0) case, we obtain B
O = (h,PLTq)(gPRT"hy,), (83)
//l a - v a
0 =15 -32m( 1), 79) O = (Rt PLT0) @ P PaToh,) (84)

O = (hyr,rvaPL T q) @r"y'y*PLTh,).  (85)

CNLOF _ 13765 497° 800] u 2561 o K
mo =TT 56 18 9 ™ my) 3 n my)’ In D = 4 the operators O%¢ are redundant and they can be
straightforwardly reduced to the operators (0%, thereby
(80) 3.4
reducing the number of operators in the basis. However,
this is no longer true for arbitrary D. Despite this, it is
NLoA _ 485 8> 232 (1 44w possible to make a closer connection to a four-dimensional
oD —+ In ——1In . (81) : . . .
T108 9 9 mo 3 mo basis by choosing an operator basis with evanescent
operators [75,77,104,115,116],
The LO coefficients given in Eqs. (76) and (79) agree Iy o N .
with [74,75,105]. The NLO results are new. O3 = ( oYuPLT q)(@r'P.Th,), (86)

Ot = (h,PLTq)(gPrT"h,), (87)
IV. EVANESCENT OPERATORS

EY' = (hyyrreP T q) @y v*PLTh,)
The coefficient functions presented in Sec. III A are e L_ e y La
expressed in terms of the operator basis, — (16 — ae)(hyy, PLT"q)(qr"PLTh,),  (88)
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Eéll = (,Tlny”vaLTaq)(QPRyﬂnyahﬂ)
- (4 - b€)<EvPLTaQ>(ZIPRTahv>7 (89)

where E{"z are the so-called evanescent operators and a, b
are arbitrary numbers, which makes the choice of the
evanescent operators ambiguous. This ambiguity is con-
nected to the freedom in the choice of the renormalization
scheme. Eventually, the scheme dependence of the Wilson
coefficients must cancel against the scheme dependence of
the matrix elements of the corresponding operators. It is
conventional to use a =4 and b = —4 with D =4 — 2e.
This choice is motivated by the preservation of Fierz
symmetry at one-loop order [77,104], and we will refer
to this choice as the “canonical” basis of four-quark
operators. In this basis only matrix elements of O ,,
are nonzero, whereas matrix elements of evanescent oper-
ators vanish, showing in this way a close connection to
D = 4. The two bases are related by

Oy = O3, (90)
Oht = Ol (91)
O = EM + (4 - be) Ol (92)
Ol = EM + (16 — ae) Oy, (93)

In the new basis, the imaginary part of the transition
operator in differential form becomes

1 Ohl Ohl
ImT_FO|VqQ|2/ ( +C3E4 2 +Cftltl54—4§
n
Ehl Ehl
voy B oy B2 ) (94)

where the ellipsis stands for the terms in Eq. (16) excluding
the operators O (i = 3,...,6). The corresponding con-
tribution to the decay width changes to

1 phl3
I(Hy > X,t0;) = r0|VqQ|2/ dr{... cggzw
n

hi3 hi3

Lot PiE L cn pEl L cn PE,

4F om 3 E, om E, om 3
(95)

where the ellipsis stands for the terms in Eq. (23) excluding
the matrix elements p"3 (i =3,...,6). The new matrix
elements are defined by following Eq. (29). The relation
between the coefficients of the differential rate in the two
bases reads

ChL = € + (16 — ae)C, (96)
CiL = Cl + (4 — be)CM, (97)
Cl, = CY, (98)
ci =i, (99)

Note that the only coefficients that depend on the numbers
a, b parametrizing the ambiguity on the definition of the
evanescent operators are Ci%. and CiL,

The operator mixing between four-quark operators
changes to

5cl11lM_S =3CHBC, agl 7 SCMMS 3Ch13C a1
dre 471 e’
— 1 — o 1
SCHINS — _3cniB &5 s SCHMS — _30hie %s
3E dre’ 4k 2 4ge’
— 1 — a1
SChIMS _ ChlB s SCHMS _ __ChlB _s_’ 100
E 470 4ze E 472 4rze (100)

which is independent of a, b. For the differential rate, a
different choice of a, b corresponds to the following shift in
the coefficients of the four-quark operators:

Cil(ay, by) — CiL(ay. by) :%16712(1 — )22 +7)
x (a;—ay)8(=1+r), (101)
Cli(ar.by) = Cli(az. by) = =~ 3223(1 = n)(1 4 21)

X (by =by)d(=1+r). (102)

For the canonical choice of evanescent operators, we obtain
hi 2 2
Chi-(4,-4) ———6477: 3 ~5 (r=n)*(2n+r(1 - 11y)
1
—r2(25+2n) + 2 (1 + 1) + 4r*) [1 ]
—-r|,

ra —n>2[13+8n—6<2+n> (m(l )

(oo}

a 2
Cﬂs(4, —4) = — 128712{—?”3 (r— 11)2(8;7 + r(4+7n)

(103)

+ 722+ Tn) + (11 —4y) — 8r%) [1 1 ]
n
+(1=n)? {8 + 13— 6(1 +27) <ln(1 -7)

() oo}

(104)
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For the total rate, a different choice of a, b corresponds to
the following shift in the coefficients of the four-quark
operators:

as
Cgfs(ahbl)—cgfs(az’bz):;16”2(’7—1)2(’1+Z)(01 —-ay),
(105)
Cﬁ‘é(al,bl) - CZIE(az,bz) = —%32772(}’] - 1)2
T
x (2n+1)(by — by).  (106)

For the canonical choice of evanescent operators, we obtain

_a 64
T 9

+6(11n +6)n*In(n) = 54(n—1)*(n +2)

(so-0u(2)]

128
Chl(4,-4) = %7;:2 [211;73 - 315> +9n+95

Célé(él, —4) = 7 [(11 — 1)(1107* — 7 — 205)

(107)

+1272(11np=12) In(n) = 54(n —1)2(2n + 1)

(so-n-w(2)]

The two expressions above are in agreement with [77,78].
The massless lepton case can be straightforwardly obtained
from the equations above by taking n = 0.

Let us discuss now the effect that the choice of an
operator basis with evanescent operators has over the
Darwin coefficient. The one-loop operator mixing of
four-quark operators with the Darwin operator in
Eq. (66) changes to

(108)

MS.4q(1
s 4ah) _ _ (2@{3 — Clfy + (2085 = i + 2a€CH

AN
~beChs) (CF - 7)) Sorte!

Note that the bare coefficients Cj/ , and C} ; contain a
1/e pole that cancels the explicit ¢ in front of them in

(109)

TABLE L

Eq. (109). The anomalous dimension gives an extra 1/¢
factor, generating in this way a contribution due to operator
mixing of evanescent operators with the Darwin operator.

However, the whole contribution 56245'4‘1“) remains

unaltered. In particular, the explicit dependence on a, b
in Eq. (109) cancels against the dependence on a, b of the
coefficients Cit, , and Cl .. In other words, we find that
the Darwin coefficient is independent of the choice of the
evanescent operators.

V. NUMERICAL ESTIMATES

In this section, we evaluate the numerical impact of the
new results by inserting illustrative values for the non-
perturbative matrix elements and the parameters entering in
the Wilson coefficients. The numerical values are provided
in Tables I and II. Note that there is a tension between the
numerical value of pp for B decays estimated from [10,11]
with a factor 6-9 difference. We take the largest value in
order to estimate an upper bound for the size of these
corrections. We use the HQE in the canonical basis of four-
quark operators and consider the total rate and moments of
the ¢ distribution, which are defined in analogy to the
HQE of the width by

1 dl'(H, = X, v
Mn(HQ—’quDf):/ drr" (Ho a77)
0 dr
0 2 Ha
b4
:F |qu| l:Mn’O_Mn’””%
2 3
HG Pb
+Mn,ug%— "0 2
3 hi3 i3
PLs n Pl n P2
— M, St Dy gt P2
LS2mQ " 2my, ! 2my,
hi /’él? hi PZ?
+Mn,3E2}:n3Q+Mn,4E2m3Q_:|' (110)

Note that in the expression above we have already
neglected matrix elements of evanescent operators and
that the zeroth moment corresponds to the total width. The
coefficients of the moments are related to the coefficients of
the spectrum by

Numerical values for the matrix elements used to estimate the size of corrections. The values are taken from [18,25] and

translated to our notation by using the numerical values for the meson masses and decay constants also provided in these references.

(GeV?) Bt B B, Dt DO D,

phi3 0.0107 2.77 x 107 3.98 x 107 1.37 x 107 137 x 107 8.73 x 1073
phi3 0.0106 —1.92 x 1075 —2.86 x 1075 —-1.01 x 1075 —1.01 x 1073 8.70 x 1073
phs —1.76 x 10~* —4.26 x 107° —6.36 x 107° —2.38 x 107° —2.38 x 107° —9.06 x 1073
phis —4.26 x 107° 3.19 x 107° 4.77 x 1070 1.79 x 107° 1.78 x 1076 —8.71 x 1077
o 0.408 0.408 0.607 0.174 0.174 0.256
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TABLE 1II. Numerical values of parameters entering in the
Wilson coefficients.

Parameter ~ Numerical value  Parameter  Numerical value
u mg m, 1.777 GeV
my, 4.7 GeV ag(my,) 0.217
m, 1.6 GeV ag(m,) 0.340
1
Maitn) = [ drciirn. (111)
n

The low ¢ is difficult to detect and experimentalists use
cuts and integrate up to the available ¢> [38]. Moments with
low cuts can be obtained from the expression above by
integrating in the desired range. For simplicity, we consider
the width and the first two moments without cuts. In
Tables III-V we compare the size of the Darwin and four-
quark terms at LO and NLO relative to the leading
power term.

We observe that corrections due to the Darwin term are,
in general, more important for semitauonic decays than for
semileptonic decays of B mesons. For the B semitauonic
decay width, the LO and NLO represent ~15% and ~5%
corrections, respectively. For the B semileptonic decay
width, the LO and NLO represent ~5% and ~1% correc-
tions, respectively. For semileptonic D decays, the

corrections due to the Darwin term are very large, endan-
gering the convergence of the HQE. For example, at LO
and NLO they represent ~50% and ~30% correction to
the width.

As for moments of the spectrum, the convergence of the
HQE worsens for higher moments. The reason is that
moments enhance the region of the phase space where
perturbation theory and the HQE break down. The con-
vergence is better for semileptonic decays than for semi-
tauonic decays of B mesons and for lower moments.
Considering that the value of pp must be clarified and
that it might become a factor 69 smaller, the convergence
of the first moments in B decays seems to be good, but it is
unclear to what extent without clarifying the value of pp. In
general terms, the 1/ mz corrections can be safely used to
improve the precision of the HQE for the B — X, /7,
decay. On the contrary, the Darwin term of moments for D
decays becomes even larger than the leading term pointing
out the breakdown of the HQE, and therefore, the 1/m?
corrections cannot be used to improve the precision in the
D-meson spectrum.

Finally, we observe that, in general, the NLO corrections
to the Darwin term are rather large, as they correspond to
~20% correction to the coefficient.

We also observe that the semitauonic decay of BT
receives large corrections from four-quark operators, unlike
how it happens in the other decays. The reason is that, due

TABLE III. Relative contribution of the Darwin operator and four-quark operators to the leading term for the total width.

n=0 Btto, (%) B ti, (%) Bytv, (%) Btev, (%) Blev, (%) Byeb, (%) Dteb, (%) Deb, (%) D,eb, (%)
p3, (LO) 12 12 17 4 4 5 43 43 63

p3, (NLO) 3 3 5 1 1 2 25 25 37
P8 (LO) 13 -0.3 -0.5 -0.1 -0.1 -0.2 -2 -2 -3
P (NLO) -0.9 0.07 0.1 0.1 0.03 0.04 0.7 0.7 3

TABLE IV. Relative contribution of the Darwin operator and four-quark operators to the leading term for the first moment.

n=1 Btto, (%) B b, (%) B,o, (%) Btep, (%) Beb, (%) Byet, (%) Dtev, (%) Deb, (%) D,eb, (%)
p3 (LO) 38 38 57 23 23 34 280 280 410
p3, (NLO) 9 9 14 6 6 8 106 106 155
P53 (LO) 28 -0.7 -1 -0.4 —0.4 -0.7 -6 -6 -9
P (NLO) -2 0.2 0.2 0.5 0.1 0.1 2.3 2.3 12

TABLE V. Relative contribution of the Darwin operator and four-quark operators to the leading term for the second moment.

n=2 B*tb, (%) Bto, (%) Btb, (%) Bten, (%) Bev, (%) B.eb, (%) Dte, (%) D¢, (%) Diev, (%)
p3 (LO) 90 90 135 67 67 100 808 808 1185
p3 (NLO) 21 21 31 15 15 23 288 288 423
Pl (LO) 53 -1 ) -1 -1 -1 ~14 ~14 —20
P (NLO) -3 0.3 0.4 1 0.2 0.3 5 5 30
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to the 7 mass, the four-quark operators O, do not combine

in perpendicular form O"', unlike how it happens in the
massless case. The matrix elements of such perpendicular
combinations are very much suppressed. Also, matrix
elements of octet operators or of operators involving
different spectator quarks in the operator and the state
are suppressed. In particular, all these matrix elements are
exactly zero in VIA. Therefore, the HQE of the B*
semitauonic decay is the only one where O}, do not

combine in O and whose matrix elements involve the
same spectator quark in the operators and the state. For the
decay width, the LO and NLO terms represent ~13% and
~—0.9% corrections, respectively. For moments, the
corrections become larger as it happens with the Darwin
term. In general, deviations from VIA give rise to very
small corrections compared to the Darwin term. Therefore,
we predict the BT — X 70, decay width to be ~10% larger
than the B — X, 7o, decay. This observation still has to be
confirmed by experiment because its measurement is very
challenging.

Overall, we find the Darwin term to be the dominant
dimension-six contribution except in the semitauonic
decay of BT, where four-quark operators give a similar
contribution.

VI. CONCLUSIONS

In this work, we have presented analytical results for the
a, corrections to the coefficients of the Darwin operator and
four-quark operators appearing at order 1/ m3Q in the HQE
of the Hy — X, £, decay for both the total width and the
spectrum on the dilepton invariant mass in the case of a
massless quark and both a massless (£ = e, p) or massive
(Z = 7) lepton in the final state. The results can be applied
to the CKM suppressed B — X,£v, decay or, to some
extent, to the CKM favored D — X£7, (£ # 7) decay.

We have observed that the newly computed NLO
corrections to the Darwin term are rather large, as they
typically correspond to ~20% correction to the Darwin
term at LO. For the semitauonic and semileptonic decay
rate of B mesons, the NLO corrections represent ~5% and
~1% corrections to the leading term. For the semileptonic
decay rate of D mesons, they correspond to ~25%
correction to the leading term, showing a much slower
convergence of the HQE for D than for B.

The convergence of the HQE worsens for higher
moments. For B mesons, it is crucial to clarify the value
of p} in order to make a clear statement about the
convergence of the HQE for higher moments. For moments
of the D meson spectrum, the convergence is very bad,

pointing out that the 1/m? corrections cannot be used to
improve the precision of the HQE.

We conclude that the 1/ m3Q corrections can be used to
improve the precision of the HQE for the B — X, /7,
decay rate and the first few moments and, to a lesser extent,
for the D — X¢v, decay rate.

We have also observed that, unlike what happens in the
other decay channels, the semitauonic decay width and
moments of B receive large corrections from four-quark
operators and they are similar in size to that of the Darwin
term. In particular, we expect the I'(BT™ — X,t0,) ~
1.1I(B° — X,70,). This prediction still has to be con-
firmed by the experiment.

Overall, we find the Darwin term to be the dominant
dimension-six contribution except in the semitauonic
decay of BT, where four-quark operators give a similar
contribution.

The main application of our results is for the background
subtraction of the B — X, ¢7, decay in the measurement of
B — X ¢, decay, used for the precise extraction of |V |
from ¢? moments and the precise measurement of R(D*)).
Other important applications are for the lifetimes of B and
D hadrons, the study of the D-hadron spectrum, and the
extraction of the ratio |V,;,/V|. A rigorous phenomeno-
logical analysis updating the predictions for the different
observables is left to future publications.

Finally, the computation carried out in this paper
represents a step toward the computation of the Darwin
coefficient at NLO for the nonleptonic decay width, which
is sought at present [18,21]. In particular, the current work
can be used to understand how the operator mixing works
when there is also two-loop mixing with four-quark
operators in a much simpler scenario than for nonleptonic
decays, where a large proliferation of four-quark operators
occurs.
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