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Exotic potentials and Bianchi identities in SL(5) exceptional field theory
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Tensor hierarchy of exceptional field theories contains gauge fields satisfying certain Bianchi identities.
We define the full set of fluxes of the SL(5) exceptional field theory containing known gauge field
strengths, generalized anholonomy coefficients and two new fluxes. It is shown that the full SL(5) EXFT
Lagrangian can be written in terms of the listed fluxes. We derive the complete set of Bianchi identities and
identify magnetic potentials of the theory and the corresponding (wrapped) membranes of M-theory.
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I. INTRODUCTION

Theories of fundamental extended objects pretending
on a quantum description of gravity, be it string theory or
M-theory, are essentially higher dimensional. Hence one is
naturally interested in dimensional reductions in order to
reproduce effectively four dimensional physics. To have
phenomenologically feasible dynamics it is typically neces-
sary to go beyond simple toroidal compactifications and to
consider models that include branes wrapping topological
cycles of a compact manifold, generating nontrivial fluxes
along them, as well as orientifold planes to satisfy tadpole
cancellation conditions (see, e.g., [1] for a review). Fluxes
being a natural component of any string compactification
scheme in addition to supersymmetry breaking generate
nonzero masses for scalar fields determining the low energy
effective potential. For example in the case of type IIB
compactifications on Calabi-Yau three-folds with O3 planes
the so-called Gukov-Vafa-Witten superpotential [2]

W: Q/\(F3+iTH3), (1)
CY;

where F'; and H; are 3-form fluxes from the R-R and NS-NS

sectors respectively and ¢ = C( 4 ie”? is the axio-dilaton.
Q is the Calabi-Yau (3, 0)-form defining its topology.
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The tadpole cancellation conditions for branes interact-
ing with the fluxes magnetically from the point of view of
the low energy effective theory (supergravity) can be
formulated in terms of Bianchi identities. Schematically
these read

dF + FAF =)0, (2)

where on the right-hand side (rhs) we have a sum of the
corresponding charges from all the sources. Tadpole
cancellation condition requires that for the compact mani-
fold the overall sum of all charges must be zero, that
in particular requires adding Op-planes in addition to
Dp-branes to compensate their RR charges. Using internal
symmetries of string theory, T- and S-dualities, one figures
out additional terms to be added to tadpoles coming from
duality partners of Dp-branes, that are NS branes and exotic
branes. For example, the GVW superpotential is explicitly
symmetric under the S-duality symmetry of Type IIB
theory and can be generated from the first term solely.
The first term includes the 3-form field strength generated
by a D5-brane wrapping the internal 3-cycle, while the
second term comes from its S-dual NS5-brane. Putting this
logic forward one includes T-duality and more generally
U-duality into the chain, generating more terms in the
superpotential [3]. Such fluxes generated by duality trans-
formations are sourced by exotic branes, in addition each of
the fluxes included into a compactification scheme must
fulfill tadpole cancellation conditions in the form of
Bianchi identities.

When speaking purely about compactifications of
10/11-dimensional supergravity when fluxes are under-
stood as integrals along topological cycles, the picture is
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significantly simplified when the formalism of embedding
tensor is used [4-8]. In this approach fluxes related by
(U-)duality transformations are various components of a
spurious object called embedding tensor, that encodes
the most general deformation of a D-dimensional
(half-)maximal supergravity by a set of constant parame-
ters, preserving supersymmetry. The embedding tensor
transforms in a linear representation of the corresponding
U-duality group E;4), where d = 11 — D, and satisfies a
set of constraints, required by the maximal supersymmetry
and invariance of the theory under local transformations.
The linear constraint simply projects the embedding tensor
to certain irreps of Ey;), while the quadratic constraint can
be schematically written as

POO = 0. 3)

Here P is a projector to certain irreps of the U-duality
group, that depends on the group chosen and whose explicit
form will be given later for the case d = 4. The embedding
tensor is denoted by ® suppressing all indices. Written in
terms of the geometric GL(d) subgroup the above is
nothing but the full collection of tadpole cancellation
conditions for all fluxes along the compact d-dimensional
space. Including those, sources by exotic branes.

In democratic formulation of type II supergravity
Bianchi identities are simply another way of writing field
equations of the theory, that appears to be more convenient
when dynamics of magnetically charged objects is taken
into account. As the simplest example consider the funda-
mental type II string interacting with the Kalb-Ramond
2-form B, whose field strength we denote by Hy = dB,. Its
field equation reads

xd(e™ x Hy + ...) = jit, (4)

where * denotes Hodge star in 10d and ellipses denote
contributions from RR fields. Current of the fundamental
string is denoted by j4! and is proportional to a two-form
supported on the string world sheet. Bianchi identities for
the 3-form flux are simply dH; = 0. Now, one notices that
in the absence of the string current, jg 1'—=0, the field

equations above at least locally can be solve by
6_2¢*H3+...:d36. (5)

Introducing the magnetically dual 7-form field H; =
e x Hy, we write field equations as its Bianchi identities

On the other hand, Bianchi identities dH; = 0 are now
written in the form of field equations, that with a source in

the rhs take the form

*d(xHq + ...) = jN5. (7)

The source is nothing but the current for the NS5-brane, the
magnetic dual of the fundamental string. Hence, we see,
that Bianchi identities hold information about branes
magnetically charged with the corresponding flux.

Apparently, the same is true when fluxes are combined
in duality multiplets, inducing the same for currents of
the corresponding branes. In this case, say, the embedding
tensor must be understood as a generalized field strength
rather than a constant tensor, and the quadratic constraints
become

90 + POO = J. (8)

To make more precise sense of the derivative in the first
term and the current on the rhs one should turn to a
U-duality symmetric formulation of 11D supergravity,
that is provided by exceptional field theory. Field content
of exceptional field theory is given by a metric, that is a
weighted scalar under the U-duality group, a set of tensor
gauge fields transforming linearly and a set of scalars
parametrizing a coset space G/K, where G is the U-duality
group and K is its maximal compact subgroup. Covari-
ance under G is achieved by extending the underlying
space-time, whose points are now labeled by coordinates
(x*,XM). Here x* are the usual coordinates on the so-
called external space-time of dimension D, and XM are the
so-called extended coordinates. The index M =1, ...,n,
labels components of the irrep Ry, that is precisely the one
in which vector fields A”M transform. We will return to a
more detailed definition of exceptional field theory in
Sec. III. For the original papers on the subject the reader
is referred to [9-15], and for a review see [16—18].

Our goal in this work is to derive all Bianchi identities of
the SL(5) exceptional field theory. For that we define a set
of quantities that can be referred to as fluxes in addition to
0, that is the nonconstant embedding tensor, field strength
of the vector fields AﬂM and the anholonomy coefficients
for the metric in the external space-time. Bianchi identities
for the latter have the same form as in the standard general
relativity, while identities for ® and the field strengths have
been known in the literature. Since Bianchi identities
explicitly define potentials interacting with magnetically
charged branes (at least at the linear level), we use our result
to compare to the existing classification of supersymmetric
branes in various dimensions [19-23]. In addition to states
presented in [23] we find exotic branes with special
directions along the external space-time.

Bianchi identities, being identically satisfied by defini-
tion, can be understood as a set of condition for a field
strength to be defined in terms of a potential. In the simplest
examples of Maxwell theory the identity dF = 0 allows to
introduce a gauge potential by F = dA. More involved is
the example of general relativity, where the Einstein-Hilbert
action can be written in terms of anholonomy coefficients,
that must satisfy
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aUtfvp]a - f[/wkfp]l(o- =0. (9)
This can be solved in terms of the vielbein e, as
fﬂbp = 26‘1/)0[/46”]“. (10)

The metric is then g, = e”“e,}’ Nap- NOw, if one considers a
transformation of the coefficients f,,” — f,,/ + Af,”, in
order for the new coefficients to be written in terms of (new)
vielbeins, they must satisfy Bianchi identities. Precisely
this logic applied to generalized anholonomy coefficients
(the nonconstant embedding tensor ®) has been used in
[24,25] to arrive at a generalization of 11-dimensional
supergravity equations. Supposedly, the Green-Schwarz
supermembrane on their solutions is kappa-symmetric.
The formalism of [24] is hugely restricted by the condition
that all tensor fields of the underlying SL(5) exceptional
field theory vanish. Full Bianchi identities derived in this
paper serve to extend this formalism to the full SL(5) theory
and hence to the full 11D supergravity.

The paper is structured as follows. In Sec. II we briefly
recall Bianchi identities of the full O(10, 10) double field
theory, where all fields can be packed into two fluxes (and
the dilaton). In Sec. III we provide all necessary details of
exceptional field theory, list weights of all relevant fields,
rederive gauge transformations of field strengths and tensor
hierarchy fixing typos found in the literature. This section
serves as a self-contained description of the SL(5) excep-
tional field theory. In Sec. IV we define fluxes of the theory,
derive all Bianchi identities for them and provide the full
flux Lagrangian. In Sec. V we discuss magnetic potential
that couple to the listed Bianchi identities. Appendices
contain necessary calculational details and the rest can be
found in Cadabra files on the GitHub repository [26].

II. FLUXES AND BIANCHI IDENTITIES
IN DOUBLE FIELD THEORY

In this section we briefly review flux formulation of
double field theory and Bianchi identities that are necessary
for its consistency. Since double field theory can be
formulated in a fully O(10, 10)-covariant form, it serves
as a convenient setup for illustrating the narrative without
going into many technical details. The structure of excep-
tional field theory with its necessary split into external and
internal sets of directions is repeated when the O(10, 10)
group is broken into GL(10 —d) x O(d, d). This corre-
sponds to D =10—d external directions and d+ d
doubled internal directions. Here we will be as brief as
possible referring for the details to the original papers on
double field theory [27-30] and its flux formulation [31],
and to review papers [32,33].

In this section we will use the following index con-
ventions:

u,v,p,0,...=1,...,10—-d external space curved
n,v,p,6,...=1,...,10—-d external space flat
n,v,p,6,...=1,...,10 10D spacetime curved
MNK,...=1,...20 curved O(10, 10)
A B C,...=1,...20 flat O(10, 10)
M,N,K,L,...=1,...,2d curved O(d, d)
A,B,C,D,...=1,...,2d flat O(d) x O(d) (11)

The full O(10, 10)-covariant generalized metric of
double field theory which reads

R Gy — ByyG"%By;,

Hymx = "’ (12)

B, ,G"* Gh?.

In addition one defines the invariant dilaton d related to the
standard dilaton ¢ by

1

Start with generalized Lie derivative in O(10, 10) theory
which on the generalized vielbein defined by H MN =
EALEB \H 45 takes the following form

LyEA=VNoyEA L+ EA OV —EA AV V. (14)

Indices are raised and lowered by the O(10, 10) invariant
tensor

=y o] 13

Generalized Lie derivative acting on the generalized viel-
bein induces the so-called generalized flux, that is simply
anholonomy coefficients for the underlying geometry [34].
In flat indices the flux can be written as follows

F ase = 3Eeno4E5"
F =26 ,Mopd — 0 E M. (16)

These fluxes identically satisfy the following Bianchi
identities:

3
Ea™MomF sep) — 17 " Fepje = Zapep = 0.
ECMaM]:CAB + ZE[A‘MOMFW] - ]:C]:CAB =Z5=0.
(17)

Components of the generalized flux F 45 can be identified
with a set of space-time tensors: the three-form Hj; ;, the
“geometric flux” 7,7, the nongeometric Q-flux, Q;”” and

the nongeometric R-flux, R*?7.
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To recover the structure of exceptional field theory one
should decompose twenty coordinates X into the set of
external space-time coordinates x* and internal doubled
coordinates X¥ (one cannot have both doubled due to the
section constraint). The Bianchi identities will decompose
correspondingly resulting in a set of identities with various
indices (see [35,36] for more details)

3

ZABCD> ZaaBc Z50AB> Zaopas Zavps
(18)

Zaps Zaan Z55.
In this case the nonderivative part of Z,p-p iS nothing
but the quadratic constraints of half-maximal SO(d, d)
gauged supergravity [37]. The same observation for
fluxes of exceptional field theory will be used to construct
similar Bianchi identities without actual calculation of
gauge invariance and explicit construction of flux formu-
lation of the theory.

III. SL(5) THEORY

In this Section we turn to the SL(5) exceptional field
theory that is a U-duality covariant formulation of super-
gravity in the split 7 4 4. In this case one has 7 external
coordinates x* and 10 coordinates on the extended space.
The field content (to be specified below) now contains
external metric, scalars and various tensor fields satisfying
the so-called tensor hierarchy. For consistency of further
narration we provide a detailed description of symmetries
of (the bosonic) SL(5) exceptional field theory mentioning
relations between the notations we choose here and those
chosen in the literature. In what follows we assume the
following index conventions for fields and parameters of
the SL(5) theory

av,...=1...11 eleven directions, curved;
&,ﬁ, .o=1...11 eleven directions, flat;
wuv,p,...=1,...,7 external curved;

,v,p,...1,...,7 external flat;

klmn,..=1,..4 internal curved;
a,b,e,d,...=1,....4 internal flat;

MN, K. L,...=1,...,10 curved SL(5) in 10;

A B,CD,..=1,..10 flat SL(5) in 10;
M,N,K,L,...=1,....,5 curved SL(5) in 5;
A,B,C,D,...=1,...,5 flat SL(5) in 5. (19)

Generalized space of SL(5) ExFT is parametrized by
coordinates XM. In terms of fundamental 5 indices of
SL(5) they take form XN = —X"¥_ The transition from
10 to antisymmetric pair of 5 is performed as

™™ — TMN

1
UMV — 5 UMNY v

any tensor,

s\' —26%).  only for the Kronecker. (20)

The additional 2 multiplier above stands for 5% =
L8) = 8l = 10,

Epsilon tensors eMMPOR and ABCPE are absolutely
antisymmetric tensors taking values +1 and are related as

€MNPQREAMEBNECPEDQEER — EeABCDE

_5
= e feMPPE (21

A. Generalized geometry and Lie derivative

Let us start with properties of field transformations under
coordinate transformations, i.e., the generalized Lie deriva-
tive. For our conventions for generators of the s/(5) algebra
see Appendix A. Generalized Lie derivative of a vector VM
of weight A[V] is given by the following expression
LAVM = [A, VM

Dorfman
= ANo VM —3pM N 5, AFVE
+ A[VMg AR VM
= ANy VM = VN AM 4 MMN 05 ARVE

+ </1[VM} - é) O AFVM, (22)

which in terms of fundamental 5 indices (M = [M, N))
takes the following form for vectors

1
EAVMN — EAKLaKL VMN _ VLNaLKAMK

2 AvM
—+ [ ]>VMN()KLAKL

_ VMLa ANK
LK + <5 5

1
— EAI(LaKLvMN _ VLNaLKAMK _ VMLOLKANK
A[vM
+ % VMN g AKL, (23)

For convenience of calculations we define a reduced weight
2 as twice of the overall coefficient in from of the term
0k AL For transformations of the generalized vector VMV
above we have

AVM] = A[VvM] +g. (24)

It is the weight / that is additive. Note that the numerical
shift is not always 4/5 and depends on index structure of
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the corresponding tensor. For a field V¥ transforming in the
fundamental of the global SL(5) group we have

1
ﬁAVM - EAKLGKLVM - VL()LKAMK

1 AvM
—+ (g + %) VMaKLAKL’ (25)

and similarly for generalized covectors
1
‘C’AVM = 5 AKLﬁKL VM + VLaMKALK

1AV
+ (— S+ W) Vyox AKE. (26)

For tensors of arbitrary rank the expressions are modified
accordingly. Finally for a weighted scalar one has

1 A
Lad = EAKLaKL¢ + % Pox AR (27)
Closure of the generalized Lie derivatives’ algebra requires
section condition
YMN]C[:aM ° a_/\[' =0, YMNK£6M0N° =0, (28)
where ¢ denotes insertion of any field of the theory.
Since in general derivative 9,V is no longer a gener-

alized tensor, one introduces external covariant derivative
D,=9,- EAM (29)

which is defined with the help of a generalized connection
A MN that is simply the gauge field of the corresponding
D = 7 maximal supergravity. As we will discuss further, to
define a stress tensor for A,M" covariant under generalized
|

diffeomorphisms more fields has to be added to the
theory, that appear to be a set of five 2-forms B, and
five 3-forms C,,,™.

The final ingredients are the standard metric g,, on the
D =7 space-time (the external space) and the generalized

metric MMV on the extended space (internal). The latter
can be represented as

MN.KL MK, NL ML, NK
M ,

=m m —m m
MM,K = MMN,KN — 4mMK’ (30)

where m,;y = my,, denote the generalized metric in the
fundamental representation. For further convenience we
will need a generalized metric MMY related to m"" by the
following rescaling

Mmyn = ez7)MMN = M_%MMN' (31)

As before metrics defined here can be written in terms of
the corresponding vielbeins

myy = m*PELER
My = m*PE4y EP
9w = Qﬁaeﬁueﬂw (32)
where the £4,,€SL(5) and E*), € SL(5) x R, E4), =
e(_7'l)4€AM, e() = detef .
As a result, the SL(5) EXFT bosonic field content reads

{e" . E*y. AMY B, Cup™ ¥ (33)

For further reference we list transformations of the above
fields under generalized Lie derivative:

. 1 _ 1
E/\e"” = §AKL0KL€”M +E€””0KLAKL,

1

1

1

1
EAch — EAKLOKLECM - SCL()LKAMK + gchakLAKL,

1

1
ﬁAAﬂMN — 5AKLaKLAMMN _ ZA”L[N()LKAM]K + EAyMNaKLAKLv

1
LBy =5 A 0x By + Bl Oyg AYX,

2

1
LAC

Hvp Hvp

1
M= S A0 G = Gy kNS 2 G MO AR

L7B, N = AoB, N — 2B, N o AM) 2y 9M . B, NIEGHAR,

ﬁAcﬂpr,MN — AK()KC”DPP,MN _ ZCWPP‘K(NG)CAM) 4 ZYQ(M‘ICLCﬂpr'lN)LaQAK

P LMN K
+ Y C, BN O AR — C,

KMN G AP, (34)

vp
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TABLE 1. Weights under generalized Lie
EA[MEBN] ESL(S) X R+ and EABMN

derivative.
E,MEN e SL(5), AMN is generalized vector used to build generalized

Here generalized vielbeins are E,z"V =

Lie derivatives and diffeomorphisms, and & is scalar used to build external diffeomorphisms. 4 is the weight used in
formulas (22)—(27), and 1 is the reduced weight—the number standing in front of the term 9 AX in generalized lie
derivative, after all simplifications [as in (34)]. It is the weight 7 that is additive.

eﬁ” EAB MN gABMN A”MN B;wM B;w KL CﬂbpM Cﬂ,,pM KL AMN é:ﬂ

1 1 1 4 2 6 3 1
A 3 5 0 3 3 5 3 5 5 0
y é 1 ‘51 1 0 2 1 3 1 0

To make contact with the literature (in particular with [15]
and earlier works on maximal D = 7 supergravities [38])
we also write transformations for the fields B,,** and
CW,M”C'C, that are related to B, and CM,,,,M as follows

VKLP — MNKLP
B,V =8B, = 25 Bume ,
Bﬂl/M = 2€MNKLPB;4UNKLP7
-1
M KL _ MN.KLRS _ M .N]KLRS
Cu, =C.p zggcm,[ eNIKLRS,
C;pr = _6€NKLRSC/4prN KLRS, (35)

It is important to note, that the generalized Lie deriv-
atives above are taken along generalized vectors A, A,
which themselves transform as

1

ﬁA/AMN _ 5A/KL()KLAMN _ ZAL[NaLKA/M]K

1
+§AMNa,(LA/’<L. (36)
In what follows generalized vectors with such transforma-
tion properties will be used to define generalized diffeo-
morphisms and eventually generalized fluxes. In addition,
|

1
f”DMN = Za[ﬂAU]MN - [A”,AU]%N - —6€MNKLP0KLB

1
F/U/pM == BD[ﬂBbp]M + 6€MPQRS (A[ﬂPQaDAP]RS - § [ADUA”]EQAp]RS) - 0MNC N

1 1
]:;wp’“ = 3DWBVP]’C£ + 3 Y00 <AU4P6DAP]Q ~3 [A[”,A,J]EPAP]Q> —3(0yC,, VL

HvP>s

to define external diffeomorphisms we will need scalars &,
for which L& = I AKEoy, &

Finally, we list weights of all fields and parameters of the
theory with respect to generalized Lie derivatives in Table I.

B. Generalized diffeomorphisms and tensor hierarchy

Similarly to what happens in gauged supergravities
commuting external covariant derivatives D, does not lead
to a covariant field strength

Dy D] = =Ly (37)

w
To covariantize the derived expression F,, one uses the
2-form gauge potential entangling its transformations
with those of the 1-form. The idea is to add to F,, a term
proportional to the so-called trivial generalized Lie para-
meter, i.e. such that does not change the right-hand side
(rhs) above. Next, to construct a field strength 2-form that is
a tensor under generalized Lie derivatives one uses 3-form
and so on. The corresponding hierarchy of tensor fields has
been observed to be inevitable in [7,39] for gauged
supergravities and in [11] for exceptional field theories.
Let us list the resulting expressions for the covariant field
strengths [40]

pvp

YKﬁPQaNC;wp Q'PN) s

Hvp

3
Fﬂypg = 4,DUthp5 - 6.F[m/MNB 6N 16€MNKLPB[’W|N0KLB|/)U]P
1 1
- 32€NPQ <A[/4MNAUP0pA5] °— ZA[ﬂMN [Aw Ap]EPAa] Q) + 5 t":MKLPQ()KLg;u/paPQ,
f’ﬂw)o_MN,lCL‘ _ 4D[;4Cy/m]MNJC£ + (ZB[WICLf/M]MN + YMNN’PQB[WKL()NB/M]PQ)

2 1 1
4 § YICLPQ <A[,4MNAyPapAa] Q _ ZAU‘MN [Aw Ap]EPAa] Q) — m €}C£[N M| PQangng’

f

15 15 5
uvpetMN — SD[ng/)m:]MN + RB[MD‘MD/)B(FT]N - EB[IH/‘MD/)B(FT]N D) GMNKLPFLMD C/)O'T]P +e

(38)
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where the E-bracket is given by

1 1

[Al s AZ]E = 5 [Al ’ AZ}Dorfman - 5 [A2v AI]Dorfman' (39)

The fields F ", F 7" and F 01, F,,™ are in
the same relations as (35). The 4-form G, ,,pp is an
auxiliary field introduced to make the field strength for
C,,," covariant under generalized diffeomorphisms. Its
stress tensor F,,,.py does not contribute to the SL(5)
|

8F "N = 2Dy, AA MY —

OF wpM = 3’D[ﬂABDp]M + 6€MPQRS.7:[WPQ5A ]RS

oF
SF yups’™ = 4DD,ACWF

MKL
oF uvpo

1
1_6 SMNKLPaKLAB

1
= 4D[}4ACD/J0]MJC£ + ZJ:W”M AB/”’]KE B gf["””KE(SA”]M B me’CE

ExFT action and is needed only for Bianchi identities for
F M

Hvpc

1
SDleUﬂlTT]M = EGMNPKLONPFyUpﬁrKL - 10?[}41/MNF/761]N'

(40)

The complete expression for F, ,,.;n can be found in [41].

Under arbitrary variations 6A,MY, 6B, 6B,
8C,,M, 8C,,, N E, 8G,,peun of the p-form potentials
the covariant field strengths transform as follows

OunAC,,"N .

1
wp = 3Dy A, 4 S Y Epg 7, PAAC - 3(0AC,,, N E = YR poanAC,,,2PY),

1
= 6 N AByo + AF juyin0A i) N + 5 €M L0k, MGy p0p0,

[NEM]PQOPAQ”W”Q. (41)

where it proves useful to introduce the following “covariant” transformations [42,43]

MN _ MN
AAMN = GA,MN,

AB/u/M = 5B;4yM - 2€MNKLPA[;¢

1
AB, M = 5B, - — c YRE A MoAN

NK5A ]LP

ACﬂD/)M = 5C'MW)M - 36AWMNBW}]N - 2€NKLR5A[#MNADKL5A/)]RS,

AC,, N =5C,,, N + 5A,VB,,

1
KL + _8 YKERSA[#NADR(sAp]S,

3 3
Ag/wpo'MN = 5G/wp5MN - €MNQPK5A;4QPC1//JUK + RB[ﬂI/‘MéB‘pO'] - _B[/w|NéB|pa]M

3 1
) enkLPrB [,w\MA\pKL(sAn] PR — B €MNUVR€QKLSTA [}JUVAIJRQAP] KL 5AnST- (42)

The field strengths defined above are covariant under generalized diffeomorphisms (generalized Lie derivative)

1
SAEM

1
= LAEM = EAKLaKLECM — Ectop g AMX + ZECMaKLAKL7

_ _ 1 . |
5/\8”” = [,Ae"” = EAKLOKLe”M +—€””0KLAKL,

SAAMN = D AMN = g AMN _

5AB;wM = _2€MNKLPA

1
5AB;w)CL - _ 6 Y}CLMNAMFMVN’

C;pr AMNf HUpN »
1
5Ac;pr KL 9 YICKPQAP]:'ﬂW) ,
1
6Aguz/p(rMN = ZGKLMNPAMnyU/erP’

10

MN

LAYV,
LP
KF WP,

(43)
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and transform as tensors [44]

1
SAF M

rF o = EnFupm =3
OAF N = LAF "N = AloyF,,, MY
6Af,,WM = LaF i %A’“aﬂf v
OaF HUpA PMN = = LpF z/p/lp MV = AK@KJT
+ 2yl PN ﬁaQA’C

that can be summarized as in the Table II.

C. Gauge transformations

Gauge transformations parametrized by Z,,, and ¥,
are constructed such that the defined above 2-, 3-, and
4-form field strengths transform covariantly. Explicitly
we have

Az AMN:le

_ MNKLP 3
S 16 KL

_‘”p,

AE,,,‘PMBWM = 2D[;45u]M - aNM"P/wN’

AEW\I,WBW’CE = 2D, B~
+ 3(@\/‘1‘ N KL _ YKEPQON\IJ”D”P,/\/Q)’
w, Cup™ = 3D, W, M + 3F |, MVE, .
WC#VP M =3D, %, M - FR MEE (45)

Relations between different representations of gauge
parameters read

= MN _ = NKLP _ i: ¢MNKLP
—u =u 48 —HM ’
= _ = NKLP
ZuM = 2€MNKLP':;4 s
Y MKL _ g MNKLRS _ -1 [M NIKLRS
uv - y22% - 288 Hv ’
M _ MN KLRS
q’,w = —6€NKLRS‘PW . (46)

TABLE II. Weights under generalized Lie derivative. 4 is the
weight used in formulas (22)—(27), and 7 is the reduced weight.

MN KL M MKL
F 12 F pvpM F 1274 F, HUpA F, HUpA
1 4 2 6 3
’} 5 5 5 5 5
A 1 0 2 1 3

= 2F W a,CAM> +2Y2M

M_F

1
= ,CAf MN — = EAKLaKLf/u/MN - 2‘;I:MZ/L[NaLK[\]M]K + zfﬂ”MNaKLAKL’

AKL aKL ]:,uy/)M + F pvpL aMK/\

ke, M Fog AR,

L MK M KL
HUpA aLKA +_fm//)ﬂ aKLA ’

= 2F i TN AM) = F
YQ/P/CCfﬂy/Jﬂ’C’ NaQA/C’

KMN Oxc AP

D. External diffeomorphisms
Finally, local transformations of the bosonic SL(5)
exceptional field theory include external diffeomorphisms
X — x4 G (xH, XMV
Seef, = &D,el, + e D&,
5£SAM - '):H’DM(C;AM,

SeEA Yy = &'D, EAy —%EAMD &,
5:A, MN _ gv FWMN + MMN KL GOk E
AJ:BWM =&F puvM >
BeCoup = =3 CupeuaeE N FIy = EF LM, (47)
where ¢ is the Levi-Civita tensor in 7

uwpokit — €(7)€uporic
dimensions. Note that the last equality here follows from
the duality (66) assuming that the external metric g,, has
negative signature sign[g,,| = —1. Apparently, for the
internal space this implies sign|g,,,] = +1.

IV. FLUX FORMULATION OF SL(5) ExFT

As field equations of general relativity can be written in
terms of anholonomy coefficients, equations of double field
theory can be written in terms of generalized fluxes [31].
This is what is known under the name of flux formulation
and appears to a convenient representation of 10d super-
gravity equations for solution generation techniques based
on T-dualities [45], or for constructing equations of the
10d type II generalized supergravity.

Flux formulation of double field theory of [31] cannot be
immediately rewritten for exceptional field theories due to
the necessary split between the external (ordinary space-
time) and internal (extended) directions. Certain similarity
can be achieved in the truncation when all tensor fields
vanish and dependence of the external metric on the
extended coordinates factorizes [46]. This has been used
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in [47] to construct polyvector deformations and in [25] to
construct a generalization of supergravity in 11 dimensions.

We now proceed with a construction of flux formulation
of the SL(5) exceptional field theory, where by fluxes we
will mean (i) anholonomy coefficients for the external
metric, (ii) field strengths of gauge fields, (iii) scalar
generalized fluxes without external indices, (iv) few other
|

F N =20,4,M

Y

f

f

Hvpo

= 4D[/4Cvp0']M - 6‘7:[;¢L/MNB/70']N ~ 1z

16

1
[A#’AD]%N _ EG,MNI(LP()KLB

necessary objects encoding fluxes sourced by nongeomet-
ric branes spanning partially the ordinary space-time.

A. Fluxes of SL(5) ExFT

We define the full set of SL(5) ExFT fluxes enough to
encode its field equations as follows [48]

uvP>s

1
l“-//)M = 3’D[ﬂBy/)]M + 6€MPQRS (A[HPQaDA/)]RS - g [A[ﬂ’ AD]EQA/)]RS> - aMNC”Dp N

3
€MNKLPB[/4y\NaKLB|pa]P

1 1
— 32€NPQ <AWMNAD'P0/)AO.] Q_ ZAD‘MN {Alﬂ AP} A ]Q> + 5 GMKLPQOKLQWMPQ,

Furh = 26[,;”65]th”€’_1,,,

- EAMDMEBM - .FﬂAB __5A e( 7)

14

DE()

1
- fﬂAB —ﬁéA GM’

fMNﬁD = €ﬁ”()MN€E” _?5[4176(_71)6MN€(7) = e e( )0MN( (_77)617”),

3

1
Fapc® = EEDNa[ABEC]N — EcMoynEp" 6P 4 - EE[B\M()MNE|A]N5DC- (48)

here we use

ey = det eﬁﬂ.
For example, some of the above fluxes enter the

definition of the generalized (improved) Riemann tensor

_L
EAy eSL(5) xRY, EAYy = e(7')4€AM,

R [”; + fﬂl,MNeﬁf’aMNe’_’/,

R,7 + F MNF 7]
R ’_”722 D,a)]””—i—Za)[/ w

1

2

w s
0,V = e, (FFP — FPPR — FPRY), (49)
and Ricci scalar
R=R," =R+ F,MNFyn", (50)

where the flat indices are lowered and raised with flat
external metric g, ;, ¢**. Note that F " is not related to
|

1
O =

1
5
1
2

the field strength F,,”" by raising and lowering of indices.
It proves convenient for calculations to introduce additional
combinations of fluxes

14
= ]—"_wv + ?]-'(E)

v
v _}-w

fﬁ - D’ueﬁﬂ

Gﬂ = 6(_71)D”6(7) = f”

1
fﬂAB :gAMD”gBM :f(E)#AB‘FﬁéABG (51)
Explicit check as in [49] shows that F 4z - contains only
components in the 10, 15 and 40, which are conventionally
called 0,5, Y5 and ZABC respectively, i.e. one can write

3
*ZABCD + 59[,435011) + 6[ADYB]C. (52)

fABCD = 2

The irreducible flux components are then written as follows

1
~Fapct = OE[A ounEg™ _EE_IEABMNaMNEa

Yap = fCAB)C = _E(AMaMNEB)N’
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2
Zypc” = 57: usc)” = 501ap6c)°

1
= E[AMEB|NEDK6MNE|C]K + § (ZE[A|M0MNE‘B‘N + E[AMEB|NE_1()MNE)5‘C]D,

1
—e€

16
1

FGE _ FGABC E
7 =~ Zapc

1 1
— _€FGABCEEM0ABECM _ E SGABCEEFMOABECM + E€FABCEE‘GIWOABE'CM’

24

where E = det E4,,.

(53)

Finally let us write the transformation of new introduced fluxes under generalized diffeomorphisms that complement (44)

- -1
5/\../’:}-“7/1 - E,\fﬁpi - EAKLOKL

-
Fui ——F;

pv E uDAaKLAKL»

1
5A-7:(E)ﬂAB = ﬁA]:(E)MAB = EAKLaKLf(E)ﬂABv

1

_ _ 1 _
ONFuni” = LAF ung” = EAKLaKLfMNﬁD + szLﬂyaMNAKL

1

1

5AfABCD = EAfABCD = EAKLaKLfABCD-

For the transformation in the third line we have used the
result of Appendix B, where for the zero weight scalar ¢ we

-1 _
take e(;)e”ﬂ. Together with Table II the above can be

summarized in Table III listing weights of all fluxes of the
theory.

B. Flux Lagrangian

Recall our notations for the generalized vielbeins of the
SL(5) ExFT depending on whether the determinant is unity
or not:

EAESL(S).  Ely = e i€ €SL(S) xR,  (55)

5

where e(7) = detef, and E = det 4y, = e(;)- The corre-

"
sponding generalized metrics read

TABLE III. Weights under generalized Lie derivative. A is the
weight used in formulas (22)—(27), and 7 is an reduced weight—
the number standing in front of the term d A" in generalized lie

derivative, after all simplifications [as in (34)]. It is the weight ¥l
that is additive.

Fu™ Fuon Fup Foi' FEu® Fun® Fasc”
Aoss s s 00 =50
i1 0 1 -1 0 -1 0

_ . 1 .
— EAKLOKL]:MN;?D + 2-7:L[N|ﬁya|M]KALK _ szNﬁbaKLAKL

(54)
[
MyN = mABEAMEBN, MMN = mABEAMEBN, (56)
1 1 .
and myy = eb)MMN = M75M,;y. We will also use
MMN,KL — mMKmNL _ mMLmNK7
MM,K = MMN,KN — 4mMK‘ (57)

It is important to stress out, that although the definition
of the vielbein E4,, reminds that of [47] we do not
impose any kind of truncation and consider the full SL(5)
exceptional field theory. In particular this means that in
(55) the vielbein e’_‘” depends on the full set of coor-
dinates (x#, XIMN]),

In the standard formulation the full SL(5) ExFT
Lagrangian takes the following form (see [15])

A 1
e(‘71)£ = R[g(7>] F gmMNmKL]:,,,,MKFWNL

1 _
+ Zg”yDﬂmMNDDmMN :l: e<71)V

+ mMN]:,uuprﬂDpN + e(_71)‘ctop’ (58)

3 x (16)2

where the term V usually referred to as the potential
contains only derivatives with respect to the extended
coordinates
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e(_71) V= gaMNmPQaKLmPQmMKmNL

MP MK

1
+§6MNmPQ0KLm mNKmLQ —N—E()MNmLNaKLm

1
+ 3 mMK gy mNE (9(_71) OkL97))

1
+§mMK m" (93 0un9(1)) (97 OkL.9(7))

+%mMKmNLaMNg/waKLg/w' (59)
Here and in what follows the upper sign corresponds to the
case when the external d = 7 space is of the Lorentzian
signature, and the lower sign stand for the Euclidean
signature (certainly we assume that the general signature
of the 11-dimensional space is Lorentzian). The case when
the time-like direction lies in the internal space of ExFT
(the lower sign) is convenient for studies of time-like
U-dualities.

To show that the Lagrangian (58) can be written
completely in terms of generalized fluxes defined in (48)
and 53 we first focus at the potential term (59) and notice
that the last term is not of the desired form. However, one
finds the relation

1
OMNIuw = 2F ynguw) + 79;4»9(_7])()MN9(7)’ (60)
and similarly for dy,y¢**, that follows from contraction of

the flux F MN,;” with external vielbein. Using that we obtain

1
g mMKmNL aMNglwaKLg,w
1
= _EmMKmNLfMN(ﬂU)fKL('MD>
1
_%mMKmNLg(_72)(3KLg(7)aMNgU)7 (61)

where we have used tracelessness of the flux Fg;*, = 0.
Then the potential (59) can be written in terms of the
rescaled generalized vielbeins E,” and the corresponding
fluxes Fapc” (52) as

_s 700
6(77)‘/ = —TQABGCDmACmBD + YABYCDmACmBD

1 9
_ 5 YAB YCDmABmCD + Z ZABCDZDEFAmBEmCF

c G AD, AIE,, BF
+ZZAAIB Zpgr megm™m® " m

—mMEmNEF MN(W)]: KL<” v, (62)

The first three lines are of the same form as the scalar
potential of the D = 7 maximal gauge supergravity [37],

however fluxes are not required to be constants. The last
term in (62) distinguishes this result from the flux potential
used in [47] and is due to the allowed dependence of the
external space-time metric on the coordinates X¥V on the
extended space.

We proceed now with the kinetic term for scalar fields
encoded in the generalized metric m,;y, that can be
straightforwardly written as

1
e(_71)'ckin = ZQ” UDﬂmMNDl/mMN

1
=73 (8.MoN% + mMEmy ) F ™ Foxt g

1
—g MMM]: DNNQ” v

1
= _5(5LM5NK + mMEmy ) F ™ Fugt g, (63)

where we have used F ﬂNN = 0. Note that here flat
SL(5) indices can be turned into curved ones by either
rescaled or the original generalized vielbein, i.e., F, gL =
EAE" Foa® = ENkER"F 4",

Finally, we turn to the discussion of the topological
Lagrangian L,,. As in the case of maximal gauged
supergravity it cannot be expressed in terms of covariant
quantities, but its variation can. Hence, in terms of
covariantized variations (42) the latter takes the following
form [50]

1
6L top — m ghrplom ['F /Aup/lMaMN ACQ]TK‘
+ 6FvaNFp/10MABTKN - ZFyUpM:’tﬁarN(SAKMN]‘

(64)

Field equations for the (nondynamical) field C ,M,M take the

form of a (derivative of a) duality relation between fluxes
1
aMK (6(7)mMNf/w/)N _ E €;4u/)/lmxf'MTKM> =0. (65)

These relations can be identically solved by requiring the
first-order duality

1
6(7)mMN.7:””pN _ 47 epupim-x:lrMTKM' (66)

As a result the Lagrangian of SL(5) ExFT (except topo-
logical term) and its EOMs can be rewritten completely in
term of fluxes as defined above.

C. Bianchi identities

The Lagrangian of the SL(5) exceptional field theory is
now written completely in terms of generalized fluxes (and
the external metric), that is a collective term for both the
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scalar fluxes F 45" and field strengths for gauge fields. It
is suggestive to recall the standard Maxwell theory with the
Lagrangian £ = F, A xF,, where F, is a 2-form and is an
example of what we call flux here, rather than the canonical
field. Hence, to derive equations of motion one has to
introduce gauge potential, that is done using Bianchi
identities. When starting without premises one is free to
impose either dF = 0 or d * F = 0, with the former leading
to electric gauge potential, and the latter—to magnetic. We
are here more in the situation when the canonical degrees of

|

freedom are known from the beginning and hence our
Bianchi identities will be actual identities, i.e., hold
trivially, and in this sense similar to dF = ddA =0.
However, adding a source to their rhs one arrives at field
equations in the presence of magnetically charged sources
(various branes to be discussed in Sec. V), or tadpole
cancellation conditions when understood as equations on
the background field of the Type II superstring. The full list
of Bianchi identities of the SL(5) exceptional field theory is
the following

1
Z;wpmM = _SIDW]:WJGT]M EGMNPKLONPF/JWMKL - IOF[;ADMNJT/)M]N =0, (673)
1
lep = —3Dwfyp] 6€MNPQROPQ.7:MPR =0, (67b)
Z/wpaM = _4D[/4vaa]M + 6€MPQRS‘7:[;11/PQ~F/J6]RS - aMN]:;wpaN =0, (67C)
_ 3 _
Zuoi = =3DpF oy —*f o F i 5 F o F iy
3 _ 3 _ _
10 aMN( }—WMNfSE]p) +§-7:[ppa}—i]ap =0, (67d)
7
Ziy = —Z'D[#Gy] 10 (71)0MN(6(7).7‘—ﬁ;MN) f‘,_ G/J + - fMN[y f] MN — 0, (67¢)
p 22 ps i 3 P 5 3
Zpoun” = ~2PpFun” = 5 F uni"00" Gy + 2F g F v = F " F waw
_1 1 5 2 1 1 =
+ e(;)aMN(eb)fﬁf//{) - ?6(77)0MN(€E7)G[’2)65]'1 = 0, (67f)
Zywa® = 2D F P + Fepa®F P = F L P64P0cp — 04c F 0 5¢
1
+ géABaCDf;wCD - ZFMACfMCB =0, (67g)
D 1 [ 1 . Lok
Zyapc” = =D,F apc™ — aAB]: ﬁfsc 048Gy, _EaBnyA +ﬁ5A 0pcG,
1 1 1
+§5AE0CDf B+ 50 O5pF ua” —*5c OapF up
1 1
—§5BEaCD]:ﬂA _ﬁ(SB 0acGy + 5 aACF/lB + ‘7:/4A Fppct
— Fus® Fapc® = Fuc® Fapp® + Fup" Fapc® + = FABCG—O (67h)
Zyunkri® = OunFrri” = Ok Fung” — -FKLﬁ_]:MNZD + Funi ) (67i)
3
Zprasct = Ea[AB|-7:DF|C]E - EaDF}—ABCE + 0cGF pria®op)" — Z5cEac[A\fDF|B]G
+ 2F o Forp© + Fasc"Fprc® = Fasc® Fprc® =0, (67j)

where we have used the notation 0,5 = E5""0,,y. The
first three Bianchi identitites (enumerated by 0, 1 and 2)
follow from tensor hierarchy fields (38) and are already
known in the literature (see for example [15,18]). The
identities 3, 4 and 5 are straightforward to derive by

[

considering the most general expression of the form
DF + coefficients - 7 F = 0, and then tuning coefficients
on the rhs. These are novel to our knowledge. The
nonderivative part of the last identity is known under the
name of quadratic constraints of the D =7 maximal
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gauged supergravity [38]. A detailed derivation of the
above Bianchi identities together with their explicit check
can be found in Cadabra files of [26].

For the general case of nonconstant fluxes to derive the
identities 6-9 one has to use transformation properties
under external and internal diffeomorphisms. In the context
of double field theory this approach was advocated in [31].
Before turning to exceptional field theory let us demon-
strate the trick on the simple case of a U(1) field A, and its
field strength F,,, = 29,A,) (in this calculation small Greek
indices a some space-time indices with no relation to the
rest of the text). First, one writes transformation of the
gauge potential A, under a diffeomorphism parametrized
by & back in terms of the flux F,:

0:A, =&0,A, +A,0,8 =E&F,, +09,(8A,). (68)

The last term above is a gauge transformation and can be
dropped in what follows. Now, substitute this into a
transformation of the field strength itself to get

8¢F, = 20,,0:A,) = L¢F,, + 380, F,,.  (69)

Here L; is the standard Lie derivative and is the desired
transformation of a tensor, and the second term is nothing
but the Bianchi identities for the field strength F,,. Hence,
one requires it to vanish, which is trivially the case given
the definition of F,,.

Returning back to exceptional field theory one considers
generalized diffeomorphisms acting on the generalized
vielbein and rewrites the variation back in terms of fluxes

1 1

1
— fABCEEEMAAB _ EAMaCBAAB + ZECMOABAABv
(70)

and similarly for its inverse. This implies the following
transformations for the internal fluxes

1 1 1 1
SnFasc” = EADF()AB}- prc” + EADFch}— pra’ = EAFG5§ depF res” — ZAFcégaBDf Foa"

1

1
= EADFaDF]: ac’

where terms with dots are proportional to the section
constraint and hence can be dropped. The last equation
requires that the flux must transform as a generalized scalar
with the appropriate weight, that results in the Bianchi
identities Zpz 4pcE = 0 that is (67j). The same flux F 4P
must also be a scalar under external diffeomorphisms, that
gives additional Bianchi identities. For that we write

1
5§EAM = SMD”EAM —ﬁEAM,Dﬂfﬂ

1
= §I4EBM_’F(E)”BA — HEAMDugﬂ
1 1
=EEByF gt —— & E G, ——E*D,&. (72)
14 14
Similarly ~ §;EzX = —&EXF " + L &EXG, +

& Es*D,&. Requiring 5:F apc? = &#D,Fapc” we
derive the Bianchi identities (67h). Apparently, a direct
substitution of the flux written in terms of generalized
vielbeins fulfills the derived Bianchi identities (see the
Cadabra files in [26]).

The same procedure is then applied to the fluxes F MNﬁD
and F 8 = 7 B+ L15,5G,. To require covariance of
the former under generalized Lie derivative we first write

1 1
+ ZAFGégaADfFGBD + EAFGégaCDfFGAD - EADFaAchFBE — Fpoct Fpra® AP + FagcE Fprs APF

(71)

_ _ 1 _ 1
5Ael4” — £A€”,4 — EAKLaKLeMM +EeﬂﬂaKLAKL

1 _ T R 1
:EAKL (el/ﬂfgég\]l—/ﬂ‘i_?eﬂ”fMN) +1_Oeﬂ”aKLAKL,

(73)

that implies
_ 1 _
OAFuni” = LAF uni” + EAKLZKL,MN/?D- (74)

Requiring covariance under external diffeomorphisms we
will get the fifth Bianchi identity (67f), that is an additional
consistency check.

Covariance of F,,” under generalized Lie derivative
gives the (already derived) seventh Bianchi identity (67h).
For external diffeomorphisms we write

B

beel, = &'D,eF, + e /D, &,
1
55AﬂMN = f"}—,,”MN +EMMN’KLgﬂ,,0KL§”. (75)

Substituting these together with 6:E*),, §:EpX written
above in variation of the flux we arrive at
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5§F1/AB = gﬂDu]:uAB + fﬂABDyéﬂ + éﬂZﬂDAB’ (76)

that gives the sixth Bianchi identity (67g).

D. From curved to flat indices and back again

Bianchi identities presented in the previous section
naturally come with mixed indices: some are written in
flat indices, some are written in curved indices. For
examples, the first Bianchi identity comes from the
standard formulation of exceptional field theory and is
understood as a relation between field strengths. In con-
trast, the seventh identity, that is for generalized anholon-
omy coefficients, is more naturally written in flat indices
since in this case the flux is identified with components of
the embedding tensor upon a Scherk-Schwarz reduction.
Let us now think of all F's as fluxes and components of
some larger (infinitely component) embedding tensor and
write all Bianchi identities in flat indices. In this case the
NS-NS sector of the reduction SL(5) — GL(4) will repro-
duce the split form of the Bianchi identities of DFT (see,
e.g., [35]).

We collect all calculational details in Appendix C and
here we only stress few subtle points. First, the transition to
flat indices is performed by contraction with vielbeins as
follows

TR = e, T¥,

TA = EA, TV, (77)

where for flat flat SL(5) indices we use the generalized
vielbein E” 5z € SL(5) x R*. This should not cause confu-
sion since all the fluxes in (48) and (51) have curved SL(5)
indices except F 45 7, that is already written in flat indices

using EA 5, and &) ,® and F 47 for which we have

= EAEEFE) 4P
EVkER Foa®.

f(E)ﬂKL _ EAKEBLf(E)DAB

nyL = EAKEBLFDAB = (78)

Second, the fourth and the sixth Bianchi identities (67g)
can be rewritten as a single for the flux ), as follows

Zwa® = —mef(E)y]AB + Fepa®F P

w 7

— 04 F 0 B2C = 2F B CFE ) B =0, (79)

whose traceless part gives (67g) and the trace part repro-

duces (67e) (see the files Check of BI 4 and Check of

BI 6 of [26]). Hence, using the flux F(¥),,2 two Bianchi
identities can be written in a combined form.

We finally present the full set of Bianchi identities in flat

indices

Z55" = =3DpF g™ = 3F g P F ™ — 6F By F g5y PIC 11_66 5 ABCDE@CD(@L‘% ivpE)
T l4eABCDEFCDM Fip e 116e 14eABCDEfWF<2309CDaE —ZepE > =0, (80a)
Zaspsn = ~4DpFspan — 6F o Fipoa — 4F O uCF posic + 6€85 eacpprF arF "
- 4]:AB[/7|;1‘F_\17/)3] - e&?aAB(el(i%f-zpaB) - ]:pvﬁ&B <2~7:ABDD - lf—D(AB)D)a (80b)
Zpaz = _3D[;4]:mp __]:[;4 | }—ABM]/) +5fab4| FAB\I/G‘S/IP _g-FABC ]:[,w 5/1 aAB(e }—[}w )52]/_)
4 %f[ﬁﬂﬁfﬂéﬁ’ (80c)

- - 4
Zagas" = —2DyuFaps) + —]:AB[ﬂ

1

4
+Z 5 ( )aAB(

ZﬁﬂAB — —2D[/7f<E)

_fﬁﬂpf(E>ﬁAB+fCDA FurP

o FEOpcC + 2F s F as”
FB )7 +e; aAB( ()fﬂl—//—l)

€<_77)6Ac<€z7)f‘ﬁ;,3c

~ Fii Fang' = 2Fpice' F O um + 2F e F s
(80d)

) = 2F " Faci) = 2F O ja F Pgc”

(80e)
1 1 1 _1 1
Zpasc® = ~DpFasc” =3¢ e7)9p) (€[ F Paic)") + €30 " 0cn (el F Py
1 1 1 1 _ _
—5 @0 0un(eln T nn”) =5 F s F o0 + 0 Feps”F )
1 )
—*5cEf[A\Dﬁ”f(E)ﬂ\B]D - 2F[A|DCEF(E)p|B]D - ]:ABDE}_(E);QCD +]:ABch<E)pDE9 (80f)

2

066024-14



EXOTIC POTENTIALS AND BIANCHI IDENTITIES IN SL(5) ...

PHYS. REV. D 109, 066024 (2024)

ZCD.AB;ZD = aCDFABﬁﬁ - aAB}-CDﬁD - 2~7:[A\Eﬁﬁ]:CD,\B]E + 2]:[C\Eﬁp~7:AB,\D]E - fABﬂZJTCDZD + fCDﬁz}-ABZD,

3

(80g)

1

1
Zprasc” = Ea[AB|fDF\C]E - EaDFfABCE + aCGfDF[AGéB]E - Z5CE6G[A|‘FDF|B]G + Zf[A\GCEfDﬂB]G

E G G E
+ Fapc " Forc” — Fapc” Fore"-

V. EXOTIC POTENTIALS

Before turning to exotic potentials of 11-dimensional
supergravity collected into irreps of the SL(5) duality
group, recall the simple case of Maxwell theory. Its
Bianchi identities dFF = 0 can be implemented on the level
of the action as

1 1o
Sem = /d4x <—4F,wF”D + ZG”WMAyaDFM)’ (81)

where €7 is totally antisymmetric. As before small Greek
indices run u, v = 0, 1, 2, 3 only in reference to calculations
in the Maxwell theory. Varying w.r.t. the Lagrange multi-
plier A# one obtains the Bianchi identities dj, F,, = 0 and
is able to introduce the standard gauge potential
F,, =20,A,. Alternatively, variation with respect to

F,, relates the field AM to the dual field strength

1 - -
Ee"””"Fpg =F,, =20,A,. (82)
Hence, the Lagrange multiplier imposing Bianchi identities
is interpreted as the potential magnetic dual to the canonical
gauge field. Apparently, Bianchi identities for the field F,,
are field equations for the field A”.

At the level linear in a metric fluctuation about the flat
space-time the same procedure can be repeated for the
graviton field, whose field strength will be the anholonomy
coefficients. While Maxwell theory in the absence of
external sources can be equivalently rewritten in terms
of the magnetic dual gauge potential, the same is not true
for the gravitational theory, that is known as the dual
graviton problem (see though [51] for comments on
whether to call this a problem).

A. Dual formulation of double field theory

As in the case of YM theory Bianchi identities can be
implemented into the full DFT action in flux formulation as
Lagrange multipliers [36]

S = / d'Xe U FF) + SapcpDBP + S, sDAB. (83)

Equations of motion for DABCP? and DA, that are the
Bianchi identities, render generalized fluxes F 45 and F 4

(80h)

to be of the form (16). Even though there is no proper
formulation of DFT in terms of a functional integral, we
will refer to this process as “integrating out fields” for short.
Hence, integrating out the fields DABP? and D48 one
arrives at the standard formulation of double field theory in
terms of supergravity degrees of freedom. Alternatively,
one might try to integrate out fluxes F,pc and @, to
formulate the theory in terms of DABCP However, as it has
been shown in [36] this does not seem to work out as
straightforward as in say Maxwell theory. Note, that on
principle that has little to do with nonlinearity of the DFT
action itself as for example in type II supergravity one can
do so for the 2-form Kalb-Ramond field. It is better to refer
this to metric degrees of freedom, as the same behavior is
observed in general relativity, where one cannot turn to full
nonlinear theory of the dual graviton.

Nonetheless, the magnetic potentials DACP and DAB
can be understood as fields electrically interacting with
certain branes, both standard and exotic, at least at the
linear level. Let us illustrate this by comparing to NS-NS
potentials interacting with standard and exotic branes
taking into account the wrapping rules of [20,22]. Since
these rules are formulated for a D-dimensional maximal
supergravity, we should turn to split form of double field
theory, where O(10, 10) is broken to GL(D) x O(d,d),
where D + d = 10. Without going into too many technical
details of the decomposition itself, that can be found, e.g.,
in [35], let us list the only nontrivial components of the full
O(10, 10) Bianchi identities upon the decomposition
VA = (Ve V,, VA):

Sapras Sapys:
Saﬁ”‘s. (84)

SABCD’ SaABC? Sa/iAB?

SABa/j’ SaﬂAy’ Saﬂyé7

Let us for concreteness assume D = 6, that allows us to use
Hodge star in external six-dimensional space-time to write
the following list of magnetic potentials:

Diyas Dy,
Dy,). (85)

D apcp,  D(syasc: Dw).as

Dis1yap. Duza. D@y,

Here numbers in parentheses denote: p-forms, in case of a
single number; potentials of mixed symmetry, in case of
two numbers, i.e., a potential A(pm has the following
components
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Aal...apﬂl...ﬂq' (86)

The above is antisymmetric in the first p and in the latter ¢
entries separately. According to the brane counting rules
of [23] only those components for which the indices
[p1...B,] equal to ¢ indices of [a;...a,] interact with
supersymmetric branes.

We see, that the first five potentials of (85) correspond to
p-forms interacting with supersymmetric NS-NS 5-branes,
that follow from the analysis of wrapping rules of [20,22].
The remaining are not covered by their analysis, however
follow the same pattern. For example, while D ;) interacts
with the NS5-brane wrapping all cycles of the 4-torus, the
potentials D3 1) and D 4 ») interact with the KKS-monopole
and 5%—brane, whose special cycles are in the external
space. Note, that we cannot see 53 and 53-branes with
special cycles along the external space since these generate
fluxes via either the DFT bivector ™" or dependence on
dual coordinates. Either of these do not present in the
external space, however, can be organized in the internal
space. The corresponding potentials will be D5 )4 and
D, 5. A, that interact with branes with at one or two special
cycles in the external space respectively, and the rest in the
internal space. An example of such state can be the 53
brane, whose two cycles wrap the internal directions and
two wrap the external directions.

NS 5-branes alignments corresponding to the recovered
potentials are listed in Table IV. Let us illustrate reading of
the table by the potentials D3 4 and D4 5). For the first we
have the following components

D
At D

- D
- D

Hipap3.m Hipapizmympymsniy,m>
(87)

D
3) m
Hip2H3 Hipopzm myms >
where — denote Hodge dualization in four internal direc-
tions. Apparently, the potential D, .. m,m,m, 0 the second
TABLE IV. Magnetic potentials of DFT according to the
Bianchi identities and the corresponding brane alignments. Here
x denotes the world volume directions, empty space denotes
transverse directions, dotted circle denotes special cycle. The
directions {6, 7, 8,9} are doubled, i.e., empty space can be either
simply transverse or special.

0O 1 2 3 4 5 6 7 8 9
X X X X X X Dy

X x x o X X X X Dgy

X X X X o 0 X X X X Dy

X x x X X X Dg,

X x x X X X Duas

X x x x X X Ds)apc.
X x x X x x D6y ancp
X x X X x 0 X X Dgiyas

X X X X o o X X X Duyn

TABLE V. Part of Table IV with representations of O(4, 4)
expanded with respect to its GL(4) subgroup.

o 1 2 3 4 5 6 7 8 9 Branes

X X O 60 X X X X 5% D42
X X X X X X NS5 D3)4
X X X 0 X X X KK5

line is a component of the 6-form field interacting with
NS5-brane in 10d, while the potential Dy, ... mymym,.m 18
that for the KK5-monopole. Hence, we conclude that the
former interacts with the NS5-brane whose three world
volume directions are along the internal space, while the
latter interact with the KK5-monopole, whose three world-
volume directions and the special Taub-NUT cycle are in
the internal space. Note, that Hodge dualization automati-
cally assures that the index m after the comma must be
equal to one of the four internal indices before the comma.

Next, upon Hodge dualization of the D4, we have in
component notations

D (88)

HipoH3pgimymymsny, vV 2
that is part of the (8, 2) mixed symmetry potential in 10d
interacting with 53-brane. According to the brane wrapping
rules, the indices vy, must be equal to two of [y;...u,). The
remaining two label form components interacting with two
world-volume directions of the 53-brane in the external
space-time. We illustrate this on Table V.

B. Exotic potentials in D =7 supergravity

Let us list the magnetic potentials associated with
Bianchi identities of the SL(5) theory derived above:

A3 s, A
A

Ay Ag) 104154400
Aw1)as. (89)

(4).10°

M7 Adne Asnaee
where as before numbers in parentheses denote rank or
mixed symmetry of a potential, irreps of SL(5) are given in
bold. To compare this with the supersymmetric brane
counting following from the E;; decomposition let us
copy the D =7 row of Table 1 of [23].

We see that the set of forms following from tensor
hierarchy as presented in Table VI and the set of forms (89)
following from Bianchi identities have intersection, but do
not fully coincide. Let us give comments on how one
should understand this. Start with the second line of (89),
that lists potentials of mixed symmetry. These are not
covered by the brane counting approach of [23], as it
focuses on p-forms, equivalently speaking on BPS-states
corresponding to branes with all special cycles placed along
internal directions.
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TABLE VI. The tensor hierarchy of p-forms for D = 7 super-
gravity as predicted by Ey;.

p 1 2 3 4 5 6 7

D=7 10 5 5 10 24

40+15 5+454+70

The 2-form potential in the 5 seen from tensor hierarchy
is nothing but the 2-form B, and is magnetically dual to
A,,M, that is denoted as C,,,” in the exceptional field
construction of [15]. At the ExFT level the corresponding
duality relation follows from equations of motion for the
3-form potential. Given that Bianchi identities for the
4-form field strength F uupaM are simply equations of
motion for the field B,,,. The same is true for the 4-form
potential in the 10, that is magnetically dual to the vector
field A,”N. The former however does not appear in
exceptional field theory in contrast to C ,M,M , that is needed
to write Chern-Simons terms in the action and gauge
transformations of the physical fields.

Finally, the potentials given by the singlet 5-form and by
the 6-form in the 10 correspond to imaginary roots in the
E;; decomposition and are not usually included to the brane
counting analysis. The reason is that these are conjectured
to not interact with supersymmetric branes. Hence, modd-
ing out by the magnetic duality and counting of imaginary
root and mixed symmetry potentials the field content of
Table VI is the same as the one recovered from Bianchi
identities, as it should be.

Let us now give more details on supersymmetric branes
these potentials interact with, which in particular will give
additional confirmation of the electric-magnetic equiva-
lence between 1-, 2- and 3-,4-form potentials. All possible
embeddings of M-theory branes both standard and exotic
with all special cycles along the internal space are collected
in Table VII. Given the four-dimensional internal space is a
torus, their windings give counting of BPS states as found
in [23]. Note, that in general this counting does not equal to
dimension of an SL(5) irrep the potential belongs to. Say,
the 4-form potential belongs to the 24 of SL(5) and interacts
with only 20 brane states. The simplest case where one
encounters such a behavior is the doublet of (p, ¢) 7-branes
of Type 1IB theory, interacting with a potential transforming
as a triplet of the S-duality group (see, e.g., [19] for more
detailed discussion).

The first four rows of Table VII describing brane
embeddings for p =0, 1, 2, 3 show the electric-magnetic
symmetry discussed above. Indeed, upon the EM duality
one interchanges M2 with M5, and KK6 with the pp-wave
states. That effectively switches p =1 with p =2, and
p = 0 with p = 3, as we have already observed at the level
of potentials.

Embeddings of (exotic) branes producing states that
interact with mixed symmetry potentials listed in (89) are

TABLE VII. Brane embeddings corresponding to p-form
potentials, total winding number counting w# for each p
corresponding to the number of BPS states as count in [23].
Here x denotes world volume directions, © denotes quadratic
special cycle, ® denotes cubic special cycle, star * denotes
direction of the momentum.

p O 1 2 3 4 5 6 7 8 9 10 w# brane
0 X X X 6 M2
X * 4 PP
1 X X X X X X 1 M5
X X X 4 M2
2 X X X 1 M2
X X X X X X 4 M5
3 X X X X X X 6 M5
X X X X X X X 0 4 KK6
X X X X X X 4 M5
4 X X X X X X X 0 12 KK6
X X X X X X 0 0 0 4 53
X X X X X X 1 M5
X X X X X X X 0 12 KK6
5 X X X X x X © 0 0 4 5
X X X X X X O 06 0 ® 4 5013
X X X X X X X X X ® 4 g(10)
X X X X X X X 0 4 KK6
6 X X X X X X X X X ® 12 (1.0
X X X X X X X ® ® ® O 4 6B

given in Table VIII. Again we observe that the (6, 1)-
potential transforming in the 45 of SL(5) interacts with only
26 states. As in the NS-NS case described by magnetic
potentials of DFT we do not see a certain set of exotic
potentials, e.g. A7 1)1 corresponding to the embedding of

the 8(10)-brane when the cubic cycle is in the external

TABLE VIII. Exotic brane embeddings corresponding to
mixed symmetry potentials found from Bianchi identities. Here
x denotes world volume directions, ® denotes quadratic special
cycle, ® denotes cubic special cycle.

potential O 1 2 3 4 5 6 7 8 9 10 w# brane
4,1) X X X 0 X X X X 1 KK6
5. 1) X X X X 0O X X X 4 KK6
’ X X X X 0O X X © 0 6 53
X X X X X 0o X X 6 KK6
6, 1) X X X X X 0o X 0 0 12 3
X X X X X 0 X 0 06 ® 12 503
X X X X X X o X 4 KK6
_ X X X X X X 0 060 0 6 5
D xxxx x xo00o0® 12 503
XXX X X X0 XQ®® 4 66
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space. This must correspond to the R-flux of the theory that
is generated by either dependence on winding coordinates
or by turning on polyvector potentials, of which we have
neither.

VI. DISCUSSION

In this paper we have applied the paradigm of the
complete flux formulation of double field theory to the
SL(5) exceptional field theory. In the O(10,10) formulation
of the former one has all fields collected into generalized
vielbein and the generalized dilaton. Acting by generalized
Lie derivative along the generalized vielbein on these fields
one introduces the notion of generalized fluxes and the
action and all field equations of DFT can be written in terms
of these. In contrast in exceptional field theories (in general
and in the SL(5) theory in particular) one finds the external
vielbein and various tensor fields in addition to the
generalized vielbein and the notion of a flux becomes less
evident and is no longer a simple consequence of gener-
alized Lie derivative along the generalized vielbein.

The list of all fluxes of the theory is given in (48). This
begins with field strengths for the 1-, 2- and 3-form
constructed in the usual way: start with commutator of
covariant derivatives D, and proceed with adding gauge
potentials to keep the expressions covariant. The scalar flux
Fapc® (the embedding tensor) and the anholonomy coef-
ficients ¥,/ are derived in the same way as in double field

theory using generalized Lie derivative and ordinary Lie

derivative respectively. The remaining two F ,(,E) AB and

Fung” are derived using the simple idea the fluxes must
be composed of derivatives D, or dy of the fundamental
fields and the previous expressions do not include the
external derivative of the generalized vielbein and the internal
derivative of the external vielbein. One may notice that 7,/
already contains dy;y acting on the external vielbein hidden
inside D,,, however we find that 7 MN,;” actually enters the
Lagrangian and is an independent flux.

For the derived fluxes we find Bianchi identities both in
curved (mixed) and all flat indices and construct full flux
Lagrangian of the theory. The identities allow to define
magnetic potentials for those of the SL(5) ExFT and to
identify the corresponding (wrapped) branes, which we listin
Sec. V. Among the found states we find those listed in [23]
and additional branes corresponding to wrappings of exotic
membranes with at least one special direction left in the
external space.

The presented results can be used and extended in
several ways. The most obvious would be to derive flux
formulation for other exceptional field theories. More
fascinating directions of further research are related to
the formalism of polyvector deformations [47]. In the case
in question these are defined as such SL(5) transformation
generated by a tri-Killing that map a solution of 11D
supergravity equations to a solution. Since field equations

can be written in terms of generalized fluxes it is natural to
formulate this condition as invariance of fluxes that allows
to deal with first order equations rather than second order
equations of motion. In [47,52] a special truncation has
been imposed such that EXFT looks pretty much like DFT
and only the scalar flux F,zcP and a trace part of F MN/;’_’
are nonvanishing. This sensibly restricts the set of solutions
that fit the truncation ansatz and does not allow, e.g., the
majority of the solutions found in [53]. Full flux formu-
lation and the full list of fluxes presented here on allows to
apply the above logic to any background. For that one has
to derive conditions on the tri-Killing deformation ansatz
sufficient for all fluxes to stay invariant.

Another direction is related to employment of the
derived Bianchi identities to extended the construction of
[25] generalizing the same truncation of the 11D super-
gravity to the full theory. In this approach we first notice
that nonunimodular generalized Yang-Baxter deformations
transform generalized fluxes in a certain controllable way.
To write EXFT equations for such transformed fluxes back
in terms of space-time fields one has to impose Bianchi
identities. These give certain conditions on the nonunimo-
dularity parameter. We hope to report progress in these
directions in the nearest future.
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APPENDIX A: SL(5) ALGEBRA

Here we give a brief review of the SL(5) algebra [15].
SL(5) generators in the fundamental 5 and the representa-
tion 10 read

1
()" = 815}, — 568,
(¢ )MV o = 4 )M ). (A1)

They satisfy the standard commutation relations

t ) t Ll — t - t Ls
My K MKy — s8M A2
and the matrix product is defined as
1
(G wr = )M (D) ar = 5 ()M po (1) (A3)

Projector to the adjoint representation of SL(5) in the
10 irrep is given by
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1
PMy e = gKI.IZJ]JZ(lIlJI)MN(IIZJZ)’CD (A4)
where the Killing form reads
1
KIIIZJIJZ =5 (tlljl )MNKL(tlzjz)kLMN
1
Iy oJ J
= 6,0y, _5511151/11‘ (A5)
The projector satisfies the standard relation
1
PMNK[,PLKPQ —_ Z[FDMNKLUPHKLPQ

and we also have PM N, =1pMN, KL = —24 =
dim(adj). The Y-tensor of SL(5) EXFT and the projector
are related as follows [54]

YM MMK

Ko _
NL =€ EMNL

1
= -3PM, K, + géﬁf&f + 685k, (A7)

where eMMX is the totally antisymmetric tensor of SL(5)
eMNKLP We will also need the relation

4
MMM erpors = =3PMN po™ s + 2 5pg Os + 40ks Opg-

5
(A8)

APPENDIX B: GENERALIZED
DIFFEOMORPHISMS AND WEIGHTS

Consider transformations under generalized diffeomor-
phisms of a scalar of weight zero

1

1
oz = EAMNaMNCﬁ- (B1)

For its derivative we have the following transformation law

1
ONOkLO = Ok1.OND = EaKL(AMNaMN(l))

1 1
=5 AMN g Oy + 3 OundOx AN

1
= EAMNaMNaKL(ﬁ + Ok PO N AMN

+ O poxn AN — %aKL¢aMNAMNa (B2)
where in the last equality we used the identity
N0k AMN = 0, that follows from the section con-
straint (28). Hence, one concludes that dy;y¢ is a gener-
alized covector with weight 4 = —% and 1=—-1. As a
result we see that derivative d,;y adds certain weight. Note

that if the scalar ¢ had a nonvanishing weight 4, i.e.,
transformed as
[N Ay MN
o = 51\ oune + ?(paMNA ; (B3)

its derivative dgy¢ would not transform as generalized
covector.
Consider now a generalized vector

A[V] = ¢ (A = 2) whose transformation reads

VMN of weight
1

SN VMN — EAKLaKLVMN _ ZvL[NaLKAM]K + VMNg ., AKL.

(B4)

Let us now show that its derivative dy,y VYV transforms
covariantly

1

+ (=2VEN Oy n 0 g AME + VMN gy 0 AKE)

1 1
= EAKLGKL()MNVMN + EOMNVMNOKLAKL.

Where we have used the section condition rewritten as

1 1
3(3[MNAKL0KL] VMN + EaMNVMNaKLAKL - EOMNVMN()KLAKL

(BS)

(B6)

to simplify terms in the first parentheses and the identity 3V*V 0k, ) AX" = 0 for the terms in the second parentheses.
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APPENDIX C: DERIVATION OF BIANCHI IDENTITIES IN FLAT INDICES

Bianchi identity 1.
Let us first define symbols fp ” = EP;043Ec™, where again 0,3 = E4MEgN 0y, and we transform flat SL(5)

indices to curved by generalized vielbein in SL(5) x R*. Taking into account that E €24 @ 1 of the group SL(5) such
defined tensor can be decomposed into irreducible representations as

fapc"€E0® (2401) =100 10 D 15 ® 40 P 175. (C1)
In terms of component tensor the decomposition can be written as follows

2 | 1 5 1 _
fac” = §fAB5DC + §fC[A5DB] 9 qapd¢ — 9 qciad g — 5 Y ciad” g + Zapc® + Eapc®, (C2)

where

fap = fapcC €10,
qap = fC[B,A]C €10,
Yap = fomn© €15,

4 _
Zapc® = - 3 €apcerZFP €40,
EapcP €175. (C3)

For the 40 one has Z"8¢ = 0, and for the 175 one has Eyp¢” =0, Eap " =0, E4p ! = 0. Note that from the two

irreps 10 only the combination 8,5 = % (fas + qap) survives when considering generalized Lie derivative as well as the
full action.

M _ D M
O, Ec” = Fapc"Ep",

fABCD e1Np15 40. (C4)
P No 1 | L
3Dy, (€%, €  EsM EgN F; ;4F) ! —1—6eMNPQRapQ(e”[ﬂe”,,ef’,,]e(;)ECRE_l./Tﬁ;/—,Ce‘(‘;)), (C5)

using (48) the left-hand side can be rewritten as
3Dy (€%, e E\MERNFy ;A8) = BEAMERN € €7 D,y (F o p"B) + 3F u F N + 6FE) M F, NE - (C6)

and similarly the right hand side

1 | T 1 . 1
—1—6eMNPQROPQ(e”[ﬂe”yepp]e(;)ECRE_lfﬁl—,ﬁce‘(‘;)) = —1—6e(7‘)“€MNPQREERe"[Me”yepp]@PQ(e‘(%]:—,—,ﬁE)
3 5 1 _s
- EEMNPQR»FPQMA]TZ\W]R - Ee(;;eMNPQRF/praPQ(ECRE_l)'
(C7)
The last term here can be worked out using (C2)
1 _s 1 _s
—1—66(71;€MNPQR]:M:CC)PQ(ECRE_I) = —R€<71f€MNPQR]:,wpc(—fPQ,RC + fro.p”ECR)
__ 1 T3 MNPOR - 2 5.C 2 5.C_ 7. C c8
T6¢m¢ 1wpC 3fPQ R +3QPQ R POR ™ |- (C8)

Using above results and definition (21) we obtain the first Bianchi identity (80a).
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Bianchi identity 2.
Using (48)

4DDA<eDveppeéd]EAMfDﬁ6A) = 6‘7:[/41/|Z‘7:/_1|p0']M +4‘7:(E>[/4|MC~7:\1//70]C + 4EAMeD[ueﬁpea.6D/4]]:Dﬁ6A’ (C9)

and

3

" -
aMN(eﬂﬂeyveppeo—ge(;)ECNE_ ]:ﬂupo' E;)) = eﬂuevveppeauewl)AECNaMN(Fﬁﬂﬁ' z; ) +4‘7:MN[/4\ ‘7:/1\1//)0
+Fﬂv/J0CEaMN(ECNE_1>7 (ClO)

the last term here due to 53 is

1
EaMN(ECNE_1> = EAM(IOHAB - YAB) = EAM <2~7:ABDD - EfD(AB)D>- (Cll)

Using above in the identities (67c) we obtain (80b).
Bianchi identity 3.
To find the third identities in flat indices we need to work out the following

3

3 _
“10¢ 5AB( F[,zzAB)st]p—EEz]'—[ﬁaAB(SZ]paMN(E_ZEAMEBN)v (C12)

aMN( €7 )EAMEBN}-WAB&Z][)@%)) 10

where the last term can be transformed as follows

3 6 ,
10 Ezf[/“/ABéﬂ]ﬂaMN( 2EAMEBN) = _Ef[;wAB‘SZ]pEEAMaMN(E_IEBN)

_ 6 _
= ~6F 363 0an = ~ 5 Fs"53f Fanc”. (c13)
Substituting this in (67d) we obtain Bianchi identities (80c).

Bianchi identity 4.
The Bianchi identities (67f) can be rewritten in the following form

- 4 - B -
0 = —2Dy Fyni* + ngNwﬂaﬁﬁﬂE),-,AA + 2F i Fuawiol — Fa? Funi” + eq) aMN(e Fuih)
4 !
+5 ()aMN( f( [alA )5|u] (C14)

To rewrite this in flat indices one has to turn curved indices of the flux under the derivative in the first term into flat ones:

2D (EAMEENF ags’) = 2EAEP N Dy (Fag”) + 4F ap’ Dy (EB V) EY
= ZEAMEBN,D[’-I‘(.?AB‘D]Z) + 4fAB[DZF%C[BEA]MECN. (C15)
Using this we obtain the deisired identities (80d) with flat indices.

Bianchi identity 5*.
To write the combined Bianchi identities (79) in flat indices we start with

2Dy, (" FE 4 B) = 267, D,y (F By B) + 7,7 FE), B (C16)
and rewrite
2 % &b BC 3 BC n
dAc(e et e wFao z )) = —e(;)eﬂﬂe’“,,aAc(}'ﬁ,; 627)) = Fap)> Faci- (C17)

Using the above in (79) we arrive at (80e).
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Bianchi identity 6.

The identities (67h) can be rewritten in the following form

No7 1
Dﬂ]:ABCE = _Ea[ABIJ:(E)ﬂ\C]E+5[A|E0CD}—(E)#|B]D

+fABCDF(E)”DE.

We will also need the following identity

E 1

N 1 L E 1 _
0AB(8(77)6”/4‘7:(E>I—4C em) = e(;)eﬂuaAB(}"(E)ﬂC ely) + Fapd FEyct.

Using the above in the (67h) we obtain precisely (80f).
Bianchi identity 7.

1
- 55CE0[A\D]:<E)ﬂ\B]D ~ 2Faipc " FE) yg” = Fapp F )P

(C18)

(C19)

Here we start with rewriting terms in the identities (671) as follows

—OunFkri” + Okt Fung” = —E*P k1 0unF aps” + BN vkt F ani” + Eap”2F poi” (—0unE*P k1, + 0k E*P ).

(C20)

Terms in the second line can be written back in terms of generalized fluxes, using the fact that F pp,” is antisymmetric in PQ

EABPQfPQpB(_aMNEABKL + gL BN yy) = 27:[K|QprMN.\L]Q - 2f[M\QﬁDfKL,|N]Q'

(C21)

Finally using the decomposition (C2) for f45 -, properties of its components and the section constraint we obtain (see

Cadabra calculation FMNmunu in [26])

2 (k108" Fuun ) = 2F o’ Fream® = 2F (k102" Faan )@ = 2F mior” F e m -

As the result we have

—OunF ki + Ok Fung” = —E*P kL ounFagi” + E*P vkt Fasi” + 2F k105" Fun )@ = 2F o F ke m @

that after substitution into (67i) gives us (80g).
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