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An exactly solvable relativistic quantum Otto engine
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We revisit the mathematics of exactly solvable Unruh-DeWitt detector models, interacting with massless
scalar fields under instantaneous interactions, to construct a relativistic quantum Otto heat engine. By
deriving the conditions under which the thermodynamic cycle is closed we study the effects of motion on
the amount of work that can be extracted from the machine when the working medium is moving at a
constant relativistic velocity through the heat baths. While there is a degrading effect with respect to speed
in the hot bath, we demonstrate that in the case of the cold bath, genuine enhancing effects are sometimes
present. For couplings the same order as the inverse frequency of the detector and a specific value for the
temporal separation between the two instantaneous interactions—needed in order to be possible to cool the
detector—a nonmonotonic dependence between speed and extracted work exists raising the intriguing
possibility of exploiting relativistic effects for the enhancement of thermodynamic processes in tabletop

experiments.

DOI: 10.1103/PhysRevD.109.065025

I. INTRODUCTION

Quantum thermodynamics [1-5] investigates fundamen-
tal concepts, such as temperature, heat, and work in the
quantum regime. A central focus of the field is the study of
thermal machines [6-9] designed to operate in the quantum
realm, and whether quantum features can be harnessed in
order to enhance their performance.

Since the introduction of a three-level maser [10] as a
prototype for a quantum heat engine, a number of theo-
retical investigations have emerged, exploring, among
others, the impact of coherence [11,12], squeezed or
nonequilibrium thermal baths [13-15], non-Markovian
effects [16,17], and the strong coupling regime [18-20]
on engine efficiency, with several proposals for their
experimental realization [21-25] (for a more detailed
overview see [7] and references therein).

The implications of relativistic effects on the perfor-
mance of quantum thermal machines has remained a
relatively unexplored topic. Relativity, quantum physics,
and thermodynamics are known to be related through the
Unruh effect [26-29], which asserts that a uniformly
accelerated observer perceives the Minkowski vacuum of
a quantum field as a thermal state at a temperature
proportional to their acceleration. Motivated by this, the
notion of a Unruh quantum Otto heat engine has recently
been introduced [30-35]. Other studies have also explored
the impact of relativistic energies and the effects of space-
time geometry on the thermal efficiency of thermodynamic

“kollas @upatras.gr
fdmoustos @upatras.gr

2470-0010/2024/109(6)/065025(8)

065025-1

cycles [36,37]. Moreover, quantum heat engines with
confined relativistic fields as the working medium have
been put forth as possible implementations with cavity-
optomechanical setups [38,39].

In [40] the effects of relative motion of a hot reservoir
with respect to the working medium in a quantum Otto
engine were investigated, where it was reported that the
amount of extracted work decreases with respect to the
velocity of the bath. Leveraging the effective temperatures
recorded by observers that move along stationary trajecto-
ries [41], a general relativistic quantum Otto engine was
introduced in [42], where the amount of work extracted by
a circularly moving observer has been explicitly obtained.

A relativistic quantum Otto engine is treated within the
framework of time-dependent perturbation theory, where
an Unruh-DeWitt (UDW) detector moving along a trajec-
tory in a background spacetime is weakly coupled to a
scalar field [26,43,44]. Instead, by employing instantane-
ous detector-field interactions, it is possible to obtain an
exact expression for the final state of the detector [45-51].
This allows for a complete investigation of the detector
dynamics with respect to the full parameter space, such as
the size and frequency of the detector and the strength of
the coupling.

In the present work, we make use of instantaneous
interactions to derive the necessary and sufficient condi-
tions to close a thermodynamic Otto cycle. By considering
a detector that is moving at a relativistic constant speed
through the two baths, we observe that degradation effects
still persist in the case of the hot bath [40]. However, for a
detector with a size of the same order as its transition
wavelength we find that, given a sufficient amount of time
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during which the detector cools, motion in the cold bath can
positively enhance the performance of the engine.

Throughout, we employ the natural system of units in
which 7 =c¢ =kz=1. We also assume a Minkowski
spacetime with metric signature (— + ++). Four-vectors
are represented by sans-serif characters (X), while boldface
letters (x) denote spatial vectors.

II. RELATIVISTIC THERMAL ENGINES WITH
INSTANTANEOUS INTERACTIONS

In a relativistic thermal engine the working medium
consists of a two-level Unruh-DeWitt detector in a diagonal
state of its energy basis

1 1

p = l@)@l +—"10)(0], (1)

with 0 <r <1 its purity [52] and energy gap Q. The
reservoirs are modeled as quantum fields at thermal states,

which in the simplest case considered here consist of
massless scalar fields

@(X) — / d3k (&keik»X + &Te—ikx) (2)
(27)°2]k] ‘
with Hamiltonian
1y = [ Wajad'k (3)

where a; and Zz,t are the annihilation and creation operators
of field mode k satisfying the following canonical com-
mutation relations

o, ] = |4, al,] =0 o, 0l | =Sk — k' 4
[y, ay) = [ak,ak,] =0, [ak,ak,] =6 ). (4)

The detector exchanges heat with the field by interacting
with an instantaneous UDW interaction of the form

Hip(2) = 28(1 = 10)p(7) ® ¢ (X(7)). (5)

where 4 is a coupling constant with dimensions of length,
A(7) is the transition operator of the detector

fi(z) = e |Q)(0] + e ]0N(Q (6)
and @/(X(r)) is a smeared field along the detector’s

trajectory X(z) = (#(z), x(z)) parametrized by its proper
time 7

b/(x(x) = [S @)t )

Introducing a real valued smearing function f(€) makes it
possible to take into account the spatial extension of the

A

FIG. 1. An extended UDW detector interacts with the field not
at a single point in spacetime but rather in a neighborhood of its
position with an effective size R given by the mean distance from
its center of mass, weighted by an appropriate smearing function
f(€), as defined in the detector’s rest frame.

detector by averaging the field over a three-dimensional
timelike simultaneity hypersurfase S(z) at the detector’s
position (Fig. 1) with an effective radius given by the
weighted average distance

R= [9 e (8)

From a physical point of view the smearing function
reflects the shape and size of the detector [53,54], which
may result from a pointlike interaction of a hydrogenlike
atom with the field when expanded in the detector’s energy
eigenfunctions [55,56].

Suppose that at time 7, a clock in the rest frame of the
detector registers time equal to 7(, then for a field in a

thermal state o, e~PHy at inverse temperature /3, the state
of the detector after the interaction is given by the action of
a bit flip channel

B(p) = (1= p)p + pi(zy)pii(zo) )

with

p= <1 _ 6—2/12%3<@2f0>/1) , (10)

1
2
where 7y =%|, . 97 = §;(X(5)), and (0); = tr(Oc,)
(see [51] more detailed calculations). For a detector which

is diagonal in its energy basis simple calculations show that
its final purity # will be equal to

- re—zwg(@%yﬁ <r (11)

Given that r = tanh? ’59, with g, an effective inverse
temperature, it follows that it is not possible to cool the
detector since 8/, < ;. This implies that
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FIG. 2. The relativistic quantum Otto engine with instantaneous interactions.

No-go Theorem.—It is impossible to construct a relativ-
istic quantum thermal engine using only single instanta-
neous interactions between the working medium and the
IESErvoirs.

It is interesting to note that a similar no-go theorem also
exists in the case of entanglement harvesting [57].

A. Multiple instantaneous interactions

In order to cool the detector at least two instantaneous
interactions are needed

Hip(r) = D 28(t = 1)) ® s (x(x)).  (12)

i=12

In this case it can be shown that the purity of the final state
of the detector is of the form (see the Appendix)

r=Ar+B, (13)
where

A = o B0~ 0] ) (0052 QA7 o-4Pt 1R W
. QAT .,
+ sin? - e nnReW (14)

B = ¢ B0 sin(QA7) sin (442, 1, Im W), (15)

with At =1, — 7q, and

W = (9 (X(71))@s(X(22))) (16)

is the Wightman function for a smeared thermal field.

III. THE RELATIVISTIC OTTO ENGINE

The relativistic Otto engine consists of the following
four-step process (Fig. 2):

Step 1: Adiabatic expansion in which the energy gap of
the detector is increased from a cold (€2,) to a hot (€2),)
value at the cost of W;, = %AQ units of work.

Step 2: Isochoric contact with a thermal field at a hot
temperature 7, through use of a single instantaneous
interaction, which changes the purity of the detector
from r, to r;, and draws Q;, = “5™ Q,, units of heat in
the process.

Step 3: Adiabatic compression which changes the energy
gap of the detector back to Q. and releases W, =
—I_T”'AQ units of work.

Step 4: Isochoric contact with a thermal field at a cold
temperature 7'., with the help of two instantaneous
interactions, which restores the purity of the detector
back to its initial value r. by dumping Q. =
— 5" Q. units of heat.

Adding all the contributions from each step of the cycle,
one finds that the total amount of work AW and heat AQ in
this case is given by

e =Ty e =Ty

AW = — AQ and AQ =

AQ, (17)
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Amount of work AW /AQ extracted from a relativistic quantum Otto engine as a function of the speed of the detector through

the hot (v,) and cold (v,) reservoirs for weak (1., = 0.1/Q,), medium (4., = 3/Q,), and strong (4., = 10/€,) couplings, for a hot
T, = Q. and cold T, = 0.01Q, temperature of the baths and a detector with effective size R = 1/Q,.

with the total energy AE = AW + AQ = 0, as should be
expected from a closed system. If the initial purity of the
detector is greater than the one after the second step
(r. > rp,), then the machine produces useful work at the
expense of heat.

Combining Eq. (11) with Eq. (13) it is now possible to
find a closed expression for the range of permissable values
of the initial purity that provides the necessary and
sufficient condition needed in order to be able to close
the cycle and repeat the process

B
=, 18
rc 1 _Ae_21213<¢%0>ﬁ ( )

with the amount of extracted work now equal to

AW ="¢ (1 - e‘mé@zf&ﬂ)AQ. (19)

2

A. Effects of inertial motion on the amount
of extractable work

We will now study the effects that an inertial detector has
on the amount of work that can be extracted from the
machine when it is moving through the hot and cold
reservoir. The wordline trajectory of the detector in this
case is equal to

X(z) = rr(1,v.), (20)

where y =1/,/1—v2, is the Lorentz factor and v,

denotes the speed of the detector with respect to the cold
and hot baths, respectively. For a detector with a Gaussian
smearing function

_4e?

e =r?
=, 21

the smeared field takes the form [58]
k22 R2 (1-0-k)2
.o e ® A —ikyr(1-vk) 3

Qr= | ———= (e ™7 +H.c.)d’k. (22
! (27)32lK] (@ ) @)

The expectation values for the field, in this case, can all be
written as integrals of error functions, that is

1 © k
= / cothﬁ— erf\/;r}/kR(l +0)
327*y*0°R? Jo 2 8

- erf\/gykR(l - v)] dk,

(23)
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In Fig. 3, we present numerical calculations of the
amount of work extracted from the Otto engine for a
detector with an effective radius R = 1/Q,, as a function of
the speed of the detector v, v, through the hot and cold
reservoirs with temperatures 7, = 0.01Q, and T), = Q,,
respectively, and for various values of the field-detector
coupling. We observe that, for the range of parameters
considered here, the maximum amount of work that we can
recover is more than 25% of the theoretical upper bound
(AW/AQ < 0.5). What is striking is the dependence of the
work on the speed of the detector through the cold bath.
As has been previously reported in [40] the speed of the
detector when it is interacting with the hot bath has a
degrading effect on the amount of extractable work. On the
contrary there exists a nonmonotonic relation between
work and speed in the cold bath (Fig. 4). Although the
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FIG. 4. Dependence of extracted work on the speed of the
detector when it is traveling through the hot and cold heat baths
with temperatures 7, = Q. and 7, = 0.01Q., for a medium
coupling A, = 4, = 3/Q and a detector with an effective size
R = 1/Q,. The temporal separation between the two instanta-
neous interactions used to cool the detector is equal to At = 2/Q.
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FIG.5. Amount of work extracted or expended by a relativistic

quantum Otto engine as a function of the temporal separation
between the two instantaneous interactions needed to cool the
detector for a strong coupling 1. = 1, = 10/Q, with the hot and
cold reservoir at temperature 7, = Q. and 7. = 0.01€2,, respec-
tively, and for a detector with an effective size R = 1/Q.. When
the work is negative the engine functions as a refrigerator.

physical reason behind this benefit is not immediately clear
from the expressions, a clue is given by the persistence of
the phenomenon even in the case of strong couplings. In
this case r. ~ B, and the nonmonotonic behavior is a result
of the imaginary part of the Wightman function that appears
inside a sinusoidal function. As is evident from the figures
the maximum contribution to the work occurs at relativistic
speeds. In this limit the integral in Eq. (25) is dominated by
the blue shifted wavelengths due to the relativistic Doppler
effect. The moving detector is able to probe modes of the
field with a higher energy, which assists in the extraction
process. When the couplings with the baths are strong, r
can take negative values. In this case the machine functions
as a refrigerator, drawing heat from the cold bath and
dumping it in the hot reservoir at the expense of work done
on the detector but with a very low performance no more
than 3% of the theoretical bound (see Fig. 5).

IV. CONCLUSIONS

In this report, we demonstrated how to construct a
relativistic quantum Otto heat engine using only instanta-
neous interactions for the isochoric thermal contact
between the detector and the heat baths. Employing this
approach, which allows for an exact solution of the state of
the detector in each stroke of the cycle, we studied the
effects of the detector’s motion on the amount of work that
can be extracted and observed that even though an inertial
motion through the hot reservoir tends to degrade work the
same motion through the cold reservoir can sometimes
enhance the performance of the machine. Numerical
calculations indicate that this phenomenon, which occurs
for any coupling strength, emerges only for a detector with
a size the same order as its inverse energy gap 1/Q.. Quick
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calculations show that if the temporal separation between
the two instantaneous interactions, needed in the final step
of the process in order to cool the detector, is equal to
At =2/Q,., then setting At =wv./Ax we find that the
locations of the two instantaneous interactions in the cold
bath are separated by Ax = 2v./€Q., which is the same
order as the wavelength of the excited energy level of the
detector. This is an ideal scenario for a possible tabletop
experiment where a detector could be realized as a two level
Fock qubit interacting with an electromagnetic field with a
pulse width much shorter than a characteristic length [59].

Note. During preparation of this paper we became aware
of a recent similar work [60], where a double instantaneous
interaction is also employed to construct the Otto engine,
but where the isochoric strokes involve the same quantum
field instead of two separate fields in a hot and cold
temperature. The author also considers the conditions for
closing the cycle for a general state of the field in a globally
hyperbolic curved spacetime, providing an example of a
closed cycle in the case of a static detector that extracts
work from a field in the Minkowski vacuum.
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APPENDIX: UDW DETECTOR MODEL
WITH MULTIPLE INSTANTANEOUS
INTERACTIONS

For a UDW interaction Hamiltonian written as a sum of
delta functions

Hiy(7) = ZM(I —1)i(7) ® 9y (x(2)), (A1)

it can be proven that the unitary operator that evolves the
combined system of detector and field

N too
U =T exp (—i/ Him(r)ch'), (A2)

where 7 is the time-ordering operator, can be written as a
product of delta interactions [46,61] U = T [, U; with

U, =P, QV,+Pf @V, (A3)

where P{ = HE”T(T’) are projection operators in the detector’s
Hilbert space and V; = ¢%%#sX(@)) is a unitary rotation
acting on the field, with z; the detectors proper time at time
t; and #; = §J, .

Restricting our attention to the case of two delta
interactions (where without loss of generality we assume
that 4, = 4, = 1) the final state of the detector after the
field degrees of freedom have been traced out is given by

@(p) =t(Up®o,0")
= 1ol (o) + Th(PrP}) (VD)
+Py(PTpPT{VIV3V i), +ProP{{VIV3Vi), )Py
+P5 (P{pPT(VIV3V]), +PlpPi(V\V3V]), )P;

+H.c., (A4)

where I1;(p) = P/ pP} + P;pP; . For a thermal field o,
e [51),

_ e—zzlff@}l )

Vo s

225050 ] 2228292 )
—e TITZ[(/’_flf(/’fz]e 2\0f /},
Z22[00r e ] 22222 )
A T P Y

_ 6—2/12«?2@1’2—1'1@;‘1)2>/i,

(AS)

For a detector with initial state p =3 (/ —rZ) where Z
denotes the z-Pauli matrix

(A6)

where # is given in Eq. (13).
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