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We investigate the production of spin-3=2 hadrons in semi-inclusive deep inelastic lepton-nucleon
scatterings. The complete differential cross section is derived through the kinematic analysis and expressed
in terms of 288 structure functions, corresponding to all polarization configurations and azimuthal
modulations. For an unpolarized lepton beam, half of the 192 structure functions have nonzero leading
order contributions in the parton model, among which 42 are from rank-3 tensor polarized fragmentation
functions of the hadron. For a polarized lepton beam, one third of the 96 structure functions contribute at
the leading order and 14 of them are from rank-3 tensor polarized fragmentation functions. In addition to
the formalism, we perform a model estimation of the spin transfer to a ShLLL polarized hadron and sizable
asymmetry is expected. Therefore, these newly defined observables for the production of a spin-3=2 hadron
in a deep inelastic scattering process can be explored in future experiments to understand nucleon spin
structures and spin-dependent fragmentation functions.
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I. INTRODUCTION

Nucleons as building blocks of our visible world are
bound states of the strong interaction, which is described by
the underlying theory of quantum chromodynamics (QCD).
However, the nonperturbative nature of QCD at low-energy
scales makes it challenging to derive all properties of the
nucleon from first principle, although much progress has
been made in the past decade [1–9]. Understanding internal
structures of the nucleon from quarks and gluons degrees of
freedom has become an active frontier of nuclear and
particle physics.
Deep inelastic scattering (DIS) is an established powerful

tool to probe nucleon internal structures. Taking advantage
of the asymptotic freedom [10,11], a feature of QCD at
high-energy scales, one can approximate the DIS cross
section as the lepton-parton scattering cross section con-
voluted with parton distribution functions (PDFs), fq=PðxÞ,
which is interpreted as the probability density of a parton of
flavor q that carries a fraction x of the nucleon momentum.
This parton model is then formally developed into the QCD

factorization [12], which nowadays serves as the framework
in nearly all analyses of hadron-involved high-energy
scattering processes.
The inclusive DIS, as a single scale process, is not

sensitive to the confined motion of partons in the nucleon.
To access the transverse momentum distribution, one needs
to tag the struck parton in the final state. Because of the
color confinement, quarks and gluons cannot be isolated as
free particles, and only hadrons or jets can be observed. As
an analog to the PDF, the fragmentation function (FF),
Dq→hðzÞ, is introduced to describe the probability density of
the identified hadron h that carries a fraction z of the parent
parton q. Then a semi-inclusive DIS (SIDIS) process, where
a hadron is detected in addition to the scattered lepton,
can be factorized into the convolution of the PDFs of the
nucleon, the FFs to the hadron, and the short-distance hard
scattering of partons. When the transverse momentum PhT
of the observed hadron is much smaller than the hard scale
Q characterized by the virtual photon, it becomes a double
scale process, one can apply the transverse momentum
dependent (TMD) factorization [13–15], and the cross
section is expressed in terms of TMD PDFs, fðx; k2TÞ
and TMD FFs,Dðz; p2TÞ, where kT and pT are the transverse
momenta of the parton with respect to the hadron.
Taking the spin degrees of freedom of the struck parton

and the nucleon into account, one can learn much richer
information of nucleon structures. Historically, the polarized
DIS experiment pioneered by the EMC Collaboration
[16,17] led to the proton spin crisis and invoked great
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interest in the nucleon spin physics. After more than three
decades, the nucleon spin structure is still not well
understood. Although quark helicity distributions have
been constrained to relatively good precision at least in the
intermediate-x region, or the so-called valence region, the
contributions from orbital angular momenta, which are
essentially the correlation between the spin of the nucleon
and the transverse motion of the parton, are very little
known. Hence, a three-dimensional imaging of the
nucleon spin structure is desired to fully resolve the
proton spin puzzle. The spin-dependent TMD PDFs, as
a kind of 3dPDFs, encode the correlation of quark and
gluon three-dimensional momentum distributions and the
spin of the parton or the nucleon. They can be extracted
from polarized SIDIS experiments and many measure-
ments have been carried out by HERMES [18–23],
COMPASS [24–28], and JLab [29,30]. The precise deter-
mination of spin-dependent TMD PDFs is also one of the
main goals of future electron-ion colliders [31–33].
Apart from the nucleon spin, the polarization of some

final-state hadrons can also be analyzed with certain
techniques. Through the self-analyzing weak decay, the
polarization of the Λ hyperon has been measured in eþe−
annihilation [34–36], pp collision [37–40], and SIDIS
[41–54] processes. These measurements not only allow us
to learn the role of the spin in the hadronization process via
spin-dependent FFs [55–57] but also provide a novel
approach to study nucleon spin structures. For example,
the spin transfer to the Λ hyperon in polarized SIDIS is
considered an observable sensitive to the strangeness
components in the nucleon and has been experimentally
measured [43,45,46,50,54] and phenomenologically stud-
ied [58–63]. Similarly, one can also measure the polari-
zation of a produced vector meson, such as ρ and K�. As a
spin-1 particle, it has five rank-2 tensor polarized states in
addition to the three vector polarized ones. These tensor
polarizations can be analyzed from the spatial distribution
of the decay particles and have been measured in eþe−
annihilation experiments [64–67]. Extensive phenomeno-
logical and theoretical studies have also been carried
out [68–82].
Recently, the BESIII Collaboration measured the polari-

zation of the Ω through the chain of weak decays Ω− →
K−Λ and Λ → pπ− [83]. On the other hand, a complete set
of TMD FFs to spin-3=2 hadrons has been derived in
Ref. [84] and applied in describing inclusive and semi-
inclusive Ω productions in eþe− annihilation. With the
experimental techniques of analyzing the polarization of the
Ω and the theoretical setup of its TMD FFs, we can study
the polarization of Ω produced in the SIDIS process. This is
not just an extension to spin-3=2 particles. The Ω baryon,
which carries three valence strange quarks, is extremely
sensitive to the strange sea of the nucleon, including its
polarization. Although the yield ofΩ production is expected
to be much less than that ofΛ production, the contamination

from target fragmentation will be highly suppressed because
the generation of three strange quarks requires enough
energy transferred from the virtual photon. Furthermore,
tensor polarized states of the Ω provide additional observ-
ables to extract partonic structures of the nucleon.
Therefore, the SIDIS production of Ω has unique advan-
tages to study the nucleon spin structures, particularly the
strange sea in the nucleon.
In this paper, we derive the differential cross section,

taking into account all possible combinations of the
polarization states of the lepton, the nucleon, and the
produced spin-3=2 hadron. Applying the TMD formalism,
we perform leading order calculations to express the
structure functions as convolutions of TMD PDFs and
TMD FFs. For an unpolarized lepton beam, half of the
192 structure functions are found nonvanishing and 42 of
them are from rank-3 tensor polarized TMD FFs. For a
polarized lepton beam, one third of the 96 structure
functions are nonzero and 14 of them are for rank-3 tensor
polarized hadron states. Besides, taking the spin transfer to a
rank-3 tensor polarized state ShLLL as an example, we
demonstrate with a model estimation that the newly defined
structure functions related to the polarization of the pro-
duced Ω may generate sizable asymmetries to be measured
in future experiments.
The paper is organized as follows. In Sec. II, we derive

the differential cross section of SIDIS with the production
of a spin-3=2 hadron. In Sec. III, we calculate the parton
model expressions of all structure functions at the leading
order in terms of TMD PDFs and FFs. In Sec. IV, we
provide a model estimation of the spin transfer to produce
an ShLLL tensor polarized Ω. A summary and outlook is
given in Sec. V.

II. THE DIFFERENTIAL CROSS SECTION

In this section, we derive the differential cross section of
the electron-nucleon SIDIS process with the production of
a spin-3=2 hadron.

A. Kinematics and spin states

We consider the SIDIS process as

e−ðlÞ þ NðPÞ → e−ðl0Þ þΩðPhÞ þ XðPXÞ; ð1Þ

where the variables in parentheses indicate the four
momenta of the corresponding particles. Although Ω is
chosen to label the produced spin-3=2 hadron, the for-
malism and results derived in this section can be used for
any spin-3=2 hadron. Instead of l0, one usually uses the
transferred four momentum q ¼ l − l0. Within one-photon-
exchange approximation,Q2 ¼ −q2 gives its virtuality and
serves as the hard scale of the process. Some commonly
used dimensionless variables to describe the SIDIS kin-
ematics are defined as
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x¼ Q2

2P ·q
; y¼P ·q

P · l
; z¼P ·Ph

P ·q
; γ ¼ 2Mx

Q
; ð2Þ

where M is the mass of the nucleon target. Following the
Trento conventions [85], one often chooses the frame in
which the virtual photon momentum q and the nucleon
momentum P are along the longitudinal direction. It is
convenient to define the transverse metric tensor,

gμν⊥ ¼ gμν −
qμPν þ qνPμ

P · qð1þ γ2Þ þ
γ2

1þ γ2

�
qμqν

Q2
−
PμPν

M2

�
; ð3Þ

and the transverse antisymmetric tensor,

ϵμν⊥ ¼ ϵμνρσ
Pρqσ

P · q
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ γ2

p ; ð4Þ

where the sign convention of the totally antisymmetric
tensor is ϵ0123 ¼ 1. Then, lμ⊥ ¼ gμν⊥ lν and Pμ

h⊥ ¼ gμν⊥Phν

give the transverse momenta of the electron and the final-
state hadron in the photon-nucleon frame, and P2

h⊥ ¼
−P2

h⊥ provides a second and adjustable scale of the SIDIS
process. The azimuthal angle ϕh from the lepton plane to
the hadron plane can be defined in an invariant form as

cosϕh ¼ −
lμPhνg

μν
⊥ffiffiffiffiffiffiffiffiffiffiffiffiffi

l2⊥P2
h⊥

p ; sinϕh ¼ −
lμPhνϵ

μν
⊥ffiffiffiffiffiffiffiffiffiffiffiffiffi

l2⊥P2
h⊥

p : ð5Þ

The polarization of the nucleon, as a spin-1=2 particle, is
characterized by the spin vector Sμ. In the photon-nucleon
frame as chosen by the Trento conventions, it can be
decomposed into longitudinal and transverse components as

Sμ ¼ SL
Pμ − qμM2=ðP · qÞ

M
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ γ2

p þ SμT; ð6Þ

where

SL ¼ S · q
P · q

Mffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ γ2

p ; SμT ¼ gμν⊥ Sν: ð7Þ

The azimuthal angle ϕT from the lepton plane to the
direction of the nucleon transverse spin SμT can be defined as

cosϕT ¼ −
lμSνg

μν
⊥ffiffiffiffiffiffiffiffiffiffi

l2⊥S2T
p ; sinϕT ¼ −

lμSνϵ
μν
⊥ffiffiffiffiffiffiffiffiffiffi

l2⊥S2T
p : ð8Þ

The polarization of the spin-3=2 hadron is characterized
by the spin vector and tensors, Sμh, T

μν
h , and Rμνρ

h , as defined
in Ref. [84]. They are orthogonal to the momentum of the
hadron,

PhμS
μ
h ¼ 0; PhμT

μν
h ¼ 0; PhμR

μνρ
h ¼ 0: ð9Þ

Similar to the decomposition of the nucleon spin vector, we
decompose the longitudinal and transverse components of
the hadron spin vector and tensors with respect to the
hadron momentum Ph. For convenience, we introduce
two lightlike basis vectors, n and n̄, satisfying n · n ¼ 0,
n̄ · n̄ ¼ 0, and n · n̄ ¼ 1, and express the hadron momen-
tum as

Pμ
h ¼ ðPh · n̄Þnμ þ

M2
h

2Ph · n̄
n̄μ; ð10Þ

where Mh is the mass of the hadron. Then the spin tensors
of the hadron are decomposed as [84]

Sμh ¼ ShL

�
Mh

2Ph · n̄
n̄μ −

Ph · n̄
Mh

nμ
�
þ SμhT; ð11Þ

Tμν
h ¼ 1

2

�
ShLL

�
1

2

�
Mh

Ph · n̄

�
2

n̄μn̄ν þ 2

�
Ph · n̄
Mh

�
2

nμnν − n̄fμnνg þ gμνT

�

þ 1

2

�
Mh

Ph · n̄

�
n̄fμSνghLT −

�
Ph · n̄
Mh

�
nfμSνghLT þ SμνhTT

�
; ð12Þ

Rμνρ
h ¼ 1

4

�
ShLLL

�
1

2

�
Mh

Ph · n̄

�
3

n̄μn̄νn̄ρ −
1

2

�
Mh

Ph · n̄

�
ðn̄fμn̄νnρg − n̄fμgνρgT Þ

þ
�
Ph · n̄
Mh

�
ðn̄fμnνnρg − nfμgνρgT Þ − 4

�
Ph · n̄
Mh

�
3

nμnνnρ
�

þ 1

2

�
Mh

Ph · n̄

�
2

n̄fμn̄νSρghLLT þ 2

�
Ph · n̄
Mh

�
2

nfμnνSρghLLT − 2n̄fμnνSρghLLT þ
1

2
SfμhLLTg

νρg
T

þ 1

4

�
Mh

Ph · n̄

�
n̄fμSνρghLTT −

1

2

�
Ph · n̄
Mh

�
nfμSνρghLTT þ SμνρhTTT

�
; ð13Þ
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where the transverse metric tensor with respect to Ph is given by

gμνT ¼ gμν − n̄μnν − nμn̄ν: ð14Þ

The transverse components of SμhT , S
μ
hLT , S

μν
hTT , S

μ
hLLT , S

μν
hLTT , and SμνρhTTT can be expressed in matrix form as

SihT ¼ ðSxhT; SyhTÞ; SihLT ¼ ðSxhLT; SyhLTÞ; SihLLT ¼ ðSxhLLT; SyhLLTÞ;

SijhTT ¼
�
SxxhTT SxyhTT
SxyhTT −SxxhTT

�
; SijhLTT ¼

�
SxxhLTT SxyhLTT
SxyhLTT −SxxhLTT

�
;

SijkhTTT ¼
��

SxxxhTTT SyxxhTTT

SyxxhTTT −SxxxhTTT

�
;

�
SyxxhTTT −SxxxhTTT

−SxxxhTTT −SyxxhTTT

��
: ð15Þ

B. The cross section in terms of structure functions

With the one-photon-exchange approximation as illus-
trated in Fig. 1, one can express the differential cross
section of the SIDIS process as

dσ
dxdydzdϕhdψdP2

h⊥
¼ α2y

8Q4z
LμνWμν; ð16Þ

where α is the electromagnetic fine structure constant and ψ
is the azimuthal angle of the outgoing lepton around the
lepton beam axis with respect to an arbitrary fixed
direction. The leptonic tensor is

Lμν ¼ 2ðlμl0ν þ lνl0μ − gμνl · l0 þ iλeϵμνρσlρl0σÞ; ð17Þ

where λe represents the helicity of the lepton beam. The
hadronic tensor Wμν is expressed as

Wμνðq;P; S;Ph; Sh; Th; RhÞ
¼
X
X

δ4ðPþ q − Ph − PXÞ

× hP; SjJμð0ÞjPX;Ph; Sh; Th; Rhi
× hPX;Ph; Sh; Th; RhjJνð0ÞjP; Si; ð18Þ

where Jμ is the electromagnetic current operator and the
symbol

P
X indicates the sum over the hadronic states X

with the momentum integration implicitly assumed. It
satisfies the constraints required by the Hermiticity, parity
invariance, and gauge invariance,

W�μνðq;P;S;Ph;Sh;Th;RhÞ ¼Wνμðq;P;S;Ph;Sh;Th;RhÞ;
ð19Þ

Wμνðq;P; S;Ph; Sh; Th; RhÞ
¼ Wμνðq;P;−S̄;Ph;−S̄h; T̄h;−R̄hÞ; ð20Þ

qμWμνðq;P; S;Ph; Sh; Th; RhÞ
¼ Wμνðq;P; S;Ph; Sh; Th; RhÞqν ¼ 0; ð21Þ

where S̄, S̄h, T̄h, and R̄h indicate a sign flip of all space
components.
With kinematic analysis, one usually expresses the

hadronic tensor into terms as basis Lorentz tensors multi-
plied by scalar functions, known as the structure functions.
To impose the gauge invariance, it is convenient to
construct the basis Lorentz tensors using the so-called
conserved vectors and metric tensor,

Pμ
q ¼ Pμ −

P · q
q2

qμ; ð22Þ

Pμ
hq ¼ Pμ

h −
Ph · q
q2

qμ; ð23Þ

gμνq ¼ gμν −
qμqν

q2
; ð24Þ

which will vanish when contracted with the virtual photon
momentum qμ. Then one can in principle exhaust all basis
Lorentz tensors constructed from the conserved vectors,
the metric tensor, and the spin tensors, but this approach
becomes less efficient with the increasing number of the
measured momenta. Instead of directly building all basis
Lorentz tensors, one may tackle this problem by using a
systematic procedure [78,80,84]. We first group the nine

FIG. 1. The process e−N → e−ΩX with one-photon-exchange
approximation.
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basis tensors built from Pμ
q, Pμ

hq, gμνq , and ϵμνρσ into
four sets,

hSμνU ¼
n
gμνq ; Pμ

qPν
q; P

fμ
q Pνg

hq; P
μ
hqP

ν
hq

o
; ð25Þ

h̃SμνU ¼
n
ϵfμqPPhPνg

q ; ϵfμqPPhPνg
hq

o
; ð26Þ

hAμνU ¼
n
P½μ
q P

ν�
hq

o
; ð27Þ

h̃AμνU ¼
n
ϵμνqP; ϵμνqPh

o
; ð28Þ

which are called the basic Lorentz tensors. The superscripts
S and A stand for the symmetric and antisymmetric tensors,
respectively. The subscript U indicates that both the target
and the produced hadron are unpolarized. For conciseness,
we adopt the shorthand notation AμP ≡ AμνPν. Here the h
and h̃ represent the parity conserving and flipping terms,
respectively. Restricted to the parity invariance (20),
unpolarized basis tensors are directly given by those in
hSμνU and hAμνU .
To construct the basis Lorentz tensors with a polarized

target and produced hadrons, the spin tensors Sμ, Sμh, T
μν
h ,

and Rμνρ
h are also involved. We claim that the spin-

dependent basis Lorentz tensors in this case can be con-
structed from multiplying the basic Lorentz tensors given in
Eqs. (25)–(28) by spin-dependent scalars or pseudoscalars,
because the four tensors Pμ, Pμ

h, q
μ, and ϵμνρσ that construct

the basic Lorentz tensors are sufficient to construct a four-
dimensional spacetime, and the spin tensors can be
expressed by these four tensors. To show this clearly we
take Sμ and Tμν

h as examples and express them in terms
of Pμ, Pμ

h, q
μ, and ϵμνρσ, as shown in Appendix A. To

conclude, the polarized basis Lorentz tensors can be
constructed from the basic Lorentz tensors in hSμνU and
hAμνU multiplied by spin-dependent scalars and those in h̃SμνU

and h̃AμνU multiplied by spin-dependent pseudoscalars.
By applying the procedure above, one can obtain a

complete set of polarized basis tensors. For an unpolarized
nucleon, there are 13 basis tensors dependent on Sh,

hSμνUVh
¼ ϵPPhqShhSμνU ; fðP · ShÞ; ðq · ShÞgh̃SμνU ; ð29Þ

hAμνUVh
¼ ϵPPhqShhAμνU ; fðP · ShÞ; ðq · ShÞgh̃AμνU ; ð30Þ

23 basis tensors dependent on Th,

hSμνUTh
¼ fTPP

h ; TPq
h ; Tqq

h ghSμνU ; fϵTP
hPPhq; ϵT

q
hPPhqgh̃SμνU ; ð31Þ

hAμνUTh
¼ fTPP

h ;TPq
h ;Tqq

h ghAμνU ;fϵTP
hPPhq;ϵT

q
hPPhqgh̃AμνU ; ð32Þ

and 31 basis tensors dependent on Rh,

hSμνURh
¼
n
ϵR

PP
h PPhq; ϵR

Pq
h PPhq; ϵR

qq
h PPhq

o
hSμνU ;n

RPPP
h ; RPPq

h ; RPqq
h ; Rqqq

h

o
h̃SμνU ; ð33Þ

hAμνURh
¼
n
ϵR

PP
h PPhq; ϵR

Pq
h PPhq; ϵR

qq
h PPhq

o
hAμνU ;n

RPPP
h ; RPPq

h ; RPqq
h ; Rqqq

h

o
h̃AμνU ; ð34Þ

where the first subscript “U” indicates the unpolarized state
of the nucleon and the second subscripts “Vh,” “Th,” and
“Rh” represent the spin states of the produced hadron.
For a polarized nucleon, there are 13 basis tensors if the

produced hadron is unpolarized,

hSμνVU ¼ ϵPPhqShSμνU ; fðPh · SÞ; ðq · SÞgh̃SμνU ; ð35Þ

hAμνVU ¼ ϵPPhqShAμνU ; fðPh · SÞ; ðq · SÞgh̃AμνU ; ð36Þ

which can be obtained by replacing the Sh in Eqs. (29) and
(30) by the nucleon spin vector S. Exhausting all possible
spin-dependent scalars or pseudoscalars, one can obtain the
basis tensors with both the nucleon and the produced
hadron polarized. However, some of them are not linearly
independent. The redundant ones can be eliminated by the
identity,

gαβϵμνρσ ¼ gαμϵβνρσ þ gανϵμβρσ þ gαρϵμνβσ þ gασϵμνρβ: ð37Þ

Then we obtain 41 basis tensors dependent on S and Sh,

hSμνVVh
¼ fS1ghSμνU ; fPS1gh̃SμνU ; ð38Þ

hAμνVVh
¼ fS1ghAμνU ; fPS1gh̃AμνU ; ð39Þ

where S1 stands for a set of spin-dependent scalars,

S1∶ ðS · ShÞ; ðP · ShÞðPh · SÞ; ðPh · SÞðq · ShÞ; ðP · ShÞ
× ðq · SÞ; ðq · ShÞðq · SÞ; ð40Þ

and PS1 stands for a set of spin-dependent pseudoscalars,

PS1∶ ϵPPhSSh ; ϵPqSSh ; ϵPhqSSh ; ϵPPhqShðS · qÞ: ð41Þ

Similarly, there are 67 basis tensors dependent on S and Th,

hSμνVTh
¼ fS2ghSμνU ; fPS2gh̃SμνU ; ð42Þ

hAμνVTh
¼ fS2ghAμνU ; fPS2gh̃AμνU ; ð43Þ

where the scalars in S2 and the pseudoscalars in PS2 are
given by
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S2∶ ϵT
P
hSPhq; ϵT

P
hSPq; ϵT

P
h SPPh ; ϵT

q
hSPhq; ϵT

q
hSPq; ϵT

q
hSPPh; ϵPPhqSTqq

h ; ð44Þ

PS2∶ TSP
h ; TSq

h ; TPP
h ðS · PhÞ; TPP

h ðS · qÞ; TPq
h ðS · PhÞ; TPq

h ðS · qÞ; Tqq
h ðS · PhÞ; Tqq

h ðS · qÞ; ð45Þ
and 95 basis tensors dependent on S and Rh,

hSμνVRh
¼ fS3ghSμνU ; fPS3gh̃SμνU ; ð46Þ

hAμνVRh
¼ fS3ghAμνU ; fPS3gh̃AμνU ; ð47Þ

where the scalars in S3 and the pseudoscalars in PS3 are given by

S3∶ RSPq
h ; RSPP

h ; RSqq
h ; RPPP

h ðS · PhÞ; RPPP
h ðS · qÞ; RPPq

h ðS · PhÞ;
RPPq
h ðS · qÞ; RPqq

h ðS · PhÞ; RPqq
h ðS · qÞ; Rqqq

h ðS · PhÞ; Rqqq
h ðS · qÞ; ð48Þ

PS3∶ ϵR
PP
h SPq; ϵR

PP
h SPhP; ϵR

PP
h SPhq; ϵR

Pq
h SPhq; ϵR

Pq
h SPhP; ϵR

Pq
h SPq;

ϵR
qq
h SPhq; ϵR

qq
h SPhP; ϵR

qq
h SPq; ϵPPhqSRqqq

h : ð49Þ

By now, we have a complete set of 288 basis Lorentz tensors and the hadronic tensor can be expressed as

Wμν ¼
X4
i¼1

VS
U;ih

Sμν
U;i þ

X8
i¼1

VS
UVh;i

hSμνUVh;i
þ
X16
i¼1

VS
UTh;i

hSμνUTh;i
þ
X20
i¼1

VS
URh;i

hSμνURh;i

þ i

 X1
i¼1

VA
U;ih

Aμν
U;i þ

X5
i¼1

VA
UVh;i

hAμνUVh;i
þ
X7
i¼1

VA
UTh;i

hAμνUTh;i
þ
X11
i¼1

VA
URh;i

hAμνURh;i

!

þ
X8
i¼1

VS
VU;ih

Sμν
VU;i þ

X28
i¼1

VS
VVh;i

hSμνVVh;i
þ
X44
i¼1

VS
VTh;i

hSμνVTh;i
þ
X64
i¼1

VS
VRh;i

hSμνVRh;i

þ i

 X5
i¼1

VA
VU;ih

Aμν
VU;i þ

X13
i¼1

VA
VVh;i

hAμνVVh;i
þ
X23
i¼1

VA
VTh;i

hAμνVTh;i
þ
X31
i¼1

VA
VRh;i

hAμνVRh;i

!
; ð50Þ

where the coefficients Vi are referred to as structure
functions, which are scalar functions of q2, P · q, Ph · q,
and P · Ph. We note that the total number of independent
structure functions is entirely determined by the number
of basis tensors obtained from the kinematic analysis,
although one may choose different linear combinations
for convenience.
Contracting the hadronic tensor with the leptonic tensor,

one can express the general expression of the differential
cross section in Eq. (16) in terms of the structure functions
Vi, whereas it is practically convenient to specify a
reference frame and to separate the contributions to various
angular modulations. As a common convention, we decom-
pose the spin components of the spin-3=2 hadron with
respect to its momentum direction. Here we choose three
orthogonal directions to project the spin components, i.e.,
the longitudinal direction along the Ω opposite momentum,
the normal direction of the hadron plane, and the transverse
direction in the production plane. We choose the temporal
basis vector as

t̂Ω ¼ ð1; 0; 0; 0Þ ð51Þ

and the spatial basis vector as

ẑΩ ¼ ð0;− sin θh cosϕh;− sin θh sinϕh; cos θhÞ: ð52Þ

In addition, the other two transverse spatial basis vectors
are defined as

x̂Ω ¼ ð0; cos θh cosϕh; cos θh sinϕh; sin θhÞ; ð53Þ

ŷΩ ¼ ð0;− sinϕh; cosϕh; 0Þ: ð54Þ

Here we use the vμ ¼ ðv0; vx; vy; vzÞ representation to be
distinguished from the light-cone component representa-
tion. The angle θh is spanned by the produced hadron
momentum and the transverse component of the hadron
momentum, which can be expressed in a Lorentz covariant
form as

ZHAO, ZHANG, LIANG, LIU, and ZHOU PHYS. REV. D 109, 074017 (2024)

074017-6



sin θh ¼
jPh⊥j
jPhj

¼
ffiffiffiffiffiffiffiffiffiffiffiffi
−P2

h⊥
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−P2

h⊥ þ j Ph·q
Q j2

q : ð55Þ

The spin components in Eq. (15) can be defined in Lorentz
covariant forms as Eqs. (78)–(92) in Ref. [84], with the
same definitions for the quantities ShL, jShT j, ϕhT , ShLL,
jShLT j, ϕhLT , jShTT j, ϕhTT , ShLLL, jShLLT j, ϕhLLT , jShLTT j,
ϕhLTT , jShTTT j, and ϕhTTT , while in our case the basis
vectors are replaced with Eqs. (51)–(54). Since the basis

vectors are constructed with the external momenta of the
reaction, all these variables are Lorentz scalars, although
the meanings of the variables are more clearly understood
in this particular frame.
So far, we have obtained the expression of the differ-

ential cross section in terms of 288 structure functions in
accordance with the angular distributions and the spin
states of the hadron. For simplicity, we group the 288 terms
in the cross section into 30 parts according to various
combinations of the spin states as

dσ
dxdydzdϕhdψdP2

h⊥
¼ α2

xyQ2

y2

2ð1 − εÞ
�
1þ γ2

2x

�
½FU;U þ ShLFU;L þ jShT jFU;T þ ShLLFU;LL þ jShLT jFU;LT

þ jShTT jFU;TT þ ShLLLFU;LLL þ jShLLT jFU;LLT þ jShLTT jFU;LTT þ jShTTT jFU;TTT

þ SLFL;U þ jST jF T;U þ SLðShLFL;L þ jShT jFL;TÞ þ jST jðShLF T;L þ jShT jF T;TÞ
þ SLðShLLFL;LL þ jShLT jFL;LT þ jShTT jFL;TTÞ þ jST jðShLLF T;LL þ jShLT jF T;LT

þ jShTT jF T;TTÞ þ SLðShLLLFL;LLL þ jShLLT jFL;LLT þ jShLTT jFL;LTT þ jShTTT jFL;TTTÞ
þ jST jðShLLLF T;LLL þ jShLLT jF T;LLT þ jShLTT jF T;LTT þ jShTTT jF T;TTTÞ�; ð56Þ

where the two subscripts ofF represent the spin states of the nucleon and the produced hadron, respectively. The ratio of the
longitudinal and the transverse photon flux is expressed as

ε ¼ 1 − y − 1
4
γ2y2

1 − yþ 1
2
y2 þ 1

4
γ2y2

: ð57Þ

The explicit expression of each part can be written in terms of the corresponding structure functions. Among the 288
structure functions in Eq. (56), five are for unpolarized states,

FU;U ¼ FT
U;U þ εFL

U;U þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2εð1þ εÞ

p
cosϕhF

cosϕh
U;U þ ε cos 2ϕhF

cos 2ϕh
U;U þ λe

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2εð1 − εÞ

p
sinϕhG

sinϕh
U;U ; ð58Þ

13 are for unpolarized target and vector polarized hadron states,

FU;L ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2εð1þ εÞ

p
sinϕhF

sinϕh
U;L þ ε sin 2ϕhF

sin 2ϕh
U;L þ λe

	 ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ε2

p
GU;L þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2εð1 − εÞ

p
cosϕhG

cosϕh
U;L



; ð59Þ

FU;T ¼ sinϕhT

	
FT sinϕhT
U;T þ εFL sinϕhT

U;T



þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2εð1þ εÞ

p 	
sin ðϕh − ϕhTÞFsin ðϕh−ϕhTÞ

U;T þ sin ðϕh þ ϕhTÞFsin ðϕhþϕhTÞ
U;T



þ ε
	
sin ð2ϕh − ϕhTÞFsin ð2ϕh−ϕhTÞ

U;T þ sin ð2ϕh þ ϕhTÞFsin ð2ϕhþϕhTÞ
U;T



þ λe

h ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ε2

p
cosϕhTG

cosϕhT
U;T

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2εð1 − εÞ

p 	
cos ðϕh − ϕhTÞGcos ðϕh−ϕhTÞ

U;T þ cos ðϕh þ ϕhTÞGcos ðϕhþϕhTÞ
U;T


i
; ð60Þ

23 are for unpolarized target and rank-2 tensor polarized hadron states,

FU;LL ¼ FT
U;LL þ εFL

U;LL þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2εð1þ εÞ

p
cosϕhF

cosϕh
U;LL þ ε cos 2ϕhF

cos 2ϕh
U;LL þ λe

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2εð1 − εÞ

p
sinϕhG

sinϕh
U;LL; ð61Þ
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FU;LT ¼ cosϕhLT

	
FT cosϕhLT
U;LT þ εFL cosϕhLT

U;LT



þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2εð1þ εÞ

p 	
cos ðϕh − ϕhLTÞFcos ðϕh−ϕhLT Þ

U;LT þ cos ðϕh þ ϕhLTÞFcos ðϕhþϕhLTÞ
U;LT



þ ε
	
cos ð2ϕh − ϕhLTÞFcos ð2ϕh−ϕhLTÞ

U;LT þ cos ð2ϕh þ ϕhLTÞFcos ð2ϕhþϕhLT Þ
U;LT



þ λe

h ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ε2

p
sinϕhLTG

sinϕhLT
U;LT

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2εð1 − εÞ

p 	
sin ðϕh − ϕhLTÞGsin ðϕh−ϕhLTÞ

U;LT þ sin ðϕh þ ϕhLTÞGsin ðϕhþϕhLTÞ
U;LT


i
; ð62Þ

FU;TT ¼ cos 2ϕhTT

	
FT cos 2ϕhTT
U;TT þ εFL cos 2ϕhTT

U;TT



þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2εð1þ εÞ

p 	
cos ðϕh − 2ϕhTTÞFcos ðϕh−2ϕhTT Þ

U;TT þ cos ðϕh þ 2ϕhTTÞFcos ðϕhþ2ϕhTTÞ
U;TT



þ ε
	
cos ð2ϕh − 2ϕhTTÞFcos ð2ϕh−2ϕhTTÞ

U;TT þ cos ð2ϕh þ 2ϕhTTÞFcos ð2ϕhþ2ϕhTT Þ
U;TT



þ λe

h ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ε2

p
sin 2ϕhTTG

sin 2ϕhTT
U;TT

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2εð1 − εÞ

p 	
sin ðϕh − 2ϕhTTÞGsin ðϕh−2ϕhTTÞ

U;TT þ sin ðϕh þ 2ϕhTTÞGsin ðϕhþ2ϕhTTÞ
U;TT


i
; ð63Þ

31 are for unpolarized target and rank-3 tensor polarized hadron states,

FU;LLL ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2εð1þ εÞ

p
sinϕhF

sinϕh
U;LLL þ ε sin 2ϕhF

sin 2ϕh
U;LLL þ λe

	 ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ε2

p
GU;LLL þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2εð1 − εÞ

p
cosϕhG

cosϕh
U;LLL



; ð64Þ

FU;LLT ¼ sinϕhLLT

	
FT sinϕhLLT
U;LLT þ εFL sinϕhLLT

U;LLT



þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2εð1þ εÞ

p 	
sin ðϕh − ϕhLLTÞFsin ðϕh−ϕhLLTÞ

U;LLT þ sin ðϕh þ ϕhLLTÞFsin ðϕhþϕhLLTÞ
U;LLT



þ ε
	
sin ð2ϕh − ϕhLLTÞFsin ð2ϕh−ϕhLLTÞ

U;LLT þ sin ð2ϕh þ ϕhLLTÞFsin ð2ϕhþϕhLLTÞ
U;LLT



þ λe

h ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ε2

p
cosϕhLLTG

cosϕhLLT
U;LLT

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2εð1 − εÞ

p 	
cos ðϕh − ϕhLLTÞGcos ðϕh−ϕhLLTÞ

U;LLT þ cos ðϕh þ ϕhLLTÞGcos ðϕhþϕhLLTÞ
U;LLT


i
; ð65Þ

FU;LTT ¼ sin 2ϕhLTT

	
FT sin 2ϕhLTT
U;LTT þ εFL sin 2ϕhLTT

U;LTT



þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2εð1þ εÞ

p 	
sin ðϕh − 2ϕhLTTÞFsin ðϕh−2ϕhLTT Þ

U;LTT þ sin ðϕh þ 2ϕhLTTÞFsin ðϕhþ2ϕhLTT Þ
U;LTT



þ ε
	
sin ð2ϕh − 2ϕhLTTÞFsin ð2ϕh−2ϕhLTTÞ

U;LTT þ sin ð2ϕh þ 2ϕhLTTÞFsin ð2ϕhþ2ϕhLTTÞ
U;LTT



þ λe

h ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ε2

p
cos 2ϕhLTTG

cos 2ϕhLTT
U;LTT

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2εð1 − εÞ

p 	
cos ðϕh − 2ϕhLTTÞGcos ðϕh−2ϕhLTTÞ

U;LTT þ cos ðϕh þ 2ϕhLTTÞGcos ðϕhþ2ϕhLTTÞ
U;LTT


i
; ð66Þ

FU;TTT ¼ sin 3ϕhTTT

	
FT sin 3ϕhTTT
TTT þ εFL sin 3ϕhTTT

U;TTT



þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2εð1þ εÞ

p 	
sin ðϕh − 3ϕhTTTÞFsin ðϕh−3ϕhTTTÞ

U;TTT þ sin ðϕh þ 3ϕhTTTÞFsin ðϕhþ3ϕhTTT Þ
U;TTT



þ ε
	
sin ð2ϕh − 3ϕhTTTÞFsin ð2ϕh−3ϕhTTTÞ

U;TTT þ sin ð2ϕh þ 3ϕhTTTÞFsin ð2ϕhþ3ϕhTTTÞ
U;TTT



þ λe

h ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ε2

p
cos 3ϕhTTTG

cos 3ϕhTTT
U;TTT

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2εð1 − εÞ

p 	
cos ðϕh − 3ϕhTTTÞGcos ðϕh−3ϕhTTT Þ

U;TTT þ cos ðϕh þ 3ϕhTTTÞGcos ðϕhþ3ϕhTTTÞ
U;TTT


i
; ð67Þ
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13 are for vector polarized target states and unpolarized hadron,

FL;U ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2εð1þ εÞ

p
sinϕhF

sinϕh
L;U þ ε sin 2ϕhF

sin 2ϕh
L;U þ λe

	 ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ε2

p
GL;U þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2εð1 − εÞ

p
cosϕhG

cosϕh
L;U



; ð68Þ

F T;U ¼ sinðϕh − ϕTÞ
	
FT sinðϕh−ϕT Þ
T;U þ εFL sinðϕh−ϕT Þ

T;U



þ ε sinðϕh þ ϕTÞFsinðϕhþϕTÞ

T;U

þ ε sinð3ϕh þ ϕTÞFsinð3ϕhþϕTÞ
T;U þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2εð1þ εÞ

p 	
sinϕTF

sinϕT
T;U þ sinð2ϕh − ϕTÞFsinð2ϕh−ϕT Þ

T;U



þ λe

h ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ε2

p
cosðϕh − ϕTÞGcosðϕh−ϕTÞ

T;U

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2εð1 − εÞ

p 	
cosð2ϕh − ϕTÞGcosð2ϕh−ϕT Þ

T;U þ cosϕTG
cosϕT
T;U


i
; ð69Þ

41 are for vector polarized target states and vector polarized hadron states,

FL;L ¼ FT
L;L þ εFL

L;L þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2εð1þ εÞ

p
cosϕhF

cosϕh
L;L þ ε cos 2ϕhF

cos 2ϕh
L;L þ λe

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2εð1 − εÞ

p
sinϕhG

sinϕh
L;L ; ð70Þ

FL;T ¼ cos ϕhT

	
FT cos ϕhT
L;T þ εFL cos ϕhT

L;T



þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2εð1þ εÞ

p 	
cosðϕh − ϕhTÞFcosðϕh−ϕhTÞ

L;T þ cosðϕh þ ϕhTÞFcosðϕhþϕhTÞ
L;T




þ ε
	
cosð2ϕh − ϕhTÞF

cos
�
2ϕh−ϕhT

�
L;T þ cosð2ϕh þ ϕhTÞFcosð2ϕhþϕhTÞ

L;T



þ λe

h ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ε2

p
sinϕhTG

sinϕhT
L;T

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2εð1 − εÞ

p 	
sinðϕh − ϕhTÞGsinðϕh−ϕhTÞ

L;T þ sinðϕT þ ϕhTÞGsinðϕhþϕhTÞ
L;T


i
; ð71Þ

F T;L ¼ cos ðϕh − ϕTÞ
	
FT cos ðϕh−ϕT Þ
T;L þ εFL cos ðϕh−ϕTÞ

T;L



þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2εð1þ εÞ

p 	
cosϕTF

cosϕT
T;L þ cos ð2ϕh − ϕTÞFcos ð2ϕh−ϕT Þ

T;L



þ ε
	
cos ðϕh þ ϕTÞFcos ðϕhþϕT Þ

T;L þ cos ð3ϕh − ϕTÞFcos ð3ϕh−ϕT Þ
T;L



þ λe

h ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ε2

p
sin ðϕh − ϕTÞGsin ðϕh−ϕTÞ

T;L

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2εð1 − εÞ

p 	
sinϕTG

sinϕT
T;L þ sin ð2ϕh − ϕTÞGsin ð2ϕh−ϕT Þ

T;L


i
; ð72Þ

F T;T ¼ cos ðϕh − ϕhT − ϕTÞ
	
FT cos ðϕh−ϕhT−ϕT Þ
T;T þ εFL cos ðϕh−ϕhT−ϕTÞ

T;T



þ cos ðϕh þ ϕhT − ϕTÞ

	
FT cos ðϕhþϕhT−ϕT Þ
T;T þ εFL cos ðϕhþϕhT−ϕT Þ

T;T



þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2εð1þ εÞ

p 	
cos ðϕhT − ϕTÞFcos ðϕhT−ϕT Þ

T;T þ cos ðϕhT þ ϕTÞFcos ðϕhTþϕTÞ
T;T

þ cos ð2ϕh − ϕhT − ϕTÞFcos ð2ϕh−ϕhT−ϕTÞ
T;T þ cos ð2ϕh þ ϕhT − ϕTÞFcos ð2ϕhþϕhT−ϕT Þ

T;T



þ ε
	
cos ðϕh − ϕhT þ ϕTÞFcos ðϕh−ϕhTþϕT Þ

T;T þ cos ðϕh þ ϕhT þ ϕTÞFcos ðϕhþϕhTþϕTÞ
T;T

þ cos ð3ϕh − ϕhT − ϕTÞFcos ð3ϕh−ϕhT−ϕTÞ
T;T þ cos ð3ϕh þ ϕhT − ϕTÞFcos ð3ϕhþϕhT−ϕT Þ

T;T



þ λe

h ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2εð1 − εÞ

p 	
sin ðϕhT − ϕTÞGsin ðϕhT−ϕTÞ

T;T þ sin ðϕhT þ ϕTÞGsin ðϕhTþϕT Þ
T;T

þ sin ð2ϕh − ϕhT − ϕTÞGsin ð2ϕh−ϕhT−ϕT Þ
T;T þ sin ð2ϕh þ ϕhT − ϕTÞGsin ð2ϕhþϕhT−ϕTÞ

T;T



þ

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ε2

p 	
sin ðϕh − ϕhT − ϕTÞGsin ðϕh−ϕhT−ϕT Þ

T;T þ sin ðϕh þ ϕhT − ϕTÞGsin ðϕhþϕhT−ϕTÞ
T;T


i
; ð73Þ
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67 are for vector polarized target states and rank-2 tensor polarized hadron states,

FL;LL ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2εð1þ εÞ

p
sinϕhF

sinϕh
L;LL þ ε sin 2ϕhF

sin 2ϕh
L;LL þ λe

	 ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ε2

p
GL;LL þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2εð1 − εÞ

p
cosϕhG

cosϕh
L;LL



; ð74Þ

FL;LT ¼ sinϕhLT

	
FT sinϕhLT
L;LT þ εFL sinϕhLT

L;LT



þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2εð1þ εÞ

p 	
sin ðϕh þ ϕhLTÞFsin ðϕhþϕhLTÞ

L;LT þ sin ðϕh − ϕhLTÞFsin ðϕh−ϕhLTÞ
L;LT



þ ε
	
sin ð2ϕh þ ϕhLTÞFsin ð2ϕhþϕhLTÞ

L;LT þ sin ð2ϕh − ϕhLTÞFsin ð2ϕh−ϕhLTÞ
L;LT



þ λe

h ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ε2

p
cosϕhLTG

cosϕhLT
L;LT

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2εð1 − εÞ

p 	
cos ðϕh − ϕhLTÞGcos ðϕh−ϕhLTÞ

L;LT þ cos ðϕh þ ϕhLTÞGcos ðϕhþϕhLTÞ
L;LT


i
; ð75Þ

FL;TT ¼ sin 2ϕhTT

	
FT sin 2ϕhTT
L;TT þ εFL sin 2ϕhTT

L;TT



þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2εð1þ εÞ

p 	
sin ðϕh þ 2ϕhTTÞFsin ðϕhþ2ϕhTTÞ

L;TT þ sin ðϕh − 2ϕhTTÞFsin ðϕh−2ϕhTT Þ
L;TT



þ ε
	
sin ð2ϕh þ 2ϕhTTÞFsin ð2ϕhþ2ϕhTTÞ

L;TT þ sin ð2ϕh − 2ϕhTTÞFsin ð2ϕh−2ϕhTTÞ
L;TT



þ λe

h ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ε2

p
cos 2ϕhTTG

cos 2ϕhTT
L;TT

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2εð1 − εÞ

p 	
cos ðϕh − 2ϕhTTÞGcos ðϕh−2ϕhTT Þ

L;TT þ cos ðϕh þ 2ϕhTTÞGcos ðϕhþ2ϕhTT Þ
L;TT


i
; ð76Þ

F T;LL ¼ sin ðϕh − ϕTÞ
	
FT sin ðϕh−ϕTÞ
T;LL þ εFL sin ðϕh−ϕT Þ

T;LL



þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2εð1þ εÞ

p 	
sinϕTF

sinϕT
T;LL þ sin ð2ϕh − ϕTÞFsin ð2ϕh−ϕTÞ

T;LL



þ ε
	
sin ðϕh þ ϕTÞFsin ðϕhþϕT Þ

T;LL þ sin ð3ϕh − ϕTÞFsin ð3ϕh−ϕTÞ
T;LL



þ λe

h ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ε2

p
cos ðϕh − ϕTÞGcos ðϕh−ϕT Þ

T;LL

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2εð1 − εÞ

p 	
cosϕTG

cosϕT
T;LL þ cos ð2ϕh − ϕTÞGcos ð2ϕh−ϕT Þ

T;LL


i
; ð77Þ

F T;LT ¼ sin ðϕh − ϕhLT − ϕTÞ
	
FT sin ðϕh−ϕhLT−ϕT Þ
T;LT þ εFL sin ðϕh−ϕhLT−ϕTÞ

T;LT



þ sin ðϕh þ ϕhLT − ϕTÞ

	
FT sin ðϕhþϕhLT−ϕT Þ
T;LT þ εFL sin ðϕhþϕhLT−ϕT Þ

T;LT



þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2εð1þ εÞ

p 	
sin ðϕhLT − ϕTÞFsin ðϕhLT−ϕT Þ

T;LT þ sin ðϕhLT þ ϕTÞFsin ðϕhLTþϕT Þ
T;LT

þ sin ð2ϕh þ ϕhLT − ϕTÞFsin ð2ϕhþϕhLT−ϕT Þ
T;LT þ sin ð2ϕh − ϕhLT − ϕTÞFsin ð2ϕh−ϕhLT−ϕT Þ

T;LT



þ ε
	
sin ðϕh þ ϕhLT þ ϕTÞFsin ðϕhþϕhLTþϕTÞ

T;LT þ sin ðϕh − ϕhLT þ ϕTÞFsin ðϕh−ϕhLTþϕTÞ
T;LT

þ sin ð3ϕh − ϕhLT − ϕTÞFsin ð3ϕh−ϕhLT−ϕTÞ
T;LT þ sin ð3ϕh þ ϕhLT − ϕTÞFsin ð3ϕhþϕhLT−ϕT Þ

T;LT



þ λe

h ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2εð1 − εÞ

p 	
cos ðϕhLT − ϕTÞGcos ðϕhLT−ϕT Þ

T;LT þ cos ðϕhLT þ ϕTÞGcos ðϕhLTþϕT Þ
T;LT

þ cos ð2ϕh − ϕhLT − ϕTÞGcos ð2ϕh−ϕhLT−ϕT Þ
T;LT þ cos ð2ϕh þ ϕhLT − ϕTÞGcos ð2ϕhþϕhLT−ϕT Þ

T;LT



þ

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ε2

p 	
cos ðϕh − ϕhLT − ϕTÞGcos ðϕh−ϕhLT−ϕTÞ

T;LT þ cos ðϕh þ ϕhLT − ϕTÞGcos ðϕhþϕhLT−ϕTÞ
T;LT


i
; ð78Þ

ZHAO, ZHANG, LIANG, LIU, and ZHOU PHYS. REV. D 109, 074017 (2024)

074017-10



F T;TT ¼ sin ðϕh − 2ϕhTT − ϕTÞ
	
FT sin ðϕh−2ϕhTT−ϕT Þ
T;TT þ εFL sin ðϕh−2ϕhTT−ϕTÞ

T;TT



þ sin ðϕh þ 2ϕhTT − ϕTÞ

	
FT sin ðϕhþ2ϕhTT−ϕT Þ
T;TT þ εFL sin ðϕhþ2ϕhTT−ϕTÞ

T;TT



þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2εð1þ εÞ

p 	
sin ð2ϕhTT − ϕTÞFsin ð2ϕhTT−ϕT Þ

T;TT þ sin ð2ϕhTT þ ϕTÞFsin ð2ϕhTTþϕT Þ
T;TT

þ sin ð2ϕh þ 2ϕhTT − ϕTÞFsin ð2ϕhþ2ϕhTT−ϕT Þ
T;TT þ sin ð2ϕh − 2ϕhTT − ϕTÞFsin ð2ϕh−2ϕhTT−ϕTÞ

T;TT



þ ε
	
sin ðϕh þ 2ϕhTT þ ϕTÞFsin ðϕhþ2ϕhTTþϕTÞ

T;TT þ sin ðϕh − 2ϕhTT þ ϕTÞFsin ðϕh−2ϕhTTþϕTÞ
T;TT

þ sin ð3ϕh − 2ϕhTT − ϕTÞFsin ð3ϕh−2ϕhTT−ϕTÞ
T;TT þ sin ð3ϕh þ 2ϕhTT − ϕTÞFsin ð3ϕhþ2ϕhTT−ϕTÞ

T;TT



þ λe

h ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2εð1 − εÞ

p 	
cos ð2ϕhTT − ϕTÞGcos ð2ϕhTT−ϕT Þ

T;TT þ cos ð2ϕhTT þ ϕTÞGcos ð2ϕhTTþϕT Þ
T;TT

þ cos
	
2ϕh − 2ϕhTT − ϕTÞGcos ð2ϕh−2ϕhTT−ϕT Þ

T;TT þ cos ð2ϕh þ 2ϕhTT − ϕTÞGcos ð2ϕhþ2ϕhTT−ϕT Þ
T;TT



þ

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ε2

p 	
cos ðϕh − 2ϕhTT − ϕTÞGcos ðϕh−2ϕhTT−ϕTÞ

T;TT þ cos ðϕh þ 2ϕhTT − ϕTÞGcos ðϕhþ2ϕhTT−ϕT Þ
T;TT


i
; ð79Þ

and 95 are for vector polarized target states and rank-3 tensor polarized hadron states,

FL;LLL ¼ FT
L;LLL þ εFL

L;LLL þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2εð1þ εÞ

p
cosϕhF

cosϕh
L;LLL þ ε cos 2ϕhF

cos 2ϕh
L;LLL þ λe

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2εð1 − εÞ

p
sinϕhG

sinϕh
L;LLL; ð80Þ

FL;LLT ¼ cosϕhLLT

	
FT cosϕhLLT
L;LLT þ εFL cosϕhLLT

L;LLT



þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2εð1þ εÞ

p 	
cos ðϕh − ϕhLLTÞFcos ðϕh−ϕhLLTÞ

L;LLT þ cos ðϕh þ ϕhLLTÞFcos ðϕhþϕhLLTÞ
L;LLT



þ ε
	
cos ð2ϕh − ϕhLLTÞFcos ð2ϕh−ϕhLLTÞ

L;LLT þ cos ð2ϕh þ ϕhLLTÞFcos ð2ϕhþϕhLLTÞ
L;LLT



þ λe

h ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ε2

p
sinϕhLLTG

sinϕhLLT
L;LLT

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2εð1 − εÞ

p 	
sin ðϕh − ϕhLLTÞGsin ðϕh−ϕhLLTÞ

L;LLT þ sin ðϕh þ ϕhLLTÞGsin ðϕhþϕhLLTÞ
L;LLT


i
; ð81Þ

FL;LTT ¼ cos 2ϕhLTT

	
FT cos 2ϕhLTT
L;LTT þ εFL cos 2ϕhLTT

L;LTT



þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2εð1þ εÞ

p 	
cos ðϕh − 2ϕhLTTÞFcos ðϕh−2ϕhLTT Þ

L;LTT þ cos ðϕh þ 2ϕhLTTÞFcos ðϕhþ2ϕhLTTÞ
L;LTT



þ ε
	
cos ð2ϕh − 2ϕhLTTÞFcos ð2ϕh−2ϕhLTTÞ

L;LTT þ cos ð2ϕh þ 2ϕhLTTÞFcos ð2ϕhþ2ϕhLTT Þ
L;LTT



þ λe

h ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ε2

p
sin 2ϕhLTTG

sin 2ϕhLTT
L;LTT

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2εð1 − εÞ

p 	
sin ðϕh − 2ϕhLTTÞGsin ðϕh−2ϕhLTTÞ

L;LTT þ sin ðϕh þ 2ϕhLTTÞGsin ðϕhþ2ϕhLTTÞ
L;LTT


i
; ð82Þ

FL;TTT ¼ cos 3ϕhTTT

	
FT cos 3ϕhTTT
L;TTT þ εFL cos 3ϕhTTT

L;TTT



þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2εð1þ εÞ

p 	
cos ðϕh − 3ϕhTTTÞFcos ðϕh−3ϕhTTT Þ

L;TTT þ cos ðϕh þ 3ϕhTTTÞFcos ðϕhþ3ϕhTTTÞ
L;TTT



þ ε
	
cos ð2ϕh − 3ϕhTTTÞFcos ð2ϕh−3ϕhTTTÞ

L;TTT þ cos ð2ϕh þ 3ϕhTTTÞFcos ð2ϕhþ3ϕhTTT Þ
L;TTT



þ λe

h ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ε2

p
sin 3ϕhTTTG

sin 3ϕhTTT
L;TTT

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2εð1 − εÞ

p
ðsin ðϕh − 3ϕhTTTÞGsin ðϕh−3ϕhTTTÞ

L;TTT þ sin ðϕh þ 3ϕhTTTÞGsin ðϕhþ3ϕhTTT Þ
L;TTT


i
; ð83Þ
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F T;LLL ¼ cos ðϕh − ϕTÞ
	
FT cos ðϕh−ϕTÞ
T;LLL þ εFL cos ðϕh−ϕT Þ

T;LLL



þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2εð1þ εÞ

p 	
cosϕTF

cosϕT
T;LLL þ cos ð2ϕh − ϕTÞFcos ð2ϕh−ϕTÞ

T;LLL



þ ε
	
cos ðϕh þ ϕTÞFcos ðϕhþϕTÞ

T;LLL þ cos ð3ϕh − ϕTÞFcos ð3ϕh−ϕTÞ
T;LLL



þ λe

h ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ε2

p
sin ðϕh − ϕTÞGsin ðϕh−ϕT Þ

T;LLL

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2εð1 − εÞ

p 	
sinϕTG

sinϕT
T;LLL þ sin ð2ϕh − ϕTÞGsin ð2ϕh−ϕT Þ

T;LLL


i
; ð84Þ

F T;LLT ¼ cos ðϕh − ϕhLLT − ϕTÞ
	
FT cos ðϕh−ϕhLLT−ϕTÞ
T;LLT þ εFL cos ðϕh−ϕhLLT−ϕTÞ

T;LLT



þ cos ðϕh þ ϕhLLT − ϕTÞ

	
FT cos ðϕhþϕhLLT−ϕTÞ
T;LLT þ εFL cos ðϕhþϕhLLT−ϕTÞ

T;LLT



þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2εð1þ εÞ

p 	
cos ðϕhLLT − ϕTÞFcos ðϕhLLT−ϕTÞ

T;LLT þ cos ðϕhLLT þ ϕTÞFcos ðϕhLLTþϕT Þ
T;LLT

þ cos ð2ϕh − ϕhLLT − ϕTÞFcos ð2ϕh−ϕhLLT−ϕT Þ
T;LLT þ cos ð2ϕh þ ϕhLLT − ϕTÞFcos ð2ϕhþϕhLLT−ϕT Þ

T;LLT



þ ε
	
cos ðϕh − ϕhLLT þ ϕTÞFcos ðϕh−ϕhLLTþϕTÞ

T;LLT þ cos ðϕh þ ϕhLLT þ ϕTÞFcos ðϕhþϕhLLTþϕTÞ
T;LLT

þ cos ð3ϕh − ϕhLLT − ϕTÞFcos ð3ϕh−ϕhLLT−ϕT Þ
T;LLT þ cos ð3ϕh þ ϕhLLT − ϕTÞFcos ð3ϕhþϕhLLT−ϕT Þ

T;LLT



þ λe

h ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2εð1 − εÞ

p 	
sin ðϕhLLT − ϕTÞGsin ðϕhLLT−ϕT Þ

T;LLT þ sin ðϕhLLT þ ϕTÞGsin ðϕhLLTþϕTÞ
T;LLT

þ sin ð2ϕh − ϕhLLT − ϕTÞGsin ð2ϕh−ϕhLLT−ϕTÞ
T;LLT þ sin ð2ϕh þ ϕhLLT − ϕTÞGsin ð2ϕhþϕhLLT−ϕT Þ

T;LLT



þ

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ε2

p 	
sin ðϕh − ϕhLLT − ϕTÞGsin ðϕh−ϕhLLT−ϕTÞ

T;LLT þ sin ðϕh þ ϕhLLT − ϕTÞGsin ðϕhþϕhLLT−ϕTÞ
T;LLT


i
; ð85Þ

F T;LTT ¼ cos ðϕh − 2ϕhLTT − ϕTÞ
	
FT cos ðϕh−2ϕhLTT−ϕTÞ
T;LTT þ εFL cos ðϕh−2ϕhLTT−ϕTÞ

T;LTT



þ cos ðϕh þ 2ϕhLTT − ϕTÞ

	
FT cos ðϕhþ2ϕhLTT−ϕT Þ
T;LTT þ εFL cos ðϕhþ2ϕhLTT−ϕTÞ

T;LTT



þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2εð1þ εÞ

p 	
cos ð2ϕhLTT − ϕTÞFcos ð2ϕhLTT−ϕT Þ

T;LTT þ cos ð2ϕhLTT þ ϕTÞFcos ð2ϕhLTTþϕTÞ
T;LTT

þ cos ð2ϕh − 2ϕhLTT − ϕTÞFcos ð2ϕh−2ϕhLTT−ϕT Þ
T;LTT þ cos ð2ϕh þ 2ϕhLTT − ϕTÞFcos ð2ϕhþ2ϕhLTT−ϕTÞ

T;LTT



þ ε
	
cos ðϕh − 2ϕhLTT þ ϕTÞFcos ðϕh−2ϕhLTTþϕT Þ

T;LTT þ cos ðϕh þ 2ϕhLTT þ ϕTÞFcos ðϕhþ2ϕhLTTþϕTÞ
T;LTT

þ cos ð3ϕh − 2ϕhLTT − ϕTÞFcos ð3ϕh−2ϕhLTT−ϕT Þ
T;LTT þ cos ð3ϕh þ 2ϕhLTT − ϕTÞFcos ð3ϕhþ2ϕhLTT−ϕTÞ

T;LTT



þ λe

h ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2εð1 − εÞ

p 	
sin ð2ϕhLTT − ϕTÞGsin ð2ϕhLTT−ϕTÞ

T;LTT þ sin ð2ϕhLTT þ ϕTÞGsin ð2ϕhLTTþϕT Þ
T;LTT

þ sin ð2ϕh − 2ϕhLTT − ϕTÞGsin ð2ϕh−2ϕhLTT−ϕT Þ
T;LTT þ sin ð2ϕh þ 2ϕhLTT − ϕTÞGsin ð2ϕhþ2ϕhLTT−ϕT Þ

T;LTT



þ

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ε2

p 	
sin ðϕh − 2ϕhLTT − ϕTÞGsin ðϕh−2ϕhLTT−ϕTÞ

T;LTT þ sin ðϕh þ 2ϕhLTT − ϕTÞGsin ðϕhþ2ϕhLTT−ϕT Þ
T;LTT


i
; ð86Þ
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F T;TTT ¼ cos ðϕh − 3ϕhTTT − ϕTÞ
	
FT cos ðϕh−3ϕhTTT−ϕTÞ
T;TTT þ εFL cos ðϕh−3ϕhTTT−ϕT Þ

T;TTT



þ cos ðϕh þ 3ϕhTTT − ϕTÞ

	
FT cos ðϕhþ3ϕhTTT−ϕTÞ
T;TTT þ εFL cos ðϕhþ3ϕhTTT−ϕTÞ

T;TTT



þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2εð1þ εÞ

p 	
cos ð3ϕhTTT − ϕTÞFcos ð3ϕhTTT−ϕTÞ

T;TTT þ cos ð3ϕhTTT þ ϕTÞFcos ð3ϕhTTTþϕTÞ
T;TTT

þ cos ð2ϕh − 3ϕhTTT − ϕTÞFcos ð2ϕh−3ϕhTTT−ϕT Þ
T;TTT þ cos ð2ϕh þ 3ϕhTTT − ϕTÞFcos ð2ϕhþ3ϕhTTT−ϕTÞ

T;TTT



þ ε
	
cos ðϕh − 3ϕhTTT þ ϕTÞFcos ðϕh−3ϕhTTTþϕTÞ

T;TTT þ cos ðϕh þ 3ϕhTTT þ ϕTÞFcos ðϕhþ3ϕhTTTþϕT Þ
T;TTT

þ cos ð3ϕh − 3ϕhTTT − ϕTÞFcos ð3ϕh−3ϕhTTT−ϕT Þ
T;TTT þ cos ð3ϕh þ 3ϕhTTT − ϕTÞFcos ð3ϕhþ3ϕhTTT−ϕTÞ

T;TTT



þ λe

h ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2εð1 − εÞ

p 	
sin ð3ϕhTTT − ϕTÞGsin ð3ϕhTTT−ϕT Þ

T;TTT þ sin ð3ϕhTTT þ ϕTÞGsin ð3ϕhTTTþϕT Þ
T;TTT

þ sin ð2ϕh − 3ϕhTTT − ϕTÞGsin ð2ϕh−3ϕhTTT−ϕTÞ
T;TTT þ sin ð2ϕh þ 3ϕhTTT − ϕTÞGsin ð2ϕhþ3ϕhTTT−ϕTÞ

T;TTT



þ

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ε2

p 	
sin ðϕh − 3ϕhTTT − ϕTÞGsin ðϕh−3ϕhTTT−ϕTÞ

T;TTT þ sin ðϕh þ 3ϕhTTT − ϕTÞGsin ðϕhþ3ϕhTTT−ϕT Þ
T;TTT


i
; ð87Þ

where F and G correspond to the structure functions for
unpolarized and polarized lepton beams, respectively.
Apart from the trigonometric function superscripts, which
indicate the angular modulations, the superscripts L and T
in some terms are used to distinguish the longitudinal and
the transverse polarization of the virtual photon. The
structure functions F’s and G’s, as scalar functions of x,
Q2, z, and P2

h⊥, are linear combinations of the V’s in
Eq. (50). One may easily find that the number of the
structure functions corresponding to different spin states is
exactly the number of the basis tensors that depend on the
corresponding spin tensors.
Among the 288 structure functions, 126 rank-3 tensor

polarized ones are newly defined and exist only for the
produced hadron with s ≥ 3=2, while the 18 unpolarized
ones, the 54 vector polarized ones, and the 90 rank-2 tensor
polarized ones also exist when detecting a spin-1 hadron. It
is also worthwhile to mention that there are 192 terms of the
288 structure functions corresponding to the unpolarized
lepton, while the other 96 terms relate to the polarized
lepton.
For the production of a spin-3=2 hadron in SIDIS off

an unpolarized target, the differential cross section can
be expressed in terms of 72 structure functions in
Eqs. (58)–(67), where the 31 rank-3 tensor polarized ones
are newly defined and only survive only when the spin of
the produced hadron is no less than 3=2. If the lepton is
unpolarized, we find that the corresponding cross section
is characterized by a total of 48 structure functions, which
is consistent with the number of structure functions in the
cross section for eþe− → ΩhX in Ref. [84].

III. THECALCULATION IN THE PARTONMODEL

In this section, we derive the structure functions in the
parton model at the leading twist. For convenience, we
choose the nucleon and the hadron back-to-back frame, in
which the momenta can be expressed as

Pμ ¼ Pþn̄μ þ M2

2Pþ nμ; Pμ
h ¼

M2
h

2P−
h
n̄μ þ P−

h n
μ; ð88Þ

where n̄μ ¼ ð1; 0; 0⊥Þ and nμ ¼ ð0; 1; 0⊥Þ in light-cone
coordinates. Correspondingly, the transverse metric tensor
gμνT and the transverse antisymmetric tensor ϵμνT can be
expressed by the momenta of the target and the produced
hadron,

gμνT ¼ gμν −
ðPh ·PÞðPμ

hP
νþPν

hP
μÞ

ðPh ·PÞ2 −M2
hM

2
þM2

hP
μPνþM2Pμ

hPh

ðPh ·PÞ2 −M2
hM

2
;

ð89Þ

ϵμνT ¼ ϵμνρσ
PρPhσffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðPh · PÞ2 −M2
hM

2
p : ð90Þ

We consider the SIDIS process in the kinematic region
q2T ≪ Q2, where qT is the transverse momentum of the
virtual photon. At the leading order, we apply the TMD
factorization in which the hadronic tensor can be expressed
as the convolution of the parton distribution correlator Φ
and the fragmentation correlator Δ,
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Wμν ¼ 2z
X
a

e2a

Z
d2kT

Z
d2pTδ2ðkT þ qT − pTÞ

× Tr½Φðx; kTÞγμΔðz; pTÞγν�; ð91Þ

where kT and pT are the momenta of the quark from the
target and the quark that fragment to the final-state hadron,
respectively. The sum runs over all active flavors of quark
and antiquark a with ea being the fractional charge of a.
The light-cone longitudinal momentum fractions are

defined by x ¼ kþ=Pþ and z ¼ p−=P−
h . The TMD dis-

tribution correlation function is defined by

Φðx; kTÞ ¼
Z

dξ−d2ξT
ð2πÞ3 eik·ξhPjψ̄ð0ÞLð0; ξÞψðξÞjPi





ξþ¼0

;

ð92Þ

and the fragmentation correlation function is defined by

Δðz; pTÞ ¼
1

2z

X
X

Z
dηþd2ηT
ð2πÞ3 eip·ηh0jLð∞; ηÞψðηÞjPh; XihPh; Xjψ̄ð0ÞL†ð∞; 0Þj0i





η−¼0

; ð93Þ

where the symbol
P

X indicates the integration over the
momenta of the undetected hadrons labeled by X. The
gauge link, ensuring the gauge invariance of correlators, is
defined by a path integral

Lðy2; y1Þ ¼ P exp

�
−ig

Z
y2

y1

dy · AðyÞ
�
; ð94Þ

where g is the coupling constant in the strong interaction
and AðyÞ is the gluon field operator.
The correlation functions are 4 × 4 matrices in the Dirac

space, which can be parametrized by Dirac γ-matrices.
Since Pþ is chosen as the large momentum component of
the target, the leading-twist TMD PDFs can be projected
out from the correlation function Φðx; kTÞ by the Dirac
matrices γþ, γþγ5, and iσiþγ5. Similarly, the large momen-
tum component of the produced hadron P−

h is opposite to
the target momentum, and thus one can pick out the
leading-twist TMD FFs using the Dirac structures γ−,
γ−γ5, and iσi−γ5. Therefore, the complete parametrization
of the correlators Φ and Δ can be written in concise forms,

Φðx; kTÞ ¼
1

2

n
Φ½γþ�ðx; kTÞγ− −Φ½γþγ5�ðx; kTÞγ−γ5

þΦ½iσiþγ5�ðx; kTÞiσþiγ5
o
; ð95Þ

Δðz; pTÞ ¼
1

2

n
Δ½γ−�ðz; pTÞγþ − Δ½γ−γ5�ðz; pTÞγþγ5

þ Δ½iσj−γ5�ðz; pTÞiσ−jγ5
o
; ð96Þ

where the projections are given by

Φ½Γ�ðx; kTÞ ¼
1

2
Tr½Φðx; kTÞΓ�; ð97Þ

Δ½Γ�ðz; pTÞ ¼
1

2
Tr½Δðz; pTÞΓ�: ð98Þ

At the leading twist, the correlation function Φðx; kTÞ can
be parametrized as eight quark TMD PDFs for a spin-1=2
target [86],

Φ½γþ� ¼ f1 −
ϵρσT kTρSTσ

M
f⊥1T; ð99Þ

Φ½γþγ5� ¼ SLg1L −
kT · ST
M

g1T; ð100Þ

Φ½iσiþγ5� ¼ SiTh1T þ SL
kiT
M

h⊥1L −
kijT
M2

STjh⊥1T −
ϵijT kTj
M

h⊥1 :

ð101Þ

A complete set of leading-twist quark TMD FFs for
spin-3=2 hadrons has been defined according to the
decomposition of the quark-quark correlation function in
Ref. [84]. The parametrization of Δ½Γ�ðz; pTÞ’s in terms of
TMD FFs are given by

Δ½γ−� ¼ D1 þ
�
ϵμνT ShTν

pTμ

Mh
D⊥

1T

�
þ ShLLD1LL

þ ShLT · pT
Mh

D⊥
1LT þ ShTTμν

pμν
T

M2
h

D⊥
1TT

þ
�
ϵμνT ShLLTν

pTμ

Mh
D⊥

1LLT

�

þ
�
ϵμTνS

νρ
hLTT

pTμρ

M2
h

D⊥
1LTT

�

þ
�
ϵμTνS

νρσ
hTTT

pTμρσ

M3
h

D⊥
1TTT

�
; ð102Þ
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Δ½γ−γ5� ¼ ShLG1L þ ShT · pT
Mh

G⊥
1T −

�
ϵμνT ShLTν

pTμ

Mh
G⊥

1LT

�
þ
�
ϵμTνS

νρ
hTT

pTμρ

M2
h

G⊥
1TT

�

þ ShLLLG1LLL þ ShLLT · pT
Mh

G⊥
1LLT þ SμνhLTT

pTμν

M2
h

G⊥
1LTT þ ShTTTμνρ

pμνρ
T

M3
h

G⊥
1TTT; ð103Þ

Δ½iσi−γ5� ¼
�
ϵijT pTj

Mh
H⊥

1

�
þ ShL

pi
T

Mh
H⊥

1L þ SihTH1T −
pij
T

M2
h

ShTjH⊥
1T −

�
ShLL

ϵijT pTj

Mh
H⊥

1LL

�
−
	
ϵijT ShLTjH1LT




þ
�
ϵiTj

pjl
T

M2
h

ShLTlH⊥
1LT

�
−
	
ϵijT ShLTjH1LT



þ
�
ϵiTj

pjl
T

M2
h

ShLTlH⊥
1LT

�

þ ShLLL
pi
T

Mh
H⊥

1LLL þ SihLLTH1LLT −
pij
T

M2
h

ShLLTjH⊥
1LLT þ SijhLTT

pTj

Mh
H⊥

1LTT

þ pijl
T

M3
h

ShLTTjlH⊥⊥
1LTT þ SijlhTTT

pTjl

M2
h

H⊥
1TTT þ

pijlm
T

M4
h

ShTTTjlmH⊥⊥
1TTT; ð104Þ

where kμνT , kμνρT , and kμνρσT are the completely symmetric and
traceless tensors [72] as defined in Eqs. (B1)–(B3). At the
leading twist, there are 32 TMD FFs for spin-3=2 hadrons,
and 14 of them are for the rank-3 tensor polarized hadron
states. Substituting the correlatorsΦ and Δ in Eq. (91) with
the expressions above, one can obtain the explicit expres-
sion of the hadronic tensor in terms of TMD PDFs and FFs.
We note that the helicity conservation requires the chiral-
odd term in TMD PDFs, which correspond to the Φ½iσiþγ5�
term, only couples with the chiral-odd term in TMD FFs,
which correspond to the Δ½iσj−γ5� term. Similarly the chiral-
even terms that related to Φ½γþ� and Φ½γþγ5� in TMD PDFs
only couple with the chiral-even terms that related to Δ½γ−�

and Δ½γ−γ5� in TMD FFs. As a result, there are three
symmetric terms,

Tr
h
Φ½γþ�ðx; kTÞγ−γμΔ½γ−�ðz; pTÞγþγν

i
;

Tr
h
Φ½γþγ5�ðx; kTÞγ−γ5γμΔ½γ−γ5�ðz; pTÞγþγ5γν

i
;

Tr
h
Φ½iσiþγ5�ðx; kTÞiσþiγ5γ

μΔ½iσj−γ5�ðz; pTÞiσ−jγ5γν
i
; ð105Þ

and two antisymmetric terms,

− Tr
h
Φ½γ−�ðx; kTÞγþγμΔ½γþγ5�ðz; pTÞγ−γ5γν

i
;

− Tr
h
Φ½γ−γ5�ðx; kTÞγþγ5γμΔ½γþ�ðz; pTÞγ−γν

i
; ð106Þ

in the hadronic tensor. The complete expressions of the
hadronic tensor in terms of the leading-twist TMD PDFs
and FFs are given in Appendix B.
Contracting the hadronic tensor obtained above with the

leptonic tensor, one can express the cross section in terms
of TMD PDFs and FFs in the parton model. We compare
this expression with the cross section in terms of structure
functions, and we obtain the one-to-one relations between
the structure functions and the convolution of PDFs and
FFs. We list the nonzero structure functions in the parton
model at the leading twist below, but before that we
introduce a transverse momentum convolution notation
for the sake of legibility,

C½wfD� ¼ x
X
a

e2a

Z
d2kTd2pTδð2ÞðkT − pT − Ph⊥=zÞwðkT; pTÞfaðx; k2TÞDaðz; p2

TÞ; ð107Þ

where fa is a TMD PDF for the target andDa is a TMD FF for the produced hadron. For concise expressions, we define the
following dimensionless scalar functions wðkT; pTÞ:

w1 ¼
ĥ · kT
M

; w̄1 ¼
ĥ · pT

Mh
; w2 ¼

2ðĥ · kTÞðĥ · pTÞ þ ðkT · pTÞ
MMh

; w0
2 ¼

kT · pT

MMh
;

w3 ¼
2kijT ĥiĥjðĥ · pTÞ þ kijT ĥipTj

M2Mh
; w0

3 ¼ −
kijT ĥipTj

M2Mh
;
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w̄3 ¼
2pij

T ĥiĥjðĥ · kTÞ þ pij
T ĥikTj

MM2
h

; w̄0
3 ¼ −

pij
T ĥikTj
MM2

h

;

w4 ¼
kijT ĥiĥj
M2

; w̄4 ¼
pij
T ĥiĥj
M2

h

; w5 ¼ −
2kijT ĥiĥjp

lm
T ĥlĥm þ kijT ĥipTjlĥ

l

M2M2
h

; w0
5 ¼

2kijT ĥipTjlĥ
l

M2M2
h

;

w6 ¼ −
2ð2pijl

T ĥiĥjĥlðkT · ĥÞ þ pijl
T ĥiĥjkTlÞ

MM3
h

; w0
6 ¼

2pijl
T kTiĥjĥl
MM3

h

;

w7 ¼
2pijl

T ĥiĥjĥl
M3

h

; w8 ¼
2ð2kijT ĥiĥjplmn

T ĥlĥmĥn þ kijT ĥipTjlmĥ
lĥmÞ

M2M3
h

;

w9 ¼
2ð2kiTĥipjlmn

T ĥjĥlĥmĥn þ kiTpTijlmĥ
jĥlĥmÞ

MM4
h

; w10 ¼
4pijlm

T ĥiĥjĥlĥm
M4

h

;

w11 ¼
4ð2kijT ĥiĥjpklmn

T ĥkĥlĥmĥn þ kTijĥ
ipjlmn

T ĥlĥmĥnÞ
M2M4

h

; ð108Þ

where ĥμ ¼ Pμ
h⊥=jPh⊥j is a unit vector giving the direction

of the transverse momentum.
Through a leading order calculation in the parton model,

we can obtain 128 nonzero structure functions at the
leading twist. Among them, 96 terms contribute to the
cross section for the unpolarized lepton beam,

FT
U;U ¼ C

�
f1D1

�
; ð109Þ

Fcos 2ϕh
U;U ¼ C

�
−w2h⊥1 H⊥

1

�
; ð110Þ

Fsin 2ϕh
U;L ¼ C

�
w2h⊥1 H⊥

1L

�
; ð111Þ

FT sinϕhT
U;T ¼ C

�
w̄1f1D⊥

1T

�
; ð112Þ

Fsin ð2ϕhþϕhTÞ
U;T ¼ C

�
−w1h⊥1 H1T

�
; ð113Þ

Fsin ð2ϕh−ϕhTÞ
U;T ¼ C

�
−w̄3h⊥1 H⊥

1T

�
; ð114Þ

FT
U;LL ¼ C

�
f1D1LL

�
; ð115Þ

Fcos 2ϕh
U;LL ¼ C

�
w2h⊥1 H⊥

1LL

�
; ð116Þ

FT cosϕhLT
U;LT ¼ C

�
−w̄1f1D⊥

1LT

�
; ð117Þ

Fcosð2ϕhþϕhLTÞ
U;LT ¼ C

�
−w1h⊥1 H1LT

�
; ð118Þ

Fcosð2ϕh−ϕhLTÞ
U;LT ¼ C

�
−w̄3h⊥1 H⊥

1LT

�
; ð119Þ

FT cos 2ϕhTT
U;TT ¼ C

�
−2w̄4f1D⊥

1TT

�
; ð120Þ

Fcosð2ϕhþ2ϕhTT Þ
U;TT ¼ C

�
−w0

2h
⊥
1 H

⊥
1TT

�
; ð121Þ

Fcosð2ϕh−2ϕhTTÞ
U;TT ¼ C

�
w6h⊥1 H⊥⊥

1TT

�
; ð122Þ

Fsin 2ϕh
U;LLL ¼ C

�
w2h⊥1 H⊥

1LLL

�
; ð123Þ

FT sinϕhLLT
U;LLT ¼ C

�
w̄1f1D⊥

1LLT

�
; ð124Þ

Fsin ð2ϕhþϕhLLTÞ
U;LLT ¼ C

�
−w1h⊥1 H1LLT

�
; ð125Þ

Fsin ð2ϕh−ϕhLLTÞ
U;LLT ¼ C

�
−w̄3h⊥1 H⊥

1LLT

�
; ð126Þ

FT sin 2ϕhLTT
U;LTT ¼ C

�
−2w̄4f1D⊥

1LTT

�
; ð127Þ

Fsin ð2ϕhþ2ϕhLTTÞ
U;LTT ¼ C

�
−w0

2h
⊥
1 H

⊥
1LTT

�
; ð128Þ

Fsin ð2ϕh−2ϕhLTT Þ
U;LTT ¼ C

�
w6h⊥1 H⊥⊥

1LTT

�
; ð129Þ

FT sin 3ϕhTTT
U;TTT ¼ C

�
2w7f1D⊥

1TTT

�
; ð130Þ

Fsin ð2ϕhþ3ϕhTTTÞ
U;TTT ¼ C

�
−2w̄0

3h
⊥
1 H

⊥
1TTT

�
; ð131Þ

Fsin ð2ϕh−3ϕhTTTÞ
U;TTT ¼ C

�
2w9h⊥1 H⊥⊥

1TTT

�
; ð132Þ

Fsin 2ϕh
L;U ¼ C

�
−w2h⊥1LH⊥

1

�
; ð133Þ

FT
L;L ¼ C

�
g1LG1L

�
; ð134Þ

Fcos 2ϕh
L;L ¼ C

�
−w2h⊥1LH⊥

1L

�
; ð135Þ

FT cosϕhT
L;T ¼ C

�
−w̄1g1LG⊥

1T

�
; ð136Þ

Fcos ð2ϕhþϕhTÞ
L;T ¼ C

�
w1h⊥1LH1T

�
; ð137Þ
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Fcos ð2ϕh−ϕhTÞ
L;T ¼ C

�
w̄3h⊥1LH⊥

1T

�
: ð138Þ

Fsin 2ϕh
L;LL ¼ C

�
w2h⊥1LH⊥

1LL

�
; ð139Þ

FT sinϕhLT
L;LT ¼ C

�
−w̄1g1LG⊥

1LT

�
; ð140Þ

Fsinð2ϕhþϕhLT Þ
L;LT ¼ C

�
−w1h⊥1LH1LT

�
; ð141Þ

Fsinð2ϕh−ϕhLT Þ
L;LT ¼ C

�
−w̄3h⊥1LH⊥

1LT

�
; ð142Þ

FT sin 2ϕhTT
L;TT ¼ C

�
−2w̄4g1LG⊥

1TT

�
; ð143Þ

Fsinð2ϕhþ2ϕhTT Þ
L;TT ¼ C

�
−w0

2h
⊥
1LH

⊥
1TT

�
; ð144Þ

Fsinð2ϕh−2ϕhTTÞ
L;TT ¼ C

�
w6h⊥1LH⊥⊥

1TT

�
: ð145Þ

FT
L;LLL ¼ C

�
g1LG1LLL

�
; ð146Þ

Fcos 2ϕh
L;LLL ¼ C

�
−w2h⊥1LH⊥

1LLL

�
; ð147Þ

FT cosϕhLLT
L;LLT ¼ C

�
−w̄1g1LG⊥

1LLT

�
; ð148Þ

Fcos ð2ϕhþϕhLLTÞ
L;LLT ¼ C

�
w1h⊥1LH1LLT

�
; ð149Þ

Fcos ð2ϕh−ϕhLLTÞ
L;LLT ¼ C

�
w̄3h⊥1LH⊥

1LLT

�
; ð150Þ

FT cos 2ϕhLTT
L;LTT ¼ C

�
−2w̄4g1LG⊥

1LTT

�
; ð151Þ

Fcos ð2ϕhþ2ϕhLTT Þ
L;LTT ¼ C

�
w0
2h

⊥
1LH

⊥
1LTT

�
; ð152Þ

Fcos ð2ϕh−2ϕhLTT Þ
L;LTT ¼ C

�
−w6h⊥1LH⊥⊥

1LTT

�
; ð153Þ

FT cos 3ϕhTTT
L;TTT ¼ C

�
2w7g1LG⊥

1TTT

�
; ð154Þ

Fcos ð2ϕhþ3ϕhTTT Þ
L;TTT ¼ C

�
2w̄0

3h
⊥
1LH

⊥
1TTT

�
; ð155Þ

Fcos ð2ϕh−3ϕhTTTÞ
L;TTT ¼ C

�
−2w9h⊥1LH⊥⊥

1TTT

�
; ð156Þ

FT sinðϕh−ϕTÞ
T;U ¼ C

�
w1f⊥1TD1

�
; ð157Þ

FsinðϕhþϕT Þ
T;U ¼ C

�
w̄1h1TH⊥

1

�
; ð158Þ

Fsinð3ϕh−ϕTÞ
T;U ¼ C

�
w3h⊥1TH⊥

1

�
; ð159Þ

FT cos ðϕh−ϕTÞ
T;L ¼ C

�
−w1g1TG1L

�
; ð160Þ

Fcos ðϕhþϕTÞ
T;L ¼ C

�
w̄1h1TH⊥

1L

�
; ð161Þ

Fcos ð3ϕh−ϕT Þ
T;L ¼ C

�
w3h⊥1TH⊥

1L

�
; ð162Þ

FT cos ðϕh−ϕhT−ϕT Þ
T;T ¼ C

�
w2

2
ðf⊥1TD⊥

1T þ g⊥1TG⊥
1TÞ
�
; ð163Þ

FT cos ðϕhþϕhT−ϕTÞ
T;T ¼ C

�
w0
2

2
ðf⊥1TD⊥

1T − g⊥1TG⊥
1TÞ
�
; ð164Þ

Fcos ðϕhþϕhTþϕTÞ
T;T ¼ C

�
−h1TH1T

�
; ð165Þ

Fcos ðϕh−ϕhTþϕT Þ
T;T ¼ C

�
−w̄4h1TH⊥

1T

�
; ð166Þ

Fcos ð3ϕhþϕhT−ϕT Þ
T;T ¼ C

�
−w4h⊥1TH1T

�
; ð167Þ

Fcos ð3ϕh−ϕhT−ϕTÞ
T;T ¼ C

�
w5h⊥1TH⊥

1T

�
; ð168Þ

FT sinðϕh−ϕT Þ
T;LL ¼ C

�
w1f⊥1TD1LL

�
; ð169Þ

FsinðϕhþϕTÞ
T;LL ¼ C

�
−w̄1h1TH⊥

1LL

�
; ð170Þ

Fsinð3ϕh−ϕTÞ
T;LL ¼ C

�
−w3h⊥1TH⊥

1LL

�
; ð171Þ

FT sinðϕh−ϕhLT−ϕT Þ
T;LT ¼ C

�
−
w2

2
ðg⊥1TG⊥

1LT þf⊥1TD⊥
1LTÞ

�
; ð172Þ

FT sinðϕhþϕhLT−ϕTÞ
T;LT ¼ C

�
−
w0
2

2
ðg⊥1TG⊥

1LT −f⊥1TD⊥
1LTÞ

�
; ð173Þ

FsinðϕhþϕhLTþϕT Þ
T;LT ¼ C

�
h1TH1LT

�
; ð174Þ

Fsinðϕh−ϕhLTþϕTÞ
T;LT ¼ C

�
w̄4h1TH⊥

1LT

�
; ð175Þ

Fsinð3ϕhþϕhLT−ϕT Þ
T;LT ¼ C

�
w4h⊥1TH1LT

�
; ð176Þ

Fsinð3ϕh−ϕhLT−ϕT Þ
T;LT ¼ C

�
−w5h⊥1TH⊥

1LT

�
; ð177Þ

FT sinðϕh−2ϕhTT−ϕT Þ
T;TT ¼ C

�
−w̄3ðg⊥1TG⊥

1TT þf⊥1TD⊥
1TTÞ

�
; ð178Þ

FT sinðϕhþ2ϕhTT−ϕT Þ
T;TT ¼ C

�
w̄0
3ðg⊥1TG⊥

1TT −f⊥1TD⊥
1TTÞ

�
; ð179Þ

Fsinðϕhþ2ϕhTTþϕT Þ
T;TT ¼ C

�
−w̄1h1TH⊥

1TT

�
; ð180Þ

Fsinðϕh−2ϕhTTþϕT Þ
T;TT ¼ C

�
w7h1TH⊥⊥

1TT

�
; ð181Þ

Fsinð3ϕhþ2ϕhTT−ϕTÞ
T;TT ¼ C

�
−w0

3h
⊥
1TH

⊥
1TT

�
; ð182Þ

Fsinð3ϕh−2ϕhTT−ϕTÞ
T;TT ¼ C

�
w8h⊥1TH⊥⊥

1TT

�
; ð183Þ

FT cos ðϕh−ϕTÞ
T;LLL ¼ C

�
−w1g1TG1LLL

�
; ð184Þ
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Fcos ðϕhþϕTÞ
T;LLL ¼ C

�
w̄1h1TH⊥

1LLL

�
; ð185Þ

Fcos ð3ϕh−ϕT Þ
T;LLL ¼ C

�
w3h⊥1TH⊥

1LLL

�
; ð186Þ

FT cos ðϕh−ϕhLLT−ϕT Þ
T;LLT ¼ C

�
w2

2
ðf⊥1TD⊥

1LLT þ g1TG⊥
1LLTÞ

�
;

ð187Þ

FT cos ðϕhþϕhLLT−ϕT Þ
T;LLT ¼ C

�
w0
2

2
ðf⊥1TD⊥

1LLT − g1TG⊥
1LLTÞ

�
;

ð188Þ

Fcos ðϕhþϕhLLTþϕT Þ
T;LLT ¼ C

�
−h1TH1LLT

�
; ð189Þ

Fcos ðϕh−ϕhLLTþϕT Þ
T;LLT ¼ C

�
−w̄4h1TH⊥

1LLT

�
; ð190Þ

Fcos ð3ϕhþϕhLLT−ϕT Þ
T;LLT ¼ C

�
−w4h⊥1TH1LLT

�
; ð191Þ

Fcos ð3ϕh−ϕhLLT−ϕTÞ
T;LLT ¼ C

�
w5h⊥1TH⊥

1LLT

�
; ð192Þ

FT cos ðϕh−2ϕhLTT−ϕTÞ
T;LTT ¼ C

�
−w̄3ðf⊥1TD⊥

1LTT − g1TG⊥
1LTTÞ

�
;

ð193Þ

FT cos ðϕhþ2ϕhLTT−ϕTÞ
T;LTT ¼ C

�
w̄0
3ðf⊥1TD⊥

1LTT þ g1TG⊥
1LTTÞ

�
;

ð194Þ

Fcos ðϕhþ2ϕhLTTþϕTÞ
T;LTT ¼ C

�
w̄1h1TH⊥

1LTT

�
; ð195Þ

Fcos ðϕh−2ϕhLTTþϕT Þ
T;LTT ¼ C

�
−w7h1TH⊥⊥

1LTT

�
; ð196Þ

Fcos ð3ϕhþ2ϕhLTT−ϕT Þ
T;LTT ¼ C

�
w0
3h

⊥
1TH

⊥
1LTT

�
; ð197Þ

Fcos ð3ϕh−2ϕhLTT−ϕT Þ
T;LTT ¼ C

�
−w8h⊥1TH⊥⊥

1LTT

�
; ð198Þ

FT cos ðϕh−3ϕhTTT−ϕTÞ
T;TTT ¼ C

�
−w6ðf⊥1TD⊥

1TTT − g1TG⊥
1TTTÞ

�
;

ð199Þ

FT cos ðϕhþ3ϕhTTT−ϕTÞ
T;TTT ¼ C

�
w0
6ðf⊥1TD⊥

1TTT þ g1TG⊥
1TTTÞ

�
;

ð200Þ

Fcos ðϕhþ3ϕhTTTþϕTÞ
T;TTT ¼ C

�
−2w̄4h1TH⊥

1TTT

�
; ð201Þ

Fcos ðϕh−3ϕhTTTþϕT Þ
T;TTT ¼ C

�
w10h1TH⊥⊥

1TTT

�
; ð202Þ

Fcos ð3ϕhþ3ϕhTTT−ϕTÞ
T;TTT ¼ C

�
w0
5h

⊥
1TH

⊥
1TTT

�
; ð203Þ

Fcos ð3ϕh−3ϕhTTT−ϕTÞ
T;TTT ¼ C

�
w11h⊥1TH⊥⊥

1TTT

�
; ð204Þ

and 32 terms contribute to the cross section for the
polarized lepton beam,

GU;L ¼ C
�
f1G1L

�
; ð205Þ

GcosϕhT
U;T ¼ C

�
−w̄1f1G⊥

1T

�
; ð206Þ

GsinϕhLT
U;LT ¼ C

�
−w̄1f1G⊥

1LT

�
; ð207Þ

Gsin 2ϕhTT
U;TT ¼ C

�
−2w̄4f1G⊥

1TT

�
; ð208Þ

GU;LLL ¼ C
�
f1G1LLL

�
; ð209Þ

GcosϕhLLT
U;LLT ¼ C

�
−w̄1f1G⊥

1LLT

�
; ð210Þ

Gcos 2ϕhLTT
U;LTT ¼ C

�
−2w̄4f1G⊥

1LTT

�
; ð211Þ

Gcos 3ϕhTTT
U;TTT ¼ C

�
2w7f1G⊥

1TTT

�
; ð212Þ

GL;U ¼ C
�
g1LD1

�
; ð213Þ

GsinϕhT
L;T ¼ C

�
w̄1g1LD⊥

1T

�
; ð214Þ

GL;LL ¼ C
�
g1LD1LL

�
; ð215Þ

GcosϕhLT
L;LT ¼ C

�
−w̄1g1LD⊥

1LT

�
; ð216Þ

Gcos 2ϕhTT
L;TT ¼ C

�
−2w̄4g1LD⊥

1TT

�
; ð217Þ

GsinϕhLLT
L;LLT ¼ C

�
w̄1g1LD⊥

1LLT

�
; ð218Þ

Gsin 2ϕhLTT
L;LTT ¼ C

�
−2w̄4g1LD⊥

1LTT

�
; ð219Þ

Gsin 3ϕhTTT
L;TTT ¼ C

�
2w7g1LD⊥

1TTT

�
; ð220Þ

Gcos ðϕh−ϕTÞ
T;U ¼ C

�
−w1g⊥1TD1

�
; ð221Þ

Gsin ðϕh−ϕT Þ
T;L ¼ C

�
w1f⊥1TG1L

�
; ð222Þ

Gsin ðϕh−ϕhT−ϕTÞ
T;T ¼ C

�
−
w2

2
ðf⊥1TG⊥

1T − g⊥1TD⊥
1TÞ
�
; ð223Þ

Gsin ðϕhþϕhT−ϕT Þ
T;T ¼ C

�
w0
2

2
ðf⊥1TG⊥

1T þ g⊥1TD⊥
1TÞ
�
; ð224Þ

Gcosðϕh−ϕTÞ
T;LL ¼ C

�
−w1g1TD1LL

�
; ð225Þ

Gcosðϕh−ϕhLT−ϕT Þ
T;LT ¼ C

�
w2

2
ðg1TD⊥

1LT − f⊥1TG⊥
1LTÞ

�
; ð226Þ

GcosðϕhþϕhLT−ϕT Þ
T;LT ¼ C

�
−
w0
2

2
ðg1TD⊥

1LT þ f⊥1TG⊥
1LTÞ

�
; ð227Þ
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Gcosðϕh−2ϕhTT−ϕTÞ
T;TT ¼ C

�
w̄3ðg1TD⊥

1TT − f⊥1TG⊥
1TTÞ

�
; ð228Þ

Gcosðϕhþ2ϕhTT−ϕTÞ
T;TT ¼ C

�
w̄0
3ðg1TD⊥

1TT þ f⊥1TG⊥
1TTÞ

�
; ð229Þ

Gsin ðϕh−ϕT Þ
T;LLL ¼ C

�
w1f⊥1TG1LLL

�
; ð230Þ

Gsinðϕh−ϕhLLT−ϕTÞ
T;LLT ¼C

�
w2

2
ðg1TD⊥

1LLT−f⊥1TG⊥
1LLTÞ

�
; ð231Þ

GsinðϕhþϕhLLT−ϕTÞ
T;LLT ¼C

�
w0
2

2
ðg1TD⊥

1LLTþf⊥1TG⊥
1LLTÞ

�
; ð232Þ

Gsin ðϕh−2ϕhLTT−ϕTÞ
T;LTT ¼ C

�
−w̄3ðg1TD⊥

1LTT þ f⊥1TG⊥
1LTTÞ

�
;

ð233Þ

Gsin ðϕhþ2ϕhLTT−ϕTÞ
T;LTT ¼ C

�
w̄0
3ðg1TD⊥

1LTT − f⊥1TG⊥
1LTTÞ

�
; ð234Þ

Gsin ðϕh−3ϕhTTT−ϕTÞ
T;TTT ¼ C

�
−w6ðg1TD⊥

1TTT þ f⊥1TG⊥
1TTTÞ

�
;

ð235Þ

Gsin ðϕhþ3ϕhTTT−ϕTÞ
T;TTT ¼ C

�
w0
6ðg1TD⊥

1TTT − f⊥1TG⊥
1TTTÞ

�
: ð236Þ

We note that half of the 192 structure functions for the
unpolarized lepton are nonvanishing at the leading twist,
and 42 of them are for rank-3 tensor polarized hadron states.
In the case of polarized leptons, one third of the 96 structure
functions are nonvanishing, with 14 of them corresponding
to rank-3 tensor polarized hadron states. We can in principle
use these nonvanishing rank-3 tensor polarized structure
functions to study the leading-twist spin-3=2 hadrons TMD
FFs for rank-3 tensor polarized states. The other vanishing
structure functions are the high twist or high order con-
tributions. We also find that all ShLLL-dependent structure
functions exhibit the same expressions as those depending
on ShL in the parton model, and this similarity can be
extended to ShT-dependent and ShLLT-dependent structure
functions. The reason is that both the polarization vector Sμh
and the rank-3 polarization tensor Rμνρ

h are parity violated.

IV. THE NUMERICAL CALCULATION
IN THE SPECTATOR DIQUARK MODEL

The semi-inclusive production of spin-3=2 hadrons in
DIS provides additional experimental observables to study
the nucleon spin structures. The observables related to the
rank-3 tensor polarization of the hadron can also shed
light to study the role of spin in the hadronization process.
In this section, we take the spin transfer to a ShLLL polarized
hadron as an example and estimate it in the spectator
model.

A. Spin-3=2 particle FFs in the spectator diquark model

The fundamental concept of the spectator model is
treating the intermediate states that can be incorporated
into the definition of the correlation function Φ in Eq. (92)
or Δ in Eq. (93), as a pointlike particle with the diquark
quantum numbers. This model has been applied to calculate
the quark TMD PDFs [87–95] and FFs [96–98]. In the
naive picture of the quark structure of the nucleon, the
diquark system can be a spin-0 particle (scalar diquark) or a
spin-1 particle (axial vector diquark). Since the quark
fragmentation can be modeled as s → ΩðsssÞ þ aðs̄ s̄Þ,
where a denotes an axial vector diquark, we only consider
the spin-1 diquark in the following.
The matrix element in Eq. (93), describing the inter-

mediate unobserved states and the Ω baryon in the final
state, can be written as

hPh;Xjψ̄ð0Þj0i ¼ ŪαðPhÞϒaμ
α

i
=p−m

εμðPh −p;λaÞ; ð237Þ

where UαðPhÞ is the spinor for a spin-3=2 hadron with
momentum Ph, ϒ

aμ
α is the hadron-quark-diquark vertex yet

to be specific, and i=ð=p −mÞ is a quark propagator for the
untruncated quark line. The spin-3=2 hadron spinors have
been introduced in Refs. [99–101], which can be expressed
as the direct product of a basic spin-1=2 spinor and a spin-1
polarization vector. The explicit forms of the spin-3=2
spinor are given by

Uα
−3=2ðPhÞ ¼ εα−ðPhÞu−1=2ðPhÞ; ð238Þ

Uα
−1=2ðPhÞ ¼

ffiffiffi
2

3

r
εα0ðPhÞu−1=2ðPhÞ þ

ffiffiffi
1

3

r
εα−ðPhÞu1=2ðPhÞ;

ð239Þ

Uα
1=2ðPhÞ ¼

ffiffiffi
1

3

r
εαþðPhÞu−1=2ðPhÞ þ

ffiffiffi
2

3

r
εα0ðPhÞu1=2ðPhÞ;

ð240Þ

Uα
3=2ðPhÞ ¼ εαþðPhÞu1=2ðPhÞ; ð241Þ

which satisfy the spin sum rules

Xm¼3=2

m¼−3=2
Uμ

mŪν
m ¼ −ð=Ph þMhÞ

�
gμν −

2Pμ
hP

ν
h

3M2
h

−
1

3
γμγν

−
1

3Mh
ðPν

hγ
μ − Pμ

hγ
νÞ
�
; ð242Þ

where the subscript m represents the magnetic quantum
number. εμðPh − p; λaÞ is the polarization vector of a spin-1
axial vector diquark with momentum Ph − p and helicity
state λa. Various choices for the summation over all

SEMI-INCLUSIVE PRODUCTION OF SPIN-3=2 HADRONS IN … PHYS. REV. D 109, 074017 (2024)

074017-19



polarized states have been employed in Refs. [87,102–104],
and in this calculation, we choose

X
λa

ε�μðPh − p; λaÞενðPh − p; λaÞ

¼ −gμν þ
ðPh − pÞμðPh − pÞν

M2
a

; ð243Þ

where the diquark is treated as a particle with the mass Ma.
With the constraints Pα

hUα ¼ 0 and γαUα ¼ 0 [99–101],
the simplest form of the hadron-quark-diquark vertex can be
written as

ϒaμ
α ¼ gaðp2Þffiffiffi

3
p γ5γ

μ pα

m
; ð244Þ

where the function gaðp2Þ is a form factor that describes the
composite structure of the produced hadron and the diquark
spectator, and the index α is used to balance the spin-3=2
spinor index.
For convenience, the large momentum of the produced

hadron is taken along the “þ” direction when we calculate
the TMD FFs in the diquark model. Applying the spectator
diquark model, one can express the correlator for the
production of the unpolarized hadron as

ΔUðp; PhÞ ¼
jgaðp2Þj2
ð2πÞ3

=pþm
18ð1 − zÞPþ

h m
2M2

hM
2
aðp2 −m2Þ2 ½ðp · PhÞ2 −M2

hp
2�

× ½ðp2 −M2
h − 2M2

aÞ=Ph þMhðM2
h − 4M2

a − =p=Ph − =Ph=pÞ þ 2=pðM2
h − p · PhÞ�ð=pþmÞ; ð245Þ

with

p2 ¼ z
1 − z

p2T þ M2
a

1 − z
þM2

h

z
; p · Ph ¼

M2
h

2z
þ zðp2 þ p2TÞ

2
: ð246Þ

Since TMD FFs are defined through projections by Dirac matrices as defined in Eq. (98), the unpolarized fragmentation
function D1 in the spectator model can be expressed as

D1ðz; p2TÞ ¼ Δ½γ−�
U ðz; p2TÞ ¼

jgaðp2Þj2
ð2πÞ3

1

36m2M2
hM

2
að1 − zÞ3z6ðL2 þ p2TÞ2

×
n
½ð1 − zÞ2½M4

hð1 − zÞ2 − 2M2
hz

2ðM2
a − p2TÞ� þ z4ðM2

a þ p2TÞ2�
× ½ð1 − zÞ2½m2M2

hð1 − zÞ2 þ 2M2
aðm2z2 þM2

h þ 3mMhzÞ
þ z2p2Tðm2 þM2

hÞ� þ z2½2M2
ap2Tðz2 þ 1Þ þ ðM2

a − p2TzÞ2��
o
; ð247Þ

where

L2 ¼ 1 − z
z2

M2
h þm2 þM2

a −m2

z
: ð248Þ

To compute the rank-3 tensor polarized TMD FFs, we employ the light-cone formalism spinors and polarization vectors.
This approach is similar to using the light-cone wave functions to calculate the TMD FFs in the spectator model [91].
Following the conventions in Refs. [105,106], the Dirac spinors in standard representation are given by

uðPh;þÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
23=2Pþ

h

q
0
BBBBB@

ffiffiffi
2

p
Pþ
h þMh

Phx þ iPhyffiffiffi
2

p
Pþ
h −Mh

Phx þ iPhy

1
CCCCCA; uðPh;−Þ ¼

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
23=2Pþ

h

q
0
BBBBB@

−Phx þ iPhyffiffiffi
2

p
Pþ
h þMh

Phx − iPhy

−
ffiffiffi
2

p
Pþ
h þMh

1
CCCCCA; ð249Þ

where uðPh;þÞ and uðPh;−Þ refer to the spinors with helicity “þ” and helicity “−,” respectively. The light-cone
polarization vectors are given by
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εðPh − p;þÞ ¼
�
0;−

ðPh − pÞx þ iðPh − pÞyffiffiffi
2

p ðPh − pÞþ ;−
1ffiffiffi
2

p ;−
iffiffiffi
2

p
�

¼
�
0;

zðpx þ ipyÞffiffiffi
2

p ðz − 1ÞPþ
h

;−
1ffiffiffi
2

p ;−
iffiffiffi
2

p
�
; ð250Þ

εðPh − p;−Þ ¼
�
0;−

zðpx − ipyÞffiffiffi
2

p ðz − 1ÞPþ
h

;
1ffiffiffi
2

p ;−
iffiffiffi
2

p
�
; ð251Þ

εðPh − p; 0Þ ¼ 1

Ma

�ðz − 1Þ
z

Pþ
h ;

zðp2T −M2
aÞ

2ðz − 1ÞPþ
h
;−px − py

�
: ð252Þ

Similarly, the polarization vectors appearing in spin-3=2 spinors are given by

εðPh;þÞ ¼
�
0; 0;−

1ffiffiffi
2

p ;−
iffiffiffi
2

p
�
; ð253Þ

εðPh;−Þ ¼
�
0; 0;

1ffiffiffi
2

p ;−
iffiffiffi
2

p
�
; ð254Þ

εðPh; 0Þ ¼
1

Ma

�
Pþ
h ;−

M2
a

2Pþ
h
; 0; 0

�
: ð255Þ

The spin component ShLLL can be expressed in terms of the combination of the probabilities Pðmðθ;ϕÞÞ [84],

ShLLL ¼ 3

10

�
P

�
3

2ð0;0Þ

�
− P

�
−
3

2ð0;0Þ

��
−

9

10

�
P

�
1

2ð0;0Þ

�
− P

�
−
1

2ð0;0Þ

��
: ð256Þ

As a result, the ShLLL-dependent correlator in the spectator model can be expressed as

ΔLLLðp; PhÞ ¼
jgaðp2Þj2

12ð2πÞ3ð1 − zÞPþ
h

�
3

10

�
ε�ν

−i
=p −m

ϒν
βU

β
3=2Ū

α
3=2ϒ

μ
α

−i
=p −m

εμ − ε�ν
−i

=p −m
ϒν

βU
β
−3=2Ū

α
−3=2ϒ

μ
α

−i
=p −m

εμ

�

−
9

10

�
ε�ν

−i
=p −m

ϒν
βU

β
1=2Ū

α
1=2ϒ

μ
α

−i
=p −m

εμ − ε�ν
−i

=p −m
ϒν

βU
β
−1=2Ū

α
−1=2ϒ

μ
α

−i
=p −m

εμ

��
; ð257Þ

where, for conciseness, the momenta of the hadron and diquark in the spinors and polarization vectors are not written. The
fragmentation function G1LLL describes the longitudinal polarized quark fragmenting to the ShLLL polarized produced
hadron. After performing the calculation of the definition of the FFs, one can obtain the analytic expression of G1LLL

depending on z and p2T ,

G1LLLðz; p2TÞ ¼ Δ½γ−γ5�
LLL ðz; p2TÞ

¼ jgaðp2Þj2
ð2πÞ3

1

80m2M2
hM

2
að1 − zÞ3z6ðL2 þ p2TÞ2

×
n
8Mhp2Tð1 − zÞ2z2½ð1 − zÞðM2

h −m2z2Þ − z2ðzL2 þ p2TÞ
�

×
�ðmþMhÞðmMh þ z2ðmMh − p2TÞ − 2zmMhÞ −M2

aðzðm −MhÞ þ 2MhÞ
�

þ �4M2
hp

2
Tð1 − zÞ2z2 − 2ðz2ðL2zþ p2TÞ − ð1 − zÞðM2

h − z2m2ÞÞ2�
×
�ð1 − zÞ2ðm2M2

hð1 − zÞ2 − 2M2
aðz2m2 þ zmMh þM2

hÞ − z2p2Tðm2 þ 4mMh þM2
hÞÞ

þ z2ð2M2
ap2Tðzðz − 1Þ þ 1Þ þM4

a þ p4Tz
2Þ�o: ð258Þ
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B. Numerical estimates

The spin transfer to a ShLLL polarized hadron can be
defined by the ratio of the ShLLL-dependent structure
function (209) and the unpolarized structure function
(109). In the parton model, the spin transfer is written as
the convolutions of TMD PDFs and FFs,

ALLL ¼ GU;LLL

FT
U;U

¼ C½f1ðx; k2TÞG1LLLðz; p2TÞ�
C½f1ðx; k2TÞD1ðz; p2TÞ�

; ð259Þ

where the unpolarized TMD distribution function can
usually be taken using the Gaussian ansatz [55,56],

f1qðx; k2TÞ ¼ f1qðxÞ
1

πΔ2
k

e−k
2
T=Δ

2
k ; ð260Þ

with the Gaussian width Δk chosen as Δ2
k ¼ 0.61 GeV2.

The adoption of this ansatz here will induce the cancellation
of f1qðxÞ in the numerator and denominator after the
integration on kT ,

ALLL ¼
R jpT jdjpT jdθ exp h− 1

Δ2
p
ðp2T þ P2

h⊥
z2 þ 2

z jpT jjPh⊥j cos θÞ
i
G1LLLðz; p2TÞR jpT jdjpT jdθ exp h− 1

Δ2
p
ðp2T þ P2

h⊥
z2 þ 2

z jpT jjPh⊥j cos θÞ
i
D1ðz; p2TÞ

: ð261Þ

To obtain the final numerical result for ALLL, we first need
the inputs of the diquark model, some of which are still
unknown, to determine D1ðz; p2TÞ and G1LLLðz; p2TÞ whose
analytic expressions have been given in Eqs. (247) and
(258), and then implement the integration on pT during
which divergence may arise at large jpT j. To cut off the
large jpT j contribution, one may directly impose a cutoff on
jpT j, as in Ref. [107], or introduce a Gaussian form factor at
the quark-hadron vertex, which can also effectively cut off
the divergence at the large jpT j region, as in Refs. [96,108].
We follow Ref. [96] and choose the Gaussian form factor as

gaðp2Þ ↦ ga
z
e−

p2

Λ2 ð262Þ

with Λ2 ¼ λ2zað1 − zÞb. To sum up, the parameters
required for the numerical calculation are ga, λ, a, b
together with the masses of the axial vector diquark Ma
and the initial quark m.
We take the constituent quark mass as m ¼ 0.5 GeV for

the s quark, and the Ω mass as Mh ¼ 1.672 GeV. In
Ref. [96], the mass of the spectator composed of one s
quark is taken as ms ¼ 1.12 GeV, so it is quite reasonable

to assume the mass of the spectator diquark composed of
two s̄ quarks to be Ma ¼ 2 GeV. To determine the
parameters related to the Gaussian form factor, we fit
the unpolarized FF D1ðzÞ with events generated by collid-
ing eþe− pairs using PYTHIA at

ffiffiffi
s

p ¼ 10 GeV, where the
unpolarized collinear fragmentation function D1ðzÞ can be
obtained by integrating over the transverse momentum
PhT ¼ −zpT of the produced hadron with respect to the
direction of the quark,

D1ðzÞ ¼
Z

d2PhTD1ðz;P2
hTÞ ¼ πz2

Z
∞

0

dp2TD1ðz; z2p2TÞ:

ð263Þ

By fitting the events generated by PYTHIA, we fix the model
parameters as

ga¼0.32; λ¼5.967GeV; a¼1.35; b¼ 0.6: ð264Þ

The corresponding unpolarized collinear FF D1ðzÞ
and the integrated ShLLL-dependent fragmentation func-
tion G1LLLðzÞ are shown in Fig. 2, where the G1LLLðzÞ is
given by

FIG. 2. The unpolarized fragmentation function zD1ðzÞ (left) and the ShLLL-dependent fragmentation function zG1LLLðzÞ (right)
calculated from the spectator model.
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G1LLLðzÞ ¼
Z

d2PhTG1LLLðz;P2
hTÞ

¼ πz2
Z

∞

0

dp2TG1LLLðz; z2p2TÞ: ð265Þ

Substituting the parameters above to Eq. (261), we obtain
the numerical results of ALLL. As shown in Fig. 3, the spin
transfer can reach a few percent level, and in the large-z
region, ≳0.4, the ALLL has mild jPh⊥j dependence. By
varying the values of the model parameters in Eq. (264),
we find the spin transfer exhibits insensitivity to these
parameters. Based on the model estimation, the ALLL is
expected to be sizable and would be measurable in future
experiments.

V. SUMMARY

In this paper, we have studied the semi-inclusive
production of a spin-3=2 hadron in the electron-nucleon
deep inelastic scattering process.
Taking into account the polarization of both the nucleon

and the produced hadron, as well as the lepton beam, we
derive the complete expression of the differential cross
section in terms of structure functions. In this kinematic
analysis, we decompose the hadronic tensor by construct-
ing basis Lorentz tensors. We further demonstrated that all
polarized basis Lorentz tensors can be systematically given
by unpolarized basic Lorentz tensors multiplied by a spin-
dependent scalar or pseudoscalar. Restricted to the parity
conserving case, the SIDIS differential cross sections for
the production of a spin-3=2 hadron are expressed in terms
of 288 structure functions according to various angular
modulations and spin states of the nucleon and the hadron.
Among them, 126 rank-3 tensor polarized ones are newly
defined and exist only when the spin of the produced
hadron is no less than 3=2.
Considering the kinematic region q2T ≪ Q2, we perform

a leading order calculation in the parton model. At the
leading twist, half of the 192 structure functions for an

unpolarized lepton beam are nonzero, among which 42 of
the rank-3 tensor polarized TMD FFs contribute. For a
polarized lepton beam, one third of the 96 structure
functions are nonzero and 14 of them are for rank-3 tensor
polarized hadron states. Hence the SIDIS process with the
production of a spin-3=2 hadron provide many new
observables for the study of nucleon structures.
Taking a rank-3 tensor spin transfer, ALLL, as an

example, we perform a numerical estimation of the new
observables related to the rank-3 tensor polarization of the
produced hadron. Based on the spectator model calculation,
we find the spin transfer to a ShLLL polarized Ω, with the
spin state analyzed via its weak decay, can be sizable, up to
a few percentages. In addition, the measurement of the spin
state of the produced hadron will also allow us to learn the
spin-dependent FFs. Therefore, the experimental measure-
ments of the production of spin-3=2 hadron in SIDIS
process at future facilities, such as the EIC and the EicC,
will be useful for us to understand the nucleon spin
structures and the spin effects in hadronization process.

ACKNOWLEDGMENTS

We thank Kai-bao Chen, Xiaoyan Zhao, and Yongjie
Deng for useful discussions. This work was supported by
the National Natural Science Foundation of China (Grants
No. 12175117 and No. 12321005) and Shandong Province
Natural Science Foundation (Grants No. ZR2020MA098
and No. ZFJH202303).

APPENDIX A: DECOMPOSITION
OF SPIN TENSORS

In this appendix we show that the spin tensors can be
decomposed in the coordinate constructed by Pμ, Pμ

h, q
μ,

and ϵμνρσ; for example, the spin vector for a spin-1=2 target
can be written as

Sμ ¼
�
1

A1

ðP · qÞðq · SÞ þ A3

A1A4

ðA2ðq · SÞ þA1ðPh · SÞÞ
�
Pμ

þ
�

1

A1Q2
ðP · qÞ2ðq · SÞ− A2

A1A4

ðA2ðq · SÞ

þA1ðPh · SÞÞ−
q · S
Q2

�
qμ

−
1

A4

ðA2ðq · SÞ þA1ðPh · SÞÞPμ
h þ

1

A4

ϵPPhqSϵμPPhq;

ðA1Þ

where the factors A1, A2, A3, and A4, as scalar functions of
Q2, P · q, Ph · q, and P · q, are defined by

A1 ¼ M2Q2 þ ðP · qÞ2; ðA2Þ

A2 ¼ M2ðPh · qÞ − ðP · PhÞðP · qÞ; ðA3Þ

FIG. 3. The ShLLL-dependent spin transfer in the spectator
model.
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A3 ¼ ðP · qÞðPh · qÞ þQ2ðP · PhÞ; ðA4Þ

A4 ¼ Q2ðP · PhÞ2 þ 2ðP · PhÞðP · qÞðPh · qÞ −M2ðPh · qÞ2 −M2
hððP · qÞ2 þM2Q2Þ2: ðA5Þ

One can easily verify that the relation PμSμ ¼ 0 holds with this decomposition. Similarly, the rank-2 spin tensor for the
produced hadron can be decomposed as

Tμν
h ¼ qμqν

Q2

�
Tqq
h

Q2
−

2A2

A1A4

ðA3T
qP
h − A2T

qq
h Þ þ A2

2Q
2

A2
1A

2
4

	
A2
2T

qq
h − 2A2A3T

qP
h þ A2

3T
PP
h




−
2P · q
A1Q2

	
Q2TqP

h þ ðP · qÞTqq
h



þ ðP · qÞ2

A2
1Q

2

	
Q4TPP

h þ 2Q2ðP · qÞTqP
h þ ðP · qÞ2Tqq

h




þ 2A2P · q
A2
1A4

	
ðP · qÞðA3T

qP
h − A2T

qq
h Þ þQ2ðA3TPP

h − A2T
qP
h Þ

�

þ PμPν

Q2

�
A2
3Q

2

A2
1A

2
4

	
A2
2T

qq
h − 2A2A3T

qP
h þ A2

3T
PP
h



þ 2P · q

A1A4

	
ðP · qÞðA3T

qP
h − A2T

qq
h Þ þQ2ðA3TPP

h − A2T
qP
h Þ



þQ2

A2
1

	
Q4TPP

h þ 2Q2ðP · qÞTqP
h þ ðP · qÞ2Tqq

h


�
þ Pμ

hP
ν
h

Q2

�
Q2

A2
4

	
A2
2T

qq
h − 2A2A3T

qP
h þ A2

3T
PP
h


�

þ Pfμqνg

Q2

�
A3

A1A4

ðA3T
qP
h − A2T

qq
h Þ − A2A3Q2

A2
1A

2
4

	
A2
2T

qq
h − 2A2A3T

qP
h þ A2

3T
PP
h




−
1

A1

	
Q2TqP

h þ ðP · qÞTqq
h



−
A2P · q
A2
1A4

	
ðP · qÞðA3T

qP
h − A2T

qq
h Þ þQ2ðA3TPP

h − A2T
qP
h Þ



þ P · q
A2
1

	
Q4TPP

h þ 2Q2ðP · qÞTqP
h þ ðP · qÞ2Tqq

h


�
þ PfμPνg

h

Q2

�
−
A3Q2

A1A2
4

	
A2
2T

qq
h − 2A2A3T

qP
h þ A2

3T
PP
h




−
A1Q2

A2
1A4

	
ðP · qÞðA3T

qP
h − A2T

qq
h Þ þQ2ðA3TPP

h − A2T
qP
h Þ

�

þ Pfμ
h qνg

Q2

�
−

1

A4

ðA3T
qP
h − A2T

qq
h Þ − A2Q2

A1A2
4

	
A2
2T

qq
h − 2A2A3T

qP
h þ A2

3T
PP
h




þ A1P · q
A2
1A4

	
ðP · qÞðA3T

qP
h − A2T

qq
h Þ þQ2ðA3TPP

h − A2T
qP
h Þ

�

þQ2

A2
4

ϵμPPhqϵνPPhq
h
ðM2

hM
2 − ðP · PhÞ2ÞTqq

h − ðM2
hQ

2 þ ðPh · qÞ2ÞTPP
h

þ 2ððP · PhÞðPh · qÞ − P · qÞTPq
h

i
þ 1

A4

qfμϵνgPPhqϵT
q
hPPhq

þ Q2

A1A2
4

ϵμPPhqðA3Pν − A1Pν
h − A2qνÞðA3ϵ

TP
hPPhq − A2ϵ

Tq
hPPhqÞ

þ Q2

A1A2
4

ϵνPPhqðA3Pμ − A1P
μ
h − A2qμÞðA3ϵ

TP
hPPhq − A2ϵ

Tq
hPPhqÞ

−
1

A1A4

ϵμPPhqðQ2Pν þ ðP · qÞqνÞðQ2ϵT
P
hPPhq þ ðP · qÞϵTq

hPPhqÞ

−
1

A1A4

ϵνPPhqðQ2Pμ þ ðP · qÞqμÞðQ2ϵT
P
hPPhq þ ðP · qÞϵTq

hPPhqÞ: ðA6Þ

Again, the orthogonal relation between the spin vector and momentum PhμT
μν
h ¼ 0 can be verified using the above

expression. The similar decomposition applied to Sμh and Rμνρ
h and the lengthy expressions will not be listed again. In

conclusion, the spin tensors can always be decomposed in the basis building from Pμ, Pμ
h, q

μ, and ϵμνρσ with the spin
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information being in the spin-dependent scalar coefficients. Thus, one can construct the polarized basis tensor by
multiplying the basic Lorentz tensors by a spin-dependent scalar or pseudoscalar.

APPENDIX B: THE HADRONIC TENSOR IN THE PARTON MODEL

The TMD FFs are defined as functions of z and k2T ¼ −k2T , with inhomogeneous kT dependence factored out. The
completely symmetric and traceless tensors ki1���inT are defined as [72]

kijT ¼ kiTk
j
T −

1

2
k2Tg

ij
T ; ðB1Þ

kijkT ¼ kiTk
j
Tk

k
T −

1

4
k2T
	
gijT k

k
T þ gikT k

j
T þ gjkT k

i
T



; ðB2Þ

kijklT ¼ kiTk
j
Tk

k
Tk

l
T −

1

6
k2T
	
gijT k

kl
T þ gikT k

jl
T þ gilTk

jk
T þ gjkT k

il
T þ gjlT k

ik
T þ gklT k

ij
T



−
1

8
ðk2TÞ2

	
gijT g

kl
T þ gikT g

jl
T þ gilTg

jk
T



; ðB3Þ

which satisfy

gTijk
ij
T ¼ gTijk

ijk
T ¼ gTijk

ijkl
T ¼ 0: ðB4Þ

At the leading twist, the hadronic tensor for the production of the spin-3=2 hadrons in SIDIS can be expressed in terms of
128 combinations of the spin-1=2 TMD PDFs and spin-3=2 TMD FFs. We decompose the hadronic tensor into two parts,
denoted as WS and WA, where WS is the symmetric part,

Wμν
S ¼ 2z

X
a

e2a

Z
d2kTd2pTδð2ÞðkT − pT − Ph⊥=zÞ

×

�
−gμνT f1D1 −

kfμT pνg
T − ðkT · pTÞgμνT

MMh
h⊥1 H⊥

1 þ kfμT ϵνgρT pTρ þ pfμ
T ϵνgρT kTρ

2MMh
ShLh⊥1 H⊥

1L

− gμνT ϵαβT
pTαShTβ
Mh

f1D⊥
1T þ kfμT ϵνgρT ShTρ þ SfμhTϵ

νgρ
T kTρ

2M
h⊥1 H1T −

kfμT ϵνgρT pTραSαhT þ pαfμ
T ϵνgρT ShTαkTρ

2MM2
h

h⊥1 H⊥
1T

− gμνT ShLLf1D1LL þ kfμT pνg
T − ðkT · pTÞgμνT

MMh
ShLLh⊥1 H⊥

1LL − gμνT
ShT · pT
Mh

f1D⊥
1LT

þ kfμT SνghLT − ðkT · ShLTÞgμνT
M

h⊥1 H1LT þ
kfμT pνgα

T ShLTα − pαβ
T kTαShLTβg

μν
T

MM2
h

ð−h⊥1 H⊥
1LTÞ

− gμνT ShTTαβ
pαβ
T

M2
h

f1D⊥
1TT þ kfμT SνgρhTTpTρ − SαβhTTkTαpTβg

μν
T

MMh
h⊥1 H⊥

1TT

þ kfμT pνgαβ
T ShTTαβ − pαβρ

T ShTTαβkTρg
μν
T

MM3
h

h⊥1 H⊥⊥
1TT

þ kfμT ϵνgρT pTρ þ pfμ
T ϵνgρT kTρ

2MMh
ShLLLh⊥1 H⊥

1LLL − gμνT
ϵαβT pTαShLLTβ

Mh
f1D⊥

1LLT
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þ kfμT ϵνgρT ShLLTρ þ SfμhLLTϵ
νgρ
T kTρ

2M
h⊥1 H1LLT −

kfμT ϵνgρT pTραSαhLLT þ pαfμ
T ϵνgρT ShLLTαkTρ

2MM2
h

h⊥1 H⊥
1LLT

− gμνT
ϵαTβpTαρS

βρ
hLTT

M2
h

f1D⊥
1LTT þ kfμT ϵνgρT ShLTTραpα

T þ SαfμhLTTϵ
νgρ
T pTαkTρ

2MMh
h⊥1 H⊥

1LTT

þ kfμT ϵνgρT pTραβS
αβ
hLTT þ pαβfμ

T ϵνgρT kTρShLTTαβ
2MM3

h

h⊥1 H⊥⊥
1LTT − gμνT

ϵαTβpTαρσS
βρσ
hTTT

M3
h

f1D⊥
1TTT

þ kfμT ϵνgρT ShTTTραβp
αβ
T þ SαβfμhTTTϵ

νgρ
T kTρpTαβ

2MM2
h

h⊥1 H⊥
1TTT þ kfμT ϵνgρT pTραβτS

αβτ
hTTT þ pαβτfμ

T ϵνgρT ShTTTαβτkTρ
2MM4

h

h⊥1 H⊥⊥
1TTT

þ gμνT ϵαβT
kTαSTβ
M

f⊥1TD1 −
kfμT ϵνgρT pTρ þ pfμ

T ϵνgρT kTρ
2MMh

SLh⊥1LH⊥
1

−
SfμT ϵνgρT pTρ þ SfμT ϵνgρT pTρ

2Mh
h1TH⊥

1 þ kαfμT ϵνgρT STαpTρ þ pfμ
T ϵνgρT kTραSαT

2M2Mh
h⊥1TH⊥

1

− gμνT

�
SLShLg1LG1L þ SL

ShT · pT
Mh

g1LG⊥
1T − ϵαβT

kTαSTβ
M

ϵρσT
pTρShTσ
Mh

f⊥1TD⊥
1T

þ kT · ST
M

ShLg1TG1L þ kT · ST
M

pT · ShT
Mh

g⊥1TG⊥
1T

�

−
kfμT pνg

T − ðkT · pTÞgμνT
MMh

SLShLh⊥1LH⊥
1L −

kfμT SνghT − ðkT · ShTÞgμνT
M

SLh⊥1LH1T

þ kfμT pνgρ
T ShTρ − pαβ

T ShTαkTβg
μν
T

MM2
h

SLh⊥1LH⊥
1T −

pfμ
T SνgT − ðpT · STÞgμνT

Mh
ShLh1TH⊥

1L

− ðSfμT SνghT − ðST · ShTÞgμνT Þh1TH1T þ SfμT pνgρ
T ShTρ − pαβ

T STαShTβg
μν
T

M2
h

h1TH⊥
1T

þ kαfμT pνg
T STα − kαβT pTαSTβg

μν
T

M2Mh
ShLh⊥1TH⊥

1L þ kαfμT SνghTSTα − kαβT ShTαSTβg
μν
T

M2
h⊥1TH1T

−
kαfμT pνgβ

T STαShTβ − kαβT STαpTβρS
ρ
hTg

μν
T

M2M2
h

h⊥1TH⊥
1T

þ kfμT ϵνgρT pTρ þ pfμ
T ϵνgρT kTρ

2MMh
SLShLLh⊥1LH⊥

1LL þ gμνT SL
ϵαβT pTαShLTβ

Mh
g1LG⊥

1LT

þ kfμT ϵνgρT ShLTρ þ SfμhLTϵ
νgρ
T kTρ

2M
SLh⊥1LH1LT −

kfμT ϵνgρT pTραSαhLT þ pαfμ
T ϵνgρT ShLTαkTρ

2MM2
h

SLh⊥1LH⊥
1LT

− gμνT SL
ϵαTβpTαρS

βρ
hTT

M2
h

g1LG⊥
1TT þ kfμT ϵνgρT ShTTραpα

T þ SαfμhTTϵ
νgρ
T pTαkTρ

2MMh
SLh⊥1LH⊥

1TT

þ kfμT ϵνgρT pTραβS
αβ
hTT þ pαβfμ

T ϵνgρT ShTTαβkTρ
2MM3

h

SLh⊥1LH⊥⊥
1TT

þ SfμT ϵνgρT pTρ þ pfμ
T ϵνgρT STρ

2Mh
ShLLh1TH⊥

1LL −
kαfμT ϵνgρT STαpTρ þ pfμ

T ϵνgρT kTραSαT
2M2Mh

ShLLh⊥1TH⊥
1LL
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þ gμνT
ϵαβT kTαSTβ

M
ShLLf⊥1TD1LL þ gμνT

ST · kT
M

ϵαβT pTαShLTβ
Mh

g⊥1TG⊥
1LT

þ gμνT
ϵαβT kTαSTβ

M
ShLT · pT

Mh
f⊥1TD⊥

1LT þ ðSfμT ϵνgρT ShLTρ þ SfμhLTϵ
νgρ
T STρÞh1TH1LT

−
SfμT ϵνgρT pTραSαhLT þ pαfμ

T ϵνgρT ShLTαSTρ
2M2

h

h1TH⊥
1LT −

kαfμT ϵνgρT STαShLTρ þ SfμhLTϵ
νgρ
T kTραSαT

2M2
h⊥1TH1LT

þ kαfμT ϵνgρT STαpTρβS
β
hLT þ pαfμ

T ϵνgρT ShLTαkTρβS
β
T

2M2M2
h

h⊥1TH⊥
1LT − gμνT

ST · kT
M

ϵαTβpTαρS
βρ
hTT

M2
h

g⊥1TG⊥
1TT

þ gμνT
ϵαβT kTαSTβ

M

pρτ
T ShTTρτ
M2

h

f⊥1TD⊥
1TT þ SfμT ϵνgρT ShTTραpα

T þ SαfμhTTϵ
νgρ
T pTαSTρ

2Mh
h1TH⊥

1TT

þ SfμT ϵνgρT pTραβS
αβ
hTT þ pαβfμ

T ϵνgρT ShTTαβSTρ
2M3

h

h1TH⊥⊥
1TT −

kαfμT ϵνgρT STαShTTρβp
β
T þ SαfμhTTϵ

νgρ
T pTαkTρβS

β
T

2M2Mh
h⊥1TH⊥

1TT

−
kαfμT ϵνgρT STαpTρβτS

βτ
hTT þ pαβfμ

T ϵνgρT ShTTαβkTρτSτT
2M2M3

h

h⊥1TH⊥⊥
1TT

− gμνT SLShLLLg1LG1LLL −
kfμT pνg

T − ðkT · pTÞgμνT
MMh

SLShLLLh⊥1LH⊥
1LLL

− gμνT
ShLLT · pT

Mh
SLg1LG⊥

1LLT −
kfμT SνghLLT − ðkT · ShLLTÞgμνT

M
SLh⊥1LH1LLT

þ kfμT pνgα
T ShLLTα − pαβ

T ShLLTαkTβg
μν
T

MM2
h

SLh⊥1LH⊥
1LLT − gμνT

SαβhLTTpTαβ

M2
h

SLg1LG⊥
1LTT

−
kfμT SνgαhLTTpTα − SαβhLTTpTαkTβg

μν
T

MMh
SLh⊥1LH⊥

1LTT −
kfμT pνgαβ

T ShLTTαβ − pαβρ
T ShLTTαβkTρg

μν
T

MM3
h

SLh⊥1LH⊥⊥
1LTT

− gμνT
SαβρhTTTpTαβρ

M3
h

SLg1LG⊥
1TTT −

kfμT SνgαβhTTTpTαβ − SαβρhTTTpTαβkTρg
μν
T

MM2
h

SLh⊥1LH⊥
1TTT

−
kfμT pνgαβρ

T ShTTTαβρ − pαβρτ
T ShTTTαβρkTτg

μν
T

MM4
h

SLh⊥1LH⊥⊥
1TTT − gμνT

kT · ST
M

ShLLLg1TG1LLL

−
SfμT pνg

T − ðST · pTÞgμνT
Mh

ShLLLh1TH⊥
1LLL þ kαfμT pνg

T STα − kαβT STαpTβg
μν
T

Mh
h⊥1TH⊥

1LLL

þ gμνT
ϵρσT kTρSTσ

M

ϵαβT pTαShLLTβ
Mh

f⊥1TD⊥
1LLT − gμνT

kT · ST
M

pT · ShLLT
Mh

g1TG⊥
1LLT

− ðSfμT SνghLLT − ðST · ShLLTÞgμνT Þh1TH1LLT þ
SfμT pνgα

T ShLLTα − pαβ
T ShLLTαSTβ

M2
h

h1TH⊥
1LLT

þ kαfμT SνghLLTSTα − kαβT STαShLLTβg
μν
T

M2
h⊥1TH1LLT −

kαfμT pνgβ
T STαShLLTβ − kαβT STαpTβρS

ρ
hLLTg

μν
T

M2M2
h

h⊥1TH⊥
1LLT

þ gμνT
ϵρσT kTρSTσ

M

ϵαTβpTατS
βτ
hLTT

M2
h

f⊥1TD⊥
1LTT − gμνT

kT · ST
M

ShLTTαβp
αβ
T

M2
h

g1TG⊥
1LTT
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−
SfμT SνgαhLTTpTα − SαβhLTTpTαSTβg

μν
T

Mh
h1TH⊥

1LTT −
SfμT pνgαβ

T ShLTTαβ −pαβρ
T ShLTTαβSTρg

μν
T

M3
h

h1TH⊥⊥
1LTT

þ kαfμT SνgβhLTTSTαpTβ − kαβT STαShLTTβρp
ρ
Tg

μν
T

M2Mh
h⊥1TH⊥

1LTT þ
kαfμT pνgβρ

T STαShLTTβρ −pαβρ
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and WA is the antisymmetric part,
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