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We investigate the production of spin-3/2 hadrons in semi-inclusive deep inelastic lepton-nucleon
scatterings. The complete differential cross section is derived through the kinematic analysis and expressed
in terms of 288 structure functions, corresponding to all polarization configurations and azimuthal
modulations. For an unpolarized lepton beam, half of the 192 structure functions have nonzero leading
order contributions in the parton model, among which 42 are from rank-3 tensor polarized fragmentation
functions of the hadron. For a polarized lepton beam, one third of the 96 structure functions contribute at
the leading order and 14 of them are from rank-3 tensor polarized fragmentation functions. In addition to
the formalism, we perform a model estimation of the spin transfer to a S;,;;; polarized hadron and sizable
asymmetry is expected. Therefore, these newly defined observables for the production of a spin-3/2 hadron
in a deep inelastic scattering process can be explored in future experiments to understand nucleon spin
structures and spin-dependent fragmentation functions.
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I. INTRODUCTION

Nucleons as building blocks of our visible world are
bound states of the strong interaction, which is described by
the underlying theory of quantum chromodynamics (QCD).
However, the nonperturbative nature of QCD at low-energy
scales makes it challenging to derive all properties of the
nucleon from first principle, although much progress has
been made in the past decade [1-9]. Understanding internal
structures of the nucleon from quarks and gluons degrees of
freedom has become an active frontier of nuclear and
particle physics.

Deep inelastic scattering (DIS) is an established powerful
tool to probe nucleon internal structures. Taking advantage
of the asymptotic freedom [10,11], a feature of QCD at
high-energy scales, one can approximate the DIS cross
section as the lepton-parton scattering cross section con-
voluted with parton distribution functions (PDFs), f,,/p(x),
which is interpreted as the probability density of a parton of
flavor g that carries a fraction x of the nucleon momentum.
This parton model is then formally developed into the QCD
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factorization [12], which nowadays serves as the framework
in nearly all analyses of hadron-involved high-energy
scattering processes.

The inclusive DIS, as a single scale process, is not
sensitive to the confined motion of partons in the nucleon.
To access the transverse momentum distribution, one needs
to tag the struck parton in the final state. Because of the
color confinement, quarks and gluons cannot be isolated as
free particles, and only hadrons or jets can be observed. As
an analog to the PDF, the fragmentation function (FF),
D,_,(z), is introduced to describe the probability density of
the identified hadron 4 that carries a fraction z of the parent
parton ¢. Then a semi-inclusive DIS (SIDIS) process, where
a hadron is detected in addition to the scattered lepton,
can be factorized into the convolution of the PDFs of the
nucleon, the FFs to the hadron, and the short-distance hard
scattering of partons. When the transverse momentum Py,
of the observed hadron is much smaller than the hard scale
Q characterized by the virtual photon, it becomes a double
scale process, one can apply the transverse momentum
dependent (TMD) factorization [13—15], and the cross
section is expressed in terms of TMD PDFs, f(x, k%)
and TMD FFs, D(z, p%), where k; and p; are the transverse
momenta of the parton with respect to the hadron.

Taking the spin degrees of freedom of the struck parton
and the nucleon into account, one can learn much richer
information of nucleon structures. Historically, the polarized
DIS experiment pioneered by the EMC Collaboration
[16,17] led to the profon spin crisis and invoked great
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interest in the nucleon spin physics. After more than three
decades, the nucleon spin structure is still not well
understood. Although quark helicity distributions have
been constrained to relatively good precision at least in the
intermediate-x region, or the so-called valence region, the
contributions from orbital angular momenta, which are
essentially the correlation between the spin of the nucleon
and the transverse motion of the parton, are very little
known. Hence, a three-dimensional imaging of the
nucleon spin structure is desired to fully resolve the
proton spin puzzle. The spin-dependent TMD PDFs, as
a kind of 3dPDFs, encode the correlation of quark and
gluon three-dimensional momentum distributions and the
spin of the parton or the nucleon. They can be extracted
from polarized SIDIS experiments and many measure-
ments have been carried out by HERMES [18-23],
COMPASS [24-28], and JLab [29,30]. The precise deter-
mination of spin-dependent TMD PDF:s is also one of the
main goals of future electron-ion colliders [31-33].

Apart from the nucleon spin, the polarization of some
final-state hadrons can also be analyzed with certain
techniques. Through the self-analyzing weak decay, the
polarization of the A hyperon has been measured in e*e™
annihilation [34-36], pp collision [37-40], and SIDIS
[41-54] processes. These measurements not only allow us
to learn the role of the spin in the hadronization process via
spin-dependent FFs [55-57] but also provide a novel
approach to study nucleon spin structures. For example,
the spin transfer to the A hyperon in polarized SIDIS is
considered an observable sensitive to the strangeness
components in the nucleon and has been experimentally
measured [43,45,46,50,54] and phenomenologically stud-
ied [58—63]. Similarly, one can also measure the polari-
zation of a produced vector meson, such as p and K*. As a
spin-1 particle, it has five rank-2 tensor polarized states in
addition to the three vector polarized ones. These tensor
polarizations can be analyzed from the spatial distribution
of the decay particles and have been measured in ee”
annihilation experiments [64—67]. Extensive phenomeno-
logical and theoretical studies have also been carried
out [68-82].

Recently, the BESIIT Collaboration measured the polari-
zation of the Q through the chain of weak decays Q™ —
K~A and A — pz~ [83]. On the other hand, a complete set
of TMD FFs to spin-3/2 hadrons has been derived in
Ref. [84] and applied in describing inclusive and semi-
inclusive Q productions in e'e™ annihilation. With the
experimental techniques of analyzing the polarization of the
Q and the theoretical setup of its TMD FFs, we can study
the polarization of € produced in the SIDIS process. This is
not just an extension to spin-3/2 particles. The Q baryon,
which carries three valence strange quarks, is extremely
sensitive to the strange sea of the nucleon, including its
polarization. Although the yield of Q production is expected
to be much less than that of A production, the contamination

from target fragmentation will be highly suppressed because
the generation of three strange quarks requires enough
energy transferred from the virtual photon. Furthermore,
tensor polarized states of the Q provide additional observ-
ables to extract partonic structures of the nucleon.
Therefore, the SIDIS production of € has unique advan-
tages to study the nucleon spin structures, particularly the
strange sea in the nucleon.

In this paper, we derive the differential cross section,
taking into account all possible combinations of the
polarization states of the lepton, the nucleon, and the
produced spin-3/2 hadron. Applying the TMD formalism,
we perform leading order calculations to express the
structure functions as convolutions of TMD PDFs and
TMD FFs. For an unpolarized lepton beam, half of the
192 structure functions are found nonvanishing and 42 of
them are from rank-3 tensor polarized TMD FFs. For a
polarized lepton beam, one third of the 96 structure
functions are nonzero and 14 of them are for rank-3 tensor
polarized hadron states. Besides, taking the spin transfer to a
rank-3 tensor polarized state S;;;; as an example, we
demonstrate with a model estimation that the newly defined
structure functions related to the polarization of the pro-
duced € may generate sizable asymmetries to be measured
in future experiments.

The paper is organized as follows. In Sec. II, we derive
the differential cross section of SIDIS with the production
of a spin-3/2 hadron. In Sec. III, we calculate the parton
model expressions of all structure functions at the leading
order in terms of TMD PDFs and FFs. In Sec. IV, we
provide a model estimation of the spin transfer to produce
an S, tensor polarized Q. A summary and outlook is
given in Sec. V.

II. THE DIFFERENTIAL CROSS SECTION

In this section, we derive the differential cross section of
the electron-nucleon SIDIS process with the production of
a spin-3/2 hadron.

A. Kinematics and spin states

We consider the SIDIS process as
e () + N(P) = e~(I) + Q(Py) + X(Px), (1)

where the variables in parentheses indicate the four
momenta of the corresponding particles. Although Q is
chosen to label the produced spin-3/2 hadron, the for-
malism and results derived in this section can be used for
any spin-3/2 hadron. Instead of I, one usually uses the
transferred four momentum g = [ — . Within one-photon-
exchange approximation, Q> = —q? gives its virtuality and
serves as the hard scale of the process. Some commonly
used dimensionless variables to describe the SIDIS kin-
ematics are defined as
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where M is the mass of the nucleon target. Following the
Trento conventions [85], one often chooses the frame in
which the virtual photon momentum ¢ and the nucleon
momentum P are along the longitudinal direction. It is
convenient to define the transverse metric tensor,

¢P +q P (q'q PP
gl =9"- 2 2 =) ()
P-q(l1+y*) 149\ Q M
and the transverse antisymmetric tensor,
6;11/ — hvpo P/Iqo‘ ’ (4)
P-g\/1+7?

where the sign convention of the totally antisymmetric
tensor is €"1?* = 1. Then, /| = ¢’l, and P}, = ¢'P,,
give the transverse momenta of the electron and the final-
state hadron in the photon-nucleon frame, and P;, =
—P2 | provides a second and adjustable scale of the SIDIS
process. The azimuthal angle ¢, from the lepton plane to
the hadron plane can be defined in an invariant form as
L,Pnd’ L,Pe’
e hu‘di sinth:—” huJ_‘ (5)

The polarization of the nucleon, as a spin-1/2 particle, is
characterized by the spin vector S*. In the photon-nucleon
frame as chosen by the Trento conventions, it can be
decomposed into longitudinal and transverse components as

cos ¢y, =

where

S-q M
SL=p———.  Sr=4d!S. (7)
- AVAR S T
The azimuthal angle ¢7 from the lepton plane to the
direction of the nucleon transverse spin S% can be defined as

1,S,q" 1,S,ey

VIASE VIESE

The polarization of the spin-3/2 hadron is characterized
by the spin vector and tensors, S, 74", and R, as defined
in Ref. [84]. They are orthogonal to the momentum of the
hadron,

singy = — (8)

cos ¢y = —

Ph/tSZ - O, Ph/dTZD - 0, PhﬂRl;ZUp = 0 (9)
Similar to the decomposition of the nucleon spin vector, we
decompose the longitudinal and transverse components of
the hadron spin vector and tensors with respect to the
hadron momentum P,. For convenience, we introduce
two lightlike basis vectors, n and 7, satisfying n-n = 0,
n-n=20,and n-n =1, and express the hadron momen-
tum as

2

M;
) o, (10)

Pl = (P,
0= 3P, 7

where M), is the mass of the hadron. Then the spin tensors
of the hadron are decomposed as [84]

Pt —g"M?/(P-q) M P -ﬁ
SH=35, + Sk, 6 =S5 h_gu——h st (11
o (© =S (s ) Sy )
|
| 1/ M 2 P,-n\2 V —tuy y
=l () w2 () v ]
1 M v P, -n v v
+2 <Ph hn>”{”sh}LT < ;\}h >"{”Sh}LT+SZTT}7 (12)

1 1/ M ,
Ry = 1 {ShLLL < _> ntntnf — 5 < h >(n{ﬂn ) — n{ﬂg”/})

o
e
(o

.72\ 3
> n{ﬂn np} — n{l‘g”p}) 4<P n) nﬂn’/n/’:|
Mh

P
—> n{MﬁDSZ}LLT +2 <—X4hn

v, 1 Ph n % Y
)n{MShZ}TT 5( M, )n{”Shi}TT+SI;¢TpTT}’ (13)

2
) ”{MnVSZiLT - 2’_1{”””Sp} rt5 2 Sl{lLLTg;"p}

-I>I>—~ Nlr—
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where the transverse metric tensor with respect to P is given by

T —— (14

The transverse components of Sy, S 7. Shrrs iy 7 Shrrp. and S0, can be expressed in matrix form as

S;:T = (Sir S;;T)’

XX
Sij _ ShTT
hTT — S

hTT

B Sxx
St jk o |: ( hTTT
hTTT — Syxx

hTTT

xXx
_ShTT
XXX
- ShTTT

B. The cross section in terms of structure functions

With the one-photon-exchange approximation as illus-
trated in Fig. 1, one can express the differential cross
section of the SIDIS process as

do o’y
— L, WH, 16
dxdydzdp,dydP;,  80% (16)

where « is the electromagnetic fine structure constant and y
is the azimuthal angle of the outgoing lepton around the
lepton beam axis with respect to an arbitrary fixed
direction. The leptonic tensor is

Ly, = 2L+ L, —g,l- I+ ke,

rrey,  (17)

where 4, represents the helicity of the lepton beam. The
hadronic tensor W*¥ is expressed as

Wﬂy(q;P, S;Ph’SthhaRh)
2254(P+q_Ph_PX)
X

x (P, S|J#(0)|Px; Py, Sy, Th, Ry)
X <PX;Ph,Sh,Th,Rh|JD(O) f)7 S>, (18)

where J* is the electromagnetic current operator and the
symbol > indicates the sum over the hadronic states X

X

FIG. 1. The process e”N — ¢~ QX with one-photon-exchange
approximation.

i _ X y
ShLT - (ShLT’ ShLT)’
Xy XX
ShTT ij ShLTT

S _
’ hLTT —
VXX VXX
ShTTT ) < ShTTT
9

XXX
_ShTTT

i _ X y
ShLLT - (ShLLT’ ShLLT)?

Shwrr )
S;LTT _S}\;iTT
—Sirrr
_Syxx >:| : (15)
hTTT

with the momentum integration implicitly assumed. It
satisfies the constraints required by the Hermiticity, parity
invariance, and gauge invariance,

W (q; P, S; Py, Sp. Ty Ry) = W (q; P, S; P, Sy T, Ry),
(19)

Wﬂb(q; P7S;thshsThv Rh)
= W/w(q;Pv _S; Ph’_Sh, Thy—]_?h), (20)

qﬂWﬂ”(q;P’S; Ph’Sh’Th’Rh)
= WﬂV(q;P’ S; Ph»SthhaRh)qv = O’ (21)

where S, S, T, and R, indicate a sign flip of all space
components.

With kinematic analysis, one usually expresses the
hadronic tensor into terms as basis Lorentz tensors multi-
plied by scalar functions, known as the structure functions.
To impose the gauge invariance, it is convenient to
construct the basis Lorentz tensors using the so-called
conserved vectors and metric tensor,

P-
PZ:P”—q—zqf]”, (22)
P,-q
PI;Lq:PZ_ 22 q", (23)
o q"q" 4
q _gﬂ - qz ’ ( )

which will vanish when contracted with the virtual photon
momentum ¢,. Then one can in principle exhaust all basis
Lorentz tensors constructed from the conserved vectors,
the metric tensor, and the spin tensors, but this approach
becomes less efficient with the increasing number of the
measured momenta. Instead of directly building all basis
Lorentz tensors, one may tackle this problem by using a
systematic procedure [78,80,84]. We first group the nine
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basis tensors built from PY, P hq, dy s and €P° into

four sets,
R — { PhPY P{”PZ};I’P# P } (25)
{e{ﬂqPPhP”} elnaPPy pt} } (26)
A,w { P[ﬂ P } (27)
Eéﬂu _ { P ghvaP) } (28)

which are called the basic Lorentz tensors. The superscripts
S and A stand for the symmetric and antisymmetric tensors,
respectively. The subscript U indicates that both the target
and the produced hadron are unpolarized. For conciseness,
we adopt the shorthand notation A*Y = A#P,. Here the h
and & represent the parity conserving and flipping terms,
respectively. Restricted to the parity invariance (20),
unpolarized basis tensors are directly given by those in
hS/w nd hAm/

To construct the basis Lorentz tensors with a polarized
target and produced hadrons, the spin tensors S¥, S, 7%,
and R, are also involved. We claim that the spin-
dependent basis Lorentz tensors in this case can be con-
structed from multiplying the basic Lorentz tensors given in
Egs. (25)-(28) by spin-dependent scalars or pseudoscalars,
because the four tensors P#, PZ, q", and e€**7° that construct
the basic Lorentz tensors are sufficient to construct a four-
dimensional spacetime, and the spin tensors can be
expressed by these four tensors. To show this clearly we
take S¥ and 7% as examples and express them in terms
of PH, P’;,, g", and e*P°, as shown in Appendix A. To
conclude, the polarized basis Lorentz tensors can be

constructed from the basic Lorentz tensors in hs"” and

h?/” ¥ multiplied by spin-dependent scalars and those in hS” v

and 7" multiplied by spin-dependent pseudoscalars.

By applying the procedure above, one can obtain a
complete set of polarized basis tensors. For an unpolarized
nucleon, there are 13 basis tensors dependent on S,

hify, = €My {(P - $). (q- Su)}hy”. (29)
Wy = ePPaSit {(P S SYRE: (30
uv, =€ {( 1) (q-Su)} (30)

23 basis tensors dependent on 77,
i, = (TSP TR T (TP, TPy, (31)

A"”—{T TP TV R {eTiPPra TP} i, (32)

and 31 basis tensors dependent on R,

S, Pq aq S
hUﬂlg,, = {th PPh‘I,th PPh‘I,eRh PPI,q}hU/‘”’

{RgPP’Rqu’ RP%. quq}ﬁbgw’ (33)

Aw | _RFPPPLq _RIPP,q RIPP Auv
hURh — {6 h hq’e h I1q’€ h nd hU s

{R{;PP’ R;}:qu quq’ quq}ﬁ?juv’ (34)

where the first subscript “U” indicates the unpolarized state
of the nucleon and the second subscripts “V,,,” “T},,” and
“R;” represent the spin states of the produced hadron.

For a polarized nucleon, there are 13 basis tensors if the
produced hadron is unpolarized,

Wy = ePPSI {(Py - S). (g . (35)

ni = ePPaS {(Py - S). (g Y. (36)
which can be obtained by replacing the S, in Egs. (29) and
(30) by the nucleon spin vector S. Exhausting all possible
spin-dependent scalars or pseudoscalars, one can obtain the
basis tensors with both the nucleon and the produced
hadron polarized. However, some of them are not linearly

independent. The redundant ones can be eliminated by the
identity,

P = gouehupo 4 quvenbpo v gnvbe | gaceupf - (37)

Then we obtain 41 basis tensors dependent on S and S,
Wy, = {Si}hy" {PS ", (38)
é"v”,, = {Su}hf" {PS M. (39)

where S| stands for a set of spin-dependent scalars,

S0 (S-84), (P-Sp)(Py - S), (Py - S)(q - Sh)s (P~ Sh)
x(q-S).(q-Sp)(g-S), (40)

and PS; stands for a set of spin-dependent pseudoscalars,
PS,: ePPiSSi | cPaSSi | PSS €PPthh(S -q). (41)
Similarly, there are 67 basis tensors dependent on S and 7',
Wy, = {Sabhy” APS ", (42)

g, = S {PS R, (43)

where the scalars in S, and the pseudoscalars in PS, are
given by
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Sy: €ThSPua (TSP (TISPPy (TiSPua (TiSPa_(TiSPPy ePPraSTI9, (44)
s
PSy: TP Ty TP (S - Py), TR (S - q). TR (S - o). T, (S - q), TH(S - P). THY(S - q): (45)
and 95 basis tensors dependent on S and Ry,
W, = (S (PSR, (46)
i, = {Ss hyl" {PS; ", (47)
where the scalars in S3 and the pseudoscalars in PS5 are given b
3 p 3 g y
. pSPq pSPP pS4q9 pPPP PPP PPq (g
Sy Ry LR R R)TE(S - PL) R)TE(S - q), RS - P).
REP R R”
RS- q). R, (S Py). R,™(S - q). R™(S - Py). Ri*(S - q). (48)
PSy: eRi'SPa RITSPAP eRI"SPug €R, ISPy €R ISP,P_oR}'SPq
eRI'SPa_ cRI'SPAP RSP PPiqS RI9. (49)
By now, we have a complete set of 288 basis Lorentz tensors and the hadronic tensor can be expressed as
: S B nS nS
W = Z Vi + Z Viw,ihov,: + Z Vi, + Z ViR, iR,
i=1
1
. A A A W
+’<ZV?J. MD+ZVUth Ul%z_FZVUT/ UMTD, +ZVUR/I U%l)
i=1
B BS S nS
+ZVVU1 Vﬂll//l+ZVVVht Vlghl+ZVVThl VMTV,,I+ZVVR,11 V;;Vyh,i
- WA A WA A
VUz . +Zvvvhl Vlz/b, + ZVVT, VﬂTl: +ZVVR,,1 Vl;evh,i ) (50)

where the coefficients V; are referred to as structure
functions, which are scalar functions of ¢, P-q, P, - q,
and P - P;,. We note that the total number of independent
structure functions is entirely determined by the number
of basis tensors obtained from the kinematic analysis,
although one may choose different linear combinations
for convenience.

Contracting the hadronic tensor with the leptonic tensor,
one can express the general expression of the differential
cross section in Eq. (16) in terms of the structure functions
V;, whereas it is practically convenient to specify a
reference frame and to separate the contributions to various
angular modulations. As a common convention, we decom-
pose the spin components of the spin-3/2 hadron with
respect to its momentum direction. Here we choose three
orthogonal directions to project the spin components, i.e.,
the longitudinal direction along the € opposite momentum,
the normal direction of the hadron plane, and the transverse
direction in the production plane. We choose the temporal
basis vector as

1q = (1,0,0,0) (51)

and the spatial basis vector as

2q = (0, —sin @, cos ¢y, — sin @, sin ¢y, cos 0;,).  (52)
In addition, the other two transverse spatial basis vectors
are defined as

Xq = (0, cos 8, cos ¢y, cos 0, sin ¢y, sin0y,),  (53)

9o = (0, —sin ¢y, cos ¢y, 0). (54)

Here we use the v# = (1°, v*, 1¥, v7) representation to be
distinguished from the light-cone component representa-
tion. The angle 6, is spanned by the produced hadron
momentum and the transverse component of the hadron
momentum, which can be expressed in a Lorentz covariant
form as
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sin@), = Puil _ /=P . (55)
Pl =P 1%

The spin components in Eq. (15) can be defined in Lorentz
covariant forms as Egs. (78)—(92) in Ref. [84], with the
same definitions for the quantities Sz, [Syzls @nrs Shrrs

ShLLL
Onerrs |Swrrrl, and @yrrr, while in our case the basis

vectors are constructed with the external momenta of the
reaction, all these variables are Lorentz scalars, although
the meanings of the variables are more clearly understood
in this particular frame.

So far, we have obtained the expression of the differ-
ential cross section in terms of 288 structure functions in
accordance with the angular distributions and the spin
states of the hadron. For simplicity, we group the 288 terms
in the cross section into 30 parts according to various

vectors are replaced with Eqs. (51)—(54). Since the basis ~ combinations of the spin states as

do B a? y?
dxdydzdp,dydP;,  xyQ*2(1—¢
+ Surr|Furr + SweeeFuree + SierlForer + 1Swrr|Foorr + Swrer|Furrr
+S.F Lo+ ISt Fru + Sc(SuFro + [SurlFrr) +1Sr|(SiFrr + [SurlFrr)
+S.(SneeFroe + Sur|Fror + [SurrlFror) + 1Sl (SheeFroe + [Swer|Fror
+SurrlFror) + Se(SneeFrore + [Sweer|Froer + [SwrrlFrorr + 1Swrrr|FLrrr)
+S7l(SeeeFroce + [SwerlFroor +1SwwrrlFrorr + [Swrrel Frorr))s (56)

2
Y
) <1 + Z_x) Fou+SuwFur+ Sl For+SweFur + SwrlFurr

where the two subscripts of F represent the spin states of the nucleon and the produced hadron, respectively. The ratio of the
longitudinal and the transverse photon flux is expressed as

l_y_l},ZyZ
T 1oyt i

(57)

The explicit expression of each part can be written in terms of the corresponding structure functions. Among the 288
structure functions in Eq. (56), five are for unpolarized states,

Fuu = Fhy+eFhy+/2e(1+€) cos ¢, Fopyl" + ecos 2, F " + 2.0/2e(1 — €) sin ¢, G0 (58)

13 are for unpolarized target and vector polarized hadron states,

Fur = /2e(1 1 &) sin g, i + esin 2, Fin2hn 4 5, (\/1 — Gy, + /2e(1 — ) cos GC""/’h) (59)

-7:UT _ Slnd’hT( Tsmqﬁ,,, + EFLsmz[J,,,)
)(sm (bn — dur)Fy Fy! ¢h ) + sin (¢, + ¢ur) Fyy Fy ¢h+¢”))
+ s(sm (24 — dur)F SLI/HTMI' ) 4 sin (204 + dur)F SLi/I,lT(MhH)M‘)) + 2, [\/ 1 —¢&?cos ¢hTGCUO,ST¢“T

2¢(1 —¢) (COS (bn — bur)Gy m (/)h_(/)m + cos (¢, + ¢ir)Gy Gy whﬂ/)m)}’ (60)

+/2e(1 +

23 are for unpolarized target and rank-2 tensor polarized hadron states,

Furr = F5 o +eFh 4+ 2e(1+ ) cos g FS Yy + ecos 2, oy + Aon/2e(1 — €) sing, Gy, (61)
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Furr = cosdurr (F (T,Cf}d”'” + eF fjfz’;‘/’hLT)
2e(1 +¢) (COS (¢ — ¢hLT)F§i(}/’h_¢hLT> + cos (¢, + ¢hLT)F‘£iSL<7({’h+{/’”LT)>
+e{cos (2 — ) FEEH0) 1 cos (0 + ) L)
e[ V1= & sin g G
+v/2¢(1 —¢) (sin (¢n — CthT)G?}I,]L(qTﬁh_d)h”) + sin (¢, + ¢hLT)G§i;jL(?”+¢m))] ,
Furr = cos2¢rr (F lT,C})}Z‘/)"TT + eF f]f}’;z‘/’m)
2e(1 +¢) (COS (1 — 2¢hTT)FZ)ST(¢h ) 1 cos (¢ + 2¢hTT)F§;’ST$"+2¢h”))
+ 8(005 (1, = 207 Fos 57 20mr) o cos (24, + 2¢hTT)F‘;25T<7%¢h+2¢hTT)>
+ 2, [m sin 2¢,1TTG§i,"’T2$ nrr
2¢(1 —¢) (Sin (¢n - 2¢hTT)Gii/r,‘T(?h_2¢hTT) + sin (¢, + 2¢;,TT)GZ':T(?”2¢”T) )} ;

31 are for unpolarized target and rank-3 tensor polarized hadron states,

Furn = V2e(1 + e)sing, Fy'ly, + esin2¢, Fy' s + 4, (\/1 — &Gy + \/2e(1 =€) cos Gy ),

Furer =singurr (F ZTE’L@'L” +eF %,Q}AHL‘/’T/L”>
BT 2) (50 9 — draar ) FEETP0 1 sin (i + ) LDy )
te <Sin (2¢n — burrr) F ;}HL(M’” D) 4 sin (2, + urrr) F}}“L(z‘/’”‘/’“”))
+ 4, [m cos ¢hLLTij°i"Z";L"‘
2e(1 —¢) (COS (1 — ¢I1LLT)G([:;)SL(Z>}1 Pir) 4 cos (fn + ¢hLLT)G§;“Lf”+¢"L”>)} .
Fuvrs = sz (FESGH 4 eriieen)
2e(1+ ) (sin (¢ = 2buurr) P07 4 sin (y + 2o ity 00
te (sin (2én = 2¢irr) F SLi/I,Ing;h_zlﬁhm) + sin (2, + 2nrrr) F ?/%??Hmm))
+ 4, [\/1———82 cos 2¢;, LTTGEJO_SLzT‘/’T"”T
2¢(1 - ¢) (cos (b1 = 2pn77) G a2P0) 1 cos (b, + 2¢hLTT)G§;{SL<;”;“¢WT>)} :
Furrr = sin3¢urrr (F N W”TT)
+v/2e(1+¢) (Sin (1 = 3urrr) Forags ") 4 sin (g, + 3¢,,TTT)F;‘,“T("’h”¢hTTT))
{5~ W PSS 4 i oy + S )
+ 4, [\/1_——;5 cos 3¢hTTTG§J°’STST’/’;TTT

2¢(1 —¢) (cos (b = 3urrr) G a9 4 cos (b, + 3¢hTTT)G(£28T<f§L+3¢"TTT))} ;
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13 are for vector polarized target states and unpolarized hadron,

Fru = 2e(1 +¢)sing F}" " + esin2¢, F}"5 " + 2, (V 1 -Gy + /2e(1 — ) cos ¢, COW’?),

Fry = sin(¢, — ¢r) (F;S[i,n(‘bh_(ﬁ') + eFI;’Sli,“(qS"_‘b")) + esin(¢;, + ¢T)F5Tif’L(,¢h+¢T)
+esin(3¢y, + ) Fs P00 4\ /26(1 + ¢) (sm GrFn?T 4 sin(24, — ¢T)F5;f‘[§2(”h‘¢r>)
+ 4, [ V1 — &% cos(¢y, - ¢7)Gy G=%5 ‘/’h ¢r)

2¢(1 - ¢) (COS(2¢h - ¢T)G(}(?Z(2¢”_¢T) + cos ¢TGCT?;1¢T)} :
41 are for vector polarized target states and vector polarized hadron states,
Fro= FLL + eFLL +1/2¢(1 + €) cos g, F; cos(/)h + £cos 26, S 0092(/),, 4, \/Tsmqﬁ szL(/)”,

FLT—COS ¢hT( Tcos(/)h7+ FLcoquhT)

+1/2¢e(1 +€) (cos(¢h —dur)Fy, COS(¢" P1) g cos(¢y + dur) COS(¢h+¢hT>)

L (COS(2¢h ¢hT) cos(2¢h ¢hT) +COS(2¢h + ) coq 21/)h+</)hr ) +/1€[ /1 —¢ SlnqﬁhTGhlnthT

2e(l —¢) (s1n(¢h — )G ¢" $ir) 4 sin(¢hr + ¢yr) G ¢h+¢w)>] ’

Fr =cos (¢, — ¢T)( FpeWimtn) 4 eF;,CLOSW”_"bT))
2¢(1 + )(COS GrF " 4 cos (2¢, — ¢T)F°T‘f;<2¢h‘¢f>>
+e (cos (¢ + ¢T)F°T‘fi<"”'+"’” + cos (3¢, — br) F;ﬁ;<3¢h—¢r>)
2 [ V1= & sin (- dr) G

+/2¢(1 —¢) (sm 45TG5"1¢T + sin (2¢, — ¢T)G??L(2¢h—¢r)>] 7

Frp = cos (- dur — ¢T)( Fesibi=tn) | pleos (it ¢T>)

+ cos (¢, + pur — ¢T)( Fropthir=n) 4 FLCOS (@t r= ¢T))
2¢(1 +¢) (cos (bnr — r)Fry (@nr=¢1) 4 cos (por + Pr)FS, (b +ér)

+cos (2¢y, — bz — br) F;cfsr(zash—mr—qﬁr) + cos (2 + dur — br) Fc;sr(zashmn—asr))
+ S(COS (fn—dur + ¢T)FCT(?ST((/)”_“”T+¢T) +cos (¢, + ¢pr + (I)T)F;(?ST((/)”JF(/’”T+‘/’T)
+cos (3¢, — Pur — ¢T>F;S;~(3¢h_¢”_¢7-) + cos (3¢, + dpr — ¢T)F§?ST(3¢”+¢”T_¢T)>
42 [V/26(T= ) (sin (g7 - r) G H7)  sim (g + ) G 47
+sin (20 — ur — dr) G PP L in 2, + ur — pr) G PP 4’”)

1—=¢2 (Sin (¢h _ ¢hT _ ¢T)G;E?T(¢h_¢hr_¢” &+ sin (d)h 4 ¢hT _ ¢T)G;3f17‘(¢h+¢hT_¢T)>:| :
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67 are for vector polarized target states and rank-2 tensor polarized hadron states,
Fror = V2e(l +e)sing, F}") + esin2¢, Fy" 0 + A, <\/1 — &Gy 1 + \/2e(1 —¢) cos ¢hG°L?;"L’h), (74)

Fror =singyr <F{S£I;¢hLT + EFE,SLinT(ph”)
2e(1 +e) (Sm (fn + burr)F ngL((/)hWhLT) +sin (¢y — $urr)F SLi?L(?"_(ﬁhLT))
4 E(Sin Qs + B FCH D) 4 Sin (248, — ) L<;¢h—¢,,u))
+ A, [\/l_t_'eE cos qShLTGCL‘fSLdT’“”

2¢(1 —¢) (COS (s — buer) Gror "™ "0 + cos (¢ + ¢hLT)G?Z(T¢h+¢hLT))}’ (75)

Frorr = sin2¢yrr (F I,SYi"I1T2¢hTT + eFy L sin 2¢hTT>
2¢(1 +e¢) (Sm (¢n + 2¢hTT)F2nT(¢h+2(/)}’”) + sin (¢, — 2¢hTT)F21“T(¢h 2‘/’“7))
+ s(sm 2y, + 2y Fi302071) o sin (2¢h) — 26brr) FZIHT;¢" 2¢,,rr))
+ 4, [m cos 2¢hTTGz(fST2T¢hTT

+v/2¢(1 —¢) (COS (pn — 2¢hTT)GfST(Tm_2¢m) + cos (¢, + 2¢hrT)GZ°STf "+2¢m)ﬂ ) (76)

Frir = sin (¢ — br) ( F;SL"; (hi=dr) | FLsm (1= ¢T>)
+1/2¢e(l +¢) (sin ¢TF¥?L‘/Z + sin (2¢), — ¢r)Fy Sln 2¢h ¢r))
e (sin (¢ + ) FL ) 4+ sin (3, — pp) P07
2 V1= 2 cos (¢, — pr)Gs

2e(1 —¢) (cos ¢TGCT?2(’ZT + cos (2¢, — ¢T)GCT‘?Z(L2¢F¢T))} , (77)

Fror = sin (¢, — gy — dr) <F ;SLH}“/)”_(/)””_(/)T) + eF I;‘SLir}((/'”_“"LT_"J’”)
+sin (¢y, + durr — ¢r) (F ;,SLinT((’J)"W””_(ﬁT) +¢eF ;,SLi'}(’/’”W“‘T_‘/’T))
+V2e(l +¢) (sin (uer — pr) ™) 4 sin (g7 + ¢T)FST11($"”+¢T)
+sin (29, + ¢por — ¢r)F ;E?L(72"¢h+¢h”_¢” +sin (2¢, — urr — 1) F sTiflL(%(p"_m”_%))
4 g(sin (n + dnr + &7 FsTiflL<;5h+¢m+¢r) + sin (¢y, — dpir + dbr) FsTiflL(;ﬁh—dn,Lrwr)
+sin (3¢, — dprr — ¢T)FSTiTIL(;¢h_¢””_¢T> + sin 3¢y, + durr — ¢T)FSTiTIL(;¢"+¢h”_¢T))
+ ﬂe[ 2e(1-¢) (COS (ner — #1)G CTOZT(/)”” ) 4 cos (nr + $r)Gry {/)hLTJr(/)T)
+cos (2¢y — purr — ¢r)Gryp 2¢" Pur=dr) 4 cos (2¢y + duir — ¢7)Gr ) 2"5”"’”” ‘/’T)>

+V1-¢ (COS (bn = Pt — d7)G CTOzT(ph i) +cos (¢ + bnir — ¢T)GCT(?2<7¢,]+¢MT_¢T)):|’ (78)
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Frorr = sin(¢n = 2¢urr — ¢T)( Tm (=2 =dr) eFy. p (¢” 2urr 4”))
+ sin (¢ + 207 — ¢T)( FLsin @t 2r=dn) 4 eFLsn 0 (f+ 2 ¢T>)
2¢(1 +¢) (sin Céburr - ¢T)F;HT2¢WT_¢T + sin 2¢yrr + dr)F 2‘/”’TT+¢T>
+sin (2¢h N - (/’T) sm 2¢h+2¢hTT ¢r) + sin (2¢h Y S— ¢T) sm de 2prr— ¢T))
+ £<Sm (b + 2burr + dr) F ?nT$h+2¢hTT+¢T> +sin (¢ = 2nrr + br) F?‘T(}m 2¢nrr+or)
o sin (3¢ = 2y = ¢r) Fy ) 4 sin (3, + 2y = ) Fy 0
+ ﬁe[ 2e(1 —¢) (COS (2purr — ¢7)G crosrrz¢h” 1) 4 cos 2purr + dr) G o)
1 cos (2 1 — 2burr — )G Q¢n=24urr~41) | (g by + 2burr — dr) GcTc?sT<T2(/)h+z¢m—«/)r>>

V1= (cos (¢ = 2rr = )G ) 4 cos (¢ + 2y — pr) G0 | (79)
and 95 are for vector polarized target states and rank-3 tensor polarized hadron states,
Froon = F1 i +eFE 1, +/2e(1 + €) cos gy Fi3 7y + ecos 20, o7 + Ao /2e(1 — ) sin g, Gy, (80)

Friir = CoSprrr (F{CLOLS?M” + FLCLOLS?YLLT>
2e(1 +¢) (COS (¢ = Pruor) Fa ™ "n) + cos (y + ¢hLLT)F2‘fz(L”;+"’”L”)>
* 8(005 (2 — ¢hLLT>FCLOZL2$h Puar) 4 cos (2¢n + ¢hLLT>Fi(?2(LZ?h+¢hLLT))
+ 2, [\/1 — &2 sin by L G

26‘(1 — 8) (sin (¢h _ ¢hLLT)G?flL(Z);_¢hLLT) +sin (d)h + ¢hLLT)G;i?L(g§"+¢hLLT))i| , (81)

Frurr = cos2urr (FLS + eF L)
2¢(1 +e) (cos (bn — 2¢nirr) oni(‘ﬁh “20urt) | oog (b + 2¢n1r7) onsL(¢h+2¢mr>>
* e(COS (¢ = 2¢nrr) F CLOZ(Z(/)h 2w 1 cos (2 + 24uirr) F CL()SL(z(/)/#z{/)hLTT))
2 [V 1= sin 2y G

. in (¢, -2 in (¢, +2
+4/2¢(1 —¢) (sm (n — 2¢hLTT>G2TIL(?IT D) + sin (¢, + 2¢hLTT)G2nL?IT+ ¢hm)>]v (82)

Frirr = cos3urry (FLS"™ + eF L5307 )
+V2¢e(1 +¢) (COS (bn = 3bnrrr) Fionta ™™ + cos (dy, + 3urrr) F E?ST(T(’?JFMWT))
2 [V =€ sin 30, Gyl
+ \/m (sin (¢ — 3¢hTTT)GzlnT¢h ) sin (¢ + 3¢hTTT)G2nT(¢h+3¢hTTT))]v (83)
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Frorr = cos (¢ — ¢r) (F;CLOZE =r) 4 SF;,CLOzé%_(ﬁT))
2¢(1 +¢) (cos g{)TFCT‘fszL + cos (2 — ) F53 Y (21~ ¢r))
+ E(COS (i + dr) Fo3 2 01) o cos (3py, — br)Fry 3¢”'¢7))
+ 4, [\/: sin (¢, — ¢7)G Sl;‘“u‘fz ¢r)

/261 = &) (sin g1 Gy + sin 2, — )G ) . (84)

Frorr = cos(pp — bprrr — ¢T)( ;CLOZT% Prr=dr) | FLcos(qﬁh Drrr— ¢T))

+ cos (¢, + Pnrrr — ¢T)(F ;CLOS (Pt bir=tr) eFy S (Gt bor— ¢T))
2e(1 +¢) (COS (Breor — Pr)Fs 0= o cos (i + ) Foy e 97)

+c0s (2¢4 — Gt — br)Froir @b~duuir=d1) 4 cog (2¢n + burrr — dr)Fr1Lr Qb uvsr— ¢T))
o+ e(c0s (¢ = durer + ) FEL ) 4 cos (y + sy + dp) Py s 7
+ 008 3¢y — burer — dr)Frid ") + cos 3y + barer — dr) Fpp P ¢T)>
+/1€[ 2¢(1-¢) (sin (brrr — &r)G STIHL?T’LLT 7 4 sin (it + br)GrY, ¢hLLT+¢T>
+sin (2, — Brior — dr) G 0P o sin 2y + purrr — br)Gm s 4’r>)

—+ 1-—- 82 (Sin (¢h — ¢hLLT - ¢T)G;{?L(Z);*_{/)MLT_“T) + sin (¢h + ¢hLLT - ¢T)G§I{T1L(Z);‘+(/)MLT_(/)T>>:| ) (85)

Frorr = €08 (¢ = 2¢prr — dr) (F ;CLO;(”” 2urr=dr) | o §°L°;<‘/’”_2‘/’”LTT_‘/’T)>
008 (¢ + 2puurr — ) (Frps™ 200 g ey gttt
+1/2¢(l +¢) (cos 2pnrrr — dr)F ;OZTZ{WTT_'/’T) + cos (2 + ¢r)Fry 2¢’7’TT+¢T>
+ cos (2 = 2uirr — dr)Fry i 200 4 cos (2 + 2uirr — br) F ;OZTMMMWT ¢T)>
o+ e(c0s (¢ = 2purr + ) s 0000 4 cos (g + 2pparr + o) Py 2047
+ cos (3, = 2uirr — br)Fos ob 2000 o cos (3¢hy + 2pprrr — by ) Fopy o 20w~ ¢T)>
+ ,1@[ 2¢(1 —¢) (sin iz — dr)GInFIwrr=01) 4 in (217 + ) Gy pmrr 1)
+ sin (2¢ — 2dprrr — 1) GSTiTiL(;qTﬁh—Ztiﬁmr—tﬁr) + sin (24, + 2dnirr — ¢T)GSTi,nL (#;,Jrzzﬁhm—qﬁr))

V1= &2 (sin (¢h —2pirT — ¢T) 51n ¢h 2¢nrr—br) + sin <¢h + 2t — ¢T> sm ¢h+2¢,,LTT ¢7))} ’ (86)
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Frrrr = cos (bn = 3bnrrr —

¢T)( TtOS ¢h 3urrr—br) + FL005(¢h 3¢urrr— ¢T))

+ cos (¢h + 3¢hTTT ¢T)( TC% ¢It+g¢hlll —br) + FL C05 (¢h+3¢hlu ¢1))

cos 3durrr—dr cos (3pnrrr+ér
2¢(1 +¢) (COS (3burrr — ¢T)FT,T(T;% ") 1 cos (3burrr + ¢T)FT,T(T;% o

+ cos (2¢), = 3durrr — ¢T)FCT(?ST(TZ}/)”_3¢"TTT_¢T) + cos (2¢py + 3bnrrr — ¢T)FCT‘?;(TZ}/”1+3‘/W"_‘/’T))

-3
+¢(cos (¢ = 3rrr + pr) F 040

& ) FLOs (Bn=3nrrr—dér)
T TTTT

+ 4| V2e(1= &) (sin 3urrr - #7)G

+sin (2¢;, = 3¢urrr — ¢1r)G

+cos (3¢, = 3dprrr —

TTTT

+ cos (¢, + 3purrr + dr)F
+cos (3¢, + 3urrr —
Gy 4 in (Bbnrrr + d1)G

(=3 )
?nrr(ﬁh D=t 4 sin (2¢y + 3burrr —

s (b +3bnrrr+oér)
T.TTT

s B t3burrr—or)
T.TTT

¢r)F

sm Gbuwrrr+or)
T.TTT

te G Ct3durrr zm))

TTTT

: sin (¢, —3¢nrrr—Pr : sin (¢, +3¢nrrr—dr
1= & (sin (¢ = 3urrr — b)GH ™) e sin (g + 3urrr — )Gy PP ) | (87)

where F and G correspond to the structure functions for
unpolarized and polarized lepton beams, respectively.
Apart from the trigonometric function superscripts, which
indicate the angular modulations, the superscripts L and T
in some terms are used to distinguish the longitudinal and
the transverse polarization of the virtual photon. The
structure functions F’s and G’s, as scalar functions of x,
Q% z, and P; |, are linear combinations of the V’s in
Eq. (50). One may easily find that the number of the
structure functions corresponding to different spin states is
exactly the number of the basis tensors that depend on the
corresponding spin tensors.

Among the 288 structure functions, 126 rank-3 tensor
polarized ones are newly defined and exist only for the
produced hadron with s > 3/2, while the 18 unpolarized
ones, the 54 vector polarized ones, and the 90 rank-2 tensor
polarized ones also exist when detecting a spin-1 hadron. It
is also worthwhile to mention that there are 192 terms of the
288 structure functions corresponding to the unpolarized
lepton, while the other 96 terms relate to the polarized
lepton.

For the production of a spin-3/2 hadron in SIDIS off
an unpolarized target, the differential cross section can
be expressed in terms of 72 structure functions in
Egs. (58)-(67), where the 31 rank-3 tensor polarized ones
are newly defined and only survive only when the spin of
the produced hadron is no less than 3/2. If the lepton is
unpolarized, we find that the corresponding cross section
is characterized by a total of 48 structure functions, which
is consistent with the number of structure functions in the
cross section for ete™ — QhX in Ref. [84].

III. THE CALCULATION IN THE PARTON MODEL

In this section, we derive the structure functions in the
parton model at the leading twist. For convenience, we
choose the nucleon and the hadron back-to-back frame, in
which the momenta can be expressed as

oM M3 _ _
P":P+n/‘+2rﬁn", PZ:E’/PM—’_P}!"M’ (88)

where 7# = (1,0,0,) and n* = (0,1,0,) in light-cone
coordinates. Correspondingly, the transverse metric tensor
¢y and the transverse antisymmetric tensor €% can be
expressed by the momenta of the target and the produced
hadron,

g — go_ P PYPLP £ PLPY)  MGPUP* + MPPLP,
' (Py-P)?=MM?> — (Py-P) = MiM?
(89)
6}7’? = H¥Pe PpPha . (90)

V(Py - P)? = MIM?

We consider the SIDIS process in the kinematic region
g3 < Q?, where gy is the transverse momentum of the
virtual photon. At the leading order, we apply the TMD
factorization in which the hadronic tensor can be expressed
as the convolution of the parton distribution correlator @
and the fragmentation correlator A,
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WhY — ZZZeg / d’ky / d*pr6* (ky + qr —pr)

x Tr[®(x, kp)y* Az, pr)r*], (91)

where k; and pr are the momenta of the quark from the
target and the quark that fragment to the final-state hadron,
respectively. The sum runs over all active flavors of quark
and antiquark a with e, being the fractional charge of a.
The light-cone longitudinal momentum fractions are

defined by x = k*/P* and z = p~/P;. The TMD dis-
tribution correlation function is defined by

®(x, kr) = / oNeS e (Pp(0)L(0. &)y (8)|P)

(2x)3 £=0"

(92)

and the fragmentation correlation function is defined by

+ 2
Me.pr) = 5;3 [ gt e O . Py X) (P XFOL (.00 93)

where the symbol )y indicates the integration over the
momenta of the undetected hadrons labeled by X. The
gauge link, ensuring the gauge invariance of correlators, is
defined by a path integral

L(ys.y1) = Pexp [—ig / " dy .AM, (94)

Y1

where ¢ is the coupling constant in the strong interaction
and A(y) is the gluon field operator.

The correlation functions are 4 x 4 matrices in the Dirac
space, which can be parametrized by Dirac y-matrices.
Since P is chosen as the large momentum component of
the target, the leading-twist TMD PDFs can be projected
out from the correlation function ®(x, k) by the Dirac
matrices y*, yys, and ic'Tys. Similarly, the large momen-
tum component of the produced hadron P;, is opposite to
the target momentum, and thus one can pick out the
leading-twist TMD FFs using the Dirac structures y~,
Y75, and ic'~ys. Therefore, the complete parametrization
of the correlators ® and A can be written in concise forms,

@, k) = 5 {001 Ky )y~ = @ (x Ky s

+ OBl (x, k)i s . (95)
Az, pr) = % {A[”(z, pr)yt = Az, pr)ytys

+ Al sl(z, prio_ys } (96)

where the projections are given by

ol (x, ky) = %Tr[@(x, )T, (97)

n~=0

AVI(z. py) = S TH{Az py)T (98)

At the leading twist, the correlation function ®(x, k7) can
be parametrized as eight quark TMD PDFs for a spin-1/2
target [86],

+ 6‘png)STﬁ
o1 = g, - kSt gy (99)

. kp-S
P73l = SL9iL — TM Tngv (100)

L . ki klj eijkT'
@l rsl = Sihir + S, MT hi, — VTstjhllT _rt hi.

(101)

A complete set of leading-twist quark TMD FFs for
spin-3/2 hadrons has been defined according to the
decomposition of the quark-quark correlation function in
Ref. [84]. The parametrization of Al(z, p;)’s in terms of
TMD FFs are given by

Pr
—ﬂDf_T> + SheDire

AT =D, + (f??shn M,

S .
i WLT " PT
My,

P
+ <€/;yShLLTz/ VZ DfLLT)

uv
1 Pr 1
Dirr + Shrrw e Dy7p
h

Pt
+ (8 St 222 Dl )
h

Pr
+ <€I;DSW6 — DILTTT> )

hTTT M% ( 102)
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_ S
Alrvl =g, G, +21F P1
h
ShLrt " Pr n
+ SurGiorr + Th Giiir

Alicrs] — (6”’” HL> + Spr IZT H{; + Si, Hir —

M,

v Pr v P
(6” N ”GILT> <€lﬁshﬁ}r M’;pGnT)

Pt pﬂw
+ Shorr MI;D Girrr + Swrrtuwp ﬁ Girrrs (103)
h

ij

Pr 1 ( €TpT] 1 ) ( ij
_Sh H - Sh —H — | € Sh 'Hl
M% Tjttr LL M, ILL TOALTLT

i y b
+ <€?jﬁgShLTlH1LLT> - <€T’ShLTjH m) + <€’TjﬁTzShmHhr>
h h

Pr

S rr
+ L M,
Pijl Prji

T jl J

+ —M;Sz ShLTleHllLLTT + S;1JTTT M

where K7, k", and K77 are the completely symmetric and
traceless tensors [72] as defined in Eqgs. (B1)—(B3). At the
leading twist, there are 32 TMD FFs for spin-3/2 hadrons,
and 14 of them are for the rank-3 tensor polarized hadron
states. Substituting the correlators @ and A in Eq. (91) with
the expressions above, one can obtain the explicit expres-
sion of the hadronic tensor in terms of TMD PDFs and FFs.
We note that the helicity conservation requires the chiral-
odd term in TMD PDFs, which correspond to the @l 7s]
term, only couples with the chiral-odd term in TMD FFs,
which correspond to the Al 7] term, Similarly the chiral-
even terms that related to ®'] and ®"'7s) in TMD PDFs
only couple with the chiral-even terms that related to Al

and A7l in TMD FFs. As a result, there are three
symmetric terms,

Tr [dﬂ” (x. kp)y r* A7) (z, PT)}’+7’H} :
Tr [qﬂr*rs] (x, kp)y~ysyt Alrsl(z, pT)yWsy”} ,
Tr [CIJ["”HVS](X, kT)i0+,-y5y”A["”j775](Z, pT)iU—ijyy} . (105)

ClwfD] = x> 2 / Pk d*p 6@ (ky

1 i Pr
Hyppp +Shorfier — M2 SherriHiLLr + ShLTT M,

Hi7rr +

—pr — Py /2)wlkr,pr)fe(x, sz)Da(Z’ P%)

i
Prj HJ_
ILTT

1]lm

Mh ShTTlemHlTTT’ (104)

and two antisymmetric terms,

—Tr [(DW (x, kT)ery"A[f”] (z, PT)}’_VSYU} )

- T {q)[f“] (x kr)rtysr Al l(z, pr)ﬂf”} . (106)

in the hadronic tensor. The complete expressions of the
hadronic tensor in terms of the leading-twist TMD PDFs
and FFs are given in Appendix B.

Contracting the hadronic tensor obtained above with the
leptonic tensor, one can express the cross section in terms
of TMD PDFs and FFs in the parton model. We compare
this expression with the cross section in terms of structure
functions, and we obtain the one-to-one relations between
the structure functions and the convolution of PDFs and
FFs. We list the nonzero structure functions in the parton
model at the leading twist below, but before that we
introduce a transverse momentum convolution notation
for the sake of legibility,

(107)

where f“ is a TMD PDF for the target and D“ is a TMD FF for the produced hadron. For concise expressions, we define the

following dimensionless scalar functions w(kz, pr):

w :]Ai‘kT o _h-pr W :Z(h‘kr)(ﬁ'PT)+(kT‘PT) ke pr
1 M ’ 1 Mh ’ 2 MMh ) 2 MMh ’
o Zkirjiliilj(il pr) + kiTjiliPTj ;L kiTjiliij
W3 - 2 ) W3 - 5 5
MM, MM,
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2p¥ﬁiﬁj(ﬁ k) + Pirjilikrj W piTjiliij
3 3 — =

w3 =

MM; MM;
_ kirjiliilj B Pirjiliflj N Zkirjiliiljplrmillilm + kiTjiliijlill ;o ZkiTjiliijlill
Wy = 3 Wy = 7 W5 = — 2,2 ) Ws=—""712,2 >
M M; M"M; M-"M;
We — _2(2p¥l]:liilj]:ll(kT -h) + p;ﬂ]:liiljkﬂ) W — zpifﬂkﬂfijill
¢ MM ’ 6 MM
o — Zpileiliiljill We — 2(2kirjiliiljl’lf"nillilmiln + kiTjiliPszmillilm)
7 M?l B 8 MZM;,I 5
Wo — 2(2k?ilip¥mniljillilmltln + ki]’pTijlmiljillilm) - 4p{lj1miliiljillilm
9 MMi B 10 M;t s
Vi 4(2k¥iliiljpl;lmnﬁkillilmiln =+ kTiji/\lipg"lmni:lli:lmiln) (108)
1 MM ’
|
wfhe;e = P}, /|P;,.| is a unit vector giving the direction F‘(’j‘)‘ﬁ"sh‘z"sh”) =C [Wshf HllTlT] , (122)
of the transverse momentum.
Through a leading order calculation in the parton model, Fiin2by _ o [w higl } (123)
. . U.LLL RNV IIAE
we can obtain 128 nonzero structure functions at the
leading twist. Among them, 96 terms contribute to the Tsin gy, r _ n
F =C D , 124
cross section for the unpolarized lepton beam, U.LLT [1/1Di17] (124)
sin 2h+nror) _ 1
FlT].U = C[lel], (109) Fyrr 0 = C[_Wlhl HlLLT]v (125)
sin (2¢,—dnrr _
F‘ZXSUZ‘/)” = C[-wyh{ H{|. (110) F;}nIfL(/Tl i) — Cl=wshi Hiypr]. (126)
. T sin2 _
Fi = clwaht ), (1) FISSA = C[ 2 f\ D). (127)
Fyir" = Clw f1D1], (112) Ffr20mr) = ¢[—whhi Hiy gy ) (128)
F;}{I;Z(ﬁhqu}hT) _ C[—WlhllHlT} (113) FZ%%:}#—Mmﬂ _ C[Wéh%Hf_LJTT]’ (129)
Fsli;}nglsh_d’lﬂ) _ C[_w3h1LH1LTL (114) F(T/,STU}?”” - C[2W7f1Df_TTT]’ (130)
FE,LL = C[lelLL]v (115) F;}]?T(%q;ﬁwhr”) = C[_ZwéhllHlLTTTL (131)
5 2, i bp—3¢
F?;;gbh =C [thf‘Hf‘LL] s (1 16) FE“;%";, 3burrr) _ C [nghf_Hf_TJ%T] , (132)
T Q - .
F(}?]ﬁ’;d’m = C[—wllef'LT] , (117) F?fﬁ‘ﬁh _ C[—thf'LHf_] , (133)
Fighinn) = ¢l-wihtH ), (118) FT, = ClguG). (134)
Fosah=tnr) — el —wshtH ], (119) F320 = C[—wyhidy HY ], (135)
Fyr?m™ = C[=2yf 1 Diz ), (120) FL0m = C[—w191, Gy (136)
Fyag20m) = cl-whhi Hip], (121) Fioy i) = Clw iy Hy g, (137)
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s — Claght ]

FszZLm = C[wahi  Hij, ]
F;SLi“TWT =C[-w191.G117)
FsLiflL(2T¢h+¢m) = C[-wihiyH 7],
FiiflL<2T¢,,—¢m> = C[-w3hi; Hi 7],
FZSTinTw”T =C [—2W491L GILTT] ’
FE ) = Clowti )
Fygl 20 = Clwehty Hizh] .

Fl i =Cl91.GpeLl,

cos2¢, Ll
F =Cl-wohiy HY .

T ¢ —_ -
F ’COS ALLT — C[ Wi1d11 ClLL7}’
cos 2¢pp+énrrr) _ L
(?q( PrTPhLL ) C[Wlhl IilLl 1:|’
Fcos( ) = L
i 20 =L C W3h1 H]LLT] ’

T cos2¢prrr
FL,LTT = C[

cos (2, +2hnrrr)
FL,L(TTh nrr) C[W’zhfLHllLTT]’

hn—2¢n17) _
FCL(?SLTTh = C[_W6hlLLH1LLLTT]’

T cos3¢yrrr __ 1
FL,TTT = C[2W791LG17W],

08 (2 +3hnrrr) _ —rpl gl
Firrr = C[2W3h1LH1TTT]’

Fif;(g]g?h—3¢hTTT)
Frp =00 = Cw fly D]
FSTi?l(]¢h+¢") = C[w hrH{],
Fn0=01) — eyl HE],
F§CLO§ (pn—dr)

= C[—ngerlL}’

Fc;z<¢,,+¢r> — c[wlher ﬁ]’

=249, LGﬁTT] )

=C [—2W9hf_LHf_74§"T:| ’

(138)
(139)
(140)
(141)
(142)
(143)
(144)
(145)
(146)
(147)
(148)
(149)
(150)
(151)
(152)
(153)
(154)
(155)
(156)
(157)
(158)
(159)
(160)

(161)

s (3pp—op
F;(?z( dn—pr) — C[Wgh%TH%L] ’

e w
F;CYEJS (Ph=bwr—dr) _ C|:2 ILTDILT + glLTGllT)

2

I\.)\

F;c;s (Pu+dur—or) =C |:

FCT(?ST(¢17+¢1«T+¢T) = C[—thHlT] ’

SO T
FcT(?;(tﬁ/ ur+ér) _ C[—W4h1THllT]’

FCT(TST<3¢h+¢hr—¢T) -C [_W4h1iTH 17] ,
FEsChmtir=tn) _ clyonte ],

Frop" ™ = Clwi D],
F?%?h*‘ﬁ” = C[-wihrHiL),

3¢, —
F;}nL( br—dr) _ C[—W3h1LTH1lLL]’

F;’SLiI}(lﬁh—WLT—%ﬁT) —C |: 72

/
Tsin(¢pp+dnr—¢ Wy
FT.SinT( =) _C[_T(Q%TG{_LT - %TD%LT)]’

F?flL(z:th‘/’hLT‘L‘/’T) =C [thHlLT] ’
F?T1L(qTﬁh—¢hLT+¢T) =C [V_V4h1TH%LT] ’
F;ifll(l;¢l’+(/)hLT_(pT) = C [W4h%TH1LT] ’

(3 —by e
F?%Td)h bur—dr) _ C[—W5h%TH%LT} ’

Tsin(¢h—2nrr— _
F T,S;nr(d)h urr =) C[—w3 (gllTGllTT +f ILTD ILTT)]’

Tsin(¢+2¢urr—epr) _
FTg}nT< T = C[Wg (gf_TGf_TT _f1lTD1lTT)]7

F??;?h+2¢hTT+¢T) — C[—v‘vlhnH 1LTT] ’

o -2 +
F;}ny(*?h b ¢T) — C[W7h1THf_ﬁ} ’

sin(3¢by+ 277 —¢br)
FT,TT h hTT—PT

3 3(]} —2¢ TT ¢ = ( Tl
Fs .I1< h I T> WSh ]H 1
T 1 Cl— ]G LLL
F cos ((/)h ¢ ) — W]Ql ILL
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F ) = ClwhyrHipy, ). (185)
3 —
FCTOz(th )= C[W3hf_THf_LLL]’ (186)

T cos () W2
FTCIf)Z(lf’I ~bnLr—5br) —C 7( {_TD%LLT + ngG{_LLT) s
(187)
T cos (pp+dner—dr) _ -Wz L pl L -
Friir =C T(flTDlLLT_ngGlLLT) ’
(188)
F;?z(lfﬁ;j+¢hLLT+¢T) —C [_thHlLLT] , (189)
F;‘?Z(L¢7}_’—¢hur+¢1) —C [_V_V4thH1LLLT] , (190)
F;?zf$h+¢hLLT_¢T) _ C[—W4hf‘TH1LLT]v (191)
F;(?z([?](éh_m“r_(pr) —C [Wsh{_TH%LLT} , (192)

T cos (¢ —2¢nrrr—b1) _
FTCLO;; T = C[_W3 <f1lTD1lLTT - ngGf'LTT)]’

(193)

T ) _
FT?;M Purr—r) — C[ s(firDizrr +ngG1lLTT)]v

(194)
FcTci(;p;uanmT) = C[wihyrHi e ], (195)
FcT?z(Ttﬁ];}—thmﬁlﬁr) = C[-wihyrHiy ], (196)
F;(?z(;]lé;,+2¢/err—¢T) = C[wihirH o], (197)
F?SL(TT)}/);,—Z(/JMLTT—(/)T) = C[-wshizHitsr], (198)

T cos (py=3bnrrr—r)

Frorrr =C [_Wé (flLTDILTTT - ngGllTTT)] )
(199)
3y,
F;?;<¢h+ burrr—ar) — C[Wg( ILTDILTTT + ngGlLTTT)] R
(200)
< Rl i
F;OST(;];@+ burrr+dr) _ C[—2W4h1TH+TTT] , (201)
1_3 h
F;"OST(T("/)T/ burrr+ér) _ I [WIOhITH{_%TT] , (202)
FE, (;’T((’th?’f/)hTTT_‘/’T) = C[WhhizHipr ], (203)
F’crofr(3(/?h 3bnrrr—or) =C [Wl | hllTHllTLTT] , (204)

and 32 terms contribute to the cross section for the
polarized lepton beam,

Gyr =C[f1Gi]. (205)

Gyl = C[-wi £1Giy], (206)
G?JT#T = [—Wlfl 1LT} (207)
Gyrf™™ = C[=2waf1Gly), (208)
Gurir = C[f1Giee], (209)
G?JO,SL(I%LT =C[-w1/1GiyLr]: (210)
GZ(J,SLZZE?W [ 2wy fy lLTT} (211)
G?,ST}#TWT = [2W7f 1 1TTT] (212)
Gry =ClgiLD1], (213)

G?T(/)” = C[w1g1.D17]. (214)

Grir = C[glLDlLL]v (215)
Gu7" = Cl=mig1.Diyq]. (216)
Gyl = C[=2W49, D] (217)
Gt = ClmgiDiyer ], (218)
G?TLZ#TMT = C[-2W491.D1117)- (219)
GSLi?TS%/);TTT = C[2W791LD1LTTT], (220)
Gy = Cl-wigh Dy . (221)
GSTiflL([/)h_(/)T = C[WlflTGlL] (222)
Gyt =C[ G g%TD%ﬂ], (223)
Gt ) LGl + gl @20
G;?;(I?h_%) = C[-wigirD11. ], (225)
Gyt =c [% (917Dyr = f%TGm)} . (226)

G;?Z(;fh"'thLT_%bT) = C|: (ngDlLT + f%TG%LT)] ’ (227)
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GCTO;(¢h M=) — C[V_V3 (ngDf'TT - L G%TT)] (228)
GCT(?;(?WMMT_M) = C[Wg (917Digy + fILTGILTT)] . (229)

GSTi.,nL(fZ_qST) = C[wifirGiLLe] (230)
G?nL(th Puar=tr) —¢ (ngDllLLT_ff'TGf'LLT)]v (231)

\

G;“ (bn+dnrrr—abr) —C

[_W3 (917Dizrr + fllTGllLTT)] )
(233)

2 (9irDipr +f17GlLr ] (232)

GSTiflL(?;_nghL”_lﬁT) =C

Gsin (bn+2bprr—dbr)

T.LTT = C[V_"g (ngDllLTT - fllTGllLTT)]’ (234)

in () —3 —
G;}H;;{’;zw Purrr=dr) _ C[ Ws(ngDlTTT +ff_TG1TTT ]

(235)

Gsin (pn+3burrr—obr)

T.ITT (236)

= C[we(91rDirrr = firGirrr)]-
We note that half of the 192 structure functions for the
unpolarized lepton are nonvanishing at the leading twist,
and 42 of them are for rank-3 tensor polarized hadron states.
In the case of polarized leptons, one third of the 96 structure
functions are nonvanishing, with 14 of them corresponding
to rank-3 tensor polarized hadron states. We can in principle
use these nonvanishing rank-3 tensor polarized structure
functions to study the leading-twist spin-3/2 hadrons TMD
FFs for rank-3 tensor polarized states. The other vanishing
structure functions are the high twist or high order con-
tributions. We also find that all S;;;;-dependent structure
functions exhibit the same expressions as those depending
on §,; in the parton model, and this similarity can be
extended to S,r-dependent and S,,;;r-dependent structure
functions. The reason is that both the polarization vector S,
and the rank-3 polarization tensor Ry are parity violated.

IV. THE NUMERICAL CALCULATION
IN THE SPECTATOR DIQUARK MODEL

The semi-inclusive production of spin-3/2 hadrons in
DIS provides additional experimental observables to study
the nucleon spin structures. The observables related to the
rank-3 tensor polarization of the hadron can also shed
light to study the role of spin in the hadronization process.
In this section, we take the spin transfer to a S,; ; ; polarized
hadron as an example and estimate it in the spectator
model.

A. Spin-3/2 particle FFs in the spectator diquark model

The fundamental concept of the spectator model is
treating the intermediate states that can be incorporated
into the definition of the correlation function @ in Eq. (92)
or A in Eq. (93), as a pointlike particle with the diquark
quantum numbers. This model has been applied to calculate
the quark TMD PDFs [87-95] and FFs [96-98]. In the
naive picture of the quark structure of the nucleon, the
diquark system can be a spin-0 particle (scalar diquark) or a
spin-1 particle (axial vector diquark). Since the quark
fragmentation can be modeled as s — Q(sss) + a(55),
where a denotes an axial vector diquark, we only consider
the spin-1 diquark in the following.

The matrix element in Eq. (93), describing the inter-
mediate unobserved states and the Q baryon in the final
state, can be written as

(P, X|(0)[0) = U*(P,)Ya"

&u(Py=p.da),  (237)

i
=
where U%(P),) is the spinor for a spin-3/2 hadron with
momentum P, Yg" is the hadron-quark-diquark vertex yet
to be specific, and i/(p — m) is a quark propagator for the
untruncated quark line. The spin-3/2 hadron spinors have
been introduced in Refs. [99-101], which can be expressed
as the direct product of a basic spin-1/2 spinor and a spin-1
polarization vector. The explicit forms of the spin-3/2
spinor are given by

U235 (Py) = €2(Pp)u_1/2(Py). (238)

U2 (Py) = \/ggg(Ph)u—l/z(Ph) + \/iS'f(Ph)Muz(Ph),
(239)

1 2
U(f/z(Ph) = \/;g(jr(Ph)”—l/Q(Ph) + \/;fg(Ph)ul/z(Ph),

(240)
US )5 (Pr) = €4(Py)urja(Pr). (241)
which satisfy the spin sum rules
m=3/2 " pu
2P, P, 1
> UL = =Py + M) {gﬂ” -k oy
m=-3/2 3Mh 3
1
gz (P = i) 24)

where the subscript m represents the magnetic quantum
number. e,(P), — p, A,) is the polarization vector of a spin-1
axial vector diquark with momentum P, — p and helicity
state A,. Various choices for the summation over all
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polarized states have been employed in Refs. [87,102—-104],
and 1n this calculation, we choose

Zejj(Ph 2 Aa)gv(P
j’ll

(Py=p),(Pr—1),
M? ’

h _p’/la)

= g + (243)

where the diquark is treated as a particle with the mass M,,.
With the constraints PjU, =0 and y*U, =0 [99-101],
the simplest form of the hadron-quark-diquark vertex can be
written as

Taﬂ_ga(pz) ”&
a =—F—

. 244
NCRL (244)

where the function g, (p?) is a form factor that describes the
composite structure of the produced hadron and the diquark
spectator, and the index « is used to balance the spin-3/2
spinor index.

For convenience, the large momentum of the produced
hadron is taken along the “4-” direction when we calculate
the TMD FFs in the diquark model. Applying the spectator
diquark model, one can express the correlator for the
production of the unpolarized hadron as

o(P?)P +
AU(p’Ph) | (é )’3| 18(1 _Z)P;nsz%an(pz _m2)2 [(p Ph) Mhp ]
X [(p* = MG = 2MZ) Py, + M, (M5, — 4M5 — pPy — Pup) +25(M;, — p - Py)|(p + m), (245)
with
2 2 2 2 2
= lisz+1Mz+%’ poby= A2/Iz +w' (246)

Since TMD FFs are defined through projections by Dirac matrices as defined in Eq. (98), the unpolarized fragmentation

function D, in the spectator model can be expressed as

19.(P?)?

D(z.p}) = Al (z.p}) =

2a)’
< {100 = 22(mh(1 - 22

+2pr(m? + Mj)] + 22
where

1-¢

2=

36m*M3M5 (1 —

2MEp3 (2 + 1) + (M3~ p32)) .

h+m2+

2)’2°(L? +p7)?

= 2M; (M7, = p7)] + 24 (MG + p7)’]
X [(1=2)*[m*M3 (1 — 2)* + 2M%(m?Z?

+ M3 + 3mM,,2)
(247)

M2 "
a” M (248)
Z

To compute the rank-3 tensor polarized TMD FFs, we employ the light-cone formalism spinors and polarization vectors.
This approach is similar to using the light-cone wave functions to calculate the TMD FFs in the spectator model [91].
Following the conventions in Refs. [105,106], the Dirac spinors in standard representation are given by

\/EP;{—FM;, _Phx+iPhy
1 Py, +iP 1 V2P, + M
uPpt)=———| " u(Pp=) === " (249)
23/2Ph+ \/EP; — 23/21);{ Phx - lPhy
Py, +iP, —V2P) + M,
where u(Pj,+) and u(Pj,,—) refer to the spinors with helicity “+” and helicity “—,” respectively. The light-cone

polarization vectors are given by
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_ (Ph=p)+iPi—p), 1 i\ _(, #patip) 1 i
=) = (0= G- ) - M ) e

_ _ Z(px_ipy) L _L
e(P,—p,—) = (07 Ve PT VA ﬁ)’ (251)
—_ 2 _ A2
e(P,—p.0) = ML <(Z - D P;,;((’;T_ 1])‘/113“; ,—Dx — py>. (252)

Similarly, the polarization vectors appearing in spin-3/2 spinors are given by

1 i

e(Py,+) = (0 0, - > (253)

\/_ \/_
(Py.—) <0 0L _1 ) (254)

& s —) — s Uy T = T T = |

" NG
1/ . M
€(Ph,0):E Ph,—ﬁ,o,o . (255)
The spin component S;;;; can be expressed in terms of the combination of the probabilities P( ) [84],

3 3 3 9 1 1
S Pl = -P|— -—|P| = -P|— . 256
MLLL 10[ <2(o,0)) ( 2(0,0))] 10[ <2(0,0)> ( 2(0,0))} (256)

As a result, the S);;,;-dependent correlator in the spectator model can be expressed as

__ 1gu(P?)P 3 vf e et i
ALLL(p7Ph> = 12(277:)3(1 — ) E 8 Iﬁ T U3/2U3/2T(IIS _mgﬂ —Syﬁ T U 3/2U 3/2T(1ﬁ m
9 ; —i .- :
10( ﬁ T $U1 Ut Y 5 me"_g’“lﬁ T v’ Z1pU% T 5 m%)}’ (257)

where, for conciseness, the momenta of the hadron and diquark in the spinors and polarization vectors are not written. The
fragmentation function G,;;; describes the longitudinal polarized quark fragmenting to the S);;; polarized produced
hadron. After performing the calculation of the definition of the FFs, one can obtain the analytic expression of G 1.
depending on z and p?,

Girro(z.p7) = A[LTE] (z.p7)
lau(p)P !
(27)* 80m*MMG(1 = 2)*2°(L? + p7)?
)

X {8Mhp2T(1 —2)22%((1 = 2) (M} — m*2?) — 22(zL? + p3)]

[(m + M,,)(mM,, + 22 (mM,, = p7) — 2zmM,) = Mg (z(m — M) +2M,,)]
+ [AMGp7(1 = 2)*2% = 2(2 (L2 +p7) = (1 = 2)(M}, = 22m?))?]
[(1=2)2(m*M3(1 — 2)* = 2M2(Z2m® + zmM,, + M3) — 22p}(m® + 4mM,, + M3))
2MPH(a(z = 1) + 1) + M +pi2?)] }. (258)
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B. Numerical estimates

The spin transfer to a Sj;;; polarized hadron can be
defined by the ratio of the S,;;;-dependent structure
function (209) and the unpolarized structure function
(109). In the parton model, the spin transfer is written as
the convolutions of TMD PDFs and FFs,

_ Gurir Clf1(x, k%)GlLLL (Z,PZT)]
Fiuy  Clfi(x.k3)Di(z.p3)]

(259)

ALLL

PZ
[ prldlpsldoexp |- (0 + % + 2 |pr|Py.] c05 0) | Gire (2.03)

where the unpolarized TMD distribution function can
usually be taken using the Gaussian ansatz [55,56],

1

— e—k;/Ai’
Ay

Fro(x.kg) = f1,(x) (260)

with the Gaussian width A, chosen as A? = 0.61 GeV?2.
The adoption of this ansatz here will induce the cancellation
of fy,(x) in the numerator and denominator after the
integration on kr,

L — P2
[ prldipsldoexp |- 2 (9 + % + 2 |py| [Py | cos 0) | Dy (2.p3)

To obtain the final numerical result for A;; ;, we first need
the inputs of the diquark model, some of which are still
unknown, to determine D, (z,p%) and G,;;; (z,p%) whose
analytic expressions have been given in Egs. (247) and
(258), and then implement the integration on p; during
which divergence may arise at large |p7|. To cut off the
large |p7| contribution, one may directly impose a cutoff on
Ip7|, as in Ref. [107], or introduce a Gaussian form factor at
the quark-hadron vertex, which can also effectively cut off
the divergence at the large |p;| region, as in Refs. [96,108].
We follow Ref. [96] and choose the Gaussian form factor as

_n
e N

Ya

: (262)

9a(P?) =

with A% = 22z%(1 —z)®. To sum up, the parameters
required for the numerical calculation are g,, 4, a, b
together with the masses of the axial vector diquark M,
and the initial quark m.

We take the constituent quark mass as m = 0.5 GeV for
the s quark, and the Q mass as M, = 1.672 GeV. In
Ref. [96], the mass of the spectator composed of one s
quark is taken as m; = 1.12 GeV, so it is quite reasonable

0.0006 |
0.0005 }

00004}

)

= 0.0003}

™ 0.0002}

0.0001 }

0.0000 }
0.0

02 04 06 038

Z

2Girrr (@

(261)

to assume the mass of the spectator diquark composed of
two 5 quarks to be M, =2 GeV. To determine the
parameters related to the Gaussian form factor, we fit
the unpolarized FF D, (z) with events generated by collid-
ing e"e™ pairs using PYTHIA at /s = 10 GeV, where the
unpolarized collinear fragmentation function D{(z) can be
obtained by integrating over the transverse momentum
P, = —zpr of the produced hadron with respect to the
direction of the quark,

D(z) = /JZPhTDl(z,PiT) ZﬂZQA dpaD(z, 2°p%).
(263)

By fitting the events generated by PYTHIA, we fix the model
parameters as

9.=0.32, 1=5967GeV, a=135  b=0.6. (264)
The corresponding unpolarized collinear FF D,(z)
and the integrated S,;;;-dependent fragmentation func-
tion Gy, (z) are shown in Fig. 2, where the G,;;; (z) is
given by

0.00005 £ /\

0.00000

—-0.00005 F
—-0.00010 F
-0.00015}
—-0.00020 F
-0.00025 F

0.0

06 038

Z

02 04

FIG. 2. The unpolarized fragmentation function zD,(z) (left) and the S,;;,-dependent fragmentation function zG,;;;(z) (right)

calculated from the spectator model.
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<
FIG. 3. The S,;;;-dependent spin transfer in the spectator
model.

GlLLL(Z) = /dZPhTGlLLL(Z’P%T)

:ﬂZZA dP%GlLLL<Z’Z2P%“)~ (265)

Substituting the parameters above to Eq. (261), we obtain
the numerical results of A;;;. As shown in Fig. 3, the spin
transfer can reach a few percent level, and in the large-z
region, 20.4, the A;;; has mild |P,,| dependence. By
varying the values of the model parameters in Eq. (264),
we find the spin transfer exhibits insensitivity to these
parameters. Based on the model estimation, the A;;; is
expected to be sizable and would be measurable in future
experiments.

V. SUMMARY

In this paper, we have studied the semi-inclusive
production of a spin-3/2 hadron in the electron-nucleon
deep inelastic scattering process.

Taking into account the polarization of both the nucleon
and the produced hadron, as well as the lepton beam, we
derive the complete expression of the differential cross
section in terms of structure functions. In this kinematic
analysis, we decompose the hadronic tensor by construct-
ing basis Lorentz tensors. We further demonstrated that all
polarized basis Lorentz tensors can be systematically given
by unpolarized basic Lorentz tensors multiplied by a spin-
dependent scalar or pseudoscalar. Restricted to the parity
conserving case, the SIDIS differential cross sections for
the production of a spin-3/2 hadron are expressed in terms
of 288 structure functions according to various angular
modulations and spin states of the nucleon and the hadron.
Among them, 126 rank-3 tensor polarized ones are newly
defined and exist only when the spin of the produced
hadron is no less than 3/2.

Considering the kinematic region g3 < Q?, we perform
a leading order calculation in the parton model. At the
leading twist, half of the 192 structure functions for an

unpolarized lepton beam are nonzero, among which 42 of
the rank-3 tensor polarized TMD FFs contribute. For a
polarized lepton beam, one third of the 96 structure
functions are nonzero and 14 of them are for rank-3 tensor
polarized hadron states. Hence the SIDIS process with the
production of a spin-3/2 hadron provide many new
observables for the study of nucleon structures.

Taking a rank-3 tensor spin transfer, A;;;, as an
example, we perform a numerical estimation of the new
observables related to the rank-3 tensor polarization of the
produced hadron. Based on the spectator model calculation,
we find the spin transfer to a S),;;; polarized Q, with the
spin state analyzed via its weak decay, can be sizable, up to
a few percentages. In addition, the measurement of the spin
state of the produced hadron will also allow us to learn the
spin-dependent FFs. Therefore, the experimental measure-
ments of the production of spin-3/2 hadron in SIDIS
process at future facilities, such as the EIC and the EicC,
will be useful for us to understand the nucleon spin
structures and the spin effects in hadronization process.
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APPENDIX A: DECOMPOSITION
OF SPIN TENSORS

In this appendix we show that the spin tensors can be
decomposed in the coordinate constructed by P*, P, ¢,
and e"*¥?; for example, the spin vector for a spin-1/2 target
can be written as

$ = [P a)a-5) 45 (a(a-9) 4,2y 5) | P
g ares) -2

S
+A1<Ph-s>>—qQ—2]qﬂ

(Az(q-S)

1 1
—A—4(A2(q +8) + A (Py - S))P, +A_4€PP”S€”PP”7

(A1)

where the factors A;, A,, A3, and Ay, as scalar functions of
Q% P-q, Py -q, and P g, are defined by
Ay =MQ* + (P-q)%, (A2)

A2:M2(Ph'Q>_<P'Ph>(P'CI)’ (A3)
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Ay =(P-q)(Py-q)+ Q*(P- Py, (A4)

= QX P Py)* +2(P- Py)(P-q)(Py - q) = M*(Py - q)* = M5((P - q)* + M*Q?). (AS)

One can easily verify that the relation P,$* = 0 holds with this decomposition. Similarly, the rank-2 spin tensor for the
produced hadron can be decomposed as

AlQ?
AlAZ

Tm/ qﬂ q |:TZ‘I 2AZ

P
07 [0 W AT

(A%TZ‘I —24,A, T + A%T,fp)

2P-q P (P-q)° P
o QT+ (Pl ) + 5 p (OT] - 20(P - )TY + (P T

2A,P - g
2 (P T - AT + QT - astl)

1

PFPY [A2Q? 2P - g

T LéAz (A%Tiq —24,A5T}" +A%T5P) T aAA, <<P (@) (AsT] = AT} + QF(AST]" —AzTZP)>
144

Q2 4PP 2 qP 2799 Pﬂpy Q2 2749 qP 2PP

+—2 o'T," +20 (P-q)Th +(P-q) T, + Q2 A2 AT, = 2A,A5T, + AT,

P{” v} ArA
q (AsTY — A,797) = 22 2% <A2T" —2A2A3T"P+A2TPP)

Q2 [A A, A2A2

AP - q
_ 2T‘1P P- qu> _22
A] (Q ( q) h A%A4

(P ASTY — 4,71 + Q*(ATS? — A,TY))

PPt [ AL02
+7(Q4TPP+2Q2(P q)TqP+(P-q)2TZq>] ok [— 2

2 P 2TPP
R (43747 = 24,45" + AZTIY)

A Q? P P
S (P ATY = ATy + QA(ATYF - ATY))
1444
{u v} 2
Pyq 1 P A0 P
th [—A—L‘(AsTZ — A T3) T a4z (A%TZ‘I — 2A,)A3T}, +A%T5P)
AP-q qP qq 2 PP qP
HAT (P ATy = 4TI + QAT = AsTE)
1

2
+ s na (MM = (P PP = (GO + (P g P)TYY
4

1
+2((P-Pu)(Py-q)—P- (I)Tiq} +A—l]{”€”}PP“q€TZPP’*q
4

2
+ /% PPI(AZPY — A|PY — Ayg”) (AseTiPPrd — A, eTiPPad)
144
Q2 P q
+ = Wy ePPra (AP — A Pl — Ay g!) (AseTnPPnd — Ay eTiPPud)

T QPP + (P q)g) Q3T + (P - g)eTiPP)
144

1

— MU+ (P q)g) (@RI + (P g)TiPP). (46)
144

Again, the orthogonal relation between the spin vector and momentum PhMT’;l” = 0 can be verified using the above

expression. The similar decomposition applied to §, and R;” and the lengthy expressions will not be listed again. In
conclusion, the spin tensors can always be decomposed in the basis building from P*, P, ¢*, and €"#° with the spin
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information being in the spin-dependent scalar coefficients. Thus, one can construct the polarized basis tensor by
multiplying the basic Lorentz tensors by a spin-dependent scalar or pseudoscalar.

APPENDIX B: THE HADRONIC TENSOR IN THE PARTON MODEL

The TMD FFs are defined as functions of z and k% = —k7, with inhomogeneous k; dependence factored out. The
completely symmetric and traceless tensors k7 " are defined as [72]

”—k’kj— k2.g7, (B1)

Kk = K ik — Zk2 <gyk’< + g+ gk ), (B2)

ki = kpkq kg gkz (g7Kst + gtk -+ gitlf + gkl + gtk + ikl
1 i
S UG (it + gl + gial). (B3)
which satisfy
9rijkt = grigkt" = griki" = 0. (B4)

At the leading twist, the hadronic tensor for the production of the spin-3/2 hadrons in SIDIS can be expressed in terms of
128 combinations of the spin-1/2 TMD PDFs and spin-3/2 TMD FFs. We decompose the hadronic tensor into two parts,
denoted as Wy and W,, where Wy is the symmetric part,

W{;D = 2ZZ€§ / dszd pT5 (kT Pr _PhL/Z)

k{ﬂ D}

(kT ’ PT)d}U WHL + k{’u‘g;}pPTﬂ + p{TﬂeT}p

kr,
SuhiHi
MM, 11 2MM, nLy Hip

2 {_d;ylel
k{#

v a/} pTaShTﬁf Dl k{”e;}pSth + Sl{qTe }kap ]’ZLH €T} PTpa hT + pT{ 67‘} ShTakTp ]’ZLHL
T T M 1 IT 2M 1 1T — 2MM2 17

K'Y = (kr - pr)d VS P
rP M(MT T)TShLLhJ_HlLL d% M Tf1D1lLT
h

- g7 S D
7 Sherf1Dipr + M,

+ k{TMSZ}LT — (kg - ShLT)d}D BAH 4 k{”PT} ShiTa — p;ﬂkTaShLTﬁgj;"b
M 1t " M%z
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af v
p T Py — Sprrkr prQJ;
— 0" Srra 5 FTz fi DllTT + WTT pMMhTT a1y hll Hf_TT
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