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We use the QCD instanton vacuum model to discuss the emergence of the light scalar and vector
mesons on the light front. We take into account both the instanton and anti-instanton single and molecular
interactions on the light quarks, in the form of nonlocal effective interactions. Although the molecular
induced interactions are suppressed by a power of the packing fraction, they are still sufficient to bind the
vector mesons, while keeping most of the scalar spectrum relatively unchanged. We explicitly derive the
light front distribution amplitudes and partonic functions for the scalar and vector mesons, and compare
them after pertinent QCD evolution, to the available empirical and lattice measured counterparts. The
Dirac electric form factors for both the pion and ρ meson are derived, and shown to compare well with
current data.
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I. INTRODUCTION

Parton distribution functions (PDFs) are used to assess
most processes at high energy, whenever factorization
holds. They are important for the description of inclusive
and exclusive processes alike, and play an essential role
in precision measurements at the current Large Hadron
Collider (LHC).
The PDFs capture the longitudinal distribution of partons

(quarks and gluons) in a given hadron in the light front
frame, at a given resolution. These unimodular distributions
are inherently nonperturbative and lightlike. The leading
twist PDFs are currently accessible from experiments
through pertinent parametrizations [1], or using lattice
simulations following the Large Momentum Effective
Field Theory (LaMET) procedure [2,3] or some
variations [4,5].
The determination of the PDFs, whether empirically or

through numerical simulations, does not provide a compre-
hensive understanding of their content for physicists, nor on
the basic mechanism(s) at the origin of their composition.
For that, an understanding of the QCD vacuum at some
preferably low resolution is required.

At low resolution, detailed cooled lattice configurations
show that the QCD vacuum is populated by instantons and
anti-instantons [6]. Their effects in the formation of both
the scalar and vector mesons on the light front will be the
main subject of this paper. Some essential aspects of this
vacuum are captured by the instanton vacuum model,
which allows for a semiclassical description based on a
drastically reduced set of gauge configurations [7–11].
However, the QCD instanton vacuum is inherently

spacelike and is more naturally formukated in Euclidean
space. In a recent series of work [12–16], two of us have
shown that some of the nonperturbative aspects of the QCD
instanton vacuum can be exported to the light front via an
analytical continuation not in the fields but in the boost
parameter. The results are a variety of central and spin-
dependent potentials on the light front that provide for the
emergence of a nonperturbative constituent quark type
model. Similar approaches more rooted in phenomenology
have been also suggested in [5,17–37].
On the light front, hadrons at low resolution are

described by their lowest constituent quark and gluon
Fock components. The underlying nonperturbative gluonic
content is mostly packaged in the emerging constituent
mass and effective interactions between the constituents,
following mostly from the spontaneous breaking of chiral
symmetry [12–16]. However, the description of the emerg-
ing Goldstone modes (pions and kaons) requires special
care on the light front, but otherwise parallels the descrip-
tion in the rest frame [13,38].
Another important subtlety of the light front formulation

is the apparent breaking of SO(1,3) to SO(1,2), following
from the use of the infinite momentum frame. We will
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address this issue analyzing the formation of the low-lying
vector mesons in the QCD instanton vacuum. On the light
front, the longitudinal and transverse vector mesons follow
from different constitutive equations, with apparently differ-
ent characteristics. The purpose of this work is twofold:
first, we will follow up on our suggestion in [12], that the
light vector mesons in the QCD instanton vacuum receive
sizable contributions from the instanton-anti-instanton
molecular configurations; second, we will explicitly show
that despite the explicit breaking of Lorentz symmetry on
the light front, the rest frame SO(1,3) symmetric vector
spectra and decay constants are recovered dynamically. For
completeness, we note that a number of phenomenological
studies of the light mesons have been carried by many using
the covariant formulation in [39–44], relativistic equal-time
formulation in [45–48], and variants of the light cone
formulation in [36,49–53].
The organization of the paper is as follows. In Sec. II we

briefly review the emergent ’t Hooft nonlocal fermionic
interactions in the two-flavor QCD instanton vacuum,
induced by both the single instantons and anti-instantons,
and the instanton-anti-instanton molecules. The latter are
chirality preserving and contribute in leading order in the
vector channels. In Sec. III we show how these emerging
interactions yield to the spontaneous breaking of chiral
symmetry, and a running constituent quark mass. In Sec. IV
we construct the pertinent light front Hamiltonian using the
bookkeeping in 1=Nc and the diluteness of the QCD
instanton vacuum. The bound states equations in the scalar
and vector channels are made explicit and solved. We also
show how these solutions are related to covariant formu-
lations. In Sec. V, all scalar and vector light front wave
functions in the QCD instanton vacuum with nonlocal
interactions are detailed. In Sec. VI we derive the parton
distribution functions for the scalar and vector mesons, and
analyze their partonic content both for the unpolarized and
polarized states. In Sec. VII the meson distribution ampli-
tudes are discussed, and the results compared to existing
empirical measurements and current lattice simulations. In
Sec. VIII we use the light front wave functions, to derive the
electromagnetic form factors for the pion and ρ and ω
mesons. The results are compared to the available mea-
surements and lattice results. Our conclusions are in Sec. IX.
A number of Appendixes are included to complement some
of the derivations.

II. GENERALIZED ’T HOOFT INDUCED
INTERACTIONS

The QCD vacuum at low resolution is populated
by mostly topologically active instantons and anti-
instantons, Euclidean tunneling configurations between
vacua with different topological charges [11] (and refer-
ences therein). Light quarks scattering through these

topological configurations develop zero modes with fixed
handedness. For instance, a massless left-handed quark
tunneling through an instanton can emerge as a right-handed
massless quark, with the handedness flipped through an
anti-instanton.
For a single quark species, this mechanism is at the origin

of the explicit breaking of UAð1Þ symmetry. For many light
quark species this mechanism can account for the dual
breaking of the UAð1Þ (explicitly) and chiral symmetry
(spontaneously). This is manifested through the emergent
multiflavored interactions, between the light quarks
zero modes.

A. Local approximation

In the noninteracting instanton vacuum, these multi-
flavored interactions are the well-known ’t Hooft determi-
nantal interactions. In the local approximation where the
instanton size is taking to zero, the induced interactions
from single instantons plus anti-instantons give

LI ¼
GI

8ðN2
c−1Þ

�
2Nc−1

2Nc
½ðψ̄ψÞ2− ðψ̄τaψÞ2− ðψ̄ iγ5ψÞ2

þðψ̄iγ5τaψÞ2�þ 1

4Nc

�
ðψ̄σμνψÞ2− ðψ̄σμντaψÞ2

��
ð1Þ

which are seen to mix LR chiralities. The effective coupling

GI ¼
Z

dρnðρÞρNfð2πρÞ2Nf ¼ nIþĪ

2
ð4π2ρ3ÞNf

�
1

m�ρ

�
Nf

ð2Þ

is fixed by the mean-instanton density

nIþĪ

2
¼

Z
dρnðρÞ

YNf

f¼1

ðm�
fρÞ ð3Þ

with m�
f the induced determinantal mass [54]. At low

resolution, the instanton distribution is sharply peaked
around the average instanton size ρ ≈ 0.31 fm, with a
mean density nIþĪ ∼ 1 fm−4.
In the interacting instanton vacuum, additional multi-

flavor interactions are expected. Given the diluteness of the
tunneling processes in the QCD vacuum at low resolution,
the natural interactions are molecular in the form of binary
instanton-anti-instanton configurations. When maximally
locked in color, they induce flavor mixing interactions of
the form [55]

LIU, SHURYAK, and ZAHED PHYS. REV. D 109, 074029 (2024)

074029-2



LIĪ ¼ GIĪ

�
1

NcðNc − 1Þ ½ðψ̄γ
μψÞ2 þ ðψ̄γμγ5ψÞ2� − Nc − 2

NcðN2
c − 1Þ ½ðψ̄γ

μψÞ2 − ðψ̄γμγ5ψÞ2�

þ 2Nc − 1

NcðN2
c − 1Þ ½ðψ̄ψÞ

2 þ ðψ̄τaψÞ2 þ ðψ̄iγ5ψÞ2 þ ðψ̄iγ5τaψÞ2�

−
1

2NcðNc − 1Þ ½ðψ̄γ
μψÞ2 þ ðψ̄τaγμψÞ2 þ ðψ̄γμγ5ψÞ2 þ ðψ̄τaγμγ5ψÞ2�

�
ð4Þ

which are LL and RR chirality preserving, in contrast to (1). The effective molecule-induced coupling is defined as

GIĪ ¼
Z

dρIdρĪ

Z
dud4 R

1

8T2
IĪ

ð4π2ρ2I Þð4π2ρ2Ī ÞnðρIÞnðρĪÞTIĪðu; RÞ2Nfρ
Nf

I ρ
Nf

Ī : ð5Þ

Here R ¼ zI − zĪ is the relative molecular separation, uμ ¼
1
2i trðUĪτ

þ
μ U

†
I Þ is the relative molecular orientation with the

locked color with τþμ ¼ ðτ⃗;−iÞ, and TIĪ is the hopping
quark matrix. Equation (5) is readily understood as the
unquenched tunneling density for a molecular configura-
tion, whereby a pair of quark lines is removed by the
division T2

IĪ to account for the induced four-Fermi inter-
action. The strength of the induced molecular coupling GIĪ
to the single coupling GI is

GIĪ ¼
G2

I

128π4ρ2
ξ ð6Þ

where the dimensionless and positive hopping parameter is
defined as

ξ ¼ 1

ρ4

Z
dud4R½ρTIĪðu; RÞ�2Nf−2: ð7Þ

In summary, we will use the effective action

L ¼ ψ̄ði=∂ −mÞψ þ LI þ LIĪ ð8Þ

to describe light quark interactions in the QCD vacuum at
low resolution. The smallness of the density nIþĪ allows us
to consider the complex many-body dynamics, by organiz-
ing it around the dilute limit. Throughout, we will use the
1=Nc counting for bookkeeping, with nIþĪ ∼ Nc and both
GI and GI;Ī of the same order in 1=Nc, but with a
parametrically small ratio GIĪ=GI from the diluteness.
With this in mind, the leading contributions in 1=Nc in
(8) are

LI ¼
GI

8N2
c
½ðψ̄ψÞ2 − ðψ̄τaψÞ2 − ðψ̄iγ5ψÞ2 þ ðψ̄iγ5τaψÞ2�;

LIĪ ¼
GIĪ

2N2
c

�
4½ðψ̄ψÞ2 þ ðψ̄τaψÞ2 þ ðψ̄iγ5ψÞ2 þ ðψ̄ iγ5τaψÞ2�

− ½ðψ̄γμψÞ2 þ ðψ̄τaγμψÞ2 − 3ðψ̄γμγ5ψÞ2 þ ðψ̄τaγμγ5ψÞ2�
�
: ð9Þ

The induced ’t Hooft interaction LI does not operate in the light vector channels, but the molecular induced interaction LIĪ
does. The molecular interaction is equally attractive in the scalar σ; a0 and pseudoscalar π; η0 channels. Since the instanton
molecules are topologically neutral, the molecular interactions are Uð1ÞA symmetric. Note that this Lagrangian predicts no
splitting between the isoscalar (ω) and isovector (ρ) vector channels.
For later use, we rewrite (8) in leading order in 1=Nc as

L ¼ ψ̄ði=∂ −MÞψ þ Gσ

2
ðψ̄ψÞ2 þ Ga0

2
ðψ̄τaψÞ2 þGη0

2
ðψ̄iγ5ψÞ2 þ Gπ

2
ðψ̄iγ5τaψÞ2

−
Gω

2
ðψ̄γμψÞ2 −

Gρ

2
ðψ̄γμτaψÞ2 −

Gf1

2
ðψ̄γμγ5ψÞ2 −

Ga1

2
ðψ̄γμγ5τaψÞ2 ð10Þ

with the effective couplings
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Gσ ¼ GS; Ga0 ¼ −GS þ 8GV;

Gπ ¼ GS; Gη0 ¼ −GS þ 8GV;

Gω ¼ GV; Gρ ¼ GV;

Ga1 ¼ GV; Gf1 ¼ −3GV;

where GS ¼ GI
4N2

c
þ 4GIĪ

N2
c

and GV ¼ GIĪ
N2

c
are from the QCD

instanton vacuum.

B. Nonlocal approximation

Each instanton and anti-instanton configuration carries a
finite size, which is fixed on average to be around 1

3
fm.

This size is not small in comparison to the size of the light
hadrons and cannot be ignored. More importantly, this size
fixes the UV scale and provides for a natural cutoff both in

Euclidean and light front signature. Finite-sized instantons
yield finite-sized zero modes, and therefore nonlocal
effective interactions between the light quarks. The net
effect is captured by the substitution

ψðxÞ →
ffiffiffiffiffiffiffiffiffiffiffiffi
F ði∂Þ

p
ψðxÞ ð11Þ

in the local approximation. Here F ði∂Þ is the zero mode
profile, that acts as a form factor. In singular gauge its form
is more user friendly in momentum space

F ðkÞ ¼ ½ðzF0ðzÞÞ2�
				
z¼kρ

2

ð12Þ

where FðzÞ¼ I0ðzÞK0ðzÞ−I1ðzÞK1ðzÞ are spherical Bessel
functions, and k ¼

ffiffiffiffiffi
k2

p
is the Euclidean 4-momentum.

Inserting (11) into (8) yields the nonlocal form of the effective action in the QCD instanton vacuum in leading order
in 1=Nc

L ¼ ψ̄ ½i=∂ −MðkÞ�ψ þGS

2
ðψ̄

ffiffiffiffiffiffiffiffiffiffiffiffi
F ði∂Þ

p ffiffiffiffiffiffiffiffiffiffiffiffi
F ði∂Þ

p
ψÞ2 −GS

2
ðψ̄

ffiffiffiffiffiffiffiffiffiffiffiffi
F ði∂Þ

p
τa

ffiffiffiffiffiffiffiffiffiffiffiffi
F ði∂Þ

p
ψÞ2

−
GS

2
ðψ̄

ffiffiffiffiffiffiffiffiffiffiffiffi
F ði∂Þ

p
iγ5

ffiffiffiffiffiffiffiffiffiffiffiffi
F ði∂Þ

p
ψÞ2 þ GS

2
ðψ̄

ffiffiffiffiffiffiffiffiffiffiffiffi
F ði∂Þ

p
iγ5τa

ffiffiffiffiffiffiffiffiffiffiffiffi
F ði∂Þ

p
ψÞ2 −GV

2
ðψ̄

ffiffiffiffiffiffiffiffiffiffiffiffi
F ði∂Þ

p
γμ

ffiffiffiffiffiffiffiffiffiffiffiffi
F ði∂Þ

p
ψÞ2

−
GV

2
ðψ̄

ffiffiffiffiffiffiffiffiffiffiffiffi
F ði∂Þ

p
γμτ

a
ffiffiffiffiffiffiffiffiffiffiffiffi
F ði∂Þ

p
ψÞ2 þ 3GV

2
ðψ̄

ffiffiffiffiffiffiffiffiffiffiffiffi
F ði∂Þ

p
γμγ

5
ffiffiffiffiffiffiffiffiffiffiffiffi
F ði∂Þ

p
ψÞ2 −GV

2
ðψ̄

ffiffiffiffiffiffiffiffiffiffiffiffi
F ði∂Þ

p
γμγ

5τa
ffiffiffiffiffiffiffiffiffiffiffiffi
F ði∂Þ

p
ψÞ2: ð13Þ

III. GAP EQUATION IN QCD INSTANTON
VACUUM

Before analyzing (13) in the light front frame, we briefly
discuss the bulk vacuum properties following from (13) in
the center-of-mass frame. In leading order in 1=Nc or
mean-field approximation, the light quarks develop a
running constituent mass

MðkÞ ¼ mþ 2gSF ðkÞ
Z

d4q
ð2πÞ4

4MðqÞ
q2 þM2ðqÞF ðqÞ ð14Þ

where gS ¼ NcGS is the coupling strength for the isosinglet
scalar channel in a ’t Hooft Lagrangian. In the same
approximation, the chiral quark condensate is

hψ̄ψi ¼ −
Z

d4k
ð2πÞ4 TrSðkÞ

¼ −2Nc

Z
d4k
ð2πÞ4

4MðkÞ
k2 þM2ðkÞF ðkÞ: ð15Þ

In the low momentum limit (k ≪ 1=ρ), MðkÞ ∼MF ðkÞ
withM the zero-momentum constituent mass, (14) and (15)
simplify to

m
M

¼ 1 − 8gS

Z
d4k
ð2πÞ4

F 2ðkÞ
k2 þM2

ð16Þ

with M ¼ m − GShψ̄ψi. We have approximated the run-
ning quark mass MðkÞ in the loop integration in both (14)
and (15) by its zero momentum limit. This is numerically
justified by the cutoff form factor F ðkÞ with a range of
about the inverse instanton size 1=ρ.
More explicitly,

m
M

¼ 1 −
4gS
π2ρ2

Z
∞

0

dz
z3

z2 þ ρ2M2

4

ðzF0ðzÞÞ4 ð17Þ

withM fixed by the scalar ’t Hooft coupling strength gS for
fixed ρ. In the chiral limit, the constituent mass is nonzero
only when the scalar coupling is stronger than the critical
coupling gcrS , which is set by

gcrS ¼ 2π2ρ2
�
8

Z
∞

0

dzzðzF0ðzÞÞ4
�
−1

≈ 2.981π2ρ2: ð18Þ

The small size expansion reduces the solution of the gap
equation back to the point interaction limit, with both the
quadratic 1=ρ and logarithmic dependence in 1=ρ,
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m
M

¼ 1 −
gS

2π2ρ2

�
8

Z
∞

0

dzzðzF0ðzÞÞ4 þ ρ2M2 ln ρ2M2

þOðρ2M2Þ
�
: ð19Þ

This is to be compared to the cutoff scheme in the zero
size limit, where the instanton size ρ in the QCD instanton
vacuum provides a natural cutoff. Similarly, we have for the
chiral quark condensate

ρ3hψ̄ψi ¼ −
4Nc

π2
ρM

Z
∞

0

dz
z3

z2 þ ρ2M2

4

zðzF0ðzÞÞ2: ð20Þ

In the standard 2-flavor QCD instanton vacuum with
ρ ≈ ð636 MeVÞ−1, gcrS is approximately 72.64 GeV−2. In
Fig. 1 we show the constituent mass versus the current
quark mass in units of the instanton size, for different scalar
couplings gS=gcrS . In Fig. 2 the constituent mass is shown
versus gS=gcrS for different current quark masses, with a
clear onset of the spontaneously broken chiral phase. In
Fig. 3 we show the chiral condensate versus gS=gcrS for
different current quark masses.
The effect of the instanton molecular contributions with

GIĪ ≠ 0 but parametrically small in comparison to GI is
seen to enhance the onset of the spontaneous breaking of

chiral symmetry. This is readily seen by noting that (18) is
now changed to

GI

4Nc

�
1þ GI

8π2ρ2Nc
ξ

�
≥ gcrS ≈ 2.981π2ρ2 ð21Þ

with the positive hopping parameter ξ given in (7). In Fig. 4
we show the constituent quark mass versus the instanton
density, for increasing values of the hopping parameter, in
the chiral limit. The larger ξ, the smaller the instanton
density required for the onset of chiral symmetry breaking.
This effect is also illustrated in Fig. 5, where we show that a

FIG. 2. Constituent quark mass versus the scalar coupling gS.

FIG. 3. Quark condensate as a function of the scalar
coupling gS.

FIG. 4. Quark constituent mass in chiral limit as a function of
instanton density in the presence of different ξ.

FIG. 1. Constituent mass as a function of the current mass
with different scalar couplings gS for a fixed instanton size
ρ ¼ 0.31 fm.

FIG. 5. The effective coupling gS in σ channel as a function of
instanton density.
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lower instanton density is needed for a fixed scalar coupling
in the presence of the molecular component.

IV. LIGHT FRONT FORMALISM OF NONLOCAL
’T HOOFT LAGRANGIAN

On the light front, the spontaneous breaking of chiral
symmetry in QCD follows from the emergent ’t Hooft
induced interactions, when the constrained part of the
fermion field is eliminated [38]. This observation was
initially made in the context of the NJL model in [56–58].
The projected fermion field along the light front yields a
good plus bad component, with the latter nonpropagating
or constrained. The elimination of the nonpropagating
degrees of freedom induces the resummation of the multi-
fermion interactions in terms of the good component. These

interactions account for the spontaneous breaking of chiral
symmetry on the light front through tadpoles.
More specifically, the fermionic constraint can be organ-

ized in 1=Nc

ψ → ψþ þ γþ

2

−i
∂−

ðiγi⊥∂i −MÞψþ þOðGS;GVÞ ð22Þ

to render it manageable. The pair of fermion bilinears are of
order Oð ffiffiffiffiffiffi

Nc
p Þ, compensating the Oð1=NcÞ contribution

from the ’t Hooft coupling GS ¼ gS=Nc and GV ¼ gV=Nc.
In leading order, the interactions on the light front are of
order N0

c. The light front effective theory follows from the
integration of the bad component to the same order,

L → ψ̄ði=∂ −MÞψ − VðxÞ ð23Þ

with the local kernels (zero size instantons) after integration

VðxÞ ¼ VσðxÞ þ Va0ðxÞ þ VπðxÞ þ Vη0 ðxÞ þ VωðxÞ þ VρðxÞ þ Va1ðxÞ þ Vf1ðxÞ; ð24Þ

isoscalar σ channel:

VσðxÞ ¼ −
Gσ

2
ψ̄ψ

1

1þ Gσhψ̄γþ −i
∂−
ψi ψ̄ψ ; ð25Þ

isovector scalar channel:

Va0ðxÞ ¼ −
Ga0

2
ψ̄τaψ

1

1þ Ga0hψ̄γþ −i
∂−
ψi ψ̄τ

aψ ; ð26Þ

pion channel:

VπðxÞ ¼ −
Gπ

2

�
ψ̄iγ5τaψ þ iGa1



ψ̄
−i
∂−

ψ

�
ψ̄γþγ5τaψ

�
1

1þGπhψ̄γþ −i
∂−
ψi

�
ψ̄iγ5τaψ þ iGa1



ψ̄
−i
∂−

ψ

�
ψ̄γþγ5τaψ

�
; ð27Þ

η0 meson channel:

Vη0 ðxÞ ¼ −
Gη0

2

�
ψ̄ iγ5ψ þ iGf1



ψ̄
−i
∂−

ψ

�
ψ̄γþγ5ψ

�
1

1þGη0 hψ̄γþ −i
∂−
ψi

�
ψ̄iγ5ψ þ iGf1



ψ̄
−i
∂−

ψ

�
ψ̄γþγ5ψ

�
; ð28Þ

isoscalar vector channel:

VωðxÞ ¼ Gω

2
ψ̄γi⊥ψ

1

1þGωhψ̄γþ −i
∂−
ψi ψ̄γi⊥ψ þ Gωψ̄γ

þψ
�
ψ̄γ−ψ þ Gω



ψ̄γ−

−i
∂−

ψ

�
ψ̄γþψ

�
; ð29Þ

ρ meson channel:

VρðxÞ ¼ Gρ

2
ψ̄γi⊥τaψ

1

1þ Gρhψ̄γþ −i
∂−
ψi ψ̄γi⊥τ

aψ þ Gρψ̄γ
þτaψ

�
ψ̄γ−τaψ þGρ



ψ̄γ−

−i
∂−

ψ

�
ψ̄γþτaψ

�
; ð30Þ

isovector axial vector channel:

LIU, SHURYAK, and ZAHED PHYS. REV. D 109, 074029 (2024)

074029-6



Va1ðxÞ ¼ Ga1

2
ψ̄γi⊥γ5τaψ

1

1þ Ga1hψ̄γþ −i
∂−
ψi ψ̄γi⊥γ

5τaψ þ Ga1 ψ̄γ
þγ5τaψ

�
ψ̄γ−γ5τaψ þ Ga1



ψ̄γ−

−i
∂−

ψ

�
ψ̄γþγ5τaψ

�
; ð31Þ

isoscalar axial vector channel:

Vf1ðxÞ ¼ Gf1

2
ψ̄γi⊥γ5ψ

1

1þ Gf1hψ̄γþ −i
∂−
ψi ψ̄γi⊥γ

5ψ þGf1 ψ̄γ
þγ5ψ

�
ψ̄γ−γ5ψ þ Gf1



ψ̄γ−

−i
∂−

ψ

�
ψ̄γþγ5ψ

�
: ð32Þ

For finite-sized instantons, the tadpole contributions in the emerging nonlocal kernels follow from the substitutions



ψ̄γþ

−i
∂−

ψ

�
→



ψ̄F ði∂Þγþ −i

∂−
F ði∂Þψ

�
; ð33Þ



ψ̄
−i
∂−

ψ

�
→



ψ̄F ði∂Þ−i

∂−
F ði∂Þψ

�
; ð34Þ



ψ̄γ−

−i
∂−

ψ

�
→



ψ̄F ði∂Þγ− −i

∂−
F ði∂Þψ

�
; ð35Þ

which amount to the loop integrations in momentum space

1

2Nc



ψ̄F ði∂Þγþ −i

∂−
½F ði∂Þψ �

�
→ wþðPþÞ ¼

Z
dkþd2k⊥
ð2πÞ3

ϵðkþÞ
Pþ − kþ

F ðkÞF ðP − kÞ; ð36Þ

1

2Nc



ψ̄F ði∂Þ−i

∂−
½F ði∂Þψ �

�
→ w0ðPþÞ ¼

Z
dkþd2k⊥
ð2πÞ3

MϵðkþÞ
kþðPþ − kþÞF ðkÞF ðP − kÞ; ð37Þ

1

2Nc



ψ̄F ði∂Þγ− −i

∂−
½F ði∂Þψ �

�
→ w−ðPþÞ ¼

Z
dkþd2k⊥
ð2πÞ3

ðk2⊥ þM2ÞϵðkþÞ
2ðkþÞ2ðPþ − kþÞF ðkÞF ðP − kÞ: ð38Þ

The fermionic tadpole functions w�ðPþÞ are even in Pþ, while w0ðPþÞ are odd in Pþ.

A. Light front Hamiltonian

The emergent light front Hamiltonian for the QCD instanton vacuum with molecular contributions follows from the
effective action (30) in the form

P− ¼
Z

½d3k�þ
Z

½d3q�þ
k2⊥ þM2

2kþ
ψ̄ðkÞγþψðqÞð2πÞ3δ3þðk − qÞ

þ
Z

½d3k�þ
Z

½d3q�þ
Z

½d3p�þ
Z

½d3l�þð2πÞ3δ3þðpþ k − q − lÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F ðkÞF ðqÞF ðpÞF ðlÞ

p
Vðk; q; p; lÞ ð39Þ

with the shorthand notations

Z
½d3k�þ ¼

Z
dkþd2k⊥
ð2πÞ32kþ ϵðkþÞ; δ3þðkÞ ¼ δðkþÞδ2ðk⊥Þ: ð40Þ

The interaction kernel in (39) is given by

Vðk; q; p; lÞ ¼
X

s1;s01;s2;s
0
2

Vs1;s2;s01;s
0
2
ðk; q; p; lÞb†s1ðkÞc†s2ðqÞcs02ðpÞbs01ðlÞ ð41Þ

with the transition amplitude Vs1;s2;s01;s
0
2
ðk; q; p; lÞ summing over the eight meson channels,
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Vs1;s2;s01;s
0
2
ðk;q;p; lÞ ¼ Vσ

s1;s2;s01;s
0
2
ðk;q;p; lÞþVη0

s1;s2;s01;s
0
2
ðk;q;p; lÞþVπ

s1;s2;s01;s
0
2
ðk;q;p; lÞþVa0

s1;s2;s01;s
0
2
ðk;q;p; lÞ

þVω
s1;s2;s01;s

0
2
ðk;q;p; lÞþVρ

s1;s2;s01;s
0
2
ðk;q;p; lÞþVa1

s1;s2;s01;s
0
2
ðk;q;p; lÞþVf1

s1;s2;s01;s
0
2
ðk;q;p; lÞ; ð42Þ

isoscalar scalar σ channel:

Vσ
s1;s2;s01;s

0
2
ðk; q; p; lÞ ¼ −

gσ
Nc

1

1þ 2gσwþðPþÞ ūs1ðkÞvs2ðqÞv̄s02ðlÞus01ðpÞ; ð43Þ

isovector scalar a0 channel:

Va0
s1;s2;s01;s

0
2
ðk; q; p; lÞ ¼ −

ga0
Nc

1

1þ 2ga0wþðPþÞ ūs1ðkÞτ
avs2ðqÞv̄s02ðlÞτaus01ðpÞ; ð44Þ

pion channel:

Vπ
s1;s2;s01;s

0
2
ðk; q; p; lÞ ¼ −

gπ
Nc

1

1þ 2gπwþðPþÞ ½ūs1ðkÞiγ
5τavs2ðqÞ þ 2iga1w0ðPþÞūs1ðkÞγþγ5τavs2ðqÞ�

× ½v̄s0
2
ðlÞiγ5τaus0

1
ðpÞ − 2iga1w0ðPþÞv̄s0

2
ðlÞγþγ5τaus0

1
ðpÞ�; ð45Þ

η0 meson channel:

Vη0
s1;s2;s01;s

0
2
ðk; q; p; lÞ ¼ −

gη0

Nc

1

1þ 2gη0wþðPþÞ ½ūs1ðkÞiγ
5vs2ðqÞ þ 2igf1w0ðPþÞūs1ðkÞγþγ5vs2ðqÞ�

× ½v̄s0
2
ðlÞiγ5us0

1
ðpÞ − 2igf1w0ðPþÞv̄s0

2
ðlÞγþγ5us0

1
ðpÞ�; ð46Þ

isoscalar vector channel:

Vω
s1;s2;s1 0;s2 0

ðk; q; p; lÞ ¼ gω
Nc

1

1þ 2gωwþðPþÞ ūs1ðkÞγ
i⊥vs2ðqÞv̄s2 0 ðlÞγi⊥us1 0 ðpÞ

þ gω
Nc

ūs1ðkÞγþvs2ðqÞ½v̄s2 0 ðlÞγ−us1 0 ðpÞ þ 2gωw−ðPþÞv̄s2 0 ðlÞγþus1 0 ðpÞ�

þ gω
Nc

½ūs1ðkÞγ−vs2ðqÞ þ 2gωw−ðPþÞūs1ðkÞγþvs2ðqÞ�v̄s2 0 ðlÞγþus1 0 ðpÞ; ð47Þ

ρ meson channel:

Vρ
s1;s2;s1 0;s2 0

ðk; q; p; lÞ ¼ gρ
Nc

1

1þ 2gρwþðPþÞ ūs1ðkÞγ
i⊥τavs2ðqÞv̄s2 0 ðlÞγi⊥τaus1 0 ðpÞ

þ gρ
Nc

ūs1ðkÞγþτavs2ðqÞ½v̄s2 0 ðlÞγ−τaus1 0 ðpÞ þ 2gρw−ðPþÞv̄s2 0 ðlÞγþτaus1 0 ðpÞ�

þ gρ
Nc

½ūs1ðkÞγ−τavs2ðqÞ þ 2gρw−ðPþÞūs1ðkÞγþτavs2ðqÞ�v̄s2 0 ðlÞγþτaus1 0 ðpÞ; ð48Þ

isotriplet axial vector channel:

Va1
s1;s2;s1 0;s2 0

ðk; q; p; lÞ ¼ ga1
Nc

1

1þ 2ga1wþðPþÞ ūs1ðkÞγ
i⊥γ5τavs2ðqÞv̄s2 0 ðlÞγi⊥γ5τaus1 0 ðpÞ

þ ga1
Nc

ūs1ðkÞγþγ5τavs2ðqÞ½v̄s2 0 ðlÞγ−γ5τaus1 0 ðpÞ þ 2ga1w−ðPþÞv̄s2 0 ðlÞγþγ5τaus1 0 ðpÞ�

þ ga1
Nc

½ūs1ðkÞγ−γ5τavs2ðqÞ þ 2ga1w−ðPþÞūs1ðkÞγþγ5τavs2ðqÞ�v̄s2 0 ðlÞγþγ5τaus1 0 ðpÞ; ð49Þ
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isoscalar axial vector channel:

Vf1
s1;s2;s1 0;s2 0

ðk; q; p; lÞ ¼ gf1
Nc

1

1þ 2gf1wþðPþÞ ūs1ðkÞγ
i⊥γ5vs2ðqÞv̄s2 0 ðlÞγi⊥γ5us1 0 ðpÞ

þ gf1
Nc

ūs1ðkÞγþγ5vs2ðqÞ½v̄s2 0 ðlÞγ−γ5us1 0 ðpÞ þ 2gf1w−ðPþÞv̄s2 0 ðlÞγþγ5us1 0 ðpÞ�

þ gf1
Nc

½ūs1ðkÞγ−γ5vs2ðqÞ þ 2gf1w−ðPþÞūs1ðkÞγþγ5vs2ðqÞ�v̄s2 0 ðlÞγ−γ5us1 0 ðpÞ; ð50Þ

where gX ¼ NcGX.

B. Bound state equations

The light scalar and vector eigenstates to the light front Hamiltonian (39) can be formally sought in the following form

jMesonX; λ; Pi ¼
Z

1

0

dxffiffiffiffiffiffiffiffi
2xx̄

p
Z

d2k⊥
ð2πÞ3

X
s1;s2

Φλ
Xðx; k⊥; s1; s2Þb†s1ðkÞc†s2ðP − kÞj0i ð51Þ

with λ ¼ � (transverse) and λ ¼ 0 (longitudinal) polarizations of the X-vector mesons. The polarization label is absent for
the X-scalar mesons. In the QCD instanton vacuum, the pertinent eigenequation for the X-meson on the light front is

m2
XΦλ

Xðx; k⊥; s1; s2Þ ¼
k2⊥ þM2

xx̄
Φλ

Xðx; k⊥; s1; s2Þ þ
1ffiffiffiffiffiffiffiffi
2xx̄

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F ðkÞF ðP − kÞ

p

×
Z

1

0

dyffiffiffiffiffiffiffiffi
2yȳ

p
Z

d2q⊥
ð2πÞ3

X
s;s0

Vs1;s2;s;s0 ðk; P − k; q; P − qÞΦλ
Xðy; q⊥; s; s0Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F ðqÞF ðP − qÞ

p
ð52Þ

using the 1=Nc bookkeeping.
Throughout, we will be mostly interested in the vector (spin-1) mesons, as the scalar (spin-0) mesons were already

discussed in [38], to which we refer the reader to for further details. Here, the scalars are kept solely for the purpose of
comparison to the vector results. Also, the diluteness of the instanton tunneling rate in the QCD vacuum yields a
parametrically small GV=GS ratio, with minor changes in the vacuum parameters as we discussed earlier. Hence, only the
leading contribution in GV in the bound state problem will be kept. As a result, the (pseudo)scalar-axial-vector mixing of
orderGV=GS will be ignored. With this in mind, we now detail the interaction kernels for the scalar and vector channels and
their corresponding bound state equations.

1. Scalar channels

X
s;s0

Vσ
s;s0;s1;s2

ðq; q0; k; k0ÞΦσðy; q⊥; s; s0Þ ¼ −
4gσ

1þ 2gσwþðPþÞ
�
q2⊥ þ ðy − ȳÞ2M2

yȳ

�
ϕσðy; q⊥Þūs1ðkÞvs2ðk0Þ; ð53Þ

X
s;s0

Va0
s;s0;s1;s2

ðq; q0; k; k0ÞΦa0ðy; q⊥; s; s0Þ ¼ −
4ga0

1þ 2ga0wþðPþÞ
�
q2⊥ þ ðy − ȳÞ2M2

yȳ

�
ϕa0ðy; q⊥Þūs1ðkÞτavs2ðk0Þ; ð54Þ

where gσ ¼ gS and ga0 ¼ −gS þ 8gV .

2. Pseudoscalar channels

X
s;s0

Vπ
s;s0;s1;s2

ðq; q0; k; k0ÞΦπðy; q⊥; s; s0Þ ¼ −
4gπ

1þ 2gπwþðPþÞ
�
q2⊥ þM2

yȳ

�
ϕπðy; q⊥Þūs1ðkÞiγ5τavs2ðk0Þ; ð55Þ
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X
s;s0

Vη0
s;s0;s1;s2

ðq; q0; k; k0ÞΦη0 ðy; q⊥; s; s0Þ ¼ −
4gη0

1þ 2gη0wþðPþÞ
�
q2⊥ þM2

yȳ

�
ϕη0 ðy; q⊥Þūs1ðkÞiγ5vs2ðk0Þ; ð56Þ

with gσ ¼ gS and ga0 ¼ −gS þ 8gV .

3. Vector channels

Transverse polarization states:

X
s;s0

Vω
s1;s2;s;s0

ðk;k0;q;q0ÞΦ�
ωðy;q⊥; s; s0Þ ¼−

4gω
1þ 2gωwþðPþÞ

�
q2⊥þM2− 2yȳq2⊥

yȳ

�
ϕωðy;q⊥Þϵ�i ðPÞūs1ðkÞγi⊥vs2ðk0Þ; ð57Þ

X
s;s0

Vρ
s1;s2;s;s0

ðk;k0;q;q0ÞΦ�
ρ ðy;q⊥; s; s0Þ ¼−

4gρ
1þ 2gρwþðPþÞ

�
q2⊥þM2− 2yȳq2⊥

yȳ

�
ϕρðy;q⊥Þϵ�i ðPÞūs1ðkÞτaγi⊥vs2ðk0Þ; ð58Þ

longitudinal polarization states:

X
s;s0

Vω
s1;s2;s;s0

ðk; k0; q; q0ÞΦ0
ωðy; q⊥; s; s0Þ

¼ −8gω
�
q2⊥ þM2

yȳ
− 4gωw−ðPþÞðPþÞ2

�
yȳ
�
1þ q2⊥ þM2

m2
ωyȳ

�
ϕωðy; q⊥Þ

�
−

mω

2Pþ ūs1ðkÞγþvs2ðP − kÞ
�

− 8gω

�
k2⊥ þM2

xx̄
− 4gωw−ðPþÞðPþÞ2

�
yȳ

�
1þ q2⊥ þM2

m2
ωyȳ

�
ϕωðy; q⊥Þ

�
−

mω

2Pþ ūs1ðkÞγþvs2ðP − kÞ
�
; ð59Þ

X
s;s0

Vρ
s1;s2;s;s0

ðk; k0; q; q0ÞΦ0
ρðy; q⊥; s; s0Þ

¼ −8gρ
�
q2⊥ þM2

yȳ
− 4gρw−ðPþÞðPþÞ2

�
yȳ

�
1þ q2⊥ þM2

m2
ρyȳ

�
ϕρðy; q⊥Þ

�
−

mρ

2Pþ ūs1ðkÞγþτavs2ðP − kÞ
�

− 8gρ

�
k2⊥ þM2

xx̄
− 4gρw−ðPþÞðPþÞ2

�
yȳ

�
1þ q2⊥ þM2

m2
ρyȳ

�
ϕρðy; q⊥Þ

�
−

mρ

2Pþ ūs1ðkÞγþτavs2ðP − kÞ
�
; ð60Þ

with gω ¼ gρ ¼ gV . The minus component of the spinor wave function can be traded for the plus component

ϵμ0ðPÞūs1ðkÞγμvs2ðP − kÞ ¼ −
mX

2Pþ

�
1þ k2⊥ þM2

m2
Xxx̄

�
ūs1ðkÞγþvs2ðP − kÞ ð61Þ

thanks to the longitudinal Ward identity

ūs1ðkÞγ−vs2ðP − kÞ ¼ −
1

ðPþÞ2
k2⊥ þM2

2xx̄
ūs1ðkÞγþvs2ðP − kÞ: ð62Þ

On the light front, the longitudinal and transverse polarizations appear decoupled, yet underlying this is hidden Lorentz
symmetry. This will be recovered below in details both in the spectrum and ensuing longitudinal wave functions.
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4. Bound state equations for each channel

Scalar channels:

m2
σ;a0ϕσ;a0ðx; k⊥Þ ¼

k2⊥ þM2

xx̄
ϕσ;a0ðx; k⊥Þ −

4gσ;a0ffiffiffiffiffiffiffiffi
2xx̄

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F ðkÞF ðP − kÞp

1þ 2gσ;a0wþðPþÞ

×
Z

dyffiffiffiffiffiffiffiffi
2yȳ

p
Z

d2q⊥
ð2πÞ3

�
q2⊥ þ ðy − ȳÞ2M2

yȳ

�
ϕσ;a0ðy; q⊥Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F ðqÞF ðP − qÞ

p
; ð63Þ

pseudoscalar channels:

m2
π;η0ϕπ;η0 ðx; k⊥Þ ¼

k2⊥ þM2

xx̄
ϕπ;η0 ðx; k⊥Þ −

4gπ;η0ffiffiffiffiffiffiffiffi
2xx̄

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F ðkÞF ðP − kÞp

1þ 2gπ;η0wþðPþÞ

×
Z

dyffiffiffiffiffiffiffiffi
2yȳ

p
Z

d2q⊥
ð2πÞ3

�
q2⊥ þM2

yȳ

�
ϕπ;η0 ðy; q⊥Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F ðqÞF ðP − qÞ

p
; ð64Þ

transverse vector channels:

m2
ω;ρϕω;ρðx; k⊥Þ ¼

k2⊥ þM2

xx̄
ϕω;ρðx; k⊥Þ −

4gω;ρffiffiffiffiffiffiffiffi
2xx̄

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F ðkÞF ðP − kÞp

1þ 2gω;ρwþðPþÞ

×
Z

dyffiffiffiffiffiffiffiffi
2yȳ

p
Z

d2q⊥
ð2πÞ3

�
q2⊥ þM2 − 2yȳq2⊥

yȳ

�
ϕω;ρðy; q⊥Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F ðqÞF ðP − qÞ

p
; ð65Þ

longitudinal vector channels:

m2
ω;ρϕω;ρðx; k⊥Þ ¼

k2⊥ þM2

xx̄
ϕω;ρðx; k⊥Þ −

4gω;ρffiffiffiffiffiffiffiffi
2xx̄

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F ðkÞF ðP − kÞ

p

×
Z

dyffiffiffiffiffiffiffiffi
2yȳ

p
Z

d2q⊥
ð2πÞ3 4ðq

2⊥ þM2Þϕω;ρðy; q⊥Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F ðqÞF ðP − qÞ

p
: ð66Þ

The derivation of the bound state equation for the longitudinal channel is more challenging, with the details given in
Appendix B. The asymmetry between the longitudinal and transverse channels reflects on the lack of manifest Lorentz
symmetry on the light front. However, a closer analysis shows that the longitudinal and transverse mass eigenstates are
equal, and that the longitudinal and transverse distribution amplitudes are tied by covariance.

C. Meson spectrum

The eigenvalues to the bound state equations for each of the meson channels determine the mass spectrum in the light
front formalism. In fact, the eigenvalue problem can be recast into an integral equation for the mass spectrum. For this, we
note that the tadpole function wþðPþÞ controlling the emergent vertices can be recast as follows

wþðPþÞ ¼
Z

dkþd2k⊥
ð2πÞ3

ϵðkþÞ
Pþ − kþ

F ðkÞF ðP − kÞ

¼
Z

1

0

dx
Z

d2k⊥
ð2πÞ3

2

x
F ðkÞF ðP − kÞ −

Z
dkþd2k⊥
ð2πÞ3

ϵðkþÞ
kþ

F ðP − kÞF ðkÞ

≃
Z

1

0

dx
Z

d2k⊥
ð2πÞ3

2

x
F ðkÞF ðP − kÞ − 1

2gS

�
1 −

m
M

�
ð67Þ

where we used

Z
dkþd2k⊥
ð2πÞ3

ϵðkþÞ
kþ

½F ðkÞF ðP − kÞ� ≃ 1

2gS

�
1 −

m
M

�
: ð68Þ
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With this in mind, the eigenvalue equations (63)–(66) can be recast in the form of gaplike equations, much like the vacuum
parameters discussed earlier. More specifically, we obtain the following:
scalar modes:

1 −
gσ;a0
gS

�
1 −

m
M

�
¼ −2gσ;a0ðm2

σ;a0 − 4M2Þ
Z

1

0

dx
Z

d2k⊥
ð2πÞ3

1

xx̄m2
σ;a0 − ðk2⊥ þM2ÞF ðkÞF ðP − kÞ; ð69Þ

pseudoscalar modes:

1 −
gπ;η0

gS

�
1 −

m
M

�
¼ −2gπ;η0m2

π;η0

Z
1

0

dx
Z

d2k⊥
ð2πÞ3

1

xx̄m2
π;η0 − ðk2⊥ þM2ÞF ðkÞF ðP − kÞ; ð70Þ

transverse modes:

1 −
gω;ρ
gS

�
1 −

m
M

�
¼ −2gω;ρ

Z
1

0

dx
Z

d2k⊥
ð2πÞ3

m2
ω;ρ − 2k2⊥

xx̄m2
ω;ρ − ðk2⊥ þM2ÞF ðkÞF ðP − kÞ; ð71Þ

longitudinal modes:

1 ¼ −8gω;ρ
Z

1

0

dx
Z

d2k⊥
ð2πÞ3

k2⊥ þM2

xx̄m2
ω;ρ − ðk2⊥ þM2ÞF ðkÞF ðP − kÞ: ð72Þ

Despite the apparent difference between the longitudinal and transverse kernels, the mass solutions are the same.

D. Meson spectrum in covariant formalism

For comparison, we now briefly derive the mass spectra for the light mesons in the covariant frame, by using the standard
Bethe-Salpeter construction for bound states. Using the 1=Nc bookkeeping, we can resum the leading contributions to the
4-point function diagrammatically as follows:

The diagrammatic rules follow from the effective action detailed in Appendix A. Since we are chiefly interested in the mass
eigenvalue equation for scalar and vector mesons in this covariant formulation, it is sufficient to note that the on-shell
condition P2 ¼ m2

X of the intermediate meson state X ¼ σ; a0;ω; ρ; η0; π is respectively,

1 ¼ Gσ;a0ΠSSðm2
σ;a0Þ;

1 ¼ Gω;ρΠVVðm2
ω;ρÞ;

1 ¼ Gη0;πΠPPðm2
η0;πÞ; ð73Þ

where each vacuum polarization function is defined as

ΠSS ¼ 4NcðP2 − 4M2ÞI1ðP2Þ þ 8NcI2ðP2Þ;
ΠPP ¼ 4NcP2I1ðP2Þ þ 8NcI2ðP2Þ;

ΠVV ¼ 8

3
NcðP2 þ 2M2ÞI1ðP2Þ þ 16

3
NcI2ðP2Þ; ð74Þ

with the one-loop integrals
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I1ðP2Þ ¼
Z

d4k
ð2πÞ4

−i
½ðk − P=2Þ2 −M2�½ðkþ P=2Þ2 −M2�F ðk − P=2ÞF ðkþ P=2Þ;

I2ðP2Þ ¼
Z

d4k
ð2πÞ4

i
k2 −M2

F ðkÞF ðP − kÞ: ð75Þ

Equation (73) defines implicitly the mass spectra in a covariant frame. We note that in the pseudoscalar channel, the
resumation of the vacuum polarization in the pion channel can receive additional contributions from π − a1 and η0 − f1
mixing. However, these mixing contributions are suppressed in 1=Nc or GV=GS, much like in the light front case. The
interactions in the σ, a0, π, η0,ω, and ρ channels are attractive, and we expect binding for a given range of couplings. The on-
shell conditions (73) can be rearranged by noting that

I2ðP2Þ ≃
Z

d4k
ð2πÞ4

i
k2 −M2

F 2ðkÞ ¼ 1

8gS

�
1 −

m
M

�
: ð76Þ

Inserting (76) into (75) and then in (73) yields the gaplike equations for the mass spectra in a covariant frame:

1 −
gσ;a0
gσ

�
1 −

m
M

�
¼ −4gσ;a0ðm2

σ;a0 − 4M2Þ
Z

d4k
ð2πÞ4

i
ðk2 −M2Þ½ðP − kÞ2 −M2�F ðkÞF ðP − kÞ;

1 −
gπ;η0

gσ

�
1 −

m
M

�
¼ −4gπ;η0m2

π;η0

Z
d4k
ð2πÞ4

i
ðk2 −M2Þ½ðP − kÞ2 −M2�F ðkÞF ðP − kÞ;

1 −
2gω;ρ
3gσ

�
1 −

m
M

�
¼ −

8

3
gω;ρðm2

ω;ρ þ 2M2Þ
Z

d4k
ð2πÞ4

i
ðk2 −M2Þ½ðP − kÞ2 −M2�F ðkÞF ðP − kÞ: ð77Þ

E. Connection to the light front

While in the light front formulation manifest Lorentz
symmetry is irremediably lost, the mass spectra should be
identical. To show this equivalence in our case, it is best to
carry the integrations in (77) by splitting the measure
d4k → dk−dkþdk⊥, and carrying first the k− integration in
I1ðP2Þ,
Z

∞

−∞

dk−

2π

i
ðk2 −M2Þ½ðP − kÞ2 −M2�F ðkÞF ðP − kÞ

				
P2¼m2

X

→
θðxx̄Þ
2xx̄Pþ

1

m2
X − k2⊥þM2

xx̄

½zF0ðzÞ�4
				
z¼ ρk⊥

2λX
ffiffiffi
xx̄

p
: ð78Þ

This can be justified by doing the contour integral along
k04 ¼ −k3þik4ffiffi

2
p in Euclidean space. The parameter λX is of

order 1 and can be determined by matching the integrals on
both sides. They arise from the process of removing the
spurious poles in the two-body nonlocal form factor in the
analytical continuation from Euclidean to Minkowski
signature [59,60]. Effectively, the parameter λX is a
measure of the nonlocality related to the finite-sized
instanton vacuum with effective size cutoff ρ=λX which
depends on the bound state mass mX, constituent mass M,
and instanton size ρ. We will use λS for the vertices
emerging from single instantons, and λV for the vertices

emerging from the molecules. Following [59,60], we fix
them empirically by the weak decay constants (see below),

λS ¼ 2.464; λV ¼ 3.542: ð79Þ

Inserting (78) into (77) yields the same gaplike equations
obtained in the light front, as expected. We now proceed to
solve numerically these gaplike equations to display the
scalar and vector spectra.

1. Scalar sigma channel

m
M

¼ gS
2π2

ðm2
σ − 4M2Þ

Z
1

0

dx

×
Z

∞

0

dz
z

z2 − ρ2

4λS

�
m2

σ − M2

xx̄


 ½zF0ðzÞ�4: ð80Þ

In Fig. 6 we show the sigma mass mσ (solid line) versus
the current mass m for a fixed instanton size ρ ¼ 0.31 fm
and scalar coupling, all in units of ρ. The dashed line is the
2M threshold. The σ meson is a threshold state in the chiral
limit and becomes unbound away from the chiral limit. For
gS ¼ 2.54 × 2π2ρ2, the σ mass is mσ ¼ 2M ¼ 743.1 MeV
in the chiral limit.

HADRONIC STRUCTURE …. VIII. LIGHT SCALAR AND … PHYS. REV. D 109, 074029 (2024)

074029-13



2. Pseudoscalar pion channel

m
M

¼ gS
2π2

m2
π

Z
1

0

dx
Z

∞

0

dz
z

z2 − ρ2

4λ2S

�
m2

π − M2

xx̄


 ½zF0ðzÞ�4:

ð81Þ

In Fig. 7 we show the pion massmσ (solid line) versus the
current mass m for a fixed instanton size ρ ¼ 0.31 fm and
scalar coupling, all in units of ρ. The dashed line is the 2M
threshold. In comparison to the scalar channel, the pion
channel is strongly attractive in the QCD instanton vacuum.
Flavor SUð2Þ symmetry guarantees gσ ¼ gπ ¼ gS. In
particular, the chiral expansion of the pion mass eigenvalue
or gaplike equation yields the Gell-Mann-Oakes-Renner
relation

m2
π ¼ −

2m
f2π

hψ̄ψi ð82Þ

where the pion decay constant in chiral limit follows as

fπ ¼
ffiffiffiffiffiffi
Nc

p
Mffiffiffi

2
p

π

�Z
1

0

dx
Z

∞

0

dk2⊥
1

k2⊥ þM2
F ðkÞF ðP− kÞ

�
1=2

:

ð83Þ

3. Vector ρ, ω channels

Each of the longitudinal and transverse vector gaplike
equations can be shown to yield the same masses for ρ, ω.
This is manifest if we use the spin averaged combination ,
that is 2

3
of transverse mode equation (71) plus 1

3
of

longitudinal mode equation (72), with the result

1 −
2gV
3gS

�
1 −

m
M

�
¼ −

4

3
gVðm2

ω;ρ þ 2M2Þ
Z

1

0

dx
Z

d2k⊥
ð2πÞ3

1

xx̄m2
ω;ρ − ðk2⊥ þM2ÞF ðkÞF ðP − kÞ: ð84Þ

This remarkably simple prescription recovers the covariant gaplike equation for the vector mesons obtained in the covariant
frame. With the explicit form factors, (84) is

1 −
2gV
3gS

�
1 −

m
M

�
¼ gV

3π2
ðm2

ω;ρ þ 2M2Þ
Z

1

0

dx
Z

∞

0

dz
z

z2 − ρ2

4λ2V

�
m2

ω;ρ − M2

xx̄


 ½zF0ðzÞ�4: ð85Þ

In Fig. 8, the vector masses are shown in solid lines versus the current quark mass for different vector couplings gV . The
binding in the vector channels occurs only for a finite range of gV . In the chiral limit with a constituent mass
M ¼ 371.6 MeV, the range is 0.382 × 2π2ρ2 < gV < 1.562 × 2π2ρ2 as shown in Fig. 9.

F. Physical mass spectrum

Our global results for the scalar and vector masses are summarized in the table

Model mπ0 (MeV) mπ� (MeV) mω (MeV) mρ (MeV)

ILM (this work) 135.0 135.0 780.0 780.0
PDG [61] 134.9766(6) 139.57018(35) 782.65� 0.12 775.26� 0.25

FIG. 6. Sigma mass versus the current quark mass. solid line.
The dashed line is the 2M threshold.

FIG. 7. Pion mass versus the current quark mass, solid line. The
dashed line is the 2M threshold.
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where the parameters in the emergent ’t Hooft action are
fixed as

gS ¼ 2.540 × 2π2ρ2 ¼ 126.17 GeV−2;

gV ¼ 0.531 × 2π2ρ2 ¼ 26.37 GeV−2; ð86Þ

with the current quark mass m ¼ 16.5 MeV. This choice
is commensurate with the standard ρ ¼ 0.313 fm and
nIþĪ ¼ 1 fm−4 in the QCD instanton vacuum. The emer-
gent constituent quark mass and the quark condensates
are then

M ¼ 398.2 MeV; hψ̄ψi ¼ ð332.6 MeVÞ3:

The determinantal mass which is a measure of the light
quark hopping between the instanton and anti-instanton is
found to bemdet ≈ 173.54 MeV, which is close to the value
of 103 MeV in [12,62]. The fixed parameters (86) translate
to single and molecular induced couplings as

GI ¼ 248.34 GeV−2; GIĪ ¼ 79.11 GeV−2:

The dimensionless hopping parameter ξ ¼ 40.25 is fixed
by (6).

V. LIGHT FRONT WAVE FUNCTIONS

The light front eigenstates (51) of the light front
Hamiltonian follows from (52). In leading order in
1=Nc, only the leading quark-antiquark Fock component
is retained. The eigenstates consist of a scalar wave
function times a spin-dependent matrix element encoding
the spin-flavor quantum numbers. The scalar wave function
fixes the size of the pertinent meson, together with the
strength of its effective coupling to the quark-antiquark
pair. It is normalized to 1,

Z
1

0

dx
Z

d2k⊥
ð2πÞ3

X
s1;s2

jΦλ
Xðx; k⊥; s1; s2Þj2 ¼ 1:

A. Light mesons light front wave functions

1. Scalar channels

Φσðx; k⊥; s1; s2Þ ¼
1ffiffiffiffiffiffi
Nc

p
�

Cσffiffiffiffiffiffiffiffi
2xx̄

p �
m2

σ −
k2⊥þM2

xx̄


 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F ðkÞF ðP − kÞ

p �
ūs1ðkÞvs2ðP − kÞ; ð87Þ

Φa0ðx; k⊥; s1; s2Þ ¼
1ffiffiffiffiffiffi
Nc

p
�

Ca0ffiffiffiffiffiffiffiffi
2xx̄

p �
m2

a0 −
k2⊥þM2

xx̄


 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F ðkÞF ðP − kÞ

p �
ūs1ðkÞτavs2ðP − kÞ: ð88Þ

FIG. 8. Vector masses mω;ρ versus the current quark mass, in
solid lines, for different vector couplings gV . The dashed line is
the 2M threshold in units of the instanton size ρ.

FIG. 9. Vector massesmω;ρ versus the vector coupling as a solid
line, in units of the instanton size ρ. The dashed line is the 2M
threshold.
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The normalizations fix Cσ;a0 to

Cσ;a0 ¼ −
�
2

Z
1

0

dx
Z

d2k⊥
ð2πÞ3

k2⊥ þ ðx − x̄Þ2M2

ðxx̄m2
σ;a0 − k2⊥ −M2Þ2F ðkÞF ðP − kÞ

�−1=2

¼ −
ffiffiffi
2

p
π

�Z
1

0

dx
Z

∞

0

dzz
xx̄z2 þ ρ2

4λ2S
ðx − x̄Þ2M2�

xx̄z2 − ρ2

4λ2S
ðxx̄m2

σ;a0 −M2Þ
�

2
ðzF0ðzÞÞ4

�−1=2
: ð89Þ

2. Pseudoscalar channels

Φη0 ðx; k⊥; s1; s2Þ ¼
1ffiffiffiffiffiffi
Nc

p
�

Cη0ffiffiffiffiffiffiffiffi
2xx̄

p �
m2

η0 −
k2⊥þM2

xx̄


 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F ðkÞF ðP − kÞ

p �
ūs1ðkÞiγ5vs2ðP − kÞ; ð90Þ

Φπðx; k⊥; s1; s2Þ ¼
1ffiffiffiffiffiffi
Nc

p
�

Cπffiffiffiffiffiffiffiffi
2xx̄

p �
m2

π −
k2⊥þM2

xx̄


 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F ðkÞF ðP − kÞ

p �
ūs1ðkÞiγ5τavs2ðP − kÞ: ð91Þ

The normalizations fix Cπ;η0 to

Cπ;η0 ¼ −
�
2

Z
1

0

dx
Z

d2k⊥
ð2πÞ3

k2⊥ þM2

ðxx̄m2
π;η0 − k2⊥ −M2Þ2F ðkÞF ðP − kÞ

�−1=2

¼ −
ffiffiffi
2

p
π

�Z
1

0

dx
Z

∞

0

dzz
xx̄z2 þ ρ2M2

4λ2S�
xx̄z2 − ρ2

4λ2S
ðxx̄m2

π;η0 −M2Þ


2
ðzF0ðzÞÞ4

�−1=2
: ð92Þ

In chiral limit, Cπ satisfies the Goldberger-Treiman relation.

lim
mπ→0

Cπ ¼ −
�
2

Z
1

0

dx
Z

d2k⊥
ð2πÞ3

1

k2⊥ þM2
F ðkÞF ðP − kÞ

�−1=2
¼ −

ffiffiffiffiffiffiffiffi
2Nc

p
M

fπ
: ð93Þ

3. Vector channels

Φλ
ωðx; k⊥; s1; s2Þ ¼

1ffiffiffiffiffiffi
Nc

p
�

Cωffiffiffiffiffiffiffiffi
2xx̄

p �
m2

ω − k2⊥þM2

xx̄


 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F ðkÞF ðP − kÞ

p �
ϵμλðPÞūs1ðkÞγμvs2ðP − kÞ; ð94Þ

Φλ
ρðx; k⊥; s1; s2Þ ¼

1ffiffiffiffiffiffi
Nc

p
�

Cρffiffiffiffiffiffiffiffi
2xx̄

p �
m2

ρ −
k2⊥þM2

xx̄


 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F ðkÞF ðP − kÞ

p �
ϵμλðPÞūs1ðkÞγμτavs2ðP − kÞ: ð95Þ

The normalization yields different transverse CωT ;ρT

CωT ;ρT ¼
�
2

Z
1

0

dx
Z

d2k⊥
ð2πÞ3

k2⊥ þM2 − 2xx̄k2⊥
ðxx̄m2

ω;ρ − k2⊥ −M2Þ2F ðkÞF ðP − kÞ
�−1=2

¼
ffiffiffi
2

p
π

�Z
1

0

dx
Z

∞

0

dzxx̄z
ð1 − 2xx̄Þxx̄z2 þ ρ2M2

4λ2V�
xx̄z2 − ρ2

4λ2V
ðxx̄m2

ω;ρ −M2Þ
�

2
ðzF0ðzÞÞ4

�−1=2
ð96Þ
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and longitudinal CωL;ρL

CωL;ρL ¼
�
2

Z
1

0

dx
Z

d2k⊥
ð2πÞ3

�
1

m2
ω;ρ

þ 4xx̄ðk2⊥ þM2Þ
ðxx̄m2

ω;ρ − k2⊥ −M2Þ2
�
F ðkÞF ðP − kÞ

�−1=2

¼
ffiffiffi
2

p
π

2
4Z 1

0

dx
Z

∞

0

dzxx̄z

�
4λ2V

ρ2m2
ω;ρ

þ
4xx̄ðxx̄z2 þ ρ2M2

4λ2V
Þ�

xx̄z2 − ρ2

4λ2V
ðxx̄m2

ω;ρ −M2Þ


2

�
ðzF0ðzÞÞ4

3
5−1=2

: ð97Þ

More specifically, the violation of the Lorentz covariance in
the light front transverse and longitudinal constants is
captured by the identity

1

3

1

C2
ωL;ρL

þ 2

3

1

C2
ωT ;ρT

¼ 1

C2
ω;ρ

þ 2

3m2
ω;ρ

Z
1

0

dx
Z

d2k⊥
ð2πÞ3 F ðkÞF ðP − kÞ ð98Þ

which reflects on the irremediable loss of Lorentz sym-
metry on the light front. The spin average of the transverse
and longitudinal constants is not equal to the covariant
unpolarized constant C2

ω;ρ. The discrepancy is of order
C2
ω;ρ=ð2π2ρ2m2

ω;ρÞ. Fortunately, our bookkeeping in 1=Nc

suggests that

C2
ω;ρ

gω;ρm2
ω;ρ

∼OðN0
cÞ

as also observed in the context of effective models in
[63,64]. As a result, the difference (98) is controlled by the
molecular coupling

1

3

1

C2
ωL;ρL

þ 2

3

1

C2
ωT ;ρT

≃
1

C2
ω;ρ

�
1þO

�
gV

2π2ρ2

��
ð99Þ

which is parametrically subleading in the QCD instanton
vacuum, thanks to its dilutenes. Recall that only the leading
contributions gV=gS were retained in our bound state
analysis both on the light front and in the covariant frame.
To summarize, the normalization constants in the

LFWFs from the QCD instanton vacuum are

Model jCσ j jCπ j jCωT ;ρT j jCωL;ρL j jCω;ρj
ILM 4.264 7.391 2.420 2.285 2.426

In the last three columns of the table, CωT ;ρT and CωL;ρL
follow from (96) and (97) using the light front analysis,
while Cω;ρ follows from the covariant analysis (see below).
The covariance-violating term in (98) is numerically
estimated to be 7.734 × 10−3 which is of order Oð gV

2π2ρ2
Þ,

hence parametrically small as we argued.

B. Bound state wave functions in covariant frame

The light front wave functions can also be obtained from
the covariant formalism. In this section, we will show that
their derivation from the covariant frame can be shown to
agree with our derivation from the light front after a
pertinent integration over the light front “energy.” More
specifically, in the covariant frame the Bethe-Salpeter (BS)
wave functions are given by the residue of the 4-point
Green’s function, around the mass pole of each meson
channel, or diagrammatically

ð100Þ

In the scalar and pseudoscalar channels, the BS wave
functions are given by

Ψσðk;PÞ ¼ gσqqSðkÞ
ffiffiffiffiffiffiffiffiffiffiffi
F ðkÞ

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F ðP − kÞ

p
Sðk − PÞ;

Ψa0ðk;PÞ ¼ ga0qqSðkÞ
ffiffiffiffiffiffiffiffiffiffiffi
F ðkÞ

p
τa

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F ðP − kÞ

p
Sðk − PÞ;

Ψη0 ðk;PÞ ¼ gη0qqSðkÞ
ffiffiffiffiffiffiffiffiffiffiffi
F ðkÞ

p
iγ5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F ðP − kÞ

p
Sðk − PÞ;

Ψπðk;PÞ ¼ gπqqSðkÞ
ffiffiffiffiffiffiffiffiffiffiffi
F ðkÞ

p
iγ5τa

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F ðP − kÞ

p
Sðk − PÞ;

ð101Þ

where SðkÞ is the quark propagator, while in the vector
channels they are

Ψωðk;PÞ¼gωqqϵ
μ
λðPÞSðkÞ

ffiffiffiffiffiffiffiffiffiffiffi
F ðkÞ

p
γμ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F ðP−kÞ

p
Sðk−PÞ;

Ψρðk;PÞ¼gρqqϵ
μ
λðPÞSðkÞ

ffiffiffiffiffiffiffiffiffiffiffi
F ðkÞ

p
γμτ

a
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F ðP−kÞ

p
Sðk−PÞ:

ð102Þ

The effective quark-meson couplings gXqq follow as
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g2σ;a0qq ¼
�
∂ΠSS

∂P2

�
−1
				
P2¼m2

σ;a0

;

g2π;η0qq ¼
�
∂ΠPP

∂P2

�
−1
				
P2¼m2

π;η0

;

g2ω;ρqq ¼
�
∂ΠVV

∂P2

�
−1
				
P2¼m2

ω;ρ

: ð103Þ

The light front wave functions can be extracted from the
covariant BS wave functions by integrating over the light
front energy k− of the BS wave functions and projecting out
the bounded quark spins

1ffiffiffiffiffiffiffiffi
2xx̄

p ΦXðx; k⊥; s1; s2Þ ¼ iPþ
Z

∞

−∞

dk−

2π

ūs1γ
þ

2kþ

×ΨXðk;PÞ
γþvs2

2ðPþ − kþÞ
				
kþ¼xPþ

:

ð104Þ

Alternatively, the integration of the BS kernel over the
energy k0 yields the equal-time wave function.
In the covariant frame, the normalization constant of

each light front wave functions CX is related to the effective
quark-meson couplings gXqq in (103) as

gXqq ¼ −
CXffiffiffiffiffiffi
Nc

p : ð105Þ

Now we can compare the normalization constant derived
from the light front formalism and from the covariant
formalism. In the latter, the normalization follows from
(105). More specifically, in the scalar and pseudoscalar
channels the normalizations are readily shown to be the
same. In the vector channels, the covariant normalization is
the same for both longitudinal and transverse by Lorentz
symmetry,

Cω;ρ ¼
�
4

3

Z
1

0

dx
Z

d2k⊥
ð2πÞ3

k2⊥ þ ð1þ 2xx̄ÞM2

ðxx̄m2
ω;ρ − k2⊥ −M2Þ2 F ðkÞF ðP − kÞ

�−1=2

¼
ffiffiffi
3

p
π

2
4Z 1

0

dx
Z

∞

0

dzxx̄z
xx̄z2 þ ð1þ 2xx̄Þ ρ2M2

4λ2V�
xx̄z2 − ρ2

4λ2V
ðxx̄m2

ω;ρ −M2Þ


2
ðzF0ðzÞÞ4

3
5−1=2

: ð106Þ

Using (98) with gV=gS parametrically small, (106) yields

Cω;ρ ≃ CωT ;ρT ≃ CωL;ρL : ð107Þ

VI. PARTON DISTRIBUTION FUNCTIONS

In general, the partonic structure in a hadron can be
studied using pertinent hadronic matrix elements. In lead-
ing twist, the only nontrivial partonic structure functions for
spin-0 hadrons, are the parton density distributions. For
spin-1 hadrons, the other two distributions, helicity and

transversity, contribute in leading twist. These distribution
functions are related to the Fourier transform of these
matrix elements, which can be calculated using the light
front wave functions.

A. Twist-2 parton distribution functions

Throughout, we will mainly focus on the twist-2 partonic
structure functions, including the parton density functions
for both spin-0 and spin-1 mesons, as well as the spin
distribution functions (helicity and transversity) inside the
spin-1 hadronic bound states.

1. Parton density distributions

Parton density distributions are defined as

qλXðxÞ ¼
Z

∞

−∞

dξ−

4π
eixP

þξ−hPλjψ̄ð0ÞγþWð0; ξ−Þψðξ−ÞjPλi ¼
Z

d2k⊥
ð2πÞ3

X
s;s0

jΦλ
Xðx; k;s; s0Þj2 ð108Þ

for quarks, and

q̄λXðxÞ ¼
Z

∞

−∞

dξ−

4π
e−ixP

þξ−hPλjψ̄ð0ÞγþWð0; ξ−Þψðξ−ÞjPλi ¼
Z

d2k⊥
ð2πÞ3

X
s;s0

jΦλ
Xðx̄; k;s; s0Þj2 ð109Þ
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for the antiquarks, where

Wðξ−; 0Þ ¼ exp

�
−ig

Z
ξ−

0

dη−Aþðη−Þ
�

is a lightlike gauge link. In the case of the meson PDFs, the
quark and antiquark distributions are also related by spin
symmetry

q̄XðxÞ ¼ qX̄ðxÞ ¼ qXð1 − xÞ ¼ q̄X̄ð1 − xÞ:

For spin-1 meson, the quark distributions for different
polarizations are related also by spin symmetry

qþX ðxÞ ¼ q−XðxÞ ¼ qTXðxÞ; q0XðxÞ ¼ qLXðxÞ:

Scalar channels: the σ PDF follws as

qσðxÞ ¼ 2C2
σ

Z
1

0

dx
Z

d2k⊥
ð2πÞ3

k2⊥ þ ðx − x̄Þ2M2

ðxx̄m2
σ − k2⊥ −M2Þ2 F ðkÞF ðP − kÞ

¼ C2
σ

2π2
xx̄

Z
∞

0

dzz
xx̄z2 þ ðx − x̄Þ2 ρ2M2

4λ2S�
xx̄z2 − ρ2

4λ2S
ðxx̄m2

σ −M2Þ


2
ðzF0ðzÞÞ4: ð110Þ

Pseudoscalar channels: the pion and eta prime PDF follows as

qπ;η0 ðxÞ ¼ 2C2
π

Z
d2k⊥
ð2πÞ3

k2⊥ þM2

ðxx̄m2
π − k2⊥ −M2Þ2F ðkÞF ðP − kÞ

¼ C2
π;η0

2π2
xx̄

Z
∞

0

dzz
xx̄z2 þ ρ2M2

4λ2S�
xx̄z2 − ρ2

4λ2S
ðxx̄m2

π;η0 −M2Þ


2
ðzF0ðzÞÞ4: ð111Þ

Vector channels: the vector PDF for the transverse mode can be evaluated as

qTω;ρðxÞ ¼ 2C2
ωT ;ρT

Z
d2k⊥
ð2πÞ3

k2⊥ þM2 − 2xx̄k2⊥
ðxx̄m2

ω;ρ − k2⊥ −M2Þ2 F ðkÞF ðP − kÞ: ð112Þ

The PDF for the longitudinal mode can be evaluated as

qLω;ρðxÞ ¼ 2C2
ωL;ρL

Z
d2k⊥
ð2πÞ3

�
1

m2
ω;ρ

þ 4xx̄ðk2⊥ þM2Þ
ðxx̄m2

ω;ρ − k2⊥ −M2Þ2
�
F ðkÞF ðP − kÞ: ð113Þ

As we noted earlier, the difference between the longitudinal and transverse normalizations in QCD instanton vacuum on
the light front is controlled by the ratio gV=gS which is parametrically small. Recall that in our bookkeeping analysis in
leading order in 1=Nc only the leading gV=gS are also to be retained in the dilute limit. With this in mind, in the QCD
instanton vacuum we obtain

qTω;ρðxÞ ≃
C2
ω;ρ

2π2
xx̄

Z
∞

0

dzz
ð1 − 2xx̄Þxx̄z2 þ ρ2M2

4λ2V�
xx̄z2 − ρ2

4λ2V
ðxx̄m2

ω;ρ −M2Þ


2
ðzF0ðzÞÞ4; ð114Þ

qLωL;ρLðxÞ ≃
C2
ω;ρ

2π2
xx̄

Z
∞

0

dzz
4xx̄ðxx̄z2 þ ρ2M2

4λ2V
Þ�

xx̄z2 − ρ2

4λ2X
ðxx̄m2

ω;ρ −M2Þ


2
ðzF0ðzÞÞ4 þO

�
gV

2π2ρ2
xx̄

�
: ð115Þ

The polarization average over transverse mode and longitudinal mode yields the unpolarized PDF:
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qω;ρðxÞ ¼
2

3
qTω;ρðxÞ þ

1

3
qLω;ρðxÞ

≃
4

3
C2
ω;ρ

Z
d2k⊥
ð2πÞ3

k2⊥ þ ð1þ 2xx̄ÞM2

ðxx̄m2
ω;ρ − k2⊥ −M2Þ2F ðkÞF ðP − kÞ

¼ C2
ω;ρ

3π2
xx̄

Z
∞

0

dzz
xx̄z2 þ ð1þ 2xx̄Þ ρ2M2

4λ2V�
xx̄z2 − ρ2

4λ2M
ðxx̄m2

ω;ρ −M2Þ


2
ðzF0ðzÞÞ4: ð116Þ

In Fig. 10 we show our results for the vector mesons
PDFs versus x in the QCD instanton vacuum for
ρ ¼ 0.313 fm, mω;ρ ¼ 780 MeV and a constituent mass
M ¼ 398.2 MeV. The transverse PDF for the vectors is in
solid green, the longitudinal PDF for the vectors is in solid
red, and the unpolarized PDF in dashed blue. Note the
small differences due to the parametrically small value of
gV=gS, with the exception of the end points for the
longitudinal polarization. The unpolarized PDF is identical
to that from the covariant analysis. In Fig. 11 we show the
parton density functions versus parton-x, for the sigma
meson in solid green, the pion in solid blue, and the rho

meson in solid red in the chiral limit. In this limit, the
constituent mass is M ¼ 372.3 MeV.

2. Spin-dependent parton distributions

For mesons with spin, we can also probe the parton
distribution in a polarized hadron. In the case of spin-1
mesons, the spin-dependent parton distribution can be
described by the helicity distribution functions. For quarks,
the helicity distribution is given by

ΔqλXðxÞ¼
Z

∞

−∞

dξ−

4π
eixP

þξ−hPλjψ̄ð0Þγþγ5Wð0;ξ−Þψðξ−ÞjPλi

¼
Z

d2k⊥
ð2πÞ3

X
s;s0

sjΦλ
Xðx;k;s;s0Þj2 ð117Þ

and for the antiquarks, it is given by

Δq̄λXðxÞ¼
Z

∞

−∞

dξ−

4π
e−ixP

þξ−hPλjψ̄ð0Þγþγ5Wð0;ξ−Þψðξ−ÞjPλi

¼
Z

d2k⊥
ð2πÞ3

X
s;s0

s0jΦλ
Xðx̄;k;s;s0Þj2: ð118Þ

Charge symmetry implies that the helicity distributions for
the quarks and antiquarks are tied,

Δq̄XðxÞ ¼ ΔqX̄ðxÞ ¼ ΔqXð1 − xÞ ¼ Δq̄X̄ð1 − xÞ:

The quark helicity distributions for different polarizations
are also related by spin symmetry,

ΔqþX ðxÞ ¼ −Δq−XðxÞ Δq0XðxÞ ¼ 0:

Due to the charge symmetry, the quark and antiquark
should contribute to the meson helicity equally. Therefore,
the helicity distribution in the longitudinal state is zero.
Only the transverse modes have nontrivial helicity parton
distribution, hence

FIG. 10. Vector mesons PDFs versus parton-x: transverse
polarization (solid green), longitudinal polarization (solid red).
and unpolarized (dashed blue).

FIG. 11. Parton density functions in the chiral limit.
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Δq�ω;ρðxÞ ¼ �C2
ω;ρ

2

Z
d2k⊥
ð2πÞ3

xk2⊥ þM2

ðxx̄m2
ω;ρ − k2⊥ −M2Þ2F ðkÞF ðP − kÞ

¼ �C2
ω;ρ

4π2

Z
∞

ρM
2λM

ffiffiffi
xx̄

p
dzz

xz2 þ ρ2M2

4xλ2M

ðρ2m2
ω;ρ

4λ2M
− z2Þ2

ðzF0ðzÞÞ4: ð119Þ

The result satisfies the helicity sum rule,

Z
1

0

dx½Δqλω;ρðxÞ þ Δqλω;ρð1 − xÞ� ¼ λ: ð120Þ

As expected, the quark and antiquark contribute to the
meson helicity equally.
In Fig. 12 we show the parton helicity polarization in a

vector meson with transverse polarization λ ¼ þ versus
parton-x, in the QCD instanton vacuum. The quark helicity
polarization is shown in solid blue, and the antiquark
helicity polarization is shown in solid brown. The helicity
distributions are comparable away from the end points.

VII. MESON DISTRIBUTION AMPLITUDES

In general, the distribution amplitudes are the leading
twist transition matrix elements between a pertinent
hadron and the vacuum. Throughout, the DAs will be
normalized to 1.

A. Pseudoscalar meson distribution amplitude

The twist-2 DA of the pseudoscalar meson is defined as

h0jψ̄ð0Þγþγ5 τaffiffiffi
2

p Wð0; ξ−Þψðξ−ÞjπaðPÞi

¼ ifπPþ
Z

1

0

dxe−ixP
þξ−ϕA

π ðxÞ ð121Þ

where the pion decay constant is defined as

h0jψ̄γμγ5 τaffiffiffi
2

p ψ jπaðPÞi ¼ ifπPμ: ð122Þ

For π∓, we have τ� ¼ ðτ1 � iτ2Þ= ffiffiffi
2

p
and for π0, we have

τ3. Hence, the twist-2 DA of the pseudoscalar meson can be
expressed in terms of the light front pion wave function

ϕA
π ðxÞ¼ 4

ffiffiffiffiffiffiffiffi
2Nc

p
M

fπ

Z
d2k⊥
ð2πÞ3

ϕπðx;k⊥Þffiffiffiffiffiffiffiffi
2xx̄

p ½xF ðP−kÞþ x̄F ðkÞ�:

ð123Þ

Similarly, the decay constant can also be written in terms of
the light front wave function,

fπ ¼ 4
ffiffiffiffiffiffiffiffi
2Nc

p
M

Z
1

0

dx

×
Z

d2k⊥
ð2πÞ3

ϕπðx; k⊥Þffiffiffiffiffiffiffiffi
2xx̄

p ½xF ðP − kÞ þ x̄F ðkÞ�: ð124Þ

To enforce axial current conservation, it is natural to
assume that

xF ðP − kÞ þ x̄F ðkÞ ≈ F
�

k⊥
2λS

ffiffiffiffiffi
xx̄

p
�
:

Thus, the pion DA with the quark form factor is

ϕA
π ðxÞ ¼

ffiffiffiffiffiffiffiffi
2Nc

p
M

2π2fπ
Cπxx̄

Z
∞

0

× dz
z

ρ2

4λ2S
ðxx̄m2

π −M2Þ − xx̄z2
ðzF0ðzÞÞ4 ð125Þ

and the pion decay constant with the quark form factor is

fπ ¼
ffiffiffiffiffiffiffiffi
2Nc

p
M

2π2
Cπ

Z
1

0

dx
Z

∞

0

× dzxx̄z
1

ρ2

4λ2S
ðxx̄m2

π −M2Þ − xx̄z2
ðzF0ðzÞÞ4: ð126Þ

The pion (axial) DA ϕAðxÞ is normalized to 1,

FIG. 12. Helicity distribution function for the quark (solid blue)
and the antiquark (solid brown) in a þpolarized vector meson,
versus parton-x.
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Z
1

0

dxϕA
π ðxÞ ¼ 1: ð127Þ

In Fig. 13 we show the unevolved pion DA versus
parton-x in the QCD instanton vacuum at low resolution.
Our result for the evolved pion DA is shown in Fig. 14 in
solid blue, using the NLO ERBL equation to a scale of
μ ¼ 2 GeV. Our result is compared to the QCD asymp-
totic result in dashed black, the lattice calculation from the
RQCD Collaboration [65] in shaded-purple, and the
Dyson-Schwinger equation (DSE) in solid green [66].
The empirical pion DA data points in brown are extracted
from π− into dijets via diffractive dissociation with
invariant dijet mass 6 GeV [67], with the normalization
discussed in [68].

B. Longitudinally polarized vector meson
distribution amplitude

The leading twist DA of the longitudinally polarized
vector meson is defined as

h0jψ̄ð0Þγþ 1ffiffiffi
2

p Wð0; ξ−Þψðξ−Þjωðλ; PÞi

¼ fωmωϵ
þ
λ ðPÞ

Z
1

0

dxe−ixP
þξ−ϕV

ωðxÞ; ð128Þ

h0jψ̄ð0Þγþ τaffiffiffi
2

p Wð0; ξ−Þψðξ−Þjρðλ; PÞi

¼ fρmρϵ
þ
λ ðPÞ

Z
1

0

dxe−ixP
þξ−ϕV

ρ ðxÞ; ð129Þ

where the vector meson decay constants are set by

h0jψ̄γμ 1ffiffiffi
2

p ψ jωðP; λÞi ¼ fωmωϵ
μ
λðPÞ; ð130Þ

h0jψ̄γμ τaffiffiffi
2

p ψ jρaðP; λÞi ¼ fρmρϵ
μ
λðPÞ: ð131Þ

The longitudinal meson distribution amplitude is related
to the light front wave function through

ϕV
ω;ρðxÞ ¼ −

2
ffiffiffiffiffiffiffiffi
2Nc

p
fω;ρmω;ρ

Z
d2k⊥
ð2πÞ3

ϕω;ρðx; k⊥Þffiffiffiffiffiffiffiffi
2xx̄

p 2½xx̄m2 þ k2⊥

þMðkÞMðP − kÞ�: ð132Þ

To avoid the nonlocal effect of the emergent interactions
[38,69,70], we will limit the analysis to the longitudinally
polarized vector meson. We recall that the nonlocal vertices
in this case are purely transverse, hence blind to the

FIG. 14. The evolved pion DA using the NLO ERBL equation to μ ¼ 2 GeV (solid green), compared with the lattice calculation
(RQCD) (shaded blue) [65], Dyson-Schwinger result [66] (solid purple), and the asymptotic QCD result (dashed black). The
experimental data points (red squared points) are extracted from π− into dijets via diffractive dissociation with invariant dijet mass
6 GeV [67] and normalized in [68].

FIG. 13. The unevolved pion DA versus parton-x at low
resolution, in the QCD instanton vacuum.
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longitudinal polarization through minimal substitution.
With this in mind, the longitudinally polarized vector
meson contribution to the decay amplitude is

fω;ρ ¼ −
2

ffiffiffiffiffiffiffiffi
2Nc

p
mω;ρ

Z
1

0

dx
Z

d2k⊥
ð2πÞ3

ϕω;ρðx; k⊥Þffiffiffiffiffiffiffiffi
2xx̄

p 2½xx̄m2
ω;ρ þ k2⊥

þM2F ðkÞF ðP− kÞ�: ð133Þ

To recover the Lorentz covariance and enforce current
conservation, we remove the Lorentz violating term by
approximating

xx̄m2
ω;ρþ k2⊥þMðkÞMðP− kÞ≈ 2ðk2⊥þM2ÞF 2

�
k⊥

2λV
ffiffiffiffiffi
xx̄

p
�

which amounts to

fω;ρ ¼ −
ffiffiffiffiffiffiffiffi
2Nc

p
4π2mω;ρ

CωL;ρL

4λ2V
ρ2

Z
1

0

dx
Z

∞

0

dzz

×
4xx̄

h
ρ2M2

4λ2V
þ xx̄z2

i
h
ρ2

4λ2V
ðxx̄m2

ω;ρ −M2Þ − xx̄z2
i ðzF0ðzÞÞ6 ð134Þ

hence the longitudinally polarized vector meson DA

ϕV
ω;ρðxÞ ¼ −

ffiffiffiffiffiffiffiffi
2Nc

p
4π2fω;ρmω;ρ

CωL;ρL

4λ2V
ρ2

Z
∞

0

dzz

×
4xx̄

h
ρ2M2

4λ2V
þ xx̄z2

i
h
ρ2

4λ2V
ðxx̄m2

ω;ρ −M2Þ − xx̄z2
i ðzF0ðzÞÞ6: ð135Þ

In Fig. 15 we show the unevolved longitudinal vector
meson DAversus parton-x in the QCD instanton vacuum at
low resolution μ ∼ 1=2ρ. The evolved DA using NLO
ERBL to μ ¼ 2 GeV is shown in Fig. 16 as solid blue, and
compared to the QCD asymptotic result 6xx̄ as dashed
black, and the QCD sum rule result from [71] as filled
purple. The lattice results from [72] are in filled brown, and
the lattice from [73] are in filled green.

C. Transversely polarized vector meson distribution
amplitude

The general twist-2 DAs for the transversely polarized
vector mesons are

h0jψ̄ð0Þiγþγi⊥
1ffiffiffi
2

p Wð0; ξ−Þψðξ−Þjωðλ; PÞi

¼ −ifTωPþϵiλðPÞ
Z

1

0

dxe−ixP
þξ−ϕT

ωðxÞ; ð136Þ

h0jψ̄ð0Þiγþγi⊥
τaffiffiffi
2

p Wð0; ξ−Þψðξ−Þjρðλ; PÞi

¼ −ifTωPþϵiλðPÞ
Z

1

0

dxe−ixP
þξ−ϕT

ρ ðxÞ; ð137Þ

where the transverse decay constants are defined as

h0jψ̄σμν 1ffiffiffi
2

p ψ jωðP; λÞi ¼ ifTωðϵμλPν − ϵνλP
μÞ; ð138Þ

h0jψ̄σμν τaffiffiffi
2

p ψ jρaðP; λÞi ¼ ifTρ ðϵμλPν − ϵνλP
μÞ: ð139Þ

Using the light front wave functions, we obtain

ϕT
ω;ρðxÞ ¼ −4

ffiffiffiffiffiffiffiffi
2Nc

p
M

fTω;ρ

Z
d2k⊥
ð2πÞ3

ϕω;ρðx; k⊥Þffiffiffiffiffiffiffiffi
2xx̄

p ½xF ðP − kÞ þ x̄F ðkÞ� ð140Þ

with the vector meson decay constant

fTω;ρ ¼ −4
ffiffiffiffiffiffiffiffi
2Nc

p
M

Z
1

0

dx
Z

d2k⊥
ð2πÞ3

ϕω;ρðx; k⊥Þffiffiffiffiffiffiffiffi
2xx̄

p ½xF ðP − kÞ þ x̄F ðkÞ� ð141Þ

FIG. 15. Unevolved longitudinal vector DA in the QCD
instanton vacuum at low resolution with μ ∼ 1=2ρ.
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following from the normalization of the DA to 1. Again, to enforce current conservation we approximate

xF ðP − kÞ þ x̄F ðkÞ ≈ F
�

k⊥
2λV

ffiffiffiffiffi
xx̄

p
�

which yields the DA

ϕT
ω;ρðxÞ ¼ −

ffiffiffiffiffiffiffiffi
2Nc

p
M

2π2fTω;ρ
CωT ;ρT

Z
∞

0

dzxx̄z
1

ρ2

4λ2V
ðxx̄m2

ω;ρ −M2Þ − xx̄z2
ðzF0ðzÞÞ4 ð142Þ

and the transverse vector meson decay constant

fTω;ρ ¼ −
ffiffiffiffiffiffiffiffi
2Nc

p
M

2π2
CωT ;ρT

Z
1

0

dx
Z

∞

0

dzxx̄z
1

ρ2

4λ2V
ðxx̄m2

ω;ρ −M2Þ − xx̄z2
ðzF0ðzÞÞ4: ð143Þ

The transverse decay constant fTω;ρ is scale dependent
due to the nonzero anomalous dimension of the tensor
current [74],

fTω;ρðμÞ ¼ fTω;ρðμ0Þ
�
αsðμÞ
αsðμ0Þ

�
CF=β0 ð144Þ

using the one-loop perturbative QCD result, with CF ¼
N2

c−1
2Nc

and β0 ¼ 11 − 2
3
Nf.

In Fig. 17 we show the unevolved transverse DA versus
parton-x, in the QCD instanton vacuum at low resolution
μ ∼ 1=2ρ. The evolved transverse DA using NLO ERBL to
μ ¼ 2 GeV is shown in Fig. 18 in solid blue, and compared
to the QCD asymptotic result 6xx̄ in dashed black. The
lattice results at μ ¼ 2 GeV [73] are shown in filled brown,
and the QCD sum rule result also at μ ¼ 2 GeV [75] are
shown in filled purple.

FIG. 16. Evolved longitudinal ρ DA to μ ¼ 2 GeV in solid green, compared with the lattice in RBC/UKQCD Collaboration [72] in
filled red and the lattice [73] in filled blue. The QCD asymptotic result of 6xx̄ is in dashed black and the QCD sum result [71] is in
filled purple.

FIG. 17. Unevolved transverse DA for a vector meson in the
QCD instanton vacuum at a resolutio μ ∼ 1=2ρ.
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D. End-point behavior and ERBL evolution

The comparison between our results in the QCD instanton
vacuum at low resolution μ ¼ 0.313 GeV, and the data as
well as the lattice results at higher resolution at μ ¼ 2 GeV,
required the use of the Efremov-Radyushkin-Brodsky-
Lepage (ERBL) evolution of the DA, briefly reviewed in
Appendix E. Recall that the anomalous dimensions for ϕA

π

and ϕV
ω;ρ are the same (conserved currents, but only in the

chiral limit for the former), while the anomalous dimension
for ϕT

ω;ρ is different due to the running of the quark tensor
current. We now focus on the behavior of the end points for
the pseudoscalar and vector DAs.
In Fig. 19 we show the twist-2 pion DA versus parton-x

in the QCD instanton vacuum at low resolution with μ ¼
0.313 GeV in solid green, the evolved DAwith μ ¼ 2 GeV
in solid red, and the QCD asymptotic result 6xx̄ in
dashed black. We note that ϕA

π ðx → 1; μ ¼ 0.313 GeVÞ ∼
10.56ð1 − xÞ0.959 near the end point, and asymptotes the
QCD result at infinite resolution.
In Fig. 20 we show the longitudinally polarized vector

twist-2 DA versus parton-x, in the QCD instanton vacuum
at low resolution with μ ¼ 0.313 GeV in solid green, the

evolved DA with μ ¼ 2 GeV in solid red, and the QCD
asymptotic result 6xx̄ in dashed black. The longitudinal
vector DA at the end point scales as ϕV

ρ ðx → 1; μ ¼
0.313 GeVÞ ∼ 3.68ð1 − xÞ1.0067 asymptotically. The evolu-
tion broadens somewhat the DA.
In Fig. 21 we show the transversely polarized vector twist-

2 DA versus parton-x, in the QCD instanton vacuum at low
resolution with μ ¼ 0.313 GeV in solid green, the evolved
DA with μ ¼ 2 GeV in solid red, and the QCD asymptotic
result 6xx̄ in dashed black. The end point behavior of the
transversely polarized vector twist-2 distribution amplitude
scales as ϕT

ρ ðx → 1; μ ¼ 0.313 GeVÞ ∼ 6.37ð1 − xÞ0.9402 at
the initial scale. The evolution depletes the DA near the end
points, by increasing the power and eventually the DA
approaches its asymptotic form.

E. Meson decay constants

In the QCD instanton vacuum with the fixed parameters
detailed above, we obtain for the pseudoscalar and vector
decay constants,

FIG. 18. Evolved transverse DA for the rho meson at μ ¼ 2 GeV in solid green, and compared with the lattice result at μ ¼ 2 GeV
[73] in filled blue and the QCD sum rule result also at μ ¼ 2 GeV [75] in filled purple.

FIG. 19. The pion twist-2 distribution amplitude at μ ¼
0.313 GeV, μ ¼ 2 GeV, and μ ¼ ∞ (asymptotic form).

FIG. 20. The longitudinally polarized vector twist-2 distribu-
tion amplitude at μ ¼ 0.313 GeV, μ ¼ 2 GeV, and μ ¼ ∞
(asymptotic form).
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fπ ¼ 130.3 MeV; fρ ¼ 203.97 MeV;

fTρ ¼ 125.70 MeV; fTρ=fρ ¼ 0.6163:

Cata and Mateu [76] have argued that in the large Nc limit
fTρ=fρ ¼ 1=

ffiffiffi
2

p
≃ 0.707. Our result is consistent with tis

ratio. Our results are compared with the lattice calculations
[73], and the values quoted by the Particle Data Group [77]
in the table below. The transverse ρ decay constant fTρ is
evolved to 2 GeV starting from 0.313 GeV using (144)
when compared with the lattice. We display the results
at Q ¼ 2 GeV.

fπ (MeV) fρ (MeV) fTρ (MeV) fTρ=fρ

ILM (this work) 130.3 203.97 92.48 0.453
Lattice (2 GeV) [73] � � � 199(4)(1) 124(4)(1) 0.629(8)
PDG (exp) [77] 130.3� 0.3 210� 4 � � � � � �

VIII. MESON ELECTROMAGNETIC
FORM FACTORS

The electromagnetic form factor FXðQ2Þ in hadron-X is
given by the transition matrix element of the EM current

JμEM ¼
X
f

Qfψ̄fγ
μψf; ð145Þ

(i) spin-0 meson electromagnetic form factor:

hXðP0ÞjJμEMjXðPÞi ¼ FXðQ2ÞðPþ P0Þμ; ð146Þ
(ii) spin-1 meson electromagnetic form factor:

hXðλ0; P0ÞjJμEMjXðλ; PÞi

¼
�
F1XðQ2Þϵ�λ0 ðP0Þ · ϵλðPÞ

− F2XðQ2Þ q · ϵλðPÞq · ϵ�λ0 ðP0Þ
2m2

X

�
ðPþ P0Þμ

− F3XðQ2Þ½ϵμ�λ0 ðP0Þq · ϵλðPÞ − ϵμλðPÞq · ϵ�λ0 ðP0Þ�;
ð147Þ

with fixed momentum transfer q ¼ P0 − P and Q2 ¼
−q2 ¼ q2⊥. They capture the charge and current distribu-
tions inside the hadron. For spin-1 mesons, we have three
types of form factors: F1X, F2X, FX3. From these form
factors one can define the three Sachs form factors [78,79]
for the spin-1 meson, namely, the charge GX

CðQ2Þ, the
magnetic GX

MðQ2Þ, and the quadrupole GX
QðQ2Þ form

factors. The relations between the Lorentz invariant form
factors FX

1 , F
X
2 , and FX

3 and the Sachs form factors are

GX
CðQ2Þ ¼ F1XðQ2Þ þ Q2

6m2
X
GX

QðQ2Þ; ð148Þ

GX
MðQ2Þ ¼ F3XðQ2Þ; ð149Þ

GX
QðQ2Þ ¼ F1XðQ2Þ þ

�
1þ Q2

4m2
X

�
F2XðQ2Þ − F3XðQ2Þ:

ð150Þ

In the presence of nonlocal interactions, the Noether
construction is more subtle, as additional contributions
from the emerging nonlocal interactions are needed
to enforce current conservation in general [38,69,70].
Fortunately, in the light front formalism, the contributions
from the nonlocal vertices of the emerging effective action
do not contribute in the leading twist approximation [38].
Throughout, we will restrict our discussion of the EM form
factors to the leading twist approximation.
The leading-twist form factor (charge form factor GX

C)
can be evaluated by the plus component of the spin-
averaged meson matrix element in the qþ ¼ 0 frame,

(i) spin-0 meson form factor:

FXðQ2Þ ¼ 1

2Pþ hXðP0ÞjJþEMjXðPÞi; ð151Þ

(ii) spin-1 meson form factor:

FXðQ2Þ ¼ 1

2Pþ

�
1

3

X
λ

hXðλ; P0ÞjJþEMjXðλ; PÞi
�
:

ð152Þ

If we choose a specific frame where qþ ¼ 0, with

Pμ ¼
�
Pþ; 0;

m2
X

2Pþ

�
; P0μ ¼

�
Pþ; q⊥;

m2
X þ q2⊥
2Pþ

�
;

the meson form factor follows as

FIG. 21. The transversely polarized vector twist-2 distribution
amplitude at μ ¼ 0.313 GeV, μ ¼ 2 GeV, and μ ¼ ∞ (asymp-
totic form).
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FXðQ2Þ ¼
Z

1

0

dx
Z

d2k⊥
ð2πÞ3

"
Φ�

Xðx; k⊥ þ x̄q⊥; s01; s02ÞQf1

ūs0
1
ðkþ qÞγþus1ðkÞ

2xPþ δs2 0;s2ΦXðx; k⊥; s1; s2Þ

−Φ�
Xðx; k⊥ − xq⊥; s01; s02ÞQf2

v̄s2ðkÞγþvs2 0 ðkþ qÞ
2x̄Pþ δs1 0;s1ΦXðx; k⊥; s1; s2Þ

#
: ð153Þ

More specifically, in the pion channel it is given by

FπðQ2Þ ¼
Z

1

0

dx
Z

d2k⊥
ð2πÞ3

"
Quϕπðx; k⊥ þ x̄q⊥Þϕπðx; k⊥Þ4

�
k2⊥ þM2 þ x̄k⊥ · q⊥

xx̄

�

−Qdϕπðx; k⊥ − xq⊥Þϕπðx; k⊥Þ4
�
k2⊥ þM2 − xk⊥ · q⊥

xx̄

�#
ð154Þ

while in the vector channel it reads

Fω;ρðQ2Þ ¼
Z

1

0

dx
Z

d2k⊥
ð2πÞ3

�
Quϕω;ρðx; k⊥ þ x̄q⊥Þϕω;ρðx; k⊥Þ

8

3

�
k2⊥ þ ð1þ 2xx̄ÞM2 þ x̄k⊥ · q⊥

xx̄

�

−Qdϕω;ρðx; k⊥ − xq⊥Þϕω;ρðx; k⊥Þ
8

3

�
k2⊥ þ ð1þ 2xx̄ÞM2 − xk⊥ · q⊥

xx̄

��
: ð155Þ

To proceed, it is useful to parametrize the nonlocal form factor using

z� ¼
�
z2 � x̄ρq⊥

2λX
ffiffiffiffiffi
xx̄

p z cos θ þ x̄2ρ2q2⊥
16xx̄λ2X

�
1=2

so that

FMðz; x; θÞ ¼ ðzþF0ðzþÞÞ2ðz−F0ðz−ÞÞ2:

With this in mind, the pion form factor can be worked out:

FπðQ2Þ ¼ C2
π

2π2

Z
2π

0

dθ
2π

Z
1

0

dx
Z

∞

0

dzxx̄z

0
@2

3

xx̄z2 þ ρ2M2

4λ2S
− x̄2ρ2q2⊥

16λ2Sh�
xx̄z2 − ρ2

4λ2S
ðxx̄m2

π −M2Þ þ x̄2ρ2q2⊥
16λ2S



2
− x̄2ρ2q2⊥

4λ2S
xx̄z2cos2θ

iFMðz; x; θÞ

þ 1

3

xx̄z2 þ ρ2M2

4λ2S
− x2ρ2q2⊥

16λ2Sh�
xx̄z2 − ρ2

4λ2S
ðxx̄m2

π −M2Þ þ x2ρ2q2⊥
16λ2S

�
2

− x2ρ2q2⊥
4λ2S

xx̄z2cos2θ
iFMðz; x̄; θÞ

1
A: ð156Þ

The pion EM form factor in (156) accounts for only the coupling to the lowest Fock component of the pion on the light
front. While it accounts properly for the charge normalization, it falls short from accounting for the rho-meson cloud at
nonvanishingQ2, which is a coherent multi-Fock component. For small Q2, the pion sources a rho meson, which is readily
obtained by resumming the bubble chain in the t channel in our light front formulation, in line with vector meson dominance
(VMD) [80] (and references therein),

FVDM
π ðQ2Þ ¼ Fπð0Þ

1

1þQ2=m2
ω;ρ

: ð157Þ
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The EM form factors of the vector mesons follow similarly:

Fω;ρðQ2Þ ¼ C2
ω;ρ

3π2

Z
2π

0

dθ
2π

Z
1

0

dx
Z

∞

0

dzxx̄z

0
@2

3

xx̄z2 þ ρ2M2

4λ2V
ð1þ 2xx̄Þ − x̄2ρ2q2⊥

16λ2Vh�
xx̄z2 − ρ2

4λ2V
ðxx̄m2

ω;ρ −M2Þ þ x̄2ρ2q2⊥
16λ2V



2
− x̄2ρ2q2⊥

4λ2V
xx̄z2cos2θ

�FMðz; x; θÞ

þ 1

3

xx̄z2 þ ρ2M2

4λ2V
ð1þ 2xx̄Þ − x2ρ2q2⊥

16λ2Vh�
xx̄z2 − ρ2

4λ2V
ðxx̄m2

ω;ρ −M2Þ þ x2ρ2q2⊥
16λ2V



2
− x2ρ2q2⊥

4λ2V
xx̄z2cos2θ

iFMðz; x̄; θÞ
1
A: ð158Þ

In Fig. 22 we show the bare pion form factor (156) in
solid blue and the rho-meson dressed pion form factor
(157) in solid orange, versus Q2. Our results in the QCD
instanton vacuum are compared to the measurement using
pion scattering from the reaction 1Hðe; e0πþÞn by the JLab
Fπ Collaboration in red squares [81], the Cornell
Collaboration in purple dots [82,83], and the lattice results
in blue triangles [84]. The Dyson-Schwinger results with
rainbow ladders are shown in dashed green [85]. Clearly,
our lowest undressed Fock contribution fails to reproduce
the pion EM form factor, while the dressed multi-Fock
component agrees relatively well with the current mea-
surements. This result underlies the collective character of
the pion state.
In Fig. 23 we show the EM form factor of the rho meson

in blue solid versus Q2, in comparison to the lattice data in
green squares from the Hadron Spectrum Collaboration
[86]. The results from the Bethe-Salpeter in the NJL model
are shown in dashed orange. The falloff of the form factor is

sharper in our case in comparison to the lattice results,
reflecting on a larger charge radius for the rho. This falloff
is sensitive to the value of λV in (79) fixed by the rho weak
decay constants. A larger value of λV yields a smaller
charge radius, at the expense of the weak decay constants.
We note that the falloff of our rho form factor is slower than
that reported in [51,87–89], but about similar to the
reported lattice results. In Fig. 24, we compare the EM
form factors for the pion undressed in dashed blue, dressed
in solid orange, with the EM form factor of the vector
mesons in solid green.
On the light front, all hadrons are 2D Lorentz contracted.

The light front radius rX follows from

FXðQ2Þ ¼ 1 −
Q2

6
r2X þOðQ4Þ: ð159Þ

For the pion EM form factor, we have

FIG. 22. Our results in solid blue (undressed) and solid orange (dressed) for the pion EM form factor are compared with the JLab
measurements in red squares [81] and the Cornell measurements in purple dots [82,83]. The recent lattice calculations are shown in blue
triangles [84], and the Dyson-Schwinger results are shown in dashed green [85].
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rπ ¼ 0.489 fm;

rVDMπ ¼ 0.620 fm;

rexpπ ¼ 0.659� 0.004 fm: ð160Þ

The charge radius from other work can also be found in

Reference rπ (fm)

ILM (this work) 0.620
Faessler [41] 0.650
Hutauruk [40] 0.629

Without the rho cloud, the bare EM size of the pion rπ is
slightly larger than the size of an instanton ρ ¼ 0.313 fm.
Pions are collective Goldstone modes, strongly bound by
single instantons (anti-instantons) of size ρ. In contrast, the

EM size of the rho and omega rω;ρ ¼ 0.997 fm is about
twice the pion size. Vector mesons are bound by molecular
configurations of size about 2ρ. As we noted, the empirical
value of the charge radius for the pion rexpπ in [61,90]
compares well only with the dressed pion, in line with the
VMD lore. For completeness, we compare our charge
radius for the rho meson with some model calculations in
the table.

Reference rρ (fm)

ILM (this work) 0.997
de Melo [87] 0.608
Bhagwat [91] 0.735
Krutov [92] 0.748
Carrillo-Serrano [78] 0.819
Owen [93] 0.819

IX. CONCLUSIONS

We presented a detailed analysis of the emerging ’t Hooft
nonlocal interactions on the light front, in the light scalar
and pseudoscalar channels. These interactions include not
only the standard single instanton and anti-instanton
chirality flipping contributions, but also the molecular
chirality preserving contributions. The diluteness of the
instanton tunneling rates in the QCD vacuum makes the
molecular contributions parametrically small. Their con-
tribution is subleading in the spontaneous breaking of
chiral symmetry, yet leading in the formation of the light
vector mesons.
Our analysis focused on the light front formulation,

where the light quark fields are split into a good plus bad
component. The elimination of the bad component

FIG. 23. Our calculations are compared with the recent lattice calculation [86] and the model analysis by Bethe-Salpeter equation
using the random-phase approximation in the NJL model [78].

FIG. 24. Pion EM form factor in dashed blue (undressed) and in
solid orange (dressed) in comparison to the vector EM form factor
in solid green.
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generates additional multifermion interactions. Using the
1=Nc bookkeeping analysis, we have shown that in leading
order these additional interactions are tadpolelike and can
be resummed to renormalize the nonlocal interactions
between the good components. They are at the origin of
the nontrivial vacuum structure on the light front, as
initially observed in the NJL model with local interactions
[56–58]. Contrary to common lore, the vacuum is nontrivial
on the light front.
The light front Hamiltonian associated to the emerging

nonlocal effective action was used to define the eigenvalue
problem for the light scalar and vector meson states,
limited to their lowest Fock component. The explicit
breaking of Lorentz symmetry yields apparently different
equations for the longitudinally and transversely polarized
rho and omega vector mesons. Fortunately, a thorough
analysis of the longitudinal equation shows that the
difference is amenable to the ratio of the vector to scalar
interaction strengths, which is parametrically small in the
QCD instanton vacuum.
Our light front results for the light scalar and vector

mesons PDFs and DAs are evaluated at a low renormaliza-
tion point of about 1=2ρ ∼ 0.31 GeV. A comparison to

existing measurements and lattice simulations at a scale of
μ ¼ 2 GeV requires evolution. For simplicity, we have
assumed that factorization holds at this relatively low scale,
and used perturbative QCD evolution. Our results were
shown to be remarkably consistent with most measure-
ments. Yet a more appropriate evolution from this low
renormalization scale should perhaps make use of non-
perturbative effects [16]. This will be discussed elsewhere.
Finally, we have used the light front wave functions in

the QCD instanton vacuum to analyze the EM form factors
of the pions and rho and omega vector mesons. The leading
Fock state in the rho meson yields a rho EM form factor in
good agreement with the recently reported lattice simu-
lations. This is not the case of the pion, when limited to its
lowest Fock component, a well-known shortcoming. This is
readily fixed by resumming the leading rho contribution to
the pion EM form factor, in line with the tenets of vector
dominance.

ACKNOWLEDGMENTS

This work is supported by the Office of Science, U.S.
Department of Energy under Contract No. DE-FG-
88ER40388.

APPENDIX A: LORENTZ COVARIANT FORMALISM: BETHE-SALPETER EQUATION

To investigate the meson structures in a covariant frame, we can organize the Bethe-Salpeter kernel in 1=Nc. In leading
order (LO), the vacuum polarization function contributes to the 4-point function through the bubble chain

The next-to-leading order (NLO) is more involved [94]. Using our emerging action for the light quarks with nonlocal
interactions, the vacuum polarization function Παβ is given by

ðA1Þ

where Γα ¼ 1, iγ5, τa, iγ5τa, γμ, γμτa, γμγ5, γμγ5τa for σ, η0, a0, π, ω, ρ, f1, a1 respectively. In the low momentum limit
(k ≪ 1=ρ), similar to the approximation we imposed in the gap equation. We approximate the momentum-dependent
constituent mass MðkÞ in the fermionic bubble functions by Mð0Þ, and the emergent constituent mass at zero momentum,

Z
d4k
ð2πÞ4ΠXðMðkÞ;MðP − kÞÞ ≈

Z
d4k
ð2πÞ4 ΠXðM;MÞ:
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The vacuum polarization function Π in the low momentum limit simplifies

Παβ
X ¼ −i

Z
d4k
ð2πÞ4

tr½Γαð=kþMÞΓβð=P − =k −MÞ�
ðk2 −M2ÞððP − kÞ2 −M2Þ F ðkÞF ðP − kÞ: ðA2Þ

1. Scalar channel

In the scalar channel and close to the pole, the resummation of the vacuum polarizations gives

iM ¼ ūs0
1
ðqÞvs0

2
ðP − qÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F ðqÞF ðP − qÞ

p
DσðP2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F ðkÞF ðP − kÞ

p
v̄s2ðP − kÞus1ðkÞ; ðA3Þ

iM ¼ ūs0
1
ðqÞτavs0

2
ðP − qÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F ðqÞF ðP − qÞ

p
Da0ðP2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F ðkÞF ðP − kÞ

p
v̄s2ðP − kÞτaus1ðkÞ; ðA4Þ

with the scalar propagator

Dσ;a0ðP2Þ ¼ iGσ;a0

1 −Gσ;a0ΠSSðP2Þ : ðA5Þ

The scalar vacuum polarization function is

ΠSS ¼ −2iNc

Z
d4k
ð2πÞ4

tr½ð=kþMÞð=P − =k −MÞ�
ðk2 −M2ÞððP − kÞ2 −M2ÞF ðkÞF ðP − kÞ

¼ −2iNc

Z
d4k
ð2πÞ4

4k · ðP − kÞ − 4M2

ðk2 −M2ÞððP − kÞ2 −M2ÞF ðkÞF ðP − kÞ: ðA6Þ

2. Pseudoscalar channel

In the pseudoscalar channel, the resummation gives

iM ¼ ūs0
1
ðqÞiγ5vs0

2
ðP − qÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F ðqÞF ðP − qÞ

p
Dη0 ðP2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F ðkÞF ðP − kÞ

p
v̄s2ðP − kÞiγ5us1ðkÞ; ðA7Þ

iM ¼ ūs0
1
ðqÞiγ5τavs0

2
ðP − qÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F ðqÞF ðP − qÞ

p
DπðP2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F ðkÞF ðP − kÞ

p
v̄s2ðP − kÞiγ5τaus1ðkÞ; ðA8Þ

with the pseudoscalar propagator

Dπ;η0 ðP2Þ ¼ iGπ;η0

1 −Gπ;η0ΠPPðP2Þ : ðA9Þ

The pseudoscalar vacuum polarization is

ΠPP ¼ −2iNc

Z
d4k
ð2πÞ4

tr½ð=kþMÞiγ5ð=P − =k −MÞiγ5�
ðk2 −M2ÞððP − kÞ2 −M2Þ F ðkÞF ðP − kÞ

¼ −2iNc

Z
d4k
ð2πÞ4

4k · ðP − kÞ þ 4M2

ðk2 −M2ÞððP − kÞ2 −M2ÞF ðkÞF ðP − kÞ: ðA10Þ

We have neglected the pseudoscalar-axial mixing as higher order in gV=gS.
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3. Vector channel

In the vector channel, the vacuum polarization function can be rearranged through

Πμν
VV ¼ −2iNc

Z
d4k
ð2πÞ4

tr½ð=kþMÞγμð=P − =k −MÞγν�
ðk2 −M2ÞððP − kÞ2 −M2Þ F ðkÞF ðP − kÞ

¼ −ΠVVðP2Þ
�
gμν −

PμPν

P2

�
ðA11Þ

with manifest current conservation PμΠ
μν
ω;ρ ¼ 0. The resummation of the fermionic chains gives

iM ¼ ūs0
1
ðqÞγμvs0

2
ðP − qÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F ðqÞF ðP − qÞ

p
Dμν

ω ðP2Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F ðkÞF ðP − kÞ

p
v̄s2ðP − kÞγνus1ðkÞ; ðA12Þ

iM ¼ ūs0
1
ðqÞγμτavs0

2
ðP − qÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F ðqÞF ðP − qÞ

p
Dμν

ρ ðP2Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F ðkÞF ðP − kÞ

p
v̄s2ðP − kÞγντaus1ðkÞ; ðA13Þ

with the vector propagator

Dμν
ω;ρðP2Þ ¼ −iGω;ρ

1 −Gω;ρΠω;ρðP2Þ
�
gμν −Gω;ρΠVVðP2ÞP

μPν

P2

�
ðA14Þ

where

ΠVV ¼ −2iNc
4

3

Z
d4k
ð2πÞ4

2k · ðP − kÞ þ 4M2

ðk2 −M2ÞððP − kÞ2 −M2ÞF ðkÞF ðP − kÞ: ðA15Þ

The scattering amplitude develops poles at the location of the bound states, whenever

GXΠXðm2
XÞ ¼ 1 ðA16Þ

with P2 ¼ m2
X. This fixes the mass eigenvalue equation. If we only consider the ’t Hooft Lagrangian, the single instanton

and anti-instanto interactions for σ and π are attractive, while those for η0 and a0 are repulsive. The molecular interactions ω,
ρ, and a1 are attractive within a certain range, but repulsive in the f1 channel.

APPENDIX B: BOUND STATE EQUATION OF LONGITUDINAL VECTOR MESON

The bound state equation for the longitudinal meson on the light front is not only more involved than that of its transverse
counterpart, but apparently different. Here, we detail its derivation, and show that the differences can be removed thanks to a
number of identities. More specifically, the longitudinally bound state equation can be readily cast in the form

m2
ω;ρ

�
1þ k2⊥ þM2

m2
ω;ρxx̄

�
ϕω;ρðx; k⊥Þ ¼

k2⊥ þM2

xx̄

�
1þ k2⊥ þM2

m2
ω;ρxx̄

�
ϕω;ρðx; k⊥Þ −

8gω;ρffiffiffiffiffiffiffiffi
2xx̄

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F ðkÞF ðP − kÞ

p Z
dyd2q⊥ffiffiffiffiffiffiffiffi
2yȳ

p ð2πÞ3

×

�
q2⊥ þM2

yȳ
− 4gω;ρw−ðPþÞðPþÞ2

��
yȳþ q2⊥ þM2

m2
ω;ρ

�
ϕω;ρðy; q⊥Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F ðqÞF ðP − qÞ

p

−
8gω;ρffiffiffiffiffiffiffiffi
2xx̄

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F ðkÞF ðP − kÞ

p �
k2⊥ þM2

xx̄
− 4gω;ρw−ðPþÞðPþÞ2

�

×
Z

dyd2q⊥ffiffiffiffiffiffiffiffi
2yȳ

p ð2πÞ3
�
yȳþ q2⊥ þM2

m2
ω;ρ

�
ϕω;ρðy; q⊥Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F ðqÞF ðP − qÞ

p
: ðB1Þ

The tadpole resummation involved in the bound state equation of the longitudinal mode can be rearranged as
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w−ðPþÞ ¼
Z

dkþd2k⊥
ð2πÞ3

ðk2⊥ þM2ÞϵðkþÞ
2ðkþÞ2ðPþ − kþÞF ðkÞF ðP − kÞ

¼ 1

ðPþÞ2
Z

dxd2k⊥
ð2πÞ3

ðk2⊥ þM2ÞϵðxÞ
2x2x̄

F ðkÞF ðP − kÞ

¼ 1

ðPþÞ2
Z

1

0

dx
Z

d2k⊥
ð2πÞ3

ðk2⊥ þM2Þ
2xx̄

F ðkÞF ðP − kÞ

¼ η
m2

ω;ρ

2ðPþÞ2 : ðB2Þ

Remarkably the complicated result (B1) can be considerably simplified by noting that it is composed of three integrals

H1 ¼
Z

dyffiffiffiffiffiffiffiffi
2yȳ

p
Z

d2q⊥
ð2πÞ3 ðyȳm

2
ω;ρ þ q2⊥ þM2Þϕω;ρðy; q⊥Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F ðqÞF ðP − qÞ

p
;

H2 ¼
Z

dyffiffiffiffiffiffiffiffi
2yȳ

p
Z

d2q⊥
ð2πÞ3 ðyȳm

2
ω;ρ þ q2⊥ þM2Þ

�
q2⊥ þM2

yȳm2
ω;ρ

�
ϕω;ρðy; q⊥Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F ðqÞF ðP − qÞ

p

η ¼
Z

dyd2q⊥
ð2πÞ3

q2⊥ þM2

m2
ω;ρyȳ

F ðqÞF ðP − qÞ:

The integralsH1 andH2 are not independent of each other. Indeed, if we multiply (B1) by
ffiffiffiffiffiffiffiffi
2xx̄

p
and

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F ðqÞF ðP − qÞp

, and
integrate the result over the momentum phase space, we have

H2 ¼
H1

1 − 4gω;ρ
R dyd2q⊥

ð2πÞ3 F ðqÞF ðP − qÞ
þ 4gω;ρηH1: ðB3Þ

Inserting (B3) in (B1), the equation simplifies to

�
m2

ω;ρ −
k2⊥ þM2

xx̄

�
ϕω;ρðx; k⊥Þ ¼ −8gω;ρ

�
1− 4gω;ρ

Z
dyd2q⊥
ð2πÞ3 F ðqÞF ðP− qÞ

�
−1
�
1− 4gω;ρ

�Z
dyd2q⊥
ð2πÞ3 F ðqÞF ðP− qÞ

�

×

�
k2⊥ þM2

m2
ω;ρxx̄þ k2⊥ þM2

��
1ffiffiffiffiffiffiffiffi
2xx̄

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F ðkÞF ðP− kÞ

p Z
dyffiffiffiffiffiffiffiffi
2yȳ

p

×
Z

d2q⊥
ð2πÞ3 ðyȳm

2
ω;ρ þ q2⊥ þM2Þϕω;ρðy; q⊥Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F ðqÞF ðP− qÞ

p

≃−
8gω;ρffiffiffiffiffiffiffiffi
2xx̄

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F ðkÞF ðP− kÞp

1− 4gω;ρ
R dyd2q⊥

ð2πÞ3 F ðqÞF ðP− qÞ

Z
dyffiffiffiffiffiffiffiffi
2yȳ

p

×
Z

d2q⊥
ð2πÞ3 ðyȳm

2
ω;ρ þ q2⊥ þM2Þϕω;ρðy; q⊥Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F ðqÞF ðP− qÞ

p
ðB4Þ

where we dropped the higher order terms in Oðg2ω;ρÞ in the third equality. As we argued in the main text, the QCD instanton
vacuum is dilute, with the contributions gω;ρ=gS parametrically small. We have only kept them in leading order in the vector
channels, as their keeping at next-to-leading order involves a more complex bookkeeping procedure. With this in mind, we
can further simplify (B4) by multiplying it by

ffiffiffiffiffiffiffiffi
2xx̄

p
and

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F ðqÞF ðP − qÞp

again, and integrating over x and k⊥. The result isZ
dxd2k⊥
ð2πÞ3

ffiffiffiffiffiffiffiffi
2xx̄

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F ðkÞF ðP − kÞ

p �
m2

ω;ρ −
k2⊥ þM2

xx̄

�
ϕω;ρðx; k⊥Þ

¼ −8gω;ρ
Z

dyd2q⊥
ð2πÞ3 F ðqÞF ðP − qÞ

Z
dxd2k⊥
ð2πÞ3

ffiffiffiffiffiffiffiffi
2xx̄

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F ðkÞF ðP − kÞ

p �
k2⊥ þM2

xx̄

�
ϕω;ρðx; k⊥Þ ðB5Þ
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hence the bound state equation

�
m2

ω;ρ −
k2⊥ þM2

xx̄

�
ϕω;ρðx; k⊥Þ ≃ −

16gω;ρffiffiffiffiffiffiffiffi
2xx̄

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F ðkÞF ðP − kÞ

p Z
dyffiffiffiffiffiffiffiffi
2yȳ

p
Z

d2q⊥
ð2πÞ3 ðq

2⊥ þM2Þϕω;ρðy; q⊥Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F ðqÞF ðP − qÞ

p
:

ðB6Þ

APPENDIX C: LIGHT FRONT WAVE
FUNCTIONS WITH P⊥ ≠ 0

To obtain the off-diagonal hadronic matrix elements, we
need to generalize the light front wave functions to a frame
with P⊥ ≠ 0. In this frame, the hadronic momentum is

Pμ ¼
�
Pþ; P⊥;

P2⊥ þm2
X

2Pþ

�
:

The quark k1 and antiquark k2 momenta can be para-
metrized by

kμ1 ¼
�
xPþ; xP⊥ þ k⊥;

ðxP⊥ þ k⊥Þ2 þM2

2xPþ

�
;

kμ2 ¼
�
x̄Pþ; x̄P⊥ − k⊥;

ðx̄P⊥ − k⊥Þ2 þM2

2x̄Pþ

�
:

For the spin-1 meson, the polarization vector ϵμλðPÞ is
defined as

ϵμ�ðPÞ ¼
1ffiffiffi
2

p
�
0; 1;�i;

P1 � iP2

Pþ

�
;

ϵμ0ðPÞ ¼
1

mX

�
Pþ;

P1

2
;
P2

2
;
P2⊥ −m2

X

2Pþ

�
:

With this symmetric parametrization, the light front wave
functions have the same form. The spin-independent wave
functions are

ϕXðx; k⊥Þ ¼
CXffiffiffiffiffiffiffiffi

2xx̄
p ðm2

X − k2⊥þM2

xx̄ Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F ðkÞF ðP − kÞ

p
; ðC1Þ

scalar channels:

Φσðx;k⊥; s1; s2Þ ¼
1ffiffiffiffiffiffi
Nc

p ϕσðx;k⊥Þūs1ðkÞvs2ðP− kÞ; ðC2Þ

Φa0ðx; k⊥; s1; s2Þ ¼
1ffiffiffiffiffiffi
Nc

p ϕa0ðx; k⊥Þūs1ðkÞτavs2ðP − kÞ;

ðC3Þ

pseudoscalar channels:

Φη0 ðx; k⊥; s1; s2Þ ¼
1ffiffiffiffiffiffi
Nc

p ϕη0 ðx; k⊥Þūs1ðkÞiγ5vs2ðP − kÞ;

ðC4Þ

Φπðx; k⊥; s1; s2Þ ¼
1ffiffiffiffiffiffi
Nc

p ϕπðx; k⊥Þūs1ðkÞiγ5τavs2ðP − kÞ;

ðC5Þ

vector channels:

Φλ
ωðx;k⊥; s1; s2Þ ¼

1ffiffiffiffiffiffi
Nc

p ϕωðx;k⊥ÞϵμλðPÞūs1ðkÞγμvs2ðP− kÞ;

ðC6Þ

Φλ
ρðx;k⊥;s1;s2Þ¼

1ffiffiffiffiffiffi
Nc

p ϕρðx;k⊥ÞϵμλðPÞūs1ðkÞγμτavs2ðP−kÞ:

ðC7Þ

APPENDIX D: SPIN-DEPENDENT WAVE
FUNCTIONS ON THE LIGHT FRONT

The spin-dependent wave functions denote the spin
states in the creation of a quark-antiquark pair. The wave
functions for each channels are as follows:
scalar:

ūs1ðkÞvs2ðP − kÞ ¼ 1ffiffiffiffiffi
xx̄

p χ†s1 ½Mðx̄ − xÞσz − k⊥ · σ⊥�ηs2 ;

ðD1Þ

pseudoscalar:

ūs1ðkÞiγ5vs2ðP − kÞ ¼ iffiffiffiffiffi
xx̄

p χ†s1 ½M − k⊥ · σ⊥σz�ηs2 ; ðD2Þ

vector:
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ϵμþðPÞūs1ðkÞγμvs2ðP − kÞ ¼ −
1ffiffiffiffiffi
xx̄

p χ†s1

� ffiffiffi
2

p
Mσþ þ

�
x̄
1þ σzffiffiffi

2
p þ x

1 − σzffiffiffi
2

p
�
kR

�
ηs2 ; ðD3Þ

ϵμ−ðPÞūs1ðkÞγμvs2ðP − kÞ ¼ −
1ffiffiffiffiffi
xx̄

p χ†s1

� ffiffiffi
2

p
Mσ− −

�
x̄
1 − σzffiffiffi

2
p þ x

1þ σzffiffiffi
2

p
�
kL

�
ηs2 ; ðD4Þ

ϵμ0ðPÞūs1ðkÞγμvs2ðP − kÞ ¼ −
mX

2Pþ

�
1þ k2⊥ þM2

xx̄m2
X

�
1ffiffiffiffiffi
xx̄

p χ†s12xx̄P
þσzηs2 ; ðD5Þ

where σ� ¼ ðσx � iσyÞ=2 and kL;R ¼ k1 � ik2.

APPENDIX E: ERBL EVOLUTION

At the leading twist, we have three types of distribution amplitudes defined by vector, axial vector, and tensor currents. In
this work, the pion axial DA, vector DA of ω and ρ, and their tensor DAs are discussed. Without loss of generality, we only
display the isovector states for the ERBL evolution:

h0jψ̄ð0Þγþγ5 τaffiffiffi
2

p Wð0; ξ−Þψðξ−ÞjπðPÞi ¼ ifπPþ
Z

1

0

dxe−ixP
þξ−ϕA

π ðxÞ; ðE1Þ

h0jψ̄ð0Þγþ τaffiffiffi
2

p Wð0; ξ−Þψðξ−Þjρðλ; PÞi ¼ fρmρϵ
þ
λ ðPÞ

Z
1

0

dxe−ixP
þξ−ϕV

ρ ðxÞ; ðE2Þ

h0jψ̄ð0Þiγþγi⊥
τaffiffiffi
2

p Wð0; ξ−Þψðξ−Þjρðλ; PÞi ¼ −ifTρPþϵiλðPÞ
Z

1

0

dxe−ixP
þξ−ϕT

ρ ðxÞ: ðE3Þ

The DAs can be expanded in terms of Gegenbauer
polynomials C3=2

n ðx − x̄Þ. This expansion is around the
asymptotic form 6xð1 − xÞ ¼ 6xx̄ predicted by perturbative
QCD in the Bjorken limit,

ϕA;V;Tðx; μÞ ¼ 6xx̄
X∞
n¼0

C3=2
n ðx − x̄ÞaA;V;Tn ðμÞ: ðE4Þ

Due to the orthogonality of the Gegenbauer polynomials,
the coefficient can be obtained by

aA;V;Tn ðμÞ ¼ 2ð2nþ 3Þ
3ðnþ 1Þðnþ 2Þ

Z
1

0

dyC3=2
n ðy− ȳÞϕA;V;Tðy;μÞ:

ðE5Þ

Using the Gegenbauer polynomial basis Cm
n ðzÞ, we can

convert the integrodifferential equation of the evolution into
an infinite set of differential equation in terms of an,

μ
d
dμ

aA;V;Tn ðμÞ ¼ −
αsðμÞ
2π

γA;V;Tn aA;V;Tn ðμÞ: ðE6Þ

Now the hard evolution can be readily solved in terms of
the Gegenbauer coefficients an,

aA;V;Tn ðQÞ ¼ aA;V;Tn ðQ0Þ
�
αsðQÞ
αsðQ0Þ

�γA;V;Tn
β0 ðE7Þ

with the anomalous dimension [59,73]

γAn ¼ CF

�
−3þ 4

Xnþ1

j¼1

1

j
−

2

ðnþ 1Þðnþ 2Þ
�
; ðE8Þ

γVn ¼ CF

�
−3þ 4

Xnþ1

j¼1

1

j
−

2

ðnþ 1Þðnþ 2Þ
�
; ðE9Þ

γTn ¼ CF

�
−4þ 4

Xnþ1

j¼1

1

j

�
; ðE10Þ

where CF ¼ N2
c−1
2Nc

,

αsðQÞ ¼ 4π

β0 lnð Q2

Λ2
QCD

Þ
;

β0 ¼
11

3
Nc −

2

3
nf;

and ΛQCD ¼ 226 MeV.
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