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The P-wave charmonium electromagnetic Dalitz decays hc → ηð0Þlþl− ðl ¼ e; μÞ with large recoil
momentum are investigated in the framework of perturbative QCD, and the contributions from the small-
recoil-momentum region are described by the overlap of soft wave functions. The transition form factors
fhcηð0Þ ðq2Þ and the normalized transition form factors Fhcηð0Þ ðq2Þ in full kinematic region are derived for the

first time. It is noticed that there are no IR divergences at the one-loop level, and the transition form factors
with the relativistic corrections from the internal momentum of hc are insensitive to both the shapes of ηð0Þ

distribution amplitudes and the invariant mass of the lepton pair in the large-recoil-momentum region.
Intriguingly, unlike the situation in the S-wave charmonium decays J=ψ → ηð0Þlþl−, we find that the
contributions from the small-recoil-momentum region are comparable with those from the large-recoil-
momentum region in the P-wave charmonium decays hc → ηð0Þlþl−. By employing the obtained
Fhcηð0Þ ðq2Þ, we give predictions of the branching ratios Bðhc → ηð0Þlþl−Þ, which may come within the

range of measurement of present or near-future experiments.

DOI: 10.1103/PhysRevD.109.074003

I. INTRODUCTION

The electromagnetic (EM) Dalitz decays of charmonia
have received a great deal of attention in the last decade
both experimentally [1–9] and theoretically [10–16], since
they provide an ideal platform to probe the intrinsic struc-
ture of the charmonia and to study the fundamental
mechanisms of the interactions between photons and
hadrons [17,18]. One of the most interesting topics related
to these EM Dalitz decays is the decay of charmonia to the
mesons ηð0Þ, since it is directly related to the issue of η-η0
mixing, which could offer new opportunities to study the
Uð1ÞA anomaly [19–27] and the SUð3ÞF breaking [25–29].
Under the classic assumption of pointlike particles [18,30],
the EMDalitz decays J=ψðψ 0Þ → ηð0Þlþl− can be described
by quantum electrodynamics (QED). The transition form
factors (TFFs) fψηð0Þ ðq2Þ, which reflect the deviation from the
QED prediction [18,30], can provide the dynamical informa-
tion of the EM structure arising at the J=ψðψð2SÞÞ → ηð0Þ

transition vertex. Consequently, the TFFs fψηð0Þ ðq2Þ may
help to distinguish transition mechanisms based on different

dynamical pictures, such as the simple pole approximation
[10,13,14], the effective Lagrangian approach [11,16],
dispersion theory [12], and quantum chromodynamics
(QCD) analysis [15].
The P-wave charmonium hc cannot be directly pro-

duced in eþe− collisions because of the quantum numbers
JPC ¼ 1þ−, but it can be produced through ψð2SÞ → π0hc
[31,32]. In recent years, many more decay modes of hc
have been searched for at BESIII [32–38]. Due to the
negative C parity, the hc most likely decays into a photon
and a pseudoscalar meson ηc or η (η0), in which the radiative
decays hc → γηð0Þ have first been observed by the BESIII
Collaboration using about 4 × 108 ψð2SÞ events [33]. So
far, there have been around 3 × 109 ψð2SÞ events collected
with the BESIII detector [39–41], and it represents about
an order-of-magnitude increase in statistics. This provides
a good opportunity to study the EM Dalitz decays
hc → ηð0Þlþl−, and their branching ratios can be reached
by present or near-future experiments, especially for the η0

channels (reaching 10−5). These EM Dalitz decays could
not only offer useful information to constrain theoretical
models (as mentioned above) in the charmonium region,
but also shed light on the transition mechanism of hc → ηð0Þ
and the η-η0 mixing effects [25,42,43] in different kinematic
regions. Besides this, they are more interesting for the
P-wave charmonia decays. Generally, inclusive P-wave
charmonia decays suffer from IR divergences in the color-
singlet-state contributions with the zero-binding approxi-
mation [44–46], while similar IR divergences do not appear
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in exclusive P-wave charmonia decays [47–50]. This may
imply that effects beyond those contained in the derivative
of the nonrelativistic wave function at the origin play a
key role. Recently, it has been pointed out that the
relativistic corrections from the internal momentum of hc
are extremely important in the decays hc → γηð0Þ [51]. This
indicates that relativistic corrections may also be important
in the EM Dalitz decays hc → ηð0Þlþl− due to the same
EM structure arising at the hc → ηð0Þ transition vertex.
In this paper, one of the major concerns is to clarify the

dynamical picture of the EM Dalitz decays hc → ηð0Þlþl−

in different kinematic regions. Phenomenologically, there
exist three types of contributions in the decay processes
hc → ηð0Þlþl−: (i) In the large-recoil-momentum region
(i.e., the square of the invariant mass of the lepton pair
q2 ¼ m2

lþl− ≃ 0), the transition mechanism of hc → ηð0Þ

could be described by the perturbative QCD approach,
which has been reliably employed to treat the corresponding
radiative decays hc → γηð0Þ [51,52]. We call this transition
mechanism the hard mechanism. (ii) In the small-
recoil-momentum region [i.e., the square of the invariant
mass of the lepton pair q2 ≃ q2max ¼ ðMhc −mηð0Þ Þ2], the
transition mechanism of hc → ηð0Þ is governed by the over-
lapping integration of the soft wave functions, and this
transition mechanism is the so-called wave function
overlap [53–61] (i.e., the soft mechanism). The TFFs
fhcηð0Þ ðq2Þ account for the size effects from the spatial wave
functions of the initial- and final-state hadrons. (iii) In
resonance regions, such as q2 ≃m2

ρ; m2
ω; m2

ϕ, the transition

mechanism of hc → ηð0Þ can be universally described by the
vector-meson dominance (VMD) model [62], in which the
resonance interaction between photons and hadrons is
predominant. However, on the one hand, the contributions
from VMD are negligibly small due to the narrow widths of
resonances (see Ref. [15] for more details), and on the other
hand, there are still some open questions for theVMDmodel,
such as the sign ambiguity in the amplitude from the
intermediate vector mesons and the off-mass-shell effects
of the coupling constants [63]. To make the dynamical
picture of the EMDalitz decayshc → ηð0Þlþl− clear, wewill
mainly present the detailed discussions about the hard
mechanism and the soft mechanism in the later parts of this
paper. In the large-recoil-momentum region, by employing
the Bethe-Salpeter (B-S) framework [51,64–68], we work
out the B-S wave function of hc, in which the internal
momentum is retained. Considering a large momentum
transfer, one can adopt the light-cone distribution amplitudes
(DAs) to describe the internal dynamics of the final light
mesons ηð0Þ, and the involved quark-antiquark and gluonic
contents of ηð0Þ are taken into account in our calculations.
By an analytic calculation of the involved one-loop integrals,
we find that the TFFs fhcηð0Þ ðq2Þ are UV and IR safe, and
they barely depend on the shapes of the light-meson
DAs. Furthermore, the gluonic contributions and the

quark-antiquark contributions are comparable in the
TFFs fhcηð0Þ ðq2Þ. It is compatible with the situation in

the corresponding radiative decays hc → γηð0Þ [51,52]. In
the small-recoil-momentum region, the TFFs are calculated
phenomenologically by thewave-function overlap. Through
a detailed calculation, we obtain the TFFs fhcηð0Þ ðq2Þ in the
whole kinematic region for the first time. It is worthwhile to
point out that the contributions from the soft mechanism and
those from the hard mechanism are comparable with each
other in the branching ratios Bðhc → ηð0Þlþl−Þ, unlike
the situation in S-wave charmonium EM Dalitz decays
J=ψ → ηð0Þlþl− [15], where the soft contributions are
suppressed because of the special form of the spin structure
of their amplitudes. In order to remove themain uncertainties
arising from the bound-state wave functions, we use the
normalizedTFFsFhcηð0Þ ðq2Þ≡ fhcηð0Þ ðq2Þ=fhcηð0Þ ð0Þ to obtain
the predictions of the branching ratios Bðhc → ηð0Þlþl−Þ.
The paper is organized as follows: The theoretical

framework for the EM Dalit decays hc → ηð0Þlþl− is
presented in detail in Sec. II. In Sec. III, we show our
numerical results and some phenomenological discussions,
and Sec. IV is our summary.

II. THEORETICAL FRAMEWORK

A. Hard mechanism

1. Contributions of the quark-antiquark content of ηð0Þ

In the large-recoil-momentum region of ηð0Þ, the EM
Dalitz decays hc → ηð0Þlþl− can be described by the
perturbative QCD approach. The leading-order Feynman
diagrams for the quark-antiquark content of ηð0Þ arise from
one-loop QCD processes. One of them is illustrated in
Fig. 1, and the other five diagrams come from permutations
of the photon and the gluon legs. Here and in what follows,
the involved kinematical variables are labeled in Fig. 1,
where u and ū are the momentum fractions carried by the
light quark and the light antiquark, respectively. According
to the Feynman diagrams, one can obtain the amplitude of
hc → ηð0Þlþl−,

FIG. 1. One typical Feynman diagram for hc → ηð0Þlþl− with
the quark-antiquark content of ηð0Þ, and the kinematical variables
are labeled.
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M ¼ −
e
q2

AαβεαðKÞūðl1Þγβvðl2Þ; ð2:1Þ

where Aαβ represents the amplitude of hc → ηð0Þγ�; K and
εðKÞ stand for the momentum and polarization vectors of
hc, respectively; q stands for the momentum of the virtual
photon, while q2 ¼ m2

lþl− is the square of the invariant
mass of the lepton pair; and l1 and l2 stand for the momenta
of the leptons l− and lþ, respectively.
It is convenient to convert the amplitude of hc → ηð0Þγ�

into two parts: the effective coupling of the process
hc → g�g�γ�, and that of the process g�g� → ηð0Þ. By
multiplying the two parts, inserting the gluon propagators,
and performing the loop integrations, one can obtain the
final amplitude of hc → ηð0Þγ�.
In the rest frame of the P-wave charmonium hc, the

amplitude of hc → g�g�γ� can be written as [69–71]

Aαβμν
1 εαðKÞϵ�βðqÞϵ�μðk1Þϵ�νðk2Þ

¼
ffiffiffi
3

p Z
d4k
ð2πÞ4 Tr½ΨðK; kÞOðf; f̄Þ�; ð2:2Þ

where ΨðK; kÞ represents the B-S wave function of hc;
Oðf; f̄Þ represents the hard-scattering amplitude;

ffiffiffi
3

p
represents the color factor; ϵðqÞ represents the polarization
vector of the virtual photon; k1, k2 and ϵðk1Þ, ϵðk2Þ
represent the two gluons’ momenta and polarization
vectors; f and f̄ represent the momenta of the quark c
and antiquark c̄; and they read

fμ ¼ Kμ

2
þ kμ ¼

�
M
2
þ k0;k

�
;

f̄μ ¼ Kμ

2
− kμ ¼

�
M
2
− k0;−k

�
; ð2:3Þ

with k being the relative momentum between the quark c
and antiquark c̄—i.e., the internal momentum of the
P-wave charmonium hc. Here, M is the mass of hc. For
convenience in subsequent calculations, we divide the
internal momentum of hc into two parts: the transverse
component k̂ with k̂ · K ¼ 0, and the longitudinal compo-
nent kk with kk · k̂ ¼ 0: i.e.,

kμ ¼ kμk þ k̂μ; kμk ¼
kK
M

Kμ; ð2:4Þ

where both kK ¼ k·K
M and k̂2 ¼ k2 − k2K are Lorentz-invari-

ant variables. Considering the rest frame of hc, one can
easily know that k̂ involves three degrees of freedom
(namely, the component k) orthogonal to the total momen-
tum K, and kK contains the remaining one degree of

freedom (namely, the component k0). Now, the volume
element of the internal momentum k can be expressed in the
form d4k ¼ d3k̂dkK . Furthermore, with a more relevant
treatment where k0 ≪ M, we obtain the momenta

fμ ≈
�
M
2
;k

�
¼ Kμ

2
þ k̂μ; f̄μ ≈

�
M
2
;−k

�
¼ Kμ

2
− k̂μ;

ð2:5Þ

and the hard-scattering amplitude

Oðf; f̄Þ ≈Oðk̂Þ; ð2:6Þ

and this treatment maintains the gauge invariance of the
hard-scattering amplitude [72].
By employing the B-S equation [64,65] of the P-wave

charmonium hc, one can reduce the B-S equation to the
Salpeter equation under the covariant instantaneous ansatz
(CIA) [66–68]. The Salpeter wave function is defined as

ψðk̂Þ ¼ i
2π

Z
dkKΨðK; kÞ: ð2:7Þ

Subsequently, we obtain an analytic Salpeter wave function
of hc by solving the Salpeter equation (more details can be
found in our recent investigation [51])

ψðk̂Þ ¼ k̂ · εðKÞ
�
1þ =K

M
þ =̂k=K
m̂cM

�
γ5fðk̂2Þ; ð2:8Þ

where m̂c is the effective mass of the c quark, and the front
factor k̂ · εðKÞ indicates that the wave function is the nature
of the P-wave, and the scalar function fðk̂2Þ reads

fðk̂2Þ ¼ NA

�
2

3

�1
2 1

π
3
4β

5
2

A

jk̂je−
k̂2

2β2
A ; ð2:9Þ

with NA being the normalization constant and βA the
harmonic oscillator parameter. The normalization equation
of fðq̂2Þ reads

Z
d3k̂
ð2πÞ3

4ωk̂2

3m̂cM
f2ðk̂2Þ ¼ 1: ð2:10Þ

Using Eqs. (2.6) and (2.7), we can rewrite the amplitude
of hc → γg�g�:

Aαβμν
1 εαðKÞϵ�βðqÞϵ�μðk1Þϵ�νðk2Þ

¼ −i
ffiffiffi
3

p Z
d3k̂
ð2πÞ3 Tr½ψðk̂ÞOðk̂Þ�; ð2:11Þ
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where the hard-scattering amplitude Oðk̂Þ reads

Oðk̂Þ ¼ iQceg2s
δab
6

"
ϵ�ðk2Þ

k2−q−k1
2

þ =̂kþmc�
k2−q−k1

2
þ k̂

�
2
−m2

c

ϵ�ðqÞ
k2þq−k1

2
þ =̂kþmc�

k2þq−k1
2

þ k̂
�
2
−m2

c

ϵ�ðk1Þ

þ ϵ�ðk1Þ
k1−q−k2

2
þ =̂kþmc�

k1−q−k2
2

þ k̂
�
2
−m2

c

ϵ�ðqÞ
k1þq−k2

2
þ =̂kþmc�

k1þq−k2
2

þ k̂
�
2
−m2

c

ϵ�ðk2Þ

þ ϵ�ðk2Þ
k2−k1−q

2
þ =̂kþmc�

k2−k1−q
2

þ k̂
�
2
−m2

c

ϵ�ðk1Þ
k2þk1−q

2
þ =̂kþmc�

k2þk1−q
2

þ k̂
�
2
−m2

c

ϵ�ðqÞ

þ ϵ�ðqÞ
q−k2−k1

2
þ =̂kþmc�

q−k2−k1
2

þ k̂
�
2
−m2

c

ϵ�ðk2Þ
qþk2−k1

2
þ =̂kþmc�

qþk2−k1
2

þ k̂
�
2
−m2

c

ϵ�ðk1Þ

þ ϵ�ðk1Þ
k1−k2−q

2
þ =̂kþmc�

k1−k2−q
2

þ k̂
�
2
−m2

c

ϵ�ðk2Þ
k1þk2−q

2
þ =̂kþmc�

k1þk2−q
2

þ k̂
�
2
−m2

c

ϵ�ðqÞ

þ ϵ�ðqÞ
q−k1−k2

2
þ =̂kþmc�

q−k1−k2
2

þ k̂
�
2
−m2

c

ϵ�ðk1Þ
qþk1−k2

2
þ =̂kþmc�

qþk1−k2
2

þ k̂
�
2
−m2

c

ϵ�ðk2Þ
#
; ð2:12Þ

with the c-quark mass mc.
To proceed, we treat the light mesons ηð0Þ as a light-cone

object in the large-recoil-momentum region because of a
large momentum transfer. Using the light-cone expansion,
one can obtain the amplitude of g�g� → ηð0Þ [52,73–76]:

Aμν
2 ¼ −ið4παsÞδabϵμνρσk1ρk2σ

X
q¼u;d;s

fq
ηð0Þ

6

Z
1

0

duϕqðuÞ

×

�
1

ūk21 þ uk22 − uūm2
þ ðu ↔ ūÞ

�
; ð2:13Þ

where m represents the mass of ηð0Þ, the values fq
ηð0Þ

are the

decay constants, and ϕqðuÞ is the light-cone DA. The DA
can be expressed as [52,77]

ϕqðuÞ ¼ 6uð1 − uÞ
�
1þ

X
n¼2;4���

cqnðμÞC
3
2
nð2u − 1Þ

�
; ð2:14Þ

with cqnðμÞ being the Gegenbauer moments, and we take
three typical models listed in Table 1 of Ref. [52] (see
Refs. [52,77] for more details). In our subsequent calcula-
tions, it is found that theTFFs fhcηð0Þ ðq2Þ are insensitive to the
models of the light-coneDA. The decay constants fq

ηð0Þ , in the

quark-flavor basis, can be parametrized as [25,26,43,78,79]

fuðdÞη ¼ fqffiffiffi
2

p cosϕ; fsη ¼ −fs sinϕ;

fuðdÞη0 ¼ fqffiffiffi
2

p sinϕ; fsη0 ¼ fs cosϕ; ð2:15Þ

where thephenomenological parameters (ϕ,fq, andfs) could
be determined by different methods [11,25,51,52,76,80–85].
By contracting the above two amplitudes, inserting the

gluon propagators, and integrating over the loop momen-
tum, we obtain the decay amplitude of hc → ηð0Þγ�:

Aαβ ¼ 1

2

Z
d4k1
ð2πÞ4A

αβμν
1 A2μν

i
k21 þ iϵ

i
k22 þ iϵ

: ð2:16Þ

Considering parity conservation, Lorentz invariance, gauge
invariance, and current conservation, one knows that

Aαβ ∝
�
−gαβ þ qαKβ

q · K

�
: ð2:17Þ

Then, the hc → ηð0Þγ� TFFs can be defined by

Aαβ ¼ −efQ
hcηð0Þ

ðq2Þ
�
−gαβ þ qαKβ

q · K

�
: ð2:18Þ

With the help of the projection operator

Pαβ ¼
�
2þ M2q2

ðq · KÞ2
�−1�

−gαβ þ qαKβ

q · K

�
; ð2:19Þ

the TFFs can be rewritten as

fQ
hcηð0Þ

ðq2Þ ¼ −e−1PαβAαβ: ð2:20Þ
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Here, we show the expression of the TFFs more clearly:

fQ
hcηð0Þ

ðq2Þ ¼ −
i8π2α2s
9

ffiffiffi
3

p
X
q

fq
ηð0Þ

Z
d3k̂
ð2πÞ3

Z
duϕqðuÞ

×
Z

d4k1
ð2πÞ4

��
N1

D1D2D3D4

þ N2

D1D2D3D4p

þ N3

D1D2D3D5

þ N4

D1D2D3D5p

þ N5

D1D2D3D4pD5

þ N6

D1D2D3D4D5p

�

þ ðu → ūÞ
�
; ð2:21Þ

with u and ū ¼ ð1 − uÞ being the momentum fractions
arising from the light mesons ηð0Þ. The expressions of the
denominators read

D1 ¼ k21 þ iϵ;

D2 ¼ ðk1 − pÞ2 þ iϵ;

D3 ¼ ðk1 − upÞ2 þ iϵ;

D4 ¼
�
k1 − k̂þ q − p

2

�
2

−m2
c þ iϵ;

D4p ¼
�
k1 þ k̂þ q − p

2

�
2

−m2
c þ iϵ;

D5 ¼
�
k1 þ k̂ −

qþ p
2

�
2

−m2
c þ iϵ;

D5p ¼
�
k1 − k̂ −

qþ p
2

�
2

−m2
c þ iϵ; ð2:22Þ

and the expressions of the numerators N1 ∼ N6 are pre-
sented in the Appendix.
With the help of the algebraic identity (u ≠ 0, 1)

D1

um2
þ D2

ð1 − uÞm2
−

D3

uð1 − uÞm2
¼ 1; ð2:23Þ

the TFFs fQ
hcηð0Þ

ðq2Þ can be decomposed into a sum of four-

point and three-point one-loop integrals. When u ¼ 0, 1,
the denominators of the propagators have the relation
D3 ¼ D1; D2, and the TFFs can also be decomposed into
four-point or three-point integrals. Then, one can analyti-
cally evaluate these one-loop integrals with the technique
proposed in Refs. [86–88] or the computer program
PACKAGE-X [89,90]. It is found that the TFFs are UV
and IR safe. Similarly to the situation in the radiative
decays hc → γηð0Þ [51,52], the TFFs are insensitive to the
DAs of ηð0Þ. Our numerical results show that the change in
the modulus of the TFFs does not exceed 1% with the
different models of the DAs. Therefore, the theoretical
uncertainties from the DAs are ignorable in our calculations

of the TFFs, and we choose model I of the meson DA in
Table 1 of Ref. [52].

2. Contributions of the gluonic content of ηð0Þ

Generally speaking, the contributions of the gluonic
content of ηð0Þ are expected to be small, because the gluonic
content cloud be seen as higher-order effects from the
point of view of the QCD evolution of the two-gluon DA,
which vanishes in the asymptotic limit. For example, the
gluonic contributions are strongly suppressed by the factor
m2

ηð0Þ=M
2
J=ψ in the radiative decays J=ψ → γηð0Þ [76].

However, there is no suppression factor in the P-wave
charmonium radiative decays hc → γηð0Þ [51,52], due to the
special form of the spin structure in their amplitudes. So,
the gluonic contributions may become important in the
radiative decays of the P-wave charmonium hc. In fact, as
pointed out in Refs. [51,52], the gluonic contributions and
the quark-antiquark contributions are comparable with each
other in the radiative decays hc → γηð0Þ. Obviously, this
situation should be found in the large-recoil-momentum
region of ηð0Þ of the decays hc → ηð0Þlþl−, due to the same
spin structures in their hadronic matrix elements. The
corresponding Feynman diagram is depicted in Fig. 2,
and the other two diagrams arise from permutations of the
photon and the gluon legs.
At the leading twist level, the matrix elements of the

mesons ηð0Þ over two-gluon fields in the light-cone expan-
sion can be written as [77,91,92]

hηð0ÞðpÞjAa
αðxÞAb

βðyÞj0i ¼
1

4
ϵαβμν

nμpν

p · n
CFffiffiffi
3

p δab

8
f1
ηð0Þ

×
Z

dueiðup·xþūp·yÞ ϕgðuÞ
uð1 − uÞ ;

ð2:24Þ

where n ¼ 1ffiffi
2

p ð1;− p
jpjÞ is a lightlike vector along the

opposite direction of the mesons ηð0Þ [91], f1
ηð0Þ ¼ 1ffiffi

3
p ðfu

ηð0Þ
þ

fd
ηð0Þ þ fs

ηð0Þ Þ are the effective decay constant, and the

gluonic twist-2 DA is [77,92,93]

FIG. 2. One typical Feynman diagram for hc → ηð0Þlþl− with
the gluonic content of ηð0Þ. The kinematical variables are labeled.
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ϕgðuÞ ¼ 30u2ð1 − uÞ2
X

n¼2;4���
cgnðμÞC

5
2

n−1ð2u − 1Þ: ð2:25Þ

After a series of calculations, we obtain the correspond-
ing TFFs fG

hcηð0Þ
ðq2Þ:

fG
hcηð0Þ

ðq2Þ ¼ −
16παs
27

f1
ηð0Þ

Z
du

ϕgðuÞ
uð1 − uÞ

Z
d3k̂
ð2πÞ3

×

�
N7

C1C2

þ N8

C2C3

þ N9

C3C4

�
; ð2:26Þ

where the expressions of the denominators read

C1 ¼
�
k̂þ q −

K
2

�
2

−m2
c þ iϵ;

C2 ¼
�
k̂ − ūpþ K

2

�
2

−m2
c þ iϵ;

C3 ¼
�
k̂þ up −

K
2

�
2

−m2
c þ iϵ;

C4 ¼
�
k̂ − qþ K

2

�
2

−m2
c þ iϵ; ð2:27Þ

and the expressions of the numerators N7 ∼ N9 are pre-
sented in the Appendix.
Performing the integral calculations of the TFFs

fQ
hcηð0Þ

ðq2Þ and fG
hcηð0Þ

ðq2Þ, we find that the modulus square

of these TFFs is very insensitive to the dilepton invariant
mass mlþl− (or q2). In Fig. 3, the mlþl− dependence of the
modulus square jfQ;G

hcηð0Þ
ðq2Þj2 is shown. Schematically, we

can clearly see that the modulus square jfQ;G
hcηð0Þ

ðq2Þj2 has

only negligible changes in the range of ð0–1000Þ MeV.
Comparing the quark-antiquark contributions from
jfQ

hcηð0Þ
ðq2Þj2 with the gluonic contributions from

jfG
hcηð0Þ

ðq2Þj2, we find that the former is about twice that

of the latter. In other words, the gluonic contributions and

the quark-antiquark contributions are both important in
these decay processes. It is compatible with the situation in
the corresponding radiative decays hc → γηð0Þ [51,52].
Based on the foregoing discussions, in the large-recoil-

momentum region of ηð0Þ, the hc → ηð0Þγ� TFFs can be
obtained by

fH
hcηð0Þ

ðq2Þ ¼ fQ
hcηð0Þ

ðq2Þ þ fG
hcηð0Þ

ðq2Þ; ð2:28Þ

which includes the dynamical structure information from
the quark-antiquark content and the gluonic content of ηð0Þ.
In addition, the relativistic corrections related to the internal
momentum of hc are taken into account in the TFFs.
Specifically, there exist the kinematical corrections from
the annihilation amplitudes and the dynamical corrections
from the bound-state wave function of hc. Since the
physical picture in the large-recoil-momentum region of
the electromagnetic Dalitz decays hc → ηð0Þlþl− is the
same as the one in the corresponding radiative decays, these
electromagnetic Dalitz decays can be calculated by the
nonrelativistic quark model with the zero-binding approxi-
mation, as well as the Bethe-Salpeter formalism. Similarly
to the situations in the radiative decays hc → ηð0Þγ [51,52],
we find that these relativistic corrections also play an
important role in the decay processes hc → ηð0Þlþl−.
Numerically, there is about a 2-times enhancement of
jfH

hcηð0Þ
ðq2Þj2 over the results with the zero-binding

approximation.

B. Soft mechanism

Generally speaking, a perturbative QCD approach will
become invalid in the three-body decay processes hc →
ηð0Þlþl− with a small recoil momentum of ηð0Þ, and a
special handling is needed in principle. To deal with this
issue properly, a picture of the soft wave function overlap is
proposed in Ref. [15], where the picture has been proved
valid in the decays J=ψ → ηeþe− with a small recoil
momentum. Because of the similar physical picture, the
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FIG. 3. The dependence of the modulus square of the TFFs jfQ;G
hcηð0Þ

ðq2Þj2 on the dilepton invariant mass mlþl− (or q2).
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TFFs of the hc → ηð0Þγ� in the small-recoil-momentum
region, which are dependent on the recoil momentum jpηð0Þ j
and reflect the size effects from the spatial wave functions
of the initial- and final-state hadrons, can be adopted in the
empirical form in the rest frame of hc [53,57,60,94]:

fS
hcηð0Þ

ðq2Þ ¼ ghcηð0Þ exp

�
−

q2

8β2

�
: ð2:29Þ

Here, q2 ¼ jpηð0Þ j2 ¼ λðM2; m2; q2Þ=ð4M2Þ, ghcηð0Þ denotes

the hc − ηð0Þ-γ� coupling and can be determined by the
continuity condition of the TFFs between the large- and the
small-recoil-momentum regions, and the parameter β is an
experiment-related quantity. We adopt β ¼ 400 MeV,
which is compatible with the fitted value in the J=ψ
decays [15]. And it is worth noting that the decay amplitude
Aαβ in soft mechanism has the form efS

hcηð0Þ
ðq2Þ×

ðgαβ − qαKβ=q · KÞ, in which the spin structure is deter-
mined just by the quantum number of the initial- and final-
state hadrons.
In the whole recoil-momentum region of ηð0Þ, the TFFs

can be given by

fhcηð0Þ ðq2Þ ¼
(
fH
hcηð0Þ

ðq2Þ q2 ≤ 1 GeV2;

fS
hcηð0Þ

ðq2Þ q2 > 1 GeV2:
ð2:30Þ

Incidentally, the recoil momentum jpηð0Þ j ¼ λ
1
2ðM2; m2; q2Þ=

ð2MÞ is a monotonically decreasing function of the square of
the invariant mass of the lepton pair q2. The recoil momen-
tum is above 1 GeV when q2 ≤ 1 GeV2. It is commonly
asserted that perturbative QCD is self-consistent when
the recoil momentum is above 1 GeV [95–98]. Namely,
the transition to perturbative QCD appears at about
q2 ¼ 1 GeV2, and the hard mechanism begins to dominate
as q2 decreases. On the contrary, the contributions from the
soft mechanism would become important with the increase
of q2. Although we could obtain the hard contributions from
the large-recoil-momentum region with the perturbative
QCD approach and the soft ones from the small-recoil-
momentum region with the overlapping integration of the
soft wave functions, how to precisely match these two
contributions in the intermediate-recoil-momentum region
is still an open question and needs further investigation. Even
so, our description of the EM Dalitz decay processes hc →
ηð0Þlþl− may constitute an important step forward toward a
satisfactory description.

III. RESULTS AND DISCUSSIONS

In the rest frame of hc, the q2-dependent differential
decay widths of hc → ηð0Þlþl− can be written as

dΓðhc → ηð0Þlþl−Þ
dq2

¼ α2

18π

λ
1
2ðM2; m2; q2Þ

M3

jfhcηð0Þ ðq2Þj2
q2

�
1þ 2m2

l

q2

�

×

�
1 −

4m2
l

q2

�1
2

�
1þ 2M2q2

ðM2 −m2 þ q2Þ2
�
; ð3:1Þ

where ml is the lepton mass. In order to remove most of
the uncertainties from the TFFs (a brief discussion in
what follows), we relate the differential decay widths
dΓðhc → ηð0Þlþl−Þ to the corresponding radiative decay
widths Γðhc → ηð0ÞγÞ:
dΓðhc → ηð0Þlþl−Þ
dq2Γðhc → ηð0ÞγÞ ¼ α

3π
jFhcηð0Þ ðq2Þj2

1

q2
λ
1
2ðM2; m2; q2Þ
ðM2 −m2Þ

×

�
1þ 2m2

l

q2

��
1 −

4m2
l

q2

�1
2

×

�
1þ 2M2q2

ðM2 −m2 þ q2Þ2
�
; ð3:2Þ

where Fhcηð0Þ ðq2Þ≡ fhcηð0Þ ðq2Þ=fhcηð0Þ ð0Þ are the normalized
TFFs, and the normalization is such that Fhcηð0Þ ð0Þ ¼ 1.
In the numerical calculations, all the values of the

involved meson masses, quark masses, decay widths
and decay constant are quoted from the Particle Data
Group [99]. By employing the two-loop renormalization
group equation, we obtain the strong coupling constant
αsðmcÞ ¼ 0.38. The effective mass of the c quark and the
harmonic oscillator parameter appearing in the bound-state
wave function are taken as m̂c ¼ 1490 MeV and βA ¼
590 MeV, respectively, and more discussions can be found
in Refs. [100–102]. For the Gegenbauer moments from ηð0Þ
DAs, we just adopt model I in Table 1 of Ref. [52] due to the
negligibly small uncertainties from these Gegenbauer
moments, which have been mentioned in the foregoing
discussions. For the phenomenological parameters—i.e.,
the mixing angle ϕ and the decay constants fqðsÞ—we adopt
the set of values [82]

ϕ ¼ 33.5°� 0.9°; fq ¼ ð1.09� 0.02Þfπ;
fs ¼ ð0.96� 0.04Þfπ ð3:3Þ

extracted from the TFF Fγ�γη0 ðþ∞Þ, which is in excellent
agreement with the BABAR measurement [103]. More
discussions about these phenomenological parameters can
be found in Refs. [11,51,52,76,80,104].
We now proceed with a full calculation of the branching

ratios Bðhc → ηð0Þlþl−Þ, and our numerical results are
shown in Table I. Here, we do not present the theoretical
uncertainties, which come mainly from Bexpðhc → ηγÞ ¼
ð4.7� 2.1Þ × 10−4 or Bexpðhc → η0γÞ ¼ ð1.5� 0.4Þ ×
10−3 [33], and they are expected to be 30% ∼ 50%.
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In the second column, the results from the hard mechanism,
which can be described by the perturbative QCD approach,
are presented; in the third column, we show the results
from the soft mechanism, which is governed by the
overlapping integration of the wave functions of the initial-
and final-state hadrons. The total contributions from both
the hard mechanism and the soft mechanism are presented
in the last column. First of all, it is noticed that the soft
contributions in the decay processes hc → ηð0Þeþe− are
equal to those in the decay processes hc → ηð0Þμþμ− with
an accuracy of more than three (two) significant digits. This
is because the differential branching ratios are proportional
to ð1 −Oðm4

l=q
4ÞÞ in the large-q2 region [see Eqs. (3.1)

or (3.2)]. Therefore, the difference caused by the lepton
massml is ignorable in the small-recoil-momentum region.
At the same time, the hard contributions of the μþμ−
channel are about 5 times smaller than those of the eþe−
channel, since the phase space of the former shrinks in the
small-q2 region. Besides this, we find that the hard
contributions and the soft ones are comparable with each
other. It is unlike the situation where the soft contributions
are negligibly small in the S-wave charmonium EM Dalitz
decays J=ψ → ηð0Þlþl−, because of a suppression of the
kinematic factor (i.e., jpηð0Þ j3=q) [15]. It is worthwhile to
point out that there are around 3 × 109 ψð2SÞ events
collected with the BESIII detector so far [39–41], and this
may imply that our predictions of the branching ratios
Bðhc → ηð0Þlþl−Þ may come within the range of meas-
urement of present or near-future experiments, especially
for the η0 channels (reaching 10−5).

Last but not least, we concentrate on the q2-dependent
TFFs fhcηð0Þ ðq2Þ, which could provide the dynamical

information of the EM structure arising at the hc → ηð0Þ
transition vertex and offer a powerful probe of the intrinsic
structure of the P-wave charmonium hc. Experimentally,
one is interested in the normalized TFFs Fhcηð0Þ ðq2Þ,
because their modulus square jFhcηð0Þ ðq2Þj2 can be directly
extracted by comparing the measured invariant mass
spectrum of the lepton pairs from the Dalitz decays with
the pointlike QED prediction [10,62]. On the other hand,
there exists a large uncertainty from sources such as the
bound-state wave function and the QCD running coupling
constant αs in the TFFs fhcηð0Þ ðq2Þ. However, the depend-
ence of the normalized TFFs Fhcηð0Þ ðq2Þ [i.e., the ratios
fhcηð0Þ ðq2Þ=fhcηð0Þ ð0Þ] on the bound-state wave function and
the QCD running coupling constant is cut down to a large
extent. So, one can expect that the predictions of the
normalized TFFs are more reliable. Besides, the q2

dependence of the TFFs fhcηð0Þ ðq2Þ is still retained in the
normalized TFFs Fhcηð0Þ ðq2Þ because of the constants
fhcηð0Þ ð0Þ. In Fig. 4, we present the q2 dependence of the
modulus square of the normalized TFFs jFhcηð0Þ ðq2Þj2 in
their full kinematic region. Here it should be noted that,
even though the normalized TFFs jFhcηð0Þ ðq2Þj2 are inde-
pendent of the lepton mass, the kinematic region of the
eþe− channel is different from that of the μþμ− channel.
Specifically, the value of the dilepton invariant mass mlþl−

starts at 2me in the eþe− channel, and it starts at 2mμ in the
μþμ− channel. As shown schematically in Fig. 4, the
difference in the modulus squares jFhcηðq2Þj2 and
jFhcη0 ðq2Þj2 mainly arise from their phase space. One
can find that the modulus square jFhcηð0Þ ðq2Þj2 is quite
steady in the small-q2 region and increasing rapidly in the
large-q2 region, which is compatible with the situation in
the EM Dalitz decay processes Jψ → ηð0Þlþl− [1,15].
Present or near-future experimental measurement is
expected to provide tests for these predictions.

TABLE I. The branching ratios Bðhc → ηð0Þlþl−Þ.
Hard mechanism Soft mechanism Total

Bðhc → ηeþe−Þ 4.9 × 10−6 3.7 × 10−6 8.5 × 10−6

Bðhc → ημþμ−Þ 1.0 × 10−6 3.7 × 10−6 4.6 × 10−6

Bðhc → η0eþe−Þ 1.6 × 10−5 0.7 × 10−5 2.3 × 10−5

Bðhc → η0μþμ−Þ 0.3 × 10−5 0.7 × 10−5 1.0 × 10−5
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FIG. 4. The dependence of the modulus square of the normalized TFFs jFhcηð0Þ ðq2Þj2 on the dilepton invariant mass mlþl− (or q2).
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IV. SUMMARY

In this paper, we investigate the P-wave charmonium EM
Dalitz decays hc → ηð0Þlþl− with a QCD analysis. In the
large-recoil-momentum region of ηð0Þ, these decay processes
are described by the perturbative QCD approach. For the
primary heavy meson hc, wework out its B-S wave function
in the framework of the B-S equation, and its internal
momentum is retained in both the wave function and the
hard-scattering amplitude; for the final light mesons ηð0Þ, the
light-cone DAs are adopted due to a large momentum
transfer. By an analytic calculation of the involved one-loop
integrals, we find that the TFFs are UVand IR safe, and the
gluonic contributions and the quark-antiquark contributions
are both important in the TFFs. In the small-recoil-momen-
tum region of ηð0Þ, the picture of the soft wave function
overlap is adopted to describe the transition mechanism of
hc → ηð0Þ. By relating to their radiative decay processes,
the branching ratios Bðhc → ηð0Þlþl−Þ are obtained.
Intriguingly, the contributions from the soft mechanism
and those from the hard mechanism are comparable with
each other, unlike the situation in S-wave charmonium

decays J=ψ → ηð0Þlþl− [15], where the soft contributions
are suppressed because of the special form of the spin
structure of their amplitudes. Furthermore, the q2-dependent
TFFs are analyzed briefly, and we obtain the q2 dependence
of the modulus square of the normalized TFFs jFhcηð0Þ ðq2Þj2
in their full kinematic region. Lastly, it should be pointed out
that there are around3 × 109 ψð2SÞ events collectedwith the
BESIII detector so far [39–41], and this may imply that our
predictions of the branching ratios Bðhc → ηð0Þlþl−Þ may
come within the range of measurement of present or near-
future experiments, especially for the η0 channels.
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APPENDIX: THE EXPRESSIONS
OF THE NINE NUMERATORS

The expressions of the numerators Ni (i ¼ 1 ∼ 9) read

N1 ¼
8ifðk̂2Þ

ðM4 þm4 þ q4 − 2m2ðM2 þ q2Þ þ 4M2q2Þ
ðM2 −m2 þ q2Þ

ðM2 − 2m2 − 2q2 þ 4m2
c − 8k̂ · p − 4k̂2Þ

×
1

m̂cM
½2ð2k21ðk̂2ðmc þ m̂cÞððm2 − q2Þ2 −M4Þ þ 2M2k̂ · pð2k̂ · pðmc − m̂cÞ − m̂cðm2 þ 2Mmc þ q2ÞÞÞ

þ k1 · pð4k1 · qðk̂2ðmc þ m̂cÞðM2 −m2 þ q2Þ þ m̂ck̂ · pð2Mmc −m2 þ q2ÞÞ
þ m̂cðm2 −M2 − q2Þðk̂ · pð4k̂2 þ 4k̂ · pþ 3m2 − 2M2 − 4m2

c þ q2Þ þ 2k̂2ðm2 −M2 þ q2ÞÞÞ
þ m̂ck1 · qðm2 −M2 − q2Þðk̂ · pð4k̂2 þ 4k̂ · pþ 3m2 − 4m2

c þ q2Þ þ 4k̂2m2Þ þ ðk1 · pÞ2ð4k̂2ðmc þ m̂cÞ
× ðM2 −m2 þ q2Þ þ 4m̂ck̂ · pðq2 þ 2MðM þmcÞ −m2ÞÞÞ − k1 · k̂ðm̂cðm2 −M2 − q2Þð4k̂2ðm2 þM2 − q2Þ
þ 4k̂ · pðm2 þM2 − q2Þ þ 3m4 −m2ðM2 þ 4m2

c þ 2q2Þ þ ðM2 − q2Þðq − 2mcÞð2mc þ qÞÞ
− 4k1 · pð4M2k̂ · pðm̂c −mcÞ þ m̂cðm2 −M2 − q2Þðm2 − 2Mmc − q2ÞÞÞ�;

N2 ¼
8ifðk̂2Þ

ðM4 þm4 þ q4 − 2m2ðM2 þ q2Þ þ 4M2q2Þ
ðM2 −m2 þ q2Þ

ðM2 − 2m2 − 2q2 þ 4m2
c þ 8k̂ · p − 4k̂2Þ

×
1

m̂cM
½2ð2k21ðk̂2ðmc þ m̂cÞðm4 − 2m2q2 −M4 þ q4Þ þ 2M2m̂ck̂ · pðm2 þ 2Mmc þ q2Þ

þ 4M2ðk̂ · pÞ2ðmc − m̂cÞÞ þ m̂ck1 · qðm2 −M2 − q2Þð−k̂ · pð4k̂2 þ 3m2 − 4m2
c þ q2Þ

þ 4k̂2m2 þ 4ðk̂ · pÞ2Þ þ k1 · pðm̂cðm2 −M2 − q2Þð−k̂ · pð4k̂2 þ 3m2 − 2M2 − 4m2
c þ q2Þ

þ 2k̂2ðm2 −M2 þ q2Þ þ 4ðk̂ · pÞ2Þ − 4k1 · qðk̂2ðmc þ m̂cÞðm2 −M2 − q2Þ
þ m̂ck̂ · pð2Mmc −m2 þ q2ÞÞÞ − 4ðk1 · pÞ2ðk̂2ðmc þ m̂cÞðm2 −M2 − q2Þ þ m̂ck̂ · p

× ð2M2 −m2 þ 2Mmc þ q2ÞÞÞ þ k1 · k̂ðm̂cðm2 −M2 − q2Þð4k̂2ðm2 þM2 − q2Þ
− 4k̂ · pðm2 þM2 − q2Þ þ 3m4 −m2M2 − 4m2m2

c − 2m2q2 − 4M2m2
c þM2q2 þ 4m2

cq2 − q4Þ
− 4k1 · pð4M2k̂ · pðmc − m̂cÞ þ m̂cðm2 −M2 − q2Þðm2 − 2Mmc − q2ÞÞÞ�;
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N3 ¼
8ifðk̂2Þ

ðM4 þm4 þ q4 − 2m2ðM2 þ q2Þ þ 4M2q2Þ
ðM2 −m2 þ q2Þ

ðM2 − 2m2 − 2q2 þ 4m2
c − 8k̂ · p − 4k̂2Þ

×
1

m̂cM
½4k21k̂2ðmc þ m̂cÞððm2 − q2Þ2 −M4Þ þ 2m̂ck̂ · pðk1 · qð4k̂2ðM2 −m2 þ q2Þ

þm4 þm2ð3M2 − 8Mmc þ 4m2
c − 2q2Þ − ðM2 þ q2Þð4m2

c − q2ÞÞ − 4k21M
2ðm2 þ 2Mmc þ q2ÞÞ

þ 8ðk̂ · pÞ2ð2k21M2ðmc − m̂cÞ þ m̂ck1 · qðM2 −m2 þ q2ÞÞ þ 2k1 · pðm̂ck̂ · p

× ð4k1 · qð2Mmc −m2 þ q2Þ þ q2ð4k̂2 − 2m2 þ 3M2 − 4m2
cÞ þ ðm2 −M2Þð−4k̂2 þm2

þ 2M2 − 8Mmc þ 4m2
cÞ þ q4Þ þ 2k̂2ðm2 −M2 − q2Þðmcðm2 −M2 þ q2Þ − 2k1 · qðmc

þ m̂cÞÞ þ 4ðk̂ · pÞ2ðm̂cðq2 −m2Þ þM2ð3m̂c − 2mcÞÞÞ þ 8ðk1 · pÞ2ðk̂2ðmc þ m̂cÞ
× ðM2 −m2 þ q2Þ þ m̂ck̂ · pð−m2 þ 2MðM þmcÞ þ q2ÞÞ þ 8k̂2m2mck1 · qðm2 −M2 − q2Þ
þ k1 · k̂ð4k̂ · pð4M2k1 · pðm̂c −mcÞ þm4m̂c þm2ð4M2ðmc − m̂cÞ − 2m̂cq2Þ þ m̂c

× ðq4 −M4ÞÞ − m̂cðm2 −M2 − q2Þð4k1 · pð2Mmc −m2 þ q2Þ − 4k̂2ðm2 þM2 − q2Þ
þm4 þm2ðM2 − 8Mmc þ 4m2

c − 2q2Þ − ðM2 − q2Þðq2 − 2m2
cÞÞÞ�;

N4 ¼
8ifðk̂2Þ

ðM4 þm4 þ q4 − 2m2ðM2 þ q2Þ þ 4M2q2Þ
ðM2 −m2 þ q2Þ

ðM2 − 2m2 − 2q2 þ 4m2
c þ 8k̂ · p − 4k̂2Þ

×
1

m̂cM
½4k21k̂2ðmc þ m̂cÞððm2 − q2Þ2 −M4Þ þ 2m̂ck̂ · pð4k21M2ðm2 þ 2Mmc þ q2Þ

− k1 · qð4k̂2ðM2 −m2 þ q2Þ þm4 þm2ð3M2 − 8Mmc þ 4m2
c − 2q2Þ − ðM2 þ q2Þ

× ð4m2
c − q2ÞÞÞ þ 8ðk̂ · pÞ2ð2k21M2ðmc − m̂cÞ þ m̂ck1 · qðM2 −m2 þ q2ÞÞ þ 2k1 · p

× ðm̂ck̂ · pð4k1 · qðm2 − 2Mmc − q2Þ þ q2ð−4k̂2 þ 2m2 − 3M2 þ 4m2
cÞ − ðm2 −M2Þ

× ð−4k̂2 þm2 þ 2M2 − 8Mmc þ 4m2
cÞ − q4Þ þ 2k̂2ðm2 −M2 − q2Þðmcðm2 −M2 þ q2Þ

− 2k1 · qðmc þ m̂cÞÞ þ 4ðk̂ · pÞ2ðm̂cðq2 −m2Þ þM2ð3m̂c − 2mcÞÞÞ þ 8ðk1 · pÞ2ðk̂2

× ðmc þ m̂cÞðM2 −m2 þ q2Þ þ m̂ck̂ · pðm2 − 2MðM þmcÞ − q2ÞÞ þ 8k̂2m2mck1 · q

× ðm2 −M2 − q2Þ þ k1 · k̂ðm̂cðm2 −M2 − q2Þð4k1 · pð2Mmc −m2 þ q2Þ − 4k̂2ðm2

þM2 − q2Þ þm4 þm2ðM2 − 8Mmc þ 4m2
c − 2q2Þ − ðM2 − q2Þðq2 − 4m2

cÞÞ þ 4k̂ · p

× ð4M2k1 · pðm̂c −mcÞ þm4m̂c þm2ð4M2ðmc − m̂cÞ − 2m̂cq2Þ þ m̂cðq4 −M4ÞÞÞ�;

N5 ¼
2ifðk̂2Þ

ðM4 þm4 þ q4 − 2m2ðM2 þ q2Þ þ 4M2q2Þ
ðM2 −m2 þ q2Þ

ðM2 − 2m2 − 2q2 þ 4m2
c − 8k̂ · p − 4k̂2Þ

×
1

m̂cM
½−8k21k̂2m̂cððm2 − q2Þ2 −M4Þ þ k1 · k̂ððm2 −M2 − q2Þðm̂cð−4k21ðm2 þM2 − q2Þ þm4

þm2ðM2 − 4Mmc − 4m2
c − 2q2Þ þ ðM2 − q2Þð4mcðM −mcÞ − q2ÞÞ

þ 4k̂2ð2mc − m̂cÞðm2 þM2 − q2ÞÞ − 4k̂ · pð4ðk1 · pþ k1 · qÞðm2ð2mc − m̂cÞ −M2m̂c

þ q2ðm̂c − 2mcÞÞ þ ðm2 þM2 − q2Þðm̂cðm2 − q2Þ þM2ðm̂c − 2mcÞÞÞ − 8m̂c

× ðm2 − 2k1 · pÞðk1 · pþ k1 · qÞðm2 −M2 − q2ÞÞ − 2k̂ · pðk1 · pðm̂cð−4k21ðm2 þ 3M2 − q2Þ
þ q2ð−2m2 þ 3M2 − 4Mmc þ 4m2

cÞ þ ðm −MÞðmþMÞðm2 þ 2M2 − 4Mmc − 4m2
cÞ þ q4Þ

þ 16m̂ck1 · qðk1 · q −m2Þ þ 4k̂2ð2mc − m̂cÞðm2 −M2 − q2ÞÞ þ k1 · q

× ðm̂cð−4k21ðm2 þ 3M2 − q2Þ þm4 þm2ððM − 2mcÞð3M þ 2mcÞ − 2q2Þ − ðM2 þ q2Þ
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× ð4mcðM −mcÞ − q2ÞÞ − 8m2m̂ck1 · qþ 4k̂2ð2mc − m̂cÞðm2 −M2 − q2ÞÞ þ 4k21M
2

× m̂cðm2 þM2 − q2Þ − 8m̂cðk1 · pÞ2ðm2 − 4k1 · qÞ þ 16m̂cðk1 · pÞ3Þ − 4k̂2m̂cðm2 −M2 − q2Þ
× ðk1 · pð−4k1 · pþm2 −M2 þ q2Þ þ 2k1 · qðm2 − 2k1 · pÞÞ þ 8mcðk1 · k̂Þ2ððm2 − q2Þ2 −M4Þ
þ 8ðk̂ · pÞ2ðk1 · pþ k1 · qÞð4ðmc − m̂cÞðk1 · pþ k1 · qÞ þ m̂cðm2 − q2Þ þM2ðm̂c − 2mcÞÞ�;

N6 ¼
2iðM2 −m2 þ q2Þfðk̂2Þ

m̂cMðM4 þm4 þ q4 − 2m2ðM2 þ q2Þ þ 4M2q2Þ ½−8k
2
1k̂

2m̂cððm2 − q2Þ2 −M4Þ

þ k1 · k̂ð−ðm2 −M2 − q2Þðm̂cð−4k21ðm2 þM2 − q2Þ þm4 þm2ðM2 − 4Mmc − 4m2
c − 2q2Þ

þ ðM2 − q2Þð4mcðM −mcÞ − q2ÞÞ þ 4k̂2ð2mc − m̂cÞðm2 þM2 − q2ÞÞ − 4k̂ · p

× ð4ðk1 · pþ k1 · qÞðm2ð2mc − m̂cÞ −M2m̂c þ q2ðm̂c − 2mcÞÞ þ ðm2 þM2 − q2Þ
× ðm̂cðm2 − q2Þ þM2ðm̂c − 2mcÞÞÞ þ 8m̂cðm2 − 2k1 · pÞðk1 · pþ k1 · qÞðm2 −M2 − q2ÞÞ
þ 2k̂ · pðk1 · pðm̂cð−4k21ðm2 þ 3M2 − q2Þ þ q2ð3M2 − 2m2 − 4Mmc þ 4m2

cÞ
þ ðm2 −M2Þðm2 þ 2M2 − 4Mmc − 4m2

cÞ þ q4Þ þ 16m̂ck1 · qðk1 · q −m2Þ þ 4k̂2ð2mc − m̂cÞ
× ðm2 −M2 − q2ÞÞ þ k1 · qðm̂cð−4k21ðm2 þ 3M2 − q2Þ þm4 þm2ððM − 2mcÞ
× ð3M þ 2mcÞ − 2q2Þ − ðM2 þ q2Þð4mcðM −mcÞ − q2ÞÞ − 8m2m̂ck1 · qþ 4k̂2ð2mc − m̂cÞ
× ðm2 −M2 − q2ÞÞ þ 4k21M

2m̂cðm2 þM2 − q2Þ − 8m̂cðk1 · pÞ2ðm2 − 4k1 · qÞ
þ 16m̂cðk1 · pÞ3Þ − 4k̂2m̂cðm2 −M2 − q2Þðk1 · pð−4k1 · pþm2 −M2 þ q2Þ þ 2k1 · q

× ðm2 − 2k1 · pÞÞ þ 8mcðk1 · k̂Þ2ððm2 − q2Þ2 −M4Þ þ 8ðk̂ · pÞ2ðk1 · pþ k1 · qÞ
× ð4ðmc − m̂cÞðk1 · pþ k1 · qÞ þ m̂cðm2 − q2Þ þM2ðm̂c − 2mcÞÞ�;

N7 ¼
iðM2 −m2 þ q2Þfðk̂2Þ

2m̂cMðM4 þm4 þ q4 − 2m2ðM2 þ q2Þ þ 4M2q2Þ
1

ðM2 þm2 − q2 þ λ
1
2ðM2; q2; m2ÞÞ

×
1

λ
1
2ðM2; q2; m2Þ ½λðM

2; q2; m2ÞðM2ðk̂ · pÞð4uðm̂c −mcÞðk̂ · pÞ þ m̂cðm2ð2u − 1Þ

þM2 − 4Mmcu − 2q2uþ q2ÞÞ − k̂2ðm4 − 2m2q2 −M4 þ q4Þðmcuþ m̂cðu − 1ÞÞÞ
þ λ

1
2ðM2; q2; m2ÞðM2ðk̂ · pÞð4ðk̂ · pÞðm2ðm̂cðu − 1Þ −mcuÞ þM2ð−mcuþ m̂cuþ m̂cÞ

þ q2ðmcuþ m̂cð−uÞ þ m̂cÞÞ þ m̂cð−2m4ðu − 1Þ þm2ðM2ð2u − 3Þ þ 4Mmcu − 4m2
cÞ

þM4 − 4M3mcuþM2ð4m2
c − q2ð2uþ 1ÞÞ þ 4Mmcq2uþ 4m2

cq2 þ 2q4u − 2q4ÞÞ − k̂2

× ðm2 −M2 − q2Þððm4 − 2m2ðM2 þ q2Þ þ ðM2 − q2Þ2Þðmcuþ m̂cðu − 1ÞÞ − 4M2m̂c

× ðk̂ · pÞÞÞ þM2ðk̂ · pÞð4m̂ck̂
2ðm4 − 2m2q2 −M4 þ q4Þ − 4ðk̂ · pÞðm4m̂c − 2m2ðm̂c

× ð2M2uþ q2Þ − 2M2mcuÞ þ m̂cðq4 −M4ÞÞ − m̂cðm2 −M2 − q2Þðm4ð4u − 3Þ
þm2ðM2 − 8Mmcuþ 4m2

c þ 2q2ð1 − 2uÞÞ − ðM2 − q2Þðq2 − 4m2
cÞÞÞ�;

N8 ¼
iðM2 −m2 þ q2Þfðk̂2Þ

2m̂cMðM4 þm4 þ q4 − 2m2ðM2 þ q2Þ þ 4M2q2Þ
1

ðM2 þm2 − q2 þ λ
1
2ðM2; q2; m2ÞÞ

×
1

λ
1
2ðM2; q2; m2Þ ½λ

1
2ðM2; q2; m2ÞðM2ðk̂ · pÞð4ð2u − 1Þðk̂ · pÞðm̂cðq2 −m2Þ þM2ð2mc − m̂cÞÞ

þ m̂cð−m2ðM2ð1 − 2uÞ2 − 4m2
c þ 4q2ðu − 1ÞuÞ þM4ð1 − 2uÞ2 −M2ð4m2

c þ q2

× ð8u2 − 8uþ 3ÞÞ þ 8Mmcq2 − 4m2
cq2 þ 4q4ðu − 1ÞuÞÞ − k̂2ðm2 −M2 − q2Þð4M2ð2mc
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− m̂cÞðk̂ · pÞ þ m̂cð2u − 1Þðm4 − 2m2ðM2 þ q2Þ þ ðM2 − q2Þ2ÞÞÞ þ m̂cλðM2; q2; m2Þ
× ðM2ðk̂ · pÞðm2ð1 − 2uÞ2 þM2ð1 − 2uÞ2 − 4Mmc − q2ð1 − 2uÞ2Þ − ð2u − 1Þk̂2ðm4

− 2m2q2 −M4 þ q4ÞÞÞ þM2ðk̂ · pÞð−4ð2u − 1Þðm2 þM2 − q2Þðk̂ · pÞðm̂cðm2 − q2Þ
þM2ðm̂c − 2mcÞÞ − 4k̂2ð2mc − m̂cÞðm4 − 2m2q2 −M4 þ q4Þ − m̂cðm2 −M2 − q2Þ
× ðm4ð1 − 2uÞ2 þm2ðM2ð1 − 2uÞ2 − 4Mmc − 4m2

c − 2q2ð2u2 − 2uþ 1ÞÞ
þ ðM2 − q2Þð4Mmc − 4m2

c − q2ÞÞÞ�;

N9 ¼
iðM2 −m2 þ q2Þfðk̂2Þ

2m̂cMðM4 þm4 þ q4 − 2m2ðM2 þ q2Þ þ 4M2q2Þ
1

ðM2 þm2 − q2 þ λ
1
2ðM2; q2; m2ÞÞ

×
1

λ
1
2ðM2; q2; m2Þ ½λðM

2; q2; m2ÞðM2ðk̂ · pÞðm̂cðm2ð1 − 2uÞ þM2 þ 4Mmcðu − 1Þ

þ q2ð2u − 1ÞÞ − 4ðu − 1Þðmc − m̂cÞðk̂ · pÞÞ − k̂2ðm4 − 2m2q2 −M4 þ q4Þðmcðu − 1Þ
þ m̂cuÞÞ − λ

1
2ðM2; q2; m2Þðk̂2ðm2 −M2 − q2Þððm4 − 2m2ðM2 þ q2Þ þ ðM2 − q2Þ2Þ

× ðmcðu − 1Þ þ m̂cuÞ − 4M2m̂cðk̂ · pÞÞ þM2ðk̂ · pÞð4ðk̂ · pÞðm2ðmcðu − 1Þ − m̂cuÞ
þM2ðmcðu − 1Þ − m̂cðu − 2ÞÞ þ q2ðmcð−uÞ þmc þ m̂cuÞÞ þ m̂cð−2m4uþm2ðM2

× ð2uþ 1Þ þ 4Mmcðu − 1Þ þ 4m2
cÞ −M4 − 4M3mcðu − 1Þ þM2ðq2ð3 − 2uÞ − 4m2

cÞ
þ 4Mmcq2ðu − 1Þ − 4m2

cq2 þ 2q4uÞÞÞ þM2ðk̂ · pÞð4m̂ck̂
2ðm4 − 2m2q2 −M4 þ q4Þ

þ 4ðk̂ · pÞðm4m̂c − 2m2ð2M2ðu − 1Þðmc − m̂cÞ þ m̂cq2Þ þ m̂cðq4 −M4ÞÞ þ m̂cðm2

−M2 − q2Þðm4ð4u − 1Þ −m2ðM2 þ 8Mmcðu − 1Þ þ 4m2
c þ 2q2ð2u − 1ÞÞ

þ ðM2 − q2Þðq2 − 4m2
cÞÞÞ�;

with λða; b; cÞ≡ a2 þ b2 þ c2 − 2ðabþ bcþ acÞ as the usual Källén function.
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