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We present a mathematical framework for constructing the most general neutrino mass matrices that
yield the observed spectrum of light active neutrino masses in conjunction with arbitrarily many heavy
sterile neutrinos, without the need to assume a hierarchy between Dirac and Majorana mass terms. The
seesaw mechanism is a byproduct of the formalism, along with many other possibilities for generating tiny
neutrino masses. We comment on phenomenological applications of this approach, in particular deriving a
mechanism to address the long-standing (g — 2) ,, anomaly in the context of the left-right symmetric model.
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I. INTRODUCTION

Understanding the origin of the tiny neutrino masses
required to explain the observed oscillation data [1] is a
fundamental problem in particle physics. The simplest
extension of the Standard Model (SM) that can accom-
modate such masses is arguably the seesaw mechanism
[2-9], wherein light neutrino masses are generated through
a higher-dimension operator [10] suppressed by the scale of
new physics A. To obtain the observed neutrino masses
(M, ~0.1 eV), Ais typically taken to be around 10'* GeV.
However, the masses of the new degrees of freedom
may depend parametrically on a combination of Yukawa
couplings y and A. For instance, in the type I seesaw
mechanism, the Majorana neutrino mass reads as y>v?/A,
where v is the electroweak symmetry breaking vacuum
expectation value (VEV). Hence, the masses of heavy right-
handed sterile neutrinos can lie near the TeV scale if the
Dirac mass of order yv is near the keV scale.

In this paper, we propose a systematic method to
construct neutrino mass matrices that reproduce the
observed spectrum of light neutrino masses while incor-
porating any number of comparatively heavy sterile neu-
trinos, without assuming a seesaw hierarchy between Dirac
and Majorana masses. This approach opens new avenues
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for the physics involved in neutrino mass generation
to be probed directly in experiments. Notably, the resulting
nonseesaw configurations offer alternative scenarios in
which the masses of sterile neutrinos lie at relatively low
scales, making them potentially detectable even with O(1)
Dirac-Yukawa couplings.

The key observation is simple; in the limit of a large
hierarchy between active and sterile neutrino masses, any
viable mass matrix can be obtained by perturbing a texture
that gives rise to a number of exactly massless neutrinos
equal to the number of active neutrinos. We derive con-
ditions that characterize all such “seed” textures. These
conditions encompass and generalize all seesaw mecha-
nisms that extend the SM by sterile neutrinos.

Within the seesaw paradigm, there exist many specific
models for the entries of the Dirac and Majorana mass
matrices. For instance, there may exist hierarchies among
the heavy Majorana masses for right-handed neutrinos, in
the form of “sequential dominance” [11]. Our method,
which encapsulates all possible scenarios with three light
active neutrinos, both reproduces and generalizes these
previously studied matrix textures. We take a bottom-up
approach and do not discuss particular embeddings of these
models into grand unified theories. Likewise, we remain
agnostic as to whether the entries of the mass matrix are
generated at tree level or loop level.

While prior investigations have used perturbation theory
to understand or engineer neutrino mass hierarchies, they
have so far been limited to the seesaw framework. These
include analyses of seesaw-type textures in which the right-
handed Majorana mass matrix does not have full rank [12],
as well as studies of such textures using matrix analysis
[13,14]. Importantly, Kersten and Smirnov [15] have

Published by the American Physical Society


https://orcid.org/0000-0002-0824-3758
https://orcid.org/0000-0003-4471-2336
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.109.073003&domain=pdf&date_stamp=2024-04-08
https://doi.org/10.1103/PhysRevD.109.073003
https://doi.org/10.1103/PhysRevD.109.073003
https://doi.org/10.1103/PhysRevD.109.073003
https://doi.org/10.1103/PhysRevD.109.073003
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

YALE FAN and ANIL THAPA

PHYS. REV. D 109, 073003 (2024)

observed in the setting of the type I seesaw that if a
neutrino mass matrix is perturbatively close to a texture
that results in massless light neutrinos, then the seesaw
mechanism itself plays a negligible role in explaining the
smallness of neutrino masses. The premise of our work,
which forgoes seesaw assumptions altogether, is that
perturbation theory provides a far more general approach
to the problem of generating tiny neutrino masses than
previously considered.

II. FRAMEWORK

The neutrino mass matrix M appears in the Lagrangian
through a term vaMz/f, where v, is a vector of flavor
eigenstates. As such, M defines a bilinear rather than a
sesquilinear form on flavor space. A change of basis
corresponds to a congruence transformation M — UTMU
rather than a similarity transformation M — U~'MU,
where U is a unitary matrix. This distinction clarifies
how physical neutrino masses are obtained by “diagonal-
izing” M, with the physical masses corresponding to the
singular values rather than the eigenvalues of M [16].

Let m and n denote the number of active and sterile
neutrinos, respectively. For phenomenological applica-
tions, we set m = 3 while leaving n arbitrary. The singular
values and eigenvalues of a matrix vary continuously with
its entries, so as the m smallest singular values of the
neutrino mass matrix M become arbitrarily small relative to
the n largest singular values (corresponding to m active
neutrinos), the entries of M must approach a texture that has
m vanishing singular values. Inverting this logic, we find
the most general conditions under which a neutrino mass
matrix M in the flavor basis has m vanishing singular
values. Any viable model of small neutrino masses can then
be constructed as a perturbation of a solution to these
general vanishing conditions.

Consider a complex symmetric mass matrix of the form,

N

in the flavor basis, where B is an m x n complex matrix, D
is an n X n complex symmetric matrix, and N = m + n.
We focus on perturbations of M that keep the upper-left
block of left-handed Majorana masses exactly zero, which
amount to perturbations of B and D. We assume the
perturbations are small relative to the nonzero entries of
B and D, thus preserving the hierarchical nature of the
problem.

Since the rank of a matrix is the number of nonvanishing
singular values, we can easily formulate a general method
to obtain textures that lead to m light neutrinos and n heavy
neutrinos. Start with a matrix M that adheres to certain
physical constraints [e.g., symmetric and with a vanishing
upper-left block as in Eq. (1)] and whose rank equals the

number of sterile neutrinos n (or equivalently, whose
nullity equals the number of active neutrinos m). Next,
we perturb this matrix in a way that respects the physical
constraints. Strictly speaking, this prescription results in n
light neutrino masses if n < m and m light neutrino masses
if n > m. Prior to the perturbation, M has m vanishing
singular values. After the perturbation, there remains a
vanishing m x m block, so M generically has m —n
vanishing singular values, leading to n small but nonzero
singular values.'

The key question is then; how can we systematically
construct inputs to this method, i.e., textures with m
vanishing singular values? First consider the a priori unre-
lated problem of constructing textures with m vanishing
eigenvalues. Without loss of generality, we choose a basis
where D is diagonal with real entries d; > 0, according to the
Autonne-Takagi factorization of D [17,18]. Then M has m
vanishing eigenvalues if and only if

n—d

Z (_1)rze2r—n+d<da(l)7 s da(r)) det(G(a\a)) =0,

r= ["%‘l-\ |a|=r
(2)

forall d =1, ..., n, where « is a strictly increasing integer
sequence of length r chosen from 1,....,n; e, is the
elementary symmetric polynomial of degree p; G = BTB
is the Gram matrix of B with respect to the real (not the
Hermitian) inner product; and G(a|a) isthe (n—r) x (n—r)
submatrix of G corresponding to rows and columns com-
plementary to a. These n conditions, in fact, reduce to
min(m, n) conditions.

In the case of a real symmetric (CP-invariant) neutrino
mass matrix M, the vanishing conditions on the eigenvalues
are equivalent to vanishing conditions on the singular
values. Therefore, solving Eq. (2) for all d is tantamount
to solving our original problem. While these conditions are
complicated to solve in full generality, they simplify in
many special cases of interest.

In principle, one could apply the same strategy to find
seed textures for complex mass matrices; to determine
when M has m vanishing singular values, solve the
characteristic equation for MM. While x € C is an eigen-
value of M if and only if det(x] —M) =0, x>0 is a
singular value of M if and only if det(x>I — M"M) = 0.
However, there exists a simpler strategy. Solving the
eigenvalue conditions (2) yields the most general para-
metrized textures for real symmetric mass matrices with m

'First-order perturbation theory tells us that the resulting light
neutrino masses are generically linear in the perturbations. In the
special case of the seesaw, where B << D and B itself (more
precisely, [ 5]) is the additive perturbation to [J 9], the light
masses are instead quadratic in the perturbations because the first-
order correction vanishes.
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vanishing eigenvalues, or rank n. Promoting these param-
eters to complex numbers results in textures that have rank
n as complex matrices, or m vanishing singular values.
Hence the real solutions to Eq. (2) contain all the informa-
tion necessary to derive seed textures for complex sym-
metric mass matrices.

III. MASS MATRICES

To illustrate our formalism, we survey several infinite
families of textures that generalize the ordinary and inverse
seesaw mechanisms. These examples represent only a few
possible generalizations among many. Any such texture,
after perturbation, gives rise to an explicit pattern of masses
and mixings for neutrino oscillations.

We first present some textures that manifestly satisfy the
rank requirements, allowing us to bypass solving the
algebraic conditions (2). Any N x N matrix of the form
[0 2], where the block D is n x n, clearly has rank at most n
and therefore at least m vanishing singular values. In our
language, the ordinary seesaw mechanism can be under-
stood as a perturbation of the off-diagonal blocks,

0 0 0 x
ooolinl @
0 D x D
which results in m small singular values.

On the other hand, any N x N matrix of the form [°],
where the upper (N —¢) x (N —£) block vanishes, has
nullity at least N — 27. If we choose n even and £ = n/2,
then such a matrix has at least m vanishing singular values.
Therefore, perturbing such a matrix in a way that preserves

the vanishing of the upper m x m block will result in m
small singular values,

00
00
*

*

ﬂx*

— | X X %
* ok Xk

, 4)

* K %

where the matrix on the left has a vanishing (m + n/2) x
(m + n/2) block and its perturbation on the right has a
vanishing m x m block. The entries x are assumed small
relative to *. Up to a change of basis within the space of
sterile neutrinos, the mechanism (4) subsumes the inverse
seesaw mechanism and its variations [9,19-22].

To construct more explicit textures that fulfill the rank
conditions and thus yield realistic neutrino mass matrices
upon perturbation, it is convenient to fix the value of n. We
require rank B < n to ensure that rank M = n. Hence, the
case of a single sterile neutrino (n = 1) requires B = 0,
reproducing the ordinary seesaw of Eq. (3). The simplest
case beyond the seesaw is that of two sterile neutrinos
(n = 2) withrank B = 1 and rank M = 2. The most general
such texture, up to a change of basis that swaps the last two
rows and columns, is

0| b ab
M=| b A Il , (5)
ab” U 2o — o’

where all parameters are complex and the m-component

vector b is not identically zero.

For arbitrary n, rather than classifying all solutions, we
focus on the simplest solutions to rank M = n beyond the
seesaw scenario (B = 0); those for which rank B = 1. The
most general complex symmetric M of the form (1) with
rank M = n and rank B = 1 can be written as

N

where u and v are nonzero column vectors of length m and
n, respectively, and

n

3" o2 det(D(ili) +23 (1) v,0,det(D(ilj)) =0. (7)

i=1 i<j

All parameters are complex. For example, suppose that
only column i of B is nonvanishing,
B=[0---[p0|--- 0,  b#0. (8
Then the only requirement that needs to be imposed for M
to have rank n is the vanishing of the determinant of the
(n—=1) % (n— 1) submatrix of D obtained by deleting the
ith row and ith column. [The scheme of Eq. (8) includes
the “cancellation structure” of Ref. [15] as a special case.]
To aid parameter scans, the solution (6)—(7) can be para-
metrized more simply as
0 u(Uv)? } L
M= , v?||d; =0, (9
(Uv)u™  UDUT 214 ©)

i=1 JFI

where U is a unitary matrix and D = diag(d,, ..., d,).

IV. MIXING PARAMETERS

Experimental data place stringent constraints on the
oscillations between light and heavy neutrino states
[23,24]. Consequently, constructing realistic models entails
generating not only small active neutrino masses, but also
small mixing parameters between active and sterile neu-
trinos. While our approach guarantees small masses, the
demand for small mixing parameters imposes additional
constraints on the resulting mass matrices that can be
determined on a case-by-case basis.

To illustrate, we consider the specific example of the
texture in Eq. (5) with @ = A = 0 and all other parameters
real. We assume that the desired perturbation to M will not
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change the mixing matrix drastically, which allows us to
derive an approximation to the mixing matrix analytically.
(This is a nontrivial assumption because the eigenvectors of
a matrix are generally not continuous functions of its
entries, so the mixing matrix of the perturbed mass matrix
is not necessarily a small perturbation of that of the
unperturbed mass matrix [25].) The orthogonal matrix O
for which OTMO is diagonal takes the block form,

OW OUN :| [l_;| - E]
= , Oy =—7——. (10)
|:0Ny Onn /2(b2 +42)

For pu > \I;| the entries of O,y and Oy, are of order Z;/ .
Up to phases, these are the off-diagonal mixing parameters.

Therefore, by taking p sufficiently large relative to b, we
can make all of these components parametrically small.

Note that the hierarchy required by this mechanism is
distinct from that of the seesaw. In the seesaw mechanism,
the smallness of masses and mixings is correlated. Here, by
contrast, the smallness of the masses is guaranteed by the
structure of the texture itself, and bears no direct relation to
the size of the mixing parameters.

V. PHENOMENOLOGICAL APPLICATIONS

The aforementioned textures have numerous implica-
tions for phenomenology. For instance, they enable
significant mixing between active and sterile neutrinos
beyond that allowed by the seesaw mechanism as a result
of effectively decoupling the smallness of the masses
and the mixing parameters. Correspondingly, they offer
potential solutions to the anomalies observed in the
LSND [26,27] and MiniBooNE [28] experiments. [For
an application of a special case of the texture in Eq. (5),
see Ref. [29].]

Another intriguing prospect is that such textures may
address the (g —2), discrepancy, substantially impacting
lepton-flavor violation [30,31] and collider phenomenol-
ogy [15,32]. In the following discussion, we focus on the
left-right symmetric model (LRSM) [6,33-39], based on
the gauge group SU(2), x SU(2)g x U(1)p_,, as a poten-
tial solution to this (g —2), anomaly. A crucial difference
between our analysis and that of previous work [40-42] is
that the explicit realization of our textures allows us to
move beyond standard seesaw assumptions.

The mismatch between experimental and theoretical
determinations of the anomalous magnetic moment of
leptons a, = (g —2),/2, which in the SM is calculated
perturbatively in the fine-structure constant a,, hints
at physics beyond the SM. The Muon g — 2 Collabora-
tion at Fermilab [43,44] has confirmed the long-standing
[45] discrepancy Aa, = a,(experiment) — a,(theory) =
(2.49 +0.48) x 107 at a combined 5.1¢ deviation from
the SM prediction (see Ref. [46] and references therein).

Lattice QCD results [47] are in tension with the SM theory
prediction. With no consensus yet in the community, we
take the deviation at face value and examine its potential
resolution within the LRSM.

A. Model

The minimal left-right symmetric model naturally incor-
porates the right-handed neutrino vy within a right-handed
lepton doublet, enabling neutrino mass generation through
the seesaw mechanism [6,38]. It explains parity violation
through the phenomenon of spontaneous gauge symmetry
breaking, with the promotion of hypercharge Y to B — L
offering insights into its origin from higher unification
[e.g., SO(10)]. Moreover, if realized around the TeV scale,
this model can be tested in ongoing and future low-energy
and high-energy collider experiments. The Higgs sector
comprises the fields A (3,1,2) + Ax(1,3,2) + ®(2,2,0),

0 4+ o st
q::(Zi Z;) AL,R:<;§ _£> RNGEY
2 V27 LR

After the neutral component of A develops a VEV
(8%) = vg/V/2, the SU(2), symmetry is broken, giving
masses to the Wi and Z gauge bosons. The VEVs (¢ ,) =
K12/+/2 break the remaining SU(2), x U(1)z_, down to
the usual U(1),,,, thereby setting the mass scale for SU(2),
gauge bosons, with k3 + k3 ~ 246> GeV>. Note that the
VEVs should obey vp > Ky, k, to satisfy constraints from
low-energy weak interactions. The most general Yukawa
Lagrangian of the model is given by

Ly =0, (YO +TYDP)0p + i, (P + J D)y
+ f(wrCioyAry + yrCioyAgyg) +He.,  (12)

where w; z (Qpg) are the lepton (quark) doublets,
® = 6,D%0,, and o, is the second Pauli matrix. Under
left-right parity symmetry, the fermion and scalar fields
transformas ® <> &7, ® < ®' A, < Ap, ¥, < P, and
Q; <> Q. The VEVs for the Higgs fields generate fermion
masses. The mass matrices for charged leptons (M,) and
Dirac neutrinos (M,,) are given by

_ YK =+ Ky _ YK + Ko

) My )
V2 0 V2

while those for up and down quarks are given by M, ; =
(Yky 5 + Yky1)/+/2. The 6 x 6 mass matrix for the v — N
sector (with v =1, and N = C(ig)7) is

My=< " M) (14)

MZD M,,

M,

(13)
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where M, = V2fvg and the upper-left block of Eq. (14)
follows from (89) = 0. The relations in Eq. (13) can be
inverted, in the limit x; # k,, to express the Yukawa
coupling matrices in terms of the mass matrices,

\/§(K1M»D —oMy) \/E(Kle—KzMuD)
y= ) Y= 22 . (15)
Ky —K3 Kl —K3

A similar inversion can be done for the Yukawa couplings
Y and Y. Without loss of generality, we take |, /x| < 1,
where the ratio is constrained by perturbativity. For
instance, if one requires the top quark Yukawa coupling
to be < 1.5, then the upper limits (0.578, 0.616, 0.645)
on |k,/k;| correspond to the left-right breaking scale vy
being (1, 10, 100) TeV [48]. These values are derived
by evolving the top quark Yukawa coupling to the
scale vg.

Among the Higgs bosons, qﬁfz are of primary interest
here because they provide chirally enhanced contributions
to (9—2),. The transformation of the charged scalars
{#7,.6/ ¢} from the flavor basis to the mass basis

{G] g, hi,} can be written as

+ +
+ _Kiphy Fx01Gp
127 2 2

VK| + K3

where G  are the massless Goldstone modes associated
with the massive gauge bosons W7 . A detailed analysis of
the scalar sector can be found in Ref. [49].

5i=Gh. o =hi. (16)

B. Anomalous magnetic moment

Quantum corrections due to charged scalars and the
neutrino chirality flip can modify the electromagnetic
interactions of charged leptons, as depicted in Fig. 1.
Diagrams without the chirality flip as well as those from
the gauge sector are subdominant and not considered here
[41,42]. We choose the following neutrino mass matrix
texture for Eq. (14) to reproduce the light neutrino masses
and mixings and to get a chirally enhanced contribution to

(9-2),:

0 0 0 X X
0 0 0 X M%LZ) X
0 0 0 X X X
M, = , (17)
X X X mi mi, mis
22
x My, % My My NMpo3
X X X myz  Mpz Mz3

where the entries marked by x are much smaller than M7
Choosing M2? of order 100 GeV has a negligible impact on
the light neutrino masses, provided that mm3; — m% =0

s
¢Z”,_<-~

/’ \\

4 ~

4 A

U \

lRa VL vrR; lLp

FIG. 1. One-loop Feynman diagram contributing to anomalous
magnetic moment (o = f) and lepton-flavor-violating decays
(a # p) through the heavy charged scalar ¢;.

[as per the discussion below Eq. (8)]. Note that this differs
from the usual seesaw setup. Denoting the heavy neutrino
masses by M)y and the mixing parameters between the
light v, and the sterile states N; by U,; where i € {4,5,6},
to one-loop order, the contribution of species i to (g — 2) u
takes the form [50],

A w2 My Ui (981 = 302) (v = 1) [MN}

"6t M. K +K3 M2,
2 2

whereF[x]E1 xz(l—x2+2xlogx). (18)
Here, y and ¥ can be substituted in favor of M23 using
Eq. (15). The sign of the contribution (18) can be arbitrary
due to the different Yukawa couplings appearing in the loop
diagram, unlike for the charged scalar contribution without
the chirality flip. Rewriting the above equation in terms of
{M,:. Uy, M?3, k3 /K, }, the allowed parameter space of
the model is shown in Fig. 2. Note that in Fig. 2, we choose
the specific value i = 5, and we also assume that the chosen
texture respects the relation U,s ~ MZ2/My,, which is
similar to (but more specific than) what would arise in the
seesaw approximation. Notably, unlike in the seesaw
framework where U,; must be small to achieve tiny
neutrino masses, it can take arbitrarily large values here.
We choose the mixing to be 0.045 to satisfy the active-
sterile mixing bound [23,24].

VI. DISCUSSION

We have demonstrated a systematic method to construct
neutrino mass matrices through the perturbation of certain
“seed” textures, which encompasses all neutrino mass
mechanisms involving sterile neutrinos. The proposed
approach does not require a hierarchy between Dirac and
Majorana masses, thus offering new avenues toward
models of neutrino mass generation that could be probed
in experiments.

One challenge for future work is to understand or
categorize the symmetries of the textures that arise in
our framework from a top-down perspective. By motivating
the smallness of the perturbations to such textures via
symmetry breaking, one may lessen or obviate the need for
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M?2 = 250 GeV -
U25 =0.045

m (g-2), (10)
0 (9-2), (20)

0.2

10 20 30 40 50 60 70
M [TeV]

FIG. 2. The parameter space of k,/k; versus scalar mass M 0y -
The green and yellow bands indicate the regions allowed by the
(9 —2), constraints to 16 and 20, respectively. The region in gray
is excluded by flavor-changing neutral current constraints [51,52],
whereas the region in purple is excluded by perturbativity.

fine-tuning [15]. Another challenge for future work is to
implement this method in a way that efficiently accounts
for constraints on active-sterile neutrino mixing. Some
additional technical issues that deserve further study
include placing precise bounds on the mass eigenvalues
obtained by perturbation theory [25] and exploring redun-
dancies in parametrizations of the mass matrix (along the
lines of Ref. [53], which works solely within the framework
of the type I seesaw).

Finally, we note that the philosophy of our work extends
far beyond the specific ansatz (1) or even the assumption of
an active-sterile neutrino mass hierarchy. For example, given
a texture of the form (1), small bare Majorana masses for left-
handed neutrinos can be incorporated by applying first-order
perturbation theory to a perturbation of the form [ J]. Bare
masses of any size can be accommodated by applying our
rank conditions to a completely general ansatz for M.
Furthermore, it is often useful to consider pseudo-Dirac
scenarios with B > D in which active and sterile neutrinos
are nearly degenerate in mass [54-56]. Our approach
suggests a broad generalization of such scenarios in which
nearly degenerate masses arise from perturbing a seed texture
with an exactly degenerate spectrum of singular values
(rather than with a certain rank, as considered here). All
of these scenarios open new possibilities for investigation.
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APPENDIX A: BACKGROUND

1. Seesaw mechanisms

The accidental lepton number symmetry (or the exact
B — L symmetry) of the Standard Model forbids Majorana
masses for left-handed neutrinos. However, such masses
can emerge through various mechanisms in extensions of
the SM. In effective field theory, Weinberg’s dimension-
five operator [10] generates Majorana masses for left-
handed neutrinos after electroweak symmetry breaking;
the seesaw mechanism is a particular realization of this
operator at tree level. Alternatively, left-handed Majorana
masses can be generated at the renormalizable level by
Higgs triplets rather than doublets.

The standard realization of the seesaw mechanism
introduces sterile (gauge-neutral) neutrinos” to the SM
with Yukawa couplings to the left-handed lepton doublets
and the SM Higgs doublet, giving Dirac masses to the
neutrinos in the same way as the SM fermions. Since these
sterile neutrinos are gauge singlets, a Majorana mass term
that violates lepton number is also allowed. Note that such
mass terms can be forbidden by assuming additional gauge
or global symmetries, making the neutrino a Dirac fermion.
Introducing three right-handed neutrinos without any addi-
tional symmetry gives rise to Weinberg’s dimension-five
operator, LLHH/A, where A is the scale of the right-
handed neutrino. The Yukawa coupling becomes a Dirac

“In this paper, we use the terms “active” and “sterile” to refer to
light and heavy mass eigenstates, respectively, rather than the
flavor eigenstates that are charged or neutral under the SM gauge
group. In the seesaw approximation, where the mass eigenstates
involve very little mixing between left- and right-handed flavor
eigenstates, these two notions are nearly synonymous, but this is
not necessarily so in our more general setting.
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mass term after electroweak symmetry breaking. Denoting
the Dirac mass by m; p and the Majorana mass by Mg, in
the limit that m;p << Myg, the masses of the light and
heavy states go like —m?,/Mpgr (observed) and Mpgp
(unobserved). This is popularly known as the type I seesaw
mechanism.

We catalog below some specific realizations of the
seesaw mechanism. We denote by w; p the left- and
right-handed components of the Dirac spinor y, and by
wi g = (wpr)° their CP-conjugates. In all of the following
scenarios, the light neutrino masses can be estimated by
integrating out the heavy mass eigenstates:

(@)

(ii)

The ordinary seesaw mechanism stems from the
observation that for a 2x2 matrix [J!' 7] with

ay; < app <X ay, the eigenvalues are approximately
ar and ay; — a%z /a». In the type I seesaw mecha-
nism, Majorana masses for the left-handed neutrinos
are assumed to be absent in the fundamental theory,
but are induced by masses for right-handed neutri-
nos [2-7]. In this case, the 6 x 6 mass matrix takes

|: LR
mT

in the flavor basis (v§,vg), which arises from the
Lagrangian

mLR:|’ (A1)
Mpgp

1
L= —ﬁmLRl/R - zyﬁMRRVR + H.c. (AZ)
In the limit that Mgzp > m;p, integrating out vp
gives

1
__ 1 ¢ _ —1,.T
ﬁf—EULmLLz/L—l—H.C., mpyp =—mppMzpm] p-

(A3)

In the type II seesaw mechanism, the bare left-
handed Majorana masses are allowed to be nonzero
[6,7,58]. (This is sometimes called a “mixed seesaw”
when the bare m;; # 0, and type II specifically
when the contribution of m;; to the light neutrino
masses dominates [59].) The type III seesaw mecha-
nism, on the other hand, utilizes SU(2), triplet
fermions instead of a singlet [9].

The inverse (or double) seesaw mechanism (ISS)
[19-21] involves the 9 x 9 mass matrix,

0 mrpr 0
MRS )
MSS

me 0O
0 Mk

(A4)

in the basis (v§,vg,S) with S being an additional
singlet, which arises from the Lagrangian

(iii)

1
L= —ﬁmLRl/R — I/gMRSs — ESTMSSS =+ H.c.

(AS)
Integrating out v; and S gives
E = —EﬁmLLI/i + H.C.,
myy, = mprMpsMssMpgmi p. (A6)

This procedure is valid as long as Mgg > m;g, in
which case there exist one light mass eigenstate and
two heavy mass eigenstates, with the former being
close to v; and the latter being combinations of vp
and S. The resulting m;; is then approximately the
matrix of light neutrino masses. This model achieves
a double suppression of the mass scale, hence the
alternative name double seesaw. The linear seesaw
(LSS), by contrast, includes only the off-diagonal
block perturbations Mg in (A4), setting Mgs =0
[22]. [Note that the type III seesaw allows for
nonzero Mg in (A4) [9].]

Finally, all of the aforementioned seesaw mecha-
nisms occur as special cases of the texture [60—63],
0 mpg Mg

mER Mg  Mgs |, (A7)
M zs M 1Tes Mg
which arises from the Lagrangian
_ — T [
L =-vymppug —vMpsS — vgMpgsS — EURMRRUR
1
_ESTMSSS + H.c. (AS)

Assuming the existence of a single light mass
eigenstate that is close to v;, we can integrate out
vg and S (or more precisely, the heavy modes) to

obtain £ = —{vymy 15 + H.c., where

mpy, = —(mpg — My sMggMiy)
X (Mgg — MgsMggMpg)™"
x (mig — MpsMggM] ) — M sMgM .
(A9)

This is an approximation to the matrix of light
neutrino masses.

2. Physical neutrino masses

Given a complex symmetric neutrino mass matrix M, the
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Indeed, the mass term in the Lagrangian takes the form
I/;M vy, where Vs is a vector of flavor eigenstates, and basis
changes are effected by unitary transformations of v;. The
Autonne-Takagi factorization [17,18] states that there exists
a unitary matrix U such that UTMU is diagonal with
nonnegative real entries,

U'MU = My, (A10)
The diagonal entries of M, are the singular values of M, or
the nonnegative square roots of the eigenvalues of MTM.
Indeed, U'M'MU = M?. This “diagonalization” in the
Autonne-Takagi sense should be contrasted with diagonal-
ization in the traditional sense, i.e.,

P~'MP = D, (A11)
where the nontrivial entries of the diagonal matrix D are the
eigenvalues of M. Any complex symmetric matrix admits a
factorization of the form (A10) (which guarantees the
existence of a basis of “mass eigenstates” with nonnegative
real masses), but is not necessarily diagonalizable in the
sense of (A11). However, if M is real and symmetric (hence
Hermitian), then it is diagonalizable by a real orthogonal
matrix,

O"™™O = D. (A12)
In this case, the singular values of M are the absolute values
of the (real) eigenvalues of M. A suitable U in (A10) can be
found by multiplying O in (A11) on the right by a diagonal
matrix of phases if necessary. If M is additionally positive-
semidefinite, then the factorization (A10) and the diago-
nalization (A11) coincide.

A congruence transformation - — U? - U (or more gen-
erally, multiplication by any invertible matrix) preserves
rank and nullity. However, it need not preserve the number
of zero eigenvalues. This is because the geometric multi-
plicity of an eigenvalue is bounded above by its algebraic
multiplicity, and in particular, the nullity is only bounded
above by the number of zero eigenvalues. So if M is not
diagonalizable, then the number of vanishing singular
values may be smaller than the number of vanishing
eigenvalues of M. However, the rank of M™M (which is
Hermitian and hence diagonalizable) is the rank of M, so if
M has rank at most N — m = n, then it will have at least m
vanishing eigenvalues and singular values. The nullity of M
is the number of vanishing singular values.

If a matrix is normal (or equivalently, unitarily diago-
nalizable), then the singular values are simply the absolute
values of the eigenvalues. A vanishing singular value is also
an eigenvalue, but the converse does not hold. In general,
there is no direct relation between the singular values and
the eigenvalues of a matrix. However, the singular values
do yield bounds on the eigenvalues. Let the N x N complex

matrix M have singular values o; ordered as oy > --- >
oy > 0 and eigenvalues A; ordered as |4,| > - - - > |Ay|. The
Weyl-Horn inequalities [64,65] state that

k k
H 4] < HUi
i1 i=1

for k =1, ..., N, with equality for kK = N. In particular, the
absolute values of the eigenvalues lie between the largest
and smallest singular values. These inequalities generate
the complete set of relations between singular values and
eigenvalues. For example, it follows that:

k k
D i< o,
i=1 i=1

fork=1,...,Nand any p > 0, i.e., the (pth powers of the)
singular values weakly majorize the (pth powers of the)
absolute values of the eigenvalues. This is a special case of
a stronger result, Weyl’s majorant theorem [64]. See [66]
for a more comprehensive overview of the theory.

(A13)

(Al14)

3. Mixing parameters

With n sterile neutrinos, the flavor basis and the mass
basis are related by a (3 + n) x (3 + n) unitary matrix U.
The upper 3 x 3 block of this full mixing matrix is the
Pontecorvo-Maki-Nakagawa-Sakata  (PMNS)  matrix,
which is tightly constrained by experiment. The off-
diagonal blocks, and in particular the mixing parameters
Uin,Usy, Usy, where N is any species of sterile neutrino,
are likewise constrained by experiment. In the seesaw
mechanism, the magnitude of the block U,y goes like B/ D,
which can be tuned to satisfy these constraints. More
precisely, given a mass matrix of the form (1), the mixing
matrix takes the following block form [8,14,31]:

1-1Bi(DD")'B
-D7'B
+O0((D7'B)%).

(D~'B)"
1-3D7'BB"(D")™

(A15)

In this way, the seesaw mechanism correlates the sizes of
the masses and the mixing parameters.

Restricting our attention to the light neutrinos, and
assuming unitarity of the PMNS matrix Upyns, the flavor
basis vy (Vg—, ) and the mass basis v (v,  3) are related
by vy = Upynst- Hence, the mass matrix m, of the light
neutrinos is diagonalized as follows:

Mgiag = U EMNstU PMNS- (A16)
Taking into account the symmetries of the lepton sector,
Upnmns can be parametrized by three mixing angles and one
CP-violating phase 6.p. Moreover, assuming that the v are
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Majorana fermions, there exist relative phases among the
Majorana masses m;, m,, ms. Choosing m; to be real and
positive, we may absorb these phases into m; , = |m ,|e?12.
Thus the inclusion of nonzero neutrino masses adds nine
parameters to the Standard Model; three physical masses,
three mixing angles, and three CP-violating phases [67].
The Majorana CP-violating phases are not experimentally
accessible, which is why one typically focuses on the Dirac
CP-violating phase 6¢p.

Letting Am}; = m} — m7 (and replacing m; with [m;| as
necessary for Majorana masses), neutrino oscillation data
are compatible with a normal hierarchy ms3 > m, > m;
(with Am%, > 0), an inverted hierarchy m,>m;>>m;
(with  Am3, <0), or an approximate degeneracy
(my = my ® my) [11,59,67].

APPENDIX B: EXAMPLES

In this appendix, we elaborate on some explicit examples
presented in the main text.

1. Beyond the seesaw

We first describe how our rank conditions for m
vanishing singular values yield neutrino mass matrix
textures that generalize those of the ordinary and inverse
seesaw mechanisms.

The ordinary seesaw mechanism relies on perturbing the
off-diagonal blocks of the texture,

o o]
0 DJ
where D is n x n, while keeping the upper-left m x m
block zero. This texture clearly has rank at most n and
therefore at least m vanishing singular values.

The inverse seesaw mechanism involves a perturbation
of a 9 x 9 mass matrix with 3 x 3 blocks,

(B1)

0 u 0
IuT M M , (BZ)
0 MT 0

where M" is symmetric (in fact, the block M” is typically
set to zero). Any such texture has a nullspace of dimension
at least three and therefore at least three vanishing singular
values. To obtain three small masses, we can perturb the
lower-right O block (as in the inverse seesaw) as well as the
off-diagonal O blocks (as in the type III seesaw).

More generally, let m, n be arbitrary and choose # < n.
Then consider the “cross” texture (B2) where now,

u is an m x £ block,
M" is an £ x ¢ block.

M’ is an £ x (n — ) block,

Such a texture has nullity at least m + n — 2£. So choosing
n even and £ =n/2 yields a texture with at least m
vanishing singular values. Perturbing such a texture will
give rise to m light neutrinos. The inverse seesaw mecha-
nism corresponds to the special case (m,n)=(3,6),
£ =23,and M" =0.

To state the above in a more illuminating way, by a
change of basis (conjugation by elementary matrices), the
cross texture (B2) is equivalent to a texture of the form,

0 wu

[uT M ’} ’
where pis (m+n—¢)x £ and M’ is £ x ¢ [the p and M’
in (B2) and (B3) are different]. It is easy to see that such a
matrix has a nullspace of dimension at least m + n — 2£.°
Choose n even and Z = n/2. Then the inverse seesaw
mechanism relies on perturbing the above texture so that
u becomes m x 2¢ and M’ becomes 27 x 2¢. In fact, the
inverse seesaw mechanism would have the original M" = 0;
our generalization allows for arbitrary M’. Moreover, one
can make a change of basis in the space of sterile neutrinos
after the perturbation so that the structure or even the
presence of perturbations is not manifest.

Our prescription for deriving neutrino mass matrices by
perturbing matrices that satisfy certain rank conditions
therefore generalizes both the ordinary and inverse seesaw
mechanisms. In fact, on general grounds, it generalizes any
seesaw mechanism because it provides necessary and
sufficient conditions for the generation of small active
neutrino masses regardless of whether there exists a hier-
archy between Dirac and Majorana masses for sterile
neutrinos.

(B3)

2. Rank conditions

We now demonstrate how to solve the rank conditions to
derive explicit textures (either real or complex) that give
rise to realistic neutrino mass matrices upon perturbation.

Note that for a single sterile neutrino (n = 1), this
prescription yields nothing beyond the ordinary seesaw
mechanism. Indeed, consider a mass matrix M of the form
(1) with n = 1. If B is nonzero, then M has rank two
regardless of the value of D = [d]. Hence the only way to
arrange for M to have rank one is to set B =0 and d # 0,
corresponding (upon perturbation) to the ordinary seesaw

0B

3For instance, any (m + n) X (m + n) block matrix A = leh

satisfies
v Bw
A5 = Lcar os)
w Cv + Dw

so the first m entries of any vector in the image of A are
constrained to lie in the span of the n columns of B. Hence the
nullspace of A is at least (m — n)-dimensional.
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mechanism. Of course, the case n = 1 is not phenomeno-
logically viable because it can only produce one light
neutrino mass. (However, it becomes viable if we allow for
nonvanishing bare Majorana masses for the left-handed
neutrinos.)

To obtain examples beyond the seesaw, consider two
sterile neutrinos (n = 2). We wish to solve for complex M
with rank M = 2. We consider the physical setup with
m = 3—the extension to arbitrary m is obvious:

(1) If rank B =0, then B = 0 and rank M = 2 if and

only if rank D = 2.

(i) If rank B =1, then up to conjugation by

diag(Z5, 2 ]), we can write

0O 0 O a aa

0 0 O b ab
M=|0 0 O c ac ,

a b ¢ dy dip

aa ab ac dy, 2ad,—a*dy,

(B4)

where not all of a, b, ¢ are zero and dy;, d,,, @ are
unconstrained. All entries are generically complex.
If dy, # ad,;, then the last two columns are linearly
independent and the first three columns lie in the
span of the last two. Otherwise, the last two columns
are linearly dependent and the one-dimensional span
of the first three columns lies outside the span of the
last two.

(iii) If rank B = 2, then the last two columns are linearly
independent regardless of D, so the first three
columns must lie in the span of the last two. But
the only linear combination of the last two columns
with vanishing first three entries is the zero vector,
so this is impossible. Hence, we cannot have
rank B = 2.

It is clear that, in general, we must have rank B < n to
ensure that rank M = n. To proceed to higher values of #, it
is convenient to instead solve the eigenvalue conditions (2)
and then to promote the resulting real parametrized textures
to complex ones.

3. Eigenvalue conditions

We now specialize to real mass matrices M, which
allows us to interpret the eigenvalues directly as physi-
cal neutrino masses (up to signs) and to write their
vanishing conditions as simple algebraic conditions on
the entries. We leave m arbitrary unless otherwise
specified.

a.n=1

As already mentioned, the case n =1 yields no new
textures beyond those corresponding to the ordinary seesaw

mechanism, which entails perturbing around the trivial
solution B = 0 to the conditions (2). Indeed, in this case,
the only constraint is G = BT B = 0, but if B is real, then
G =0 1if and only if B = 0.

b.n=2

It is straightforward to classify all solutions for n = 2.
Without assuming that D is diagonal, we write

d d
D— [ 11 12]’ G—B'B — [911 912]' (BS)
dip dy 912 922

The characteristic polynomial of M is x"~2P,(x), where

P4(x) = x* = (TrD)x* + (det D — TrG)x?

+ (d1192 = 2d 12912 + dxngi)x +detG,  (B6)
so we must satisfy two constraints,
detG =0, di192 = 2d1291 + dangy = 0. (B7)

There are two classes of solutions: either rank G =0 or
rank G = 1.

Ifrank G = 0, then G and B are identically zero and both
constraints are manifestly satisfied; D can be arbitrary. This
is again the case of the ordinary seesaw mechanism.

If rank G = 1, then not all entries of G are zero. The
possible solutions are as follows:

oo ([ 415 ) e o

d, 0 0 0
0 d 0 0

<D,c>=({ H ]) 0n#0.  (BY)
diy dy 0 9»

D.G) = ({ Y dpy }
’ diy 2d12912/911—d119%2/9%1 ’

g1 912 })
) g11-912 ;éo’
|:912 9%2/911

with the d;; arbitrary in all cases. The first two classes of
solutions are related by conjugation by [‘1) (1)] The columns of
B are constrained by the entries of G. Namely, since rank
B =1, the three respective cases correspond to

(B10)

B=[b 0], g = |E|27 (B11)
B=[0 bl gn = |];2 (B12)
B = [Z am» g = |E|2’ g1 = a|l;2, (B13)

with b # 0 and a # 0.
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One can perturb the above solutions to generate two
small but nonzero eigenvalues for M. All nontrivial
eigenvalues arise as the roots of the quartic polynomial
(B6). One way to obtain an analytically tractable model is
to consider perturbations that turn this quartic polynomial
into a quadratic polynomial in x*. For example, one can set
D = 0 and then perturb only G (i.e., B). In this case, the
characteristic polynomial of M is

x"72(x* — (TrG)x* + det G), (B14)
whose roots are
TrG +' /(TrG)* — 4det G
x:O,...,O,j:\/ ! ( r2 ) —4de (B15)

m—2

for all four choices of signs =, =+’. However, this
model is not phenomenologically viable, as it does
not produce the experimentally required mass splitting
(the smallest two eigenvalues are always 4 of each
other).

We now present some explicit textures for the
physically relevant case of m =3, ie., (m,n)=(3,2)
(the extension to arbitrary m is obvious). The only
potential novelty arises when rank G = 1. The textures

0 0 O a 0 0 0 0 0

0 0 0 b 0 0 0 0 0 b

0 0 O ¢c 0,10 0 O 0 cf,

a b c AU 0 0 0 0 u

0 0 O u 0 a b c u A

[ 0O 0 O a aa ]

0O 0 O b ab

0 0 0 c ac , (B16)
a b ¢ A u

aa ab ac u 2op—a*h

parametrize the solutions (B8), (B9), and (B10), respec-
tively. The only conditions on the parameters are that
a?+b24+c2#0 and a#0. The first two textures,
which are equivalent by a change of basis, are also
examples of the cross texture (B2). As expected, the last
texture coincides with (B4). (See [29] for an application
of the case 4 =0 and a = 0.) Perturbing these textures,
such as by taking

0 0 O a O 0O 0 0 a €
0 0 0 b 0 0 0 O b e
0 0 O c 0 —-]10 0 O c e,
a b A ou a b ¢ A ou
0 0 O u 0 € € €3 u €
00000 a] | e al
0 00 0 €

0 0 O 0 ¢c| =10 0 €3 ¢ |,
0 0 O 0 u € € €3 € U
a b c u A a b ¢ u A

(B17)

gives one vanishing mass, two small masses, and two
large masses. These are all of the (m,n)=(3,2)
textures beyond the seesaw.

Let us make some brief comments about mixing param-
eters. To obtain realistic models, we must generate not only
small neutrino masses, but also small mixing angles. To
respect constraints from experiment, oscillations between
light and heavy states cannot be too large. While our
approach guarantees small masses, the smallness of the
resulting mixing angles imposes constraints on the para-
metrized textures that must be determined by further
analysis. One complication is that, in general, the eigen-
vectors of a matrix are not continuous functions of its entries,
so the mixing matrix cannot always be reliably computed
before adding the perturbation to the mass matrix M [25].

Again, we consider a simple example with n = 2. For
simplicity, we assume that M is real, so that it suffices to
compute eigenvectors rather than singular vectors. We also
assume that the desired perturbation will not change the
mixing matrix drastically, which allows us to derive the
approximate mixing matrix analytically before adding
the perturbation to M. We show that the off-diagonal block
(the vN mixing matrix) can be made parametrically small.

Specifically, consider (B16). The smallness of the mix-
ing parameters is controlled by the relative size of a, b, c,
and u, so for simplicity, we set A =0 and a = 0. The
corresponding texture and its eigenvalues are

000] O
000/ O
M=1|0 0 0| 0 cl,
000/ 0 u
a b c u 0
a
spec(M):{O,O,O,Aisi\/l;2+,u2}, b=|b
c
(B18)
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The singular values are obtained from the eigenvalues by
taking |A_| = —A_. The normalized eigenvectors corre-
sponding to A_ and A, are, respectively,

T
. 1 —
U = — H s
2% +p2) | B+ 12
1 b
Uy = —— H . (B19)
\/2(b2 +u2) \/b2 +

The orthogonal matrix that diagonalizes M is given by

0 = [+l * | *|5_[5.]. (B20)
where the * columns comprise an orthonormal basis for the
degenerate 0 subspace. Up to phases, the observable off-
diagonal mixing parameters are the first three components
of 7. By taking u sufficiently large relative to a, b, ¢, we
can make all of these components arbitrarily small. In this
limit, the lower-left block of O also becomes arbitrarily
small, so that the PMNS matrix becomes arbitrarily close to
unitary. Note that even though this mechanism requires a
hierarchy, this is not a seesaw mechanism; in the seesaw,
the smallness of masses and mixings is correlated as in
(A15). Here, small masses are already guaranteed by the
structure of the texture itself.

c.n>3

Now consider arbitrary n. The simplest class of solutions
beyond the seesaw is that for which rank G = 1; we focus
on these solutions. If rank G = 1, then rank B = 1 and we
can write

B =uvT, G = (u"u)(vo?), (B21)
where © and v are nonzero column vectors of length m and
n, respectively. (One can carry out a similar analysis for
higher rank using the singular value decomposition of B.)

First suppose (for simplicity, and without loss of general-
ity) that D is diagonal. The conditions (2) for M to have m
vanishing eigenvalues reduce to

i=1 i

(B22)

because all minors of G aside from the 1 x 1 minors vanish,
so the only nontrivial condition in (2) comes from d = 1
and r = n — 1. This is equivalent to

n

> ] =0

=1 j#

(B23)

If two or more of the d; vanish, then this condition is
automatically satisfied. If exactly one of the d; vanishes,
say d;, then this condition reduces to v; =0. The
remaining case is that all of the d; are nonzero. To simplify
the problem, suppose that we have

n
E aw? =0
i=1

with all a; nonzero (clearly, the a; cannot all be posi-
tive). Then:

(1) For n even, nonzero solutions d; to (B23) are in one-
to-one correspondence with nonzero solutions a;
to (B24).

(i) For n odd, nonzero solutions d; to (B23) are in two-
to-one correspondence with nonzero solutions a; to
(B24) satisfying a; ---a, > 0.

Indeed, to solve a; = H#i d; for the d;, write a; ---a, =
(d,---d,)"'. If n is even, then there exists a unique
solution with all d; real,

(B24)

sen(a; ---a,)|a; - a, /7 = dy---d,,  (B25)
and hence,
d— sgn(a,---a,)|a; - a, | _ sgn([1xia)) ‘Hj;éiaj|”+'
l ai M= '
(B26)

If n is odd, then there exists no solution with all d; real
when a;---a, <0, but there exist two solutions when
a;---a, >0,

:i:(al..-an)ﬁ :dl dn’ (B27)
and hence,
d =+ (a7 _ ngn(ai)|1—£{f"af|m
ai la;[»
sgn A . .a.ﬁ
::|: g (Hj?él j)|]._[j;é[ ]| ' (B28)

n=2
n—1

|a;

To summarize, we have found solutions to (2) of the form,
M= [ 0 ”q (B29)
o™ D

where u, v are nonzero, D = diag(dj, ...
the following holds:
(i) rank D <n-—2;
(i) rank D = n — 1 with d; = v; = 0 for some i;
(iii) rank D = n with > 7, v? H#i d; =0.

,d,), and one of
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The most general solution with rank G =rank B =1 is
obtained by a change of basis,

0 u(Ov)?

M = ,
(Ov)u” ODOT

(B30)

where O is an orthogonal matrix and D' = ODOT is a real
symmetric matrix.

As a special but useful situation in which rank G =1,
consider the case where B has a single nonvanishing
column,

B =[0]---|0[p[0] - - -[0]. (B31)
Then G has a single nonzero entry and, without assuming
that D is diagonal, the only requirement that needs to be
imposed for M to have m vanishing eigenvalues is the
vanishing of a single (n —1) x (n — 1) minor of D (we
provide a proof of this statement in Appendix C 3). For
example, with (m,n) = (3,3), we can take

00 0
000
000/ c

M=10"0 ¢ | dy dp dy | (B32)
0 O d12 d22 d23
_0 0 di3  dys d33_

where a? + b> + > #0. Then the only requirement
for obtaining three zero eigenvalues is that the lower-right
2 x 2 minor of D should vanish; d3; — da,d33 = 0. So we
obtain a 6 x 6 example without a hierarchy between Dirac
and Majorana masses.

Let us again comment on mixing parameters, this time in
the context of an example with (m,n) = (3, 3). The seed
texture corresponding to (17) in the main text takes the
form,

(B33)

I
© o ol o ©
o v o|lo o ©
© o o|lo o o

To obtain three vanishing eigenvalues irrespective of the
value of x, we choose the entries d;; of D to satisfy
dydsz —d% =0. To obtain small mixing parameters
(subject to the same caveats and assumptions as in our

discussion of the n = 2 case), it is convenient to suppose
that the matrix D is characterized by a scale d such that
taking x < d allows one to compute the mixing parameters
in the seesaw approximation (independently of the masses,
which are generated by perturbations to the seed texture).
For this purpose, one must avoid making pathological
choices such as

(B34)

o
|
”U oA
S Y
S Y

for which the mixing parameters remain O(1) regardless of
how small x is taken relative to d. The problem with (B34)
is that the matrix D is singular, which has the consequence
that the ostensibly “heavy” Majorana degrees of freedom
contain a massless mode and are therefore impossible to
decouple from the “light” degrees of freedom by making
the Dirac mass x arbitrarily small. [One sees directly that
the nonexistence of D~! invalidates the seesaw approxi-
mation (A15).] On the other hand, it is possible to choose
invertible D, all of whose entries have absolute values of
order d, satisfying the vanishing condition on the appro-
priate 2 x 2 minor. Examples include,

d +d d
D=|+d d TFd
d ¥d d
[0 +1/2d  1)2d
oD '=|+1/2d 0 F 1/2d (B35)
1/2d  F1/2d 0

The corresponding inverses have entries with absolute
values of order 1/d, allowing one to use the seesaw
approximation for the mixing parameters.

Finally, although we have so far considered real sym-
metric M, note that the general solution to rank M = n for
complex symmetric M can easily be bootstrapped from the
real solution to the eigenvalue conditions (2). In particular,
the most general complex symmetric M with rank B = 1
and D diagonal that satisfies rank M = n takes the form,

0 uvT] n

M= [vuT D ZU%de =0

=1
where u and v are nonzero column vectors of length m and
n, respectively, and D = diag(d,, ..., d,). All parameters
are now complex. Lifting the assumption that D is
diagonal, the most general solution with rank B =1 is
obtained by a change of basis,

(B36)
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0 u(Uv)T

M =
(Uv)u? UDUT

(B37)

where U is a unitary matrix.

APPENDIX C: DERIVATIONS

1. Mass matrix with no structure

Let M be an N x N matrix. When does M have (at least)
m vanishing eigenvalues? To answer this question, we use
that for n x n matrices A and B [68],

I

r=0 af

det(A+ B) +s() det(Ala|]) det(B(alp)).

(C1)

where a, f# are strictly increasing integer sequences of
length r chosen from 1, ..., n; Aa|f] is the r x r submatrix
of A corresponding to rows « and columns f3; B(a|f) is the
(n—r) x (n—r) submatrix of B corresponding to rows
complementary to a and columns complementary to f3; and
s(a) is the sum of the integers in @. When A is diagonal,
(C1) simplifies to

det(A+ B) =

ZZdet [a|a]) det(B(ala)).

r=0 ‘a‘

(C2)

The formula (C2) implies the following standard formula
for the coefficients of the characteristic polynomial
of M: det(xI —M)=x"+cy_1 XN+ +c1x + ¢,
where

(C3)

= (=1)N- ’Z det(M(ala)).

|a|=r

For M to have m vanishing eigenvalues, we must have
co="+++=Cpu_1 = 0, so the sum of all principal (N — r) x
(N —r) minors of M must vanish for each r=0,...,
m — 1. If M has rank at most N — m, then this is clearly
the case.

2. Mass matrix with block structure

The above general conditions for the vanishing of m
eigenvalues do not assume any structure on M. We are
interested in the case (1), where M is a complex symmetric
matrix whose upper-left m x m block vanishes,

M _ 0m><m B )
BT D
Here, B is an m X n complex matrix, D is an n X n complex
symmetric matrix, and N = m + n.

(C4)

To determine the most general conditions under which
such an M has m vanishing eigenvalues, we first write the
characteristic polynomial of M as*

X1m><m -B
-BT  x1,,,-D
P,,(x) = det(x*1,,,

Py, (3),

—-xD-G), (C5)
where G is the Gram matrix of column vectors of B with
respect to the real inner product,

G = B"B. (C6)
For M to have m zero eigenvalues, P,, (x) must contain no
terms of degree 0, ...,n — 1 in x. Since the rank of G is no
greater than m,” we need only demand the vanishing of the
coefficients of x"~!',...,x"~™n(mn) in P, (x). These
min(m, n) conditions are equivalent to M having at least
m vanishing eigenvalues.

To write these conditions explicitly, we make the
following simplification. Since there exists a unitary matrix
U such that UTDU is diagonal with nonnegative real
entries, without loss of generality, we may work in a basis
where the lower-right block of M is diagonal—if necessary,
by changing basis purely within the space of sterile
neutrinos as follows:

{1 0][0 B][l 0] { 0 BU}
M- = .
0 UT]|BT D|J|0 U U'BT UTDU

(C7)
So let D be diagonal with entries d; > 0. Using (C2), we
can write,
Py, (x) = Z(—l)"_rer@C —dy)) -
r=0 |a|=r
X (x = dygp) det(G(ala)) (C8)
= (_1)n Z<_l)r_pzep(da(l)a vda(r))
r=0 p=0 la|=r
x det(G(a|a))x*7, (C9)

where the e, are elementary symmetric polynomials in r
variables. By using

*We have used that the determinant of a block matrix M = [é g s

where A and D are square matrices with A invertible, is
det(M) = det(A) det(D — CA™'B).

>The rank of G does not follow straightforwardly from the rank
of B. For real matrices B, we have rank BB =rank BBT =
rank B; for complex B, an analogous statement holds with Bf in
the place of BT,
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2n [k/2)

chrp zr_pfzxzn kZ

r=0 p=0

(n—¢.k—2¢)

(C10)

to rearrange the sum, we can further write,

2n Lk/2]

_ ZXZn—k Z (_1>k—f

P2n (X)
o da(n—f)) det(G(a|a)).

(C11)

So for each k=n+1,...,2n, we demand that

[k/2]

DD erae(daqys o

=k—n la|=n—¢
x det(G(a|a)) =0,

da(n—f))

(C12)

where we have changed the lower limit of summation on ¢
from O to k — n because below this range, the elementary
symmetric polynomial e,_,, in n — ¢ variables vanishes.
Setting d = k —n and r = n — ¢, and ignoring an overall
sign, we can equivalently write these conditions as follows:
foreachd=1,...,n,

o dg(ry) det(G(ala)) = 0.

(C13)

This is precisely (2). Note that since G(a|a) is at least a
d x d matrix and the rank of G is at most m, we have
det(G(ala)) =0 when d > m. So these conditions are
automatically satisfied when d > m, meaning that these n
conditions really reduce to min(m, n) conditions. Similarly,
we could restrict the range of summation on r to start
at r = max(n—m, [%547).

3. Diagonal Gram matrix

Let us now assume that G, rather than D, is diagonal with
entries g;. Using (C2), we can write,

Py (x Z(—x )" Z X = ga1) (¥ = Ga(r))
x det(D(a|a)) (C14)
SO M CVED WHCHIS
x det(;(aﬁx))x"*’_zl’.lal_r (C15)

Further using,

ZZC’,p n+r=2p

r=0 p=
152

— ixrwrk Z

k=-n

k| -k
<|k| + Zf,% + f), (C16)

gives

WJ

Py, (x) = (1) Z s Z

k=—n

x D
la|=Ik|+2¢
x det(D(ala)).

\k|+k /24+¢

€(k=k)/2+¢(Ga(1) -+ Ga(k|120))

(C17)

We want P,,, to have no terms of degree 0, ...,n — 1. So we

demand that

23]

Z(_l)f Z €k+f(9a(1),

=0 la|=k+2¢

» Ga(k+20)) det(D(ala)) = 0

(C18)

for k=1,...,n. If only a single diagonal entry g; is
nonzero, then e, =0 for p > 1, so the only nontrivial
condition corresponds to k =1 and Z = 0,

Z g; det(D

(ili)) = 0 & det(D(ipiy)) = 0.  (C19)

4. Rank-one Gram matrix

Now suppose that rank G = 1. First note that if A and B
are n X n matrices with rank A = 1, then

)=detB+ zn:(—

a,f=1

det(A+B

)P A pdet(B(alf)). (C20)

which follows from keeping only the »r =0, 1 terms in
(C1). Letting E = x1,,,,, — D, we have from (C20) that

P2n(x) =

n
=x"detE—x""! Z (-

a,f=1

det(xE—-G)

147G pdet(E(alp)).
(C21)

Since P,, has no terms of degree lower than n — 1 in x, it

suffices to demand the vanishing of the x"~! term. The
coefficient of this term is
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1P () == 3 (1) 4G ypdet(E], o a]p))
a,f=1
(1) 3 (C1)G pde(D(alp)). (C22)
a,p=1

Writing G = (u”u)(vv?), the vanishing of this coefficient
is equivalent to

S a2 det(Dili)) + 23 (~1) v, der(D(il)) = .
i=1

i<j

(C23)

If D is diagonal, then the condition (C23) reduces to (B23).
If G is diagonal (which, since rank G = 1, implies that G
has a single nonzero entry), then this condition reduces
to (C19).

5. Comments on vanishing Gram matrix

Here, we comment on a mathematical generalization of
the seesaw mechanism that yields small nonzero eigenval-
ues for perturbations of complex symmetric mass matrices
M. However, since these comments concern the eigenval-
ues rather than the singular values of complex M, they are
not relevant for physical neutrino masses.

The observation is simple; if G = 0, then the vanishing
conditions (2) are manifestly satisfied. Therefore, we can
generalize the seesaw texture (B 1) by perturbing matrices B
that satisfy B” B = 0 rather than merely B = 0. Any such B
that is nonzero must be complex (otherwise, we would have
0 = rank B”B = rank B and hence B = 0). The columns
of B then have zero length and are mutually orthogonal
with respect to the real inner product.

This is a generalization of the seesaw mechanism in that
the lower-right block D is completely arbitrary; no con-
ditions involving D need to be imposed to satisfy (2).

a.n=1

If n = 1, then this class of examples is the most general
solution because the only constraint is BB = 0; D can be
arbitrary. To satisfy this constraint nontrivially (i.e., with B
not identically zero), B must have at least two nonzero
components, and not all components of B can be real.

Writing D = [d] and B = (b, ..., b,,)", the character-
istic polynomial of M is

(C24)

xm-1 <x2 —dx — Z b%) ,
i=1

whose roots are

+\/d*+4> " b?
x:o’ ,Od d+ Zl—lbl'

..., 0, C25
i (c25)
m—1
If B=(f,....B8,)" where 7+ .-+ f2, =0, then the
roots are
x=0,...0,d. (C26)
——

m

If B= (B + €1 oo P + )7 Where 24 + 2 =0,
then the roots are

0 0 d+ \/d2 + 43 (2B€; + €7)
x=0,...,0, )
N — 2

m—1

(C27)

We assume no hierarchy between f and d, but rather that
they are of the same order of magnitude. If € < f3, d, then
the roots become

2 m
_ 2
x—O,...,O,—E;:l pie; + O(€?), d+ O(e). (C28)

m—1

Unlike in the ordinary seesaw mechanism (with = 0), the
lightest nonzero eigenvalue is only suppressed by a single
power of € rather than two powers. This feature of the light
eigenvalues persists at higher n (see Footnote 1).

Note that the eigenvector of
0 p q
M:{ﬁ ﬂ], B =0, (C29)

pd

with eigenvalue d is [/}, while the eigenvectors with

eigenvalue O take the form,

v -
R

0 (C30)

since ﬁ is not identically 0. We see that there exist only
m — 1 linearly independent eigenvectors with eigenvalue 0.
Hence M is not diagonalizable.

b.n=2

In a basis where D is diagonal, the characteristic
polynomial of M is x"~2P,(x), where

Py(x) = x* = (dy) + dy)x* 4 (dy1dpy — TrG)x?

+ (d1192 + dngi)x + det G. (C31)
We consider perturbations of solutions to G = 0. Suppose
we have four complex roots with |A, |, |A,| > |a,|, |a,| and
consider the polynomial

s ’
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(x =AD)(x = Ay)(x —a))(x — ay)
=x*= (A + A, + 0(a))x®
+ (A1A; + O(Aa))x* = (A1Ay(a) + ay)

+ O(Ad*))x + A Azaa,. (C32)
Comparing to (C31), we wish to solve

A+ A+ 0(a) =dy + dy, (C33)

A1Ay + O(Aa) = dyd»y — TrG, (C34)

AAy(ay + ap) + O(Aa?) = —dy 192 — dypgyy, (C35)

AAsaa, = detG. (C36)

It is consistent to assume that the entries of D are of order A
(with errors of order a) and the entries of G are of order Aa
(with errors of order a?). Equations (C33) and (C34)
require that

(A}, A,) = some permutation of (d,; + O(G/D),

dy, + O(G/D)). (C37)

Then AA; = dy;dy + O(G), and Egs. (C35) and (C36)
become

g 9»

= I 92, oG2/pY),
ay +a di) d22+ (G*/D)
det G
aay =7 4 0(G3 /DY), (C38)
d11d22

- 2(ﬂlel +"'/))m€m)
ﬁle/l +ﬁ/1€1 + - +ﬂm€:n +ﬂ;n€m

So G is of order fe rather than B? ~ 2.

ﬂle/l +ﬁ/1€1 + - +ﬁm€;n +ﬁ;n€m

(in other words, the errors are suppressed by an additional
factor of G/D?). So a; and a, are the solutions to

2 (g“ 492 O(Gz/D3))x
dy  dy

det G
+ ( A 0(G3/D4)> —0,  (C39)
d11d22
which are
le{_(ml+9n>i: <m1_9n)2+‘W%]
2 dyy  dy dyy  dy didy
+0(G*/D?). (C40)

We can rewrite this in terms of perturbations of B. The
general lesson is that the small eigenvalues a are of order
G/ D, but this does not necessarily mean that they are of
order B?/D, as in the ordinary seesaw.

For illustration, let the columns of B be

(Br+e€l...Bnte).  (C41)

(ﬁ1+€1""7ﬁm+€m)T7

where

Pite B =P7 + -+ Ba =P+ + Bl =0,
(C42)

and the perturbations e are assumed small relative to S.
Then we have

+0(e?). (C43)

2(B1€) + -+ Bum)

c.n>3

Now consider arbitrary n. We assume that D is diagonal with entries d; > 0. The characteristic polynomial of M can be

written as x"~"P,, (x), where

2n [k/2]

P2n(x) = szn_k Z (_l)k_f Z ek—Zf(da(l)’ sy da(n—f)) det(G(a|a))'

Instead of considering the most general D and G for which
P»,, has n vanishing roots, we again focus on the class of
examples where the Gram matrix G is identically zero and
D is completely unconstrained.

We want to produce min(m,n) small eigenvalues
by perturbing around G = 0. Suppose for simplicity

(C44)

that m > n. If m < n, then the reasoning below still
carries through: in that case, P,,(x) only has terms
¥, x?=1 . x"™™ and so automatically has n—m
vanishing roots, so demanding that it have n large
and n small roots will automatically produce m
small roots.
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Regarding G as a perturbation (G/D? < 1), for each k in (C44), the term in the coefficient of lowest # dominates, and for
ex_oy In n — ¢ variables to be nonzero, we must have £ > k — n. So if k < n, then we choose Z = 0; otherwise, we choose
¢ =k —n. So we have

n

Pau(®) = S [(=1erldrs ..., dy) + O(DF2G) e~

k=0
2n
+ > { "N dy wani) det(G(ala)) + O(DP=k2Gh=n+1) [ y2nk, (C45)
k=n+1 |a|=2n—k

Now consider

n

(x _Al) e ()C _An)(x - (11) T ()C - an) = Z((_Ukek(Alv ‘-"An) + O(Ak_la))xzn_k

=0
2n
+ Y (=D Ay Ay, s ay) + O(Aak=mth))21-k - (C46)
k=n+1
with |A], ..., |A,| > |a,], ..., |a,|. To match the coefficients, it is consistent to assume that D is of order A (with errors of

order a) and G is of order Aa (with errors of order a?). Matching the coefficients with 0 < k < n shows that
(A, ...,A,) = some permutation of (d, + O(G/D),...,d, + O(G/D)). (C47)

Then A, ---A, =d, ---d, + O(D"G), and further matching the coefficients with n + 1 < k < 2n shows that

1
di---d

(_l)k_nek—n (al PR an) = d(l(l) e da(Zn—k) det(G(a|a)) + O(Dn_k_sz_n+l) (C48)

" a|=2n—k

for n + 1 < k < 2n, or more simply,

1 el
(_l)kek(ala cees an) = z d(l(l) e da(n—k) det(G(a|a)) +0 N2 (C49)
dl o d" |a|=n—k D
for 1 < k < n. We conclude that the a; are the roots of the polynomial
n Gk+1
X" 4 kzl [ ey D" dayy  dygusy det(Glala) + 0(Dk+2>] xnk, (C50)
= dy al=n—k

0(6 /D)
This is consistent with all the a; being of order G/D.

APPENDIX D: NUMERICAL NEUTRINO OSCILLATION FIT FOR rn=3

In this section, we provide explicit numerical fits to the observed neutrino oscillation data and show that significant
mixing between active and sterile neutrinos can be achieved for the case with three sterile neutrinos. We write

TABLE 1. 30 allowed ranges for the neutrino oscillation parameters from a recent global fit [69], along with the benchmark fits.

R 30 Allowed range Model fits

Oscillation parameters - =

NuFit5.2 [69] Fitl Fit2
Am3, (107 eV?) 6.82-8.03 7.41 7.55
Am3, (1073 eV?) 2.428-2.597 2.54 2.54
sin® 0, 0.270-0.341 0.3112 0.320
sin? 0,5 0.406-0.62 0.454 0.518
sin? 0,5 0.02029-0.02391 0.0223 0.0213
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TABLEIL. Values of parameters that generate Fit1 to the neutrino oscillation data, as shown in Table I. Here, (U4, U,s, Usg) are the
mixing parameters between active and sterile neutrinos.
by by bis b by ba3 bs b3, b33
8.348 eV 0.297 GeV ~ 1.851 eV 335meV —-1.325GeV 0.572eV 14.65 eV 1.453 GeV 130 eV
Fitl dy dp dys dy do ds; |Un4| |Uos| |Usl
—-6.306 GeV  1.132 TeV = —5.13 TeV 0 -1.897 TeV  d&2,/d;; 825x107° 8.25x107° 0

TABLEIIL.  Values of parameters that generate Fit2 to the neutrino oscillation data, as shown in Table 1. Here, (Uyy, Ujs, Uag) are the
mixing parameters between active and sterile neutrinos.
by bia bis b by ba3 b b3, b33
—0.338 eV 13.01 GeV  -0.15eV  0.74 meV —141 GeV 0.176 eV —4.0eV  —66.82 GeV  0.36 eV
Fit2 dy dpp di dy das ds; |U 24| |Uas| |Usel
—0.881 TeV ~ 22.92 GeV 0 1.47 TeV  —2.293 TeV 0 0.001 0.0495 0.036
r by by by 7 Our numerical method is based on a constrained minimi-
zation where five neutrino observables (Am3,, Am3,,
0o 0 0 by by by sin® 0,5, sin®#,3, sin?#,3) are forced to lie within their
0 by by b3 experimentally measured ranges. The values of the input
M= by, by by dy dy, dpy (D1) parameters in Eq. (D1) that yield fits to the oscillation
parameters of Table I are shown in Tables II and III for
bia by by diy dy dn Fitl and Fit2, respectively.
biz by b3y diz dy di;
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