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Bondi-Metzner-Sachs (BMS) algebra in three spacetime dimensions can be deformed into a two
parameter family of algebra known as W(a, b) algebra. For a = 0, we show that other than W(0, —1), no
other W(0, b) algebra admits a nondegenerate bilinear and thus one cannot have a Chern-Simons gauge
theory formulation with them. However, they may appear in a three-dimensional gravity description, where
we also need to have a spin 2 generator, that comes from the (a = 0, b = —1) sector. In the present work,
we have demonstrated that the asymptotic symmetry algebra of a spin-3 gravity theory on flat spacetime
has both the W(0, —1) and W(0, —2) algebras as subalgebras. We have also constructed a dual boundary
field theory for this higher spin gravity theory by using the Chern-Simons/Wess-Zumino-Witten

correspondence.
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I. INTRODUCTION

Bondi-Metzner-Sachs (BMS) symmetry group describes
the behavior of gravitational fields at null infinity, which is
the asymptotic boundary for all massless fields in flat
spacetimes [1-3]. In the framework of flat space holography,
BMS symmetry plays a significant role. It is generated by
killing vector fields which preserve the fall-off conditions of
massless fields at null infinity. It encompasses both large
gauge transformations, which involve supertranslations and
superrotations. These symmetries are associated with an
infinite number of conservation laws [4,5] and physical
observables at null infinity [6,7]. The recent formulation of
celestial conformal field theory (CFT) with underlying
BMS symmetry explores the dualities between four dimen-
sional gravitational theories in flat spacetime and certain
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codimension two conformal field theories (CFTs) defined
on the celestial sphere at null infinity [8]. It provides a
powerful framework to analyze the asymptotic symmetries
of spacetime [9,10]. In parallel to celestial holography, there
also exists another interesting formulation known as
Carrollian holography [11-13]. In this construction, gravi-
tational theories on 4D asymptotically flat spacetime has a
dual representation as 3D Carrollian CFTs residing at null
infinity. These Carrollian CFTs can be obtained from
standard relativistic CFTs by setting the speed of light to
zero and are associated with BMS symmetries.

Similar aspects however are not well explored in the
context of three space-time dimensions. Since in three
spacetime dimensions, any Fronsdal gauge field with
“spin” s > 1 has no dynamical degrees of freedom, thus
for a theory of gravity, we do not have bulk graviton and
hence no scattering phenomenon is possible. However,
there exist nontrivial boundary gravitons and one can
construct the dual field theory of asymptotically flat gravity
(or in the presence of a cosmological constant) utilizing a
gauge theory formulation, namely the Chern-Simons for-
mulation on a compact manifold [14—19]. In the Chern-
Simons formulation of gravity, by imposing suitable
boundary conditions, one can further obtain a Wess-
Zumino-Witten (WZW) theory at the boundary from the
bulk Chern-Simons theory with a (non) compact gauge
group [16,20-22]. For pure gravity in asymptotically flat
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spacetime, one has to choose ISO(2, 1) gauge group and
impose suitable boundary conditions at null infinity to
obtain the dual WZW model invariant under infinite
dimensional BMS symmetries [17,23,24]. This analysis
has further been extended to three dimensional asymptoti-
cally flat gravity theories in the presence of (extended)
supersymmetries in [25-32].

BMS algebra in three spacetime dimensions can be
deformed into a family of algebra called W(a, b) algebra
with two arbitrary real parameters a and b [33]. The
deformation is introduced in the commutator between
supertranslation and superrotation since it cannot be com-
puted from the Hochschild-Serre factorization theorem
known for deformations of finite dimensional algebras.
The parameter b in W(a, b) algebra can be interpreted as a
higher spin representation of Witt algebra and can be any
real number. a changes the periodicity of primary fields
and ranges between 0 and 1/2. For different values of ¢ and
b, we get different classes of algebras which may be
associated with completely different asymptotic sym-
metries in two or three spacetime dimensions. In particular,
W(0,-1),Ww(0,0), and W(0,1) algebras correspond
to bmg; algebra [34], (centerless) Virasoro-Kac-Moody
algebra [35] and bmsg, algebra [36]. Imposing different
boundary conditions on the fields may give different
asymptotic symmetries in a theory for an algebra with
the same values of parameters. For instance, while W(0, 0)
algebra can be obtained as an asymptotic symmetry algebra
of AdS; with Compere-Song-Strominger boundary con-
ditions [37], it can also be realized as near horizon
symmetry of BTZ black holes [38]. One can obtain
W(0, b) algebra as symmetries of Galilean field theories
[39,40]. If one further deforms the W(a, b) algebra and its
central extension for generic values of the parameters, one
gets back the same algebra with shifted parameters imply-
ing the rigidity of this algebra.

Although some classes of W(a, b) algebra are realized as
physical symmetries, our first goal is to put constraints on
the parameters a and b such that they admit a gauge theory
formulation. For this purpose, we find which class of
W(a, b) algebra contains a closed global subalgebra and
further admits a nondegenerate invariant bilinear or quad-
ratic Casimir for arbitrary a, b, thus allowing a Chern-
Simons formulation with the corresponding gauge group.
Interestingly, we ended up with a no-go result with only
W(0, —1) being the possible candidate. On the other hand,
if one wants to obtain the three dimensional asymptotically
flat Einstein gravity from the Chern-Simons theory it
inevitably requires a spin 2 generator. It is well known
that for a = 0,b = —1, we have a spin 2 supertranslation
generator and the asymptotic symmetries are BMS sym-
metries with appropriate boundary conditions imposed on
the Chern-Simons gauge field. Thus one can possibly
realize W(0,b) algebra with integer values of b as a
subalgebra of higher spin extension of W(0,—1) algebra.

Here we consider the next simple possible integer value of
b= -2,ie., W(0,—2) algebra and study its appearance in
the asymptotic symmetries for spin-3 generalization of
Einstein’s gravity theory.

Higher spin theory in four and higher dimensional curved
spacetime was introduced by Vasiliev as a way to avoid all
no-go theorems [41]. This theory is a higher spin extension
of general relativity in which, in a constant curvature
background, an infinite tower of massless higher spin fields
are coupled together in a consistent manner. Higher spin
theories in flat and AdS spacetime have connections to
various areas of physics, including string theory, conformal
field theory, and holography and are also expected to have
important implications in cosmology [42-50]. However,
three space time dimensions are special, since the Weyl
curvature vanishes for any gravitational background and is
simpler in technical aspects. This suggests that in three space
time dimensions, one can possibly avoid the no-go results
for minimal coupling and can truncate the theory with a
finite number of higher spin couplings [51-53]. Moreover in
three dimensions one can construct asymptotically flat
higher spin gravity theories from an Inonii-Wigner con-
traction of the Vasiliev’s theory in AdS space [54]. One does
not have to worry about the no-go theorems and higher spin
theories can be constructed just by generalizing the Chern-
Simons formulation of gravity [55-58].

Building on the above idea, in this paper we have
constructed a dual field theory for spin-3 generalizations
of pure Einstein’s gravity in the bulk. The dual theory lies
on the asymptotic null boundary of the bulk space time. We
have utilized the equivalence between the theory of flat
gravity, a Chern-Simons theory with ISO(2, 1) gauge group
and a chiral WZW model on the boundary of a three
dimensional flat spacetime to write the dual theory. We
have further gauged the WZW model and expressed it
using the reduced phase space formalism. The resultant
theory is a spin-3 generalization of a flat limit of the
Liouville theory. To our best knowledge, this is the first
ever result on the dual description of a three dimensional
higher spin generalization of Einstein’s gravity.

The paper is organized as follows. In Sec. II we analyze
constraints on the class of W(a, b) algebra which can admit
a gauge theory formulation. In Sec. III we revisit the Chern-
Simons formulation of three dimensional gravity and
construct the asymptotic charge algebra for flat space
spin-3 gravity. We find that the asymptotic charge algebra
contains W(0,—2) as a subalgebra. In addition, we also
verify the charge algebra with that of the Inonii-Wigner
contraction of two copies of AdS; spin-3 asymptotic charge
algebras, presented in [54] and find a perfect agreement.
Finally, we compare our results with that in the existing
literature [56]. Section IV contains the main result of the
paper, where we have presented the construction of the dual
theory of spin-3 extensions of Einstein’s gravity. The
resultant theory is a simple generalization of the flat limit
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of Liouville theory. We conclude with a discussion and
outlook in Sec. V. The Appendices contain relevant
computational details.

II. COMMENTS ON W(a,b) AS ASYMPTOTIC
SYMMETRY ALGEBRA OF 3D FLAT GRAVITY

Previous works [59,60] have studied deformations of
the bms; algebra, dubbed as W(a, b) algebra where the
deformation is encoded in the parameters a and b. The
W(a, b) algebra can be written out explicitly as follows

[anJn] = (m - n)‘]m-&-n»
[vaP ] = —(I’l +bm + a)Pm-&-n»
PP =0 1)

where J,, and P,, physically correspond to superrotation and
supertranslation generators respectively. The index of super-
rotations J,, can take only integer values while that of P,, can
be integer or half-integer. The first relation above in (2.1) is
the centerless Virasoro algebra which admits a closed
subalgebra consisting of J.,Jy. Further, if (2.1) admits
closure of finitely many supertranslation generators P,,, n =
Ny, ...,Ni,N; < Ny, then those along with J,J, will
form a global subalgebra. To explore the possibility, we
focus on the commutator [J,,, P,| for m = +1, 0.

(i) For m =0, we get, [Jy, P,] = —(n+ a)P,. Thus,
the action of J, on the supertranslation generator
keeps the index invariant.

(i) For m =1, we get, [J|,P,] =—(n+b+a)P,,,.
Thus at the level of the algebra, J; essentially
increases the index of the supertranslation by one.
Demanding the existence of a global subalgebra
implies, we must have [/, PNk] = 0 which leads us
to Ny =—a—>b.

(iii) Form = -1, we get, [J_{,P,] =—-(n—b+ a)P,_;
demonstrating that J_; reduces index of P, by one.
Thus, for n = N, we must have, Ny —b+a =0
implying Ny = —a + b.

Since by assumption, N; < N;, we must have b <0
and thus the so-called global subsector will consist of
2(|b| +2) elements—2|b| + 1 supertranslation labeled as
P_,ip.....,P_,_, and 3 superrotations J_;,Jy and J,;.
Thus, we see that existence of a global subalgebra of
W(a, b) algebra is subject to the deformation parameters
a and b being integer or half-integer while b must also be
strictly negative. As discussed in the introduction, presently
we are interested in the particular W(0, —2) deformation.
The algebra is given as,

[Lw Lﬂ] = (a - ﬁ)LaHJv
[La’ Vq] = (20! - Q>Va+q,
[Vp’ Vq] =0, (2.2)

This is an infinite dimensional algebra. The global sector
consisting of Ly, Ly, Vir, V41,V forms a close sub-
algebra. In the next section, we will explore the importance
of this algebra in the context of three dimensional asymp-
totically flat theories. Our root to understand this aspect
would be a three dimensional Chern-Simons formulation of
gravity theories.

A. Invariant bilinear for global sector
of W(a,b) algebra: A no-go theorem

The global sector of the W(a, b) algebra defined in (2.1)
can be realized as a symmetry group of a Chern-Simons
gauge theory provided it admits a nondegenerate quadratic
Casimir for the same. The presence of the nondegenerate
quadratic Casimir in turn dictates the existence of so-called
symmetric supertrace elements of the theory. These super-
trace elements are required while we express the standard
Chern-Simons action on the gauge manifold, by expanding
the Chern-Simons gauge field in terms of component fields
along the gauge group generators.

The most general ansatz for a possibly nondegenerate
Casimir can be written as,

—a—b —a—b
Z Za”JJ + D) BMVPyPy
r=—1s=-1 M=—a+b N=—a+b
—a—b +1
+ D> M Py, (2.3)
M=-a+b r=-1

where a and f are 3 x 3 and (2|b| + 1) x (2|b| + 1) square
matrices while y is (2| + 1) x 3 matrix. Note that y is
square matrix for bmg; case (@ = 0,b = —1). From now
on, for all our subsequent calculations, we will use small
Latin indices, i.e., r, s, p, g to denote the labels of the
global sector of superrotations composed of {J ., Jy} and
capital Latin indices K, L, M, N to denote the 2|b| + 1 a
number of global generalized supertranslation genera-
tors Py;.

Alternatively, one could have also written the Casimir as

ﬂMﬁN

M,s P
e-iee (2 2)C)
( M )<yr,N a’s Js

(e 1))

where the metric in the field space G must be non-
degenerate (nonvanishing determinant) in order for the
gravity theory to admit a Chern-Simons description. Our
goal is to determine the most generic form of the matrices
a, p and y such that the matrix G** has a nonzero
determinant.

By definition, since Casimir commutes with all gener-
ators, we must have

(2.4)
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C2J,]=[C*P]=0 V pe{-1,0,+1} and Le{-a+b,....—a—Db}. (2.5)
These relations boils down to the following,
+1 0 +1
Z Z a” [(S - p)']r‘,s+p + (}" - p)"r+p‘]s]
r=—1s=—
—a—b —a—b
+ > PN [(N +bp + a)Py Py, + (M +bp + a)Py. ,Py]
M=—a+b N=—a+b
—a=b  +1
+ > D M (r=p)Pyd iy + (M +bp +a)Py )] =0, (2.6)
M=—a+br=-1
and —a—-b  +1
S > ML+ br+a)PyPryy =0 (2.10)
1 41 M=—a+b r=-1

SN as{(L+br+a)P,. I+ (L+bs+a)l,P}
r=—1s=—
—a—b +1
+ Z ZVMr(L+br+a)PMPr+L =0.

M=—a+br=-1

(2.7)

Equation (2.6) dictates that a and f satisfy the following
conditions,

+1
Do @ +a)(s =PIy

r.s=—1

+1
+ Z a'’ (s — p)(S - r+p)‘]r+s+p =0 (28)

rs=—1

—a—b

ST (BN + YN + bp + a)Py Py, =0 (2.9)
M,N=—a+b

Since G, is symmetric, hence a will always be vanishing to
satisfy (2.8) while nonzero components of f can exist for
specific values of a and b. Considering the case of a = 0,
(2.9) for p = 0,41 implies that some components of j'
remains nonvanishing for integer values of b. Previously
we have realized that for a generic W(a, b) algebra, b has to
be negative for finding a well defined global subalgebra.
Hence for finding a nontrivial # matrix, we are restricted to
only the choice of b being a negative integer with vanishing
a. But since a is zero, having a nonvanishing f does not
imply the existence of a nondegenerate bilinear for the
corresponding algebra unless we have a nonvanishing y
matrix. In fact, since components of a are zero for any
W(a, D) algebra, G,; can still be nonsingular with (non)
vanishing f if some symmetric components of y exist. In
this context, one can find the nonvanishing y components
from (2.7) if the following relation holds:

1 . _ _ . .
Particularly =", ..., “,ﬂoo, where n is any integer, are
nonzero.

For a = 0, from (2.10) with L taking values between —b
to b one finds that y only exist for » = —1. Hence the
absence of nondegenerate G* for other values of b poses
obstruction in a gauge theory formulation with the gauge
symmetry algebra being the global W(a, b) where b # —1.
Thus we have established the following no-go theorem:

Other than W(0, —1), no other W(0, b) algebra admits a
closed global subalgebra with nondegenerate invariant
bilinears and hence cannot be used as a gauge group of a
three dimensional Chern-Simons theory.

However one can realize W(0, b) algebras with arbitrary
negative integer valued b even other than —1 as a
subalgebra of the bigger symmetry group of a gauge
theory. We discuss this possibility in the following sections.

III. W(0,b) ALGEBRA IN 3D ASYMPTOTICALLY
FLAT GRAVITY

In three dimensional asymptotically flat spacetime one
always requires a spin-2 generator along with the gener-
ators of Witt algebra to obtain Poincaré symmetry in the
bulk. Hence one can realize any W(0,b) algebra with
b < —1 as a higher spin generalization of W(0,—1) or
equivalently the bm3; algebra. Next, we will construct the
Chern-Simons action for spin-3 generalizations of iso(2, 1)
algebra following a basis change.

A. Chern-Simons formulation of 3D asymptotically
flat spin-3 gravity

In the Chern-Simons formulation of gravity, a 2 + 1
dimensional (super)gravity theory can be expressed in
terms of Chern-Simons action as:

Ics| Al =£A<A,dA+§A2>. (3.1)
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with an appropriate gauge symmetry group, suitable for
(super) gravity. Here the gauge field A is a Lie-algebra-
valued one form and (, ) represents metric in the field space
that one obtains from the supertrace elements on the Lie
algebra space. M is a three dimensional manifold and & is
the level for the Chern-Simons theory. For a theory of
gravity, it takes the value k = % where G is Newton’s
constant. We express A = A;T,dx* where T, are a
particular basis of the Lie-algebra associated with bulk
symmetries. The equation of motion for the gauge field A is
given as: F=dA+ AN A=0.

Conventionally, it is easiest to think of flat space-times as
the infinite radius limit of AdS spacetimes. In spirit, this
is precisely what the Inonii-Wigner contraction achieves,
in the context of the corresponding symmetry algebras.
Asymptotic symmetry algebra of three-dimensional AdS
gravity with spin-3 fields, [essentially given by two inde-
pendent copies of the s1(3, C), i.e., s/(3,C) ® s(3,C)] has
been studied earlier in [43] where each copy of s/(3,C) is
written as

[[’(l’ Eﬁ] = ((Z - ﬂ)EaJrﬁ’
[‘C(l’ Wq] = (2& - Q) W{z+q’

p Wl =3[P =a)(2p* +2¢° = pg =8)L)y. (32)
Here the Greek indices associated with the sI(2,C)
generators (a,f) €{-1,0,+1} while those associated
with the spin-3 fields are denoted by the Latin indices
(p,q) €{-2,-1,...,42} and ¢ is anonzero parameter, that
denotes the higher spin coupling. Performing a linear
transformation as

Ly=Ly—1L_, (3.3)
1 _

er = 7 (Ea + E—a)? (34)

U,=W,-W_, (3.5)
1 _

V=5 (W, +W_,) (3.6)

[the generators L, and V_V], are the ones associated to the
second copy of s/(3, C)] and subsequently taking the | — oo
limit leads us to

|

JasJb] = €aped . Vas P| = €apcP°,
[Javjbc] = €g(1,']c)m7 [Javpbc] = %,Pc)m,
Japs Jeal = 6(Mac€ayom + Nb(c€ayam) ™
[Pap, Pea] = 0,

[La, Vq = (2a-gq) VaJrq’
[Mm Uq = (2(1 - CI) V{l+q’
(o2
[Up Ugl =3 (p = @)(2P* +24* = pq =8)L 1y,
(o2
Uy Vi) =3(p - q)(2p* +2¢* = pqg—8)M,.,, (3.7)

which is the form used in the analysis of asymptotically flat
higher spin gravity theories [56]. We will call this algebra
fh3(3) (with fh8 denoting flat-space higher spin). Here, L,,
and V, form a subalgebra which is exactly the same as the
global sector of W(0, —2) algebra discussed in the previous
section. For the sake of brevity, we will be calling the above
basis as the s/(2,R) embedding of fh3(3) or fh3(3) ;) in
short. The nomenclature of this basis is obvious from the first
relation in (3.7) which is precisely the s/(2,R) algebra.
Interestingly, the above algebra (3.7) has a nondegenerate
invariant bilinear given as [56],

o

(Up V) ==3Kp  (38)

1
<Lav M/)’> = _Epa/)’»

where p,; = antidiagonal(1, —1, 1) andk,, = antidiagonal

2 9
(—4,1,— % , 1, —4). Further, this is the most generic possible
nondegenerate invariant bilinear possible for the given
algebra.

Although an asymptotic symmetry analysis was done
in [56] by imposing appropriate boundary conditions in
terms of an equivalent Chern-Simons theory describing the
higher spin gravity theory, the final gravity action seems to
take a complicated form when written in the first-order
formalism. There is in fact a different basis for fh3(3)
which can be written by embedding the so(2, 1) algebra,
i.e., (algebra of Lorentz group in 3 spacetime dimensions).
The advantage of working on this basis is that one can
manifestly see the conventional first-order gravity term
e“ A R, on writing the Chern-Simons action appropriately
in terms of vielbeins and spin connections. Explicitly, this
basis of fh3(3), i.e., fh3(3),,(1,) can be written as

[PavPb] :0’

[Pa"]bc] = €Z(bpc)m7 [Pwpbc] =0,

[Jabv Pcd] = G(Ua(ced)bm + nb(ced)am)va

(3.9)
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where the indices (a,b,c)€{0,1,2}. Again, the first
relation in the above basis makes the so(2, 1) subalgebra
manifest. The two-index operators J,;, and P, correspond
to higher spin generators. In the above, €y, = —€?12 = 1
while the indices a and b are raised/lowered with respect to
the metric 7, = diag(—1, +1, +1). Both operators J;, and
P,, are symmetric in its indices and follows the trace-
lessness conditions, 1.e.,

JO():J11+122 and P00:P11+P22. (310)

In this basis, one can express the Chern-Simons gauge field
as,

A=EP,+Q, +E"YP,, +Q%*],. (3.11)

Here (E¢, Q%) denotes the fields of the usual spin two
sector whereas (E“?, Q%) denotes the fields of the spin-3
sector. The supertrace elements of the generators are

given by
|

<Pa"]b> = Nab>» (312)

<Pabv ch> = _2Gnabncd'

The Chern-Simons action can be written in terms of the
so-called vielbeins E“, spin connections Q¢ and higher-spin
fields Eb, Qab as,

2
ICS :£A4<A,d.A+§.A2>

k 1
= [ZE“ (an + = €, QPO — 20€ahc.thQCd>
47[ M 2

(3.13)

(3.14)
- 4O'Eab(d9uh+€CdaQCde+€thQCQud):| . (315)

The above action describes the coupling of spin-3 field that
of gravity in asymptotically flat three space time dimen-
sions [43]. Here o denotes the coupling constant of the
higher spin interactions. The equations of motion following
from the above action are given by,

dE® + €°Q,E, — 46¢"°E,,Q.9 = 0,

1
dQ + 5 QP Q" ~ 206040 =0,

dE®b + €CdanEdb + €CdeCEda + €cdaeCde + €CdbEcha =0,

dQ® + ecdaQ b 4 ecdhQ Q¢ = 0. (3.16)
The two basis (3.7) and (3.9) are related by U_, 2 0 2 0 1 Joi
U_, 0 -1 0 -1 0 Joo

L,=UJ, and M, =USP, (3.17) Uy |=]10 0 0 0 1 Ji and

U, 0 -1 0 1 0 Jin
U,, -2 0 2 1 J
where Vo, 2 0 2 0 1\ /Py
V_, 0 -1 0 -10 Py,

-1 -1 0 Vo |=1 0 0 0 0 1 Py . (3.19)
UsLs=10 0 1 (3.18) Vi 0 -1 0 1 0 Py,
-1 1 0 Vi, -2 0 2 0 1 Py

In the above a€{—1,0,+1} label the row indices while
a€{0,1,2} label the column indices. The higher spin
generators U, and V, also have a nice structure since the
U, generators mix the J,, generators while the V,
generators mix exclusively between the P, generators.
The linear transformation connecting these two sets of
generators can be explicitly written as

In the following, we will revisit the construction of
charge algebra corresponding to the asymptotic sym-
metries associated with spin-3 gravity by imposing
suitable fall-off conditions on the Chern-Simons gauge
field. A similar analysis was carried on in [56]. We shall
comment on the results obtained toward the end of this
section.
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B. Construction of asymptotic charge algebra

The presence of boundary in a theory always enhances
the boundary symmetries. These enhanced symmetries at
the boundary are in general known as the asymptotic
symmetries of the corresponding theory. For three dimen-
sional asymptotically flat Einstein (super) gravity, one can
define a set of boundary conditions such that gives us
(super) BMS as the asymptotic symmetry group. In the
Chern-Simons formulation of (super)gravity in the (u, r, ¢)
coordinates first we do a partial gauge fixing by imposing
dyA, = 0 and then impose the boundary condition on the
gauge fields as,

A=b""a+d)b, b= &M (3.20)
Here the choice of b helps to factorize the r dependence and
a(u,¢) = ay(u, p)dep + a,(u, p)du is the boundary gauge
field implying the residual gauge freedom at the boundary.
Consideration of the asymptotic flat metric,
ds?> = Mdu? — 2dudr + Ndudg + r*dg>  (3.21)
dictates the boundary conditions fixing the components of
a accordingly. Thus for a spin-3 extended Finstein’s
gravity, we begin with,

1
a, =M, —ZM(u,qﬁ)M_] + Q(u, p)V_,

1 1
ap =L, _ZM(”’Qb)L—I _ZN(”’¢)M—I

+ Qu, p)U_5 + O(u, p)V 2, (3.22)
where O, O are fields associated with the higher spin
generators. Since they do not generate any spacetime
symmetries these fields are not involved in the metric
(3.21). All fields involved in (3.22) have to satisfy the
gauge equation of motion hence implying constraints on
these fields.

The asymptotic symmetries correspond to the set of
gauge transformations that preserves the equation of
motion and variation of the boundary gauge field. The
equation of motion and the gauge variation equation,
respectively are given by,

1
da +3 la,a] =0, da = dA + [a, A], (3.23)
|
TO - —0¢T1,
1 1
T!'=-037! ——
2797 4
£ =—0,¢",

where A is the most general gauge parameter,

A="T"L, +EM, +e’U, +nPV,  (3.24)

and Y", &', e, and 5P are arbitrary fields depending on
both u and ¢ where the index ne{-1,0,1} and
index pe{-2,-1,0,1,2}.

The equations of motion explicitly in terms of the fields

M, N, O, and Q takes the form,

0,M=0,0=0, 0,0=0,Q, ON=0,M. (3.25)

The above immediately suggests that M and Q are purely
functions of ¢. Choosing M and Q to be independent
functions, we can express the other two functions, namely
N and O in terms of the independent functions thus fixing
the explicit u dependence of the asymptotic metric (3.21).
To be more explicit, we can write,

N(u.¢) = L(¢) + udyM(gh).

O(u, ) = U(9) + udy Q). (3.26)

where L£(¢) and U(¢) are arbitrary smooth functions of ¢.

We now turn our attention to the gauge variation
equation [second equation of (3.23)]. As one would expect,
this gives us a large set of equations relating most of the
gauge field parameters—in fact, as we will see, we are
precisely left with four independent gauge parameters,
namely Y! &' €2, and #*. The variation of the field
component a, leads us to

9,Y"=0,  9,e" =0, (3.27)

along with other equations relating to various gauge
functions. The above immediately implies both the arbi-
trary gauge functions Y and e¢” must be functions of ¢
exclusively.

The variation of a, further leads to another set of
equations relating various gauge functions. As claimed
before, considering Y, &', €2, and 5 to be the independent
fields, the other gauge parameters can be expressed as

MTY! 4+ 860¢2,
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1 1 1
El= 50@51 - ZM§1 - Z,/\/T1 + 809n* + 860¢?,

el = —0,¢%,
1
€” 502 2 —f./\/le
= dpe Lo e+ 2 o
e——g €+—¢ €+— €
7
—ﬁa;‘ﬁe ——02./\/16 - 0¢Ma¢e ——M02€ + M2€2+QT1
n' ==y,
1 1 1
= 502 2 ——M?]2 ——NEZ,
1
n! :—ga3n2+ 0pMun? +— a(,,/\/e +5 M@m +5 ./\/0(/,62,
7 1
i’]_ 24 (33511 - ﬁazM 2 - —02N€ - —0¢/\/10¢17 6¢Na¢€2 - 8/\/1635172
- —J\fa{,,e2 + EMW —|—EMN€2 + ENMGZ + Q&' + o7 (3.28)
|
Furthermore, the above equations (obtained from gauge . . 5 5
variations of a,) can be used along with the equations E(u.)=T(p)+udy X ($). n°(u.9)=S($)+uoye*(e).
obtained from the g, variation to obtain (3.30)

0,&" = 9,Y", 0N’ = e (3.29)
We have already seen that out of the four independent gauge
parameters, Y, &', €? and 7%, Y' and € are exclusively
dependant on ¢b. The above equation fixes the u-dependence

of the other two functions &' and > as follows

SM = =203 4+ 9 M. T +2M.9, !

Finally, the gauge variation equations also provide us with
the variation of the independent functions M, L, U, and Q
appearing in the asymptotic form of the metric in terms of
the independent gauge parameters YT'(¢), €*(¢), T(¢) and
S(¢). These are given by

— 3200, Q.¢? — 4SGQO¢€2, (3.31)

L = =203T + 0pM.T + 2M.0,T + 04 LT +2£.0, T

— 3260¢Q.S - 4869.0¢S - 3266¢L{.62 — 4801/{.04,62

1
S 2—55 2__03 2 _
< 24 244 Me

1 1 3
U =038 — —PM.S —
U=24%5 =24 90M

1 1 3
+ g M0M.S +6M2.a¢s ——a3£ € ——62£ 04€* —

2
Te M08

(3.32)
8¢M € ——M 0

(3.33)
5 N
~ 1g MO8 — T M9

5
6¢£835€2

5 1
- ﬁc.a;ez + 66¢M.£.62 + 6M.0¢£.€2 + gM.E.@d,ez +0,QT

+3Q0,T + 9,UT" +3Ua, X"

(3.34)
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For a generic Chern-Simons theory, using the canonical
approach, the variation of the canonical generators that
corresponds to the asymptotic symmetries of this theory
can be found as [61,62],

60 = —;/(A,éA{/))d(ﬁ

. (3.35)

In our present case, using appropriate supertrace ele-
ments, the above expression of variation of the charge
reduces to,

5Q=—2£/ [%T15N+%§15M —}—20'625(94-261125@] dg
T

(3.36)

We need to integrate this relation to find the asymptotic
charge. For this purpose, the expressions must be expressed
in terms of independent gauge variation parameters, whose
variations are set to zero values at the boundary. Writing the
variation of the charge in terms of independent fields £, M,
U, Q and gauge parameters Y', T, €2, S. The variation of
the charge is given as,

k

2z

1 1
00 = / [g TIsL + gTéM + 20€*8U + 2655Q | d¢

(3.37)
We now easily find the expression of the charge under

some mild regularity assumptions of variations and it is
given as,

3 6
i{um’un} = |:(m - n)(2m2 + 2n* —mn — 8)£m+n + 97
o Cum
3
Up V) =~
Uy V) =
+ S m(m? = 1)(m® = 4500 |.

where c¢;; = 12k and we have defined the Fourier modes as,

k [t 1
Q_——/ “YIL 4 —TM + 262U + 265Q| dép.
o) |8 8

(3.38)
A further rescaling of fields, as suggested in [56,57] is

useful in bringing the above charge into a more suitable
form. It is given as,

=X m=fam a-fu a-fo
4z 4r r T
€? =576¢*; §=1576S (3.39)

Using the above scaling, the final expression of the
asymptotic charge can be achieved and is given as,

_ 17 C O 27y, 0 TR
0= / {T £+TM+144€ Z/1+144SQ d¢ (3.40)

The asymptotic symmetry algebra can be found using
asymptotic charge and its variation. Precisely, the Poisson
brackets among various modes of the fields can be found
using the formula,

{0[M]. O]}y = 6, 0l] (3.41)

We have the expression of the charge in terms of
independent fields and parameters and using the above
formula (3.41) and the variation of different fields (3.31),
one can now write the full asymptotic algebra. It is
important to note that, while using the field variations,
we have split the quadratic terms involving different fields
in explicit symmetric combinations. The reason for the
same will be clarified in the next subsection. The complete
asymptotic algebra for a gravity theory coupled to spin-3 is
given as,

(m=n)> (MysnepLy + Loin_pM,)

P
[(m )4 20— mn— M+ ?—6 (m — n)Z/\/lm+n_pMp
M P

(3.42)
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1 . -
. ~imgp _
g 2 Lne ()

1 ,
=3 M, e,
2p "

1 .
= — —imd
o Em Ve .
(3.43)

In the above, we have made a shift in the zero mode
My = M, + 3% to make sure to get the centerless global
algebra as sub algebra of asymptotic algebra for {£,,, M,, }
where m = 0,+1 and {U,,,V,,} where m =0,+1,+2.
Thus we have identified the asymptotic symmetry algebra
of spin-3 extended gravity theory, for an arbitrary value of
the spin-3 coupling parameter o. This is one of the results of
this paper. In the next section, we derive the same algebra
by using Indnii-Wigner Contraction of two copies of spin-3
extended asymptotic AdS algebra.
|

i{jpvjq}: (p_Q)\ijrq+i

12
i{jp’ Wq} = (217 - Q>Wp+q

p(pz - 1)5p+q.0

C. Alternate way of deriving the algebra:
Inonii-Wigner contraction

The Innonii-Wigner contraction is a group contraction act
on a Lie algebra to get a different Lie algebra which is, in
general, nonisomorphic to the previous Lie algebra with
respect to a continuous subgroup of it. The contraction
(limiting) operation on a parameter of the Lie algebra under
suitable conditions alters the structure constants of the
corresponding Lie algebra in a nontrivial singular way. The
same idea of Inonii-Wigner contraction has been used to get
the desired asymptotic algebra for the flat (super)gravity
theories from the asymptotic algebra of the corresponding
AdS case by taking a suitable limit [56,57]. In the present case,
one can also derive the charge algebra (3.42) from a suitable
combination of two copies of asymptotic higher spin charge
algebra of AdS spacetime by considering the AdS radius
[ — oo limit. One can start with two copies of W5 algebra [43]

. c 96 c
Wy Wyt = =3 {(p -q)(2p* +2¢* — pg —8)T piy + —~(P=a)Apig+ Ep(p2 - 1)(p* - 4)5p+q,o}

i{jpvjq}: (p_Q)ijrq"'l_Cz

i{jpv V_Vq} = (2]7 - Q>Wp+q

p(pZ - 1)617+q,0

96 _ ¢
WV, W, } = -3 {(p q)(2p* +2¢* — pg—8)T piy + = (P=a)Apy +ﬁp(p2 - 1)(p* - 4)5p+q,0:| ,

where, A, =3, c7 T piqT - Ay

_ 7 7 _ = 3l
—qusz+qj_q and ¢ = ¢ = 5.

The algebra for the flat case can be obtained by introducing the singular map between the generators of the two copies of

AdS algebras and the generators of the flat algebra. The relationship between generators of AdS algebra {7,

T Wi W}

and the generators of flat algebra {L,, M,,,U,,V,} is given as,

jn+s7—n

C —j j—n’M l )

W}'[ + )/_V—}'l

un:Wn_V_V—n’Vn: /

(3.44)

With the above mapping among generators, we can write the flat algebra in terms of generators {£,, M,,,U,,V,}. The
nonzero commutators of the algebra in the form of Poisson bracket can be written as,

i{'cm’cn} = (m - n)£m+n
l{£m9 Mn} (m ) m+n +%m(m2 - 1)6m+n,0
l{‘cm ’ un} (Zm ) m-+n
i{‘cm’vn} (Zm ) m+n
i{Mmaun} (Zm m+n
96
U, .u,} = E{ )(2m? +2n* —mn — 8)£m+n+—(m—n)2(/\/lm+n_p£p+£m+,,_p/\/lp)}
3 Cym A
. o 96 Cym 2 2
U, vV,} =—-= )(2m? +2n? —mn—8)Mm+n+—(m—n)ZMm+n_,,M,,+—m(m —1)(m*=4)8,1n0]>
3 Cyuy X 12 :

(3.45)
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where finally we have taken flat limit / - co. We have
further identified ¢;, = C—f = 27‘ = % The Poisson brack-
ets exactly match with the ones obtained in (3.42).
The point to note is that the Inonii-Wigner contraction
of the two copies of the spin-3 AdS algebras clearly
justifies the symmetrization of nonidentical fields in the
gauge variation that we had performed in the last sub-
section. In other words, while reviewing the asymptotic
symmetry algebra of higher spin-3 fields coupled to
gravity in terms of that of the asymptotically AdS theory,
in the large [ limit the fields appear in a particular
symmetric combination. Further one can obtain the most
generic possible quantum extension of the above Poisson
bracket relations by allowing the central term in [L,,, £,]
and [um,un} commutator as presented in [56,57]. Note
that the level of the corresponding Chern-Simon actions is
related as k; = k.L.

IV. THE DUAL FIELD THEORY

In the last section, we obtained the asymptotic symmetry
algebra for three dimensional asymptotically flat gravity
with a spin-3 generalization. Now our main objective is to
construct a two dimensional theory at the boundary which is
dual to our higher spin gravity theory in the bulk. The field
theory is expected to govern the residual gauge degrees of
freedom of the bulk. This is where the Chern-Simons
formulation of (2 + 1) dimensional gravity plays a crucial
role. Itis well known that Chern-Simons theory defined on a
manifold with boundaries is equivalent to a WZW theory
with appropriate boundary conditions. Although WZW
theory has a three dimensional piece, its dynamics are
effectively two dimensional and are restricted to the boun-
dary of the original CS theory. This can be better understood
by further reducing the WZW theory to a Liouville type
theory defined exclusively at the 2D boundary.

Since the effect of boundary is crucial in this
correspondence between different theories, let us discuss
it in a bit more detail. For this, we will split the CS gauge
field into two parts A = duA, + A where A,, is the timelike
component and A is the spatial part of the field. Then we
can rewrite the CS action in Hamiltonian form (See
Appendix B of [28] for details of the derivation) as,

Iy1A] —k/<A,dWK> F 2 duAy dA+AY),  (41)

where the derivatives are also split into the temporal and the
spatial parts. Now from this form of the action, it becomes
clear that the variation of the action is not well defined for a
generic boundary condition. In fact, the variation of the
action yields an extra boundary term of the form
—2k [ dud(A,,5A). This can be further simplified in our
case since the spatial directions are {r,¢} and ¢ is a
compact direction. Hence, the only surviving boundary
term is in (u, ¢) surface.

Since CS theory is a topological field theory, it is locally
trivial. This is also clear from the fact that the equation of
motion says that the field strength vanishes at every point.
Hence, locally, the solution for the gauge connection can be
written as

Ai — G_laiG (42)
where G is an element of the gauge group. We further
impose gauge choice to write

G(u.r.¢) = g(u. p)h(u.r).

Then following our argument an improved CS action along
with the proper boundary term takes the form:

Icslgl= —klM d*xeTr(g7'0,997'0,9)
k
+§/ d3xe’“’pTr(G_16”GG_10DGG_16/,G)—l—Ibdy
M

(4.3)

which is the chiral Wess-Zumino-Witten action. The
variation of this action is two dimensional which already
manifests the 2D nature of our dual holographic theory. We
can further reduce this chiral WZW action to a Liouville
type theory. As we will show, doing so requires us to use
the full set of boundary conditions on A that we obtained
from the gravitational context. In the following, our main
objective would be to identify such a theory for the higher
spin-3 gravity case.

A. Construction of the action
of the dual field theory

Starting from (4.3), the Wess-Zumino-Witten action with
the coordinate choice of (u, ¢, r) for the bulk space time,
can be expressed as,2

Icslgl =k / dudg(0,99~'0,997")
oM
k
+§/ (GT'dG A G™'dG A G™VdG) + Iy  (4.4)
M

In the above action, g is the dynamical field living on the
boundary spanned by (u,¢) coordinates and G is its
pullback to the bulk manifold. We rewrite the above action
(4.4) by using the Polyakov-Wiegmann identity [63].?
This identity allows to rewrite the three-dimensional
integral part of (4.4) as a two dimensional integral. By
choosing a splitting g = g;9,93, we express the action
(4.4) as,

*We have briefly outlined the construction of the dual WZW
theory for three dimensional pure asymptotically flat Einstein
gravity theory in Appendix B.

*Look at the Appendix A for relevant details.
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Ies(9) = H(gy) + 1(g2) + 1(g5) + 2k A | dudfTe(7'04910,9:65")

+ 2k AM duddTr(g5"'05920,9395") + 2k AM duddTr(g7'0491920,9395' 95") + Toay

where,

I(g) = k / dud(0y9,979ugig™ )i = 12,3 (4.6)
oM

To reduce this action further we use Gauss decomposi-
tion for the field g. For performing the Gauss decom-
position4 of fields, we need to expand the fields into the
Chevalley-Serre basis of the corresponding gauge group. In
the present case, the gauge group is fh3(3) as given in (3.7).
Then we can do the decomposition as,

eXLi+ WM +PU,+QU,+RV +SV,

g1 =
gy = ePLottMotnUo+£Vo
g3 = YL HVM+EUL+FU+CV 14DV (4.7)

where {L;,M;}(i =0,%1) and {U,;,V;}(i =0,£1,£2)
are the generators of fh38(3) (3.7). Note that X, W, P, Q,
R,S,®,(,n &Y, V,E, F,C,D in (4.7) are boundary fields
and thus are functions of u, ¢ coordinates only. Using an
|

(4.5)

|

appropriate matrix representation5 of the generators where
the matrices are upper triangular, diagonal and lower
triangular matrices, we plug in (4.7) in the action (4.5)
and find all the terms. While 1(g,),1(g,), I(g3) have very
simple expressions,

I(g1) =0 (4.8)

11 .
() =k A | dudg <Zd>'c+zg'q>+§§'f;+§n’5> (4.9)

1(g3) =0 (4.10)

the other terms of (4.5) becomes,
Tr(97'04910.9295") = 0 (4.11)
Tr(95'04920.9395") = 0 (4.12)

1
Tr(g7'0491920.9395' 65 ") :50'62“1’ {(VX+WY+2XY)P' +2(V-2Y,)Q'+ XYR -2YS — PYW

—(PV+RY=2PY)X'}E+ {2(R+2P)X' —2(W+2X{)P' +8,Q' —2XR' +48' +2PW' } F
+(XYP' = PYX')C-2YQ'E+ (2PX' —2XP'—4Q")D + (EPX'—EXP' +2EQ")V
+{(CP+ER+2EP{)X'—(EW+CX)P'=2EX{P'+ EPW' +2(C+2E()Q' } Y]

+3c0sh(2vn)e® [{ VoW + (1oL ~208) X'~ (0P +258) P'~oR'}

+(VoX!~0P') C = (20EP' +- W+ X')¥] 4+ sinh (2y/an) ® [ (v/aP ~X')

+V/o(CP +R +2EX')Y]

(4.13)

Putting together all the pieces, the full action (4.5) can be expressed as,

1. 1. .
Ics = k/ dudep {Z ¢+ Zg“’cb + gg’fy + gn’é +0e®® [{(VX + WY +2XY)P'
oM

+2(V-2Y8)Q' + XYR' —2YS' — PYW' = (PV + RY = 2PY{)X'}E
+ {2(R +2P8)X' = 2(W + 2X{)P' + 80Q' — 2XR' + 4S' + 2PW' } F
+ (XYP' = PYX')C - 2YQ'E + (2PX' — 2XP' — 4Q")D + (EPX' — EXP' + 2EQ")V
+ {(CP + ER + 2EP{)X' — (EW + CX)P' —2EX{P' + EPW' +2(C + 2E() Q' } Y]

4Important aspects of Gauss decomposition are discussed in [64].

Look at Appendix C.
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+ cosh(2+/on)e®
+ sinh(2/o7) €®

[{VoW' + (Vol —208) X' —

[(VoP' = X')V +\/6(EP + R +2EX") Y] | 4 Lpay

(6CP' +20%)P' — 6R'}E + (VoX' —6P')C — (26EP" + W' +(X')Y |

(4.14)

The above action contains all the fields that appeared in the Gauss decomposition of the gauge field. This is certainly an
overestimation, as to get the boundary theory that sees (3.42) as its symmetry, we further need to use the constraints on
various fields coming from the appropriate boundary condition (3.22). Plugging the Gauss decomposition (4.7) in A4 and
imposing the boundary conditions (3.22) one can actually understand that the fields introduced above are not all
independent, rather they depend on each other at the boundary. The boundary condition imposes the following constraints
on the fields,

1
Q' = (XP' - PX)).
V6e®P' = —sinh(2+/on), e®X’ = cosh(2+/on)
’7/ ¢/ 5/ C/ l 1
E:——, Y:——’ C___, Y -2 F = /q)/ o
3 2 3 2 g1 T

V6e®R' = sinh(2+/on)¢{ — 2+/0 cosh(2y/on)¢&,
e®W' = —cosh(2v/on){ + 2+/o sinh(2+/on)é

S' =~ (WP +XR' — PW - RX'),

m|~

1 1
D:—” &+ — & 4.15
gSm +ef +5¢ (4.15)
Thus we see that we have 12 constraint relations among 16 fields and hence there will be only 4 independent degrees of
freedom @, £, i, & for the boundary field theory. These independent fields are related to the four independent components

M, N, Q, O of the asymptotic Chern-Simons field, which can also be realized from the boundary conditions as follows,

4o

M :?( /)2 + ((I)/)2+2CI)//
8o
N_ 3 ’75/_'_24«/(1)/4_24‘//
2, ,5 1, 1 1 1
— _ q)/ 2 _q)/ " . /q)//
g W) (@) g @ @
_ 56( )26, C/n/¢/+l€/(q)/)2+ 7’IIC”+_C/7]”+lq),'§”+i§,q)”+iém (4 16)
8 4 24 24 12 '

variation of the action. For a 3D Chern-Simons action the
well defined variation of boundary term is,

Plugging all the expressions from (4.15) and (4.16), The
dual action in (4.14) can finally be written in terms of the
independent fields @, {, 7, & as,

Ies = k/ dudgb[

+ Lpqy

1 6Ibdy:—4k/ dudpdr(0,(A,0A,)—0,4(A,0A,)) (4.18)
Vet Cb+ T8+ T4 "

(4.17) Boundary coordinate ¢ is cyclic in nature and we will get

no contribution from the term involving a total derivative

with respect to ¢. Thus (4.18) reduces to,
Here we have expressed the action in terms of the

independent fields up to the boundary term. The boundary

term depends on the particular boundary condition (3.22)
imposed on the components of the gauge field. The generic
form of the boundary term, in terms of the gauge field
components, can be found by demanding a well defined

Slngy = —4k /M dudpdr(9,(A,54,))  (4.19)

After radial integration, we can express the boundary term
as follows,
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Inay = 2k A | dudp(a,Ay) (4.20)

To evaluate this boundary term explicitly in terms of
independent boundary fields we have to use (3.22) and
the information of the supertrace elements. Using these, the
boundary term takes the form given as,

Ibdy = 2k AM dud(b <%>

We can further rewrite the boundary action in terms of
the independent fields of the 2D dual field theory using
(4.16) as,

(4.21)

1 1

Toay = =2k A » dudg [g () + 7 (@)? +§c1>”} . (422)

With the above boundary action in (4.17), we get the
following reduced dual action,

1. .. 1_,. o c .
e — Y 0D 2 E o
s =k [ dudp G0 b+ Sen e

38 = F P 5@ -0

1. 20 1
-— . 4.23
X ] (4.23)

The compact nature of angular direction ¢ will help us to
manipulate some terms. After simplification, we can write
the final form of the reduced action as,

Ics = k / dudg B o' — ! ()2 + 2—071’5 - % (,7/)2] :
oM

2 3
(4.24)

Equation (4.24) is the main result of this paper. This is
the action that describes the dynamics of a spin-3 field
coupled to three dimensional pure gravity theory. Here 7, &
carries the signatures of the higher dimensional higher spin
fields and o is the higher spin coupling. To the best
of our knowledge, this is the first ever attempt in the
literature to write an action describing the dynamics of
asymptotically flat higher spin gravity theory in three space
time dimensions. We easily note that the canonical con-
jugate momentas of the above fields can be written as,

k 20 20
pe=y%  p=kge pe=kpl

(4.25)

_ N
p®_2§’

These canonical conjugate momenta of the fields are
used to find the symmetry transformation of the fields. A
Hamiltonian formalism can further be used to find the
variation of the different fields and that can be computed
from their Poisson brackets with the global charge. These

variations of fields will help us to get the transformations of
various fields that further lead to the symmetries of the
reduced action of the theory. This gives us the opportunity
to cross-check the asymptotic algebra (3.42) directly. While
the prescription is straightforward, the actual computation
requires solving the equations of motions for each field and
is technically challenging. It would be nice to address this
question in alternative ways and we hope to report on itin a
future work.

V. DISCUSSION AND OUTLOOK

The asymptotic symmetry algebra of asymptotically flat
3D spacetimes, bm3; admits generic deformations known
as W(a, b) algebra. In this paper, we have established a no-
go theorem, that for a generic value of the parameter b other
than —1, W(0, b) algebras cannot be used as a gauge group
for a three dimensional Chern-Simons theory, since they do
not admit a nondegenerate invariant bilinears. Next, we
studied the possible emergence of W(a, b) algebras as the
asymptotic symmetry algebra (or at least a subalgebra of an
asymptotic algebra) of a gravity theories in 3D flat space-
times. In particular, a key observation of our work is that
W(0, —2) algebra can be thought of as a subalgebra of the
asymptotic symmetry algebra of asymptotically flat spin-3
gravity. Specifically, the generators L, and V, form the
W(0,—2) subalgebra. Having thus identified a connection
between deformations of bmg; and symmetry algebra of
asymptotically flat higher spin theories for a particular case
(of a = 0 and b = —2), it is natural to ask if generalization
of such connection exists for generic values of a, b and
arbitrary higher spin. We hope to report on this issue in
future works.

As a natural subsequent step, we considered spin-3
gravity theory in the bulk and use the Chern-Simons
formulation of (24 1)D gravity to study its asymptotic
symmetries with suitable boundary conditions imposed on
all fields. Alternatively, we also derive the algebra as an
Inonii-Wigner contraction of the asymptotic symmetry
algebra for spin-3 gravity in AdS;. In a sense the Inonii-
Wigner contraction is tantamount to taking the large radius
limit of AdS. Our results of the charge algebra are in
agreement with the existing one of the literature [56].
Through this computation, the appearance of symmetric
combinations of boundary fields in the gauge variations
becomes evident and finds its root in the corresponding
Inonii-Wigner contraction prescription.

The central result of this paper is to obtain the explicit
action of the corresponding 2D dual theory for this bulk
higher spin extended gravity theory. The prime tool used
in deriving the 2D theory is the equivalence between the
Chern-Simons theory and Wess-Zumino-Witten theory. In
deriving the explicit form of the action we have used three
ingredients: (i) Polyakov-Wiegmann identity which gives
us a decomposition of the Chern-Simons action as the
sum of three independent Chern-Simons theories along
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with quartic and sextic interaction terms. (ii) Gaussian
decomposition of gauge group elements played a crucial
role in the derivation of the simplified 2D action. It is in
fact this decomposition that motivates the particular
Polyakov-Wiegmann decomposition performed in the
previous section. (iii) Finally, the boundary conditions
on the chemical potentials in the Chern-Simons theory is
used, which goes into defining the independent degrees of
freedoms of the dual two dimensional theory. Eventually,
the chiral WZW theory, is reduced to a flat limit of an
extended Liouville theory, where the fields 7, £ carry the
signatures of the higher dimensional higher spin fields.
This gives rise to a relatively simple looking 2D theory
(4.24), that describes the dynamics of the three
dimensional asymptotically flat gravity theory coupled
to spin-3 fields. A careful symmetry analysis of this theory
is bounded to reproduce the asymptotically flat spin-3
algebra although we relegate that analysis to future works.
It is noteworthy to mention that one might attempt to
compute the exact (resummed) S-matrix element of the
higher spin Liouville theory obtained in this work using
integrability techniques developed recently in [65,66].
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APPENDIX A: POLYAKOV-WIEGMANN
IDENTITY

In this appendix, we present the Polyakov-Wiegmann
identity in a covariant form. Our starting point is the
following action:

k N
I(9) =5 A d*o/=pp"Tr(g~'0;99719;9)
k .
+3 /V d*oe'*Tr(G™19,GG™10;GG™'9,G), (Al)

where g is a group element of the gauge group associated
with the above action, X is the 2-dimensional manifold, V is
the 3-dimensional bulk extension of X (i.e., 0V = X) and G
is the extension of ¢ in the 3-dimensional bulk. We also

assume that the coordinates of the 2-dimensional manifold
2 are both compact. Consider the following decomposition
of g, namely

g=f-h

Correspondingly, let F and H be the extensions of f and &
in the 3-dimensional bulk manifold V. Plugging (A2) in the
first term of (Al),

(A2)

Tr(g7'0,997'0,9) =Tr(f~'0,ff~'0,f) + Tr(h™" 0;hh™" 0;h)
+2Tr(f 10, f0;hh™"). (A3)

In writing the above, we have also used the cyclicity of
traces. Now, plugging in

G=F H (A4)

in the bulk term of (Al), we can again use cyclicity of
traces to get
€% Tr(G™'0,GG™19,GG™'9,G)
= ¢V Tr(F~'0,FF~'0,FF ' 0,F)
+ e*Tr(H™'0,HH"'0;HH ' 0, H)
+ 3k Tr(0,HH ' F~' 0, FF~' 0, F)

+ 3¢UXTr(0,HH™'0,HH ' F~' 0, F) (AS)

Focussing on the last two terms, note that

€/XTr(0;HH™ ' F~'0,FF~\0,F 4+ 0,;HH™'0;HH ' F~' 0, F)
= —0,(e 0;HH ' F~10,F), (A6)

implying that they are precisely boundary pieces. Thus,
eventually, we have

19) = 1) + 100) + & [ ay/=apTe(r1 030,007
-k /V d*oTr(0;(e*F~'o,Fo,HH™"))

=I(f)+1(h)+ kL d*o\/=pp"Tr(f~'0;f0;hh™")

iy /Z o/ PN Tr(f~10, fohh) (A7)

The components of p in light-cone coordinate are

pTT=p " =2 and p*t = p~~ = 0. Similarly for ¢, the

components are et~ =2, et = 2and et = =0.p
and ¢ are the determinants of the p;; and ¢;;.

1(g) = I1(f) + I(h) + 2k L xTr(f~'o_fo,hh™") (A8)
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Now, further decomposing f in (A7) as

and their bulk extensions as

we get,

1(g) = 1(p) +1(f1)+1(h)+k/dzﬁﬁﬂijTr(P_laipajqq_l) +k/d30Tr(aj(8ijkP_1akPaiQQ_l))
s v

+k/dzcr\/—_ppi/Tr(q_lp‘ldl-(pq)djhh_l)+k/d36Tr(0j(eiij‘lP_l()k(PQ)diHH_l)) (A11)
p> v

= 1(9) =1(p) +1(q) +1(h) + k L d*o\/=pp"Tr(p~'0;pd;qq™")
+k L d*o\/=pp"Tt(q~'0;q0;hh™") + k L d*o/=pp"Tr(p~'0;pqo;hh~"q™")
—I—k/zcﬂaﬁeijTr(p‘ldjp()iqq‘l) —I—k/zdzaﬁeifTr(q‘lajqdihh‘l)
—l—k/}:dQG\/:ﬁeijTr(p‘laqud,-hh‘lq‘l) (A12)

= I(g) = I(p) + 1(q) + I(h) + 2k/

d*xTr(p~'o_pd.qq™") + Zk/ d*xTr(qg~'0_qo, hh™")
s s

+ 2kjE d*xTr(p~'o_pgo . hh~'q™") (A13)
The final form of Polyakov-Wiegmann identity is given as,
I(g)=1(p)+1(q) +1(h)+ 2k/>: dud¢Tr(p~'0ypo,qq™") + 2k/>: dud¢Tr(q~'0,q0,hh™")
+ 2k/>: dudgTr(p~'dypqd,hh~"'q") (A14)
We have used the above form of the identity for the computations of the dual gravity action.

APPENDIX B: DUAL ACTION FOR PURE GRAVITY

In this appendix, we have rederived the dual Wess-Zumino-Witten action for three dimensional pure asymptotically flat
Einstein gravity theory. We have used the Polyakov-Wiegmann identity for the derivation. The Wess-Zumino-Witten action
which is equivalent to Chern-Simons action in (u, ¢, r) coordinate can be given as,

k
Icslg) = k/a/\/t dud(0,997"0,997") + §/M<G_1dG A GG A GTHG) + Ly (B1)
We can decompose element g into three parts, i.e., g = g;.¢».g3 and using the Polyakov-Wiegmann identity. We can write
the action as,

Ies(9) = 1(g1) + 1(g2) + 1(g5) + 2 A | dudpTe(g7 0,910,9:55")

+ 2k [)M duquTr(gglaq;gzau%ggl) + 2k AM d”d¢Tr(g1_1a¢91920u9393_1951) + Loay (B2)
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For bmg; case, g;, ¢», g3 can be expressed as an
exponential sum of the generators of the Poincare algebra
[iso(2, 1)] with a field coefficient can be given as,

g) = eXLitWM,
92 — e¢LO+§MO
g = eYLa+VM_, (B3)

where {L;, M;}(i =0,%1) are the generators of the
iso(2, 1) algebra and X, W, ®,{, Y,V is the corresponding
fields. The iso(2, 1) algebra can be given as,

[Lm’ Ln] = (m - n)Lm-HI

[Llen] = (m - n)Mm+n (B4)

explicit matrix representation of this iso(2, 1) algebra in
three dimensions can be written as follows,

00 0 -2 0
L=|100]| L,= o -2,
0 1 0 0 0

1 0 0
Ly=|0 0 0 (BS)
00 -1

2

and we have defined M; = eL,;(i = 0, +1) where ¢ = 0.

The nondegenarate supertrace element of the generators of

iso(2, 1) is given as, (L, M,) = antidiag(—1,5.—1).
Using the above relation, we can show that,

1 . 1. 1 o1 .1 .
ICS = k/ dud¢ |:Z®/§+Z§/q) + 2(——€®X/V ——EQ)W,Y —§€®§X/Y>:| + Ibdy
M

k . . R
= / dudg [2(e<1>va + W 4 PN )~ S (P C’@)] + Loy
M

This result exactly matches with the result of [67] up to an overall factor.

APPENDIX C: MATRIX REPRESENTATION OF {§3(3) ALGEBRA

An explicit 3 x 3 matrix representation of the generators, that we have used in this paper is chosen as follows,

0O 0 O 0O -2 0
Li=|1o0oo0l|l, r,=|l0 0o -
01 0 0 0 0
1 0 O
U():%ﬁ,— 0 =2 0|, U=V
0 0 1
0 0 O
Uy=2v=sl0 0 0|, U,=2/=0
1 0 0

I(g1) =0 (B6)
1. 1.
I(g) =k dudp|-D'¢+-{'D (B7)
M 4 4
I(gs) =0 (BS)
Tr(gf'6¢g10ugzggl) =0 (B9)
Tr(g;'04920u9395") = 0 (B10)
Tr(g7'0491920.9:95' 92 ")
1 | | .
= ——e2X'V ——e®W'Y ——e®X'Y Bl1
5¢ 1% 5¢ w 5¢ ¢ (B11)
So the action can be written as,
2
(B12)
1 0 O
Lo=10 0 0 |,
0 0 -1
0 0 0 -2 0
0o 0/, U, ,=+-| 0 0 2],
-1 0 0O 0 O
0 4
0 0], (C1)
0 0

and defined M; =eL;(i =0,+1) and V; = eU,(i = 0,%1,+2) where ¢* =0. (L,,. M,) = antidiag(—%.,%,—7%) and
%7_%5

(U, V,) = antidiag(26, -5,

20), where o is a constant.
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