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Interactions of charged leptons with nuclei and the naive tree-level kinematics of these processes are
affected by radiation of photons induced by the QED nuclear medium. We evaluate cross section
modifications at leading orders of the number of correlated interactions inside the nucleus, known as the
opacity expansion. We derive results for soft and collinear types of the bremsstrahlung at the first three
orders in opacity and generalize them to higher orders. We present the leading in opacity energy spectra of
soft and collinear photons and radiative energy loss inside the nucleus for experiments with lepton
kinematics in the GeV energy range. At leading power of the Glauber soft-collinear effective field theory,
the soft radiation is further resummed to all orders both in opacity and in the electromagnetic coupling
constant. We find that the soft and collinear medium-induced radiation is vacuumlike, and additional
corrections are power suppressed. Despite the negligible modification to the induced photon spectra, the
nuclear medium-induced radiation sizably affects the broadening of charged leptons in the direction
orthogonal to their propagation.
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I. INTRODUCTION

Quantum electrodynamics (QED) radiative corrections
are an integral part of the scattering cross sections that enter
precise measurements of the nonperturbative quantities
describing the internal quantum chromodynamics (QCD)
structure of hadrons and nuclei. Only with a proper
unfolding of QED effects can precision experiments assess
the process-independent QCD quantities. The development
of techniques to evaluate QED radiative corrections [1–6],
fortunately, accompanied the progress in electron scattering
experiments [7–16]. In the electroweak sector, the ambi-
tious goals of the next generation of neutrino oscillation
experiments [17–20] motivated research on radiative cor-
rections to the scattering of (anti)neutrino beams [21–24].
Moreover, future measurements of the internal structure of
nucleons and nuclei at the Electron-Ion Collider [25,26]
need proper treatment of QED radiative corrections that
become sizable due to the enhancement by large logarithms
of kinematic quantities [27].

In performing experiments with nuclei, QED interactions
of initial- and final-state particles with the nuclear medium
in (anti)neutrino-, electron-, and muon-nucleus scattering
might modify experimental observables in a very distinct
way. Undoubtedly, these process-dependent corrections
should be investigated in detail and applied in the analyses
of measurements if the nuclear medium-induced effects are
at the level of experimental uncertainty or above.
In our previous work [28], we performed the first

evaluation of cross section modifications for the elastic
scattering off nucleons1 inside a large nucleus due to the
exchange of photons between charged particles and the
nuclear medium in (anti)neutrino-, electron-, and muon-
induced reactions. We found per-mill-level effects in
(anti)neutrino-nucleus scattering and up to percent-level
corrections in electron-nucleus scattering in forward
kinematics [28]. We employed two approaches: the first
one accounts only for the leading power of the soft-
collinear effective field theory with Glauber-photon
exchanges between the charged lepton and the QED
nuclear medium (SCETG), while the second one is
complete and does not rely on the approximations of
SCETG. Subsequently, we included the multiple rescat-
tering of charged leptons in a large nucleus within the
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1By elastic scattering on nucleons, we denote the process with
initial and final states consisting of the lepton and the nucleon and
allow for change of the kinematics.
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effective field theory approach [29] by evaluating a well-
defined series in the mean number of scatterings inside
the nucleus, known as the opacity expansion, and found
sizable QED nuclear medium-induced redistribution of
charged particle tracks in the direction transverse to their
propagation. The size of the corresponding corrections to
the (anti)neutrino-nucleus and electron-nucleus cross
sections can reach percent level.
In this work, we take the next step in the studies of QED

nuclear medium effects and evaluate soft and collinear
bremsstrahlung induced by the interaction of leptons with
the nuclearmediummediated byGlauber photons.We derive
radiative cross sections at the first three orders in the opacity
expansion andgeneralize them to an arbitrary order.We show
that soft radiation can be exactly resummed up to all orders in
opacity at leading power of the soft-collinear effective field
theory. We find that the resulting photon energy spectrum
coincideswith the spectrum invacuum,with negligibly small
power-suppressed corrections from the QED nuclear
medium. We reproduce the expressions for soft radiation
in the appropriate limit of our calculation for the collinear
bremsstrahlung and find that the relative contribution of
nuclear medium-induced radiation to the bremsstrahlung in
vacuum is approximately the same for soft and collinear
photons at each order of the opacity expansion. At leading
order of the opacity expansion, we provide numerical
estimates for the nuclear medium-induced spectral distortion
of the collinear radiation. Based on the derived nuclear
medium-induced bremsstrahlung, we estimate the radiative
energy loss of charged leptons inside the nucleus for
incoming beams in the GeV energy range. Even though
we apply similar theoretical tools for the derivation of
medium-induced radiation in QED, our results differ both
qualitatively and quantitatively from the QCD case.
The rest of our paper is organized as follows. In Sec. II, we

derive the nuclear medium-induced emission of soft pho-
tons. First, we present the scattering amplitudes and unpo-
larized cross sections for the bremsstrahlung in Sec. II A.
Subsequently, we resum all orders in the opacity expansion
for the soft radiation in Sec. II B. In this subsection, we also
present the soft functions that modify the broadening
distributions in (anti)neutrino- and electron-nucleus scatter-
ing and present numerical estimates for beams of GeV
energy. Section III is dedicated to collinear bremsstrahlung.
We present the opacity expansion for the collinear radiation
in Sec. III A. We discuss the soft-photon, hard-photon, and
phase-independent limits and generalize the opacity resum-
mation to the case of collinear radiation in Sec. III B. In
Sec. III C, we present numerical results for the QED nuclear
medium-induced radiation at GeV energies of the charged
particle at the first order of the opacity expansion for several
nuclei of interest to the neutrino and electron scattering
communities. In Sec. III D, we discuss similarities and
differences to the medium-induced radiation of gluons in
QCD.We define and evaluate the radiative energy loss of the

charged lepton in vacuum and in the nuclear medium in
Sec. IV. Section V contains the conclusions of our work. In
Appendix A, we describe important details for the dia-
grammatic derivation of medium-induced cross section
corrections starting with expressions for the scattering
amplitude. Appendixes B and C describe various limits of
the medium-induced radiation of collinear photons.

II. RADIATION OF SOFT PHOTONS

In this section, we evaluate cross sections for the
radiation of soft photons. We derive analytic expressions
for the first three orders of the opacity expansion, present
the generalization to higher orders, and resum all orders of
the opacity and electromagnetic coupling constant, but at
the leading power of SCETG.

A. Opacity expansion of the soft-photon radiation

Let us consider the medium-induced radiation of one real
soft photon and evaluate matrix elements for diagrams that
contribute to the first orders of the opacity expansion.
After the hard scattering, the charged lepton propagates

in the Coulomb field of electric charges inside the nucleus
with a potential that in momentum space reads as follows

vðq⊥Þ ¼ 4πα
q2⊥þζ2

, where ζ ≈ meZ1=3

192
[30] introduces the regu-

larization at the atomic screening scale, Z is the nuclear
charge, me is the electron mass, α is the electromagnetic
coupling constant, and we denote a⊥ ¼ ja⃗⊥j for an
arbitrary vector a. The radiation of one soft photon from
the final-state charged lepton at the space-time point x0

multiplies the tree-level amplitude in vacuum TLO as

TLO
1γ ¼ e

p0 · ε⋆

p0 · kγ
TLOeikγ ·x

0

; ð1Þ

where TLO
1γ is now the leading-order amplitude with radia-

tion, e ¼ ffiffiffiffiffiffiffiffi
4πα

p
is the electric charge,p0 is themomentumof

the charged lepton, and kγ and ε are the momentum and the
polarization vector of the radiated photon, respectively. The
amplitude in Eq. (1) is not gauge invariant. To obtain gauge-
invariant radiation, we add an extra contribution from the
radiation of heavy spectator with a four-velocity vector vμ,

TLO
1γ ¼ e

�
p0 · ε⋆

p0 · kγ
−
v · ε⋆

v · kγ

�
TLOeikγ ·x

0

: ð2Þ

FIG. 1. Diagrams for the one-Glauber exchange amplitude with
one radiated photon in the charged-current (anti)neutrino-nucleus
scattering.
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An exchange of one Glauber photon with the nuclear
medium at the spatial position ðx⃗1⊥; z1Þ gives an extra
contribution T1G

1γ to the matrix element TLO
1γ of the hard

process at the space-time point x0,

T1G
1γ ¼ −ie

�
p0 · ε⋆

p0 · kγ
−
v · ε⋆

v · kγ

�

×
X
z1>z0

Z
d2q⃗⊥
ð2πÞ2 e

−iq⃗⊥·x⃗1⊥vðq⊥ÞΓð1Þðq⃗⊥; z1Þ

× TLOðp0 þ kγ − qÞeiðp0þkγÞ·x0 ; ð3Þ

Γð1Þ ¼ eiΩðp0þkγ ;q⃗⊥Þðz1−z0Þ

−
2p0 ·kγ

ðp0 þkγÞþ
eiΩðp0;q⃗⊥Þðz1−z0Þ−eiΩðp0þkγ ;q⃗⊥Þðz1−z0Þ

Ωðp0; q⃗⊥Þ−Ωðp0 þkγ; q⃗⊥Þ
; ð4Þ

with the phase factor Ωðp; q⃗⊥Þ,

Ωðp; q⃗⊥Þ ¼ p− −
ðp⃗⊥ − q⃗⊥Þ2

pþ : ð5Þ

We illustrate the corresponding diagrams in Fig. 1. We
select the z1, z0 coordinate axes and the third components
of ðx⃗1⊥; z1Þ; ðx⃗0⊥; z0Þ along the charged lepton momentum
direction, respectively, and use standard light cone
coordinates.
An exchange of two Glauber photons with the nuclear

medium at the spatial positions ðx⃗1⊥; z1Þ and ðx⃗2⊥; z2Þ gives
an extra contribution T2G

1γ to the matrix element TLO
1γ of the

hard process at the space-time point x0,

T2G
1γ ¼ −e

�
p0 · ε⋆

p0 · kγ
−
v · ε⋆

v · kγ

� X
z2>z1>z0

Z
d2q⃗1;⊥
ð2πÞ2

d2q⃗2;⊥
ð2πÞ2 e−iðq⃗1;⊥·x⃗1⊥þq⃗2;⊥·x⃗2⊥Þ

× vðq1;⊥Þvðq2;⊥ÞΓð2Þðq⃗1;⊥; q⃗2;⊥; z1; z2ÞTLOðp0 þ kγ − q1 − q2Þeiðp0þkγÞ·x0 ; ð6Þ

Γð2Þ ¼ eiΩðp0þkγ ;q⃗1;⊥þq⃗2;⊥Þðz1−z0ÞeiΩðp0þkγ ;q⃗2;⊥Þðz2−z1Þ

−
2p0 · kγ

ðp0 þ kγÞþ
eiΩðp0þkγ ;q⃗1;⊥þq⃗2;⊥Þðz1−z0Þ e

iΩðp0;q⃗2;⊥Þðz2−z1Þ − eiΩðp0þkγ ;q⃗2;⊥Þðz2−z1Þ

Ωðp0; q⃗2;⊥Þ −Ωðp0 þ kγ; q⃗2;⊥Þ

−
2p0 · kγ

ðp0 þ kγÞþ
eiΩðp0;q⃗1;⊥þq⃗2;⊥Þðz1−z0Þ − eiΩðp0þkγ ;q⃗1;⊥þq⃗2;⊥Þðz1−z0Þ

Ωðp0; q⃗1;⊥ þ q⃗2;⊥Þ −Ωðp0 þ kγ; q⃗1;⊥ þ q⃗2;⊥Þ
eiΩðp0;q⃗2;⊥Þðz2−z1Þ: ð7Þ

After deriving the third order of the opacity expansion, we generalize the amplitude expression to higher orders and present
the nth-order result below. An exchange of n Glauber photons with the nuclear medium at the spatial positions
ðx⃗1⊥; z1Þ;…; ðx⃗n⊥; znÞ gives an extra contribution TnG

1γ to the matrix element TLO
1γ of the hard process at the space-time point x0,

TnG
1γ ¼ ð−iÞne

�
p0 · ε⋆

p0 · kγ
−
v · ε⋆

v · kγ

� X
zn>…>z1>z0

Z
d2q⃗1;⊥
ð2πÞ2 …

d2q⃗n;⊥
ð2πÞ2 e−iðq⃗1;⊥·x⃗1⊥þ���þq⃗n;⊥·x⃗n⊥Þvðq1;⊥Þ…vðqn;⊥Þ

× ΓðnÞðq⃗1;⊥;…; q⃗n;⊥; z1;…; znÞTLOðp0 þ kγ − q1 − � � � − qnÞeiðp0þkγÞ·x0 ; ð8Þ

ΓðnÞ ¼ eiΩðp0þkγ ;q⃗1;⊥þ���þq⃗n;⊥Þðz1−z0Þ…eiΩðp0þkγ ;q⃗n−1;⊥þq⃗n;⊥Þðzn−1−zn−2ÞeiΩðp0þkγ ;q⃗n;⊥Þðzn−zn−1Þ

−
2p0 · kγ

ðp0 þ kγÞþ
Xn
i¼1

eiΩðp0þkγ ;q⃗1;⊥þ���þq⃗n;⊥Þðz1−z0Þ…eiΩðp0þkγ ;q⃗i−1;⊥þ���þq⃗n;⊥Þðzi−1−zi−2Þ

×
eiΩðp0;q⃗i;⊥þ���þq⃗n;⊥Þðzi−zi−1Þ − eiΩðp0þkγ ;q⃗i;⊥þ���þq⃗n;⊥Þðzi−zi−1Þ

Ωðp0; q⃗i;⊥ þ � � � þ q⃗n;⊥Þ −Ωðp0 þ kγ; q⃗i;⊥ þ � � � þ q⃗n;⊥Þ
× eiΩðp0;q⃗iþ1;⊥þ���þq⃗n;⊥Þðziþ1−ziÞ…eiΩðp0;q⃗n;⊥Þðzn−zn−1Þ: ð9Þ

In the soft-photon factors of Eqs. (3)–(9), we neglected the change of momenta from the exchange of Glauber photons. We
verified both analytically and numerically that the effects associated with this approximation are power suppressed.
We describe the evaluation of cross section corrections in Appendix A and provide our results in the main text below. The

resulting radiative cross section corrections at first, second, and nth order of the opacity expansion δdσð1Þ1γ , δdσ
ð2Þ
1γ , and

δdσðnÞ1γ , respectively, are given by
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δdσð1Þ1γ ¼ e2
����p0 · ε⋆

p0 · kγ
−
v · ε⋆

v · kγ

����2 d3k⃗γ
ð2πÞ32Eγ

X
z1>0

Nz1

Sz
1

⊥

Z
d2q⃗⊥
ð2πÞ2 vðq⊥Þ

2

×
�
dσLO

�
p⃗0 þ k⃗γ − q⃗⊥

�jΓð1Þ�q⃗⊥; z1�j2 − dσLO
�
p⃗0 þ k⃗γ

�	
; ð10Þ

δdσð2Þ1γ ¼ e2
����p0 · ε⋆

p0 · kγ
−
v · ε⋆

v · kγ

����2 d3k⃗γ
ð2πÞ32Eγ

X
z2>z1>0

Nz1

Sz
1

⊥

Nz2

Sz
2

⊥

Z
d2q⃗1;⊥
ð2πÞ2

d2q⃗2;⊥
ð2πÞ2 vðq1;⊥Þ2vðq2;⊥Þ2

×
�
dσLO

�
p⃗0 þ k⃗γ − q⃗1;⊥ − q⃗2;⊥

�jΓð2Þ�q⃗1;⊥; q⃗2;⊥; z1; z2�j2 þ dσLO
�
p⃗0 þ k⃗γ

�
− dσLO

�
p⃗0 þ k⃗γ − q⃗1;⊥

�jΓð1Þ�q⃗1;⊥; z1�j2 − dσLO
�
p⃗0 þ k⃗γ − q⃗2;⊥

�jΓð1Þ�q⃗2;⊥; z2�j2	; ð11Þ

δdσðnÞ1γ ¼ e2
����p0 · ε⋆

p0 · kγ
−
v · ε⋆

v · kγ

����2 d3k⃗γ
ð2πÞ32Eγ

X
zn>…>z1>0

Nz1

Sz
1

⊥
…

Nzn

Sz
n

⊥

Z
d2q⃗1;⊥
ð2πÞ2 …

d2q⃗n;⊥
ð2πÞ2 vðq1;⊥Þ2…vðqn;⊥Þ2

×



dσLO

�
p⃗0 þ k⃗γ − q⃗⊥

�jΓðnÞ�q⃗1;⊥;…; q⃗n;⊥; z1;…; zn
�j2

−
Xn
i¼1

dσLO
�
p⃗0 þ k⃗γ − q⃗⊥ þ q⃗i;⊥

�jΓðn−1Þ�q⃗1;⊥;…; q⃗i−1;⊥; q⃗iþ1;⊥;…; q⃗n;⊥; z1;…; zi−1; ziþ1;…; zn
�j2

þ
Xn
i¼2

Xi−1
j¼1

dσLO
�
p⃗0 þ k⃗γ − q⃗⊥ þ q⃗i;⊥ þ q⃗j;⊥

�
×jΓðn−2Þ�q⃗1;⊥;…; q⃗j−1;⊥; q⃗jþ1;⊥;…; q⃗i−1;⊥; q⃗iþ1;⊥;…; q⃗n;⊥; z1;…; zj−1; zjþ1;…; zi−1; ziþ1;…; zn

�j2
þ � � � þ ð−1Þn−1

Xn
i¼1

dσLO
�
p⃗0 þ k⃗γ − q⃗i;⊥

�jΓð1Þ�q⃗i;⊥; zi�j2 þ ð−1ÞndσLO�p⃗0 þ k⃗γ
��
; ð12Þ

with q⃗⊥ ¼Pn
i¼1 q⃗i;⊥, Nzi scattering centers that are dis-

tributed in the cross-sectional area Sz
i

⊥ around the inter-
action point zi along the charged lepton trajectory, and the
third component of the hard interaction space-time point
z0 ¼ 0. The relative effect from each order of the opacity
expansion without modification of phases by the radiation,
i.e., ΓðnÞ ¼ 1, is equivalent to the corrections to radiation-
free cross sections from the exchange of Glauber photons,
cf. Ref. [28]. Results of Ref. [28] serve as a reference point
for the first order of the opacity expansion. This relative
cross section correction does not depend on the details of
photon kinematics.

B. Soft-photon radiation to all orders
in α at leading SCETG power

At the leading power of SCETG, all additional photon-
induced factors are the same,2

jΓð1Þðq⃗⊥; z1Þj2 ¼ jΓð2Þðq⃗1;⊥; q⃗2;⊥; z1; z2Þj2 ¼ …

¼ jΓðnÞðq⃗1;⊥…q⃗n;⊥; z1…znÞj2 ¼ 1: ð13Þ

It allows us to resum all orders of the opacity expansion. At
each order, we obtain the multiplication of the radiation-
free expression with the eikonal factor and photon phase
space. Integrating over the photon phase space, accounting
for the soft-photon region of virtual diagrams and including
one soft photon of energy Eγ below ΔE, we describe the
soft-photon bremsstrahlung with the soft function S1γðΔEÞ,
cf. Refs. [23,24,32] for explicit expressions in electron- and
(anti)neutrino-nucleon scattering. From general properties
of radiation in QED in the infrared [1,23,24,32], double
logarithms in the soft function can be resummed to account
for the radiation of arbitrary number of photons with a total
energy below ΔE as

S1γðΔEÞ → SðΔEÞ ¼ eS1γðΔEÞ−1: ð14Þ

In the elastic scattering of the charged lepton off the
nucleus, we combine a set of radiative corrections into
the renormalization-scheme-independent one-photon soft
function by adding virtual vertex correction, vacuum
polarization, and soft-photon radiation from the initial

2Contrary to the estimates in Ref. [31] that are based on the
exchange of Glauber gluons with QCD medium, soft photons
contribute beyond the first two orders in the opacity expansion of
Glauber-photon interactions with QED medium, both at leading
and subleading powers.
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and final charged lepton lines, which is given by the
substitution of vμ with the incoming lepton momentum
pμ in Eq. (2). In the limit of large squared momentum
transfers Q2 ¼ −ðp − p0Þ2 ≫ m2

l [3,4], we obtain the
gauge-invariant and scheme-independent soft function Sl1γ ,

Sl1γ ¼ 1þ α

π

�
ln
ðΔEÞ2
ElE0

l



ln
Q2

m2
l

− 1

�
−
1

2
ln2

El

E0
l
þ 13

6
ln
Q2

m2
l

þ Li2



cos2

θl
2

�
−
π2

6
−
28

9

�
; ð15Þ

with the initial- and final-lepton energies El and
E0
l, respectively. In Eq. (15), we consider only the

electron vacuum polarization and do not account for
other vertex structures that contribute the scheme- and
gauge-independent constant terms, besides the Dirac one.
To set the MS renormalization scale for the soft function
in (anti)neutrino-nucleus scattering, we notice that
Eq. (15) corresponds to the function from Ref. [32] at
the MS renormalization scale μ ∼ ΔE.
In Fig. 2,we illustrate the soft factors in electron-, electron

flavor neutrino-, and antineutrino-nucleus scattering for an
incoming beam energy Ebeam ¼ 2 GeV and a soft-photon
energy cutoff ΔE ¼ 10 MeV as a function of the squared
momentum transfer Q2. The double-logarithmic contribu-
tions in elastic electron- and (anti)neutrino-nucleus scatter-
ing, which can be exponentiated as in Eq. (14), suppress
cross sections at the 10%–30% level for electrons of GeV
energies. Such contributions are important in precise mea-
surements with electrons and neutrinos. The corrections

from next-to-leading order in SCETG are smaller than the
width of the lines in Fig. 2.
Since the same soft factor arises at each order of the

opacity expansion, it can be factored out and the Glauber-
photon exchange series can be resummed for the lepton
broadening distribution. The corresponding charged lepton
p0⊥ distribution [33] in the elastic (anti)neutrino-nucleus
scattering is multiplied with the soft function S as follows:

dN
dp0⊥

¼ SðΔEÞ
Z∞
0

bp0⊥J0ð0;bp0⊥Þe−χ½1−ζbK1ðζbÞ�db; ð16Þ

with the modified Bessel function of the second kind K1,
the Bessel function of the first kind J0, and an integral in
the transverse coordinate space over the radial coordinate b.
We observe the well-known double-logarithmic suppres-
sion of radiative corrections [34] in both (anti)neutrino-
nucleus and electron-nucleus scattering, as it is illustrated
in Fig. 2. After averaging over the nuclear sites at each
order of the opacity expansion, the multiple rescattering
within the QED medium does not change the spectrum of
radiated soft photons, but rather slightly shifts the overall
normalization, i.e., the cross section.
The soft-photon energy spectrum up to all orders of the

opacity expansion at the leading power of SCETG is easily
obtained from the broadening distribution after integrating
the derivative of Eq. (16) with respect to the soft-photon
energy cutoff ΔE over the p0⊥ spectrum. In the small
lepton-mass limit, m2

l ≪ Q2; Ẽ2
l, the bremsstrahlung spec-

trum can be expressed as3

dNγ
S

dx
¼ α

π

SðEγÞ
x

�
δl ln

Q2

m2
l
þ δνl

2
ln
4Ẽ2

l

m2
l
− 1

�
; ð17Þ

with the fraction of the photon energy in the sum of the
charged lepton and photon energies x ¼ Eγ=ðE0

l þ EγÞ.
Here, δl ¼ 0; δνl ¼ 1 for the (anti)neutrino scattering, and
δl ¼ 1; δνl ¼ 0 for the charged lepton scattering; Ẽl

denotes the charged lepton energy in the rest frame of
the struck or final-state proton. This spectrum coincides
with the soft-photon spectrum in vacuum. Consequently,
the medium-induced radiative energy spectrum of soft
photons on top of the vacuumlike one at leading SCETG
power vanishes after the resummation of all orders of the
opacity expansion.4

FIG. 2. Soft-photon corrections in the elastic electron-, electron
flavor neutrino-, and antineutrino-nucleus scattering are shown as
a function of the squared momentum transfer for an incoming
beam energy Ebeam ¼ 2 GeV and the soft-photon energy cutoff
ΔE ¼ 10 MeV. Contributions from the one-photon soft func-
tions in electron-, neutrino-, and antineutrino-nucleus scattering
Se1γ , S

ν
1γ , and Sν̄1γ , respectively, are compared to the exponentiated

results Se, Sν, and Sν̄.

3All the dependence on the longitudinal final-state lepton
momentum cancels since the distribution is normalized to the
tree-level cross section.

4The power-suppressed contributions from Ref. [31] are not
necessary zero.

MEDIUM-INDUCED PHOTON BREMSSTRAHLUNG IN NEUTRINO- … PHYS. REV. D 109, 073010 (2024)

073010-5



III. RADIATION OF COLLINEAR PHOTONS

In this section, we evaluate cross sections for the
radiation of collinear photons. We derive analytic expres-
sions for the first three orders in the opacity expansion and
present the generalization to higher orders. We further
study the soft-photon, hard-photon, and phase-independent
limits and discuss the generalization to higher orders and
resummation of all orders. We also compare theoretical
aspects of our calculation to the corresponding details of
the derivation in QCD.

A. Opacity expansion of the collinear radiation

First, we consider the medium-induced radiation of one
real collinear photon and evaluate cross section corrections
at each order of the opacity expansion.
The radiation of one collinear photon from the

charged lepton multiplies the tree-level matrix element
jMLO

1γ ðp0 þ kγÞj2 as

dσLO1γ ¼ e2
4

A2⊥;1

1þ ð1 − xÞ2
2

ð1 − xÞjMLO
1γ ðp0 þ kγÞj2

×
d3p⃗0

ð2πÞ32E0
d3k⃗γ

ð2πÞ32Eγ
; ð18Þ

with the vector A⃗⊥;1 ¼ k⃗γ;⊥ð1 − xÞ − p⃗0⊥x, transverse to
the direction of propagation, and fraction of the photon
energy in the sum of lepton and photon energies
x ¼ kþγ =ðp0 þ kγÞþ. For the choice of the collinear direc-
tion along the sum of the photon and lepton momenta, i.e.,
p⃗0⊥ þ k⃗γ;⊥ ¼ 0, we obtain the electron-photon splitting
function Pe→eðxÞ, analogous to the Altarelli-Parisi quark-
gluon splitting [35–41],

dσLO1γ

dσLOðp⃗0 þ k⃗γÞ
2πk⃗2γ;⊥
dxd2k⃗γ;⊥

¼ α

π
Pe→eðxÞ ¼

α

π

1þ ð1− xÞ2
x

;

ð19Þ

where the radiation-free cross section for the tree level is
expressed in terms of the electromagnetic instead of the
electron kinematics. We have also verified the tree-level
γ → eþe− splitting function Pγ→eðxÞ: Pγ→eðxÞ ¼ x2 þ
ð1 − xÞ2, where the electron carries a fraction of the photon
energy x. In this work, we regularize the collinear diver-
gence by introducing the nonzero charged lepton mass
through the velocity parameter βl and obtain the energy
spectrum of collinear photons,

dNγ
c

dx
¼ dσLO1γ

dσLOðp⃗0 þ k⃗γÞdx
≡ α

2π

1þð1−xÞ2
x

βl sinθγ
1−βl cosθγ

dθγ;

ð20Þ

dNγ
c

dx
≈
α

π

1þ ð1 − xÞ2
x

ln
ðE0

l þ EγÞΔθ
ml

; ð21Þ

where we consider the jet around the charged lepton
direction with the cone size Δθ, denote the angle between
the lepton and photon as θγ , and keep only the leading
power in ml. The splitting-function approximation works
only outside the dead cone when ðE0

l þ EγÞθγ=ml ≫ 1.
Note that our radiative cross section is normalized to the
leading-order cross section, which we evaluate with the
electromagnetic E0

l þ Eγ instead of the lepton energy E0
l.

The derivation of cross sections from matrix elements
follows the same steps as in Sec. II A for the soft-photon
radiation from the charged lepton line and results in the
same expressions as in Eqs. (10)–(12) with the only change
of the soft-photon prefactor e2j p0·ε⋆

p0·kγ
− v·ε⋆

v·kγ
j2 to the prefactors

of the collinear radiation in vacuum, cf. Eqs. (18)–(20), and
change in the photon-induced phase-dependent functions
ΓðnÞ as

jΓð1Þj2 ¼ 1þ 2
A2⊥;1

A2⊥;2

�
1 − cos

A2⊥;2ðz1 − z0Þ
xðp0Þþ

�
− 2

A⃗⊥;1 · A⃗⊥;2

A2⊥;2

�
1 − cos

A2⊥;2ðz1 − z0Þ
xðp0Þþ

�
; ð22Þ

jΓð2Þj2 ¼ 1þ 2
A2⊥;1

A2⊥;3

�
1 − cos

A2⊥;3ðz1 − z0Þ
xðp0Þþ

�
þ 2

A2⊥;1

A2⊥;2

�
1 − cos

A2⊥;2ðz2 − z1Þ
xðp0Þþ

�

− 2
A2⊥;1

A2⊥;3

A⃗⊥;2 · A⃗⊥;3

A2⊥;2

�
cos



A2⊥;3ðz1 − z0Þ þ A2⊥;2ðz2 − z1Þ

xðp0Þþ
�
− cos

A2⊥;2ðz2 − z1Þ
xðp0Þþ

�

− 2
A2⊥;1

A2⊥;3

A⃗⊥;2 · A⃗⊥;3

A2⊥;2

�
1 − cos

A2⊥;3ðz1 − z0Þ
xðp0Þþ

�
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− 2
A⃗⊥;1 · A⃗⊥;3

A2⊥;3

�
cos

A2⊥;2ðz2 − z1Þ
xðp0Þþ − cos



A2⊥;3ðz1 − z0Þ þ A2⊥;2ðz2 − z1Þ

xðp0Þþ
��

− 2
A⃗⊥;1 · A⃗⊥;2

A2⊥;2

�
1 − cos

A2⊥;2ðz2 − z1Þ
xðp0Þþ

�
; ð23Þ

jΓðnÞj2 ¼ 1þ 2A2⊥;1

Xnþ1

i¼2

Xi
j¼2

A⃗⊥;i · A⃗⊥;j

A2⊥;iA
2⊥;j

�
cos

P
i−1
k¼j A

2⊥;kðznþ2−k − znþ1−kÞ
xðp0Þþ − cos

P
i
k¼j A

2⊥;kðznþ2−k − znþ1−kÞ
xðp0Þþ

�

þ 2A2⊥;1

Xnþ1

i¼2

Xi−1
j¼1

A⃗⊥;i · A⃗⊥;j

A2⊥;iA
2⊥;j

�
cos

P
i
k¼jþ1 A

2⊥;kðznþ2−k − znþ1−kÞ
xðp0Þþ − cos

P
i−1
k¼jþ1 A

2⊥;kðznþ2−k − znþ1−kÞ
xðp0Þþ

�
; ð24Þ

with the transverse vectors

A⃗⊥;i¼ k⃗γ;⊥ð1−xÞ−ðp⃗0⊥− q⃗1;⊥− � ��− q⃗i−1;⊥Þx; i¼1;…;n:

ð25Þ

We replace the sum with zero when the lowest limit in the
sum exceeds the upper limit. Contrary to the soft radiation,
the collinear radiation from the incoming charged lepton
does not interfere with the bremsstrahlung from the out-
going lepton for sufficiently large scattering angles. In this
work, we do not consider the collinear radiation for the
forward kinematics when the interference should be taken
into account.
For completeness, we also provide the function jΓð1Þj2

for the leading in the opacity QED nuclear medium-
induced contribution to γ → eþe− splitting function,

jΓð1Þj2¼2cos

�

−
q2⊥

ðkþγ Þ2
þ2ð1−2xÞp⃗

e⊥ · q⃗⊥
ðkþγ Þ2

�
z1−z0

xð1−xÞ
�
−1;

ð26Þ

with the same form of the cross section correction as for the
soft and collinear radiation.

B. Collinear radiation to all orders
in α at leading SCETG power

Setting first A⃗⊥;1 ¼ A⃗⊥;2 ¼ … ¼ A⃗⊥;n only in the
numerators, but not in the denominators and not under
the arguments of the trigonometric functions, and, sub-
sequently, x ¼ 0, we reproduce the result for the medium-
induced bremsstrahlung correction of soft photons from
Secs. II A and II B that multiplies the collinear enhance-
ment in vacuum.
It is instructive to consider two more limits: (1) the limit

x → 1 with rapidly oscillating arguments of trigonometric
functions, and (2) the limit of small trigonometric argu-
ments that corresponds to the typical experimental situation
and phase-independent functions ΓðnÞ. In both limits, the

first term, 1, from the ΓðnÞ ¼ 1þ… functions results in the
same relative nuclear medium correction that multiplies the
collinear enhancement and the splitting function invacuum in
the sameway as for the soft radiation and as for the radiation-
free process. We give the analytical derivation of these limits
in Appendix B for limit 1 and in Appendix C for limit 2,
respectively. We find that the leading nuclear medium-
induced correction to the bremsstrahlung is determined by
kinematic changes of cross sections in Eqs. (10)–(12) and
generalize this result to all orders, i.e., ΓðnÞ ¼ 1 determines
not only soft and radiation-free QED nuclear modifications
but also nuclear medium-induced contributions to the col-
linear radiation. By this, we find that the medium-induced
radiative energy spectrum of collinear photons is vacuumlike
and any corrections vanish after the resummation of all orders
of the opacity expansion, while the associated charged lepton
broadening distribution ismultiplied by the corresponding jet
function invacuum [23,24]. The perturbative resummation of
double-logarithmic corrections can be performed by the
exponentiation of the leading-order double logarithms.

C. Collinear radiation at the first order
of the opacity expansion

In our estimates below, we verify the conjecture Γð1Þ ≈ 1
numerically for the first order of the opacity expansion and
reproduce the QED nuclear medium correction of Ref. [28].
In addition to the kinematics of the process, the nuclear

medium-induced spectral distortions depend on two dimen-

sionless variables p0⊥
ζ and p0⊥

E0
lþEγ

× p0⊥Rrms, with the nuclear

size Rrms and overall prefactor 1=ðζRrmsÞ2. Regulating
the collinear divergence with the finite lepton mass
and exploiting the kinematic relation at leading power

p0⊥ ¼ E0
lEγ

E0
lþEγ

θl, we integrate over the photon angles and

obtain the spectrum of collinear radiation within a cone of
some size Δθ. In the following Figs. 3–8, we study the
spectral distortions of radiated collinear photons in elastic
neutrino-neutron, antineutrino-proton, and electron-
nucleon scattering inside the nucleus, including averaging
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FIG. 4. Same as Fig. 3, but for the squared momentum transfer Q2 ¼ 0.3 GeV2.

FIG. 5. Same as Fig. 3, but for the antineutrino scattering. We do not indicate the absolute value for positive contributions to the photon
energy spectrum.

FIG. 3. The energy spectrum of QED nuclear medium-induced collinear photons is compared to the collinear radiation in vacuum for
the charged-current elastic neutrino scattering process. The absolute value for the distribution corresponds to the negative contribution of
the QED nuclear medium-induced bremsstrahlung to the total photon energy spectrum. The incoming muon neutrino energy is
Eνμ ¼ 2 GeV and the squared momentum transfer is Q2 ¼ 0.05 GeV2. The relative QED nuclear medium-induced correction does not
depend on x.
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over the nuclear volume. We present the nuclear medium-
induced contribution at the first order of the opacity
expansion for the incoming beam energy 2 GeV, the cone
size Δθ ¼ 10°, and the squared momentum transfers 0.05
and 0.3 GeV2. Our numerical results reproduce the soft-
photon limit x → 0 of the x-independent ratio of the nuclear

medium-induced radiation to the bremsstrahlung in vac-
uum. The resulting ratio is the same as the relative QED
nuclear medium-induced corrections to the radiation-free
process [28]. This ratio is positive for scattering of
antineutrinos at Q2 ¼ 0.3 GeV2 and electrons at any
squared momentum transfer and negative for scattering

FIG. 7. Same as Fig. 3, but for the electron scattering. Initial- and final-state photon energy spectra are shown.

FIG. 8. Same as Fig. 4, but for the electron scattering. Initial- and final-state photon energy spectra are shown.

FIG. 6. Same as Fig. 4, but for the antineutrino scattering.
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of neutrinos and antineutrinos at Q2 ¼ 0.05 GeV2 and
neutrinos at both Q2 ¼ 0.05 and Q2 ¼ 0.3 GeV2 squared
momentum transfers. Compared to the soft radiation in the
vacuum, cf. Fig. 2, the collinear nuclear medium-induced
radiation at the first order of the opacity expansion is
suppressed by orders of magnitude. As it is expected and
represented in Figs. 3–8, the nuclear medium-induced
radiation increases with the size of the nucleus.

D. Comparison to radiation in QCD

The tree-level radiation of soft and collinear gluons in
QCD [33] is obtained by multiplying the QED result with
the one-loop color factor CF. Already at the first order of
the opacity expansion, there is no direct relation between
QCD and QED due to the presence of gluon self-interaction
in QCD and vanishing of amplitudes with the one color
factor in quark-gluon vertices [29].

IV. RADIATIVE ENERGY LOSS IN VACUUM
AND INSIDE THE NUCLEUS

In this section, we apply the radiative energy-loss
formalism of Refs. [42,43] and the bremsstrahlung spectra
from Secs. II and III for the evaluation of QED nuclear
medium effects on the kinematics of the outgoing charged
lepton in the (anti)neutrino-nucleus scattering and both
incoming and outgoing electrons in the elastic electron-
nucleus scattering.
We consider four types of the bremsstrahlung: the

nuclear medium-induced radiation of one soft (N1
S) or

collinear (N1
c) photon at the first order of the opacity

expansion, the radiation of one soft photon at all orders in
the opacity expansion at leading order in α (N1γ

S ), and the
radiation of many soft photons after the resummation of
leading logarithms (Nγ

S). The corresponding photon energy
spectra from Secs. II and III can be expressed as

dN1
S

dx
¼ α

π

1

x

�
δl ln

Q2

m2
l
þ δνl

2
ln
4Ẽ2

l

m2
l
− 1

�

×
X
z1>0

Nz1

Sz
1

⊥

Z
d2q⃗⊥
ð2πÞ2 vðq⊥Þ

2

"
dσLO1γ ðp⃗0 þ k⃗γ − q⃗⊥Þ

dσLO1γ ðp⃗0 þ k⃗γÞ
− 1

#
;

ð27Þ

dN1
c

dx
¼ α

2π

1þ ð1 − xÞ2
x

ZΔθ
0

βl sin θγ
1 − βl cos θγ

dθγ

×
X
z1>0

Nz1

Sz
1

⊥

Z
d2q⃗⊥
ð2πÞ2 vðq⊥Þ

2

×

"
dσLO1γ ðp⃗0 þ k⃗γ − q⃗⊥Þ

dσLO1γ ðp⃗0 þ k⃗γÞ
jΓð1Þðq⃗⊥; z1Þj2 − 1

#
; ð28Þ

dN1
c

dx
≈
dN1

S

dx
ð1þ ð1 − xÞ2Þ ln ðEl þ EγÞΔθ

ml

×

�
δl ln

Q2

m2
l
þ δνl

2
ln
4Ẽ2

l

m2
l
− 1

�−1
; ð29Þ

dN1γ
S

dx
¼ α

π

1

x

�
δl ln

Q2

m2
l
þ δνl

2
ln
4Ẽ2

l

m2
l
− 1

�
; ð30Þ

dNγ
S

dx
¼ α

π

SðEγÞ
x

�
δl ln

Q2

m2
l
þ δνl

2
ln
4Ẽ2

l

m2
l
− 1

�
: ð31Þ

From these distributions, we can evaluate the mean
number of the radiated photons hNγi and the energy in
the photon component ΔEγ as

hNγi ¼
Z

dx
dNγ

dx
; ð32Þ

ΔEγ ¼
Z

dxxðEl þ EγÞ
dNγ

dx
: ð33Þ

We extrapolate the soft-photon energy spectra outside the
region of validity of the soft-photon calculation and
obtain by this only an approximate estimate. To avoid
“infrared catastrophe,” it makes sense to consider the
mean number of radiated photons only for the photon
energy above some cutoff. Considering an incoming
lepton of energy 2 GeV and squared momentum transfers
Q2 ¼ 0.05, 0.3, and 1.2 GeV2, we present the results
for the lepton energy loss in Table I. The radiative
energy loss in vacuum is large, but it is included in
the definition of kinematics in the evaluation of radiative
corrections [23,24]. The fixed-order one-photon and
resummed results for the radiation of soft photons are
the same within a few significant digits. The addition to
the vacuum QED nuclear medium-induced energy loss
increases with the size of the nucleus and does not exceed
70 keV for 2

1H and 600 keV for 208
82 Pb. Having the energy

loss below 1 MeV for typical nuclei in neutrino- and
electron-nucleus scattering, which is below the experi-
mental resolution, we can safely neglect such an effect in
the analysis of the experimental data. At the first order of
the opacity expansion, we find similar energy loss that is
caused by the radiation of soft and collinear photons
within a Δθ ¼ 10° cone in (anti)neutrino-nucleus scatter-
ing, while the collinear energy loss in electron-nucleus
scattering is an order of magnitude below the energy loss
from soft photons. The bremsstrahlung contributions and
energy losses from initial- and final-state electrons have
similar size.
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V. CONCLUSIONS AND OUTLOOK

In this paper, we evaluated the QED nuclear medium-
induced soft and collinear radiation of photons in (anti)
neutrino-nucleus and electron-nucleus interactions at lead-
ing SCETG power and estimated the radiative energy loss
of electrically charged leptons inside the nuclear medium.
We presented expressions for all orders in the opacity
expansion for both soft and collinear radiation and
resummed the nuclear medium-induced radiation up to
all orders of the opacity expansion, also including (for the
soft radiation) double-logarithmic and soft-photon energy
cutoff suppressions up to all orders of the electromagnetic
coupling constant. The medium-induced soft and/or col-
linear radiation shifts the normalization of the broadening
distributions of the charged leptons traveling inside the
nucleus with double-logarithmically suppressed correc-
tions. At each order of the opacity expansion, the relative
contribution of soft or collinear radiation to the total
bremsstrahlung coincides with the QED nuclear medium
correction to the radiation-free process, which results in the
vanishing QED nuclear medium-induced radiation after the
resummation of all orders of the opacity expansion, at
leading SCETG power. At the first order of the opacity
expansion, we found that the radiative energy losses of
charged leptons inside nuclear medium at GeVenergies are
below the typical experimental resolution. Our calculation
provides the first-ever estimates of soft and collinear
bremsstrahlung, as well as radiative energy losses of

charged leptons inside the nucleus that are induced by
the Glauber-photon interactions with the QED nuclear
medium.

FeynCalc [44,45], LoopTools [46], Mathematica [47], and
DataGraph [48] were used in this work.
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APPENDIX A: FROM THE AMPLITUDE
TO CROSS SECTION CORRECTIONS

In evaluating the squared matrix element for the brems-
strahlung with multiple exchange of Glauber photons
between the charged lepton line and nuclear medium, there
are contributions with the same space-time point of the
Glauber interaction in direct and conjugated amplitudes,
which we call “contracted,” and contributions with photons
at different space-time points in direct and conjugated

TABLE I. Radiative energy loss (its absolute value) in (anti)neutrino-nucleus and electron-nucleus scattering for the radiation of soft
photons at all orders in the opacity expansion at leading order in αðΔE1γ

S Þ and after the resummation of leading logarithms (ΔEγ
S), for the

radiation of one collinear photon in vacuum within the cone of Δθ ¼ 10° size (ΔE1γ
c ) and for the radiation of one soft (ΔE1

S) or collinear
(ΔE1

c) photon at the first order of the opacity expansion. The incoming (anti)neutrino and electron beam energy is 2 GeV. Two numbers
for the first order of the opacity expansion correspond to the 2

1H and 208
82 Pb nuclei, respectively, with the typical uncertainty due to missing

QED higher-order contributions beyond the quoted significant digits.

ΔE1γ
S (MeV) ΔEγ

S (MeV) ΔE1γ
c (MeV) ΔE1

S (MeV) ΔE1
c (MeV)

Q2 ¼ 0.05 GeV2

νμ 12.2 12.2 7.3 ð0.2–2Þ × 10−3 ð0.2–2Þ × 10−3

ν̄μ 12.2 12.2 7.3 ð0.3–2Þ × 10−3 ð0.2–3Þ × 10−3

Initial e 51.9 51.9 40.4 0.07–0.6 0.006–0.06
Final e 51.9 51.9 40.3 0.07–0.6 0.006–0.06

Q2 ¼ 0.3 GeV2

νμ 11.8 11.9 6.9 ð0.3–3Þ × 10−4 ð0.3–3Þ × 10−4

ν̄μ 11.8 11.9 6.9 ð0.9–8Þ × 10−4 ð0.06–1Þ × 10−3

Initial e 60.2 60.2 40.4 0.02–0.2 0.002–0.02
Final e 60.2 60.2 40.0 0.03–0.2 0.001–0.02

Q2 ¼ 1.2 GeV2

νμ 10.4 10.5 5.0 ð0.2–2Þ × 10−3 ð0.2–2Þ × 10−3

ν̄μ 10.4 10.5 5.0 ð0.6–5Þ × 10−3 ð0.6–6Þ × 10−3

Initial e 66.6 66.3 40.4 0.007–0.06 0.001–0.01
Final e 66.6 66.3 38.0 0.02–0.2 ð0.4–5Þ × 10−3
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amplitudes, which we call “noncontracted.” Each non-
contracted contribution enters either with the factor vð0Þ
for the exchange of just one Glauber photon or with a
closed loop of n Glauber exchanges in one space-time
point, which does not change the kinematics of the hard
process. Note that diagrams with the radiation of photons in
between the Glauber exchanges in the single space-time
point vanish. We verified explicitly that each noncontracted
contribution reduces the number of Glauber momenta and
coordinates in the function ΓðnÞ by one to Γðn−1Þ and makes
this function depend on the coordinates and Glauber
momenta of contracted points. The one-Glauber exchange
function Γð1Þ reduces to 1.
Exploiting this property, we further verified explicitly at

the first three orders in the opacity expansion that all
contributions with vð0Þ and vð0Þ2 vanish in the same
groups of diagrams as was derived for the radiation-free
process in Ref. [29], with an extension by all possible
insertions of one real photon. At each order of the opacity
expansion, the same diagrams as derived for the radiation-
free process [29] contribute to the cross section modifica-
tion after adding diagrams with the coupling of one real
photon to all sites before and after the exchange of each
Glauber photon.

APPENDIX B: COLLINEAR RADIATION
IN THE LIMIT x → 1

In the limit of large relative photon energy x → 1, for the
functions ΓðnÞ in Eqs. (22)–(24) we obtain

jΓð1Þj2
A2⊥;1

¼
 
A⃗⊥;1

A2⊥;1
−
A⃗⊥;2

A2⊥;2

!
2

þ 1

A2⊥;2
; ðB1Þ

jΓð2Þj2
A2⊥;1

¼
 
A⃗⊥;1

A2⊥;1
−
A⃗⊥;2

A2⊥;2

!
2

þ
 
A⃗⊥;2

A2⊥;2
−
A⃗⊥;3

A2⊥;3

!
2

þ 1

A2⊥;3
; ðB2Þ

jΓðnÞj2
A2⊥;1

¼
 
A⃗⊥;1

A2⊥;1
−
A⃗⊥;2

A2⊥;2

!
2

þ � � � þ
 
A⃗⊥;n

A2⊥;n
−
A⃗⊥;nþ1

A2⊥;nþ1

!
2

þ 1

A2⊥;nþ1

: ðB3Þ

Assuming p0⊥ ≫ qi;⊥, the expression for any order of
the opacity expansion at leading SCETG powers can be
written as

jΓðnÞj2
A2⊥;1

¼ 1

A2⊥;1

�
1þ

Xn
i¼1

�
qi;⊥
p0⊥

�
2

cos2 ϕi;⊥ þ � � �
�
; ðB4Þ

where ϕi;⊥ is the angle between p⃗0⊥ and q⃗i;⊥. Considering
the leading term in this expansion, we recover the relative
radiation-free QED nuclear medium corrections at each
order of the opacity expansion.

The limit of large photon energy is valid only very close

to the photon end point when 1 − x ≪
k2γ;⊥Rrms

ðp0þkγÞþ. In the limit

x → 1, power corrections in Eq. (B4) can introduce an
additional collinear singularity resulting in a larger relative
QED nuclear medium contribution at x → 1. For the
radiation from the final-state charged lepton, such enhance-
ment can be observed only at forward kinematics for a
relatively small phase-space region due to the kinematic

constraint 1 − x ≥ ml
Ebeam

h
1þ O

�
m2

l
MEbeam


i
. For the radiation

from the initial-state charged lepton, the enhancement can
be observed at arbitrary scattering angles but also in

restricted phase-space region 1 − x ≥ ml
Ebeam

h
1þ O

�
m2

l
E2
beam


i
.

APPENDIX C: COLLINEAR RADIATION
IN THE REGION OF INTERMEDIATE x

In the limit of small arguments of the phases in
Eqs. (22)–(24), corresponding to large photon formation
times relative to the nuclear size, we expand in series of this
small argument and obtain

jΓð1Þj2¼ 1þðA⃗⊥;1− A⃗⊥;2Þ · A⃗⊥;1

�
A⊥;2ðz1− z0Þ

xðp0Þþ
�

2

; ðC1Þ

jΓð2Þj2¼ 1þ�A⃗⊥;1− A⃗⊥;3

�
· A⃗⊥;1

�
A⊥;3ðz1− z0Þ

xðp0Þþ
�

2

þ�A⃗⊥;1− A⃗⊥;2

�
· A⃗⊥;1

�
A⊥;2ðz2− z1Þ

xðp0Þþ
�

2

þ2
�
A2⊥;1A⃗⊥;2−A2⊥;2A⃗⊥;1

�
· A⃗⊥;3

ðz2− z1Þðz1− z0Þ
ðxðp0ÞþÞ2 ;

ðC2Þ

jΓðnÞj2¼1þ
Xnþ1

i¼1

�
A⃗⊥;1−A⃗⊥;i

�
·A⃗⊥;1

�
A⊥;iðznþ2−i−znþ1−iÞ

xðp0Þþ
�

2

þ2
Xnþ1

i¼2

Xi−1
j¼1

�
A2⊥;1A⃗⊥;j−A2⊥;jA⃗⊥;1

�
·A⃗⊥;i

×
ðznþ2−i−znþ1−iÞðznþ2−j−znþ1−jÞ

ðxðp0ÞþÞ2 : ðC3Þ

Considering the first term in the expansion of the ΓðnÞ

functions, i.e., ΓðnÞ ≈ 1, we recover the relative radiation-
free QED nuclear medium corrections at each order of the
opacity expansion. For this contribution, the relation
between radiative QED nuclear medium effects and brems-
strahlung in vacuum for very large formation times is the
same as the relation in the soft-photon limit x → 0 and is
the same as the relation for radiation-free process.
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Noticing that the deviations of the ΓðnÞ functions
from unity have smaller powers of A⊥;1 in the denomi-
nator, we do not expect an additional collinear enhance-
ment from power-suppressed terms in Eqs. (C1)–(C3).

Moreover, the power-suppressed terms do not generate
logarithms of the ratio between atomic and nuclear scales
and are expected to be small in agreement with our
numerical estimates.
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