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We present a symplectic formulation of the N = 1 four-dimensional type IIB scalar potential arising
from a flux superpotential which has four S-dual pairs of fluxes demanded by the U-dual completion
arguments. Our symplectic formulation presents a very compact and concise way of expressing the generic
scalar potential in just a few terms via using a set of symplectic identities along with the so-called “axionic-
flux” combinations. We demonstrate the utility of our symplectic master formula by considering an

underlying four-dimensional type IIB supergravity model based on a T/(Z, x Z,) orientifold, in which
the scalar potential induced by the U-dual flux superpotential results in a total of 76 276 terms involving
128 flux parameters. Given that our symplectic formulation does not need the information about the metric
of the internal background, it is applicable to the models beyond the toroidal compactifications such as to
those which use orientifolds of the Calabi-Yau threefolds.
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I. INTRODUCTION

In the context of superstring compactification, toroidal
orientifolds have been considered as a promising toolkit to
facilitate some simple and explicit computations. Despite
being simple, such internal backgrounds can still support a
very rich structure to include fluxes of various kinds which
can be subsequently used for generic phenomenological
studies related to, for example, moduli stabilization and the
search of physical vacua [1-7]. In this regard, compacti-
fication backgrounds supporting the so-called nongeomet-
ric fluxes have emerged as interesting playgrounds for
initiating some kind of alternate phenomenological model
building [8-22]. In fact, the existence of (non)geometric
fluxes can be understood to emerge from the following
chain of 7 dualities acting on the NS-NS three-form flux
(H ;j) of the type II supergravity theories [23]:

Hijk—’wijk — Q0% — RUK, (L.1)
where ;;* denotes the geometric flux, while Q;/* and RV¥
correspond to the so-called nongeometric fluxes. Moreover,
one can further generalize the underlying background via
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seeking more and more fluxes which could be consistently
incorporated or allowed in the four-dimensional (4D)
effective theory via say the holomorphic flux superpoten-
tial. For this purpose, the successive application of a series
of T and § dualities turns out to have a crucial role in
constructing a generalized holomorphic flux superpotential
[23-33]. This includes, for example, the so-called P flux in
type IIB setting which is needed to restore the underlying S
duality broken by the presence of the nongeometric Q flux.
Inclusion of various kinds of such fluxes (which act as
some parameters in the 4D supergravity dynamics) can
facilitate a very diverse set of superpotential couplings
which can be useful for numerous model building purposes
[8-20]. However, this also induces several complexities
(such as huge size of scalar potential, tadpole conditions,
and Bianchi identities) in the nongeometric flux compacti-
fication based models, something which has been wit-
nessed on many occasions [11,13,14,16,25-27,34-38].
In fact, model building efforts using nongeometric fluxes
have been made mostly via considering the 4D effective
scalar potentials arising from the Kéhler and superpoten-
tials [11-14,16,34-36,39], and during the initial phase of
phenomenological studies one did not have a proper
understanding of the higher-dimensional origin of such
4D nongeometric scalar potentials. However, these aspects
have received a significant amount of attention in recent
years; e.g., see [34,35,39-44]. Moreover, most of these
studies have been based on toroidal orientifolds as such
setups are among the simplistic ones, and interest in
extending these ideas for model building beyond the
toroidal case got attention with the studies initiated
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in [15,45-48,48,49]. However, the main obstacle in under-
standing the higher-dimensional origin of the 4D effective
potentials in the beyond toroidal cases [such as those based
on the Calabi Yau (CY) orientifolds] lies in the fact that the
explicit form of the metric for a CY threefold is not known,
something which has been very much central to the
“dimensional oxidation” proposal of [34,39].

For that purpose, the existence of some close connec-
tions between the 4D effective potentials of type II super-
gravities and the symplectic geometries turn out to be
extremely crucial [50,51]. In fact, it has been well estab-
lished that using symplectic ingredients one can simply
bypass the need of knowing the CY metric in writing the
4D scalar potentials via using explicit expressions for the
moduli space metric equipped with some symplectic
identities [52]. For example, in the simple type IIB model
having the so-called RR and NS-NS flux pair (F,H)
[53,54], the generic 4D scalar potential can be equivalently
derived from two routes, one arising from the flux super-
potential while the other one follows from the dimensional
reduction of the 10D kinetic pieces, by using the period
matrices and without the need of knowing CY metric
[52,55]. This strategy was subsequently adopted for a series
of type IIA and IIB models with more (non)geometric
fluxes, leading to what is called as the ‘“‘symplectic
formulation” of the 4D scalar potential, for example,
see [42,56—60] for the type IIB case and [58,61-63] for
type ITA and F-theory case.

Implementing the successive chain of 7" and § dualities
leads to a U-dual completion of the flux superpotential
which has been studied in [24,25,31-33]. Focusing on a
toroidal type IIB T°/(Z, x Z,) orientifold model, such a
U-dual completed superpotential turns out to have 128
fluxes and leads to a huge scalar potential having 76 276
terms as observed in [64]. Moreover, following the pre-
scription of [34,35], the various pieces of this effective
scalar potential has been rewritten in [64] using the internal
metric. In the current article, we aim to present a symplectic
formulation of the flux superpotential with U-dual fluxes,
which also applies beyond the toroidal case, while repro-
ducing the results of [64] as a particular case.

The article is organized as follows: We begin with
recollecting the relevant pieces of information about the
generalized fluxes and the subsequently induced super-
potential in Sec. II. Continuing with the 7T-dual completion
of the flux superpotential, in Sec. III we present a U-dual

|
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completion of the flux superpotential via taking a sym-
plectic approach. Section IV presents a detailed taxonomy
of the scalar potential leading to a compact and concise
master formula, which is subsequently demonstrated to
reproduce the toroidal results as a particular case. Finally,
we summarize the conclusions in Sec. V and present the
detailed expressions of all 36 types of scalar potential
pieces in the Appendix.

II. PRELIMINARIES

The F-term scalar potential governing the dynamics of
the N = 1 low-energy effective supergravity can be com-
puted from the Kihler potential and the flux-induced
superpotential by considering the following well-known
relation:

V = eX(KVD,WD;W - 3|W]?), (2.1)
where the covariant derivatives are defined with respect to
all the chiral variables on which the Kihler potential (K)
and the holomorphic superpotential (W) generically
depend. This general expression had resulted in a series
of the so-called “master formulas” for the scalar potential
for a given set of Kihler and the superpotentials; e.g.,
see [56-58,61,62,64—70]. For computing the scalar poten-
tial in a given model, we need several ingredients which we
briefly recollect in this section.

A. Forms, fluxes, and moduli

The massless states in the four-dimensional effective
theory are in one-to-one correspondence with harmonic
forms which are either even or odd under the action of an
isometric, holomorphic involution (o) acting on the internal
compactifying CY threefolds (X), and these do generate the
equivariant cohomology groups H”?(X). For that purpose,
let us fix our conventions and denote the bases of even and
odd two-forms as (u,,v,) while four-forms as (fi,, 7,),
where a€hl!(X) and a € h!'(X). Also, we denote the
zero and six even forms as 1 and ®g4, respectively. In
addition, the bases for the even and odd cohomologies of
three-forms H3.(X) are denoted as the symplectic pairs
(ag,b’) and (A,,B*), respectively. Here, we fix the
normalization in the various cohomology bases as

/ua/\ﬂb:5g,
b

/ﬂ(l/\/'l/)’/\ﬂy:faﬂya //"aAI/a/\I/b:f(mh’ /(I)GZ 1,
X X X

/aK/\bJ:(SKJ,
X

\/'~/4A/\BA :5AA.
X
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Here, for the orientifold choice with O3/O07 planes,
Ke{l,....,h%'} and A€{0,...,h%'}, while, for 05/09
planes, one has K€ {0,....h%'} and A€ {l,...,h2'}. It
has been observed that setups with odd-moduli G corre-
sponding to 1! (X) # 0 are usually less studied as com-
pared to the relatively simpler case of hl!(X) =0, and
explicit construction of such CY orientifolds with odd two-
cycles can be found in [71-76].

Now, the various field ingredients can be expanded in
appropriate bases of the equivariant cohomologies. For
example, the Kahler form J, the two-forms B, and C,, and
the RR four-form C, can be expanded as [77]

J=1u,, B,=0b",,

Cry=c",, Cy=pp*+---,

(2.3)

where t* and {b%, c?,p,} denote the Einstein-frame two-
cycle volume moduli and a set of axions descending from
their respective form-potentials {B,, C,, C4}, respectively,
while dots --- encode the information of a dual pair of
spacetime one-forms and two-form dual to the scalar field
P, Which are not relevant for the current analysis. In
addition, we consider the choice of involution ¢ to be
such that 6*Q; = —Q3, where Q3 denotes the nowhere
vanishing holomorphic three-form depending on the com-
plex structure moduli U’ counted in the 42%!(X) cohomol-
ogy. Using these pieces of information, one defines a set
(U',S,G“, T,) of the chiral coordinates as below [78]:

SEC0+i€_¢:C0+iS,

Ul =v'—iu, G*=c+ Sh?,

- 1 ~ ;
T, — <pa+faabc”bb +§Sfaabb“bb> —éfaﬂyzﬂﬂ, (2.4)

where the triple intersection numbers 7,5, and ?{mh are
defined in Eq. (2.2) and, using £, the Einstein-frame
overall volume (V) of the internal background can be
generically written in terms of the two-cycle volume
moduli as below:

1
V= A £ op 11717 . (2.5)

Using appropriate chiral variables (U',S,G% T,) as
defined in (2.4), a generic form of the tree-level Kihler
potential can be written as below:

K=—In <%Q3/\Q3> —In(=i(S=3))=2InV. (2.6)

Here, the nowhere vanishing involutively odd holomorphic
three-form €3, which generically depends on the complex
structure moduli (U?), can be given as below:

93 = XAAA - fABA. (27)
Here, the period vectors (X*,F,) are encoded in a
prepotential (F) of the following form:

F = (XOP2F(U),

1 - | IR ]
FU) = U005 U + piU' + 3 o

(2.8)

In fact, the function f(U’) can generically have an infinite
series of nonperturbative contributions, which we ignore for
the current work assuming to be working in the large
complex structure limit. The quantities p;;, p;, and p, are
real numbers, where p is related to the perturbative (a')?

corrections on the mirror side [79-81]. Furthermore, the
. . " ;s ,
chiral coordinates U"’s are defined as U' = =5, where /s

are triple intersection numbers on the mirror (CY) threefold.
With these pieces of information, the Kéhler potential (2.6)
takes the following explicit form in terms of the respective
“saxions” of the chiral variables defined in (2.4):

4
K=-In (5 Ligu'wub + 2;30) —1n(2s)

1
—21In (6 f,,ﬂyt“tﬂt7> )

B. T-dual fluxes and the superpotential

In this subsection, first we recollect the relevant features
of the minimal type IIB flux superpotential induced by the
standard three-form fluxes (F3, H3) [53,54], along with the
inclusion of additional fluxes via 7-dual completion argu-
ments. Taking the choice of orientifold action resulting in
03/017 type setting, one finds that one can generically have
the following nontrivial flux components [24,36,46]:

(FA.FN),  (Ho HY), (0 04),  (Q™,0%).

(&)aKﬂ&)aK)’ (QaK7 QaK)’ (RKvRK)'
Here, the fluxes in the first line of (2.10) are relevant for the
F-term contributions through a holomorphic superpoten-
tial, while the ones in the second line induce the D-term
effects [36]. In addition, one can have S-dual completion of
this setting via inclusion of the so-called P flux with its
nontrivial components being given as (P*K, Py, P p*,)
[24,25,43]. Now, focusing on the class of orientifold setups
with #%'(X) =0,' the type TIB generalized flux super-
potential can be given as below:

'For models with 42" (X) # 0 having nongeometric R flux and
the possibility of D-term contributions, see [36,42-44,56].
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_ - 1 o 1 -
W: |:F0+UlFi+§liijlU]Fk—gl,’ijlUjUkFO—iﬁoFo]
L] i 1 ir7i Ik 1 irrirrk g0 o 0
—S H0+UHI+§llij UJH —gliij UJU H —lpoH
al = i~ 1 ir7j,,4 k 1 irrjrrk,,, 0 P> 0
-G, + Ua)a,»—Q—El,»ij Uw, —gl,-ij UUrw,” — ipow,

- - 1 o 1 o
+ T, [Q“o +U'Q% +§liijlU]Qak _gliijlU]UkQaO - iﬁoQa(’}, (2.11)

where, given that the complex structure moduli-dependent
sector is modified by the o corrections on the mirror side,
one needs to consider a set of rational shifts in some of the
usual fluxes in (2.11) which are given as [58]

Fo=Fy— p;F', F;=F; = p;F/ — p;F°,
Hy=H,— p;H', H;=H;- p;H — p;H°,

_ = 5.0
Wgp = Wy — pija)aj —PiWg s

Q(li — Qai _ i)UQa} _ iinuO'
(2.12)

= =
Wy = Wg0 — PiBy 5

an — an _ f)iva

In addition to having /%' (X) = 0 to avoid D-term effects,
in the current work, we will be interested in orientifolds
with trivial (1,1) cohomology in the odd sector, and
therefore our current setup does not include the odd moduli
(G%). For the purpose of studying the scalar potential, we
will also make another simplification in our superpotential
by considering the fluxes to adopt appropriate rational
values in order to absorb the respective rational shifts
mentioned in (2.12); for example, see [81,82] regarding
studies without including the nongeometric fluxes. Sub-
sequently, in the large complex structure limit, we can fairly
use the following form of the superpotential:

1 o] .
W= {FO—FU’F,»+§l,-ij’Uka—gliij’UJU"FO]
| o] A
=S |Ho+U'H;+5 1 U'UTH — 1, U'U'UH

. 1 N 1 o
+Ta |:Qa0 + Ui Qai +§liijl U/ Qak_gliijz U/ UkQaO:| .
(2.13)

Finally, let us mention that using the dictionary presented in
[58] one can equivalently read off the T-dual completed

|

version of the type IIA flux superpotential, which is a
holomorphic function of four types of chiral variables
{T%, N° N*,U,}, respectively, correlated with the set of
complexified moduli {U’, S, G%, T, } in the type 1IB setup.
For interested readers we present the 7-duality rules for
relevant fluxes (appearing in the F-term contributions) in
Table I.

III. U-DUAL COMPLETION OF THE FLUX
SUPERPOTENTIAL

In the previous section, we have presented the T-duality
transformations among various ingredients of nongeo-
metric type IIA and IIB superpotentials. In this section,
we extend this analysis with the inclusion of some more
fluxes which one needs for establishing the S-duality
invariance of the type IIB effective potential. This at the
same time demands to include more fluxes on the type IIA
side via imposing the T-duality rules on the type IIB side.
Let us elaborate more on this point.

The four-dimensional effective potential of the type 1IB
theory generically have an S-duality invariance following
from the underlying ten-dimensional supergravity, and this
corresponds to the following SL(2, Z) transformation:

S_)aS—f—b

— ,b,c,de”.
cS+d @0

(3.1)

where ad—bc =1,

Subsequently, it turns out that the complex structure moduli
U'’s and the Einstein-frame volumes (and, hence, the T,
moduli) are invariant under the SL(2, Z) transformation, in
the absence of odd-moduli G* [83]. Subsequently, using the
transformation

(S=8)"' > |eS+d(S-9)", (3.2)

one finds that the Kihler potential (2.6) transforms as

TABLE I. A dictionary between the type IIA and type IIB fluxes [58].
B F, F, Fi FO H, H; H H° 0% 0% o™ Q%
ITA € e, m? -m"° Hy Wao (O —Ry H* w,t o —R*
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ek > |cS + d|?ek. (3.3)
Moreover, these SL(2,Z) transformations have two gen-
erators which can be understood with distinct physical
significance as below:

1 1
(S1) S—>S—|—1:Gen1:(0 l>;

§2) S—-1:G 0 3.4

(S2) -5 en2—<1 0). (3.4)
The first transformation (S1) simply corresponds to an
axionic shift in the universal axion C,, namely,
Cy = Cy+ 1, and it is not of much physical significance.
However, the second transformation, which is also known as
the strong-weak duality or the S duality, is quite crucial and
interesting physical implications. For example, demanding
the physical quantities such as the gravitino mass-square
(m3, ~ eX|W|?) to be invariant under S duality demands the
superpotential W to be a holomorphic function with mod-
ularity of weight —1 which means [83-85]

w
- .
cS+d

(3.5)

This further implies that the various fluxes possibly appear-
ing in the superpotential have to readjust among themselves
to respect this modularity condition (3.5), and one such
S-dual pair of fluxes in the type IIB framework is the so-
called (F, H) consisting of the RR and NS-NS three-form
fluxes transforming in the following manner:

<F> - <a b) <F> (S2)= {F——H,H—F}. (3.6)

H cd/\H

In fact, it turns out that making successive applications
of T/S dualities results in the need of introducing more
and more fluxes compatible with (3.5) such that the
superpotential not only receives cubic couplings for the
U’ moduli but also for the 7, moduli [24]. In fact, it turns out
that one needs a total of four S-dual pairs of fluxes,
commonly denoted as (F,H), (Q,P), (P',Q'), and
(H', F'") [24,25,31-33,64]. In this section, we will elaborate
more on it in some detail.

A. Insights from the nonsymplectic (toroidal)
formulation

Flux superpotentials with the U-dual completion [24,25]
have been studied on various occasions, mostly in the
framework of toroidal constructions [31-33,64]. Using the
standard flux formulation in which fluxes are expressed in
terms of the real six-dimensional indices, one can denote
the four pairs of S-dual fluxes with the following index
structure:

ik
pPJ*

1ijk,l
H'U nmpqr’

ik
Fijk’ Hijk’ Qij ’

P/i,jklm’ Q/i,jklm, F/ijk,lmnpqr’

(3.7)

and, therefore, one can consider (P’, Q') fluxes as some
(1,4) mixed tensors in which only the last four indices are
antisymmetrized, while (H’, F") flux can be understood as
some (3,6) mixed tensors where first three indices and last
six indices are separately antisymmetrized. Further details
about the mixed-tensor fluxes can be found in [32,33].

Subsequently, using generalized geometry motivated
through toroidal constructions, it has been argued that
the type 1IB superpotential governing the dynamics of the
four-dimensional effective theory [which respects the
invariance under SL(2,7Z)” symmetry] can be given as
[24,25,31-33,64]

W [(o-sr) el n (3
X

where J denotes the complexified four-form J =

Cy—45J ANJ=[i°T,, and the various flux actions are

encoded in the following quantities f.:

fiel =F+0>J+PoJ*+H ©J°

forele=H+P>J+Q oJ*+F 0 J°. (3.9)
The explicit forms of these flux actions are elaborated as
below:

3 b
(Q> j)a1a2a3 = EQ 1 Zjﬂﬂ]blbz’

[

1
/ 2 _ /c,bybybsb.
(P °J )ﬂlazas - ZPC v 4‘7[ﬂ2‘0b1|‘7ﬂ]b2b3b4’

1

/ 3 _ Icycyc3,b1byb3bybsh
(H © \7 )alaza3 - 192HL]LZL3 T 6‘7[ﬂa72|0152‘

X ja_3]c3b1b2x7b3b4b5b6’ (3.10)
and the remaining flux actions (P> 7), (Q' ¢ J?), and
(F' ® J?) are defined similarly as to the flux actions for
(0> J), (P'oJ?), and (H' © J?3), respectively. Let us
mention that now our first task is to understand or rewrite
the flux actions (3.10) in terms of symplectic ingredients. In
this regard, we mention the following useful identities
which have been utilized in understanding the connection
between the heterotic superpotential and the type IIB
superpotential with the U-dual fluxes in [31]:

r
_ 2 g2 iy ipiziglsie
JPle 42 4;‘]1112!3!4 lslﬁpll’zg ’

5 J? 2 2 ]5i1i2i3i4i5i(,_

J3 o
128 ~fiialsls isig[P1P2" P3PaPsPs

P1P2D3P4PsPs

(3.11)
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As argued in [31], these identities are generically true, even
for the beyond toroidal cases as well. Moreover, simple
volume scaling arguments suggest that Ehi2bisisis jg a
volume-dependent quantity satisfying the following useful
identity:

...... g'1213lalsle
Ehiblzlglsle — —

V| detgl

where ¢'1%2%3%4!5' denotes the six-dimensional antisymmetric
Levi-Civita symbol. This normalization by a volume factor
can also be understood through the following relation
satisfied by the antisymmetric Levi-Civita symbol e'/kmn
and the internal metric:

eliiaizisisic

V ’

(3.12)

ijkl —
e mngii’gjj’gkk’gll’gmm’gnn’ - |detg|€i’j’k’l’m’n’
= Ve jkimn (3.13)
which is equivalent to
EKIm G g = Ey; (3.14)
9ii'9jj 9k’ 911 Gmm' Gn' = Ci' K I m'n’ .

Furthermore, it has been observed from the toroidal results
about studying the taxonomy of the various scalar potential
pieces in [64] that the prime fluxes can be equivalently
expressed in another way using the Levi-Civita tensor given
as below:

il

1
'k __ /k,Imn tk,lmn
Pij _Egijlmnpp P, ij _475ijlman b,
. 1 i, . 1 .
lijk __ lijk,Imnpgr 1ijk __ tijk,Imnpqr
H™Y *aglmnpqu 5 Pa s F'Y *aglmnpqu / par,

(3.15)

The first thing to observe about these redefinitions is the
fact that the index structure of (P};*, Q};*) looks similar to
those of the so-called geometric fluxes (a),-jk) while the
remaining prime fluxes (H'/%, F''/%) have the index struc-
ture similar to those of the nongeometric R fluxes as
motivated in Eq. (1.1) following from the chain of
successive T dualities applied to the three-form H flux.
Note that the presence of &;j,,, introduces a volume
dependence in the redefined version of the prime fluxes,
which helps in taking care of the overall volume factor
appearing repeatedly in the following equations of the
various scalar potential pieces via producing a common
overall factor depending on volume for all the pieces. This
subsequently results in having an overall factor of V=2 for
all the topological pieces and a factor of V! for the

%As opposed to using Levi-Civita symbol €A1 in [64], here
we use the Levi-Civita tensor EVX™" in defining the fluxes in
(3.15). The reason will be more clear when we discuss the
cohomology formulation of these fluxes later on.

remaining (nontopological) pieces as seen in the non-
symplectic formulation in [64]. However, while expressing
the superpotential (which is a holomorphic function of the
chiral variables) using such volume-dependent fluxes P’ jk ,

etc., as defined in (3.15), one has to be a bit careful and
appropriately take care of the volume-dependent factor. On
these lines, it might be worth mentioning that [31] uses the
same symbol “e’/¥"">* for the identities given in (3.11) as
well as for defining the prime flux actions similar to the
ones we consider in (3.10). This indicates that the prime
fluxes defined in [31] can have an overall volume factor (at
least in the toroidal case) in one of the two formulations,
and the holomorphicity of the superpotential has to be
respected via appropriately taking care of the presence of
the overall volume (V) factors. On these lines, it is worth
mentioning that the prime fluxes of the form (A3), i.e.,
without the overall volume factors, are considered
in [32,33] and this formulation does not need any extra
volume factor to keep the superpotential holomorphic.

Here, let us also note the fact that the identities presented
in Eq. (3.11) are expressed in terms of the real six-
dimensional indices, and we need a cohomology or
symplectic version of these identities as well as the new
fluxes defined in (3.15), similar to what we have argued for
the flux actions defined in (3.10).

B. Symplectic formulation of fluxes
and the superpotential

Having learned the lessons from the toroidal setup, now
we briefly discuss the U-dual completion of the flux
superpotential via taking a symplectic approach.

1. Step 0

To begin with, we consider the standard GVW flux
superpotential generated by the S-dual pair of (F, H) fluxes
given as below [53]:

W, = [([(F— SH)|, A Qs. (3.16)

This results in the so-called “no-scale structure” in the
scalar potential which receives a dependence on the overall
volume of the internal background only via eX factor and,
hence, scales as V2. There is no superpotential coupling
for the Kdhler moduli which remain flat in the presence of
(F,H) fluxes in the internal background.

2. Step 1

In order to break the no-scale structure and induced
volume moduli dependence pieces in the scalar potential,
one subsequently includes the nongeometric Q-fluxes. In
the absence of odd moduli, the type IIB nongeometric flux
superpotential takes the following form [24]:
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W = A[(F— SH) + 0°T,|, A Qs (3.17)

where the quantities in the bracket [---]; are three-forms
which can be expanded in an appropriate basis as below:

(Q>T)=0T,. Q“=-0" A\ +0°\B". (3.18)
Recall that the various Q-flux components surviving under
the orientifold action can be given as Q = (Q**, Q%) as
the odd sector of (1,1) cohomology is trivial. The expanded
version of this 7T-dual completed superpotential (3.17) is
already presented in (2.13), and its type IIA analog can be
obtained by simply using the dictionary given in Table I,
along with the 7-duality rules among the chiral variables
defined as S < N°, U! <& T¢, and T, < U,.

Now, we further take the iterative steps of 7" and S
dualities to reach the U-dual completion of the type 1IB
superpotential.

3. Step 2

Note that the GVW flux superpotential (3.16) respects
the underlying S duality in the type IIB description;
however, the inclusion of nongeometric Q flux, which
|

leads to the flux superpotential (3.17), does not retain the
S-duality invariance of the theory. For that purpose, the
simplest S-dual completion of the flux superpotential (3.17)
can be given by adding a new set of nongeometric flux,
namely, the so-called P flux which is S dual to the NS-NS
Q flux. Therefore, one has another S-dual pair of fluxes,
namely, (Q, P), which is similar to the standard (F, H) flux
pair and transforms under the SL(2, Z) transformation in
the following manner [24,25,27,46]:

(i>'*(j Z><§>’ ad—be=1. (3.19)

Being S dual to the nongeometric Q flux, such P fluxes
have the flux actions similar to those of the Q flux as
defined in (3.18). Subsequently, a superpotential of the
following form is generated:

W, = / [(F = SH) + (0% — SPIT, ], A Q5. (3.20)

Using the explicit expressions for the holomorphic three-
form (€23) as given Eq. (2.7), this flux superpotential W,
can be equivalently written in the following form:

N 4 1 .
W, = {FO +FU +F' (5 LU Uk> - F° <g LipU'UI Ukﬂ

. 1
- S[HO +HU +H (EZ,-J-,(UJU"> —H° <gliij’UfU">}

1
[

. al ) .
+ Ta |:Q(10 + QaiUl 4 Qm (5 liij'] Uk> _ QaO <6 iijl U/ Uk>:|

: 1 , 1 -
- ST, [P“o + PUT+ P Sl U Uk — po0 <8 Ly U'UI Ukﬂ .

The scalar potential induced from this flux superpotential
has been studied in [39,57].

4. Step 3

From the T-duality transformations, we know that a
piece with moduli dependence of the kind (ST,) on the
type 1IB side, as we have in Eq. (3.20), corresponds to a
piece of the kind (N°U,) on the type IIA side,’ where such
a term can be generated via a quadric in Q. which is linear
in N° and U,. Here, we recall that Q, is defined by
complexifying RR three-from (C;) axion with the

*We establish the correlation between the type IIA and type IIB
superpotentials via considering the 7T-duality rules for the moduli
as {T*,N°, N*,U,} - {U',S,G, T,} and for the fluxes as in
Table I.

(3.21)

holomorphic CY three-form 3, leading to Q. = N kA,; -
U,B" in type IIA setup; e.g., see [58] for more details. But a
quadric Q2 will also introduce a piece on the type IIA side
which is quadratic in U moduli leading to a quadratic in T
moduli on the type IIB side and, hence, will also introduce
some new fluxes on the type IIA side which are not 7' dual
to any of the fluxes (F, H, O, and P) introduced so far on
the type IIB side. Such a quadratic term in 7 moduli on the
type IIB side can be of the following kind:

1
/ [EP’“/"-T{XT/,] A Qs
X 3

which results in introducing a new type of flux that we
denote as P’ flux. Also, for the moment we consider P’ flux
to be of the form P"*_ just to have proper contractions with
T-moduli indices. We will discuss some more insights of

(3.22)
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such P’ fluxes while we compare the results with those of
the nonsymplectic (toroidal) proposal in [24,25,31-33]. We
will follow the same logic for introducing other prime
fluxes as we discuss now.

After introducing the P’ flux and subsequently demand-
ing the S-duality invariance in the type IIB side, we need to
introduce the so-called Q' flux which is § dual of the P’
flux, and, hence, they form another S-dual pair (P’, Q')
which leads to the following term in the flux superpotential:

1
L[(P/a/)’ _ SQ/{I/)’) . <2 T/jT;,)

So now, we have a superpotential piece on the type IIB side
which has a factor of moduli (S747,). Subsequently, this
corresponds to a type IIA superpotential piece with a
moduli factor (N°U,U ,) and, hence, is expected to arise
from a cubic in Q.. However, a cubic in €, will not only
generate this piece, but will also additionally generate a
piece with moduli factor (U,U,U,) in type IIA. Again
getting back to the type IIB side will generate a term with a
moduli factor of the type (7,747, ). This will subsequently
result in introducing a new type of fluxes, the so-called NS’
flux denoted as H’, and then completing the S-dual pair via
introducing another new flux, namely, F’ flux, leads to the

fOllOWiIlg Superpotential terms:
d H '

(1)~
(o) = 2)()

(3.23)

A Q3.
3

IS

[

S

(o
Q/

[

1
[{ [(H/aﬁy — SF'bry . (E TaTﬁTy>] A Q;.  (3.24)

However, let us also note that having a type IIB term with a
moduli factor (ST,T47T,) implies that, on the type ITA side,
one would need to introduce a 7-dual term with a moduli
factor (N°U,U,U,) which can be introduced via a quartic
in Q., and, hence, in addition one would need to introduce
another set of RR’ fluxes, namely, Fyy flux on the type IIA
side.

In this way, we observe that the logic of iteration
continues when we demand the S/T dualities back and
forth until we arrive at cubic superpotential couplings in T
and U moduli on both the (type IIB and type IIA) sides. On
the lines of aforementioned U-dual completions, some
detailed studies have been made in [24,25,31-33,64], and
here we plan to present a symplectic formulation of the
four-dimensional scalar potential. Unlike the toroidal
proposal [64], this symplectic formulation can be easily
promoted or conjectured for the beyond toroidal construc-
tions, for example, in case of the nongeometric CY
orientifolds.

To summarize, we need to introduce four pairs of S-dual
fluxes, i.e., a set of eight types of fluxes transforming in the
following manner under the SL(2, Z) transformations:

(9 2)(2)
(DG e

This leads to the following generalized flux superpotential:

(3.25)

1 1 1 1
W= A [<F+Q"Ta+§p/aﬂTaTﬂ+6H’aﬁ7TaTﬂTy>—S<H+P"Ta+§Q“ﬂTaTﬁ+€F’aﬂ7TaTﬂTy>}3AQ3, (3.26)

where all the terms appearing inside the bracket |- - -]; denote a collection of three-forms to be expanded in the symplectic

basis {A,, B~} in the following manner:
0" = —Q" M, + 0“\ BN,
Plﬁy — _P/[iyAAA + P/ﬂyABA7
H/aﬁy — _H/aﬁyAAA + H/(z[)’yABA’

P* = _PQAAA + PaABA,
0" = —QV Ay + Q"1 BN,

Flaby — —FlabrA A, 4 Flabr, BN (3.27)

Now we need to determine the explicit expressions of the various flux actions, especially for the {P’, '} and {H’, F'} on
the forms 72 and 7>, respectively. Before we do that, let us rewrite the superpotential (3.26) as below:

1 1
Ws = KFA + O\ T, + EP’“ﬂATaTﬁ + ngaﬂy/\TaTﬁTV) xh

1 1
+ <FA + Q(lATa + EP/aﬂATaTﬂ + EH/(lﬁYAT(zT/}Ty> fA:|
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1 1
-S { (HA +PATa+ 5 QP\T, Ty + c F”’ﬁVATaTﬁTy> XA
1 1
+ (HA + POAT, + 3 Q"PNT, Ty + EF"”WATaTﬂTy) fA] . (3.28)

Now this form of the superpotential is linear in the axio-dilaton modulus S and has cubic dependence in moduli U’ and T,
both. To be more precise, the explicit form of the superpotential in terms of all these moduli can be given as below:

S T
Wy = [FO + FU + Fi (zl,ijfU"> ~F° (gl,-ij‘U/U")]

1 . 1 .
- S[Ho + H;U' + H' (5 liijJUk> - H° (6 liijlUJU">]

. (1 . 1. ..
+AP%+@M+Q%waW)¢mewwwg]

A . [
— ST, {P“O + PU PO L UIU o PO (—gziijl U/U")]

1 ) (1 . 1 o
+ E T(ZT/; |:P/a/30 + Pla/il_ U: + P/a/h (5 lijk U/ Uk> _ Pl(z/iO <6 lijk UiU/ Uk>:|

S

6

S
6

. A I
—>T,T,T, [F’aﬂyo + F'br Ui + Frabri (5 Ly U U") — Frpr0 (6 1y U'UI U")] .

4 (1 . 1 .
_ 5 TaTﬂ |:Q/aﬂ0 4 QlaﬁiUt + Qlaﬂt <§ liijj Uk> _ QlaﬁO (6 liijl U/ Uk>:|

1 ) (1 . 1 o
4- TaTﬂTy |:H/a/iy0 + H/a/}yl_Ul + H/a[iyl <5 lijk U’ Uk> _ H/a/)’yO (g lijk UiU/ Uk):|

(3.29)

Now let us note that the superpotential given in Eq. (3.26) can be also rewritten in the following compact form:

WI/[(F—SH)+(Q—SP)>J+(P’—SQ’)OJZ+(H’—SF’)oj3] A Q.
X

(3.30)

where we propose the symplectic form of the various flux actions to be defined as below:

(Ql> j) = T(lQa»
(P o J%) = 3PP,

1
(H'© J7) = 3 H* " T, TyT,,

and Q%, P*, PPr, Qv H'®Pr and F'*’" denote the three-
forms as expanded in Eq. (3.27).

5. More insights of the flux components in the
cohomology basis

Recall that so far in determining the superpotential (3.29)
or, equivalently, its compact version defined in (3.30) and
(3.31), we have only assumed the 7-duality rules (among the
chiral variables on the type IIB and type IIA side) along with

some suitable contractions of &' indices. In order to

(P> J) =T,P%

1
(on%=5QWnn,

1
(FFoJ)= §F’f]’/"VT(,T,,Ty, (3.31)

|
explicitly determine the structures of the P’, Q’, H', and F’
flux components, we compare our results with the non-
symplectic formulation presented in [24,25,31-33,64]. In this
regard, as we have earlier argued, the P’ and Q' fluxes have
index structure similar to the geometric flux (namely, @; j")
accompanied by the Levi-Civita tensor, while the H' and F’
fluxes have the index structures similar to nongeometric R'/*
flux where {i, j, k} are the real six-dimensional indices. By
this analogy we expect to have the following symplectic
components for the S-dual flux pairs (P, Q') and (H', F'):
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P P2, ‘0N, HIGH™, FLF'™M (3.32)
However, the symplectic pair of flux components which
appear in our superpotential have the following respective

forms:

P/a[}A , P/aﬂA ,
H/a/}y/\ , H/a[iy/\ ,

Q/a[iA Q/a/i/\

F'oPr | FlabrA, (3.33)
In order to understand the correlation between the two
(symplectic and nonsymplectic) formulations, now we recon-
sider the identities given in Eq. (3.11), for which we derive the
following cohomology formulation:

1 1
= gf P1eyt, = Ef brege,,
L, L
V = Wﬁ /}},Z/ﬂafﬂfy - yf ﬁyT{lT[)’Tyﬁ (334)

where 7, corresponds to the volume of the 4-cycle and
can be written in terms of the 2-cycle volumes as
T, =151 =1¢,. Here, we have used the shorthand
notations £, = £,51” = 5,1’ 1. Note that, in the absence of
odd axions in our current type IIB construction,
7, = —Im(T,,). In addition, the quantities #*/ can be defined
by using the triple intersections ¢, as below:

P =y, GGG (3.35)

where G denote the inverse moduli space metric defined as

1
G = L5200 — ave) (3.36)

This inverse moduli space metric given in Eq. (3.36) leads to
an identity G*¢ 3 = 21 which can be utilized to easily prove
ouridentities given in Eq. (3.34). Using these relations and the

inputs from [31], we propose that the prime fluxes in
Egs. (3.32) and (3.33) are related as

P//ij — P/aAfaﬁy’ P/[};/A —_ P/aAfaﬁyv
Q/ﬁyA = Q/aAfaﬁy’
H/aﬁy/\ — H/Afaﬁy’

Fibr, = F\ £,

Q//}yA — Q/aAfaﬂy’
H/aﬂy/\ — H/A I/ﬂaﬁy’

F/aﬁy/\ — F/Al,ﬂa/jy, (337)
Let us illustrate these features by considering an explicit
toroidal example, using the orientifold of a T®/(Z, x Z,)
sixfold which has been well studied in the literature. For this
setup, we have only one nonzero component of the triple
intersection tensor ¢z, namely, ¢j;3 =1, and using
Eqgs. (3.35) and (3.36) we find the following simple relations:

25,7

S5aP8.7
_ p Yy
4 (zﬁr’l’mﬁy BEEVER

lxﬂ(l/]/y/ faﬁ}/ - V .

6
fa/}y l’ﬂaﬁy = 1_} s
(3.38)

The underlying reason for these relations to hold is the fact
that the quantity 7% defined in (3.35) takes the following
form for this simple toroidal model:

%
oot =L (3.39)

which means that the volume dependence appears only
through the overall volume modulus V and not in terms of
the 4-cycle or 2-cycle volumes. We also note the fact that there
is only one nonzero component for the inverse tensor %7,
which is

2123 — l’ﬂ123

S (3.40)

Subsequently, the nonzero components of the various prime
fluxes given in Eq. (3.37) simplify to take the following form:

P/12A — %P/3A7 P/23A — lP/lA, P/13A — %P/ZA’
P/12 —lp/ P/23 —lp/ P/13 —lP’
A_V 3A» A_v 1A A_v 2A>
Q112A — 1_}Q/3A, Q/23A — ]_}Q/]A, Q/13A — ]_/Q/ZA?
Q/12 _lQ/ Q/23 _lQ/ Q/13 _lQ/
A_V 3A» A_V 1A A_V 2A
H/123A — %H’A, H/123A — %H/A’
1 1
F/123A — —F/A, F/123 —_F , 3.41
5 A= (341)

where A € {0, 1,2, 3}. This means that we finally have eight
components for each of the fluxes F', H, H', and F’ while there
are 24 components for each of the Q, P, P’, and Q' fluxes. Let
us note an important point that the total number of fluxes
being 128 corresponds to the 2!+""'+7*" which counts the
number of generalized flux components of a representation
(2,2,2,2,2,2,2)under SL(2, Z)". Moreover, the correlation
between the fluxes as shown in (3.41) also justifies the earlier
appearance of the overall volume (V) factor in the toroidal
case as has been observed in [64] and subsequently the
Levi-Civita symbol being promoted with the corresponding
Levi-Civita tensor in Eq. (3.15).

Finally, the U-dual completion of the holomorphic flux
superpotential having 128 flux components in total along
with seven moduli, namely, {S, T, T,, T3, U', U, U}, for
this toroidal model boils down to the following form:
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W= {Fo-i-ZFU’—k ;kF’U/U" U1U2U*F°}
i#]

—S{Ho + ZH Ui+ = ;kH'UJUk U U2U3HO]
t J

+ZT(1 {Q o+ZQ” U+ ZQ‘”U’U" U U2U3Q"0}

l#ﬁék

a=1

—SZT {P 0+ZP" U+ ZP‘”U/U" U U2U3P”’°}

l#]?':k
3
Z [T Tﬂ{P tlﬂo + Z Plaﬂ Ui+ = 5 Z pesigigk — ! U2U3P/aﬁ()}:|
/;: i=1 i#j#k
3
= Z [T Tﬁ{QmﬂO + Z Qlaﬂ Ui+~ Z Qlaﬂz U'U* — U'U2U3 Q/aﬂo}]
= 2 S
a#p
3
+T,T,T; |:H/1230 + ZHIIZSiUi Z H\Biyiyk - yly? U3H/12301|
i=1 l#j#k
_ ST T2T3 |:F/1230 + ZF/IZ?a Uz + = 5 Z F/1231U/Uk U U2U3F/1230:| (342)
i=1 i#j#k

C. Invoking the axionic-flux combinations

By construction, it is clear that, after the successive applications of S/T dualities, the generalized superpotential will have
a cubic form in T and U variables and a linear form in the axio-dilaton S. In what follows, our main goal is to study the
insights of the effective four-dimensional scalar potential. The generic U-dual completed flux superpotential given in
Eq. (3.28) can be equivalently written as

W: eAXA+mA.7:A, (343)
where, using the flux actions in (3.31) and (3.27), the symplectic vector (e, mA) can be given as below:
1 1
en = (Fa=SHN) + To(Q"h = SQ") + 5 TuTy(PPx = SQ n) + T, TyT, (HP = SF¥ ),
1 1
mh = (FA _ SHA) + T{I(Q(IA _ SQaA) + ETUlTﬁ(P/Ut/)'A _ SQ/a/iA) + 8T(lTﬁTy([_I/(Jz/}yA _ SF/aﬁyA)' (344)

Using the superpotential (3.43), one can compute the derivatives with respect to chiral variables S and 7', which are given as
below:

Ws = (e)\ XN 4 (m) " Fa,
Wr, = (e2) R X" + (my) " Fa, (3.45)

where the two new pairs of symplectic vectors (e, m;) and (e,,m,) are given as
1 7 1 lof
(6’1) HA+TQA+2TT/3Q /\+6TTﬁTF y
1 1
() = - [HA FT,0M ST, 1,0 + gTaTﬁTyF’“’“] (3.46)

and
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1
(e2)f = (Q% = SQA) + Tp(PP = SQ' ) + ETﬂTy(H/aﬂyA — SF)),
1
(m2>aA — (QaA _ SQaA) + Tﬂ(P/aﬂA _ SQ/aﬂA) + ET/}T]/([_Ilocﬂ;/A _ SF/aﬂyA)‘ (347)

Now, we define the following set of the so-called axionic-flux combinations which will turn out to be extremely useful for
rearranging the scalar potential pieces into a compact form:

1 1
Hy = Hp +poP% + EpapﬂQ/aﬁA + gpapﬂ/)yF/aﬂyAv

1 1
HY = HY 4 poP™ + 5 papp Q"™ + < pappp, F ™,

1 1
Fo=Fp+p,Q% + Epap/)‘P/aﬁA + gpaPﬂPyH/"ﬂyA — CoHa,

1 1
FY = P 4 pa Q™ + 5 pappP "™ + < pappp, H S = CoHE,
a a laf 1 lafy
PN = PN+ ppQ A +§,0/3/)yF As
1
et = PR ppQ PN 42 puppp, FT,
1
Q(IA — Q(zA + p/)’PIaﬁA + Ep[)’pyH/aﬂyA _ COP(IA’

1
Qa/\ — Qa/\ + pﬁplaﬁ/\ 4 EpapﬂpyH/aﬁyA _ Co[FDaA,
@/a/)‘A — Q/a/iA _'_pyFla/i]/A7
@/aﬂA — Q/a/iA +p F/a/}yA
J/ b
I]:D/aﬂA — P/aﬂA +pyH/aﬂyA _ COQIGﬂAv
[Fplaﬂ./\ — P/aﬂA +pyH/aﬁyA _ C()QmﬂA,
FoPr A= Flbr As
[F/aﬂyA — F/aﬂyA
H/aﬂyA — H/aﬂyA _ Col]:/aﬂyA’
H/ebrA — |labrA _ CO[F/lXﬁ}’A_ (348)
Using these axionic-flux combinations (3.48) along with the definitions of chiral variables in Eq. (2.4), the three pairs of
symplectic vectors, namely, (e, m), (e;,m,), and (e,, m,) which are, respectively, given in Egs. (3.44), (3.46), and (3.47),
can be expressed in the following compact form:
e\ — ([FA - SH:DA - P/A + S[FIA) + i(—SlH]A - QA + S@/A + H/A)v
mh = (FN = sPA — P'A 4 sF/A) 4 i(—sHA — Q2 + sQA + HD), (3.49)
(e)a = (—HaA + Q'4) +i(Pr —Fa),
(m)* = (-H* + Q™) + i(PA = F'4), (3.50)
82 a QaA _ SQ/aA _ |]_|]/0tA + l _Sﬂ:DaA _ uj)/aA + S[F/aA ,
A
(mz)a/\ — (@aA _ SQ/aA _ I]_I]/aA) + i(_S[FpaA _ @/a/\ 4 S[F/a/\), (351)
where we have used the shorthand notations like Q, =7,Q%, QF =7,Q%,, Q) =17,7,Q0,, and
H, = %rarﬂryﬂ-ﬂ’“/”y A» etc. In addition, we mention that such shorthand notations are applicable only with 7, contractions

and not to be (conf)used with axionic (p,) contractions. This convention will be used wherever the (Q, P), (P’, Q'), and
(H',F') fluxes are seen with or without a free index a € k' (X). Here, we recall that 7, = Yo 1.
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IV. SYMPLECTIC FORMULATION
OF THE SCALAR POTENTIAL

In this section, we will present a compact and concise
symplectic formulation for the four-dimensional (effective)
scalar potential induced by the generalized fluxes respect-
ing the U-dual completion arguments for the flux super-
potential. In our analysis, we start with a superpotential of
the form (3.30) which is more general than the toroidal
case. Our approach is to work with the axionic fluxes, as it
helps in simply discarding the explicit presence of the RR
(Cp and Cy4) axions in the game of rewriting the scalar
potential in symplectic form, e.g., as seen in [64]. This,
subsequently, also helps us in reducing the number of terms
to deal with while working on some explicit construction.
We will demonstrate the applicability of our symplectic
proposal by considering a simple toroidal model with a flux
superpotential resulting in a scalar potential having 76 276
pieces while reproducing the same by our master formula.

A. Necessary symplectic identities

To begin with, let us also recollect some relevant
ingredients for rewriting the F-term scalar potential into
a symplectic formulation. The strategy we follow is an
extension of the previous proposal made in [56]. For the
purpose of simplifying the complex structure moduli-
dependent piece of the scalar potential, we introduce a
set of symplectic ingredients. First, we consider the period
matrix A/ for the involutively odd (2, 1)-cohomology sector
which can be expressed using the derivatives of the
prepotential as below:

Im(fAF)XFXZ(ImFZA)
Im(frz)XrXE

Naa =Faa +2i (4.1)

Subsequently, we define the following Hodge star oper-
ations acting on the various (odd) three-forms via intro-
ducing a set of so-called M matrices [50]:

*AA = MAZ.AZ + MAz;BZ and

*BN = MAZAL + MASBE, (4.2)
where
ML — ImAAA, M)A = ReN \rImNT2,
MAA - _(MAA)T’
MAA = —ImNAA - RCNAleWZFReNFA' (43)

1. Symplectic identity 1

Using the period matrix components, one of the most
important identities for simplifying the scalar potential
turns out to be the following one [50]:

_— — 1
K'(DXM)(D;X%) = — XA XA — Ee‘KwImN A (4.4)
2. Symplectic identity 2

It was observed in [56] that an interesting and very
analogous relation as compared to the definition of period
matrix (4.1) holds which is given as below:

Im(NAr)XrXZ(IHWZA)

=N 2i
fAA NAA e Im(er)XFXZ

(4.5)

Moreover, similar to the definition of the period matrices
(4.3), one can also define another set of symplectic
quantities given as
LAA:Im.FAA, ﬁAA:Re]’:Al—ImFFA,
£AA :—(L:AA)T, LAA =—Im]:AA—Re.7:AZImFZFRe]:M.
(4.6)
3. Symplectic identity 3

The set of M and £ matrices provide another set of very
crucial identities given as below:

3 1

Re(XAXA) = —Ze_Km(MAA + [:AA)’
= 1

Re(XAF,) = +Ze_K""’(MAA + L),

- 1
Re(F X%) = —Ze_K”<MAA + LA%),

- 1
Re(FprFa) = +Ze_K”(MAA + La) (4.7)
and
= 1
Im(XAXA) = +Z €_K” [(MAE£ZA + MAZEZA)] s
- 1
Im(XAF,) = -z [(MPSLZ + MM Lyp) = 6%,].
= 1
Im(fAXA) = +Z E_K"“ [(MA):EEA + MAZEZA) - (3AA] s
1

Im(FpFp) = _ZE_K“ [(MAZ*CZA + MAZEXA)]' (4.8)

Note that the left-hand side of these identities is something
which explicitly appears in the scalar potential as we will
see later on.

4. Symplectic identity 4

Apart from the identities given in Egs. (4.7) and (4.8), the
following nontrivial relations hold which will be more
directly useful (as in [56]):
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8eKaRe(ATXR) = ST (MAESs2 + MALSEA
8eKuRe(ATF,) = ST\ (MAESgy + MASE
8eKuRe(FrX2) = Spp(MAESA
8eKeRe(FrFy) = Spa(MAESsp + MA5SE,

where

A (MA2£ZA + MAEEEA),
SAA - —(MAzﬁzA + MAZ£ZA) + 5AA,
SA® = (MAs L + My L52) = 6,2,
Saa = —(MpsL¥s + Mp"Lsa). (4.10)
B. Taxonomy of the scalar potential pieces in three steps

In the absence of (non)perturbative corrections, the
Kihler metric takes a block diagonal form with splitting
of pieces coming from generic N = 1 F-term contribution®:

e KV = KAB(D W) (DgW) = 3|W[2 =V + Vi, (4.11)

where

Ve, = KT(D,W)(D;W).

V, = KAB(D,W)(DzW) - 3|W[2.  (4.12)

Here, the indices (i, j) correspond to complex structure
moduli U'’s, while the other indices (A, B) are counted in
the remaining chiral variables {S, T, }. Using the symplec-
tic identity given in Eq. (4.4), one can reshuffle the scalar
potential pieces V., and V; in (4.11) into the following
three pieces:

e‘KV = V1 + V2 + V3, (413)

Kes(en 4+ m=Ngp ) IMNDA (25 + mEN ),
Vy = —(en + mENgp ) (XA X8) (25 + TN 1)
+ (KKK 5|WI? = 3|W]?)
+ KAB((Ky W)W + Wo(KpW)),
Vs = KABW, W,

1% Lo
= ——e
! 2

(4.14)

*Note that such a splitting of the total scalar potential into two
pieces is possible because of the block diagonal nature of the total
(inverse) Kéhler metric. In the absence of odd-moduli G¢, the
tree-level Kihler potential is such that there are three blocks
corresponding to each of the S, U, and T, moduli.

) =SHM )
) =S )
+ MALSEA) — SIAMZESSE + My S*2),
) = Srt(M )

SF A
SFA

M ZSZA + MpsS*a

9

SrM(MpSsa + MpsS=a), (4.9)

To appreciate the reason for making such a collection, let us
mention that considering the standard GVW superpotential
with H3/F; fluxes only, one finds that the total scalar
potential is entirely contained in the first piece V| [52,55],
and V, 4+ V5 gets trivial due to the underlying no-scale
structure leading to some more internal cancellations. Now,
let us recollect some useful relations following from the
Kihler derivatives and the inverse Kéhler metric given as
below [77]:

l l'lt(l
K —_ :—K_, K :_—:—K‘ 4.15
S 25 S Ta ZV Ta ( )
and
K3 — 452, KTaS — (0 — KST", KTTp :4ga/19 (4.16)

where we use the following shorthand notations for G and
G~! components:

gaﬂ = TaT/j - Vfa . g“ﬂ = 2t"tﬂ - 4Vfa/3 (417)
In addition, we have introduced £, = 6V = £, 1°,
Coq="Captl, and €5 = €517 Using the pieces of infor-

mation in Egs. (4.15) and (4.16), one gets the following
important identities™:

KAKAS = (S - ) = —K*PKj,
KoKATe = (T, — T,) = —KT-PK 3,
K*PK,Kp = 4. (4.18)

Using these identities, the three pieces in Eq. (4.14) are
further simplified as below:

1

V] = —EB_K”(EA + mZNZA)IH]NAA

Vo = —(en + m*Nygp) (XAX2) (24 + M Nry) + [W]?
+(§=8)(WW5 — WW))
+ (Ta = To)(WW7, = Wr, W),
V3 = 4s°WsWs5 +4G,,Wr Wz,

(ea +m " Nra),

(4.19)

>These identities hold true for more general cases [60,67], e.g.,
in the presence of the perturbative /> corrections of [86], and
even when the odd moduli are included [69]. However, these
relations generically do not hold in the presence of string-loop
corrections [69,70].
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Now, our central goal is to rewrite these three pieces V{, V,,
and V3 in terms of new generalized flux combinations via
taking a symplectic approach.

1. Simplifying V,
Using the S-dual pairs of generalized flux combinations

(e, m) as mentioned in Eq. (3.49), the pieces in V| can be
considered to split into the following two parts:

vy =V v, (4.20)
where
a 1
Vg ) = — 5 €_K”“ (eAMAAéA - €AMAAI’7’IA
+ EAMAAmA - mAMAAﬁ’lA) (421)

V<2a) = |W[* - (en + mZNEA)(‘)_(AXA)(éA +m'Nra)

and

VIV = JeKa(gmt —epimt).  (422)

2. Simplifying V,

Similar analysis leads to the following simplifications in
the V, part of the scalar potential:

Vo=V v v, (4.23)

where

= (en2n — 2nen) (XPXR) 4 (eam® — exm™) (XN Fy) + (mhey — imtep)(FpAXR) 4 (mhm® — i m?™)(FAF y),

As explicitly mentioned in the second line of the piece Vé“>,

here - - - denotes the analogous pieces involving (XF,),
(FaX2), and (F,F,) and having the flux indices being
appropriately contracted.

3. Simplifying V5

Now considering the inverse Kihler metric in Eq. (4.16)
along with derivatives of the superpotential using the new
generalized flux orbits in Eq. (3.48), one gets the following
rearrangement of V5 after a very painstaking reshuffling of
the various pieces:

Vi =4sW W5 + 4G Wr, V_VTﬁ
_ 452[(61)A@A(XA5(A) do ]
+4gaﬁ[(62)aAWA(XA‘5(A) LR R S 2
(4.25)

It is worth mentioning again at this point that the rear-
rangement of terms using new versions of the “generalized

. (4.24)

flux orbits” has been performed in an iterative manner, in a
series of papers [34,39,43,44,56], which have set some
guiding rules for next step intuitive generalization; other-
wise, the rearrangement even at the intermediate steps is
very peculiar, and it could be much harder to directly arrive
at a final form without earlier motivations.

The full scalar potential can be expressed in 36 types
of terms such that there are 20 of those which are of
(O; A %O,) type, while the remaining 16 terms are of
(O A O,) type, where O and O, can denote some real
function of fluxes and axions. As a particular toroidal case,
these can simply be the standard 128 fluxes or their
respective axionic-flux combinations as we will discuss
in a moment. The generic the scalar potential arising from
the U-dual completed flux superpotential can be expressed
as below:

V=Vo no, + V0,0, (4.26)

where
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Voro, = Vir+ Vunw + Vaa + Vep + Ve + Voo + Vuw + Ver + Vep + Vir + Ve + Vo + Ve + Viaw

+ Voo + Vaw + Vep + Ver + Ver + Vaw,

Voro, = Ven + Viea + Vig + View + Ve + Vip + Ve + Vap + Vap + Var + Veg + Vew

—|— VP/Q/ —|— VP/H/ —|— V@/":/ —|— V[H]’F/‘

While we give the full details about each of these 36 terms
in the Appendix, let us mention a couple of insights about
our master formula (4.26) and (4.27).

(i) In the absence of prime fluxes, 26 pieces of the
scalar potential are projected out and there remain
only ten pieces, namely, {Vgr, Viuy, Voo, Vep,
Viua, Vep} which are of (O; A xO,) type and
{Vewn, Vea, Vpg} which are of (O; A O,) type.°
This is what has been presented in [39,57]. Let us
note that the analysis of the scalar potential in [39]
was performed by using the internal background

|

Assuming that the complex structure moduli as well as the
Einstein-frame volume moduli do not transform under the
S-duality operations, one can easily verify the above-
mentioned claims by using the following transformations:

N N C CO

s 5 00 O S )

s>+ C3 OS2+

C C

TO - _707 Pa 7 Pa> (429)

As a quick check, one can consider the case of standard
GVW superpotential with (F, H) fluxes only; then we have

F A xF

2 CZ
Vir + Vi = 2Tyl

N

C
—=%(F A H + H A F). (4.30)
S

Given that {F - H,H — —F} under S duality, the first
two pieces are S dual to each other while the last piece

®Recall that the axionic-flux combinations involved in these
ten terms generically depend on prime indexed fluxes as well,
and, therefore, explicit expressions of these axionic-flux combi-
nations will simplify in their absence. Therefore, it should not be
naively assumed that the internal structure of these ten pieces
remains the same in the absence of prime fluxes.

(4.27)

metric of the toroidal model, and a generalization to
symplectic formulation was proposed in [57] which
bypasses the need of knowing the metric for the
internal manifold via using symplectic ingredients
along with moduli space metrics on the Kéhler and
complex structure-moduli-dependent sectors.

(i) The S duality among the various pieces of the scalar
potential has been also manifested from our collec-
tion. For example, we have the following S-dual
invariant pieces among the overall 36 pieces of the
scalar potential:

(Vee + Vim), (Vaa + V), (Vew + Vaao) (Vuw + Ver), (Vep + Via),

(Vep + Vi), (Ver + Vi), (Vag + Vep), (Vaw + Ver), (Ver + Vaw),

(Vea + Vup), (Ve + Vup), (Vew + Vur), (Vap + Vo), (Var + Vew),

(Vew + Var), (Ven)s (Vap), (Vea), (Vi) (4.28)

|
being a product of two anti-S-dual pieces is self-S-dual. In
this way, our symplectic formulation can be considered to
be in a manifestly S-duality invariant form as one can see it
explicitly with some little efforts.

(iii) It is well understood that all the pieces of O A O,
type involve the information about the internal metric
while working in the so-called standard formulation
based on the real six-dimensional indices (e.g., see
[39,64]) and, therefore, cannot appear as a topologi-
cal term. On the other hand, pieces of O; A O, type
can usually appear as tadpole contributions. How-
ever, let us note that in the presence of nongeometric
fluxes, especially the nongeometric S-dual pair of
fluxes, O; A O, may not be entirely a tadpole piece
though it may have a tadpolelike term within it [64].
For example, even in the absence of prime fluxes, the
Vop piece has some information about the internal
background via period or metric inputs which can
also be observed from the nonsymplectic formulation
of the scalar potential [39] in which such a piece
explicitly involves the internal metric implying that
the Vpg piece is not topological.

C. Master formula

Although we have presented all the 36 types of flux-
bilinear pieces possible in the scalar potential, the attempts
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so far have just been to elaborate on the insights of various
terms and how they could appear from the flux super-
potential in connection with the standard U-dual flux
parameters, and it is desirable that we club these 36 terms
in a more concise symplectic formulation. Aiming at this
goal, we investigated the 36 pieces in some more detail and
managed to rewrite the full scalar potential in just a few terms

|

1
V(Ol/\*@z) = _4SV2A
6

1

V(OIAOZ):_W/ {(—i)()(/\)?+)(A):(+2l/7/\l7/+2Qaﬂ‘P“A‘i’ﬁ)ﬂL()?Al/:/Jr):(Al/?)Jr(q'/\):(Jr‘i‘/\)?)

X6

The compact formulation given in Eqgs. (4.31) and (4.32)
involves only three types of complex axionic-flux combi-
nations which are generically defined as
Flux = Flux* A, + Flux,B", (4.33)
where the symbol “Flux” in the above denotes Flux =
{x,w,¥} and electric or magnetic components of these

fluxes are given in terms of the axionic-flux combinations
as below:

wa =s(—Hx + Q@) +is(Py —Fy),

yh = s(=HN + QM) + is(PA = F'D), (4.34)
an = (Fp=P'y) +i(=Qp +Hy) + iy,
A= (F=PA) +i(-0N + HA) + iyh, (4.35)

Yo = (Q% —sQ ) —H L) +i(=sP%) =Py +5F"*5),
\Pa/\ — (Q(IA _ S@/aA _ H/aA) + i(_SP(zA _ @/aA + sl}:/aA) .
(4.36)

As we have argued earlier, here use the shorthand notations
like Qu=7,0%, Qf=r7Q%,, Q) =1ir,7,Q%,,
and H), = éTaTﬂT},H/aﬂy A» etc. In a similar way, we write
¥, =7,%% and Y* = 7, 9** wherever ¥ appears with-
out an hkl index a. Subsequently, we will have the
following relations consistent with our shorthand notations:

lPA = (@A —2S@/A _3|H]/A) + i(—s[F"A _2IP/A +3S|F/A),
YA = (QN =25QN =3H'A) +i(—sPA —2Q" 4+ 3sFM).
(4.37)

In addition, the so-called tilde fluxes for y, y, and ¥* are
defined as below:

of (O A*0,) and (O; A O,) types as we express
below:

V=V o,nm0,) T V(0,00,) (4.31)

where

A *)‘(4—1]//\*zf/+gaﬁ‘i’“/\*@—l—%()}/\*yzf—f{/\*lﬂ)+%(‘i’/\ *;:(—‘i’/\*f()],

. (432)

[
7=— (8" + 8" ax*) As + (Sc®xa + Ssar®) B*,
W =—(S"ya + 8" sy ) As + (SxPwa + Ssay®) B,
W — (ST, | ST \Pah) AL 4 (S, AP, 4 S Wb BE,
(4.38)

Now we demonstrate the use of our symplectic formu-
lation, in particular, the master formula (4.31) and (4.32) by
considering an explicit (toroidal) example.

D. Demonstrating the formulation
for an explicit example

In order to demonstrate our symplectic proposal for an
explicit example, we again get back to our friend, the
toroidal type IIB model based on T®/(Z, x Z,) orientifold.
As a particular case, several scenarios can be considered by
switching off certain fluxes at a time. We have performed a
detailed analysis of all the 36 terms of the scalar potential in
full generality, as collected in the Appendix. This leads to a
total of 76 276 terms while being expressed in terms of the
usual fluxes; however, this number reduces to 10 888 terms
when the total scalar potential is expressed in terms of the
axionic fluxes (3.48), subsequently leading to the numerics
about the number of terms in each of the 36 pieces as
presented in Table II. Moreover, in light of recovering the
results from our master formula (4.31) and (4.32), we
have a clear splitting of 10888 terms in the following
manner:

#(V o n0,) = 3576, #(Vior0,) = 5312, (439)

To appreciate the importance of the axionic-flux polyno-
mials, we present Table II.
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TABLE II.

Counting of scalar potential terms for a set of fluxes being turned on at a time.

Number (terms) in V

Number (terms) in V

Fluxes using standard fluxes Axionic fluxes using axionic fluxes in (3.48)
1 F 76 F 76
2 F,H 361 F, H 160
3 F,H,Q 2422 F, H Q 772
4 F,H QP 9661 F,H QP 2356
5 F.,H,Q,P, P 23314 F.H QP P 4855
6 F,H, Q, P 50185 F, H, Q, P, 8326
Pl7 Ql [Fp/7 @/
7 F,H, Q, P, 60750 F, H, Q, P, 9603
PO H' PO W
8 F,H, Q, P, 76276 F, H, Q, P, 10 888
P/,Q,,H/,F, P/,@/,H/,ﬂ:,

V. SUMMARY AND CONCLUSIONS

The U-dual completion of the flux superpotential in the
type 1IB supergravity theory leads to the inclusion of four
pairs of S-dual fluxes which has attracted some significant
amount of interest in the recent past [24,25,31-33]. This
idea of the U-dual completion of the flux superpotential has
been mostly studied in the context of toroidal setting using
an orientifold of a T%/(Z, x Z,) orbifold. In this regard,
some interesting insights of this flux superpotential have
been recently explored from the point of view of the four-
dimensional scalar potential in [64], where the full scalar
potential has been reformulated in terms of the metric of the
internal toroidal sixfold.

Given that the analytic expression for the metric of a
generic CY threefold is not known, in order to promote this
U-dual completion arguments beyond the toroidal cases, one
needs to rewrite the scalar potential in a symplectic formu-
lation. In this article, we have filled this gap by presenting a
symplectic master formula for the four-dimensional N = 1
scalar potential induced by a generalized superpotential with

|

1

U-dual fluxes. For this purpose, first we invoked the
symplectic version of the prime fluxes introduced in (A3)
by taking lessons from the toroidal constructions in
[24,25,31-33,64]. In this process we derived the cohomol-
ogy formulation of two important identities (3.11) which
were useful in establishing the connection between the
heterotic compactification models and the type IIB setup
having U-dual fluxes in [31], and we present this identity in
Eq. (3.34). In the second step, we have invoked the so-called
axionic fluxes, collected in Eq. (3.48), which are some
specific combinations of RR axions (C,/C,) and the fluxes
to be directly used in rewriting the scalar potential pieces
summarized in the Appendix.

Finally, using the 36 pieces as presented in the
Appendix, we construct a compact and concise version
of the generic scalar potential in the form of following
master formula which is written in terms of three axionic-
flux combinations, namely, y, v, and ¥ being defined in
Eqs. (4.34)—(4.36):

V= / [){/\*)‘(—i—y?/\*y:/—kgaﬂ‘i’“/\*@—i—%()?/\*1;3—;?/\*1;7)4—%(@/\*)?—@/\*)?)
X

452

F (=D AT AL AT 20 AG+ 20,59 AP+ (F AT+ AT)+ (P A

This master formula is generically valid for models beyond
the toroidal constructions and can be considered as a
generalization of a series of works presented in
[34,39,42-44,56-60]. Finally, in order to demonstrate the
utility of the master formula, we have rederived the results of
[64] by recovering all the 76 276 terms of the scalar potential
induced via a generalized flux superpotential. It would be
interesting to understand if this scalar potential can arise
from a more fundamental framework such as some S-dual
completion of the double field theory on the lines of

Rl

+¥ AR (5.1)

Xu

|

[34,42,56]. It will also be interesting to perform a detailed
study of the Bianchi identities and the tadpole cancellation
conditions in this symplectic formulation. We hope to get
back to addressing some of these issues in a future work.
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APPENDIX: COLLECTION OF VARIOUS SCALAR POTENTIAL PIECES

The first collection of the scalar potential pieces as mentioned in Eq. (4.27) has all 20 terms of the type (O; A *O,), while
the second collection has 16 terms of (O; A O,) type. Now we present the explicit and detailed forms of the 36 scalar

potential pieces.

1. Pieces of (O; A xO,) type
These (O, A *O,) type of pieces can be further classified into what we call as the “diagonal pieces” and the “cross

pieces.” Using e¥ = — 15, we will express such terms as below.
a. Diagonal pieces

(1): V":[ery/ ﬂ:/\*ﬂ:,
X6

(2): Vyy = ey/ s2H A xH,
X6

(3): Vag = ey/ (@ A *Q— QA *Q + G,y Q" A x0F),
X

(4): Vpp = ey/ S2(P AP =P A P + Gy P* A xPP),
X6

(5): Vpp = ey/ (P' AP = 2P A 5P + Gy P'™ A PP,
X

6): Voo = ey/ S2(Q A *Q =20 A Q' + G0 A %O,
X

(7): Vi = ey/ (W A M = 3H A *H + Gy H'™ A <HP),

X6

(8): Vpp = ey/ S2(F' A+ = 3F A «F' + G F'* A xFP). (A1)

X

Here, we have used the following definitions for the so-called “tilde” fluxes corresponding to a given (axionic) flux, as

proposed or used in Eq. (4.38):

Q7 = —(8™Q% + STAQ™) Ax + (552Q% + S22 Q) B,

P = —(SEAPy 4 SEAP) Ax + (SePP7y + SealP™)BE, (A2)
and Q = Q%,, P = Pz, etc.
It may be worth to mention that for the toroidal case we have the following relations:
/ (Gus P A HP = 37 A ) = 0,
X
(A3)

/ (GupF'™ A +FP =3F' A xF') = 0.
X6
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(21):
(22):
(23):
(24):
(25):
(26):

(27):

b. Cross pieces

(9): Vep = ey[( (=25)(F A P = F A xP),
6
(10): Vip = eyA (=2)(F A %P’ = F A 5P,
(11): Vep = eyl( (25)(F A xF' = 2F A xF'),
(12): Vyg = ey[( (25)(H A %Q = H A *Q),
(13): Vyg = eyA (=252)(H A +Q' —H A +Q)),
(14): Vigy = eyL (=25)(H A sH' = 2H A xH'),
(15): Vog = ey[( (=25)(Q A *Q =20 A Q' + G,30% A xQ¥),
(16): Vo = eyA (=2)(Q A +H' =29 A «H' + G,y Q% A xHP),
(17): Vpp = ey[( (25)(P A #P' = 2P A P + G,yP* A PP),
6
(18): Vpp = eyA (=252)(P A #F' = 2P A xF' + Gy P* A xFP),
(19): Vpp =& / (=25)(P' A 5" =3P A xF' + Gy A+ F7P),

X6

(20): Vo = &¥ / (25)(@ A *H =30 A T+ GoyQ'® A #TLP).

X

2. Pieces of (O; A O,) type

Vew = €y/x (25)F A H,

Viq = ey[( 2)F A Q,

Vg = eyA (2)FAQ -FAQ - FAQ),
Vew = ey/x (=2)FAW —F AT —F AH),
Vip = ey[( 2s))H A P,

Vp = ey/ 2)HAP —HAP —HAP),
X

Vup = ey/ (=28 )(HAF —HAF —HAF),
X

(28): V@p:eyl((2s)[@AP—(@A?B+Q/\P)+Qaﬁ(Q“/\75ﬁ+Q"/\Pﬁ)],
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(29): Vap = ey[( 2)[QAP = (QAP + QAP+ Gyy(Q* A PP+ Q% AP,

(30): Vgp = ey/ (=2)[QAF =2(QAF + QAF) + Gop(Q* A FP + O A FP)],
X

(31): Vpg = ey[( QAPADY (P AY +PAQ)+Gy(P A QP + P A @),

(32): Ve = ey/ Q)P AH =2P AT +P AH) + Gog(PY AHP + P A HP),
X

(33): Vpg = ey/ 25)[PPAQ =2(P' A Q' +P AQ) + Gy (P A QF + P A Q7F)],
X

(34): Vpyy = ey/ QP AW =2(P' AH + P AW) + Gop(P? A TP + P AP,
X6

(35): Vgp = ey/ 2 [Q@ AF =2(Q AF + O AF) + Gop(@ A FP + Q% AFP)],
X

(36): Vg = e / Q)W AF =3(H AF +H AF) + Gug(H* A FP +H™ A FP)].
X6
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