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We use the linear sigma model with quarks to study the magnetic-field-induced modifications on the
longitudinal screening mass for the neutral pion at one-loop level. The effects of the magnetic field are
introduced into the self-energy, which contains the contributions from all the model particles. We find that,
to obtain a reasonable description for the behavior with the field strength, we need to account for the
magnetic field dependence of the particle masses. We also find that the couplings need to decrease fast
enough with the field strength to then reach constant and smaller values as compared to their vacuum ones.
The results illustrate the need to treat the magnetic corrections to the particle masses and couplings in a self-
consistent manner, accounting for the backreaction of the field effects for the magnetic field dependence of
the rest of the particle species and couplings in the model.
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I. INTRODUCTION

In recent years, it has become clear that electromagnetic
fields provide a powerful probe to explore the properties of
the QCD vacuum. When the energy associated with the
field strength is larger than ΛQCD, the field can prove the
hadron structure and help reveal the dynamics associated
with confinement and chiral symmetry breaking. For
example, at zero temperature, magnetic fields catalyze
the breaking of chiral symmetry, producing a stronger light
quark-antiquark condensate [1]. However, for nonvanish-
ing temperature, magnetic fields inhibit the condensate
formation and reduce the critical temperature for chiral
symmetry restoration, giving rise to inverse magnetic

catalysis (IMC) [2–15]. This property has motivated an
intense activity aimed to search for the influence of
magnetic fields on hadron dynamics [16–67]. Since the
dynamics of chiral symmetry breaking is dominated by
pions, the lightest of all quark-antiquark bound states, it
then becomes important to explore how the pion mass is
affected by the presence of magnetic fields.
Recall that, for a Lorentz-invariant system, the mass

corresponds to the rest energy of a given particle, which can
then be obtained from the pole of the propagator when the
particle three-momentum q⃗ is taken to zero. This is dubbed
the “pole mass.” Notice that if, instead, the zeroth compo-
nent of the particle four-momentum q0 is taken first to zero,
we obtain the “screening mass.” The screening mass
squared can be identified as the negative of the particle
magnitude of its three-momentum squared. In a system
where Lorentz symmetry is unbroken, the pole and screen-
ing masses coincide. However, when Lorentz symmetry is
broken, as is, for example, the case of a system at finite
temperature, the above described limiting procedures do
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not yield the same values. Explicitly, if fðq0; jq⃗j;TÞ
represents the thermal medium response function that
contributes to the particle dispersion relation, the limits
fðq0; 0;TÞ and fð0; jq⃗j;TÞ do not commute. Pole and
screening masses do not coincide. The name screening
mass stems from the analysis in linear response theory
when studying the influence of static external fields on a
thermal medium. Because of the static nature of the
external field, its screening within the medium is controlled
by the system’s response function in the limit fð0; jq⃗j;TÞ.
The inverse of the screening mass corresponds to the
screening or Debye length.
When the system is immersed in a magnetic field, the

breaking of Lorentz symmetry happens in the spatial
directions, giving rise to distinct dispersion properties for
particles moving in the transverse or the longitudinal
directions with respect to the field orientation. Thus, in
addition to studying the magnetic-field-induced modifica-
tions of the pole mass, one can also study the corresponding
longitudinal and transverse screening masses. At T ¼ 0 the
longitudinal screening mass is equal to the pole mass. This
degeneracy is lifted when T ≠ 0. Although most
of the studies have concentrated in the magnetic properties
of the pion pole mass [68–80], more recently, an interesting
relation between the magnetic behavior of screening
masses and condensates, and thus between IMC and
screening masses, has been obtained in Ref. [77].
Motivated by this finding, the authors of Ref. [81] used
a lattice QCD (LQCD) setup to assess the importance of the
“sea” versus the “valence” quarks’ contribution for the
temperature and magnetic dependence of the pion screen-
ing mass. For the lowest temperature studied, the screening
mass seems to behave as a monotonically decreasing
function of the field strength, up to jeBj ∼ 2.5 GeV2.
Unfortunately, no attempt to distinguish between longi-
tudinal and transverse screening masses was made. The
transverse and longitudinal pion masses at finite temper-
ature and magnetic field strength were also studied in
Ref. [82] using a two-flavor Nambu–Jona-Lasinio (NJL)
model in the random phase approximation. The authors
focused on addressing possible mishaps of previous cal-
culations [83,84]. Their results indicate opposite behaviors
for the transverse and longitudinal screening masses as
functions of the magnetic field strength for T ¼ 0; whereas
the former decreases, the latter slightly increases.
Since it is important to check that in a magnetic back-

ground the pole and the longitudinal screening mass are
equal when calculated within the framework of a given
effective model at T ¼ 0, in this work we use the linear
sigma model with quarks (LSMq) to study the pion
longitudinal screening mass as a function of a magnetic
field of arbitrary strength for vanishing temperature. We
argue that to extract a reliable behavior of this mass
as a function of the field strength, the magnetic field

dependence of the couplings, as well as of the quark, pion,
and σ pole masses, need to be accounted for and that, in this
sense, the complete solution of the particle mass depend-
ence on the magnetic field needs to be treated self-
consistently within a given model. We find that a rapid
decrease of the model couplings with the field strength is
needed for the longitudinal screening mass to follow the
LQCD profile as a function of the magnetic field. This
procedure is consistent with previous calculations of the
magnetic field dependence of the pion pole mass within the
same model, where it was also found that a rapid reduction
of the couplings with the field strength is needed to describe
the magnetic field behavior of the pion pole mass [70,71].
Since the LSMq provides a general framework to study
quark-meson systems under the influence of magnetic
fields, the setup can also be extended to address the
properties of the directional sound velocities, a subject
that is studied in Ref. [81], or the connection between
screening masses and inverse magnetic catalysis, a subject
that is emphasized in Ref. [82]. These studies require, as a
previous step, the implementation of an adequate formu-
lation of the magnetic field effects at zero temperature, the
subject that we explore in the present work. The work is
organized as follows: In Sec. II, we introduce the linear
sigma model with quarks. In Sec. III, we make a quick
survey of the way magnetic field effects are introduced into
the propagators of charged bosons and fermions, which we
hereby describe in terms of the Schwinger proper time
formalism. In Sec. IV, we compute the Feynman diagrams
that contribute to the neutral pion self-energy. In Sec. V,
we compute the magnetic corrections to the neutral pion
screening masses, showing that the behavior strongly
depends on the magnetic field dependence of masses
and couplings. We finally summarize and conclude in
Sec. VI. We reserve for the Appendix the explicit calcu-
lation details of the one-loop magnetic filed corrections to
the neutral pion self-energy.

II. LINEAR SIGMA MODEL WITH QUARKS

The LSMq is an effective model that describes the low-
energy regime of QCD, incorporating the spontaneous
breaking of chiral symmetry. The Lagrangian for the
LSMq can be written as

L ¼ 1

2
ð∂μσÞ2 þ

1

2
ð∂μπ⃗Þ2 þ

a2

2
ðσ2 þ π⃗2Þ − λ

4
ðσ2 þ π⃗2Þ2

þ iψ̄γμ∂μψ − igγ5ψ̄ τ⃗ ·π⃗ψ − gψ̄ψσ: ð1Þ

Pions are described by an isospin triplet, π⃗ ¼ ðπ1; π2; π3Þ.
Two species of quarks are represented by an SUð2Þ isospin
doublet ψ . The σ scalar is included by means of an isospin
singlet. Also, λ is the boson self-coupling and g is the
fermion-boson coupling. a2 > 0 is the mass parameter.
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To allow for spontaneous symmetry breaking, we let the
σ field develop a vacuum expectation value v,

L ¼ 1

2
∂μσ∂

μσ þ 1

2
∂μπ0∂

μπ0 þ ∂μπ−∂
μπþ

−
1

2
m2

σσ
2 −

1

2
m2

0π
2
0 −m2

0π−πþ þ iψ̄=∂ψ

−mfψ̄ψ þ a2

2
v2 −

λ

4
v4 þ Lint; ð2Þ

where the charged pion fields can be expressed as

π� ¼ 1ffiffiffi
2

p ðπ1 � iπ2Þ; ð3Þ

and the interaction Lagrangian is defined as

Lint ¼ −
λ

4
σ4 − λvσ3 − λv3σ − λσ2π−πþ − 2λvσπ−πþ

−
λ

2
σ2π20 − λvσπ20 − λπ2−π

2þ − λπ−πþπ20 −
λ

4
π40

þ a2vσ − gψ̄ψσ − igγ5ψ̄ðτþπþ þ τ−π− þ τ3π0Þψ :
ð4Þ

In order to include a finite vacuum pion mass m0, one adds
an explicit symmetry breaking term in the Lagrangian of
Eq. (2) such that

L → L0 ¼ Lþ hv: ð5Þ

As can be seen from Eqs. (2) and (4), there are new terms
that depend on v and all fields develop dynamical masses,

m2
σ ¼ 3λv2 − a2;

m2
0 ¼ λv2 − a2;

mf ¼ gv: ð6Þ

Using Eqs. (2) and (5), the tree-level potential is given by

V treeðvÞ ¼ −
a2

2
v2 þ λ

4
v4 − hv: ð7Þ

This potential develops a minimum, called the vacuum
expectation value of the σ field, namely,

v0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þm2

0

λ

r
: ð8Þ

Therefore, the masses evaluated at v0 are

mfðv0Þ ¼ g

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þm2

0

λ

r
;

m2
σðv0Þ ¼ 2a2 þ 3m2

0;

m2
0ðv0Þ ¼ m2

0: ð9Þ

Finally, an external magnetic field, uniform in space and
constant in time, can be included in the model introducing a
covariant derivative in the Lagrangian density, Eq. (2),
namely,

∂μ → Dμ ¼ ∂μ þ ieAμ; ð10Þ

where Aμ is the vector potential corresponding to an
external magnetic field directed along the ẑ axis coupled
to a particle with charge e. In the symmetric gauge, this is
given by

AμðxÞ ¼ 1

2
xνFνμ ð11Þ

and couples only to the charged pions and to the quarks.
Notice that, in order to consider the propagation of

charged particles, one can resort to introducing Schwinger
propagators, which can be expressed either in terms of their
proper time representation or as a sum over Landau levels.
For completeness of the presentation, we now proceed to
briefly discuss the properties of these propagators.

III. MAGNETIC FIELD-DEPENDENT BOSON AND
FERMION PROPAGATORS

To consider the propagation of charged particles within
a magnetized background, we use Schwinger’s proper
time representation. The fermion propagator can be written
as [85]

Sfðx; x0Þ ¼ eiΦfðx;x0ÞSfðx − x0Þ; ð12Þ

where Φfðx; x0Þ is the Schwinger phase given by

Φfðx; x0Þ ¼ qf

Z
x0

x
dξμ

�
AμðξÞ þ 1

2
Fμνðξ − x0Þν

�
; ð13Þ

and qf is the charge of a quark with flavor f. Φfðx; x0Þ
corresponds to the translationally noninvariant and
gauge-dependent part of the propagator. On the other hand,
Sfðx − x0Þ is translationally and gauge invariant and can be
expressed in terms of its Fourier transform as

Sfðx − x0Þ ¼
Z

d4p
ð2πÞ4 SfðpÞe

−ip·ðx−x0Þ; ð14Þ

where
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iSfðpÞ ¼
Z

∞

0

ds
cosðjqfBjsÞ

e
is
�
p2
k−p

2⊥
tanðjqfBjsÞ
jqfBjs −m2

fþiϵ
�

×

��
cosðjqfBjsÞ þ γ1γ2 sinðjqfBjsÞsignðqfBÞ

�
×
�
mf þ =pk

�
−

=p⊥
cosðjqfBjsÞ

�
; ð15Þ

with mf as the quark mass. In a similar fashion, for a
charged scalar field we have

Dðx; x0Þ ¼ eiΦbðx;x0ÞDðx − x0Þ;

Dðx − x0Þ ¼
Z

d4p
ð2πÞ4DðpÞe−ip·ðx−x0Þ; ð16Þ

with

iDðpÞ ¼
Z

∞

0

ds
cosðjqbBjsÞ

eis
�
p2
k−p

2⊥
tanðjqbBjsÞ
jqbBjs −m2

bþiϵ
�
; ð17Þ

where mb and qb are the boson mass and charge, respec-
tively. The ϵ appearing in Eqs. (15) and (17) is the
infinitesimal positive parameter that enforces Feynman
boundary conditions and thus causality. Notice that, in
the B → 0 limit, one recovers the usual Feynman fermion
and scalar propagators.
We now use these ingredients to compute the elements

necessary to obtain the magnetic modification of the neutral
pion mass.

IV. ONE-LOOP MAGNETIC CORRECTIONS

To compute the magnetic-field-induced modification to
the neutral pion screening mass, the starting point is the
equation defining its dispersion relation in the presence of
the magnetic field, namely,

q20 − jq⃗j2 −m2
0ðBÞ − Re½ΠB� ¼ 0; ð18Þ

whereΠB is the magnetic-field-dependent neutral pion self-
energy that depends on the model couplings and masses.
Notice that, for the calculation of themagnetic-field-induced
modifications to the mass, only the real part of ΠB contrib-
utes. On the other hand, the imaginary part would contribute
to the magnetic-field-induced pion damping rate. The
properties of this damping rate can also offer insights into
the possible opening of magnetic field driven channels for
particle process; however, for the purposes of the present
work, we hereby concentrate exclusively on the magnetic-
field-induced modifications of the (longitudinal screening)
mass that are encoded in the real part of the self-energy.
The computation requires knowledge of each of the

above-mentioned elements as functions of the field
strength. To obtain the screening mass, we need to set
q0 ¼ 0 in Eq. (18) and find positive solutions for the

parameter m2
sc ¼ −jq⃗j2. In the presence of a constant

magnetic field, we have two kinds of solutions for m2
sc:

the longitudinal screening mass denoted by msc;k, which is
defined for the limit where q⃗⊥ ¼ 0, and the transverse
screening mass, denoted by msc;⊥, which is defined for the
limit where q3 ¼ 0. Since we have chosen the direction of
the magnetic field to point along the z axis, m2

sc;k ¼ −q23,
whereas m2

sc;⊥ ¼ −j q⊥�!j2. In what follows, we concentrate
on the calculation of the longitudinal screening mass. We
leave for a future work the computation of the transverse
screening mass.
We first compute the neutral pion self-energy,

ΠB ¼
X
f

�
ΠB

ff
ðqÞ þ ΠB

f

	
þ ΠB

π� þ Ππ0 þ Πσ: ð19Þ

The terms on the right-hand side of Eq. (19) are represented
by the Feynman diagrams depicted in Figs. 1–4, which
contribute to the self-energy at one loop. The subindices
represent the kind of particles in the loop and correspond to
the quark-antiquark loop ΠB

ff̄
depicted in Fig. 1, the quark

tadpole ΠB
f depicted in Fig. 2, the charged boson tadpoles

ΠB
π� depicted in Figs. 3 and 4, and the neutral boson

tadpoles Ππ0 ;Πσ . Notice that the diagrams with neutral
bosons in the loop contribute only to vacuum renormaliza-
tion and not to the magnetic properties of the system. To see
this, recall that these fields contribute with terms repre-
sented by the regularized integrals that are computed using
bare couplings and masses. When the propagator does not

FIG. 1. Feynman diagram corresponding to the one-loop
contribution from the fermion antifermion loop to the neutral
pion self-energy in the LSMq.

FIG. 2. Feynman diagram corresponding to the tadpole con-
tribution from the fermion loop and a σ to the neutral pion self-
energy in the LSMq.
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include magnetic field effects, the result of the regularized
integral can be canceled by the introduction of suitable
counterterms. The upshot is that, when a given diagram is
computed without field effects in the propagator, it does not
contribute to the magnetic field modifications of particle
properties. Therefore, hereafter we do not consider the
effect of these diagrams for the description of the magnetic
modifications of the pion self-energy.
Since the contribution from the quark-antiquark loop is

the only one that depends on the pion momentum, we first
concentrate on the contribution from this diagram, for a
single quark species. This is given explicitly by

−iΠB
ff̄
ðqÞ ¼ −g2

Z
d4k
ð2πÞ4 Tr



γ5iSfðkÞγ5iSfðkþ qÞ�: ð20Þ

Notice that, since both particles flow with the same
charge around the loop, the Schwinger phase vanishes.
According to the explicit computation in the Appendix,
the fermion contribution to the pion self-energy is
given by

ΠB
ff̄
ðqÞ ¼ −4g2

jqfBj
ð4πÞ2

Z
1

0

dv
Z

∞

0

du exp

�
−i

q2⊥
jqfBj

sinðjqfBjuð1 − vÞÞ sinðjqfBjuvÞ
sinðjqfBjuÞ

�

× e−iq
2
3
uvð1−vÞeiq20uvð1−vÞe−ium

2
f e−uϵ

�
m2

f

tanðjqfBjuÞ
þ jqfBj
sin2ðjqfBjuÞ

×



−q2⊥
jqfBj

sinðjqfBjuð1 − vÞÞ sinðjqfBjuvÞ
sinðjqfBjuÞ

− i

�
þ 1

u tanðjqfBjuÞ


1

i
− uvð1 − vÞðq23 − q20Þ

��
; ð21Þ

where we have defined the variables

s ¼ uð1 − vÞ;
s0 ¼ uv: ð22Þ

To isolate the magnetic contribution in the pion self-energy, we need to work with the function Fðq20; q23; q2⊥; jqfBj; mfÞ
defined as

Fðq20; q23; q2⊥; jqfBj; mfÞ ¼ ΠB
ff̄

− lim
qfB→0

ΠB
ff̄
; ð23Þ

explicitly given by

Fðq20;q23;q2⊥;jqfBj;mfÞ¼−4g2
jqfBj
ð4πÞ2

Z
1

0

dv
Z

∞

0

due−uϵ

×

�
e−iX

�
m2

f

tanðjqfBjuÞ
−
q2⊥ sinðjqfBjuð1−vÞÞsinðjqfBjuvÞ

sin3ðjqfBjuÞ
−
vð1−vÞðq23−q20Þ

tanðjqfBjuÞ

− i


 jqfBj
sin2ðjqfBjuÞ

þ 1

utanðjqfBjuÞ
��

−e−iX0

�ðm2
f−vð1−vÞðq23þq2⊥Þþvð1−vÞq20Þu−2i

jqfBju2
��

;

ð24Þ

FIG. 3. Feynman diagram corresponding to the one-loop
contribution from charged pions to the neutral pion self-energy
in the LSMq.

FIG. 4. Feynman diagram corresponding to the tadpole con-
tribution from charged pions and a σ to the neutral pion self-
energy in the LSMq.
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where X and X0 are defined as

X ¼ q2⊥
jqfBj

sinðjqfBjuð1 − vÞÞ sinðjqfBjuvÞ
sinðjqfBjuÞ

þ q33uvð1 − vÞ − q20uvð1 − vÞ þm2
fu;

X0 ¼ uvð1 − vÞðq2⊥ þ q23Þ − q20uvð1 − vÞ þm2
fu: ð25Þ

Hereafter, we concentrate on the computation of the longitudinal screening mass. For this purpose, we set q2⊥ ¼ q20 ¼ 0 in
the function Fðq20; q23; q2⊥; jqfBj; mfÞ of Eq. (24), to obtain

Fð0; q23; 0; jqfBj; mfÞ ¼ −4g2
jqfBj
ð4πÞ2

Z
1

0

dv
Z

∞

0

due−uϵ
�
e−iX

�
m2

f − vð1 − vÞq23
tanðjqfBjuÞ

− i


 jqfBj
sin2ðjqfBjuÞ

þ 1

u tanðjqfBjuÞ
��

− e−iX0

�
m2

f − vð1 − vÞq23
jqfBju

−
2i

jqfBju2
��

: ð26Þ

In this case, X and X0 reduce to the same expression, which is explicitly given by

X ¼ X0 ¼ uvð1 − vÞq23 þ um2
f ≡ ua; ð27Þ

with

a≡m2
f þ vð1 − vÞq23: ð28Þ

The real part of the u integral in Eq. (26), which is needed to compute the screening mass, can be performed analytically (see
the Appendix), with the result

Re½Fð0; q23;0; jqfBj;mfÞ� ¼ −
4g2

ð4πÞ2
Z

1

0

dv

�
−2vð1− vÞq23



A1 þA2

�

þ jqfBj
�

ϵπ

2jqfBj
− ln


 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 cosh



ϵπ

jqfBj
�
− 2 cos



aπ

jqfBj
�s ��

−
jqfBj
π

�
Re



Li2
�
e
−ðiaþϵÞ π

jqfBj
	��

þ jqfBj ln



a
jqfBj

�
− a ln



a

2jqfBj
�
þ a− jqfBj lnð4πÞ þ 2jqfBj lnΓ



a

2jqfBj
��

; ð29Þ

where A1 and A2 are given by

A1 ¼

2
64π
2

sin
�

aπ
jqfBj
	

cosh
�

ϵπ
jqfBj
	
− cos

�
aπ

jqfBj
	 − tan−1

 
e

ϵπ
jqfBj sin

�
aπ

jqfBj
	

1 − e
ϵπ

jqfBj cos
�

aπ
jqfBj
	
!375;

A2 ¼ −
jqfBj
a

þ ln



a

2jqfBj
�
− ψ ð0Þ



a

2jqfBj
�
: ð30Þ

Notice that the limits qfB → 0 and ϵ → 0 do not commute.
Therefore, to check that Eq. (29) goes to zero when qfB
vanishes, the ϵ dependence has to be maintained. For finite
and arbitrary values of qfB, the integration over v needs to
be numerically performed for finite values of ϵ. We have
checked that the value of the integral converges after having
performed the v integration when we then take smaller
values of ϵ so as to implement the limit ϵ → 0. Notice that,
to compute the magnetic modification of the screening

mass, only the real part of the self-energy is required.
However, the imaginary part of the self-energy is also an
interesting and useful quantity that could be computed in
the presence of a magnetic field, since this is directly linked
to the magnetic field activation of decay channels that are
otherwise not present in the absence of magnetic fields. For
example, if as a consequence of field effects, a meson mass
becomes larger than twice the quark mass, the meson decay
into a quark-antiquark pair can be opened and this is
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signaled by a nonvanishing imaginary part of the meson
self-energy. In the present work, no such channel is opened
since the pion mass decreases and always remains smaller
than twice the quark mass as a function of the field strength
and, consequently, the magnetic-field-dependent imaginary
part of the pion self-energy vanishes, as expected. This may
not be the case were we to consider the σ meson or when
the combined thermomagnetic effects on meson masses are
considered.
We now proceed to compute the charged boson loop

contribution to the neutral pion self-energy. This includes
the two tadpole diagrams shown in Figs. 3 and 4 and can be
written as

ΠB
π� ¼ 8λ

4



1 −

λf2π
m2

σ

�
ΠB

b ; ð31Þ

where ΠB
b is the contribution to the neutral pion self-energy

coming from Fig. 3, which is calculated by

−iΠB
b ¼

Z
d4k
ð2πÞ4Dπ�ðkÞ: ð32Þ

Notice that, since the initial and final loop space-time points
in the tadpole Feynman diagram coincide, the Schwinger
phase also vanishes. Substituting Eq. (17) into Eq. (32) and
integrating over the momentum and s variables, we obtain,
after subtracting the B ¼ 0 contribution,

ΠB
π� ¼ m2

b

16π2

�
ln



m2

b

2jqbBj
�
− 1

�
þ jqbBj

16π2
lnð2πÞ

−
jqbBj
8π2

ln

�
Γ


1

2
þ m2

b

2jqbBj
��

: ð33Þ

Notice that, since Eq. (33) does not depend on the external
momentum, it represents a purely real contribution. There-
fore, the explicit expression for ΠB

π� in Eq. (31) is given by

ΠB
π� ¼

8λ

4



1−

λf2π
m2

σ

��
m2

b

16π2

�
ln



m2

b

2jqbBj
�
−1

�

þjqbBj
16π2

lnð2πÞ− jqbBj
8π2

ln

�
Γ


1

2
þ m2

b

2jqbBj
���

: ð34Þ

Finally, for the contribution of the quark tadpoleΠB
f shown in

Fig. 2, we have

−iΠB
f ¼ 2λvg

Z
d4k
ð2πÞ4 Tr½iSðpÞ�: ð35Þ

Substituting Eq. (15) into Eq. (35), then performing a Wick
rotation to Euclidian space and finally integrating over the
momentum variables, we obtain, after subtracting the B ¼ 0
contribution,

ΠB
f ¼ λgmffπ

8π2m2
σ

Z
∞

0

ds
e−sm

2
f

s2

� jqfBj
tanhðjqfBjsÞ

− 1

�
: ð36Þ

Notice that Eq. (36) corresponds also to a purely real
contribution.

V. MAGNETIC MODIFICATION TO THE
NEUTRAL PION MASS

With all these elements at hand, we can now find the
magnetic-field-dependent longitudinal screening mass for
the neutral pion from the dispersion relation (18) by setting
q2⊥ ¼ q20 ¼ 0. Since we are pursuing the purely magnetic
field effects, we also subtract the B ¼ 0 contribution, which
amounts to subtracting the vacuum contribution, namely,

−q23 ¼ m2
0ðBÞ þ ReFðq20 ¼ 0; q33; q

2⊥ ¼ 0; jqfBjÞ; ð37Þ

where F is defined in correspondence with Eq. (23) and
accounting for all relevant diagrams, that is,

Fðq20; q23; q2⊥; jqfBjÞ ¼ ΠB − lim
qfB→0

ΠB: ð38Þ

The longitudinal screening mass is obtained finding sol-
utions for m2

sc;k ≡ −q23, for different values of the field

strength. In anticipation of the results, we point out that, in
order to make a reasonable description of the behavior of
the screening mass with the field strength, we need to
account for the magnetic field dependence of the different
particles involved in the self-energy, as well as of the
couplings. In this sense, the full-fledged description of the
problem therefore requires a self-consistent treatment,
whereby all self-energies of the particles subject to the
influence of the magnetic field depend on each other
through the field dependence of their masses. However,
for our purposes, here we set the problem in a simpler
manner. We borrow results for the magnetic field depend-
ence of the pion, σ, and quark pole masses, which are inputs
to compute the magnetic corrections to the neutral pion
screening mass. We have taken as input the pole pion mass
m0ðBÞ, the quark mass mfðBÞ, and the σ mass mσðBÞ as
functions of the magnetic field from Ref. [72]. Figure 5
shows the magnetic field dependence of the input masses.
To have a direct comparison with LQCD results of
Ref. [81], hereby we use a vacuum value of m0ðB ¼ 0Þ ¼
220 MeV for the pion mass, mfðB ¼ 0Þ ¼ 252 MeV for
the quark mass, and mσðB ¼ 0Þ ¼ 550 MeV for the σ
mass. In principle, the magnetic mass dependence we use is
rigorously valid for eB ≤ 0.4 GeV2, which is the upper
limit for the cutoff for the NJL calculation of Ref. [72].
Hence, the mass values for large magnetic fields should be
considered as extrapolations, as they provide only a
qualitative behavior in this limit. As we show, the magnetic
dependence of these masses turns out to be a key ingredient
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that allows a good description of the behavior of the
longitudinal screening mass found by LQCD and for
NJL model-based calculations [81,82].
Before proceeding to the analysis of the screening mass,

we first test whether the model can be used to describe the
LQCDaverage condensate as a function of the field strength.
Figure 6 shows this quantity taken from Ref. [86] compared
to our model calculation, using the same magnetic
field dependence of the quark mass that we use as input
to compute the neutral pion screening mass. The model
calculation provides a reasonable description of the LQCD
data.
As discussed in Sec. IV, the neutral pion self-energy is

described by the two couplings g and λ; the former enters in
the calculation of the fermion contribution to the self-
energy, depicted in Fig. 1, whereas the latter enters in the
contribution of the tadpole diagrams of Figs. 3 and 4. Also,
a combination of both couplings enters in the computation
of the tadpole diagram in Fig. 2. In vacuum, these

parameters have to obey the following constraints imposed
by the model and that are derived from Eq. (6):

g ¼ mf=fπ;

λ ¼ m2
σ −m2

0

2f2π
; ð39Þ

where, in account of the partially conserved axial current
statement, we identify the vacuum expectation value v0
with fπ , the pion decay constant. Substituting the values of
the masses in Eq. (39), we obtain g ∼ 2.75 and λ ∼ 15.
We now use the aforementioned parameters in Eq. (37)

to find the screening mass for the neutral pion. The results
are shown in Fig. 7 as the ratio msc;k=m0. Hereafter, for the
calculations, we sum over the two light quark flavor
charges taking jquj ¼ 2=3 and jqdj ¼ 1=3. Notice that,
with this choice, the behavior of the screening mass does
not resemble the findings of LQCD, nor those of NJL.
Furthermore, the solutions to the dispersion relation equa-
tion cease to exists for an intermediate value of the field
strength.
Motivated by the results of Ref. [72], which point out to a

fast decrease of the NJL coupling as a function of the
magnetic field, we first study the consequences of using a
lower value of the g coupling to explore the effects for the
msc;k=m0 ratio. The results are shown in Fig. 8. Notice that
the effect of decreasing g is to increase the range of
solutions for msc;k as a function of qfB, producing results
closer to those of the NJL and LQCD ones. We find that the
choice g ¼ 0.33, which corresponds to the solid line plot in
Fig. 8, already provides a good description of the NJL and
LQCD findings. Finally, we add the contribution from the
tadpoles shown in Figs. 2 and 4. Here, we naturally
choose the best parameter already determined for g, that

FIG. 6. Average normalized condensate computed from the
model compared to the results from Ref. [86].

FIG. 5. Masses of the quark (blue line), pion (orange line), and
σ (green line) as a function of the magnetic field following
Ref. [72].

FIG. 7. Neutral pion longitudinal screening mass as a function
of the magnetic field strength normalized to the pion pole mass
for B ¼ 0 computed using g ¼ 2.75. Solutions to the dispersion
relation cease to exist beyond qfB ∼ 0.2 GeV2.
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is, g ¼ 0.33 from Fig. 8, and use it as a starting point to then
add the tadpole contributions. The results are shown in
Fig. 9 for the choice of parameters g ¼ 0.33 and λ ¼ 2.5.
Here, we compare our findings with the results for the
screening masses reported in Ref. [82] for the NJL model
and also with the LQCD results in Ref. [81] for
T ¼ 17 MeV. Notice that the NJL results are reported
for T ¼ 0, just as ours, however, the results from LQCD are
calculated for finite temperature. We thus compare with the

smallest temperature reported, which corresponds to
T ¼ 17 MeV. The results are consistent with the findings
in Refs. [70,71] for the magnetic field dependence of the
pole pion mass in the large field limit. We emphasize that a
good description for the LQCD and NJL results for the
neutral pion parallel screening mass can be achieved only
when the couplings are taken to be about one order of
magnitude smaller than their vacuum values. We have
refrained from parametrizing the magnetic field depend-
ence of these couplings, but instead highlight that their
decrease happens soon after the magnetic field starts
growing from zero.

VI. SUMMARY AND CONCLUSIONS

In this work we studied the magnetic-field-induced
modifications on the longitudinal screening mass of the
neutral pion at one-loop level using the LSMq. The effects
of the magnetic field are introduced in the neutral pion self-
energy, which is made out of several terms stemming from
the contribution from the σ as well as from the charged
particles of the model to the loop corrections. We found
that, in order to obtain a reasonable description for the
behavior of the longitudinal screening mass with the field
strength, the magnetic field dependence of the particle
masses, as well as of the couplings, needs to be taken into
account. Moreover, for the calculation to reproduce the
corresponding results from LQCD and NJL, the couplings
g and λ need to decrease fast enough (within a magnetic
field interval ≃0.1 GeV2 from B ¼ 0) to then reach
constant and small values with the field strength. This
result is in agreement with the findings of Refs. [70,71].
The results illustrate the need to account for the back-
reaction of the magnetic field dependence of the rest of the
particle species in the model. This could be achieved by a
complete self-consistent treatment of the problem.
However, this represents a highly involved procedure,
requiring the simultaneous solution, at a given perturbative
order, first of the set of coupled equations that govern the
behavior of the pole masses, together with the couplings, to
then use these as inputs for the coupled set of equations that
yield the screening masses. Although this procedure can be
implemented, in principle, in this work we have taken the
more modest approach that makes use of the magnetic field
behavior of the particle masses found in Ref. [69]. In this
sense, we believe that this work provides further evidence
of the need to consider mutually dependent magnetic-field-
dependent masses and couplings in effective model calcu-
lations to achieve better insight into the properties of
strongly interacting systems subject to the effects of
magnetic fields. The results are obtained using a method
to analytically carry out the calculation of the quark-
antiquark contribution to the neutral pion longitudinal
screening mass up to the last integral. The method is valid
for arbitrary field strengths, but cannot be directly applied
to the case of the transverse screening mass, for which the

FIG. 9. Neutral pion longitudinal screening mass as a function
of the magnetic field strength normalized to the pion pole mass
for B ¼ 0, including all the contributions to the self-energy
computed with g ¼ 0.33 and λ ¼ 2.5 compared to the NJL results
from Ref. [82] and to an interpolation of the data for the LQCD
results from Ref. [81] for T ¼ 17 MeV. The green shadow
represents the error in the LQCD calculations from Ref. [81].
For comparison we also show the case where only the fermion-
antifermion loop is considered, computed with g ¼ 0.33.

FIG. 8. Neutral pion longitudinal screening mass as a function
of the magnetic field strength normalized to the pion pole mass
for B ¼ 0: g ¼ 2.75 (dotted), g ¼ 1.5 (dashed), g ¼ 0.75
(dashed-dot), and g ¼ 0.33 (solid). Solutions to the dispersion
relation cease to exist beyond qfB ∼ 0.2, 0.35, 0.55, and
0.8 GeV2, respectively, and the range where solutions exist
increases as the coupling decreases.
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pole contributions need to be handled in a different manner.
We are currently working on this calculation, and the
results, together with thermal effects, will soon be reported
elsewhere.
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APPENDIX: NEUTRAL PION SELF-ENERGY
CALCULATION

Consider the quark-antiquark loop depicted in Fig. 1.
The loop can be made of either quarks u or d. For a quark of
flavor f, its contribution to the neutral pion self-energy is
given by Eq. (20), where we used the fact that the
Schwinger phase vanishes. To proceed with the calculation
of −iΠB

ff̄
ðqÞ, we need to insert the fermion propagator,

whose explicit form is given by Eq. (15). We find that
only five of the traces survive. The surviving terms are
given by

Tr½γ5m2
f cosðjqfBjsÞγ5 cosðjqfBjs0Þ� ¼ 4m2

f cosðjqfBjsÞ cosðjqfBjs0Þ;
Tr½γ5=kk cosðjqfBjsÞγ5ð=kk þ =qkÞ cosðjqfBjs0Þ� ¼ −4 cosðjqfBjsÞ cosðjqfBjs0Þkk · ðkk þ qkÞ;

Tr½γ5mfðγ1γ2Þ sinðjqfBjsÞγ5mfðγ1γ2Þ sinðjqfBjs0Þ� ¼ −4m2
f sinðjqfBjsÞ sinðjqfBjs0Þ;

Tr½γ5=kkðγ1γ2Þ sinðjqfBjsÞγ5ð=kk þ =qkÞðγ1γ2Þ sinðjqfBjs0Þ� ¼ 4 sinðjqfBjsÞ sinðjqfBjs0Þkk · ðkk þ qkÞ;

Tr
�
−

γ5=k⊥
cosðjqfBjsÞ

ð−γ5Þ ð=k⊥ þ =q⊥Þ
cosðjqfBjs0Þ

�
¼ 4k⃗⊥ · ðk⃗⊥ þ q⃗⊥Þ

cosðjqfBjsÞ cosðjqfBjs0Þ
: ðA1Þ

Substituting the values of these traces in the fermion contribution to the neutral pion self-energy, we obtain

−iΠB
ff̄
ðqÞ ¼ −4g2

Z
∞

0

Z
∞

0

dsds0

cosðjqfBjsÞ cosðjqfBjs0Þ
Z

d4k
ð2πÞ4 e

is


k2k−k

2⊥
tanðjqfBjsÞ
jqfBjs −m2

fþiϵ
�

× e
is0


ðkkþqkÞ2−ðk⊥þq⊥Þ2

tanðjqfBjs0Þ
jqfBjs0

−m2
fþiϵ
�

×

�
½cosðjqfBjðsþ s0ÞÞ�½m2

f − kk · ðkk þ qkÞ� þ
k⃗⊥ · ðk⃗⊥ þ q⃗⊥Þ

cosðjqfBjsÞ cosðjqfBjs0Þ
�
: ðA2Þ

We proceed first to integrate over loop momentum com-
ponents perpendicular to the magnetic field. The form of
this integral is given by

I⊥ ¼ e−
b0 q⃗2⊥
2

Z
∞

−∞

d2k⃗⊥
ð2πÞ2 e

−ðak⃗2⊥þb0k⃗⊥·q⃗⊥Þ

×


Aþ Bk⃗⊥ · ðk⃗⊥ þ q⃗⊥Þ

�
; ðA3Þ

where

a ¼ i
jqfBj

ðtanðjqfBjsÞ þ tanðjqfBjs0ÞÞ; ðA4aÞ

b0 ¼ 2i tanðjqfBjs0Þ
jqfBj

; ðA4bÞ

A ¼ cosðjqfBjðsþ s0ÞÞðm2
f − k0ðk0 þ q0Þ þ k3ðk3 þ q3ÞÞ;

ðA4cÞ

B ¼ 1

cosðjqfBjsÞ cosðjqfBjs0Þ
: ðA4dÞ

The integral is trivially performed first by completing the
square in the argument of the exponential and then using
the known expressions for Gaussian integrals
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Z
∞

−∞
dxe−ax

2 ¼
ffiffiffi
π

a

r
; ðA5aÞ

Z
∞

−∞
dxx2e−ax

2 ¼
ffiffiffi
π

a

r
1

2a
: ðA5bÞ

The result for I⊥ is

I⊥ ¼ e−
bb0
4a p⃗

2⊥B
4πa

�
A −

B
a



bb0

4a
p⃗2⊥ − 1

��
; ðA6Þ

where, when completing the square, we found it convenient
to introduce the parameter b defined in terms of Eq. (A4) as

b ¼ 2a − b0 ¼ 2i tanðjqfBjsÞ
jqfBj

: ðA7Þ

We now proceed to the calculation of the longitudinal
momentum integral, whose explicit form is given by

Ik ¼
Z

∞

−∞

dk3
2π

e−isk
2
3e−is

0ðk3þq3Þ2fαþ βk3ðk3 þ q3Þg; ðA8Þ

with

α ¼ 1

i

m2
f − k0ðk0 þ q0Þ

tanðjqfBjðsþ s0ÞÞ þ
jqfBj

sin2ðjqfBjðsþ s0ÞÞ

×



iq⃗2⊥
jqfBj

sinðjqfBjsÞ sinðjqfBjs0Þ
sinðjqfBjðsþ s0ÞÞ − 1

�
; ðA9aÞ

β ¼ 1

i tanðjqfBjðsþ s0ÞÞ : ðA9bÞ

The integral Ik is also found with the help of the Gaussian
integrals in Eq. (A5). The result is

Ik ¼
e−iq

2
3
ð ss0
sþs0Þ

2
ffiffiffi
π

p ðiðsþ s0ÞÞ1=2
�
αþ β

sþ s0



1

2i
−

ss0

sþ s0
q23

��
:

ðA10Þ

Finally, for the integral over the zeroth momentum com-
ponent, we have

I0 ¼
Z

∞

−∞

dk0
2π

eisk
2
0eis

0ðk0þq0Þ2fAþ Bk0ðk0 þ q0Þg; ðA11Þ

where the A and B constants are defined as

A ¼ 1

i

m2
f

tanðjqfBjðsþ s0ÞÞ þ
jqfBj

sin2ðjqfBjðsþ s0ÞÞ



iq⃗2⊥
jqfBj

sinðjqfBjsÞ sinðjqfBjs0Þ
sinðjqfBjðsþ s0ÞÞ − 1

�

þ 1

iðsþ s0Þ tanðjqfBjðsþ s0ÞÞ


1

2i
−

ss0

sþ s0
q23

�
;

B ¼ −
1

i tanðjqfBjðsþ s0ÞÞ : ðA12Þ

Using again the Gaussian integrals in Eq. (A5), the result for I0 is given by

I0 ¼
eiq

2
0
ð ss0
sþs0Þ

2
ffiffiffi
π

p



i
sþ s0

�
1=2
�
Aþ B

sþ s0



i
2
−

ss0

sþ s0
q20

��
: ðA13Þ

Substituting Eqs. (A6), (A10), and (A13) into Eq. (A12), and making the change of variables s ¼ uð1 − vÞ and s0 ¼ uv, we
get Eq. (21) that we hereby reproduce,

ΠB
ff̄
ðqÞ ¼ −4g2

jqfBj
ð4πÞ2

Z
1

0

dv
Z

∞

0

du exp

�
−i

q2⊥
jqfBj

sinðjqfBjuð1 − vÞÞ sinðjqfBjuvÞ
sinðjqfBjuÞ

�
e−iq

2
3
uvð1−vÞeiq20uvð1−vÞe−ium

2
fe−uϵ

×

�
m2

f

tanðjqfBjuÞ
þ jqfBj
sin2ðjqfBjuÞ



−q2⊥
jqfBj

sinðjqfBjuð1 − vÞÞ sinðjqfBjuvÞ
sinðjqfBjuÞ

− i

�

þ 1

u tanðjqfBjuÞ


1

i
− uvð1 − vÞðq23 − q20Þ

��
: ðA14Þ

As discussed in Sec. IV, to isolate the magnetic dependence in ΠB
ff̄
ðqÞ, we need to subtract the self-energy evaluated at

B ¼ 0 from the full pion self-energy. Therefore, we are interested in the function
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Fðq20; q23; q2⊥; jqfBj; mfÞ ¼ ΠB
ff̄

− lim
qfB→0

ΠB
ff̄
: ðA15Þ

Substituting Eq. (A14) into Eq. (A15), we obtain Eq. (24), with X and X0 defined in Eq. (25).
To obtain the longitudinal screening mass, we need to set q20 ¼ q2⊥ ¼ 0 in Eq. (24), thus obtaining Eq. (26) that we show

here explicitly for convenience,

Fð0; q23; 0; jqfBj; mfÞ ¼ −4g2
jqfBj
ð4πÞ2

Z
1

0

dv
Z

∞

0

due−uϵ
�
e−iX

�
m2

f − vð1 − vÞq23
tanðjqfBjuÞ

− i


 jqfBj
sin2ðjqfBjuÞ

þ 1

u tanðjqfBjuÞ
��

− e−iX0

�
m2

f − vð1 − vÞq23
jqfBju

−
2i

jqfBju2
��

: ðA16Þ

Equation (A16) can be conveniently written in the compact
form

Fð0; q23; 0; jqfBj; mfÞ≡ −
4g2

ð4πÞ2F ðq23; jqfBj; mfÞ; ðA17Þ

where

F ðq23; jqfBj; mfÞ

≡ jqfBj
Z

1

0

dv
Z

∞

0

duGðu; v; q23; jqfBj; mfÞ; ðA18Þ

with

Gðu; v; q23; jqfBj; mfÞ≡ ½m2
f − vð1 − vÞq23�e−uϵe−iau

×

�
cotðjqfBjuÞ −

1

jqfBju
�

− ie−uϵe−iau
�
jqfBjcsc2ðjqfBjuÞ

þ cotðjqfBjuÞ
u

−
2

jqfBju2
�

≡G1 − iG2; ðA19Þ

where a has been defined in Eq. (28). Let us first study the
part of the integral in Fð0; q23; 0; jqfBj; mfÞ that comes from
the G1 term, namely,

IG1
¼ −

4g2

ð4πÞ2 jqfBj
Z

1

0

dv
Z

∞

0

due−uϵðm2
f − vð1 − vÞq23Þ

× e−iau


cotðjqfBjuÞ −

1

jqfBju
�
: ðA20Þ

For the moment, let us focus only on the u integral,

I ≡
Z

∞

0

due−uϵe−iau


cotðjqfBjuÞ −

1

jqfBju
�
: ðA21Þ

Since the poles of cotðjqfBjuÞ lie along the real axis, we
should evaluate Eq. (A21) using the principal value
prescription. Also, we promote the integral to the complex
plane using the quarter circle contour shown in Fig. 10.
Thus, we now focus in the contour integral,

IC ¼
I
C
due−uϵe−iau



cotðjqfBjuÞ −

1

jqfBju
�
; ðA22Þ

where C ¼ C1 ∪ C2 ∪ C3, as shown in Fig. 10. It is
convenient to make the change of variables u0 ¼ jqfBju
in our expression for IC so that

IC ¼
I
C

du0

jqfBj
e
− u0ϵ
jqfBje

− iau0
jqfBj


cotðu0Þ − 1

u0

�
: ðA23Þ

It is easy to see that the integral over C2 vanishes when
R → ∞, due to the exponential damping in Eq. (A23),

IC2
¼
Z
C2

du0

jqfBj
e
− u0ϵ
jqfBje

− iau0
jqfBj


cotðu0Þ − 1

u0

�
¼ 0: ðA24Þ

FIG. 10. Contour of integration for Eq. (A22).
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Now, for C3 it is convenient to make the following change
of variable:

u0 ¼ −iω0: ðA25Þ

Thus, the integral over C3 becomes

IC3
¼
Z
C3

du0

jqfBj
exp



−

u0ϵ
jqfBj

�
exp



−

iau0

jqfBj
�

×



cotðu0Þ − 1

u0

�

¼ −
Z

∞

0

dω0

jqfBj
exp



iϵω0

jqfBj
�
exp



−

aω0

jqfBj
�

×



cothðω0Þ − 1

ω0

�
: ðA26Þ

Since ϵ → 0, the imaginary exponential above tends to 1,
and the integral turns out to be analytic; the result is given
by

IC3
¼ 1

jqfBj


−
jqfBj
a

þ ln



a

2jqfBj
�
− ψ ð0Þ



a

2jqfBj
��

;

ðA27Þ

where ψ ð0ÞðzÞ is the digamma function.
Substituting Eqs. (A24) and (A27) in Eq. (A23) and

using Cauchy’s residue theorem in the closed integral IC,
we can obtain the integral along the path C1 with the result

PVðIÞ¼PV
Z

∞

0

du0

jqfBj
e
− u0ϵ
jqfBje

− iau0
jqfBj


cotðu0Þ− 1

u0

�

¼ iπ
jqfBj



1

−1þe
ðiaþϵÞ π

jqfBj
þ ln



1−e

−ðiaþϵÞ π
jqfBj
�

π

�

þ 1

jqfBj


−
jqfBj
a

þ ln



q

2jqfBj
�
−ψ ð0Þ



a

2jqfBj
��

:

ðA28Þ

Now we concentrate on the part of the integral in
Fð0; p2

3; 0; jqfBj; mfÞ that comes from the term −iG2,
namely,

IG2
≡ ig2

π2
jqfBj

Z
1

0

dv
Z

∞

0

due−uϵe−iau

×

�
jqfBjcsc2ðjqfBjuÞ þ

cotðjqfBjuÞ
u

−
2

jqfBju2
�
:

ðA29Þ

Let us isolate the u integral defining

J ¼
Z

∞

0

due−uϵe−iau
�
jqfBjcsc2ðjqfBjuÞ

þ cotðjqfBjuÞ
u

−
2

jqfBju2
�
: ðA30Þ

It is again convenient to make the change of variable u0 ¼
jqfBju so that the J integral becomes

J¼
Z

∞

0

du0e
− u0ϵ
jqfBje

− iau0
jqfBj
�
csc2ðu0Þþcotðu0Þ

u0
−

2

u02

�
≡J1þJ2;

ðA31Þ

where we have defined

J1 ¼
Z

∞

0

du0e
− u0ϵ
jqfBje

− iau0
jqfBj
�
csc2ðu0Þ − 1

u02

�
; ðA32aÞ

J2 ¼
Z

∞

0

du0e
− u0ϵ
jqfBje

− iau0
jqfBj
�
cotðu0Þ
u0

−
1

u02

�
: ðA32bÞ

J1 can be integrated by parts to bring it to a form similar to
the I integral in Eq. (A21). Taking into account the −ijqfBj
factor in Eq. (A29), we find that

ð−ijqfBjÞPVðJ1Þ¼−ðiaþϵÞ

8>><
>>:π

2
64 1

−1þe
ðiaþϵÞ π

jqfBj
þ
ln
h
1−e

−ðiaþϵÞ π
jqfBj
i

π

3
75− i



−
jqfBj
a

þ ln



q

2jqfBj
�
−ψ ð0Þ



a

2jqfBj
��9>>=
>>;;

ðA33Þ

where PV stands for the Cauchy principal value integral. Finally, J2 is calculated in a similar fashion as was done to
compute the I integral, namely, by promoting it to a closed contour integral using the same contour of integration. The result
for J2, taking into account again the factor −ijqfBj from Eq. (A29), is given by
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ð−ijqfBjÞPVðJ2Þ ¼ πjqfBj

0
B@−

ln
h
1 − e

−ðiaþϵÞ π
jqfBj
i

π
−
Li2
�
e
−ðiaþϵÞ π

jqfBj
	

π2

1
CA

þ jqfBj ln



a
jqfBj

�
− a ln



a

2jqfBj
�
þ aþ 2jqfBj ln



Γ
�

a
2jqfBj

��
− jqfBj lnð4πÞ: ðA34Þ

Putting together the expressions for I, J1, and J2, we get

Fð0; q23; 0; jqfBj; mfÞ ¼ −
4g2

ð4πÞ2
Z

1

0

dv

8<
:−2iπvð1 − vÞq23

2
64 1

−1þ e
ðiaþϵÞ π

jqfBj
þ
ln
h
1 − e

−ðiaþϵÞ π
jqfBj
i

π

3
75

− 2vð1 − vÞq23


−
jqfBj
a

þ ln



a

2jqfBj
�
− ψ ð0Þ



a

2jqfBj
��

þ πjqfBj

0
B@−

ln
h
1 − e

−ðiaþϵÞ π
jqfBj
i

π
−
Li2
�
e
−ðiaþϵÞ π

jqfBj
	

π2

1
CA

þ jqfBj ln



a
jqfBj

�
− a ln



a

2jqfBj
�
þ aþ 2jqfBj ln



Γ
�

a
2jqfBj

��
− jqfBj lnð4πÞ

9=
;: ðA35Þ

Finally, taking the real part of the previous expression, we obtain

Re½Fð0;q23;0;jqfBj;mfÞ�¼−
4g2

ð4πÞ2
Z

1

0

dv

�
−2vð1−vÞq23



A1þA2

�

þjqfBj
�

ϵπ

2jqfBj
− ln


 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2cosh



ϵπ

jqfBj
�
−2cos



aπ

jqfBj
�s ��

−
jqfBj
π

�
Re



Li2



e
−ðiaþϵÞ π

jqfBj
���

þjqfBjln



a
jqfBj

�
−a ln



a

2jqfBj
�
þa− jqfBj lnð4πÞþ2jqfBj lnΓ



a

2jqfBj
��

; ðA36Þ

where A1 and A2 are given by

A1 ¼

2
64π
2

sin
�

aπ
jqfBj
	

cosh
�

ϵπ
jqfBj
	
− cos

�
aπ

jqfBj
	 − tan−1

0
B@ e

ϵπ
jqfBj sin

�
aπ

jqfBj
	

1 − e
ϵπ

jqfBj cos
�

aπ
jqfBj
	
1
CA
3
75;

A2 ¼ −
jqfBj
a

þ ln



a

2jqfBj
�
− ψ ð0Þ



a

2jqfBj
�
: ðA37Þ

Equation (A36) corresponds to the result in Sec. IV given by Eq. (29).

[1] V. P. Gusynin, V. A. Miransky, and I. A. Shovkovy, Nucl.
Phys. B563, 361 (1999); G. W. Semenoff, I. A. Shovkovy,
and L. C. R. Wijewardhana, Phys. Rev. D 60, 105024
(1999).

[2] G. S. Bali, F. Bruckmann, G. Endrödi, Z. Fodor, S. D. Katz,
S. Krieg, A. Schäfer, and K. K. Szabó, J. High Energy Phys.
02 (2012) 044; G. S. Bali, F. Bruckmann, G. Endrödi, Z.
Fodor, S. D. Katz, and A. Schäfer, Phys. Rev. D 86, 071502

ALEJANDRO AYALA et al. PHYS. REV. D 109, 074019 (2024)

074019-14

https://doi.org/10.1016/S0550-3213(99)00573-8
https://doi.org/10.1016/S0550-3213(99)00573-8
https://doi.org/10.1103/PhysRevD.60.105024
https://doi.org/10.1103/PhysRevD.60.105024
https://doi.org/10.1007/JHEP02(2012)044
https://doi.org/10.1007/JHEP02(2012)044
https://doi.org/10.1103/PhysRevD.86.071502


(2012); G. Bali, F. Bruckmann, G. Endrödi, S. Katz, and A.
Schäfer, J. High Energy Phys. 08 (2014) 177.

[3] F. Bruckmann, G. Endrödi, and T. G. Kovacs, J. High
Energy Phys. 04 (2013) 112.

[4] R. L. S. Farias, K. P. Gomes, G. Krein, and M. B. Pinto,
Phys. Rev. C 90, 025203 (2014).

[5] M. Ferreira, P. Costa, O. Lourenço, T. Frederico, and C.
Providência, Phys. Rev. D 89, 116011 (2014).

[6] A. Ayala, M. Loewe, and R. Zamora, Phys. Rev. D 91,
016002 (2015).

[7] A. Ayala, C. A. Dominguez, L. A. Hernández, M. Loewe,
and R. Zamora, Phys. Rev. D 92, 096011 (2015).

[8] A. Ayala, M. Loewe, A. J. Mizher, and R. Zamora, Phys.
Rev. D 90, 036001 (2014).

[9] R. L. S. Farias, V. S. Timoteo, S. S. Avancini, M. B. Pinto,
and G. Krein, Eur. Phys. J. A 53, 101 (2017).

[10] A. Ayala, C. A. Dominguez, L. A. Hernández, M. Loewe, A.
Raya, J. C. Rojas, and C. Villavicencio, Phys. Rev. D 94,
054019 (2016).

[11] E. J. Ferrer, V. de la Incera, and X. J. Wen, Phys. Rev. D 91,
054006 (2015); A.Ayala, C. A.Dominguez, L. A.Hernández,
M. Loewe, and R. Zamora, Phys. Lett. B 759, 99 (2016).

[12] A. Ayala, J. J. Cobos-Martínez, M. Loewe, M. E. Tejeda-
Yeomans, and R. Zamora, Phys. Rev. D 91, 016007
(2015).

[13] A. Ayala, C. A. Dominguez, S. Hernández-Ortíz, L. A.
Hernández, M. Loewe, D. Manreza Paret, and R.
Zamora, Phys. Rev. D 98, 031501 (2018).

[14] N. Mueller, J. A. Bonnet, and C. S. Fischer, Phys. Rev. D 89,
094023 (2014); N. Mueller and J. M. Pawlowski, Phys. Rev.
D 91, 116010 (2015).

[15] A. Bandyopadhyay and R. L. S. Farias, Eur. Phys. J. Spec.
Top. 230, 719 (2021).

[16] G. S. Bali, B. B. Brandt, G. Endrődi, and B. Glässle, Phys.
Rev. Lett. 121, 072001 (2018).

[17] Yu. A. Simonov, Phys. At. Nucl. 79, 455 (2016).
[18] R. M. Aguirre, Eur. Phys. J. A 55, 28 (2019).
[19] T. Yoshida and K. Suzuki, Phys. Rev. D 94, 074043 (2016).
[20] D. Dudal and T. G. Mertens, Phys. Rev. D 91, 086002

(2015).
[21] K. Marasinghe and K. Tuchin, Phys. Rev. C 84, 044908

(2011).
[22] P. Gubler, K. Hattori, S. H. Lee, M. Oka, S. Ozaki, and K.

Suzuki, Phys. Rev. D 93, 054026 (2016).
[23] C. S. Machado, S. I. Finazzo, R. D. Matheus, and J.

Noronha, Phys. Rev. D 89, 074027 (2014).
[24] S. Cho, K. Hattori, S. H. Lee, K. Morita, and S. Ozaki, Phys.

Rev. Lett. 113, 172301 (2014).
[25] S. Cho, K. Hattori, S. H. Lee, K. Morita, and S. Ozaki, Phys.

Rev. D 91, 045025 (2015).
[26] S. Ghosh, A. Mukherjee, M. Mandal, S. Sarkar, and P. Roy,

Phys. Rev. D 94, 094043 (2016).
[27] A. Bandyopadhyay and S. Mallik, Eur. Phys. J. C 77, 771

(2017).
[28] A. Ayala, L. A. Hernández, A. J. Mizher, J. C. Rojas, and C.

Villavicencio, Phys. Rev. D 89, 116017 (2014).
[29] S. S. Avancini, W. R. Tavares, and M. B. Pinto, Phys. Rev. D

93, 014010 (2016).

[30] Z. Wang and P. Zhuang, Phys. Rev. D 97, 034026 (2018).
[31] M. Coppola, D. Gómez Dumm, and N. N. Scoccola, Phys.

Lett. B 782, 155 (2018).
[32] H. Liu, X. Wang, L. Yu, and M. Huang, Phys. Rev. D 97,

076008 (2018).
[33] D. Gómez Dumm, M. F. Izzo Villafañe, and N. N. Scoccola,

Phys. Rev. D 97, 034025 (2018).
[34] D. Gómez Dumm, M. F. Izzo Villafañe, and N. N. Scoccola,

Phys. Rev. D 101, 116018 (2020).
[35] M. A. Andreichikov, B. O. Kerbikov, E. V. Luschevskaya,

Y. A. Simonov, and O. E. Solovjeva, J. High Energy Phys.
05 (2017) 007.

[36] S. S. Avancini, R. L. S. Farias, and W. R. Tavares, Phys.
Rev. D 99, 056009 (2019); A. Bandyopadhyay, R. L. S.
Farias, B. S. Lopes, and R. O. Ramos, Phys. Rev. D 100,
076021 (2019).

[37] S. Mao, Phys. Rev. D 99, 056005 (2019).
[38] A. Mukherjee, S. Ghosh, M. Mandal, P. Roy, and S. Sarkar,

Phys. Rev. D 96, 016024 (2017).
[39] S. Ghosh, A. Mukherjee, M. Mandal, S. Sarkar, and P. Roy,

Phys. Rev. D 96, 116020 (2017).
[40] R. Zhang, W. Fu, and Y. Liu, Eur. Phys. J. C 76, 307 (2016).
[41] H. Liu, L. Yu, and M. Huang, Phys. Rev. D 91, 014017

(2015).
[42] M. A. Andreichikov and Y. A. Simonov, Eur. Phys. J. C 78,

902 (2018).
[43] G. Colucci, E. S. Fraga, and A. Sedrakian, Phys. Lett. B

728, 19 (2014).
[44] R. M. Aguirre, Phys. Rev. D 96, 096013 (2017).
[45] H. Taya, Phys. Rev. D 92, 014038 (2015).
[46] M. Kawaguchi and S. Matsuzaki, Phys. Rev. D 93, 125027

(2016).
[47] J. O. Andersen, Phys. Rev. D 86, 025020 (2012).
[48] K. Hattori, T. Kojo, and N. Su, Nucl. Phys. A951, 1 (2016).
[49] M. Loewe and R. Zamora, Phys. Rev. D 105, 076011

(2022).
[50] M. Loewe, D. Valenzuela, and R. Zamora, Phys. Rev. D

104, 016020 (2021).
[51] A. Ayala, J. L. Hernández, L. A. Hernández, R. L. S. Farias,

and R. Zamora, Phys. Rev. D 102, 114038 (2020).
[52] M. A. Andreichikov, B. O. Kerbikov, V. D. Orlovsky, and

Yu. A. Simonov, Phys. Rev. D 87, 094029 (2013).
[53] S. Ghosh, A. Mukherjee, P. Roy, and S. Sarkar, Phys. Rev. D

99, 096004 (2019).
[54] N. Chaudhuri, S. Ghosh, S. Sarkar, and P. Roy, Phys. Rev. D

99, 116025 (2019).
[55] S. Ghosh, A. Mukherjee, N. Chaudhuri, P. Roy, and S.

Sarkar, Phys. Rev. D 101, 056023 (2020).
[56] N. Chaudhuri, S. Ghosh, S. Sarkar, and P. Roy, Eur. Phys. J.

A 56, 213 (2020).
[57] D. Ávila and L. Patiño, Phys. Lett. B 795, 689 (2019).
[58] D. Ávila and L. Patiño, J. High Energy Phys. 06 (2020) 010.
[59] N. Callebaut, D. Dudal, and H. Verschelde, J. High Energy

Phys. 03 (2013) 033.
[60] N. Callebaut and D. Dudal, J. High Energy Phys. 01 (2014)

055.
[61] M. A. Andreichikov, B. O. Kerbikov, V. D. Orlovsky, and

Yu. A. Simonov, Phys. Rev. D 89, 074033 (2014).

MAGNETIC FIELD DEPENDENCE OF THE NEUTRAL PION … PHYS. REV. D 109, 074019 (2024)

074019-15

https://doi.org/10.1103/PhysRevD.86.071502
https://doi.org/10.1007/JHEP08(2014)177
https://doi.org/10.1007/JHEP04(2013)112
https://doi.org/10.1007/JHEP04(2013)112
https://doi.org/10.1103/PhysRevC.90.025203
https://doi.org/10.1103/PhysRevD.89.116011
https://doi.org/10.1103/PhysRevD.91.016002
https://doi.org/10.1103/PhysRevD.91.016002
https://doi.org/10.1103/PhysRevD.92.096011
https://doi.org/10.1103/PhysRevD.90.036001
https://doi.org/10.1103/PhysRevD.90.036001
https://doi.org/10.1140/epja/i2017-12320-8
https://doi.org/10.1103/PhysRevD.94.054019
https://doi.org/10.1103/PhysRevD.94.054019
https://doi.org/10.1103/PhysRevD.91.054006
https://doi.org/10.1103/PhysRevD.91.054006
https://doi.org/10.1016/j.physletb.2016.05.058
https://doi.org/10.1103/PhysRevD.91.016007
https://doi.org/10.1103/PhysRevD.91.016007
https://doi.org/10.1103/PhysRevD.98.031501
https://doi.org/10.1103/PhysRevD.89.094023
https://doi.org/10.1103/PhysRevD.89.094023
https://doi.org/10.1103/PhysRevD.91.116010
https://doi.org/10.1103/PhysRevD.91.116010
https://doi.org/10.1140/epjs/s11734-021-00023-1
https://doi.org/10.1140/epjs/s11734-021-00023-1
https://doi.org/10.1103/PhysRevLett.121.072001
https://doi.org/10.1103/PhysRevLett.121.072001
https://doi.org/10.1134/S1063778816030170
https://doi.org/10.1140/epja/i2019-12704-8
https://doi.org/10.1103/PhysRevD.94.074043
https://doi.org/10.1103/PhysRevD.91.086002
https://doi.org/10.1103/PhysRevD.91.086002
https://doi.org/10.1103/PhysRevC.84.044908
https://doi.org/10.1103/PhysRevC.84.044908
https://doi.org/10.1103/PhysRevD.93.054026
https://doi.org/10.1103/PhysRevD.89.074027
https://doi.org/10.1103/PhysRevLett.113.172301
https://doi.org/10.1103/PhysRevLett.113.172301
https://doi.org/10.1103/PhysRevD.91.045025
https://doi.org/10.1103/PhysRevD.91.045025
https://doi.org/10.1103/PhysRevD.94.094043
https://doi.org/10.1140/epjc/s10052-017-5357-9
https://doi.org/10.1140/epjc/s10052-017-5357-9
https://doi.org/10.1103/PhysRevD.89.116017
https://doi.org/10.1103/PhysRevD.93.014010
https://doi.org/10.1103/PhysRevD.93.014010
https://doi.org/10.1103/PhysRevD.97.034026
https://doi.org/10.1016/j.physletb.2018.04.043
https://doi.org/10.1016/j.physletb.2018.04.043
https://doi.org/10.1103/PhysRevD.97.076008
https://doi.org/10.1103/PhysRevD.97.076008
https://doi.org/10.1103/PhysRevD.97.034025
https://doi.org/10.1103/PhysRevD.101.116018
https://doi.org/10.1007/JHEP05(2017)007
https://doi.org/10.1007/JHEP05(2017)007
https://doi.org/10.1103/PhysRevD.99.056009
https://doi.org/10.1103/PhysRevD.99.056009
https://doi.org/10.1103/PhysRevD.100.076021
https://doi.org/10.1103/PhysRevD.100.076021
https://doi.org/10.1103/PhysRevD.99.056005
https://doi.org/10.1103/PhysRevD.96.016024
https://doi.org/10.1103/PhysRevD.96.116020
https://doi.org/10.1140/epjc/s10052-016-4123-8
https://doi.org/10.1103/PhysRevD.91.014017
https://doi.org/10.1103/PhysRevD.91.014017
https://doi.org/10.1140/epjc/s10052-018-6384-x
https://doi.org/10.1140/epjc/s10052-018-6384-x
https://doi.org/10.1016/j.physletb.2013.11.028
https://doi.org/10.1016/j.physletb.2013.11.028
https://doi.org/10.1103/PhysRevD.96.096013
https://doi.org/10.1103/PhysRevD.92.014038
https://doi.org/10.1103/PhysRevD.93.125027
https://doi.org/10.1103/PhysRevD.93.125027
https://doi.org/10.1103/PhysRevD.86.025020
https://doi.org/10.1016/j.nuclphysa.2016.03.016
https://doi.org/10.1103/PhysRevD.105.076011
https://doi.org/10.1103/PhysRevD.105.076011
https://doi.org/10.1103/PhysRevD.104.016020
https://doi.org/10.1103/PhysRevD.104.016020
https://doi.org/10.1103/PhysRevD.102.114038
https://doi.org/10.1103/PhysRevD.87.094029
https://doi.org/10.1103/PhysRevD.99.096004
https://doi.org/10.1103/PhysRevD.99.096004
https://doi.org/10.1103/PhysRevD.99.116025
https://doi.org/10.1103/PhysRevD.99.116025
https://doi.org/10.1103/PhysRevD.101.056023
https://doi.org/10.1140/epja/s10050-020-00222-9
https://doi.org/10.1140/epja/s10050-020-00222-9
https://doi.org/10.1016/j.physletb.2019.06.066
https://doi.org/10.1007/JHEP06(2020)010
https://doi.org/10.1007/JHEP03(2013)033
https://doi.org/10.1007/JHEP03(2013)033
https://doi.org/10.1007/JHEP01(2014)055
https://doi.org/10.1007/JHEP01(2014)055
https://doi.org/10.1103/PhysRevD.89.074033


[62] B.-R. He, Phys. Rev. D 92, 111503 (2015).
[63] A. Mukherjee, S. Ghosh, M. Mandal, S. Sarkar, and P. Roy,

Phys. Rev. D 98, 056024 (2018).
[64] G. Endrödi and G. Markó, J. High Energy Phys. 08 (2019)

036.
[65] C. A. Dominguez, M. Loewe, C. Villavicencio, and R.

Zamora, Phys. Rev. D 108, 094007 (2023).
[66] C. A. Dominguez, L. A. Hernández, M. Loewe, C.

Villavicencio, and R. Zamora, Phys. Rev. D 102, 094007
(2020).

[67] C. Villavicencio, Phys. Rev. D 107, 076009 (2023).
[68] A. Das and N. Haque, Phys. Rev. D 108, 054008 (2023).
[69] S. Avancini, R. L. S. Farias, W. R. Tavares, and V. S.

Timóteo, Nucl. Phys. B981, 115862 (2022).
[70] A. Ayala, J. L. Hernández, L. A. Hernández, R. L. S. Farias,

and R. Zamora, Phys. Rev. D 103, 054038 (2021).
[71] A. Ayala, R. L. S. Farias, S. Hernández-Ortíz, L. A.

Hernández, D. Manreza Paret, and R. Zamora, Phys. Rev.
D 98, 114008 (2018).

[72] S. S. Avancini, R. L. Farias, M. B. Pinto, W. R. Tavares, and
V. S. Timóteo, Phys. Lett. B 767, 247 (2017).

[73] C. A. Dominguez, M. Loewe, and C. Villavicencio, Phys.
Rev. D 98, 034015 (2018).

[74] Y. Hidaka and A. Yamamoto, Phys. Rev. D 87, 094502
(2013).

[75] E. V. Luschevskaya, O. E. Solovjeva, O. A. Kochetkov, and
O. V. Teryaev, Nucl. Phys. B898, 627 (2015).

[76] G. S. Bali, B. B. Brandt, G. Endrödi, and B. Glässle, Phys.
Rev. D 97, 034505 (2018).

[77] H.-T. Ding, S.-T. Li, A. Tomiya, X.-D. Wang, and Y. Zhang,
Phys. Rev. D 104, 014505 (2021).

[78] A. Das and N. Haque, Phys. Rev. D 101, 074033 (2020).
[79] J. Li, G. Cao, and L. He, Phys. Rev. D 104, 074026 (2021).
[80] M. Coppola, D. Gomez Dumm, S. Noguera, and N. N.

Scoccola, Phys. Rev. D 100, 054014 (2019).
[81] H.-T. Ding, S.-T. Li, J.-H. Liu, and X.-D. Wang, Phys. Rev.

D 105, 034514 (2022).
[82] B. Sheng, Y. Wang, X. Wang, and L. Yu, Phys. Rev. D 103,

094001 (2001).
[83] S. Fayazbakhsh, S. Sadeghian, and N. Sadooghi, Phys. Rev.

D 86, 085042 (2012).
[84] S. Fayazbakhsh and N. Sadooghi, Phys. Rev. D 88, 065030

(2013).
[85] J. Schwinger, Phys. Rev. 82, 664 (1951).
[86] G. S. Bali, F. Bruckmann, G. Endrodi, Z. Fodor, S. D. Katz,

and A. Schafer, Phys. Rev. D 86, 071502 (2012).

ALEJANDRO AYALA et al. PHYS. REV. D 109, 074019 (2024)

074019-16

https://doi.org/10.1103/PhysRevD.92.111503
https://doi.org/10.1103/PhysRevD.98.056024
https://doi.org/10.1007/JHEP08(2019)036
https://doi.org/10.1007/JHEP08(2019)036
https://doi.org/10.1103/PhysRevD.108.094007
https://doi.org/10.1103/PhysRevD.102.094007
https://doi.org/10.1103/PhysRevD.102.094007
https://doi.org/10.1103/PhysRevD.107.076009
https://doi.org/10.1103/PhysRevD.108.054008
https://doi.org/10.1016/j.nuclphysb.2022.115862
https://doi.org/10.1103/PhysRevD.103.054038
https://doi.org/10.1103/PhysRevD.98.114008
https://doi.org/10.1103/PhysRevD.98.114008
https://doi.org/10.1016/j.physletb.2017.02.002
https://doi.org/10.1103/PhysRevD.98.034015
https://doi.org/10.1103/PhysRevD.98.034015
https://doi.org/10.1103/PhysRevD.87.094502
https://doi.org/10.1103/PhysRevD.87.094502
https://doi.org/10.1016/j.nuclphysb.2015.07.023
https://doi.org/10.1103/PhysRevD.97.034505
https://doi.org/10.1103/PhysRevD.97.034505
https://doi.org/10.1103/PhysRevD.104.014505
https://doi.org/10.1103/PhysRevD.101.074033
https://doi.org/10.1103/PhysRevD.104.074026
https://doi.org/10.1103/PhysRevD.100.054014
https://doi.org/10.1103/PhysRevD.105.034514
https://doi.org/10.1103/PhysRevD.105.034514
https://doi.org/10.1103/PhysRevD.103.094001
https://doi.org/10.1103/PhysRevD.103.094001
https://doi.org/10.1103/PhysRevD.86.085042
https://doi.org/10.1103/PhysRevD.86.085042
https://doi.org/10.1103/PhysRevD.88.065030
https://doi.org/10.1103/PhysRevD.88.065030
https://doi.org/10.1103/PhysRev.82.664
https://doi.org/10.1103/PhysRevD.86.071502

