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We present a symplectic formulation of the N ¼ 1 four-dimensional type IIB scalar potential arising
from a flux superpotential which has four S-dual pairs of fluxes demanded by the U-dual completion
arguments. Our symplectic formulation presents a very compact and concise way of expressing the generic
scalar potential in just a few terms via using a set of symplectic identities along with the so-called “axionic-
flux” combinations. We demonstrate the utility of our symplectic master formula by considering an
underlying four-dimensional type IIB supergravity model based on a T 6=ðZ2 × Z2Þ orientifold, in which
the scalar potential induced by the U-dual flux superpotential results in a total of 76 276 terms involving
128 flux parameters. Given that our symplectic formulation does not need the information about the metric
of the internal background, it is applicable to the models beyond the toroidal compactifications such as to
those which use orientifolds of the Calabi-Yau threefolds.
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I. INTRODUCTION

In the context of superstring compactification, toroidal
orientifolds have been considered as a promising toolkit to
facilitate some simple and explicit computations. Despite
being simple, such internal backgrounds can still support a
very rich structure to include fluxes of various kinds which
can be subsequently used for generic phenomenological
studies related to, for example, moduli stabilization and the
search of physical vacua [1–7]. In this regard, compacti-
fication backgrounds supporting the so-called nongeomet-
ric fluxes have emerged as interesting playgrounds for
initiating some kind of alternate phenomenological model
building [8–22]. In fact, the existence of (non)geometric
fluxes can be understood to emerge from the following
chain of T dualities acting on the NS-NS three-form flux
(Hijk) of the type II supergravity theories [23]:

Hijk → ωij
k → Qi

jk → Rijk; ð1:1Þ

where ωij
k denotes the geometric flux, while Qi

jk and Rijk

correspond to the so-called nongeometric fluxes. Moreover,
one can further generalize the underlying background via

seeking more and more fluxes which could be consistently
incorporated or allowed in the four-dimensional (4D)
effective theory via say the holomorphic flux superpoten-
tial. For this purpose, the successive application of a series
of T and S dualities turns out to have a crucial role in
constructing a generalized holomorphic flux superpotential
[23–33]. This includes, for example, the so-called P flux in
type IIB setting which is needed to restore the underlying S
duality broken by the presence of the nongeometricQ flux.
Inclusion of various kinds of such fluxes (which act as
some parameters in the 4D supergravity dynamics) can
facilitate a very diverse set of superpotential couplings
which can be useful for numerous model building purposes
[8–20]. However, this also induces several complexities
(such as huge size of scalar potential, tadpole conditions,
and Bianchi identities) in the nongeometric flux compacti-
fication based models, something which has been wit-
nessed on many occasions [11,13,14,16,25–27,34–38].
In fact, model building efforts using nongeometric fluxes

have been made mostly via considering the 4D effective
scalar potentials arising from the Kähler and superpoten-
tials [11–14,16,34–36,39], and during the initial phase of
phenomenological studies one did not have a proper
understanding of the higher-dimensional origin of such
4D nongeometric scalar potentials. However, these aspects
have received a significant amount of attention in recent
years; e.g., see [34,35,39–44]. Moreover, most of these
studies have been based on toroidal orientifolds as such
setups are among the simplistic ones, and interest in
extending these ideas for model building beyond the
toroidal case got attention with the studies initiated
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in [15,45–48,48,49]. However, the main obstacle in under-
standing the higher-dimensional origin of the 4D effective
potentials in the beyond toroidal cases [such as those based
on the Calabi Yau (CY) orientifolds] lies in the fact that the
explicit form of the metric for a CY threefold is not known,
something which has been very much central to the
“dimensional oxidation” proposal of [34,39].
For that purpose, the existence of some close connec-

tions between the 4D effective potentials of type II super-
gravities and the symplectic geometries turn out to be
extremely crucial [50,51]. In fact, it has been well estab-
lished that using symplectic ingredients one can simply
bypass the need of knowing the CY metric in writing the
4D scalar potentials via using explicit expressions for the
moduli space metric equipped with some symplectic
identities [52]. For example, in the simple type IIB model
having the so-called RR and NS-NS flux pair ðF;HÞ
[53,54], the generic 4D scalar potential can be equivalently
derived from two routes, one arising from the flux super-
potential while the other one follows from the dimensional
reduction of the 10D kinetic pieces, by using the period
matrices and without the need of knowing CY metric
[52,55]. This strategy was subsequently adopted for a series
of type IIA and IIB models with more (non)geometric
fluxes, leading to what is called as the “symplectic
formulation” of the 4D scalar potential; for example,
see [42,56–60] for the type IIB case and [58,61–63] for
type IIA and F-theory case.
Implementing the successive chain of T and S dualities

leads to a U-dual completion of the flux superpotential
which has been studied in [24,25,31–33]. Focusing on a
toroidal type IIB T6=ðZ2 × Z2Þ orientifold model, such a
U-dual completed superpotential turns out to have 128
fluxes and leads to a huge scalar potential having 76 276
terms as observed in [64]. Moreover, following the pre-
scription of [34,35], the various pieces of this effective
scalar potential has been rewritten in [64] using the internal
metric. In the current article, we aim to present a symplectic
formulation of the flux superpotential with U-dual fluxes,
which also applies beyond the toroidal case, while repro-
ducing the results of [64] as a particular case.
The article is organized as follows: We begin with

recollecting the relevant pieces of information about the
generalized fluxes and the subsequently induced super-
potential in Sec. II. Continuing with the T-dual completion
of the flux superpotential, in Sec. III we present a U-dual

completion of the flux superpotential via taking a sym-
plectic approach. Section IV presents a detailed taxonomy
of the scalar potential leading to a compact and concise
master formula, which is subsequently demonstrated to
reproduce the toroidal results as a particular case. Finally,
we summarize the conclusions in Sec. V and present the
detailed expressions of all 36 types of scalar potential
pieces in the Appendix.

II. PRELIMINARIES

The F-term scalar potential governing the dynamics of
the N ¼ 1 low-energy effective supergravity can be com-
puted from the Kähler potential and the flux-induced
superpotential by considering the following well-known
relation:

V ¼ eKðKIJ̄DIWDJ̄W̄ − 3jWj2Þ; ð2:1Þ

where the covariant derivatives are defined with respect to
all the chiral variables on which the Kähler potential (K)
and the holomorphic superpotential (W) generically
depend. This general expression had resulted in a series
of the so-called “master formulas” for the scalar potential
for a given set of Kähler and the superpotentials; e.g.,
see [56–58,61,62,64–70]. For computing the scalar poten-
tial in a given model, we need several ingredients which we
briefly recollect in this section.

A. Forms, fluxes, and moduli

The massless states in the four-dimensional effective
theory are in one-to-one correspondence with harmonic
forms which are either even or odd under the action of an
isometric, holomorphic involution (σ) acting on the internal
compactifying CY threefolds (X), and these do generate the
equivariant cohomology groups Hp;q

� ðXÞ. For that purpose,
let us fix our conventions and denote the bases of even and
odd two-forms as ðμα; νaÞ while four-forms as ðμ̃α; ν̃aÞ,
where α∈ h1;1þ ðXÞ and a∈ h1;1− ðXÞ. Also, we denote the
zero and six even forms as 1 and Φ6, respectively. In
addition, the bases for the even and odd cohomologies of
three-forms H3

�ðXÞ are denoted as the symplectic pairs
ðaK; bJÞ and ðAΛ;BΔÞ, respectively. Here, we fix the
normalization in the various cohomology bases as

Z
X
μα ∧ μ̃β ¼ δβα;

Z
X
νa ∧ ν̃b ¼ δba;Z

X
μα ∧ μβ ∧ μγ ¼ lαβγ;

Z
X
μα ∧ νa ∧ νb ¼ blαab;

Z
X
Φ6 ¼ 1;Z

X
aK ∧ bJ ¼ δK

J;
Z
X
AΛ ∧ BΔ ¼ δΛ

Δ: ð2:2Þ
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Here, for the orientifold choice with O3=O7 planes,
K ∈ f1;…; h2;1þ g and Λ∈ f0;…; h2;1− g, while, for O5=O9

planes, one has K ∈ f0;…; h2;1þ g and Λ∈ f1;…; h2;1− g. It
has been observed that setups with odd-moduli Ga corre-
sponding to h1;1− ðXÞ ≠ 0 are usually less studied as com-
pared to the relatively simpler case of h1;1− ðXÞ ¼ 0, and
explicit construction of such CYorientifolds with odd two-
cycles can be found in [71–76].
Now, the various field ingredients can be expanded in

appropriate bases of the equivariant cohomologies. For
example, the Kähler form J, the two-forms B2 and C2, and
the RR four-form C4 can be expanded as [77]

J¼ tαμα; B2¼baνa; C2¼caνa; C4¼ραμ̃
αþ��� ;

ð2:3Þ

where tα and fba; ca; ραg denote the Einstein-frame two-
cycle volume moduli and a set of axions descending from
their respective form-potentials fB2; C2; C4g, respectively,
while dots � � � encode the information of a dual pair of
spacetime one-forms and two-form dual to the scalar field
ρα which are not relevant for the current analysis. In
addition, we consider the choice of involution σ to be
such that σ�Ω3 ¼ −Ω3, where Ω3 denotes the nowhere
vanishing holomorphic three-form depending on the com-
plex structure moduli Ui counted in the h2;1− ðXÞ cohomol-
ogy. Using these pieces of information, one defines a set
(Ui; S; Ga; Tα) of the chiral coordinates as below [78]:

Ui¼vi− iui; S≡C0þ ie−ϕ¼C0þ is; Ga¼caþSba;

Tα¼
�
ραþblαabcabbþ

1

2
Sblαabbabb

�
−
i
2
lαβγtβtγ; ð2:4Þ

where the triple intersection numbers lαβγ and blαab are
defined in Eq. (2.2) and, using lαβγ , the Einstein-frame
overall volume (V) of the internal background can be
generically written in terms of the two-cycle volume
moduli as below:

V ¼ 1

6
lαβγtαtβtγ: ð2:5Þ

Using appropriate chiral variables (Ui; S; Ga; Tα) as
defined in (2.4), a generic form of the tree-level Kähler
potential can be written as below:

K¼− ln
�
i
Z
X
Ω3∧ Ω̄3

�
− lnð−iðS− S̄ÞÞ−2 lnV: ð2:6Þ

Here, the nowhere vanishing involutively odd holomorphic
three-form Ω3, which generically depends on the complex
structure moduli (Ui), can be given as below:

Ω3 ≡ XΛAΛ − FΛBΛ: ð2:7Þ

Here, the period vectors ðXΛ;FΛÞ are encoded in a
prepotential (F ) of the following form:

F ¼ ðX0Þ2fðUiÞ;

fðUiÞ ¼ 1

6
lijkUiUjUk þ 1

2
p̃ijUiUj þ p̃iUi þ 1

2
ip̃0:

ð2:8Þ

In fact, the function fðUiÞ can generically have an infinite
series of nonperturbative contributions, which we ignore for
the current work assuming to be working in the large
complex structure limit. The quantities p̃ij, p̃i, and p̃0 are
real numbers, where p̃0 is related to the perturbative ðα0Þ3
corrections on the mirror side [79–81]. Furthermore, the

chiral coordinatesUi’s are defined asUi ¼ δiΛX
Λ

X 0 , where lijk’s
are triple intersection numbers on the mirror (CY) threefold.
With these pieces of information, the Kähler potential (2.6)
takes the following explicit form in terms of the respective
“saxions” of the chiral variables defined in (2.4):

K ¼ − ln

�
4

3
lijkuiujuk þ 2p̃0

�
− lnð2sÞ

− 2 ln

�
1

6
lαβγtαtβtγ

�
: ð2:9Þ

B. T-dual fluxes and the superpotential

In this subsection, first we recollect the relevant features
of the minimal type IIB flux superpotential induced by the
standard three-form fluxes ðF3; H3Þ [53,54], along with the
inclusion of additional fluxes via T-dual completion argu-
ments. Taking the choice of orientifold action resulting in
O3=O7 type setting, one finds that one can generically have
the following nontrivial flux components [24,36,46]:

ðFΛ;FΛÞ; ðHΛ;HΛÞ; ðωa
Λ;ωaΛÞ; ðQ̂αΛ; Q̂α

ΛÞ;
ðω̂α

K; ω̂αKÞ; ðQaK;Qa
KÞ; ðRK;RKÞ: ð2:10Þ

Here, the fluxes in the first line of (2.10) are relevant for the
F-term contributions through a holomorphic superpoten-
tial, while the ones in the second line induce the D-term
effects [36]. In addition, one can have S-dual completion of
this setting via inclusion of the so-called P flux with its
nontrivial components being given as ðPaK; Pa

K; P̂
αΛ; P̂α

ΛÞ
[24,25,43]. Now, focusing on the class of orientifold setups
with h2;1þ ðXÞ ¼ 0,1 the type IIB generalized flux super-
potential can be given as below:

1For models with h2;1þ ðXÞ ≠ 0 having nongeometric R flux and
the possibility of D-term contributions, see [36,42–44,56].
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W ¼
�
F̄0 þ UiF̄i þ

1

2
lijkUiUjFk −

1

6
lijkUiUjUkF0 − ip̃0F0

�

− S

�
H̄0 þUiH̄i þ

1

2
lijkUiUjHk −

1

6
lijkUiUjUkH0 − ip̃0H0

�

− Ga

�
ω̄a0 þ Uiω̄ai þ

1

2
lijkUiUjωa

k −
1

6
lijkUiUjUkωa

0 − ip̃0ωa
0

�

þ Tα

�
Q̄α

0 þ UiQ̄α
i þ

1

2
lijkUiUjQαk −

1

6
lijkUiUjUkQα0 − ip̃0Qα0

�
; ð2:11Þ

where, given that the complex structure moduli-dependent
sector is modified by the α0 corrections on the mirror side,
one needs to consider a set of rational shifts in some of the
usual fluxes in (2.11) which are given as [58]

F̄0 ¼ F0 − p̃iFi; F̄i ¼ Fi − p̃ijFj − p̃iF0;

H̄0 ¼ H0 − p̃iHi; H̄i ¼ Hi − p̃ijHi − p̃iH0;

ω̄a0 ¼ ωa0 − p̃iωa
i; ω̄ai ¼ ωai − p̃ijωa

j − p̃iωa
0;

Q̄α
0 ¼ Qα

0 − p̃iQαi; Q̄α
i ¼ Qα

i − p̃ijQαj − p̃iQα0:

ð2:12Þ

In addition to having h2;1þ ðXÞ ¼ 0 to avoid D-term effects,
in the current work, we will be interested in orientifolds
with trivial (1,1) cohomology in the odd sector, and
therefore our current setup does not include the odd moduli
(Ga). For the purpose of studying the scalar potential, we
will also make another simplification in our superpotential
by considering the fluxes to adopt appropriate rational
values in order to absorb the respective rational shifts
mentioned in (2.12); for example, see [81,82] regarding
studies without including the nongeometric fluxes. Sub-
sequently, in the large complex structure limit, we can fairly
use the following form of the superpotential:

W¼
�
F0þUiFiþ

1

2
lijkUiUjFk−

1

6
lijkUiUjUkF0

�

−S

�
H0þUiHiþ

1

2
lijkUiUjHk−

1

6
lijkUiUjUkH0

�

þTα

�
Qα

0þUiQα
iþ

1

2
lijkUiUjQαk−

1

6
lijkUiUjUkQα0

�
:

ð2:13Þ

Finally, let us mention that using the dictionary presented in
[58] one can equivalently read off the T-dual completed

version of the type IIA flux superpotential, which is a
holomorphic function of four types of chiral variables
fTa; N0; Nk; Uλg, respectively, correlated with the set of
complexified moduli fUi; S; Ga; Tαg in the type IIB setup.
For interested readers we present the T-duality rules for
relevant fluxes (appearing in the F-term contributions) in
Table I.

III. U-DUAL COMPLETION OF THE FLUX
SUPERPOTENTIAL

In the previous section, we have presented the T-duality
transformations among various ingredients of nongeo-
metric type IIA and IIB superpotentials. In this section,
we extend this analysis with the inclusion of some more
fluxes which one needs for establishing the S-duality
invariance of the type IIB effective potential. This at the
same time demands to include more fluxes on the type IIA
side via imposing the T-duality rules on the type IIB side.
Let us elaborate more on this point.
The four-dimensional effective potential of the type IIB

theory generically have an S-duality invariance following
from the underlying ten-dimensional supergravity, and this
corresponds to the following SLð2;ZÞ transformation:

S→
aSþb
cSþd

; where ad−bc¼1; a;b;c;d∈Z: ð3:1Þ

Subsequently, it turns out that the complex structure moduli
Ui’s and the Einstein-frame volumes (and, hence, the Tα

moduli) are invariant under the SLð2;ZÞ transformation, in
the absence of odd-moduliGa [83]. Subsequently, using the
transformation

ðS − S̄Þ−1 → jcSþ dj2ðS − S̄Þ−1; ð3:2Þ

one finds that the Kähler potential (2.6) transforms as

TABLE I. A dictionary between the type IIA and type IIB fluxes [58].

IIB F0 Fi Fi F0 H0 Hi Hi H0 Qα
0 Qα

i Qαi Qα0

IIA e0 ea ma −m0 H0 wa0 Qa
0 −R0 Hλ wa

λ Qaλ −Rλ
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eK → jcSþ dj2eK: ð3:3Þ

Moreover, these SLð2;ZÞ transformations have two gen-
erators which can be understood with distinct physical
significance as below:

ðS1Þ S → Sþ 1∶ Gen1 ¼
�
1 1

0 1

�
;

ðS2Þ S → −
1

S
∶ Gen2 ¼

�
0 −1
1 0

�
: ð3:4Þ

The first transformation ðS1Þ simply corresponds to an
axionic shift in the universal axion C0, namely,
C0 → C0 þ 1, and it is not of much physical significance.
However, the second transformation, which is also known as
the strong-weak duality or the S duality, is quite crucial and
interesting physical implications. For example, demanding
the physical quantities such as the gravitino mass-square
(m2

3=2 ∼ eKjWj2) to be invariant under S duality demands the
superpotential W to be a holomorphic function with mod-
ularity of weight −1 which means [83–85]

W →
W

cSþ d
: ð3:5Þ

This further implies that the various fluxes possibly appear-
ing in the superpotential have to readjust among themselves
to respect this modularity condition (3.5), and one such
S-dual pair of fluxes in the type IIB framework is the so-
called ðF;HÞ consisting of the RR and NS-NS three-form
fluxes transforming in the following manner:�
F

H

�
→

�
a b

c d

��
F

H

�
; ðS2Þ⇒fF→−H;H→Fg: ð3:6Þ

In fact, it turns out that making successive applications
of T=S dualities results in the need of introducing more
and more fluxes compatible with (3.5) such that the
superpotential not only receives cubic couplings for the
Ui moduli but also for theTα moduli [24]. In fact, it turns out
that one needs a total of four S-dual pairs of fluxes,
commonly denoted as ðF;HÞ, ðQ;PÞ, ðP0; Q0Þ, and
ðH0; F0Þ [24,25,31–33,64]. In this section, we will elaborate
more on it in some detail.

A. Insights from the nonsymplectic (toroidal)
formulation

Flux superpotentials with the U-dual completion [24,25]
have been studied on various occasions, mostly in the
framework of toroidal constructions [31–33,64]. Using the
standard flux formulation in which fluxes are expressed in
terms of the real six-dimensional indices, one can denote
the four pairs of S-dual fluxes with the following index
structure:

Fijk; Hijk; Qi
jk; Pi

jk;

P0i;jklm; Q0i;jklm; H0ijk;lmnpqr; F0ijk;lmnpqr; ð3:7Þ

and, therefore, one can consider ðP0; Q0Þ fluxes as some
(1,4) mixed tensors in which only the last four indices are
antisymmetrized, while ðH0; F0Þ flux can be understood as
some (3,6) mixed tensors where first three indices and last
six indices are separately antisymmetrized. Further details
about the mixed-tensor fluxes can be found in [32,33].
Subsequently, using generalized geometry motivated

through toroidal constructions, it has been argued that
the type IIB superpotential governing the dynamics of the
four-dimensional effective theory [which respects the
invariance under SLð2;ZÞ7 symmetry] can be given as
[24,25,31–33,64]

W ¼
Z
X
ðfþ − Sf−Þ · eJ ∧ Ω3; ð3:8Þ

where J denotes the complexified four-form J ¼
C4 − i

2
J ∧ J ≡ μ̃αTα, and the various flux actions are

encoded in the following quantities f�:

fþ · eJ ¼ F þQ⊳J þ P0 ⋄J 2 þH0 ⊙ J 3;

f− · eJ c ¼ H þ P⊳J þQ0 ⋄J 2 þ F0 ⊙ J 3: ð3:9Þ

The explicit forms of these flux actions are elaborated as
below:

ðQ⊳J Þa1a2a3 ¼
3

2
Qb1b2

½a1 J a2 a3�b1b2 ;

ðP0 ⋄J 2Þa1a2a3 ¼
1

4
P0c;b1b2b3b4J ½a1 a2 jcb1jJ a3�b2b3b4 ;

ðH0 ⊙ J 3Þa1a2a3 ¼
1

192
H0c1c2c3;b1b2b3b4b5b6J ½a1 a2 jc1c2j

× J a3�c3b1b2J b3b4b5b6 ; ð3:10Þ

and the remaining flux actions ðP⊳J Þ, ðQ0 ⋄J 2Þ, and
ðF0 ⊙ J 3Þ are defined similarly as to the flux actions for
ðQ⊳J Þ, ðP0 ⋄J 2Þ, and ðH0 ⊙ J 3Þ, respectively. Let us
mention that now our first task is to understand or rewrite
the flux actions (3.10) in terms of symplectic ingredients. In
this regard, we mention the following useful identities
which have been utilized in understanding the connection
between the heterotic superpotential and the type IIB
superpotential with the U-dual fluxes in [31]:

Jp1p2
¼ 1

42:4!
J2i1i2i3i4J

2
i5i6p1p2

Ei1i2i3i4i5i6 ;

J3p1p2p3p4p5p6
¼ 5

128
J2i1i2i3i4J

2
i5i6½p1p2

J2p3p4p5p6�E
i1i2i3i4i5i6 :

ð3:11Þ
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As argued in [31], these identities are generically true, even
for the beyond toroidal cases as well. Moreover, simple
volume scaling arguments suggest that Ei1i2i3i4i5i6 is a
volume-dependent quantity satisfying the following useful
identity:

Ei1i2i3i4i5i6 ¼ ϵi1i2i3i4i5i6ffiffiffiffiffiffiffiffiffiffiffiffiffij det gjp ¼ ϵi1i2i3i4i5i6

V
; ð3:12Þ

where ϵi1i2i3i4i5i6 denotes the six-dimensional antisymmetric
Levi-Civita symbol. This normalization by a volume factor
can also be understood through the following relation
satisfied by the antisymmetric Levi-Civita symbol ϵijklmn

and the internal metric:

ϵijklmngii0gjj0gkk0gll0gmm0gnn0 ¼ j det gjϵi0j0k0l0m0n0

¼ V2ϵi0j0k0l0m0n0 ; ð3:13Þ

which is equivalent to

Eijklmngii0gjj0gkk0gll0gmm0gnn0 ¼ Ei0j0k0l0m0n0 : ð3:14Þ

Furthermore, it has been observed from the toroidal results
about studying the taxonomy of the various scalar potential
pieces in [64] that the prime fluxes can be equivalently
expressed in another way using the Levi-Civita tensor given
as below2:

P0
ij
k¼ 1

4!
EijlmnpP0k;lmnp; Q0

ij
k¼ 1

4!
EijlmnpQ0k;lmnp;

H0ijk¼ 1

6!
ElmnpqrH0ijk;lmnpqr; F0ijk¼ 1

6!
ElmnpqrF0ijk;lmnpqr:

ð3:15Þ

The first thing to observe about these redefinitions is the
fact that the index structure of ðP0

ij
k; Q0

ij
kÞ looks similar to

those of the so-called geometric fluxes (ωij
k) while the

remaining prime fluxes ðH0ijk; F0ijkÞ have the index struc-
ture similar to those of the nongeometric R fluxes as
motivated in Eq. (1.1) following from the chain of
successive T dualities applied to the three-form H flux.
Note that the presence of Eijlmnp introduces a volume
dependence in the redefined version of the prime fluxes,
which helps in taking care of the overall volume factor
appearing repeatedly in the following equations of the
various scalar potential pieces via producing a common
overall factor depending on volume for all the pieces. This
subsequently results in having an overall factor of V−2 for
all the topological pieces and a factor of V−1 for the

remaining (nontopological) pieces as seen in the non-
symplectic formulation in [64]. However, while expressing
the superpotential (which is a holomorphic function of the
chiral variables) using such volume-dependent fluxes P0

ij
k,

etc., as defined in (3.15), one has to be a bit careful and
appropriately take care of the volume-dependent factor. On
these lines, it might be worth mentioning that [31] uses the
same symbol “ϵijklmn” for the identities given in (3.11) as
well as for defining the prime flux actions similar to the
ones we consider in (3.10). This indicates that the prime
fluxes defined in [31] can have an overall volume factor (at
least in the toroidal case) in one of the two formulations,
and the holomorphicity of the superpotential has to be
respected via appropriately taking care of the presence of
the overall volume (V) factors. On these lines, it is worth
mentioning that the prime fluxes of the form (A3), i.e.,
without the overall volume factors, are considered
in [32,33] and this formulation does not need any extra
volume factor to keep the superpotential holomorphic.
Here, let us also note the fact that the identities presented

in Eq. (3.11) are expressed in terms of the real six-
dimensional indices, and we need a cohomology or
symplectic version of these identities as well as the new
fluxes defined in (3.15), similar to what we have argued for
the flux actions defined in (3.10).

B. Symplectic formulation of fluxes
and the superpotential

Having learned the lessons from the toroidal setup, now
we briefly discuss the U-dual completion of the flux
superpotential via taking a symplectic approach.

1. Step 0

To begin with, we consider the standard GVW flux
superpotential generated by the S-dual pair of ðF;HÞ fluxes
given as below [53]:

W0 ¼
Z
X

�ðF − SHÞ�
3
∧ Ω3: ð3:16Þ

This results in the so-called “no-scale structure” in the
scalar potential which receives a dependence on the overall
volume of the internal background only via eK factor and,
hence, scales as V−2. There is no superpotential coupling
for the Kähler moduli which remain flat in the presence of
ðF;HÞ fluxes in the internal background.

2. Step 1

In order to break the no-scale structure and induced
volume moduli dependence pieces in the scalar potential,
one subsequently includes the nongeometric Q-fluxes. In
the absence of odd moduli, the type IIB nongeometric flux
superpotential takes the following form [24]:

2As opposed to using Levi-Civita symbol ϵijklmn in [64], here
we use the Levi-Civita tensor Eijklmn in defining the fluxes in
(3.15). The reason will be more clear when we discuss the
cohomology formulation of these fluxes later on.
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W1 ¼
Z
X

�ðF − SHÞ þQαTα

�
3
∧ Ω3; ð3:17Þ

where the quantities in the bracket ½� � ��3 are three-forms
which can be expanded in an appropriate basis as below:

ðQ⊳J Þ¼QαTα; Qα¼−QαΛAΛþQα
ΛBΛ: ð3:18Þ

Recall that the various Q-flux components surviving under
the orientifold action can be given as Q≡ ðQαΛ; Qα

ΛÞ as
the odd sector of (1,1) cohomology is trivial. The expanded
version of this T-dual completed superpotential (3.17) is
already presented in (2.13), and its type IIA analog can be
obtained by simply using the dictionary given in Table I,
along with the T-duality rules among the chiral variables
defined as S ↔ N0, Ui ↔ Ta, and Tα ↔ Uλ.
Now, we further take the iterative steps of T and S

dualities to reach the U-dual completion of the type IIB
superpotential.

3. Step 2

Note that the GVW flux superpotential (3.16) respects
the underlying S duality in the type IIB description;
however, the inclusion of nongeometric Q flux, which

leads to the flux superpotential (3.17), does not retain the
S-duality invariance of the theory. For that purpose, the
simplest S-dual completion of the flux superpotential (3.17)
can be given by adding a new set of nongeometric flux,
namely, the so-called P flux which is S dual to the NS-NS
Q flux. Therefore, one has another S-dual pair of fluxes,
namely, ðQ;PÞ, which is similar to the standard ðF;HÞ flux
pair and transforms under the SLð2;ZÞ transformation in
the following manner [24,25,27,46]:

�
Q

P

�
→

�
a b

c d

��
Q

P

�
; ad − bc ¼ 1: ð3:19Þ

Being S dual to the nongeometric Q flux, such P fluxes
have the flux actions similar to those of the Q flux as
defined in (3.18). Subsequently, a superpotential of the
following form is generated:

W2 ¼
Z
X
½ðF − SHÞ þ ðQα − SPαÞTα�3 ∧ Ω3: ð3:20Þ

Using the explicit expressions for the holomorphic three-
form (Ω3) as given Eq. (2.7), this flux superpotential W2

can be equivalently written in the following form:

W2 ¼
�
F0 þ FiUi þ Fi

�
1

2
lijkUjUk

�
− F0

�
1

6
lijkUiUjUk

��

− S

�
H0 þHiUi þHi

�
1

2
lijkUjUk

�
−H0

�
1

6
lijkUiUjUk

��

þ Tα

�
Qα

0 þQα
iUi þQαi

�
1

2
lijkUjUk

�
−Qα0

�
1

6
lijkUiUjUk

��

− STα

�
Pα

0 þ Pα
iUi þ Pαi 1

2
lijkUjUk − Pα0

�
1

6
lijkUiUjUk

��
: ð3:21Þ

The scalar potential induced from this flux superpotential
has been studied in [39,57].

4. Step 3

From the T-duality transformations, we know that a
piece with moduli dependence of the kind ðSTαÞ on the
type IIB side, as we have in Eq. (3.20), corresponds to a
piece of the kind ðN0UλÞ on the type IIA side,3 where such
a term can be generated via a quadric in Ωc which is linear
in N0 and Uλ. Here, we recall that Ωc is defined by
complexifying RR three-from (C3) axion with the

holomorphic CY three-form Ω3, leading to Ωc ¼ Nk̂Ak̂ −
UλBλ in type IIA setup; e.g., see [58] for more details. But a
quadric Ω2

c will also introduce a piece on the type IIA side
which is quadratic in U moduli leading to a quadratic in T
moduli on the type IIB side and, hence, will also introduce
some new fluxes on the type IIA side which are not T dual
to any of the fluxes (F, H, Q, and P) introduced so far on
the type IIB side. Such a quadratic term in T moduli on the
type IIB side can be of the following kind:Z

X

�
1

2
P0αβ · TαTβ

�
3

∧ Ω3; ð3:22Þ

which results in introducing a new type of flux that we
denote as P0 flux. Also, for the moment we consider P0 flux
to be of the form P0αβ, just to have proper contractions with
T-moduli indices. We will discuss some more insights of

3We establish the correlation between the type IIA and type IIB
superpotentials via considering the T-duality rules for the moduli
as fTa; N0; Nk; Uλg → fUi; S; Ga; Tαg and for the fluxes as in
Table I.
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such P0 fluxes while we compare the results with those of
the nonsymplectic (toroidal) proposal in [24,25,31–33]. We
will follow the same logic for introducing other prime
fluxes as we discuss now.
After introducing the P0 flux and subsequently demand-

ing the S-duality invariance in the type IIB side, we need to
introduce the so-called Q0 flux which is S dual of the P0
flux, and, hence, they form another S-dual pair ðP0; Q0Þ
which leads to the following term in the flux superpotential:Z

X

�
ðP0αβ − SQ0αβÞ ·

�
1

2
TβTγ

��
3

∧ Ω3: ð3:23Þ

So now, we have a superpotential piece on the type IIB side
which has a factor of moduli ðSTβTγÞ. Subsequently, this
corresponds to a type IIA superpotential piece with a
moduli factor ðN0UλUρÞ and, hence, is expected to arise
from a cubic in Ωc. However, a cubic in Ωc will not only
generate this piece, but will also additionally generate a
piece with moduli factor ðUλUρUγÞ in type IIA. Again
getting back to the type IIB side will generate a term with a
moduli factor of the type ðTαTβTγÞ. This will subsequently
result in introducing a new type of fluxes, the so-called NS0
flux denoted as H0, and then completing the S-dual pair via
introducing another new flux, namely, F0 flux, leads to the
following superpotential terms:

Z
X

�
ðH0αβγ − SF0αβγÞ ·

�
1

6
TαTβTγ

��
3

∧ Ω3: ð3:24Þ

However, let us also note that having a type IIB term with a
moduli factor ðSTαTβTγÞ implies that, on the type IIA side,
one would need to introduce a T-dual term with a moduli
factor ðN0UλUρUγÞ which can be introduced via a quartic
in Ωc, and, hence, in addition one would need to introduce
another set of RR0 fluxes, namely, F0

RR flux on the type IIA
side.
In this way, we observe that the logic of iteration

continues when we demand the S=T dualities back and
forth until we arrive at cubic superpotential couplings in T
and U moduli on both the (type IIB and type IIA) sides. On
the lines of aforementioned U-dual completions, some
detailed studies have been made in [24,25,31–33,64], and
here we plan to present a symplectic formulation of the
four-dimensional scalar potential. Unlike the toroidal
proposal [64], this symplectic formulation can be easily
promoted or conjectured for the beyond toroidal construc-
tions, for example, in case of the nongeometric CY
orientifolds.
To summarize, we need to introduce four pairs of S-dual

fluxes, i.e., a set of eight types of fluxes transforming in the
following manner under the SLð2;ZÞ transformations:

�
F

H

�
→

�
a b

c d

��
F

H

�
;

�
Q

P

�
→

�
a b

c d

��
Q

P

�
;

�
H0

F0

�
→

�
a b

c d

��
H0

F0

�
;

�
P0

Q0

�
→

�
a b

c d

��
P0

Q0

�
; ad − bc ¼ 1: ð3:25Þ

This leads to the following generalized flux superpotential:

W3¼
Z
X

��
FþQαTαþ

1

2
P0αβTαTβþ

1

6
H0αβγTαTβTγ

�
−S

�
HþPαTαþ

1

2
QαβTαTβþ

1

6
F0αβγTαTβTγ

��
3

∧Ω3; ð3:26Þ

where all the terms appearing inside the bracket ½� � ��3 denote a collection of three-forms to be expanded in the symplectic
basis fAΛ;BΔg in the following manner:

Qα ¼ −QαΛAΛ þQα
ΛBΛ; Pα ¼ −PαΛAΛ þ Pα

ΛBΛ;

P0βγ ¼ −P0βγΛAΛ þ P0βγ
ΛBΛ; Q0βγ ¼ −Q0βγΛAΛ þQ0βγ

ΛBΛ;

H0αβγ ¼ −H0αβγΛAΛ þH0αβγ
ΛBΛ; F0αβγ ¼ −F0αβγΛAΛ þ F0αβγ

ΛBΛ: ð3:27Þ

Now we need to determine the explicit expressions of the various flux actions, especially for the fP0; Q0g and fH0; F0g on
the forms J 2 and J 3, respectively. Before we do that, let us rewrite the superpotential (3.26) as below:

W3 ¼
��

FΛ þQα
ΛTα þ

1

2
P0αβ

ΛTαTβ þ
1

6
H0αβγ

ΛTαTβTγ

�
XΛ

þ
�
FΛ þQαΛTα þ

1

2
P0αβΛTαTβ þ

1

6
H0αβγΛTαTβTγ

�
FΛ

�
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− S

��
HΛ þ Pα

ΛTα þ
1

2
Q0αβ

ΛTαTβ þ
1

6
F0αβγ

ΛTαTβTγ

�
XΛ

þ
�
HΛ þ PαΛTα þ

1

2
Q0αβΛTαTβ þ

1

6
F0αβγΛTαTβTγ

�
FΛ

�
: ð3:28Þ

Now this form of the superpotential is linear in the axio-dilaton modulus S and has cubic dependence in moduli Ui and Tα

both. To be more precise, the explicit form of the superpotential in terms of all these moduli can be given as below:

W3 ¼
�
F0 þ FiUi þ Fi

�
1

2
lijkUjUk

�
− F0

�
1

6
lijkUiUjUk

��

− S

�
H0 þHiUi þHi

�
1

2
lijkUjUk

�
−H0

�
1

6
lijkUiUjUk

��

þ Tα

�
Qα

0 þQα
iUi þQαi

�
1

2
lijkUjUk

�
−Qα0

�
1

6
lijkUiUjUk

��

− STα

�
Pα

0 þ Pα
iUi þ Pαi 1

2
lijkUjUk þ Pα0

�
−
1

6
lijkUiUjUk

��

þ 1

2
TαTβ

�
P0αβ

0 þ P0αβ
iUi þ P0αβi

�
1

2
lijkUjUk

�
− P0αβ0

�
1

6
lijkUiUjUk

��

−
S
2
TαTβ

�
Q0αβ

0 þQ0αβ
iUi þQ0αβi

�
1

2
lijkUjUk

�
−Q0αβ0

�
1

6
lijkUiUjUk

��

þ 1

6
TαTβTγ

�
H0αβγ

0 þH0αβγ
iUi þH0αβγi

�
1

2
lijkUjUk

�
−H0αβγ0

�
1

6
lijkUiUjUk

��

−
S
6
TαTβTγ

�
F0αβγ

0 þ F0αβγ
iUi þ F0αβγi

�
1

2
lijkUjUk

�
− F0αβγ0

�
1

6
lijkUiUjUk

��
: ð3:29Þ

Now let us note that the superpotential given in Eq. (3.26) can be also rewritten in the following compact form:

W ¼
Z
X

�ðF − SHÞ þ ðQ − SPÞ⊳J þ ðP0 − SQ0Þ⋄J 2 þ ðH0 − SF0Þ ⊙ J 3
� ∧ Ω3; ð3:30Þ

where we propose the symplectic form of the various flux actions to be defined as below:

ðQ⊳J Þ ¼ TαQα; ðP⊳J Þ ¼ TαPα;

ðP0 ⋄J 2Þ ¼ 1

2
P0βγTβTγ; ðQ0 ⋄J 2Þ ¼ 1

2
Q0βγTβTγ;

ðH0 ⊙ J 3Þ ¼ 1

3!
H0αβγTαTβTγ; ðF0 ⊙ J 3Þ ¼ 1

3!
F0αβγTαTβTγ; ð3:31Þ

and Qα, Pα, P0βγ , Q0βγ , H0αβγ, and F0αβγ denote the three-
forms as expanded in Eq. (3.27).

5. More insights of the flux components in the
cohomology basis

Recall that so far in determining the superpotential (3.29)
or, equivalently, its compact version defined in (3.30) and
(3.31), we have only assumed the T-duality rules (among the
chiral variables on the type IIB and type IIA side) along with
some suitable contractions of h1;1þ indices. In order to

explicitly determine the structures of the P0, Q0, H0, and F0

flux components, we compare our results with the non-
symplectic formulation presented in [24,25,31–33,64]. In this
regard, as we have earlier argued, the P0 and Q0 fluxes have
index structure similar to the geometric flux (namely, ωij

k)
accompanied by the Levi-Civita tensor, while the H0 and F0

fluxes have the index structures similar to nongeometric Rijk

flux where fi; j; kg are the real six-dimensional indices. By
this analogy we expect to have the following symplectic
components for the S-dual flux pairs ðP0; Q0Þ and ðH0; F0Þ:
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P0
αΛ;P

0
α
Λ; Q0

αΛ;Q
0
α
Λ; H0

Λ;H
0Λ; F0

Λ;F
0Λ: ð3:32Þ

However, the symplectic pair of flux components which
appear in our superpotential have the following respective
forms:

P0αβ
Λ; P0αβΛ; Q0αβ

Λ; Q0αβΛ;

H0αβγ
Λ; H0αβγΛ; F0αβγ

Λ; F0αβγΛ: ð3:33Þ

In order to understand the correlation between the two
(symplectic and nonsymplectic) formulations, nowwe recon-
sider the identities given inEq. (3.11), forwhichwe derive the
following cohomology formulation:

tα ¼ 1

8
lαβγlβlγ ¼

1

2
lαβγτβτγ;

V ¼ 1

8.3!
lαβγlαlβlγ ¼

1

3!
lαβγτατβτγ; ð3:34Þ

where τα corresponds to the volume of the 4-cycle and
can be written in terms of the 2-cycle volumes as
τα ¼ 1

2
lαβγtβtγ ¼ 1

2
lα. Here, we have used the shorthand

notations lα ¼ lαβtβ ¼ lαβγtβtγ . Note that, in the absence of
odd axions in our current type IIB construction,
τα ¼ −ImðTαÞ. In addition, the quantitieslαβγ can be defined
by using the triple intersections lαβγ as below:

lαβγ ¼ lα0β0γ0Gαα0Gββ0Gγγ0 ; ð3:35Þ

where Gαβ denote the inverse moduli space metric defined as

Gαβ ¼ 1

4V
½2tαtβ − 4Vlαβ�: ð3:36Þ

This inverse moduli space metric given in Eq. (3.36) leads to
an identity Gαβlβ ¼ 2tα which can be utilized to easily prove
our identities given inEq. (3.34).Using these relations and the
inputs from [31], we propose that the prime fluxes in
Eqs. (3.32) and (3.33) are related as

P0βγΛ ¼ P0
α
Λlαβγ; P0βγ

Λ ¼ P0
αΛlαβγ;

Q0βγΛ ¼ Q0
α
Λlαβγ; Q0βγ

Λ ¼ Q0
αΛlαβγ;

H0αβγΛ ¼ H0Λlαβγ; H0αβγ
Λ ¼ H0

Λlαβγ;

F0αβγΛ ¼ F0Λlαβγ; F0αβγ
Λ ¼ F0

Λlαβγ: ð3:37Þ

Let us illustrate these features by considering an explicit
toroidal example, using the orientifold of a T 6=ðZ2 × Z2Þ
sixfold which has been well studied in the literature. For this
setup, we have only one nonzero component of the triple
intersection tensor lαβγ, namely, l123 ¼ 1, and using
Eqs. (3.35) and (3.36) we find the following simple relations:

lαβγlαβγ ¼ 6

V
; lαβγ0lαβγ ¼2δγ0

γ

V
; lαβ0γ0lαβγ ¼δβ0

βδγ0
γ

V
:

ð3:38Þ

The underlying reason for these relations to hold is the fact
that the quantity lαβγ defined in (3.35) takes the following
form for this simple toroidal model:

lαβγ ¼ lαβγ

V
; ð3:39Þ

which means that the volume dependence appears only
through the overall volume modulus V and not in terms of
the4-cycle or 2-cyclevolumes.We alsonote the fact that there
is only one nonzero component for the inverse tensor lαβγ,
which is

l123 ¼ l123

V
: ð3:40Þ

Subsequently, the nonzero components of the various prime
fluxes given in Eq. (3.37) simplify to take the following form:

P012Λ ¼ 1

V
P0

3
Λ; P023Λ ¼ 1

V
P0

1
Λ; P013Λ ¼ 1

V
P0

2
Λ;

P012
Λ ¼ 1

V
P0

3Λ; P023
Λ ¼ 1

V
P0

1Λ; P013
Λ ¼ 1

V
P0

2Λ;

Q012Λ ¼ 1

V
Q0

3
Λ; Q023Λ ¼ 1

V
Q0

1
Λ; Q013Λ ¼ 1

V
Q0

2
Λ;

Q012
Λ ¼ 1

V
Q0

3Λ; Q023
Λ ¼ 1

V
Q0

1Λ; Q013
Λ ¼ 1

V
Q0

2Λ;

H0123Λ ¼ 1

V
H0Λ; H0123

Λ ¼ 1

V
H0

Λ;

F0123Λ ¼ 1

V
F0Λ; F0123

Λ ¼ 1

V
F0

Λ; ð3:41Þ

whereΛ∈ f0; 1; 2; 3g. This means that we finally have eight
components for eachof the fluxesF,H,H0, andF0while there
are 24 components for each of theQ,P,P0, andQ0 fluxes. Let
us note an important point that the total number of fluxes
being 128 corresponds to the 21þh1;1þh2;1 which counts the
number of generalized flux components of a representation
(2, 2, 2, 2, 2, 2, 2) under SLð2;ZÞ7. Moreover, the correlation
between the fluxes as shown in (3.41) also justifies the earlier
appearance of the overall volume (V) factor in the toroidal
case as has been observed in [64] and subsequently the
Levi-Civita symbol being promoted with the corresponding
Levi-Civita tensor in Eq. (3.15).
Finally, the U-dual completion of the holomorphic flux

superpotential having 128 flux components in total along
with seven moduli, namely, fS; T1; T2; T3; U1; U2; U3g, for
this toroidal model boils down to the following form:
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W ¼
�
F0 þ

X3
i¼1

FiUi þ 1

2

X
i≠j≠k

FiUjUk − U1U2U3F0

�

− S

�
H0 þ

X3
i¼1

HiUi þ 1

2

X
i≠j≠k

HiUjUk −U1U2U3H0

�

þ
X3
α¼1

Tα

�
Qα

0 þ
X3
i¼1

Qα
iUi þ 1

2

X
i≠j≠k

QαiUjUk −U1U2U3Qα0

�

− S
X3
α¼1

Tα

�
Pα

0 þ
X3
i¼1

Pα
iUi þ 1

2

X
i≠j≠k

PαiUjUk −U1U2U3Pα0

�

þ 1

2

X3
α;β¼1
α≠β

�
TαTβ

	
P0αβ

0 þ
X3
i¼1

P0αβ
iUi þ 1

2

X
i≠j≠k

P0αβiUjUk −U1U2U3P0αβ0

�

−
S
2

X3
α;β¼1
α≠β

�
TαTβ

	
Q0αβ

0 þ
X3
i¼1

Q0αβ
iUi þ 1

2

X
i≠j≠k

Q0αβiUjUk −U1U2U3Q0αβ0

�

þ T1T2T3

�
H0123

0 þ
X3
i¼1

H0123
iUi þ 1

2

X
i≠j≠k

H0123iUjUk −U1U2U3H01230
�

− ST1T2T3

�
F0123

0 þ
X3
i¼1

F0123
iUi þ 1

2

X
i≠j≠k

F0123iUjUk −U1U2U3F01230
�
: ð3:42Þ

C. Invoking the axionic-flux combinations

By construction, it is clear that, after the successive applications of S=T dualities, the generalized superpotential will have
a cubic form in T and U variables and a linear form in the axio-dilaton S. In what follows, our main goal is to study the
insights of the effective four-dimensional scalar potential. The generic U-dual completed flux superpotential given in
Eq. (3.28) can be equivalently written as

W ¼ eΛXΛ þmΛFΛ; ð3:43Þ
where, using the flux actions in (3.31) and (3.27), the symplectic vector ðeΛ; mΛÞ can be given as below:

eΛ ¼ ðFΛ − SHΛÞ þ TαðQα
Λ − SQα

ΛÞ þ
1

2
TαTβðP0αβ

Λ − SQ0αβ
ΛÞ þ

1

6
TαTβTγðH0αβγ

Λ − SF0αβγ
ΛÞ;

mΛ ¼ ðFΛ − SHΛÞ þ TαðQαΛ − SQαΛÞ þ 1

2
TαTβðP0αβΛ − SQ0αβΛÞ þ 1

6
TαTβTγðH0αβγΛ − SF0αβγΛÞ: ð3:44Þ

Using the superpotential (3.43), one can compute the derivatives with respect to chiral variables S and Tα which are given as
below:

WS ¼ ðe1ÞΛXΛ þ ðm1ÞΛFΛ;

WTα
¼ ðe2ÞαΛXΛ þ ðm2ÞαΛFΛ; ð3:45Þ

where the two new pairs of symplectic vectors ðe1; m1Þ and ðe2; m2Þ are given as

ðe1ÞΛ ¼ −
�
HΛ þ TαQα

Λ þ 1

2
TαTβQ0αβ

Λ þ 1

6
TαTβTγF0αβγ

Λ

�
;

ðm1ÞΛ ¼ −
�
HΛ þ TαQαΛ þ 1

2
TαTβQ0αβΛ þ 1

6
TαTβTγF0αβγΛ

�
ð3:46Þ

and

SYMPLECTIC FORMULATION OF THE TYPE IIB SCALAR … PHYS. REV. D 109, 066018 (2024)

066018-11



ðe2ÞαΛ ¼ ðQα
Λ − SQα

ΛÞ þ TβðP0αβ
Λ − SQ0αβ

ΛÞ þ
1

2
TβTγðH0αβγ

Λ − SF0αβγ
ΛÞ;

ðm2ÞαΛ ¼ ðQαΛ − SQαΛÞ þ TβðP0αβΛ − SQ0αβΛÞ þ 1

2
TβTγðH0αβγΛ − SF0αβγΛÞ: ð3:47Þ

Now, we define the following set of the so-called axionic-flux combinations which will turn out to be extremely useful for
rearranging the scalar potential pieces into a compact form:

HΛ ¼ HΛ þ ραPα
Λ þ 1

2
ραρβQ0αβ

Λ þ 1

6
ραρβργF0αβγ

Λ;

HΛ ¼ HΛ þ ραPαΛ þ 1

2
ραρβQ0αβΛ þ 1

6
ραρβργF0αβγΛ;

FΛ ¼ FΛ þ ραQα
Λ þ 1

2
ραρβP0αβ

Λ þ 1

6
ραρβργH0αβγ

Λ − C0HΛ;

FΛ ¼ FΛ þ ραQαΛ þ 1

2
ραρβP0αβΛ þ 1

6
ραρβργH0αβγΛ − C0HΛ;

Pα
Λ ¼ Pα

Λ þ ρβQ0αβ
Λ þ 1

2
ρβργF0αβγ

Λ;

PαΛ ¼ PαΛ þ ρβQ0αβΛ þ 1

2
ραρβργF0αβγΛ;

Qα
Λ ¼ Qα

Λ þ ρβP0αβ
Λ þ 1

2
ρβργH0αβγ

Λ − C0Pα
Λ;

QαΛ ¼ QαΛ þ ρβP0αβΛ þ 1

2
ραρβργH0αβγΛ − C0PαΛ;

Q0αβ
Λ ¼ Q0αβ

Λ þ ργF0αβγ
Λ;

Q0αβΛ ¼ Q0αβΛ þ ργF0αβγΛ;

P0αβ
Λ ¼ P0αβ

Λ þ ργH0αβγ
Λ − C0Q0αβ

Λ;

P0αβΛ ¼ P0αβΛ þ ργH0αβγΛ − C0Q0αβΛ;

F 0αβγ
Λ ¼ F0αβγ

Λ;

F 0αβγΛ ¼ F0αβγΛ;

H0αβγ
Λ ¼ H0αβγ

Λ − C0F 0αβγ
Λ;

H0αβγΛ ¼ H0αβγΛ − C0F 0αβγΛ: ð3:48Þ
Using these axionic-flux combinations (3.48) along with the definitions of chiral variables in Eq. (2.4), the three pairs of
symplectic vectors, namely, ðe;mÞ, ðe1; m1Þ, and ðe2; m2Þ which are, respectively, given in Eqs. (3.44), (3.46), and (3.47),
can be expressed in the following compact form:

eΛ ¼ ðFΛ − sPΛ − P0
Λ þ sF 0

ΛÞ þ ið−sHΛ −QΛ þ sQ0
Λ þ H0

ΛÞ;
mΛ ¼ ðFΛ − sPΛ − P0Λ þ sF 0ΛÞ þ ið−sHΛ −QΛ þ sQ0Λ þ H0ΛÞ; ð3:49Þ

ðe1ÞΛ ¼ ð−HΛ þQ0
ΛÞ þ iðPΛ − F 0

ΛÞ;
ðm1ÞΛ ¼ ð−HΛ þQ0ΛÞ þ iðPΛ − F 0ΛÞ; ð3:50Þ

ðe2ÞαΛ ¼ ðQα
Λ − sQ0α

Λ − H0α
ΛÞ þ ið−sPα

Λ − P0α
Λ þ sF 0α

ΛÞ;
ðm2ÞαΛ ¼ ðQαΛ − sQ0αΛ − H0αΛÞ þ ið−sPαΛ −Q0αΛ þ sF 0αΛÞ; ð3:51Þ

where we have used the shorthand notations like QΛ ¼ ταQα
Λ, Q0α

Λ ¼ τβQ0αβ
Λ, Q0

Λ ¼ 1
2
τατβQ0αβ

Λ, and
H0

Λ ¼ 1
6
τατβτγH0αβγ

Λ, etc. In addition, we mention that such shorthand notations are applicable only with τα contractions
and not to be (conf)used with axionic (ρα) contractions. This convention will be used wherever the ðQ;PÞ, ðP0; Q0Þ, and
ðH0; F0Þ fluxes are seen with or without a free index α∈ h1;1þ ðXÞ. Here, we recall that τα ¼ 1

2
lαβγtβtγ .
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IV. SYMPLECTIC FORMULATION
OF THE SCALAR POTENTIAL

In this section, we will present a compact and concise
symplectic formulation for the four-dimensional (effective)
scalar potential induced by the generalized fluxes respect-
ing the U-dual completion arguments for the flux super-
potential. In our analysis, we start with a superpotential of
the form (3.30) which is more general than the toroidal
case. Our approach is to work with the axionic fluxes, as it
helps in simply discarding the explicit presence of the RR
(C0 and C4) axions in the game of rewriting the scalar
potential in symplectic form, e.g., as seen in [64]. This,
subsequently, also helps us in reducing the number of terms
to deal with while working on some explicit construction.
We will demonstrate the applicability of our symplectic
proposal by considering a simple toroidal model with a flux
superpotential resulting in a scalar potential having 76 276
pieces while reproducing the same by our master formula.

A. Necessary symplectic identities

To begin with, let us also recollect some relevant
ingredients for rewriting the F-term scalar potential into
a symplectic formulation. The strategy we follow is an
extension of the previous proposal made in [56]. For the
purpose of simplifying the complex structure moduli-
dependent piece of the scalar potential, we introduce a
set of symplectic ingredients. First, we consider the period
matrixN for the involutively odd (2, 1)-cohomology sector
which can be expressed using the derivatives of the
prepotential as below:

N ΛΔ ¼ F̄ΛΔ þ 2i
ImðFΛΓÞXΓXΣðImFΣΔÞ

ImðF ΓΣÞXΓXΣ : ð4:1Þ

Subsequently, we define the following Hodge star oper-
ations acting on the various (odd) three-forms via intro-
ducing a set of so-called M matrices [50]:

⋆AΛ ¼ MΛ
ΣAΣ þMΛΣBΣ and

⋆BΛ ¼ MΛΣAΣ þMΛ
ΣBΣ; ð4:2Þ

where

MΛΔ ¼ ImN ΛΔ; MΛ
Δ ¼ ReN ΛΓImN ΓΔ;

MΛ
Δ ¼ −ðMΛ

ΔÞT;
MΛΔ ¼ −ImN ΛΔ − ReN ΛΣImN ΣΓReN ΓΔ: ð4:3Þ

1. Symplectic identity 1

Using the period matrix components, one of the most
important identities for simplifying the scalar potential
turns out to be the following one [50]:

Kij̄ðDiXΛÞðD̄j̄XΔÞ ¼ −XΛXΔ −
1

2
e−Kcs ImN ΛΔ: ð4:4Þ

2. Symplectic identity 2

It was observed in [56] that an interesting and very
analogous relation as compared to the definition of period
matrix (4.1) holds which is given as below:

FΛΔ ¼ N ΛΔ þ 2i
ImðN ΛΓÞXΓXΣðImN ΣΔÞ

ImðN ΓΣÞXΓXΣ : ð4:5Þ

Moreover, similar to the definition of the period matrices
(4.3), one can also define another set of symplectic
quantities given as

LΛΔ¼ ImFΛΔ; LΛ
Δ¼ReFΛΓImF ΓΔ;

LΛ
Δ¼−ðLΛ

ΔÞT; LΛΔ¼−ImFΛΔ−ReFΛΣImFΣΓReF ΓΔ:

ð4:6Þ
3. Symplectic identity 3

The set ofM and L matrices provide another set of very
crucial identities given as below:

ReðXΛX̄ΔÞ ¼ −
1

4
e−KcsðMΛΔ þ LΛΔÞ;

ReðXΛF̄ΔÞ ¼ þ 1

4
e−KcsðMΛ

Δ þ LΛ
ΔÞ;

ReðFΛX̄ΔÞ ¼ −
1

4
e−KcsðMΛ

Δ þ LΛ
ΔÞ;

ReðFΛF̄ΔÞ ¼ þ 1

4
e−KcsðMΛΔ þ LΛΔÞ ð4:7Þ

and

ImðXΛX̄ΔÞ ¼ þ 1

4
e−Kcs

�ðMΛ
ΣLΣΔ þMΛΣLΣ

ΔÞ�;
ImðXΛF̄ΔÞ ¼ −

1

4
e−Kcs

�ðMΛ
ΣLΣ

Δ þMΛΣLΣΔÞ − δΛΔ
�
;

ImðFΛX̄ΔÞ ¼ þ 1

4
e−Kcs

�ðMΛΣLΣΔ þMΛ
ΣLΣ

ΔÞ − δΛ
Δ
�
;

ImðFΛF̄ΔÞ ¼ −
1

4
e−Kcs

�ðMΛΣLΣ
Δ þMΛ

ΣLΣΔÞ
�
: ð4:8Þ

Note that the left-hand side of these identities is something
which explicitly appears in the scalar potential as we will
see later on.

4. Symplectic identity 4

Apart from the identities given in Eqs. (4.7) and (4.8), the
following nontrivial relations hold which will be more
directly useful (as in [56]):
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8eKcsReðXΓXΔÞ ¼ SΓ
ΛðMΛΣSΣ

Δ þMΛ
ΣSΣΔÞ − SΓΛðMΛ

ΣSΣ
Δ þMΛΣSΣΔÞ;

8eKcsReðXΓFΔÞ ¼ SΓ
ΛðMΛΣSΣΔ þMΛ

ΣSΣ
ΔÞ − SΓΛðMΛ

ΣSΣΔ þMΛΣSΣ
ΔÞ;

8eKcsReðF ΓX
ΔÞ ¼ SΓΛðMΛΣSΣ

Δ þMΛ
ΣSΣΔÞ − SΓ

ΛðMΛ
ΣSΣ

Δ þMΛΣSΣΔÞ;
8eKcsReðF ΓFΔÞ ¼ SΓΛðMΛΣSΣΔ þMΛ

ΣSΣ
ΔÞ − SΓ

ΛðMΛ
ΣSΣΔ þMΛΣSΣ

ΔÞ; ð4:9Þ

where

SΛΔ ¼ ðMΛ
ΣLΣΔ þMΛΣLΣ

ΔÞ;
SΛ

Δ ¼ −ðMΛ
ΣLΣ

Δ þMΛΣLΣΔÞ þ δΛΔ;

SΛ
Δ ¼ ðMΛΣLΣΔ þMΛ

ΣLΣ
ΔÞ − δΛ

Δ;

SΛΔ ¼ −ðMΛΣLΣ
Δ þMΛ

ΣLΣΔÞ: ð4:10Þ

B. Taxonomy of the scalar potential pieces in three steps

In the absence of (non)perturbative corrections, the
Kähler metric takes a block diagonal form with splitting
of pieces coming from genericN ¼ 1 F-term contribution4:

e−KV ¼ KABðDAWÞðD̄BW̄Þ − 3jWj2 ≡ Vcs þ Vk; ð4:11Þ

where

Vcs ¼ Kij̄ðDiWÞðD̄j̄W̄Þ;
Vk ¼ KAB̄ðDAWÞðD̄B̄W̄Þ − 3jWj2: ð4:12Þ

Here, the indices ði; jÞ correspond to complex structure
moduli Ui’s, while the other indices ðA;BÞ are counted in
the remaining chiral variables fS; Tαg. Using the symplec-
tic identity given in Eq. (4.4), one can reshuffle the scalar
potential pieces Vcs and Vk in (4.11) into the following
three pieces:

e−KV ¼ V1 þ V2 þ V3; ð4:13Þ

where

V1 ≔ −
1

2
e−KcsðeΛ þmΣN̄ ΣΛÞImN ΛΔðēΔ þ m̄ΓN ΓΔÞ;

V2 ≔ −ðeΛ þmΣN̄ ΣΛÞðX̄ΛXΔÞðēΔ þ m̄ΓN ΓΔÞ
þ ðKAB̄KAKB̄jWj2 − 3jWj2Þ
þ KAB̄ððKAWÞW̄B̄ þWAðKB̄W̄ÞÞ;

V3 ≔ KAB̄WAW̄B̄: ð4:14Þ

To appreciate the reason for making such a collection, let us
mention that considering the standard GVW superpotential
with H3=F3 fluxes only, one finds that the total scalar
potential is entirely contained in the first piece V1 [52,55],
and V2 þ V3 gets trivial due to the underlying no-scale
structure leading to some more internal cancellations. Now,
let us recollect some useful relations following from the
Kähler derivatives and the inverse Kähler metric given as
below [77]:

KS ¼
i
2s

¼ −KS̄; KTα
¼ −

itα

2V
¼ −KT̄α

ð4:15Þ

and

KSS̄¼4s2; KTαS̄¼0¼KST̄α ; KTαT̄β ¼4Gαβ; ð4:16Þ

where we use the following shorthand notations for G and
G−1 components:

Gαβ ¼ τατβ − Vlαβ; Gαβ ¼ 2tαtβ − 4Vlαβ: ð4:17Þ

In addition, we have introduced l0 ¼ 6V ¼ lαtα,
lα ¼ lαβtβ, and lαβ ¼ lαβγtγ. Using the pieces of infor-
mation in Eqs. (4.15) and (4.16), one gets the following
important identities5:

KAKAS̄ ¼ ðS − S̄Þ ¼ −KSB̄KB̄;

KAKAT̄α ¼ ðTα − T̄αÞ ¼ −KTαB̄KB̄;

KAB̄KAKB̄ ¼ 4: ð4:18Þ

Using these identities, the three pieces in Eq. (4.14) are
further simplified as below:

V1 ¼ −
1

2
e−KcsðeΛ þmΣN̄ ΣΛÞImN ΛΔðēΔ þ m̄ΓN ΓΔÞ;

V2 ¼ −ðeΛ þmΣN̄ ΣΛÞðX̄ΛXΔÞðēΔ þ m̄ΓN ΓΔÞ þ jWj2
þ ðS − S̄ÞðWW̄S̄ −WSW̄ÞÞ
þ ðTα − T̄αÞðWW̄T̄α

−WTα
W̄ÞÞ;

V3 ¼ 4s2WSW̄S̄ þ 4GαβWTα
W̄T̄β

: ð4:19Þ

4Note that such a splitting of the total scalar potential into two
pieces is possible because of the block diagonal nature of the total
(inverse) Kähler metric. In the absence of odd-moduli Ga, the
tree-level Kähler potential is such that there are three blocks
corresponding to each of the S, Ui, and Tα moduli.

5These identities hold true for more general cases [66,67], e.g.,
in the presence of the perturbative α03 corrections of [86], and
even when the odd moduli are included [69]. However, these
relations generically do not hold in the presence of string-loop
corrections [69,70].
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Now, our central goal is to rewrite these three pieces V1, V2,
and V3 in terms of new generalized flux combinations via
taking a symplectic approach.

1. Simplifying V1

Using the S-dual pairs of generalized flux combinations
ðe;mÞ as mentioned in Eq. (3.49), the pieces in V1 can be
considered to split into the following two parts:

V1 ≡ VðaÞ
1 þ VðbÞ

1 ; ð4:20Þ

where

VðaÞ
1 ¼ −

1

2
e−Kcs

�
eΛMΛΔēΔ − eΛMΛ

Δm̄Δ

þ ēΛMΛ
ΔmΔ −mΛMΛΔm̄Δ

� ð4:21Þ

and

VðbÞ
1 ¼ i

2
e−KcsðēΛmΛ − eΛm̄ΛÞ: ð4:22Þ

2. Simplifying V2

Similar analysis leads to the following simplifications in
the V2 part of the scalar potential:

V2 ≡ VðaÞ
2 þ VðbÞ

2 þ VðcÞ
2 ; ð4:23Þ

where

VðaÞ
2 ¼ jWj2 − ðeΛ þmΣN̄ ΣΛÞðX̄ΛXΔÞðēΔ þ m̄ΓN ΓΔÞ

¼ ðeΛēΔ − ēΛeΔÞðXΛX̄ΔÞ þ ðeΛm̄Δ − ēΛmΔÞðXΛF̄ΔÞ þ ðmΛēΔ − m̄ΛeΔÞðFΛX̄ΔÞ þ ðmΛm̄Δ − m̄ΛmΔÞðFΛF̄ΔÞ;
VðbÞ
2 ¼ ðS − S̄ÞðWW̄S̄ −WSW̄ÞÞ

¼ ð2isÞ�ðeΛðe1ÞΔ − ðe1ÞΛēΔÞðXΛX̄ΔÞ þ � � � þ � � � þ � � ��;
VðcÞ
2 ¼ ðTα − T̄αÞðWW̄T̄α

−WTα
W̄ÞÞ

¼ ð−2iταÞ
�ðeΛðe2ÞαΔ − ðe2ÞαΛēΔÞðXΛX̄ΔÞ þ � � � þ � � � þ � � ��: ð4:24Þ

As explicitly mentioned in the second line of the piece VðaÞ
2 ,

here � � � denotes the analogous pieces involving ðXΛF̄ΔÞ,
ðFΛX̄ΔÞ, and ðFΛF̄ΔÞ and having the flux indices being
appropriately contracted.

3. Simplifying V3

Now considering the inverse Kähler metric in Eq. (4.16)
along with derivatives of the superpotential using the new
generalized flux orbits in Eq. (3.48), one gets the following
rearrangement of V3 after a very painstaking reshuffling of
the various pieces:

V3 ¼ 4s2WSW̄S̄ þ 4GαβWTα
W̄T̄β

¼ 4s2½ðe1ÞΛðe1ÞΔðXΛX̄ΔÞ þ � � � þ � � � þ � � ��
þ 4Gαβ½ðe2ÞαΛðe2ÞβΔðXΛX̄ΔÞ þ � � � þ � � � þ � � ��:

ð4:25Þ

It is worth mentioning again at this point that the rear-
rangement of terms using new versions of the “generalized

flux orbits” has been performed in an iterative manner, in a
series of papers [34,39,43,44,56], which have set some
guiding rules for next step intuitive generalization; other-
wise, the rearrangement even at the intermediate steps is
very peculiar, and it could be much harder to directly arrive
at a final form without earlier motivations.
The full scalar potential can be expressed in 36 types

of terms such that there are 20 of those which are of
(O1 ∧ �O2) type, while the remaining 16 terms are of
(O1 ∧ O2) type, where O1 and O2 can denote some real
function of fluxes and axions. As a particular toroidal case,
these can simply be the standard 128 fluxes or their
respective axionic-flux combinations as we will discuss
in a moment. The generic the scalar potential arising from
the U-dual completed flux superpotential can be expressed
as below:

V ¼ VO1∧�O2
þ VO1∧O2

; ð4:26Þ

where
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VO1∧�O2
¼ VFF þ VHH þ VQQ þ VPP þ VP0P0 þ VQ0Q0 þ VH0H0 þ VF 0F 0 þ VFP þ VFP0 þ VFF 0 þ VHQ þ VHQ0 þ VHH0

þ VQQ0 þ VQH0 þ VPP0 þ VPF 0 þ VP0F 0 þ VQ0H0 ;

VO1∧O2
¼ VFH þ VFQ þ VFQ0 þ VFH0 þ VHP þ VHP0 þ VHF 0 þ VQP þ VQP0 þ VQF 0 þ VPQ0 þ VPH0

þ VP0Q0 þ VP0H0 þ VQ0F 0 þ VH0F 0 : ð4:27Þ

While we give the full details about each of these 36 terms
in the Appendix, let us mention a couple of insights about
our master formula (4.26) and (4.27).

(i) In the absence of prime fluxes, 26 pieces of the
scalar potential are projected out and there remain
only ten pieces, namely, fVFF ; VHH; VQQ; VPP;
VHQ; VFPg which are of (O1 ∧ �O2) type and
fVFH; VFQ; VPQg which are of (O1 ∧ O2) type.6

This is what has been presented in [39,57]. Let us
note that the analysis of the scalar potential in [39]
was performed by using the internal background

metric of the toroidal model, and a generalization to
symplectic formulation was proposed in [57] which
bypasses the need of knowing the metric for the
internal manifold via using symplectic ingredients
along with moduli space metrics on the Kähler and
complex structure-moduli-dependent sectors.

(ii) The S duality among the various pieces of the scalar
potential has been also manifested from our collec-
tion. For example, we have the following S-dual
invariant pieces among the overall 36 pieces of the
scalar potential:

ðVFF þ VHHÞ; ðVQQ þ VPPÞ; ðVP0P0 þ VQ0Q0 Þ; ðVH0H0 þ VF 0F 0 Þ; ðVFP þ VHQÞ;
ðVFP0 þ VHQ0 Þ; ðVFF 0 þ VHH0 Þ; ðVQQ0 þ VPP0 Þ; ðVQH0 þ VPF 0 Þ; ðVP0F 0 þ VQ0H0 Þ;
ðVFQ þ VHPÞ; ðVFQ0 þ VHP0 Þ; ðVFH0 þ VHF 0 Þ; ðVQP0 þ VPQ0 Þ; ðVQF 0 þ VPH0 Þ;
ðVP0H0 þ VQ0F 0 Þ; ðVFHÞ; ðVQPÞ; ðVP0Q0 Þ; ðVH0F 0 Þ: ð4:28Þ

Assuming that the complex structure moduli as well as the
Einstein-frame volume moduli do not transform under the
S-duality operations, one can easily verify the above-
mentioned claims by using the following transformations:

s →
s

s2 þ C2
0

; C0 → −
C0

s2 þ C2
0

;

C0

s
→ −

C0

s
; ρα → ρα; ð4:29Þ

As a quick check, one can consider the case of standard
GVW superpotential with ðF;HÞ fluxes only; then we have

VFF þ VHH ≃
F ∧ �F

s
þ s2 þ C2

0

s
H ∧ �H

−
C0

s
ðF ∧ �H þH ∧ �FÞ: ð4:30Þ

Given that fF → H;H → −Fg under S duality, the first
two pieces are S dual to each other while the last piece

being a product of two anti-S-dual pieces is self-S-dual. In
this way, our symplectic formulation can be considered to
be in a manifestly S-duality invariant form as one can see it
explicitly with some little efforts.
(iii) It is well understood that all the pieces of O1 ∧ �O2

type involve the information about the internal metric
while working in the so-called standard formulation
based on the real six-dimensional indices (e.g., see
[39,64]) and, therefore, cannot appear as a topologi-
cal term. On the other hand, pieces of O1 ∧ O2 type
can usually appear as tadpole contributions. How-
ever, let us note that in the presence of nongeometric
fluxes, especially the nongeometric S-dual pair of
fluxes, O1 ∧ O2 may not be entirely a tadpole piece
though it may have a tadpolelike term within it [64].
For example, even in the absence of prime fluxes, the
VQP piece has some information about the internal
background via period or metric inputs which can
also be observed from the nonsymplectic formulation
of the scalar potential [39] in which such a piece
explicitly involves the internal metric implying that
the VPQ piece is not topological.

C. Master formula

Although we have presented all the 36 types of flux-
bilinear pieces possible in the scalar potential, the attempts

6Recall that the axionic-flux combinations involved in these
ten terms generically depend on prime indexed fluxes as well,
and, therefore, explicit expressions of these axionic-flux combi-
nations will simplify in their absence. Therefore, it should not be
naively assumed that the internal structure of these ten pieces
remains the same in the absence of prime fluxes.
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so far have just been to elaborate on the insights of various
terms and how they could appear from the flux super-
potential in connection with the standard U-dual flux
parameters, and it is desirable that we club these 36 terms
in a more concise symplectic formulation. Aiming at this
goal, we investigated the 36 pieces in some more detail and
managed to rewrite the full scalar potential in just a few terms

of ðO1 ∧ �Ō2Þ and ðO1 ∧ Ō2Þ types as we express
below:

V ¼ VðO1∧�Ō2Þ þ VðO1∧Ō2Þ; ð4:31Þ

where

VðO1∧�Ō2Þ ¼−
1

4sV2

Z
X6

�
χ∧�χ̄þ ψ̃ ∧� ¯̃ψþGαβΨ̃α∧�Ψ̃βþ i

2
ðχ̃∧� ¯̃ψ − ¯̃χ∧�ψ̃Þþ i

2
ðΨ̃∧� ¯̃χ− ¯̃Ψ∧�χ̃Þ

�
;

VðO1∧Ō2Þ ¼−
1

4sV2

Z
X6

�
ð−iÞðχ∧ χ̄þχ∧ ¯̃χþ2ψ̃ ∧ ¯̃ψþ2GαβΨα∧ Ψ̃βÞþðχ̃∧ ¯̃ψþ ¯̃χ∧ ψ̃ÞþðΨ̃∧ ¯̃χþ ¯̃Ψ∧ χ̃Þ

�
: ð4:32Þ

The compact formulation given in Eqs. (4.31) and (4.32)
involves only three types of complex axionic-flux combi-
nations which are generically defined as

Flux ¼ FluxΛAΛ þ FluxΛBΛ; ð4:33Þ

where the symbol “Flux” in the above denotes Flux ¼
fχ;ψ ;Ψg and electric or magnetic components of these
fluxes are given in terms of the axionic-flux combinations
as below:

ψΛ ¼ sð−HΛ þQ0
ΛÞ þ isðPΛ − F 0

ΛÞ;
ψΛ ¼ sð−HΛ þQ0ΛÞ þ isðPΛ − F 0ΛÞ; ð4:34Þ

χΛ ¼ ðFΛ − P0
ΛÞ þ ið−QΛ þ H0

ΛÞ þ iψΛ;

χΛ ¼ ðFΛ − P0ΛÞ þ ið−QΛ þ H0ΛÞ þ iψΛ; ð4:35Þ

Ψα
Λ¼ðQα

Λ−sQ0α
Λ−H0α

ΛÞþ ið−sPα
Λ−P0α

ΛþsF 0α
ΛÞ;

ΨαΛ¼ðQαΛ−sQ0αΛ−H0αΛÞþ ið−sPαΛ−Q0αΛþsF 0αΛÞ:
ð4:36Þ

As we have argued earlier, here use the shorthand notations
like QΛ ¼ ταQα

Λ, Q0α
Λ ¼ τβQ0αβ

Λ, Q0
Λ ¼ 1

2
τατβQ0αβ

Λ,
and H0

Λ ¼ 1
6
τατβτγH0αβγ

Λ, etc. In a similar way, we write
ΨΛ ¼ ταΨα

Λ and ΨΛ ¼ ταΨαΛ wherever Ψ appears with-
out an h1;1þ index α. Subsequently, we will have the
following relations consistent with our shorthand notations:

ΨΛ¼ðQΛ−2sQ0
Λ−3H0

ΛÞþ ið−sPΛ−2P0
Λþ3sF 0

ΛÞ;
ΨΛ¼ðQΛ−2sQ0Λ−3H0ΛÞþ ið−sPΛ−2Q0Λþ3sF 0ΛÞ:

ð4:37Þ

In addition, the so-called tilde fluxes for χ, ψ , and Ψα are
defined as below:

χ̃¼−ðSΣΔχΔþSΣ
Δχ

ΔÞAΣþðSΣ
ΔχΔþSΣΔχ

ΔÞBΣ;

ψ̃ ¼−ðSΣΔψΔþSΣ
Δψ

ΔÞAΣþðSΣ
ΔψΔþSΣΔψ

ΔÞBΣ;

fΨα¼−ðSΣΔΨα
ΔþSΣ

ΔΨαΔÞAΣþðSΣ
ΔΨα

ΔþSΣΔΨαΔÞBΣ:

ð4:38Þ

Now we demonstrate the use of our symplectic formu-
lation, in particular, the master formula (4.31) and (4.32) by
considering an explicit (toroidal) example.

D. Demonstrating the formulation
for an explicit example

In order to demonstrate our symplectic proposal for an
explicit example, we again get back to our friend, the
toroidal type IIB model based on T 6=ðZ2 × Z2Þ orientifold.
As a particular case, several scenarios can be considered by
switching off certain fluxes at a time. We have performed a
detailed analysis of all the 36 terms of the scalar potential in
full generality, as collected in the Appendix. This leads to a
total of 76 276 terms while being expressed in terms of the
usual fluxes; however, this number reduces to 10 888 terms
when the total scalar potential is expressed in terms of the
axionic fluxes (3.48), subsequently leading to the numerics
about the number of terms in each of the 36 pieces as
presented in Table II. Moreover, in light of recovering the
results from our master formula (4.31) and (4.32), we
have a clear splitting of 10 888 terms in the following
manner:

#ðVðO1∧�O2ÞÞ ¼ 5576; #ðVðO1∧Ō2ÞÞ ¼ 5312: ð4:39Þ

To appreciate the importance of the axionic-flux polyno-
mials, we present Table II.
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V. SUMMARY AND CONCLUSIONS

The U-dual completion of the flux superpotential in the
type IIB supergravity theory leads to the inclusion of four
pairs of S-dual fluxes which has attracted some significant
amount of interest in the recent past [24,25,31–33]. This
idea of theU-dual completion of the flux superpotential has
been mostly studied in the context of toroidal setting using
an orientifold of a T 6=ðZ2 × Z2Þ orbifold. In this regard,
some interesting insights of this flux superpotential have
been recently explored from the point of view of the four-
dimensional scalar potential in [64], where the full scalar
potential has been reformulated in terms of the metric of the
internal toroidal sixfold.
Given that the analytic expression for the metric of a

generic CY threefold is not known, in order to promote this
U-dual completion arguments beyond the toroidal cases, one
needs to rewrite the scalar potential in a symplectic formu-
lation. In this article, we have filled this gap by presenting a
symplectic master formula for the four-dimensional N ¼ 1
scalar potential induced by a generalized superpotential with

U-dual fluxes. For this purpose, first we invoked the
symplectic version of the prime fluxes introduced in (A3)
by taking lessons from the toroidal constructions in
[24,25,31–33,64]. In this process we derived the cohomol-
ogy formulation of two important identities (3.11) which
were useful in establishing the connection between the
heterotic compactification models and the type IIB setup
having U-dual fluxes in [31], and we present this identity in
Eq. (3.34). In the second step, we have invoked the so-called
axionic fluxes, collected in Eq. (3.48), which are some
specific combinations of RR axions ðC2=C4Þ and the fluxes
to be directly used in rewriting the scalar potential pieces
summarized in the Appendix.
Finally, using the 36 pieces as presented in the

Appendix, we construct a compact and concise version
of the generic scalar potential in the form of following
master formula which is written in terms of three axionic-
flux combinations, namely, χ, ψ , and Ψ being defined in
Eqs. (4.34)–(4.36):

V ¼ −
1

4sV2

Z
X6

�
χ ∧ �χ̄ þ ψ̃ ∧ � ¯̃ψ þ GαβΨ̃α ∧ �Ψ̃β þ i

2
ðχ̃ ∧ � ¯̃ψ − ¯̃χ ∧ �ψ̃Þ þ i

2
ðΨ̃ ∧ � ¯̃χ − ¯̃Ψ ∧ �χ̃Þ

þ ð−iÞðχ ∧ χ̄ þ χ ∧ ¯̃χ þ 2ψ̃ ∧ ¯̃ψ þ 2GαβΨα ∧ Ψ̃βÞ þ ðχ̃ ∧ ¯̃ψ þ ¯̃χ ∧ ψ̃Þ þ ðΨ̃ ∧ ¯̃χ þ ¯̃Ψ ∧ χ̃Þ
�
: ð5:1Þ

This master formula is generically valid for models beyond
the toroidal constructions and can be considered as a
generalization of a series of works presented in
[34,39,42–44,56–60]. Finally, in order to demonstrate the
utility of the master formula, we have rederived the results of
[64] by recovering all the 76 276 terms of the scalar potential
induced via a generalized flux superpotential. It would be
interesting to understand if this scalar potential can arise
from a more fundamental framework such as some S-dual
completion of the double field theory on the lines of

[34,42,56]. It will also be interesting to perform a detailed
study of the Bianchi identities and the tadpole cancellation
conditions in this symplectic formulation. We hope to get
back to addressing some of these issues in a future work.
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Number (terms) in V
using standard fluxes Axionic fluxes
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1 F 76 F 76
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6 F, H, Q, P 50 185 F , H, Q, P, 8326

P0; Q0 P0;Q0
7 F, H, Q, P, 60 750 F , H, Q, P, 9603

P0; Q0; H0 P0;Q0;H0
8 F, H, Q, P, 76 276 F , H, Q, P, 10 888

P0; Q0; H0; F0 P0;Q0;H0; F 0
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APPENDIX: COLLECTION OF VARIOUS SCALAR POTENTIAL PIECES

The first collection of the scalar potential pieces as mentioned in Eq. (4.27) has all 20 terms of the type (O1 ∧ �O2), while
the second collection has 16 terms of (O1 ∧ O2) type. Now we present the explicit and detailed forms of the 36 scalar
potential pieces.

1. Pieces of (O1 ∧ �O2) type

These (O1 ∧ �O2) type of pieces can be further classified into what we call as the “diagonal pieces” and the “cross
pieces.” Using eY ¼ − 1

4sV2, we will express such terms as below.

a. Diagonal pieces

ð1Þ∶ VFF ¼ eY
Z
X6

F ∧ �F ;

ð2Þ∶ VHH ¼ eY
Z
X6

s2H ∧ �H;

ð3Þ∶ VQQ ¼ eY
Z
X6

ðQ ∧ �Q − Q̃ ∧ �Q̃þ GαβQ̃
α ∧ �Q̃βÞ;

ð4Þ∶ VPP ¼ eY
Z
X6

s2ðP ∧ �P − P̃ ∧ �P̃ þ GαβP̃
α ∧ �P̃βÞ;

ð5Þ∶ VP0P0 ¼ eY
Z
X6

ðP0 ∧ �P0 − 2P̃0 ∧ �P̃0 þ GαβP̃
0α ∧ �P̃0βÞ;

ð6Þ∶ VQ0Q0 ¼ eY
Z
X6

s2ðQ0 ∧ �Q0 − 2Q̃0 ∧ �Q̃0 þ GαβQ̃
0α ∧ �Q̃0βÞ;

ð7Þ∶ VH0H0 ¼ eY
Z
X6

ðH0 ∧ �H0 − 3H̃0 ∧ �H̃0 þ GαβH̃
0α ∧ �H̃0βÞ;

ð8Þ∶ VF 0F 0 ¼ eY
Z
X6

s2ðF 0 ∧ �F 0 − 3F̃ 0 ∧ �F̃ 0 þ GαβF̃
0α ∧ �F̃ 0βÞ: ðA1Þ

Here, we have used the following definitions for the so-called “tilde” fluxes corresponding to a given (axionic) flux, as
proposed or used in Eq. (4.38):

Q̃α ¼ −ðSΣΔQ̂α
Δ þ SΣ

ΔQ̂
αΔÞAΣ þ ðSΣ

ΔQ̂α
Δ þ SΣΔQ̂

αΔÞBΣ;

P̃α ¼ −ðSΣΔP̂α
Δ þ SΣ

ΔP̂
αΔÞAΣ þ ðSΣ

ΔP̂α
Δ þ SΣΔP̂

αΔÞBΣ; ðA2Þ

and Q̃ ¼ Q̃ατα, P̃ ¼ P̃ατα, etc.
It may be worth to mention that for the toroidal case we have the following relations:

Z
X6

ðGαβH̃
0α ∧ �H̃0β − 3H̃0 ∧ �H̃0Þ ¼ 0;Z

X6

ðGαβF̃
0α ∧ �F̃ 0β − 3F̃ 0 ∧ �F̃ 0Þ ¼ 0: ðA3Þ
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b. Cross pieces

ð9Þ∶ VFP ¼ eY
Z
X6

ð−2sÞðF ∧ �P − F̃ ∧ �P̃Þ;

ð10Þ∶ VFP0 ¼ eY
Z
X6

ð−2ÞðF ∧ �P0 − F̃ ∧ �P̃0Þ;

ð11Þ∶ VFF 0 ¼ eY
Z
X6

ð2sÞðF ∧ �F 0 − 2F̃ ∧ �F̃ 0Þ;

ð12Þ∶ VHQ ¼ eY
Z
X6

ð2sÞðH ∧ �Q − H̃ ∧ �Q̃Þ;

ð13Þ∶ VHQ0 ¼ eY
Z
X6

ð−2s2ÞðH ∧ �Q0 − H̃ ∧ �Q̃0Þ;

ð14Þ∶ VHH0 ¼ eY
Z
X6

ð−2sÞðH ∧ �H0 − 2H̃ ∧ �H̃0Þ;

ð15Þ∶ VQQ0 ¼ eY
Z
X6

ð−2sÞðQ ∧ �Q0 − 2Q̃ ∧ �Q̃0 þ GαβQ̃
α ∧ �Q̃0βÞ;

ð16Þ∶ VQH0 ¼ eY
Z
X6

ð−2ÞðQ ∧ �H0 − 2Q̃ ∧ �H̃0 þ GαβQ̃
α ∧ �H̃0βÞ;

ð17Þ∶ VPP0 ¼ eY
Z
X6

ð2sÞðP ∧ �P0 − 2P̃ ∧ �P̃0 þ GαβP̃
α ∧ �P̃0βÞ;

ð18Þ∶ VPF 0 ¼ eY
Z
X6

ð−2s2ÞðP ∧ �F 0 − 2P̃ ∧ �F̃ 0 þ GαβP̃
α ∧ �F̃ 0βÞ;

ð19Þ∶ VP0F 0 ¼ eY
Z
X6

ð−2sÞðP0 ∧ �F 0 − 3P̃0 ∧ �F̃ 0 þ GαβP̃
0α ∧ �F̃ 0βÞ;

ð20Þ∶ VQ0H0 ¼ eY
Z
X6

ð2sÞðQ0 ∧ �H0 − 3Q̃0 ∧ �H̃0 þ GαβQ̃
0α ∧ �H̃0βÞ: ðA4Þ

2. Pieces of (O1 ∧ O2) type

ð21Þ∶ VFH ¼ eY
Z
X6

ð2sÞF ∧ H;

ð22Þ∶ VFQ ¼ eY
Z
X6

ð2ÞF ∧ Q;

ð23Þ∶ VFQ0 ¼ eY
Z
X6

ð−2sÞðF ∧ Q0 − F ∧ Q̃0 − F̃ ∧ Q0Þ;

ð24Þ∶ VFH0 ¼ eY
Z
X6

ð−2ÞðF ∧ H0 − F ∧ H̃0 − F̃ ∧ H0Þ;

ð25Þ∶ VHP ¼ eY
Z
X6

ð2s2ÞH ∧ P;

ð26Þ∶ VHP0 ¼ eY
Z
X6

ð2sÞðH ∧ P0 − H ∧ P̃0 − H̃ ∧ P0Þ;

ð27Þ∶ VHF 0 ¼ eY
Z
X6

ð−2s2ÞðH ∧ F 0 − H ∧ F̃ 0 − H̃ ∧ F 0Þ;

ð28Þ∶ VQP ¼ eY
Z
X6

ð2sÞ�Q ∧ P − ðQ ∧ P̃ þ Q̃ ∧ PÞ þ GαβðQα ∧ P̃β þ Q̃α ∧ PβÞ�;
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ð29Þ∶ VQP0 ¼ eY
Z
X6

ð2Þ�Q ∧ P0 − ðQ ∧ P̃0 þ Q̃ ∧ P0Þ þ GαβðQα ∧ P̃0β þ Q̃α ∧ P0βÞ�;
ð30Þ∶ VQF 0 ¼ eY

Z
X6

ð−2sÞ�Q ∧ F 0 − 2ðQ ∧ F̃ 0 þ Q̃ ∧ F 0Þ þ GαβðQα ∧ F̃ 0β þ Q̃α ∧ F 0βÞ�;
ð31Þ∶ VPQ0 ¼ eY

Z
X6

ð2s2Þ½P ∧ Q0 − ðP ∧ Q̃0 þ P̃ ∧ Q0Þ þ GαβðPα ∧ Q̃0β þ P̃α ∧ Q0βÞ�;

ð32Þ∶ VPH0 ¼ eY
Z
X6

ð2sÞ½P ∧ H0 − 2ðP ∧ H̃0 þ P̃ ∧ H0Þ þ GαβðPα ∧ H̃0β þ P̃α ∧ H0βÞ�;

ð33Þ∶ VP0Q0 ¼ eY
Z
X6

ð2sÞ�P0 ∧ Q0 − 2ðP0 ∧ Q̃0 þ P̃0 ∧ Q0Þ þ GαβðP0α ∧ Q̃0β þ P̃0α ∧ Q0βÞ�;

ð34Þ∶ VP0H0 ¼ eY
Z
X6

ð2Þ½P0 ∧ H0 − 2ðP0 ∧ H̃0 þ P̃0 ∧ H0Þ þ GαβðP0α ∧ H̃0β þ P̃0α ∧ H0βÞ�;
ð35Þ∶ VQ0F 0 ¼ eY

Z
X6

ð2s2Þ�Q0 ∧ F 0 − 2ðQ0 ∧ F̃ 0 þ Q̃0 ∧ F 0Þ þ GαβðQ0α ∧ F̃ 0β þ Q̃0α ∧ F 0βÞ�;
ð36Þ∶ VH0F 0 ¼ eY

Z
X6

ð2sÞ�H0 ∧ F 0 − 3ðH0 ∧ F̃ 0 þ H̃0 ∧ F 0Þ þ GαβðH0α ∧ F̃ 0β þ H̃0α ∧ F 0βÞ�: ðA5Þ
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