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SIDIS at small x at next-to-leading order: Gluon contribution
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We calculate the contribution of gluons to single inclusive hadron production at next-to-leading order
(NLO) accuracy in deep inelastic scattering (DIS) at small x using the color glass condensate formalism. It
is shown that the only divergence present is the standard collinear divergence, which is absorbed into scale
evolution of quark-hadron fragmentation function. Our calculations are performed at finite N. and we
provide general finite N . expressions for the structure of Wilson lines appearing in inclusive dihadron and
single hadron production cross sections. We also comment on how one can obtain rapidity distribution of

hadron multiplicities from our results.
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I. INTRODUCTION

Deep inelastic scattering (DIS) is the cleanest environment
in which to probe internal partonic structure of hadrons and
nuclei [1,2]. Due to the experimentally observed fast rise of
gluons at small Bjorken x one expects that a high energy
hadron or nucleus is a maximum occupancy state of
predominantly gluons [3,4]. This high density gluonic state
is referred to as the color glass condensate (CGC) [5-7] and
is expected to give the dominant contribution to scattering
cross sections at high energy. While there have been
tantalizing hints of this saturated state at HERA, RHIC
and the LHC [8-23,23-54] its presence is far from being
firmly established (see [55-59] for reviews). The proposed
Electron Ion Collider (EIC) will enable us to look for gluon
saturation in various channels with unprecedented precision
and accuracy. Among the most promising processes in which
gluon saturation is expected to play a dominant role are
single and double inclusive jet and hadron production.
Measurements of transverse momenta, angular correlations
and rapidity dependence of these processes will shed light on
dynamics of gluons saturation and its energy dependence
and enable a detailed comparison with theoretical expect-
ations based on CGC formalism [60-69]. To improve the
theoretical accuracy of CGC-based predictions there has
been significant progress made in calculating next to leading
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order (NLO) and beyond eikonal corrections to observable
which are sensitive to gluon saturation [70-130].

In [131] we calculated the next-to-leading order correc-
tions to single inclusive hadron production in DIS (SIDIS) at
small x when either quark or antiquark in the final state
hadronizes. Here we continue our work toward a complete
NLO calculation of SIDIS by considering hadronization of
the produced gluon.1 This channel is not present in a leading
order calculations of SIDIS and appears only as part of the
NLO corrections so that it is important to understand its role
and contribution. Furthermore we include the full N,
dependence rather than making the large N, approximation.

In the small x limit of DIS the virtual photon (transverse
or longitudinal) splits into a quark antiquark pair (a dipole),
which then multiply scatters from the target hadron or
nucleus. To leading order (LO) accuracy the double
inclusive production cross section can be written as

do? P/A—493X
d’p d’qdy, dy,
_ 0N,

~ (2n)
x /dgx[Sm,l, - S =Sy + 1}eip-x1/leiq~x2,z

(1 -z = Zz)(Z122)2

X {42122K0(|X12|Q1)K0(|X1’2’|Q1)

X2 - Xy
+ (21 + Z%)mKl(|X12|Q1)Kl(|xl/2/|Q])} (1)

'While this manuscript was being prepared for publication we
were informed of a similar work [132] which however focuses on
single inclusive jet production in DIS. We thank F. Salazar for
bringing their work to our attention.
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where the first and second terms in the curly bracket above
correspond to the contribution of the longitudinal and
transverse polarizations of the virtual photon. The incom-
ing virtual photon (right moving) has momentum /# with
> = —Q? and we have set the transverse momentum of the
photon to zero without any loss of generality. Furthermore
p" (¢*) is the momentum of the outgoing quark (antiquark)
while z; (z,) is its longitudinal momentum fraction relative
to the photon. Also, x| (X,) is the transverse coordinate of
the quark (antiquark), and primed coordinates are used in
the conjugate amplitude. Quark and antiquark rapidities y,
and y, are related to their momentum fractions z; and z,
via dy; = dz;/z;.
We further define and use the notation

Qi:Qin(l—Zi)» X;j = X; —Xj,

d¥x = d’x; d’x,d’x; d’x,. (2)

The production cross section is a convolution of the
probability for a photon to split into a quark at transverse
position x; and an antiquark at position X, represented by
the Bessel functions, with multiple scatterings of the quark
antiquark pair on the target encoded in the dipoles §;; and
quadrupoles S;j;;. To calculate the single inclusive pro-
duction cross section we need to integrate over one of the
final state partons which we choose to be antiquark so that
quark is produced. The case when antiquark is produced is
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FIG. 1.

identical so that our results can be multiplied by a factor of
2 to include antiquark production. Integrating over the
produced antiquark phase space sets Xy = X, and gives

do? P/A=a(py)X
dzpd)’l
e’Q’N,
= W dz,0(1 — 7y = Zz)(z%zz)
X /dﬁx[S”/ — SlZ - S]/2 —+ l]eip.xlll
X {42122K0(|X12|Q1)Ko(|X1/2|Q1)

X - X7
+<z%+z%)mm<|x12|Q1>K1<|x1/2|Q1>}. 3)

II. SINGLE INCLUSIVE GLUON PRODUCTION

To calculate contribution of gluons to SIDIS we start
with the next-to-leading (NLO) corrections to dihadron
production in [104]. In principle there are both real and
virtual contributions, however only real diagrams contain-
ing a gluon in the final state contribute so therefore we will
focus on the real corrections here. The diagrams corre-
sponding to real corrections are shown in Fig. 1.

y a
1.A3

iAl

The real corrections iA{, ..., iA4. The arrows on Fermion lines indicate Fermion number flow, whereas all momenta flow to

the right. The thick solid line indicates multiple scatterings from the target.
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The full NLO expressions for dihadron production are derived in [104], in order to calculate contribution of gluons one
needs to “undo” integration of the final state gluon phase space and then integrate out the final state quark and antiquark so
that only the produced gluon is left in the final state. As the original expressions in [104] are very long and not illuminating
we will just show the results here,

dafxl ezngch
d’k dy =4 (27:)6 Cr / dz; dz6(1 =z — 2, — Z)Z%(l - Zz)z[z% +(1- Z2)2]
X /d6X e Ko(1x12|02) Ko (|X12|Q2)[S11 — S12 = S1n + 1] / Ip e (4)
(27)? [zp — z/k]?
d”éxz e Q*¢N. 2 21,2 2
Phdy 4 (22)8 CF/dZI dz8(1 =z — 22 = 2)zi(1 = 21)*[z5 + (1 = 21)7]
X /d6X€ik'x2’2 Ko(|x12|01)Ko(1x12|Q1)[S2r = S12 = S12 + 1]/ d2q et (5)
: (27)° [zq — 22k ]?
dof,, e’Q*¢’N 21 (1 = 2)2(1 = 20)] [z (1 = 21) + 22(1 = 25)
X2 _ 4 ¢ [ dz;dzys(1 = 7y — 25 —
Tkdy 2n) / 21d2,6(1 =2y — 25 — 2) . .
1 X1 - X ) 4 o
) (2%)2/dgx ;%117(%/222 K0(|X12|Q2)K0(\X1’2'|Q1)elk'[xz"Jr?x‘/‘Jr?Xz'Z]
N, 1
X [751251’2' + Cpl[l = S1n = Syy] = 2—]\/65122’1'] (6)
dot ; e?0%¢’N,
kdy 4 (2)° dz;dz;8(1 — 21 — 20 — 2)23[27 + (1 — 22)?]
1 X3 - Xy )
X (Zﬂ)z/dgx 3; x2,31 [Ko(QX)Ko(OX')]yr—) yr—pe™ ™5
31X3
e S S = S13Sas = Sy Say] + Cp = ——[1 =25 13] (7)
5 1933933 = 913323 ~ 913523 FTON. 12] (-
dof 4 e2Q’¢N, 212 2
Fhds =+ oy dz;dz8(1 — 21 — 25 — 2)23[5 + (1 — 71)?]
1 / X32 . X312 e
X d®x Ko(OX)Ko(OX)]y1_y o, e®X33
(27[)2 X%2X§,2 [ 0( ) 0( )}1 1,2/=2
N, 1
17 [S33S33r = 813823 = S13S03] + Cr — 2N, [1 =28 7. (8)
dGLX eZQZQZNC
deSdA;) =4 2n)° dz;dz,6(1 —z1 — 20 — 2)71 2221 (1 = 21) + 22(1 = 25)]
1 X3 Xy )
dg 31 32 K X K X/ . L lk~X3r3
X (271)2/ X X§1 X§/2 [Ko(QX)Ko(Q )]1712726
e 6 Sy = $1380 — Sy Sas] + Cr — ——[1 = 28,3] 9)
5 1933933 = 913923 = 513523 FTON. 12 ¢
deXS 62 ngch 22 ) )
dzkdy: (2”)6 /le dz,6(1 -z —Zz—Z)?Zz(l—Zz)[Zl+(1—Zz) ]
1 Xy - X3y ik [xy, +Lx
< | X KXl 02 Ko QX e
N, 1
X {2 [S31S13 = Sy1/Sa3] + Cp[l = Sy _Wc[sll’ - 521’]}- (10)
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dof,y e?0?¢*N, Z
Prdy —4 (22)0 dz1dz,6(1 — 21 — 2, — Z);Zz(l —2)[z1(1 = z1) + 22(1 = 25)]
1 / X111 - X3 ik a1,
X d®x [Ko([x12]02)Ko(QX)]y_pe™ ey tzxin]
(27)? x}, x3, 7
N,
X {7 [S31/S13 = S311823] + Cp[l = S1o] = N, (S — 521’]}- (11)
dGIiXS e?Q*¢*N, 2
Pkdy —4 (27)° /d21d225(1 —Z1—2— Z)?Zl(l —z)[z(1 = z1) + 22(1 = 25)]
1 / X2 - X3 ik- 2
X dSX [K0(|X12|Q1)K0(QX/)] I_ e [X3/2+1X2/2]
(27)2 2,%2, =t
N, 1
17 [S32823 — S32S13] + Cp[l = Sy5] - 2N, [S20r = So] ¢ (12)
d0§><4 e? ngch <] 2
dzkdy: (27" /dz] dzy6(1 — z —ZZ_Z)ZZI(I_ZI)[(I_ZI) + 23]
1 / Xy - X3y k- 2
X d*x 22 [Ko(1x12] Q1) Ko(QX")] g e ot
(27)? 22X3y e
N, 1
X173 [Sy3S23 = Sy Si3] + Cp[l = S1n] = N, [S2r = Sa1] ¢ (13)

where Kk and y are the transverse momentum and rapidity of

the produced gluon with dy = % and z is the fraction of the

photon momentum carried by the radiated gluon z = ’l‘—: We

also use the following notation for coordinate dependence
of some of the Bessel functions

X= \/ZIZQX%Z + z12x%5 + 2p2X35 (14)

Furthermore, X’ that appears in some of the terms is the
same as X above but with X, X,,X3 — Xy, Xy, Xz
Expressions in Eqs. (4)—(13) are our main result. Never-
theless they contain divergences which must be regulated
before they can give meaningful results. Finally, it is worth
noticing presence of a quadrupole (S1,y1/) in (6) which is
however suppressed at large N..

ITI. DIVERGENCES

Divergences can arise due to quantum corrections to tree
level cross sections. Possible divergences include ultra-
violet (UV) divergences which happen when loop
4-momenta go to infinity k* — oo, soft divergences which
arise when loop 4-momenta go to zero k¥ — 0 (for
massless theories), collinear divergences which arise when
the angle between a radiated parton and its parent (after
radiation) go to zero (@ — 0), and rapidity divergences

|
when the radiated parton carries very small fraction z of its
parents momentum (z — 0).

It is straightforward to check that there are no UV or soft
divergences in Egs. (4)—(13). UV divergences may occur
when transverse separations (in coordinate space) go to
zero, however in this limit the radiation kernels are UV
finite as can be seen for example in

X2 - X3 1[(xg0 —x31)* 1 1 (15)
2 <2 o 2 o2 T2 w2
X5, X5 2 X5, X5 X5, X3

as Xy <> Xy, Xy <> X;. Possible soft divergences (when
transverse coordinates go to infinity in coordinate space)
vanish due to behavior of Bessel functions at large values of
their arguments or by the rapidly oscillating phase factors.
Furthermore as the gluon is produced at finite momentum
there cannot be rapidity divergences. However, there is a
collinear divergence present in some of the terms, namely
when the multiple scatterings on the target happen before
radiation of the gluon [Egs. (4) and (5)]. This collinear
divergence appears as a pole in

1

—_— 16
-k 1ol
when integrating over the quark transverse momentum p
(and similarly for antiquark). In principle one absorbs this
collinear divergence into bare fragmentation function
which makes it scale dependent. This was discussed in
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great detail in [104] for contributions of quark-quark
splitting P, to the evolution of quark-hadron fragmenta-
tion function. It is worth remembering DGLAP evolution
equation for scale dependence of quark-hadron fragmenta-
tion function is a matrix equation which mixes quark-
hadron and gluon-hadron fragmentation functions. This is
symbolically written as

0 (Dh/q>N<qu qu)<Dh/q) (17)
d log 0 Dy Pag Py Dyyq

where in this work we are including the contribution of P,
channel to evolution of the quark-hadron fragmentation
function. To do this we define a bare gluon-hadron
(0)
h/g
production cross section with this fragmentation function to

describe hadronization of the parton. To be specific we
focus on Eq. (4); we first shift z; — z; —z and then
p —p-—ktoget

fragmentation function D,/ (z,,) and convolute the partonic

doyy e?Q*¢N, 1
" PRar = e O / &x; &xy EX[S11 = S12 = Svz +1] / dz Ko([%12] Q1)Ko ([x12] 1)
2 2 2 ip-Xy
i1 2 2 Z / dp e'PXin
X —=2Z l_Z 1+ 1—-— — 18
aan-ar|ie (- 0) ] [ g (18)

To go from the partonic to hadronic production cross section we convolute the parton level cross section with the bare
gluon-hadron fragmentation function Dg})g(zh)
do 1x1 1 th

ko= [ 2D (ke
Pk, dky  Jo g D)

doy
d*k dkt

(19)

k¥ . . .
where k,, k; are now the produced hadron momenta and z;, = ;1. We further define a new variable & = é in terms of which
the hadron production cross section can be written as

dox; e Q*¢*N. 1z, 0 (0)
() (1-5) Leu=e [ g0 e
X — | = 1—- ——Ky(|x Ko(|xy 5T 11 20
L5 (-8 P atensisaen [ 55eTmm e
Ky

note that we now have z =& = 24 and that Qf = 0°z(1 — z;) = Q*§(1 — ). The integration over p is divergent and
must be regulated. Here we use dimensional regularization which gives

d2p eip.xl/l 1 1 i:(_h.XI
/(Zﬂ)zng |:E—10g(71'67E'u|X1/1|):|es:h 11 (21)
¢

Further defining z), = £z, and then relabeling z), as z;, and multiplying by 2 to take into account contribution of antiquark
radiation given by Eq. (5) leads to

do(1x1+2x2) e*Q*N Ldz, (k13 ki 1)\2
kf — =3 ¢ [ dx, d>xy d2x,[S)y — Spp — Sy 1/— S ) (1=t
h deh dk; (271_)5 1 1 2[ 11 12 12 + ] 0 Zi lJ,» Zh lJ,» Zh
ik—h‘xl/l 1 dé QA 1 0) [ Zh
x e "Ko(|x12]01)Ko(|x12]Q1) __qu(f) — — log(me’tp|xy]) Dh/g = (22)
Zn 5 T 3 ) 5
where we now have Q7 = QZZII% (1- Z’;%) and the quark-gluon splitting function P, is defined as

1+ (1-¢)?

qu(é) = CF 5

(23)
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This is our result for Egs. (4) and (5) which are the only terms containing divergences. We note that unlike the quark-quark
splitting which requires a + prescription to regulate the large & limit there is no need for such a prescription here in this
channel. Such a prescription would have come from the would be virtual corrections which do not exist to this order in this
channel.

At this point one can add the contribution of the LO term as well as the case of quark-quark splitting channel already

considered in [131], the full result for terms involving collinear divergences is

i do e?Q*N,
" Pk, dk; 0 (27)°

1de

e alo)Kollenl00) G { 9008+ % (o) tonteeralxia| o (2

Zn 5

T

| 1
+5p () [E — log(me7ep|xyy D} Dl <%h) }

Ldzy, (kF 13 ki 1\?
d2X1 dle/d2X2[Sllr—S12—Sl/2—~—1]A —Zh( h ) <1——h—

v I Zn I Zn

Zhn

¢
(24)

Depending on the renormalization scheme (MS, MS,-- -) it is standard to subtract the 1/¢ divergence in addition to some/no
finite terms (yg, - - -) or to cancel them using counter terms and to define the renormalized parton-hadron fragmentation
function D(zj,, 4?) in terms of which the single inclusive hadron production cross section can be written as

K+ dogipis —3 ?Q’N.
" Pk, dk, (2z)

ldzy, (k13
0

1V @i)z
Z%l I Zn I Zn

l‘leX/
x €5 Ko (1X12] Q1) Ko([X12| Q1) Dy (2o 1) + - -+ (25)

where D, /,(zp, #?) now includes contribution of both
quark-quark and quark-gluon splitting channels and - - -
represents the finite terms given in Egs. (6)—(13) for gluons
(and analogous but different terms for quarks [131]).

It will be interesting to investigate the properties of these
results in various limits; for example when the produced
hadron transverse momentum |k| is much smaller than
the photon virtuality Q one expects to encounter the so-
called Sudakov logs (log Q%/k?) which could be large and
hence would require resummation. This would further
complicate the search for saturation effects as, depending
on kinematics, they could be masked by Sudakov effects.
A possible way around this would be to measure single
inclusive hadrons with k? ~ Q2 to minimize the effect of
Sudakov logs.

It is worth mentioning that if one further integrates over
the produced gluon transverse momentum k one can obtain

the rapidity dependence of parton multiplicity distribution

d{iv—\f [132]. This would then require a mechanism besides

fragmentation functions to describe hadronization of the
produced gluons. This may require some care specially for
the collinear divergent terms in Eqgs. (4) and (5). This is
however beyond the score of this work and will be
investigated later.

In summary we have calculated contribution of gluons to
single inclusive hadron production in Deep Inelastic
Scattering at small x and at finite N_. for longitudinal
photon exchange. These contributions are part of the next-
to-leading order corrections to SIDIS. Some of these

|

contributions exhibit collinear divergences which are then
absorbed into Leading Log evolution of fragmentations
functions. The rest are finite and constitute part of NLO
contributions to SIDIS. The case of transverse photon
exchange is conceptually similar but algebraically more
tedious and will be reported elsewhere.
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APPENDIX: STRUCTURE OF FINITE N,
CORRELATIONS

Here we have kept the N. suppressed parts of NLO
corrections in this work while in [104,131,133] we made
the large N, approximation. Rather than repeating the full
results derived in those papers keeping N, finite we show
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the finite N_. generalization of those expressions for the
case of dihadron production. To get the finite N, results for
the case of quark hadronizing as done in [131] one would
integrate over the final state phase space for antiquark and
gluon which would then set some of these coordinates
equal. Labeling of terms corresponds to the diagrams

|

involved as before (virtual diagrams are shown in
[104,131,133]). We also factor out an overall factor of
N, since the LO result also contains an explicit N.. These
expressions then can be used to replace the large N,
expressions in [104,131,133] easily.

O1x1 = O2x2 = NCCF{5122’1’ =S =S+ 1} (Al)
N, 1
O1x2 = N, 751252’1' + CF[I N 52'1’] - 2N, S (A2)
N, 1
03x3 = O4x4 = 0334 = N, 7 [5133’1’5322’3’ = 81383 — 53'1'52’3’} +Cr — W [5122'1' =S - Sz’l’] (A3)
N, 1
Oix3 = O1x4 = N, 7 [5122’3'53'1/ - 53/1’52’3’] + CF[l - 512] - W [5122'1' - 52/1’] (A4)
N, 1
02x3 = 0354 = N, b3 [5123’1'52'3/ - 53/1’52’3’] + CF[l - 512] TON. [5122'1' - Sz/l/] (AS)
N, 1
Os5x1.0 = 07x.0 = N, 7 [5322’1’513 - 532513] + CFU - Sz’l’] - N {5122’1’ - SIZ} (A6)
N, 1
O6x1.0 = 08xL0 = N, 7 [52’1/13532 - 513532] + CFU - 52’1’] - N [5122’1/ - 512} (A7)
09x.0 = O10xLO = O11xLO = O12xL0 = O14xLO — NCCF{S122’1' =S =S+ 1} (AS)
N, 1
o13xr.0 = N > [S21/812) + Cp[l = Sy = S1p] = N [S1221/] (A9)
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