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This paper continues the investigation initiated in Cho et al. [Quantum capacity and vacuum
compressibility of spacetime: Thermal fields, Universe 8, 291 (2022)] into the quantum thermodynamic
properties of space by deriving the vacuum compressibility of a variety of dynamical spacetimes containing
massive and massless conformally coupled quantum fields. The quantum processes studied here include
particle creation, Casimir effect, and the trace anomaly. The spaces include S2, S3, and T3 with prescribed
time evolution and S1, where the temporal development is backreaction determined. Vacuum compressibility
belongs to the same group of quantum thermodynamic/mechanical response functions as vacuum viscosity, a
concept first proposed in 1970 by Zel’dovich [Particle production in cosmology, Pis’ma Zh. Eksp. Teor. Fiz.
12, 443 (1970)] for capturing the effects of vacuum particle production on the dynamics of the early Universe,
made precise by the rigorous work of many authors in the following decade using quantum field theory in
curved spacetime methodologies and semiclassical gravity theory for treating backreaction effects. Various
subtleties in understanding the behavior of the vacuum energies of quantum field origins, negative pressures
and novel complicated features of dynamical compressibility are discussed.
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I. INTRODUCTION

The title contains four key words in three areas of
research; vacuum refers to the ground state of a quantum
field, space conjures (general) relativity, and compress-
ibility brings up the (nonequilibrium) thermodynamics of
matter [1]. The first two elements make up quantum
field theory (QFT) in curved spacetime (CST), a well-
established field since the 1970s [2,3], the Hawking effect
[4] being a well-known example. Quantum compressibility
refers to the compressibility of space filled with a quantum
field at zero or finite temperature. This bears on the
emergent field of quantum thermodynamics (QTD) empha-
sizing how considerations of the quantum properties of
matter entice us to extend, even revise, our understanding of
classical thermodynamics and explore new laws at low
temperature for small objects. Studies on the mechanical
response to quantum fields, in particular, electromagnetic
and gravitational radiation, and the reverse process of how
quantum fields respond to mechanical actions, make up an
equally exciting field of quantum optomechanics (QOM),

and LIGO/VIRGO/KAGRA based on interferometry are its
signature highlights.
Can one apply quantum thermodynamic concepts to

understand the fundamental properties of spacetime with
the help of quantum field theory in curved spacetimes, in
more general terms than the much studied and better
understood black hole thermodynamics [5–8] in the class
of spacetimes with event horizons? This was what moti-
vated Cho et al. [9] to investigate into the quantum
thermodynamic properties of spacetimes by deriving the
quantum heat capacity and vacuum compressibility of a
variety of (static) spacetimes containing a quantum field at
zero or finite temperatures. This paper continues that line of
pursuit extending it to dynamical conditions.

A. Quantum thermodynamics of dynamical spacetimes

Spacetime thermodynamics [10–13] is a derivative and
extension of black hole thermodynamics, also related to
the view that gravity is of the nature of thermodynamics
[10,14–16] or hydrodynamics [17–21], and should be
treated on the same footing as the collective excitations
of (spacetime) atoms as in condensed matter physics
[22–25]. These are examples of emergent gravity, a
fundamentally different vein from quantum gravity. (For
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a sample of discourses on conceptual issues of emergent
gravity, see, e.g., [23,26–29]). In this broader perspective,
considerations of spacetime thermodynamics need not be
limited to spacetimes with event horizons and thermody-
namics should not be restricted to equilibrium conditions.
This brings up the first key word of this paper; dynamical.
In the context of quantum fields in curved spacetimes, a

process of similar importance as the Hawking effect in black
holes is cosmological particle creation (CPC), prominent at
the Planck time. The underlying mechanism of CPC is
parametric amplification of vacuum fluctuations in a quan-
tum field. The backreaction effects of CPC have been shown
to be strongly responsible for the isotropization and homog-
enization of the early Universe. Seeing the dissipative
effects of these ubiquitous quantum processes, Zel’dovich
in a short essay in 1970 [30] called it “vacuum viscosity.” It
was a brilliant foresight, but showing it formally was
nontrivial, as it involves three steps: (a) a well-defined
vacuum for quantum fields in an evolutionary spacetime,
(b) a viable procedure to regularize the UV divergences of
the stress energy tensor to arrive at a finite expression for the
energy density of particles produced, and (c) calculate the
backreaction of quantum processes (involving the Casimir
energy, the trace anomaly and particle creation) by solving
the semiclassical Einstein equation and the field equations
self-consistently. It was not until 1982 [31] that “vacuum
viscosity” acquired its full meaning by rigorous derivations
in the context of QFT CST and semiclassical gravity [32].
Many interesting ideas emanated from this vein of thought
on viscous cosmology, both of classical and quantum
origins, including current speculations on the nature of
dark matter and dark energy. We mention a few represen-
tative works here [33–42]. The two 2008 papers by
Klinkhamer and Volovik [43,44] are of special relevance
to our present work since they also invoke a time-changing
vacuum compressibility in the vein of emergent gravity.
While their goal is to explain the dynamical behavior of the
cosmological constant, our work at this stage only aims at
deriving the vacuum energy and pressure of a dynamical
space from the three unavoidable sources of vacuum
processes; namely, the Casimir effect, the trace anomaly
and particle creation. In a way we are applying a solid layer
of prime over a rough and spotty wall, so others can later
paint on it with colors of their choice for whatever purposes
without much worry of anything underneath falling off.
Only after we have done the same for thermal quantum
fields [45] and then for nonequilibrium quantum fields [46]
suitable for an evolutionary universe will we feel comfort-
able enough to begin thinking about how these sources of
vacuum energy bear on the cosmological constant issue.

B. Goal of this work

Understanding these QFT phenomena in quantum
thermodynamics terms is a primary goal of [9]; exploring
whether one can see them through the quantum capacity

and vacuum compressibility of curved and dynamical
spacetimes. In this work we have the same goal in mind
but a restricted scope, working with more tangible objects
which may prove more useful in analogy gravity experi-
ments such as a pulsating ring, a moving box or a bouncing
ball. Placing ourselves for a moment on mundane ground
we can think of a simple question like, how can you tell
what a balloon is filled with? Gas or liquid? What kind of
gas? The answer is known to even toddlers; bounce it on
the floor. A water balloon will probably splash rather than
bounce. A lighter gas will likely bounce higher.
Compressibility often refers to the material of the ball,
e.g., a volleyball is made of softer material and thus
bouncier under the same pressure than a basketball. Here
we are not concerned with the material which the ball is
made of, rather, we consider different kinds of quantum
fields filling a variety of spaces, like, on a 2-sphere S2, in a
3-sphere S3 and in a rectangular box (with topology 3-
torus T3). We are interested in how dynamics would alter
the static values of vacuum compressibility, comparing
(a) nonadiabatic versus adiabatic conditions, (or sudden
versus gradual changes in the geometry of the spaces), as
well as comparing (b) the contributions from the three
quantum sources in various spaces; Casimir energy,
particle creation and trace anomaly, the latter containing
higher derivatives of the scale factor with time.
Nonadiabatic dynamics strongly amplifies the vacuum

fluctuations parametrically, as testified by many cosmo-
logical problems studied before; rapid expansion of the
early Universe produces copious amounts of particles and
their backreaction effects are much stronger than those
scantily produced under adiabatic expansions. For the
present problem we anticipate different responses from
nonadiabatic versus adiabatic processes (hitting the ball
hard versus slowly squeezing it) and a noticeable variation
in its vacuum compressibility. It would be interesting to see
how such quantum effects show up in simpler setups like a
pulsating ring, a moving box or a bouncing ball.

C. Five case studies

Indeed, these are the five cases we investigate: (1) a
massless conformal field in a ð1þ 1ÞD ring with a time-
dependent radius, where the trace anomaly and Casimir
effect are the only vacuum quantum effects; (2) a massless
conformal field in a 2-sphere with changing radius, where
the trace anomaly is identically zero (for even spatial
dimensions [47]), but with a massive conformal field,
there is particle creation; (3) In ð1þ 3ÞD we study two
situations, particle creation of a massive conformal field in
a 3D conducting box with one moving side; (4) a 3-sphere
in nonadiabatic expansion, and finally; (5) the trace
anomaly associated with a massless conformal field in a
3-sphere. See Table I for the layout.
In Case 1 we shall make use of recent results [48] from

backreaction studies of the effect of trace anomaly acting
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on the ring. This result is derived with full-fledged
QFTCST methods which involve (a) deriving a formal
expression for the trace anomaly and the energy density,
(b) using suitable regularization schemes to remove the
ultraviolet divergences, and (c) analyzing the backreaction1

of these effects on the rate of contraction of the ring
(over and above that due to the static Casimir effects). We
shall use the vacuum energy obtained there to calculate
(numerically) the vacuum compressibility under dynamical
conditions.
For the three new cases 2, 3, 4, and 5 studied here we

ignore backreaction effects on the external drive and
assume the dynamics is prescribed.2

D. Approaches and justifications

Our specific goals in the present problem is to derive the
dynamical vacuum compressibility of model spacetimes.
For this we need to calculate the vacuum energy due to all
quantum field effects contributing to it, which includes the
(static) Casimir effect, the dynamical Casimir effect,

particle creation and trace anomaly. We can take advantage
of the techniques developed for QFTCSTand semiclassical
gravity in the decade since 1977 [49–57] and make
reasonable approximations/assumptions based on results
obtained therefrom: (a) Since the backreaction effect on the
drive is not of our concern here we do not pursue this issue
in the new cases studied in Secs. III and IV. Instead, we
shall stipulate two types of temporal evolution which
enable us to calculate the effects related to particle creation
inR × S2,R × S3, andR × T3 without any approximation;
and (b) We do so by solving the three coupled first order
differential equations governing the Bogoliubov coeffi-
cients; two complex or four real quantities minus one
Wronskian condition [e.g., Eqs. (75)–(77) of [58]] numeri-
cally with the specified time dependence of the scale factor.
This new approach is an improvement over earlier treat-
ments. Once the vacuum energy from these two processes
in these spacetimes are obtained it is easy in technical terms
to derive the vacuum pressure and the compressibility.
Here it is perhaps appropriate to add a comment on the

value of our present work. We mention three aspects:
(1) An experienced researcher in cosmological particle
creation and backreaction may find there is little funda-
mentally new in terms of principles. Granted, it is when
these principles are applied to corresponding analog gravity
setups that calculations found in the literature are either
incomplete or incorrect.3 We want to employ the best
methodology established in the cosmological context and
apply them to the problems under study of value to possible
future analog gravity experiments; (2) To calculate the
vacuum dynamical compressibility of a space we need to
include all contributions of vacuum energy and pressure.
One cannot use one kind of partial pressure due to one kind
of vacuum process, such as Casimir or particle creation or
trace anomaly, to calculate the partial dynamical compress-
ibility, because they do not add up to give the correct
expression of dynamical compressibility. It is the derivative
with respect to the total pressure which counts. Because of
this, and the fact that vacuum energies have been calculated
in the literature for some but not all sources, we need to “fill
in the gaps” and do it in as vigorous a way as possible;
(3) Even though in this paper we have derived the behavior
of vacuum dynamical compressibility for some typical
spaces, because of its novelty, further work is needed to
unlock its deeper physical meanings in our understanding
of the quantum thermodynamics of spacetime. We view this
work as only taking a first step in that direction.

TABLE I. The red markings (left column) are used to indicate
quantum effects due to a massless conformal field, while blue
markings (right column) are for a massive conformal field. A
check mark indicates existence and a cross mark indicates
absence.

R × S1 R × S2 R × S3 R × T3

Casimir energy ✓✓ ⨯✓ ✓✓ ✓✓
Trace anomaly ✓✓ ⨯ ⨯ ✓✓ ✓✓
Particle production ⨯✓ ⨯✓ ⨯✓ ✓✓

1Even though these quantum vacuum effects outside of strong
field conditions as in the early Universe or near the black hole are
small, when future experiments reach a high enough sensitivity
level the results obtained here for these simple and easily
accessible systems may prove useful. They could, in the spirit
of analog gravity, serve as a guide to connect with the back-
reaction effects of conformal anomalies and cosmological particle
creation.

2Notice that in all realistic experimental setups, backreaction
effects are innate, i.e., intrinsically included in the physical
parameters. Conceptually this is similar to bare versus dressed
masses or charges in the context of renormalization, namely,
quantum radiative corrections are already included in actual
physical parameters or dressed quantities. To study the back-
reaction effects in analog gravity experiments one needs to add
the dynamics of an external drive into the overall picture in order
to study how quantum effects such as particle creation would alter
its dynamics compared to the case where the drive undergoes a
prescribed evolution. Quantum friction is a good example where a
neutral atom moving at constant speed near a dielectric surface
experiences a steady drag force from the dielectric-modulated
quantum field. Compared to the simplistic case of an atom
undergoing uniform motion driven by some external source, the
drive in the case of quantum friction certainly experiences
nontrivial backreaction from the dielectric-modulated quantum
field through its action on the atom’s dynamics.

3An example of the incompleteness is, despite an abundance of
work on Casimir and dynamical Casimir effects, we have not seen
much discussion of the effect of trace anomaly in the correspond-
ing setups, even though both effects are on the same footing. In
fact the latter’s importance takes over the former as higher time
derivatives of the scale factor contribute. An example of “in-
correctness” is in Ref. [59] where presenting the dynamics is
misconjured as including the backreaction.
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E. Organization

This paper is organized as follows: In Sec. II we present a
summary of the recent results in [48] for the energy density
of a conformal quantum field in a 1D ring with changing
radius. We then work out the dynamical vacuum compress-
ibility of this space, due to the trace anomaly and Casimir
effect in the ring. In Sec. III we present a calculation of the
energy density of particle creation from the nonadiabatic
parametric amplification of vacuum fluctuations of a mas-
sive conformal scalar field in a two-dimensional sphere with
time varying radius. From this we obtain the dynamical
vacuum compressibility of a two-sphere due to particle
creation. In Sec. IV we do the same for the 3-sphere,
calculating the energy density first for particle creation from
a massive conformal field, then for the trace anomaly of a
massless conformal field, both under specified time varia-
tion of the radius. After integrating over the spatial volume
we obtain the energy, the pressure and the vacuum com-
pressibility as functions of time. In Sec. V, we present a
careful analysis of the particle creation process of a
conformal massless scalar field in a symmetric Bianchi
type-I spacetime with T3 topology, by allowing only one
dimension to expand. We work out the energy density,
pressure and dynamical vacuum compressibility of this
space, neglecting all other less important effects. The results
are shown in plots. This is a prelude to a more complete and
in-depth treatment of this problem in the more realistic
context of cosmology by the authors of [9] in their second
paper [46], by way of the nonequilibrium influence action
for the free energy density. In Sec. VI we summarize the key
points in the quantum field theoretical derivations and
highlight the distinct features in the vacuum energy,
pressure and compressibility in these two kinds of quantum
field processes in the different spacetimes studied.

II. VACUUM COMPRESSIBILITY OF
R × S1 WITH BACKREACTION

In this section, we derive the dynamical vacuum com-
pressibility from the vacuum energy density of a conformal
quantum field by considering the one-dimensional torus that
is analogous to the moving mirror with a periodic boundary
condition. We impose periodic boundary conditions on the
field at the surface of the mirror. Thus, the configuration is
equivalent to a one-dimensional ring with changing radius
[48]. In so doing the original problem can be recast to that of
finding the dynamical vacuum compressibility of a con-
formally coupled quantum field in R × S1 topology. Two
different vacuum quantum processes need be considered;
the Casimir effect (static and dynamic) and trace anomaly.
We include the key steps in the derivation for the conven-
ience of those readers who may not be so familiar with the
relevant quantum field theory in curved spacetime calcu-
lations. In this case the backreaction effects of these
quantum processes on the system are included, so the scale

factor aðtÞ that plays the role of the mirror’s spatial distance
is dynamically determined, rather than prescribed a priori.
They will provide a benchmark for comparison with cases
treated in Secs. III–V where the backreaction effects are
ignored, that is, aðtÞ following a given trajectory.
We shall calculate the vacuum energy, pressure,

and compressibility of the quantum field associated with
the Casimir effect and the trace anomaly. In this lower-
dimensional case, the expression for the trace anomaly is
sufficiently simple, enabling one to dynamically determine
the evolution of the scale factor including the backreaction
effects of the quantum field.
Here we consider two mirrors in a one-dimensional

space, one of which is fixed at the spatial origin and the
other is allowed to move. The spatial location of the moving
mirror varies with time t as aðtÞL. Here L is a constant
measuring the “size” and aðtÞ is a scale factor which varies
with time, describing the motion of the second mirror. We
impose a periodic condition on the field at the surfaces of
the two mirrors, so as far as the field is concerned, the space
has a S1 topology with a time-dependent scale factor aðtÞ.
Equivalently we can consider a two-dimensional space-

time with line element

ds2 ¼ dt2 − aðtÞ2dx2: ð1Þ

Identifying x and xþ L, L becomes the coordinate circum-
ference. This is an Einstein cylinder (See, e.g., [60]) with
topology R1 × S1. Introducing the conformal time η
defined by dη ¼ dt=aðtÞ, the metric can be written in a
conformally-flat form,

ds2 ¼ a2ðηÞ½dη2 − dx2�: ð2Þ

A conformally coupled, massless scalar field ϕ living in
this spacetime is defined by the action

S ¼ 1

2

Z
d2x

ffiffiffiffiffiffi
−g

p ½gαβϕ;αϕ;β�; ð3Þ

satisfying the Klein-Gordon equation,

□ϕ ¼ 0; ð4Þ

where the Beltrami-d’Alembertian operator□ on a scalar is
given by

□ ¼ gαβ∇α∇β ¼
1ffiffiffiffiffiffi−gp ∂αðgαβ

ffiffiffiffiffiffi
−g

p
∂βÞ ð5Þ

and ∇α is the covariant derivative operator. The partial
differentiation of a tensor will be denoted by a comma in
the subscript followed by the coordinate with which the
differentiation is carried out, while the covariant derivative
of a tensor is denoted by a semicolon.
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Carrying out a normal mode expansion for this field,
we have

ϕ̂ðη; xÞ ¼
X
kn

½âknfknðη; xÞ þ â†knf
�
kn
ðη; xÞ�; ð6Þ

where fknðη; xÞ is the positive-frequency solution of (4).
Under the specified spatial topology, the kn form a discrete
set kn ¼ 2πn=L, n∈Z. In a conformally flat spacetime, the
mode function fkn is exactly solvable,

fkn ¼
1ffiffiffiffiffiffiffiffiffiffi
2jknj

p eiðknx−jknjηÞ; ð7Þ

with the normalization condition

if�knðη; xÞ∂
↔

ηfkn0 ðη; xÞ ¼ δn;n0 : ð8Þ

Here δn;n0 is the Kronecker delta. For positive n, fkn
represent modes moving counterclockwise; when n is
negative, fkn corresponds to modes moving clockwise.
Taking the variation of the action with respect to the

metric tensor, we obtain the classical energy-momentum
tensor:

Tμν ¼
2ffiffiffiffiffijgjp δS

δgμν
¼ ð∂μϕÞð∂νϕÞ−

1

2
gμνgρσð∂ρϕÞð∂σϕÞ; ð9Þ

which is traceless, Tμ
μ ¼ 0.

With the field variable promoted to be field operator we
have the energy-momentum tensor operator. Using the
mode expansion Eq. (6) for Eq. (9) the (unrenormalized)
vacuum expectation values are obtained. From there, we
obtain an expression for the energy density

hT̂μνiUμUν ¼
X
kn

�
ð∂tfknÞð∂tf�knÞ−

1

2
gttgρσð∂ρfknÞð∂σf�knÞ

�

¼ 2π

L2

X∞
n¼0

n; ð10Þ

where Uμ is the observer’s four-velocity. In particular, Uμ

has components ð1; 0;…; 0Þ in the comoving frame.
This formal expression for the energy density in Eq. (10)

contains ultraviolet divergences which need to unambigu-
ously identified and removed, we adopt the adiabatic
regularization method, briefly explained in the following
(see, e.g., [48] for details).
It is more instructive to work with a massive conformally

coupled field ϕ. With a mode expansion in the form

ϕ̂ðη; xÞ ¼
X
k

h
Âkfkðη; xÞ þ Â†

kf
�
kðη; xÞ

i
; ð11Þ

(we denote the annihilation operator of each mode by Âk to
distinguish it from its counterpart in the massless field case)
in a spatially homogeneous spacetime, the mode amplitude
functions fkðη; xÞ are separable into

fkðη; xÞ ¼ ð2πÞ−1=2eikxχkðηÞ: ð12Þ

The normalization condition for fk leads to χk∂ηχ
�
k−

χ�k∂ηχk ¼ i. Substituting Eq. (12) into the Klein-Gordon
equation (4) yields

χ00kðηÞ þ ω2
kðηÞχkðηÞ ¼ 0; ð13Þ

with ωk ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þm2a2

p
. This is the equation of motion for

a parametric oscillator.
To identify the UV divergences in two-dimensional

spacetime considered here, it is sufficient to find a
(positive-frequency) Wentzel-Kramers-Brillouin solution
to Eq. (13) up to the second adiabatic order, which should
capture all the vacuum divergent terms,

χk ¼ ð2WkÞ−1=2 exp
�
−i
Z

η
dη0Wkðη0Þ

�
;

Wk ¼ ωkð1þ ϵ2Þ1=2 ≈ ωk

�
1þ 1

2
ϵ2

�
;

ϵ2 ¼ −ω−1=2
k

d2

dη2
ω1=2
k : ð14Þ

Substituting fk into Eq. (10) with χk given by (14), then
taking the massless limit, we find an expression for the
energy density of the conformally coupled field evaluated
in the second-order adiabatic vacuum, j0Ai,

h0AjT̂μνj0AiUμUν ¼ 1

2πa

Z
∞

0

dkωk þ
1

24π

ȧ2

a2
; ð15Þ

in the comoving frame, where the overhead dot denotes
taking the derivative with respect to the comic time t. The
renormalized energy density of the conformal scalar field in
its conformal vacuum is given by

hTμνiregUμUν ¼ hT̂μνicUμUν − h0AjT̂μνj0AiUμUν

¼ 2π

L2

X∞
n¼0

n −
1

2πa

Z
∞

0

dkωk −
1

24π

ȧ2

a2

¼ −
π

6a2L2
−

1

24π

ȧ2

a2
: ð16Þ

In arriving at (16), we have introduced a cutoff to regularize
the divergent series and integral. Without any cutoff scale
appearing in the end results, this gives a finite well-defined
expression for the energy density (see [61,62] for an
application to quantum fields in the Einstein universe).
We will elaborate more on this in Sec. IV B.
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The first expression on the right-hand side of (16) gives
the Casimir energy density for a ring of circumference L.
It becomes more negative when the scale factor aðtÞ gets
smaller, independent of the derivative of aðtÞ. The second
term is due to the trace anomaly (“anomaly” because the
classical stress tensor is traceless). It vanishes when aðtÞ is
a constant because the metric (2) becomes Minkowskian.
Both contributions are negative definite, so the renormal-
ized energy density in this configuration is always
negative.
We are interested in the total energy in the spacelike

hypersurface orthogonal to comoving observer’s four-veloc-
ity. To do so, we integrate the energy density observed by the
comoving observer using the induced metric on this hyper-
surface. The induced metric is obtained by the projection
γμν ¼ UμUν − gμν, such that γμνUν ¼ 0. Integration gives
the total energy of the field:

E ¼
Z

L

0

dx
ffiffiffi
γ

p hTμνiregUμUν ¼ −
1

24π

ȧ2

a
−

π

6a
; ð17Þ

where by setting L ¼ 1, the physical length (perimeter) or
volume of the ring is aðtÞ without loss of generality. This
energy is negative definite, and is unbounded from below.
Since the motion of the mirror is relatively mild, the trace
anomaly, dependent on the derivative of the scale factor,
plays a subdominant role. The major contribution of vacuum
energy in this case comes from the Casimir energy.
The pressure P is given by

P ¼ −
∂E
∂V

¼ −
∂tE
∂tV

¼ −
π

6a2
−

ȧ2

24πa2
þ ä
12πa

; ð18Þ

since both E and V are time dependent owing to the
changing scale factor aðtÞ. The first term on the right-hand
side, devoid of any time derivative of the scale factor,
representing the Casimir energy is due to the topology of the
space. The remaining terms in (18) can be identified as
contributions from the trace anomaly. Unlike the contribu-
tion associated with the Casimir energy, this component is
not sign definite, depending on the higher derivatives
of aðtÞ.
With this, the vacuum compressibility κVAC is given by

κVAC ¼−
1

V
∂V
∂P

¼
�
−

π

3a2
−

ȧ2

12πa2
þ ä
6πa

−
⃛a

12πȧ

�
−1
: ð19Þ

Again, the first term inside the brackets comes from the
Casimir energy, which is independent of ȧ, even though in
arriving at this expression we have taken the time derivative
of PðtÞ. Thus this contribution has the same form as the
counterpart in the static Einstein cylinder. The trace

anomaly contribution, like that in P, contains higher
derivatives of aðtÞ. Once we have numerically obtained
the time evolution of the scale factor aðtÞ, we may
use the above result to find the time evolution of E, P
and κVAC.
It is of interest to ponder over the implications of (18).

Suppose we start with a slowly varying aðtÞ from a constant
value, such that the ä term has a negligible initial con-
tribution. The negative pressure (18) generates a contracting
stress, making the ring smaller. This trend is independent of
the sign of ȧ. A smaller a makes the inward pressure even
stronger and the shrinking even faster. Once ä becomes
negative, this trend becomes unstoppable and the ring
spacetime is doomed to collapse. Positive initial ȧ merely
slight deters this from happening.

A. An example of prescribed aðtÞ
with positive pressure

From (18), to generate a positive pressure, we need a very
large ä such that the third term in (18) becomes dominant. In
other words, we would like the factor aä to be at least as
large as ȧ2. It implies that aðtÞ needs to be a rapidly
increasing function of t, preferably faster than exponential
growing. Then we may see the pressure taking on positive
values and increase monotonically with t or aðtÞ. This is
pretty easy to achieve if aðtÞ is prescribed by, say,
aðtÞ ¼ 1þ et

2=τ2 , as shown in Fig. 1. In this case, even
though the volume is expanding, the total energy drops to
large negative values. Apparently in this regime, the Casimir
effect is negligible, so the dominant effects come from the
trace anomaly, related to the derivatives of aðtÞ. The
pressure in this case is positive, but it is not large enough
to account for such a rapid expansion, so we expect such a
scenario may not be realizable self-consistently. An external
agent is needed to drive the expansion. In addition, the
pressure increases with the volume, and this is the cause of a
negative compressibility. It is in stark contrast with our
experience with the ideal gas that when the volume expands,
the pressure inside the volume decreases inversely. Even
with this unusual compressibility, the spacetime seems to
respond to the vacuum energy of the field in such a way that
it is quite compressible at early times but becomes relatively
less compressible at late times due to the larger absolute
values of the vacuum compressibility.

B. An example of increasing then decreasing aðtÞ
In comparison, we add one more example in Fig. 2. In

this example, the volume of S1 or the separation of two
mirrors increases and then decreases, following a Gaussian
function of time,

aðtÞ ¼ a0 þ Δe−ðt−t0Þ2=τ2 ; ð20Þ
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where without loss of generality a0 can be identified as the
scale at t ¼ −∞, Δ the maximal amount of scale change, τ
the width of the Gaussian, and t0 the moment of maximal
separation. There are a few unusual features. The total

energy reaches the least negative value at the moment
t ¼ t0 where the volume is the largest. This is solely due to
the Casimir effect, the trace anomaly containing ȧ plays
no role. In contrast, for the pressure at t ¼ t0, the

FIG. 1. We consider a massless conformally coupled quantum field in an Einstein cylinder of topologyR1 × S1 where the radius (scale
factor) is preset as aðtÞ ¼ 1þ et

2=τ2 with 1=τ2 ¼ 5. Plotted here are the time dependence of the volume of the space, the vacuum energy
and pressure of the field due to the Casimir effect and the trace anomaly combined, and the vacuum compressibility of the space
associated with these sources.

FIG. 2. Time dependence of the volume, energy, pressure and vacuum compressibility in an Einstein cylinder R × S1 with radius
(scale factor) following a preset Gaussian time dependence given by (20), with a0 ¼ 1, Δ ¼ 2, t0 ¼ 1, and 1=τ2 ¼ 5. Same quantum
field and vacuum processes as in Fig. 1.
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contributions from the Casimir effect and the trace
anomaly are respectively given by

PCAðt0Þ ¼ −
π

6ða0 þ ΔÞ2 ; PTAðt0Þ ¼ −
Δ=τ2

6πða0 þ ΔÞ ;

⇒
PTAðt0Þ
PCAðt0Þ

¼ Δða0 þ ΔÞ
π2τ2

: ð21Þ

Thus, their relative dominance depends on the scales we
choose for the scale factor. Generally speaking, since the
trace anomaly is related to the time variation of aðtÞ, we
expect PTAðt0Þ will be more important when the Gaussian
peak is very narrow, representing rapid time variation of the
scale factor. The M shape of the curve of the pressure in
Fig. 2 is essentially caused by the trace anomaly because it
is dominant for the parameters chosen for Fig. 2. In the case
when the Casimir effect dominates, the curve monotonically
increases to the least negative value, and then monotonically
decreases, simply reflecting the change of scales. The most
extraordinary feature of this example is that the compress-
ibility is not well defined at certain moments. From the
definition of compressibility, we see that dV ¼ −κVACVdP,
and such critical behavior tends to happen when P has a
local extremum but a is still changing, so that dP ≈ 0 but
dV ≠ 0. If the interpretation of compressibility still holds
here, then it implies that the ring is the most deformable at
this juncture. The culprit of this pathology may be traced
back to the trace anomaly, as shown in Fig. 3. In the left
column, the parameter 1=τ2 ¼ 5, while 1=τ2 ¼ 1 for the
plots in the right column. It is easier to identify the

contributions from the Casimir effect and the trace anomaly
in the plots of PðtÞ in the first row. We note by comparison
that the curve for the contribution from the trace anomaly
tends to have more wiggles due to its dependence on various
derivatives of aðtÞ. In addition, as addressed earlier, the
trace-anomaly contribution in P becomes more important
for large 1=τ2. These two factors bring in the compress-
ibility shown in the left column of Fig. 3. In comparison, the
compressibility in the right column appears better behaved.
For the model outlined in Ref. [48], the behavior of aðtÞ

in principle can be dynamically determined if we include
the backreaction considered above. The corresponding
plots are shown in Fig. 4. The generic behavior is consistent
with the above analysis. Since the increasing inward
pressure causes the volume to shrink, we expect that the
vacuum compressibility takes on negative values. However,
it approaches zero when S1 shrinks to a dot, and the space
acts like a incompressible, rigid body.
It is interesting to comment on an observation that by the

numerical tests, the results in Fig. 4 is rather generic if the
initial condition ȧð0Þ < νc, where the critical value νc is
given by

νc ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

12πm − 1
p : ð22Þ

When ȧð0Þ is greater than νc, the dynamics of aðtÞ has a
qualitative change. It will grow indefinitely, but the energy
and the pressure all approach zero. The consequence is that
the compressibility grows rapidly with time, as shown
in Fig. 5.

FIG. 3. The time dependence of the pressure for the Gaussian evolution aðtÞ ¼ a0 þ Δe−ðt−t0Þ2=τ2 is shown in the first row for two
choices of τ. We decompose PðtÞ into two contributions PCA and PTA respectively associated with the Casimir effect and the trace
anomaly. In particular, the distinct behavior of PTA is related to the compressibility shown in the second row. We set 1=τ2 ¼ 5 for the
first column, and 1=τ2 ¼ 1 for the second column. The other parameters chosen here are a0 ¼ 1, Δ ¼ 2, and t0 ¼ 1.
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III. VACUUM COMPRESSIBILITY OF R × S2

Now we turn to the vacuum processes of a massive,
conformally coupled quantum field in a R × S2 spacetime,
whose spatial sector is a two-sphere with time-dependent
radius following a prescribed protocol. In this case, the

vacuum processes include the Casimir effect and sponta-
neous particle creation.
The line element of R × S2 spacetime is

ds2 ¼ a2ðηÞ½dη2 − dθ2 − sin2θdφ2�; ð23Þ

FIG. 4. The time evolution of the volume, pressure, energy, and compressibility of a massless conformal quantum field in a one-
dimensional moving mirror setup, which after a periodic boundary condition is imposed, acquires a R × S1 topology. The evolution of
the scale factor aðtÞ is dynamically determined by incorporating the backreactions from the vacuum energy, adopting the findings of
Ref. [48]. The initial conditions of aðtÞ are að0Þ ¼ 1 and ȧð0Þ ¼ 0.

FIG. 5. The time evolution of the volume, pressure, energy, and compressibility of a massless conformal field in the one-dimensional
moving mirror setup in the same configuration as in Fig. 4 except we set ȧð0Þ > μc.

DYNAMICAL VACUUM COMPRESSIBILITY OF SPACE PHYS. REV. D 109, 065027 (2024)

065027-9



with θ∈ ½0; π�, and φ∈ ½0; 2πÞ. It has the same form as
that of a (1þ 2)-dimensional closed Robertson-Walker
universe.
Assume that the field has mass M, conformally coupled

to curvature, and its action is given by

S ¼ 1

2

Z
d3x

ffiffiffiffiffiffi
−g

p ½gμνϕ;μϕ;ν − ðM2 þ ξRÞϕ2�; ð24Þ

where the coupling strength takes on the value ξ ¼ 1=8,
and the Ricci scalar R is given by

R ¼ −
2

a2
þ 2a02

a4
−
4a00

a3
: ð25Þ

The field equation

ð□þM2 þ ξRÞϕ ¼ 0; ð26Þ

permits an expansion of the form

ϕ ¼
Z

dũk½âkfkðxÞ þ â†kf
�
kðxÞ�; ð27Þ

where the operator âk annihilates the vacuum state defined
at the initial time η0, and the measure

R
dũk stands for

Z
dũk ¼

X∞
l¼0

Xl
m¼−l

; ð28Þ

when k takes on discrete values permitted by the indices l
and m of the spherical harmonics Ylmðθ;φÞ.
Because of the isotropy and homogeneity of space,

the mode function fkðxÞ is separable and is given by
fkðη; θ;φÞ ¼ aðηÞ−1=2Ylmðθ;φÞχlðηÞ with χl satisfying

χ00l ðηÞ þω2
l ðηÞχlðηÞ ¼ 0; ω2

l ¼ ðlþ 1=2Þ2 þ aðηÞ2M2:

ð29Þ

The spherical harmonics Ylmðθ;φÞ are normalized toZ
dΩ2Ylmðθ;φÞY�

l0m0 ðθ;φÞ ¼ δll0δmm0 ; ð30Þ

where dΩ2 is the solid angle element associated with S2.
In this case, the expectation value of the energy density,

as measured by a comoving observer, is given by

hT̂μνiUμUν ¼ 1

4πa3
X∞
l¼0

�
lþ 1

2

�
fjχ0lðηÞj2þω2

l ðηÞjχlðηÞj2g:

ð31Þ

We can rewrite the summand jχ0lðηÞj2 þ ω2
l ðηÞjχlðηÞj2 in

terms of two time-dependent complex functions αl and βl
by the ansatz

χl ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffi

2ωlðηÞ
p h

αle
ð−Þ
l þ βle

ðþÞ
l

i
;

χ0l ¼ −i

ffiffiffiffiffiffiffiffiffiffiffi
ωlðηÞ
2

r h
αle

ð−Þ
l − βle

ðþÞ
l

i
; ð32Þ

with

eð�Þ
l ≡ exp

�
�i
Z

η

η0

dη0ωlðη0Þ
�
: ð33Þ

The normalization condition requires jαlðηÞj2 −
jβlðηÞj2 ¼ 1. Combining Eqs. (29) and (32), we obtain a
simultaneous set of first-order differential equations for
αl and βl,

α0l ¼
1

2

�
ω0
l

ωl

�
ðeþl Þ2βl; ð34Þ

β0l ¼
1

2

�
ω0
l

ωl

�
ðe−l Þ2αl: ð35Þ

These are constrained complex-valued equations, so they
can be re-written into three real-valued differential equa-
tions by introducing three real variables,

sl ¼ jβlj2; pl ¼ αlβ
�
l e

2
− þ α�l βle

2þ;

ql ¼ iðαlβ�l e2− − α�l βle
2þÞ: ð36Þ

We then arrive at three real first-order differential
equations for sl, pl and ql,

s0l ¼
ω0
l

2ωl
pl; p0

l ¼
ω0
l

ωl
ð1þ 2slÞ− 2ωlql; q0l ¼ 2ωlpl:

ð37Þ

If we assume that no particle is present in any mode at
the initial time η0, then we have αlðη0Þ ¼ 1, βlðη0Þ ¼ 0,
which in turn implies slðη0Þ ¼ plðη0Þ ¼ qlðη0Þ ¼ 0. Thus,
we can express jχ0lðηÞj2 þ ω2

l ðηÞjχlðηÞj2 simply by sl, i.e.,
jβlj2, and find

hT̂μνiUμUν ¼ 1

4πa3
X∞
l¼0

�
lþ 1

2

�
ð2jβlj2 þ 1Þωl: ð38Þ

What we are interested in, particle production, is contained
in the jβlj2 term. The ωl=2 term contains zero-point
fluctuations, and is the main culprit of UV divergence.
After regularization, it will yield the Casimir energy density
associated with S2 topology. The regularization is per-
formed by subtracting out the energy density of the
corresponding continuous limit, by taking a → ∞
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hT̂μνiphysUμUν ¼ 1

4πa3
X∞
l¼0

�
lþ 1

2

�
ð2jβlj2 þ 1Þωl

− lim
a→∞

1

4πa3
X∞
l¼0

�
lþ 1

2

�
ωl

¼ 2

4πa3
X∞
l¼0

�
lþ 1

2

�
jβlj2ωl þ ρCA; ð39Þ

where

ρCA ¼ M3

2π

Z
1

0

dξ
ξ
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2

p
e2πMaξ þ 1

; ð40Þ

is the Casimir energy density [63].
Since the space is homogeneous, the total energy of the

quantum field on a spacelike hypersurface at a particular
cosmic time of interest is obtained by multiplying the
energy density by the volume,

EðηÞ ¼ VhT̂μνiphysUμUν ¼ 4πa2hT̂μνiphysUμUν: ð41Þ

Here we will consider two illustrative examples of
prescribed aðtÞ: (1) monotonic exponentially growth and
(2) Gaussian, which contains a rise stage and a fall stage.
(1) Here we suppose the universe, which maintains a

constant scale before t ¼ t0, undergoes some phase tran-
sition such that it starts exponentially expansion after t ¼ t0.
The scale factor is an exponentially growing function of
cosmic time t,

aðtÞ ¼
(
a0; t < t0;

a0e
t−t0
τ ; t ≥ t0;

ð42Þ

where τ measures the rate of change of the scale factor, and
t0 represents the time theses two phases join, and, without
loss of generality, we let a0 ¼ 1, t0 ¼ 0. We can numerically
solve the set of first-order differential equations for sk, pk,
and qk, and find the energy according to (39) and (41). The
pressure and compressibility then follow suit. The relevant
results are shown in Fig. 6.
The volume of S2 is given by VðtÞ ¼ 4πa2ðtÞ, and the

vacuum energy scales roughly proportional to the scale
factor, i.e., EðtÞ ∝ aðtÞ. Among various contributions of the
vacuum energy, the Casimir energy is essentially negligible
for a macroscopic universe of size greater than the Planck
length, and interestingly enough, it increases to a positive
constant when t is greater than of the order τ. Thus, at late
times t > τ, the vacuum energy associated with sponta-
neous particle creation is dominant.4 It is interesting to

FIG. 6. Time evolution of the volume, pressure, energy, and compressibility of a massive conformal field in R × S2, with the scale
factor taking on the exponential form (42), with a0 ¼ 1, t0 ¼ 0, and τ ¼ 1=5.

4A word of caution about the numerical calculations of the
latter contribution. It is noted that for each t, once we have
included a sufficiently large number of modes, the numerical
result barely depends on the number of modes. Thus, we can set a
finite upper bound of the summation in (39), instead of∞, to save
the computation resources. This upper bound is time dependent,
and grows very rapidly with time. If we cut corners by including
an insufficient number of modes, the numerical results show an
artefact, demonstrating oscillator behavior. Physically, the time-
dependent cutoff is related to the fact that particles in the higher
modes are created so that the total number of created particles are
expected to increase with time. Thus, we need to raise the upper
bound of the summation to accommodate the contribution of
newly created particles.
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point out that the vacuum energy density reaches a local
maximum at t ≃ 0.439. Note that in R × S2 spacetime, the
vacuum energy does not contain any contribution from the
trace anomaly because it is known that there is no trace
anomaly in odd-dimensional spacetime [2].
The pressure PðtÞ then takes on negative values and

scales like −a−1 at late times. That is, the spacetime
experiences a very weak inward pressure. This pressure
has a local extremum roughly at t ≃ 0.323, when the
Casimir energy is about to reach the saturated value.
Both effects are not causally related because, as have been
argued earlier, that the Casimir energy is typically small. At
this moment, the universe is still expanding, so it causes the
vacuum compressibility κVAC to be ill-defined there. This is
not too unfathomable because here we stipulated the
universe to expand in a particular way. At late times, the
compressbility is then negative and decreases proportional
to −aðtÞ, as a fated consequence of EðtÞ, driven by aðtÞ.
(2) The scale factor is a Gaussian

aðtÞ ¼ a0 þ Δe−
ðt−t0Þ2

τ2 : ð43Þ

As seen in the R × S1 case, it contains more scales in the
expression, so the results, shown in Fig. 7, tend to be more
complicated. In this toy model, the universe first rapidly
expands to a maximal volume at t ¼ t0 and then contracts
back to the original size. For the current choice of the
parameters, the curve of the vacuum energy has an
inflection point at t ¼ t0 and then grows to a constant at
sufficiently large time. The height of this saturated value
depends on the rate of expansion and the mass of the field.

Similar to the previous case, the Casimir energy is quite
small, compared to the energy Ep associated with sponta-
neous particle production as a result of rapid expansion.
However, the shape of Ep is sensitive to the parameters in
the configuration, in particular, the mass of the field. If we
choose the values of field mass M ¼ 10, as shown by the
orange curve in Fig. 8, then the curve of Ep shows a major
double-peak feature, and then quickly decays to very small
values. A larger field mass in principle can amplify the
effect of the scale factor in (29), making a given mode more
energetic. Thus, the contribution to the energy attributed to
particle creation can be boosted. This sounds very para-
doxical because we would expect that particles of heavier
mass are harder to produce. Indeed, as shown in Fig. 8, the
density of created particles is suppressed when the mass
increases from M ¼ 1 to M ¼ 10, but the oscillatory
frequency of a given mode increases in such a way that
Ep still grows with mass during the transient moments. At
late times, when the universe asymptotically returns to its
original size, the particle density seems to saturate to a very
small value, roughly proportional to M−1 for sufficiently
large M. This is consistent with our expectation that it is
harder to create heavier particles.
It may seem a bit strange that the positive Casimir energy

acquires the largest value when the universe is at the
maximal scale. The Casimir energy density is inversely
proportional to aðtÞ, and indeed it is a minimum at t ¼ t0.
However, when multiplied by the volume of the universe
which increases fast the energy takes on the greatest value.
Our numerical calculations show that both Ep and the
Casimir energy are actually proportional to M even though
(40) superficially has a overall factor of M3 outside the

FIG. 7. Time evolution of the volume, pressure, energy, and compressibility of a massive conformal field in R × S2 space where the
scale factor undergoes a Gaussian expansion (43), with a0 ¼ 1, t0 ¼ 1, Δ ¼ 2, and τ2 ¼ 1=5.
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integral, so the contribution of the Casimir energy remains
small when the field mass takes on a larger value.
The temporal behavior of the pressure contains several

local extrema, so the compressibility becomes ill defined
there.

IV. VACUUM COMPRESSIBILITY
OF CONFORMAL SCALAR FIELD IN R × S3

A. Massive field: Particle creation

We first consider spontaneous particle creation of a
massive conformal field in (1þ 3)-dimensional Robertson-
Walker universe with line element

ds2 ¼ a2ðηÞ½dη2 − γijdxidxj�; ð44Þ

where the spatial metric γij is given in hyperspherical
coordinates by

γijdxidxj ¼ dX2 þ sin2Xðdθ2 þ sin2θdφ2Þ; X∈ ½0;π�:
ð45Þ

The wave equation governing massive conformal fields is

�
□þM2 þ 1

6
R

�
ϕ ¼ 0; ð46Þ

where R ¼ 6a−2ða−1a00 þ 1Þ, and the curvature coupling
constant ξ is 1=6 in S3.
The mode expansion of the field operator ϕ̂ðxÞ has the

same form as before,

ϕ̂ðxÞ ¼
Z

dũ½âkfkðxÞ þ â†kf
�
kðxÞ�; ð47Þ

with the measure
R
dũ defined by

Z
dũ ¼

X∞
k¼1

Xk−1
l¼0

Xl
m¼−l

: ð48Þ

The mode functions fk, in terms of the hyperspherical
harmonics, have the form

fkðη; X; θ;φÞ ¼ aðηÞ−1χkðηÞYklmðX; θ;φÞ; ð49Þ

with the amplitude function χkðηÞ obeying the wave
equation

χ00kðηÞ þ ω2
kðηÞχkðηÞ ¼ 0; ð50Þ

where ω2
k ¼ k2 þ aðηÞ2M2 ¼ k2 þ μðηÞ2.

The procedure henceforth is similar to what was pre-
sented in the previous section forR × S2 spacetime, except
for the difference in the prefactors of the mode sums

hTμνiUμUν ¼
X∞
k¼1

Xk−1
l¼0

Xl
m¼−l

Tμν½fk; f�k�UμUν

¼ 1

4π2a4
X∞
k¼1

k2½jχ0kj2 þ ω2
kðηÞjχkj2�: ð51Þ

The form of χk is the same as in the R × S2 case, so is the
expression of the energy density

hTμνiUμUν ¼ 1

4π2a4
X∞
k¼1

k2½ωkð2jβkj2 þ 1Þ�: ð52Þ

The above expression is formally UV divergent, and
subtraction of terms of the corresponding adiabatic orders
is needed to obtain a finite expression. The latter have been
calculated in [64]. The finite physical energy density is
given by
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FIG. 8. Comparison of the energy Ep associated with spontaneous particle production and the density of created particles in the first
100 modes in R × S2 when the scale factor is given by a Gaussian expansion (43), with a0 ¼ 1, t0 ¼ 1, Δ ¼ 2, and τ2 ¼ 1=5. The
orange curve corresponds to M ¼ 10, while the blue curve has M ¼ 1.
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hTμνiphysUμUν ¼ 1

4π2a4
X∞
k¼1

k2½ωkð2jβkj2 þ 1Þ� − 1

4π2a4

Z
∞

0

dkk2
�
ωk þ

M4a4

8ω5
k

a02

a2
−
M4a4

32ω7
k

×

�
2
a000a0

a2
−
a002

a2
þ 4a00a02

a3
−
a04

a4

�
þ 7M6a6

16ω9
k

�
a00a02

a3
þ a04

a4

�
−
105M8a8

128ω11
k

a04

a4

�
: ð53Þ

The Casimir energy on the other hand is given by

ρCA ¼ 1

4π2a4
X∞
k¼1

k2ωk −
1

4π2a4

Z
∞

0

dkk2ωk: ð54Þ

After performing the integration, we obtain

hTμνiphysUμUν ¼ 1

4π2a4
X∞
k¼1

½2jβkj2k2ωk� −
M2a02

48π2a4
þ ρCA

þ 6

2880π2a4

�
a000a0

a2
−
1

2

a002

a2

−
2a00a02

a3
þ 1

2

a04

a4

�
: ð55Þ

Expressing the result in cosmic time,

hTμνiphysUμUν ¼ 1

4π2a4
X∞
k¼1

½2jβkj2k2ωk�−
M2ȧ2

48π2a2
þ ρCA

þ 1

480π2a2

�
ȧ2ä
a

−
ȧ4

a2
−
ä2

2
þ ȧ ⃛a

�
; ð56Þ

gives the total energy. The third term is the Casimir energy
and the expressions in the second line (shown in the next
section) come from the trace anomaly. The second term is
related to the nonzero trace of the classical stress tensor of
the massive field. The numerical results for (a) an expo-
nential expansion and (b) a Gaussian evolution are respec-
tively shown in Figs. 9 and 11, with the volume given
by VðtÞ ¼ 2π2a3ðtÞ.
For the case of exponential expansion, the vacuum

energy contains four components. The contribution from
the Casimir energy, like before, is negligibly small for a
macroscopic universe. The vacuum energy E in thisR × S3

case scales like a3ðtÞ. At first glance it appears plausible to
relate it to the fact that the number of allowed modes
increases exponentially with the spatial dimensions. It turns
out this is not entirely true. As will be explained later, this
scaling mainly results from the trace-related contribution of
the vacuum energy in a rapidly expanding universe. There
are two types of contributions associated with the trace of the
renormalized expectation value of the energy-momentum
tensor of the massive field; one is related to the nonzero trace
of the classical stress tensor, and the other, independent of
mass, results from the trace anomaly. For a rapidly expanding

FIG. 9. The time evolution of the volume, pressure, energy, and compressibility for a massive scalar field in R × S3 with aðtÞ
following an exponential expansion. The parameters are the same as before, but here we choose a shorter timescale. The pressure will
tend to a negative constant, not shown in the plot.
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case like the current one, their contributions tend to dominate
over the one due to spontaneous particle creation, because
these contributions contain higher-order time derivatives of
the scale factor. In particular, the trace anomaly contribution
in a fast expanding universe typically is more important than
the one associated with the classical trace as long as m is
smaller than the inverse of the expansion timescale. On the
other hand, for a slowly (but not adiabatically slowly)
expanding universe, say τ ¼ 1, the contribution associated
with the trace can be comparable or even smaller than the
counterpart by spontaneous particle creation.
In this case the time evolution of the vacuum energy may

reveal additional complexity due to the competition of
different timescales such as the inverse mass, τ, or their
combinations. From the time dependence of the vacuum
energy, we may roughly deduce the time evolution of the
pressure and the vacuum compressibility accordingly. At
late times t ≫ τ, PðtÞ scales like a0ðtÞ and is thus a negative
constant. Again the pressure has a local extremum at
t ≃ 0.225, its presence causes the compressibility to be
ill defined there.
It is interesting to compare this with the above timescale

t ≃ 0.344 when both the vacuum energy density E=V and
the ratio Ep=Et reach the local maximum, in which Et is the
contribution associated with the trace. At first glance it is
not clear why both ratios reach the local maximum at the
same moment. A closer numerical inspection shows that
the energy density associated with the trace quickly reaches
a saturated constant for the exponential expansion case.
This can be readily seen from (56)

−
M2ȧ2

48π2a2
þ 1

480π2a2

�
ȧ2ä
a

−
ȧ4

a2
−
ä2

2
þ ȧ ⃛a

�

¼ −
M2

48π2τ2

�
1 −

1

20M2τ2

�
: ð57Þ

This further reveals how the magnitude and the sign of the
trace-related contribution in vacuum energy can depend on
the mass M of the field and the expansion rate τ−1, and
allow us to assess the importance of this contribution.

Thus, the time variation of the vacuum energy density
ρVAC is mostly governed by the contribution due to
spontaneous particle creation, as shown in Fig. 10.
Compared with the R × S2 case, there are two major

distinctions: (1) The contribution of the vacuum energy
scales differently among the two cases. Thus, this variation
will cause the pressure and compressbility to scale in a
different way; and (2) The vacuum energy in R × S2

spacetime is always dominated by the process of vacuum
spontaneous particle production for a macroscopic uni-
verse, but in R × S3 spacetime, the most important con-
tribution depends on the expansion rate and the mass scale.
For a fast expanding universe, the trace-related contribution
dominates.
When the scale factor assumes the Gaussian form, (43),

the time evolution of the vacuum energy gets increasingly
complicated because the trace related contribution depends
on various time derivatives of the scale factor, introducing
multiple scales into the evolution. The behavior of the
energy Ep associated with spontaneous particle production
is very similar to that in R × S2, but the curve of vacuum
energy E looks somewhat different from the counterpart in
the R × S2 case. It can be negative before the universe
reaches the maximum size. This is related to the fact that
the trace related contribution Et is negative about t ¼ t0,
and its absolute value is slightly larger than Ep for the
current choice of parameters. It is worth mentioning that the
time evolution of Et is symmetric about t ¼ t0 because each
term contains an even number of derivatives of the scale
factor of the Gaussian form. Thus, the contribution Et

becomes negligible at late times.
It is not too surprising that the compressibility has pretty

wild behavior, but it approaches zero at late times. This
suggests that the space manifest itself as a rigid body. That
is, the volume barely changes when the outward pressure is
slightly increased.

B. Massless field: Trace anomaly

Now we return to the effects due to the trace anomaly.
The action of a massless conformally couplws scalar field

0.5 1.0 1.5 2.0

0.001

0.002

0.003

0.004

Energy density associated with particle creation

0.5 1.0 1.5 2.0

0.005

0.010

0.015

0.020

0.025

Energy density associated with the trace

FIG. 10. Comparison of the time evolution of the energy densities associated with spontaneous particle creation and the trace for a
massive scalar field in an exponentially expanding 3-sphere R × S3. We use the same set of parameters as before.
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in a closed Robertson-Walker spacetime with scalar cur-
vature R is

S ¼ 1

2

Z
d3x

ffiffiffiffiffiffi
−g

p ½gμνϕ;μϕ;ν − ξRϕ2�: ð58Þ

It is invariant under conformal transformations, i.e., gμν →
a2gμν if we set ξ ¼ 1=6.
The frequencies ωk of the normal modes in Eq. (50)

become time independent and are given by jkj,

χ00kðηÞ þ ω2
kχkðηÞ ¼ 0: ð59Þ

The energy density is formally divergent at the UV end,

hT̂μνiUμUν ¼ 1

4π2a4
X∞
k¼1

k3: ð60Þ

Before we carry out the renormalization of the energy
density expression, we note that although the trace of the
classical energy-momentum tensor vanishes, the trace of the
renormalized expectation values of the energy-momentum
tensor operator is nonzero, this anomalous trace, known as
the trace anomaly, is a purely quantum effect. The renorm-
alization procedure breaks conformal symmetry. This non-
zero trace anomaly has been calculated by various
approaches, such as dimensional regularization, zeta func-
tion regularization, point-splitting regularization, and so on.
Here we will take the adiabatic regularization, and the
corresponding expressions for the trace anomaly for a
massless conformally coupled scalar field in the Bianchi
type I and the Robertson-Walker universes have been

derived in [65,66] by exploiting the difference between a
massless conformal quantum field theory and a massive
conformal quantum field theory after renormalization in
the mass approaching zero limit. The observation was that
finite terms appear in the reduction of integrals for the
energy density and the pressure containing higher powers
of mass to integrals containing a lower power of mass
when one sets the mass of a massive field to zero. These
finite terms from the integrals containing higher powers of
mass add up to produce the trace anomaly which would
otherwise not be there if one works ab initio with a
massless field throughout.
With this in mind, we obtain the energy density in a

comoving frame:

hTμνiphysUμUμ¼ 6

2880π2a4

�
1þa000a0

a2
−
a002

2a2
−
2a00a02

a3
þ a04

2a4

�

¼ 1

480π2a2

�
1

a2
þ ȧ2ä

a
−
ȧ4

a2
−
ä2

2
þ ȧ ⃛a

�
:

ð61Þ

In the second line, we express the result in terms of cosmic
time. The first term in the curly brackets is the Casimir
energy density, and the remaining expressions is associated
with the trace anomaly of a massless conformal field in the
Robertson-Walker universe [52,67]. It is interesting to note
that the same expression for the contribution associated
with trace anomaly in (61) also appears in the second line
of (56) in the massive field case.
From this expression of the energy density for the

massless conformal field, retracing the steps in the massive

FIG. 11. The time evolution of the volume, pressure, energy, and compressibility for a massive scalar field inR × S3 with a Gaussian
aðtÞ. We use the same set of parameters as before.
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field case, we obtain the results for the pressure, and the
vacuum compressibility for a massless conformal scalar
field due to the Casimir effect and the trace anomaly. There
is no spontaneous particle production for a conformally
coupled, massless field in a conformally static spacetime.
Their time evolution due to these two quantum sources

are shown in Fig. 12 for an exponential expansion and
Fig. 13 for a Gaussian evolution. It is seen that the vacuum

energy due to the Casimir effect is too small to be of our
concern. The contribution from the trace anomaly of a
massless field is smaller than that of a massive field because
the mass dependent term is absent. As a consequence, we do
not see a local extremum in the time evolution of the
pressure and thus the vacuum compressibility is well
defined. However, since the pressure saturates rapidly to
a negative value, the compressibility diverges accordingly.

FIG. 13. Time evolution of the volume, pressure, energy, and vacuum compressibility due to a massless scalar quantum field inR × S3

with a scale factor aðtÞ under a Gaussian evolution.

FIG. 12. The time evolution of the volume, pressure, energy, and vacuum compressibility for a massless scalar field inR × S3 with an
exponentially expanding scale factor aðtÞ.
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This is a good place to comment on the comparison with
the results for theR × S1 case. (a) Recall that in theR × S1

case the scale factor aðtÞ is dynamically determined, with
the backreaction effects. That is, we solve for the dynamics
of aðtÞ with the Casimir effect and the trace anomaly
incorporated, by the self-consistent interaction between the
dynamics of the quantum field and the geometry. Here, the
scale factor is prescribed a priori, not determined dynami-
cally. (b) In the R × S1 case, the presence of the trace
anomaly accelerates the collapse of the S1 space, over and
above that already present due to the Casimir effect. (c) The
expressions for the trace anomaly in two dimensions and
four dimensions are quite different: the four-dimensional
case contains higher-order derivative of a. Therefore, it is
not surprising to see many qualitative differences between
these two cases.
If the universe expands and contracts according to the

Gaussian profile given by (20), then, as analyzed earlier, the
vacuum energy is essentially given by the contribution of
the trace anomaly only. This is because the Casimir energy
is negligible when aðtÞ is large, and the contribution from
the nonzero classical trace vanishes. Hence the features
related to the trace-anomaly contribution we highlighted
earlier can be directly applied here. Since there is no
particle production, the vacuum energy is very small at late
times. However, at t ≫ t0 the contribution from the trace
anomaly is exponentially small, while that from the Casimir
energy dominates.

V. VACUUM COMPRESSIBILITY OF R × T3

We now turn our attention to the quantum effect due to
anisotropic expansion. Creation of field quanta occurs quite
generically for the quantum field in a time-dependent
background. The conformally-coupled, massless scalar
field in a conformally-flat spacetime is a well-known
exception. For the effects of particle creation of confor-
mally-coupled massless scalar fields we need to consider
anisotropic expansion, such as was done for the Bianchi
type-I universe [51,53].
Here we consider the effects of vacuum particle creation

in a three-dimensional rectangular box. We allow the
longitudinal length to change in time, but set the two
transverse lengths equal and fixed. Inside the box is filled a
massless, conformally coupled quantum scalar field in its
vacuum state. We assume that the field takes on periodic
boundary conditions on the surfaces of the box, so for this
quantum field, the box configuration is analogous to a
space with three-torus T3 topology. Thus, we have cast the
dynamical Casimir effect of a massless, conformally
coupled scalar field into an anisotropically expanding
spacetime. We are interested in the vacuum energy of
created particles in this R × T3 spacetime.
This spacetime has a line element of the same form as

that of an anisotropically expanding, spatially flat (Bianchi
type-I) universe,

ds2 ¼ dt2 − ½a21ðtÞdx2 þ a22ðtÞdy2 þ a23ðtÞdz2�; ð62Þ

where ai are the scale factors in the three Cartesian
directions. We let a2 ¼ a3 ¼ 1, but a1 ¼ aðtÞ, i.e.,
allowing the scale factor in the x direction to change
in time.
A conformally-coupled, massless scalar field ϕ in this

anisotropically expanding space obeys the Klein-Gordon
equation,

∂
2
tϕþ ȧ

a
ϕ̇ −

X3
i¼1

∂
2
iϕ

a2i
þ 1

6
Rϕ ¼ 0; ð63Þ

where ξ ¼ n−2
4ðn−1Þ ¼ 1

6
is the conformal coupling strength,

and R ¼ − 2ä
a is the scalar curvature of spacetime.

The classical energy-momentum tensor of this scalar
field is given by

Tμν ¼ ð∂μϕÞð∂νϕÞ −
1

2
gμνgλσð∂λϕÞð∂σϕÞ

−
1

6
½∇μ∂νðϕ2Þ − gμνgλσ∇λ∂σðϕ2Þ þ ϕ2Gμν�; ð64Þ

where Gμν is the Einstein tensor and ∇μ is the covariant
derivative with respect to the metric tensor gμν. The
corresponding energy density is

TμνUμUν ¼ 1

2
ϕ̇2 þ 1

3

ȧ
a
ϕϕ̇þ 1

6

X3
i¼1

�
∂iϕ

ai

�
2

−
1

3

X3
i¼1

ϕ∂2iϕ

a2i
−
1

6
Gttϕ

2; ð65Þ

where an overdot indicates differentiation with respect to t.
It is convenient to introduce a new field variable

χ ¼ a1=3ϕ and a conformal time variable η according to
dη ¼ a−1=3dtwith a prime indicating differentiation respect
to η, and write (65) in terms of conformal time

TμνUμUν ¼ a−2=3
�
1

2
a−2=3χ02 þ 1

6

X3
i¼1

�
∂iχ

ai

�
2

−
1

3

X3
i¼1

χ∂2i χ

a2i
−
1

2
a−2=3Qχ2

�
: ð66Þ

The positive-definite quantity Q defined by

Q ¼ 1

18

X3
i<j¼1

�
a0i
ai

−
a0j
aj

�
2

¼ 1

9

�
a0

a

�
2

> 0; ð67Þ

measures the severity of anisotropic expansion. The new
field variable χ satisfies the equation of motion
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χ00 − 2a2=3
X3
i¼1

∂
2
i χ

a2i
þQχ ¼ 0: ð68Þ

Under the periodic condition imposed at the boundaries, the
corresponding field operator χ̂ has mode expansion of the
form:

χ̂ ¼ l−3=2
X
k

h
ÂkχkðηÞeþik·x þ Â†

kχ
�
kðηÞe−ik·x

i
; ð69Þ

with the compact notation

X
k

¼
Y3
i¼1

X
ni

;

where ki ¼ 2πni=l, ni ∈Z, and l is the coordinate length
of each side of the box. The Fourier modes χk satisfy the
parametric oscillator equation:

χ00k þ ½Ω2
kðηÞ þQðηÞ�χk ¼ 0; ð70Þ

with ΩkðηÞ given by

Ω2
k ¼ a2=3ðηÞ

�
k2x

a2ðηÞ þ k2y þ k2z

�
; ð71Þ

and the normalization condition χ0�kχk − χ�kχ
0
k ¼ i.

Let the initial state j0Ai be the vacuum state annihilated
by Âk. Then after transforming back to the cosmic time, the
vacuum expectation value of the tt component of the stress-
energy tensor

h0AjT̂μνj0AiUμUν ¼ a−4=3

2l3

X
k

½jχ0kj2 þ ðΩ2
k −QÞjχkj2�;

ð72Þ

gives the formal expression of the energy density. In order
to obtain the explicit expressions for jχkj and jχ0kj, we solve
the equation of motion (70) by the ansatz

χk ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ΩkðηÞ

p h
αke

ð−Þ
k þ βke

ðþÞ
k

i
;

χ0k ¼ −i

ffiffiffiffiffiffiffiffiffiffiffiffi
ΩkðηÞ
2

r h
αke

ð−Þ
k − βke

ðþÞ
k

i
; ð73Þ

for two new time-dependent functions αkðtÞ and βkðtÞ, with

eð�Þ
k ≡ exp

�
�i
Z

η

η0

dη0Ωkðη0Þ
�
: ð74Þ

The normalization condition requires jαkðηÞj2 −
jβkðηÞj2 ¼ 1. Combining Eqs. (70) and (73), we obtain a

simultaneous set of first-order differential equations for
αk and βk,

α0k ¼ 1

2

�
Ω0

k

Ωk
− i

Q
Ωk

�
ðeþk Þ2βk − i

Q
2Ωk

αk; ð75Þ

β0k ¼ 1

2

�
Ω0

k

Ωk
þ i

Q
Ωk

�
ðe−kÞ2αk þ i

Q
2Ωk

βk: ð76Þ

Following the same procedure as outlined in the previous
section, we introduce three real variables,

sk ¼ jβkj2; pk ¼ αkβ
�
ke

2
− þ α�kβke

2þ;

qk ¼ iðαkβ�ke2− − α�kβke
2þÞ; ð77Þ

thereby obtaining a simultaneous set of first-order real-
valued ordinary differential equations [58]

s0k ¼ 1

2

Ω0
k

Ωk
pk þ 1

2

Q
Ωk

qk; ð78Þ

p0
k ¼ Ω0

k

Ωk
ð1þ 2skÞ −

�
Q
Ωk

þ 2Ωk

�
qk; ð79Þ

q0k ¼ Q
Ωk

ð1þ 2skÞ þ
�
Q
Ωk

þ 2Ωk

�
pk: ð80Þ

Expressing the energy density in term of sk, pk, and qk,
we find

h0AjT̂μν regj0AiUμUν ¼ a−4=3

2l3

X
k

�
Ωkð2sk þ 1Þ

−
Q
2Ωk

ð1þ 2sk þ pkÞ
�
: ð81Þ

With a suitably defined adiabatic vacuum state the param-
eter sk can be used as a measure of particle number density
at time η due to the moving boundary.
Equation (81) contains ultraviolet divergences which we

remove by adiabatic regularization,

h0AjT̂μν regj0AiUμUν ¼ a−4=3

2l3

X
k

�
Ωkð2sk þ 1Þ

−
Q
2Ωk

ð1þ 2sk þ pkÞ
�

− ρð0Þ − ρð2Þ − ρð4Þ: ð82Þ

We take the zeroth- and second-order adiabatic expansion
of the energy density ρð0Þ, ρð2Þ from [68], and subtract them
from the corresponding formally divergent terms

DYNAMICAL VACUUM COMPRESSIBILITY OF SPACE PHYS. REV. D 109, 065027 (2024)

065027-19



h0AjT̂μν regj0AiUμUν ¼ a−
4
3

2l3

X
k

2skΩk þ
�
a−

4
3

2l3

X
k

Ωk −
a−

4
3

2

Z
d3k
ð2πÞ3 Ωk

�

þ
�
a−

4
3

2l3

X
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�
−

Q
2Ωk

�
−
a−

4
3

2

Z
d3k
ð2πÞ3

�
−

Q
2Ωk

��

þ
�
a−

4
3

2l3

X
k

�
−

Q
2Ωk

ð2sk þ pkÞ
��

−
a−

4
3

2

Z
d3k
ð2πÞ3

�
1

8

Ω02
k

Ω3
k

�
− ρð4Þ: ð83Þ

The first term in the first line on the right-hand side is the
energy density of the created particles, the second term,
denoted by ρCA, is the Casimir energy density due to the
compactness of the spatial section.
The Casimir energy in T3 topology has been calculated

in e.g., [69], and is given by

ρCAðl1;l2;l3Þ ¼ −
π2

90l4
1

−
π2

6l1l2l2
3

−
ζRð3Þ
2πl1l3

2

þ 8π

l1l2
2l3

G

�
l3

l2

�
−

16

l2
1l2l3

R

�
l2

l1

;
l3

l1

�
;

ð84Þ
where l1, l2, l3 are the side lengths of the rectangular box,
the modified Bessel function of the second kind is given by

KνðzÞ ¼
ðz=2ÞνΓð1=2Þ
Γðνþ 1=2Þ

Z
∞

1

dte−ztðt2 − 1Þð2ν−1Þ=2 ð85Þ

and

GðzÞ ¼ −
1

2π

X∞
n¼1

X∞
l¼1

n
l
K1ð2πnlzÞ; ð86Þ

Rðz1; z2Þ ¼
z1z2
8

X∞
l;p¼−∞

ð1− δl0δp0Þ
X∞
j¼1

 
jffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

l2z21 þp2z22
p

!
3=2

×K3=2

�
2πj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2z21 þp2z22

q �
: ð87Þ

For a cubic box ρCAðl1;l1;l1Þ ¼ −0.838=l4
1, and for

the geometry where the length of one side goes to
infinity, ρCAðl1;l1;∞Þ ¼ −0.301=l4

1. In this case, since
ρCAðl1;l1;l3Þ for general l3 is believed to be of the same
order of magnitude as these two values, we expect that
ρCAðl1;l1;l3Þ is a slowly varying function of l3 such
that a

ρCAðl1;l1;l3Þ ¼ −
1

l4
1

f

�
l1

l3

�
; with lim

z→1
fðzÞ ¼ 0.838;

lim
z→0

fðzÞ ¼ 0.301: ð88Þ

Thus, the dimensionless, coefficient function fðzÞ is
typically small for 0 ≤ z ≤ 1. Then the Casimir effect
contribution to the vacuum energy ECA is given by

ECA ¼ −
l3

l2
1

f

�
l1

l3

�
; ð89Þ

in turn, this yields the corresponding contribution to the
pressure

PCA ¼ −
1

l2
1

∂ECA

∂l3

¼ 1

l4
1

�
f

�
l1

l3

�
−
l1

l3

f0
�
l1

l3

��

≃
1

l4
1

f

�
l1

l3

�
; ð90Þ

where the prime here represents differentiation with respect
to the argument of the function. The slowly varying nature
of fðzÞ and the fact that l1=l3 < 1 imply that the second
term in (90) can be ignored. Next, since the numerical
values of fðzÞ are already small, if we are interested in
physically reasonable cases l3 ≥ l1 such that l1 is not too
small, then we can conclude the contribution of the Casimir
energy to the pressure is typically negligibly small, com-
pared with the pressure caused by particle creation, unless
the latter is accidentally zero or falls under the adiabatic
limit. Therefore the Casimir energy can be ignored in the
calculation of the pressure. This will be further justified by
Fig. 14 where the vacuum energy due to particle creation is
numerically much larger than that from the Casimir effect.
For the term in the second line of (83)

−
a−

4
3

2l3

X
k

Q
2Ωk

¼ −
a−

4
3

4l3

X∞
nx¼−∞

X∞
ny¼−∞

X∞
nz¼−∞

×
Qffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a
2
3

h
ð2πnxÞ2

l2 þ ð2πnyÞ2
l2 þ ð2πnzÞ2

l2

ir ; ð91Þ

the zero mode in Eq. (91) causes infrared divergence, but we
can exclude it since it represents the mode with infinite
wavelength. The dimensions of the torus serve as an infrared
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cutoff of the spectrum, so the above expression can be
decomposed into the following three components: (a)

−
a−

4
3

2l3

X∞
nx¼1

X∞
ny¼1

X∞
nz¼1

Qffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a

2
3

h
ð2πnxÞ2

l2 þ ð2πnyÞ2
l2 þ ð2πnzÞ2

l2

ir ; ð92Þ

(b)

−
a−

4
3

2l3

X∞
ny¼1

X∞
nz¼1

Qffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a

2
3

hð2πnyÞ2
l2 þ ð2πnzÞ2

l2

ir 				
nx¼0

þ � � � ; ð93Þ

where � � � are the two other terms with nx ¼ 0 replaced by
ny ¼ 0, nz ¼ 0, and (c)

−
a−

4
3

2l3

(X∞
nz¼1

Q

a
1
3
2πnz
l
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þ
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a
1
3
2πny
l

				
nx¼nz¼0

þ
X∞
nx¼1

Q

a
1
3
2πnx
l

				
ny¼nz¼0

�
: ð94Þ

Equation (92) can be renormalized with the help of the
Abel-Plana formula [63],

X∞
n¼0

fðnÞ ¼ 1

2
fð0Þ þ

Z
∞

0

fðxÞdxþ i
Z

∞

0

fðitÞ − fð−itÞ
e2πt − 1

;

ð95Þ

iteratively applied to the triple sums in (92). Thus, Eqs. (93)
and (94) will be numerically renormalized by subtract the
corresponding integrals

−
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4
3

2

Z
1

0

Z
∞

1

Z
∞

1

d3k
ð2πÞ3
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2
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k2x
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After renormalization, Eqs. (92)–(94) in a physically
reasonable case (length scale much higher than the
Planck scale) give very small values, compared to the other
contributions in the vacuum energy density, so we neglect
these terms.
Now, the remaining part of energy density can be

written as

FIG. 14. The volume, pressure, energy, and vacuum compressibility of a massless conformal field in a rectangular T3 box when one
side of the box is allowed to expand and contract in cosmic time. The scalar factor follows a Gaussian evolution Eq. (20), with a0 ¼ 1,
Δ ¼ 2, t0 ¼ 1 and 1=τ2 ¼ 5.
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The integral in the second line of Eq. (98) associate with
trace anomaly is divergent, and it must cancel the UV
divergence in sk and pk of the first line. Although it is hard
to further decompose sk and pk to find the exact divergent
contribution, we could make the following observations; at
large momentum, the integrand in the second line of
Eq. (98) will be suppressed by Ωk in the denominators,
and it goes like 1=k as k → ∞, then it will cancel the
divergent part in sk and pk for large momentum, and give a
finite part. Therefore, if we can estimate the value of the
integral in the small momentum range, and show it is small
compared to the summation in the small momentum range
in the first line of Eq. (98), then we can neglect the whole
thing in the second line of Eq. (98). For the scale factor aðtÞ
of our interest, the integral indeed is a few orders of
magnitude smaller than the rest of the energy density
expressions for ki < 20. Therefore, we can just use the first
line of Eq. (98) and sum up to ki < 20 to give an pretty
accurate approximation of energy. The corresponding plot
is shown in Fig. 14.
In the current case, the major component of the vacuum

energy come from the contribution caused by spontaneous
particle production induced by a mirror which moves in a
specific direction and has a trajectory described by a
Gaussian, or equivalently induced by anisotropic variation
of the scale factor inR × T3 spacetime. The result in Fig. 14
shows the energy does not monotonically grow with time
even when the volume is expanding. A local maximum
occurs at the moment when the expansion rate is largest.
The accompanying time variation of the pressure in

Fig. 14 contains more structures due to the expansion and
contraction of the volume. The results show that the pressure
can take on either positive or negative values. The negative
value occurs when the energy changes have the same trend

as the volume does, but if the energy changes in a way
opposite to how the volume changes, then the pressure can
be positive. These can be seen by comparing the plots of
energy and pressure, as the consequence of the definition of
the pressure; however, it is not clear why a small hump
shows up at early time in the figure for the time evolution of
the pressure. The zero pressure occurs when the energy take
on a local maximum. From the previous discussions, we
expect that the compressibility can exhibit unusual behavior
in the regions where ΔV ≠ 0 but ΔP ≈ 0. This is rather
baffling indeed and needs more investigation.

VI. SUMMARY

We summarize our findings by first describing the
quantum field theoretical factors and then the quantum
thermodynamic features.

A. Quantum processes

The quantum vacuum processes of interest to us include
the familiar Casimir effect, the dynamical Casimir effect
which includes particle creation, and the less familiar trace
anomaly. The first depends on the way boundary con-
ditions are imposed on the quantum field and the topology
of the space it lives in. The second entails particle creation
due to the parametric amplification of vacuum fluctuations
of the quantum field. The third is specific to, and a
manifestation of, the quantum nature of a conformal
field—“anomaly” refers to the fact that the trace of the
stress-energy tensor of a classical conformal field is zero,
but not so for a quantum conformal field. These three
types of quantum field processes/effects have been studied
by researchers in quantum field theory in curved space-
time since the 1970s. We have adopted the methodologies
developed there, such as using the adiabatic regularization
for the treatment of UV divergences. Here we have more
extensive mathematical usages and accompanying physi-
cal discussions. For particle creation in R × S2, R × S3,
andR × T3 treated here we solve the differential equations
governing the Bogoliubov coefficients without making
any approximation. One new improvement over earlier
treatments is to obtain the Bogoliubov coefficients (two
complex or four real quantities minus one Wronskian
condition) directly by solving the three first-order ordi-
nary differential equations numerically with a specified
time dependence of the scale factor.
Going into the specifics; we have treated the effect of

trace anomaly in R × S1, R × S3 spacetimes and particle
5The notation sð4Þk gives the fourth-adiabatic-order contribution

of sk, but it is not relevant to the current discussion.
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creation in R × S2, R × S3, and R × T3 spacetimes. In the
first case the time dependence of the scale factor is
determined by self-consistently solving for the dynamics
of the quantum field and the spacetime. This was done in a
recent paper [48]. Results from there are imported into the
present calculations. We use this as an example of vacuum
processes where the backreaction effects are included in
the consideration. In the other cases we have considered
two types of evolution of the scale factor. The marked
differences between the effects of the trace anomaly and
particle creation were known much earlier (compare e.g.,
[52,53]), and amply illustrated in [48]; the backreaction on
S1 due to the trace anomaly accelerates the collapse of the
ring while the backreaction of particle creation in T3

retards the expansion of the box. For the other cases
studied without backreaction, one distinction between the
effects of particle creation and the trace anomaly is that the
energy due to (bosonic) particle creation overall mono-
tonically increases, while that due to trace anomaly can
increase at one time and decrease at another time. This is
because the expression for the trace anomaly contains
terms of higher-derivative orders with positive and neg-
ative signs. As remarked in the Introduction we need to
include the energy and the pressure for all possible vacuum
processes allowed before calculating the vacuum dynami-
cal compressibility of each spacetime. Detailed descrip-
tions of how the vacuum energy, the vacuum pressure and
the vacuum dynamical compressibility varies with time
can be found in the plots given for each of the spacetimes
considered. Their overall features have a branding impact
on the quantum thermodynamic functions of spacetimes.

B. Quantum thermodynamics

The ending target from these QFTCST calculations is
the energy density of the quantum field in various
quantum vacuum processes. It is also the starting point
for the derivation of the quantum thermodynamic func-
tions of the system. This can be seen from the four frames
in the plots based on the results of calculations in all the
cases considered; the volume, energy, pressure and com-
pressibility. The first two from QFT calculations provide
the raw materials for ensuing thermodynamic consider-
ations. If the challenge in the QFT part is mainly technical,
the QTD part is mainly conceptual. We refer the reader to
the descriptions of the results following each figure for
details, but highlight two overall qualitative features
below which are radically different from our traditional
understanding of energy, pressure and compressibility
based on classical thermodynamics:
(1) Energy could be negative. The energy due to the

trace anomaly in S1 and due to particle creation in T3

are negative, whereas the energy due to particle
creation in S2 and S3 spaces are positive, as is in S3

due to the trace anomaly. Negative energy is a

special hallmark of vacuum quantum field proc-
esses, probably known first in Casimir effect; the
energy density in the space between two parallel
plates is negative, resulting in an attractive Casimir
force whereas for a sphere it is positive, giving rise to
an expansion of the sphere.

(2) Pressure could be negative. Recall the definition:
P ¼ − ∂E

∂V. If energy is negative as, e.g., in the S
1 case

(see Figs. 2 and 3), then (a) an increase in the volume
with an increase in the (negative) energy will give a
negative pressure, while (b) a decrease in the volume
with an increase of (negative) energy will give a
positive pressure. Note that the pressure calculated
from the vacuum energy of a particular source, be it
Casimir, trace anomaly or particle creation, is only a
partial pressure. That is the reason for our earlier
caution, that all partial pressures need be added up to
a total vacuum pressure before one proceeds to
calculate the compressibility.

(3) Compressibility could be negative, even approach
infinity at certain times. Recall the definition
κ ¼ − 1

V
∂V
∂P. First off, note as stated before, that the

pressure in “taking the derivative of volume with
respect to the pressure” refers to the total pressure of
all the partial pressures from different vacuum
sources, like the three named above, whichever is
present in the different cases studied. (i) In the T3

example mentioned above, because of the cross-
dependence both cases (a) and (b) end up giving the
same compressibility functional dependence on
time, becoming increasingly negative. (ii) A more
“alarming” fact is that the compressibility can
become infinite (see Figs. 6 and 7) at certain points
in time when the vacuum pressure is a maximum or
minimum while the volume is changing.

What we have encountered here is something very odd
from the traditional perspective of classical mechanics and
thermodynamics. This is because the sources of vacuum
energy in the cases we have studied are all of quantum field
origins. Our calculations are meant to bring forth something
novel in the quantum thermodynamics of spacetimes,
fundamentally different from spacetime dynamics described
by classical thermodynamics. It behooves us to try to
understand these processes from a different perspective,
to expound/extend the meanings of these physical quantities
or, even go so far as coming up with more cogent definitions
for these quantum thermodynamic quantities to encompass
these new phenomena.
As extensions of the present work we shall study finite

temperature quantum fields in our next paper [45]. We will
be able to include the effects of stimulated particle creation
and the considerations of heat capacity of dynamical
spacetimes due to various quantum field processes.
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