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This paper explores quantum field theories with pseudo-Hermitian Hamiltonians, where PT-symmetric
Hamiltonians serve as a special case. In specific regimes, these pseudo-Hermitian Hamiltonians have real
eigenspectra, orthogonal eigenstates, and unitary time evolution. So far, most pseudo-Hermitian quantum
field theories have been constructed using analytic continuation or by adding non-Hermitian terms to
otherwise Hermitian Hamiltonians. However, in this paper, we take a different approach. We construct
pseudo-Hermitian scalar and fermionic quantum field theories from first principles by extending the
Poincaré algebra to include non-Hermitian generators. This allows us to develop consistent pseudo-
Hermitian quantum field theories, with Lagrangian densities that transform appropriately under the proper
Poincaré group. By doing so, we establish a more solid theoretical foundation for the emerging field of non-

Hermitian quantum field theory.

DOI: 10.1103/PhysRevD.109.065012

I. INTRODUCTION

In “standard” quantum mechanics, the description of a
physical system relies on two crucial elements: a Hilbert space
H of states and a Hamiltonian operator H:H > H that
determines the time evolution. The Hamiltonian and real-
valued physical observables correspond to Hermitian oper-
ators. This guarantees that their expectation values are real and
that their eigenstates are orthogonal. Moreover, the time
evolution operator generated by a Hermitian Hamiltonian is
unitary, ensuring that probability is conserved.

However, it is now well established that operators
do not need to be Hermitian to produce real expectation
values [1-4]. Instead, an operator, say A, must satisfy a
condition known as pseudo-Hermiticity: A" = A7~ [5]
(where 1 is the usual composition of complex conjugation
and matrix transposition) for some Hermitian operator
At =#. We define a new inner product (:|-), := (-[#-),
which yields real expectation values of A. Unlike Hermitian
operators, whose eigenvalues are always real, pseudo-
Hermitian operators exhibit eigenvalues that are either real,
come in complex-conjugate pairs, or so-called exceptional
points, where eigenvalues merge and the operator becomes
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defective [6]. When the eigenvalues of the Hamiltonian are
real, there exists an additional discrete symmetry of the
Hamiltonian that ensures unitary time evolution [7], and
the pseudo-Hermitian theory can be made Hermitian via a
similarity transformation [8]. However, the similarity trans-
formation becomes singular at the exceptional points, and
there is no Hermitian counterpart when the eigenenergies
are complex [9,10].

While non-Hermitian quantum mechanics has been
studied extensively and applied to various physical
systems (for a review, see Ref. [11]) across optics [12—-14],
photonics [15,16], and condensed matter physics [17,18],
the subject of non-Hermitian quantum field theory has only
recently gained traction and is still a developing field.
To date, much of the development in non-Hermitian quan-
tum field theory has focused on simplified models of
PT-symmetric quantum field theories. P7T-symmetric quan-
tum field theories [10] are a subset of pseudo-Hermitian
quantum field theories, in which the Hamiltonian is
symmetric under the combined action of parity P and
time-reversal 7. Examples include the following: i¢?
scalar quantum field theory [19-22], the “wrong-sign” —¢*
theory [23-25], and generalizations [26]; non-Hermitian
extensions of the Dirac Lagrangian [27-30] and Yukawa
theories [29,31], with potential applications to flavor oscil-
lations, e.g., in the quark or neutrino sector of the Standard
Model [32-34]; and non-Hermitian supersymmetric quan-
tum field theories [35,36]. Non-Hermitian quantum field
theories that exhibit spontaneous symmetry breaking, the
Goldstone theorem, and the Higgs mechanism have also
attracted attention [37-43], as well as those permitting
topological defects [44-48].
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Many of these theories are constructed by appending non-
Hermitian operators to an otherwise Hermitian Lagrangian,
or by analytic continuation of Hermitian theories, for
instance, by rotating coupling constants into the complex
plane. Often times, these theories are analyzed in their
PT-unbroken regimes (when the energy eigenvalues are
real) by transforming to a Hermitian theory. However, if we
instead consider the non-Hermitian theory directly, we run
into issues with physical consistency, as detailed below.

In quantum field theory, the physical system is described
by a Fock space F consisting of multiparticle states, rather
than a single-particle Hilbert space. The system dynamics
is governed by a Hamiltonian operator 4 : F + F acting
on this Fock space. Similar to non-Hermitian quantum
mechanics, if the Hamiltonian operator is pseudo-Hermitian
H" =7 H#j™" with respect to some Hermitian operator
n:F = F, it will exhibit real eigenspectra, complex-
conjugate pairs of eigenvalues, or exceptional points. As
in pseudo-Hermitian quantum mechanics, we choose a new
inner product (-|-); := (:[{}-), instead of the Dirac inner
product (-|-), as the former yields real expectation values
of the Hamiltonian.

In “standard” quantum field theory, the Hamiltonian is a
functional of field operators and their canonical momenta
(@, @', &, 7"), instead of position and momentum operators
(%, p), as it is in quantum mechanics. The time evolution of
the field operators is governed by Hamilton’s equations:

§(E.0). B = i0gp(E.0) and [y (£.0). H) = idgpr (£.0).
(1.1)

Most notably, the field operator ¥ and its Hermitian
conjugate " do not evolve with the same Hamiltonian,
since it is non-Hermitian A # H. This leads to mutual
inconsistency in the Euler-Lagrange equations for i and
', a common feature observed in various non-Hermitian
quantum field theory models, first pointed out in Ref. [49].
One option is to fix the dynamics with respect to only one
of the Euler-Lagrange equations [49]. For noninter-
acting theories, it can be argued that physical observables
remain unchanged regardless of the chosen equation [49].
However, in the context of interacting theories, this
method leads to distinct physical results [37,39,40] com-
pared with approaches based on transforming the non-
Hermitian theory to the Hermitian, i.e., standard quantum
field theory [38,41-43]. It is also an open question as to
how to consistently introduce gauge symmetries in non-
Hermitian quantum field theory [50]. Moreover, it has been
observed that the conserved currents in a non-Hermitian
Yukawa theory are not invariant under proper Lorentz
transformations [31]. In this paper, we show that these
inconsistencies naturally arise and are to be expected due to
the quantum fields i and " not transforming in the same

representation of spacetime symmetry transformations (the
proper Poincaré group).

Attempts have been made [51,52] to resolve these issues
in some PT-symmetric models by redefining the conjugate
field in terms of the parity transformation. In these models,
the field and its parity conjugate evolve with the same
Hamiltonian. In this work, we confirm that the conjugate
field must be determined with care in order to build
self-consistent pseudo-Hermitian quantum field theories.
As was noted in Ref. [53], this requires us to consider non-
Hermitian generators of the proper Poincaré group, which
is clearly the case for the generator of time translations: the
Hamiltonian P° = A. This marks a significant difference
between pseudo-Hermitian quantum mechanics and
pseudo-Hermitian quantum field theory, where, for the
latter, spacetime symmetries play a pivotal role. Moreover,
we will see that the non-Hermiticity of the generator of time
translations implies that other generators are, in general,
non-Hermitian. Using group transformation properties, we
construct conjugate field operators transforming consis-
tently under the full proper Poincaré group.

The paper is organized as follows. In Sec. II, we
reexamine time evolution in the case of pseudo-Hermitian
quantum mechanics in terms of representations of time
translations. In Sec. III, we turn our attention to pseudo-
Hermitian quantum field theory and, by demanding
Poincaré invariance, we show that pseudo-Hermiticity of
the Hamiltonian implies pseudo-Hermiticity of the remain-
ing group generators. In Sec. III A, we identify the relevant
representations that act on the quantum field operators by
considering their matrix elements with respect to the inner
product (-|#-). In Sec. IV, we examine how quantum fields
behave under spacetime translations and proper Lorentz
transformations when Fock-space representations are non-
Hermitian.

In Sec. IV B, we present the key result of this paper.
Therein, we define the “dual” quantum field operator i,
which transforms in the dual representation of the proper
Poincaré group of the field operator . Hence, the
Lagrangian composed of the field operator y and its “dual”
' transforms as one object in a single representation of
the proper Poincaré group. This also leaves any bilinear
combinations " Poincaré invariant. Additionally, as
the “dual” field operator evolves with the Hamiltonian
H instead of H', the Euler-Lagrange equations are auto-
matically consistent, unlike those formulated in terms of the
Hermitian conjugate field operator .

In Sec. V, we show how to construct pseudo-Hermitian
finite-dimensional representations of the proper Lorentz
group, which are necessary to define a “dual” field for
fields higher than spin-0. We consider the specific cases of
spin-0 scalars, for which the finite-dimensional represen-
tations are trivial; spin-half Weyl spinors, which are the
smallest nontrivial representation of the Lorentz Lie alge-
bra; and spin-half Dirac fermions. Finally, in Sec. VI, we
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apply our discussion to a specific example of a
PT-symmetric 2-component complex scalar field theory,
correctly determining the dual field and identifying the
relevant discrete symmetries.

II. TIME-TRANSLATION INVARIANCE IN
NON-HERMITIAN QUANTUM MECHANICS

Before we turn to the case of non-Hermitian quantum
field theory, it is helpful to first reexamine the concept
of unitary time evolution in non-Hermitian quantum
mechanics and its connection to representations of time
translations. This will prove useful when considering
representations in non-Hermitian quantum field theory.

As mentioned in the Introduction, the properties of real
expectation values and unitary time evolution are not
unique to Hermitian operators. In fact, a more general
condition for an observable A to yield real expectation
values is for it to be pseudo-Hermitian [5]:

Definition 2.1 (Pseudo-Hermitian). An operator A:
H + H is #-pseudo-Hermitian if and only if AT = #A 7!
with respect to some operator 77: H +— H that is Hermitian
=1

In contrast to a Hermitian Hamiltonian, an #-pseudo-
Hermitian Hamiltonian allows for both real and complex
energy eigenvalues [3]. In each case, the expectation value
of an #j-pseudo-Hermitian Hamiltonian is always real with
respect to the inner product (- ),1 If the energy eigenvalues
are real, then it is possible to find a similarity trans-
formation that maps this non-Hermitian Hamiltonian to
a Hermitian operator [8]. However, the non-Hermitian
Hamiltonian has no Hermitian counterpart at the excep-
tional points or when the eigenenergies are complex.
Hence, a pseudo-Hermitian Hamiltonian may describe a
unique physical system.

When we say that an #-pseudo-Hermitian Hamiltonian
has unitary time evolution, it is not exactly the same as the
unitary time evolution in “standard” quantum mechanics.
Instead, the time evolution is “pseudounitary,” which
means it is unitary with respect to the operator #:

Definition 2.2 (Pseudo-unitary). An operator U:H — H
is #j-pseudo-unitary if and only if U7 U = #.

Indeed, in pseudo-Hermitian quantum mechanics, we

can check that, given an #-pseudo-Hermitian Hamiltonian
—iHt

H, the time-evolution operator U(7) = e is #J-pseudo-
unitary. As a result, the time evolution of the “ket” states
|y} € H in our Hilbert space is governed by the #-pseudo-
unitary operator U(z):

(1)) = U(0)lw(0)) = ey (0).  (2.1)

In the context of representations, the operator U(t) = e~ift

is the representation of time translations on the Hilbert

space H, and the Hamiltonian A is the generator of this
representation.

The “bra” states (y|€H*, however, are governed by
Ur)'

() = WO 00" = W) (22)
Hence, the dynamics of “bra” and “ket” states is not
governed by the same Hamiltonian as it is non-
Hermitian. They evolve under different representations
of time translations.

Similarly, the wave function (X, t) := (X|y(t)) € F(H)
evolves with the Hamiltonian function H:F(H) > F(H)
acting on the vector space of wave functions F(H) of the
Hilbert space H:

w(X, 1) = e iy (X,0). (2.3)
However, the complex-conjugate wave function y*(X, 1) €
F(H*) evolves with the Hermitian conjugate H':
F(H*) = F(H*), where F(H*) is the vector space of
wave functions of the dual Hilbert space H*:

wH(X, 1) = (X, 0)eH' (2.4)
As the Hamiltonian H' # H is non-Hermitian, the
complex-conjugate wave function transforms in a different
representation of time translations, generated by H' instead
of H.

This has significant implications for the probability
density, which is composed of two components:

PG = wE P =y E R, (25)
viz. the wave function y, evolving with the Hamiltonian H,
and its complex conjugate ¥, evolving with HT.
Consequently, the overall object, i.e., the probability
density, undergoes transformations in two distinct repre-
sentations of time translations and is not conserved.

In pseudo-Hermitian quantum mechanics, this is fixed by
defining the probability density with respect to the new
inner product (-|-):

wwwmz/&m@ﬂzwwwwy<m>

This inner product remains invariant under time translations
generated by a #j-pseudo-Hermitian Hamiltonian. Thus, the
probability density is conserved.

However, another interpretation of this result, which will
be relevant in the next section, is to introduce a new object
called the “dual” wave function *, which evolves with the
same Hamiltonian as . This enables us to redefine the
probability density in terms of the wave function y and its
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“dual” ", so that the probability density transforms in a
single representation of time translations.

To find the dual wave function, we consider (U, H) to be
arepresentation of time translations on the Hilbert space H.
We define a “dual” representation (U*,H*) on the dual
Hilbert space H* as

Definition 2.3 (Dual representation).

U (t): H* — H*
(@l = T ()@l = (U (1)

Here, (¢p| € H* are the “dual” states, i.e., the states that
transform in the dual representation:
Definition 2.4 (Dual states).

(2.7)

(P:H—C

) > (plw) (2.8)

For an 7-pseudo-unitary representation (U ,H), the dual
states are related to the bra states by (| = (¢|i.
The conjugate representation (U7, H*) = (U*, H*) is iso-
morphic to the dual representation, as they are related by
the similarity transformation U = 0U~'47", since U is
n-pseudo-Hermitian.

We can now define the dual wave functions
w*: F(H*) — F(H"), as the wave function transforming
in the dual representation of w:F(H) +— F(H):

Definition 2.5 (Dual wave function).

il

g (X, 1) = (p (1)|%) = (w (D)]7]%) = (w(0)] ™ 7 |%)

f-pseudo-Hermitian

= (w(0)lfe™|%) = (w(0)[7]%)e™". (2.9)
Hence, we see that its time evolution is governed by H and
not H.

For the special case where # is itself a coordinate
transformation (e.g., parity), its action on the position
eigenstates can be described as follows:

where 7 € C is the phase. (2.10)

71x) = nlx,).
The dual wave function simplifies to

G (E1) = (%, 0)e'™ where 7 (%.0) = y* (%,. 0)1.
(2.11)

Finally, we define the probability density in terms of the
wave function y and its dual §*:
P(X.1) = y* (X, )y (X, 1) = i (X, 0)w(X.0), (2.12)

which transforms in a single representation generated by H
and is now conserved.

The above procedure is equivalent to defining a new
inner product (-|-) on the Hilbert space H:

(o)1) = / & G (1) A1) (1)) = / BB, 1)
(2.13)

which is invariant under time translations.

The above considerations are nonrelativistic. In the
relativistic case of quantum field theory, we are not
only concerned with time translation invariance, but also
with Lorentz invariance. Specifically, the symmetry group
of Minkowskian quantum field theory is the proper
Poincaré group ISO(1,3)" =SO(1,3)"TxR"3. It is
composed of the proper Lorentz transformations SO(1, 3)"
and spacetime translations R'3. Instead of position and
momentum operators, we have quantum field and canonical
momentum field operators, and, as we will show in the next
section, we face similar issues when trying to find con-
jugate field operators that transform correctly in the dual
representation of proper Poincaré transformations.

IIL. POINCARE INVARIANCE IN
NON-HERMITIAN QUANTUM FIELD THEORY

We now turn our attention to quantum field theory.
In the canonical operator formulation, the Hamiltonian
operator H:F + F acts on the Fock space F. It is a
function of field operators and their canonical momenta,
ie., H= H(p, ¢t #, 2"). Through the rest of the paper,
we assume that the Hamiltonian A% = # A7~ is f-pseudo-
Hermitian with respect to some Hermitian operator
nF—F.

The “ket” states in Fock space |a(?)) € F evolve subject
to the Schrodinger equation

i0yla(1)) = Hla(r)). (3.1)
Just as in pseudo-Hermitian quantum mechanics, their
time evolution is 7-pseudo-unitary. We define our Fock
space F = (®H, (-|-);), with respect to the inner product
()4 = (|f-), which is invariant under time translations
and yields real energy expectation values.

The time evolution of the field operators yr and ' is
governed by Hamilton’s equations of motion. However, by
considering the Hermitian conjugate of the Hamilton’s
equation for ¥, namely,

- A

(%, 1), H) = iogp (X, 1) = [ (X, 1), H] = iogyr* (X, 1),
(3.2)
we observe that while i evolves with the Hamiltonian A,

its Hermitian conjugate " evolves with H'. As the
Hamiltonian is non-Hermitian, this implies that the two
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fields are subject to different Hamiltonians. We also see this
in the Heisenberg picture:

§(3.1) = eiﬁhlp(f)e—iﬁh and 4 (%,1) = eim’lf/T ()-C*)e—iﬁl"‘z.
(3.3)

In the language of representations, the conjugate field "
does not transform in the dual representation of . This
implies that the kinetic and mass terms are not invariant
under time translations, namely,

I/Aﬁ ()_c" t)l/A/()_C), f) = eiﬁl*tli/’r ()_C))e_iﬁ”eiﬁ’lf/()_f)e_iﬁ’

# e (R)g(R)e . (3.4)
Our aim is to find the “dual” field operator that trans-
forms in the dual representation. However, quantum field
theory in Minkowski spacetime has to be invariant under
proper Poincaré transformations ISO(1,3)", where time
and space transformations are intermixed. The Hamiltonian
H is the generator of time translations, but the non-
Hermiticity of A will turn out to translate into the non-
Hermiticity of other generators of the proper Poincaré
group. This observation is the primary focus of this section.
Let (U,F) be a #-pseudo-unitary representation of
ISO(1,3)" on the Fock space F. Any element of the
proper Poincaré group can be expanded in terms of
generators of the Poincaré Lie algebra i80(1, 3), i.e.,

Ue, ) = eond" gie” =1 +%a)m,j’”’ +ie,P*---. (3.5)

Herein, J% are the generators of boosts, J7 are the
generators of rotations, the Hamiltonian P = H is the
generator of time translations, and the 3-momentum oper-
ator P! is the generator of space translations.

Now, if the inner product (-|#}-) is invariant under proper
Poincaré transformations then the representations of
ISO(1,3)" are #-pseudo-unitary: U7 U = 7 for all group
elements (e, A) € ISO(1,3)". Expanding U implies that
the generators are 7j-pseudo-Hermitian, i.e.,

Jt — ﬁj"”ﬁ'l,

Pt = pprat (3.6)

This can be seen directly by considering the Poincaré Lie
algebra

[j}ll/’ jpo‘] — i(g;wjup + gupj/w _ gupjvo' _ gpajﬂp)’

[P, J7°) = i( g P7 — g P?),

[P, PY] =0, (3.7)

where ¢** = diag(1,—1,—1,—1) is the Minkowski metric.
Taking x4 = 0 in the second bracket, we have

[H,7%] = iP' = [HH, ] = iP"

= [H,77' 7] = if ' Py, (3.8)
which also implies that the generators cannot be Hermitian,

unless they commute with 7.

A. Connection to classical fields

It is important to consider the connection between
quantum and classical fields, at the very least to identify
the relevant representations for our subsequent discussions.

Let us consider an n-component quantum field *(x),
ae{l,...,n}. In Hermitian quantum field theory, the
matrix elements of this field would be defined as an
n-component function using the Dirac inner product (-|-):

MGp(x) = (ali“(x)|6) (3.9)
for given Fock-space states |a), |f) € F.

However, in the case of a non-Hermitian Hamiltonian,
the energy eigenstates are not orthogonal with respect to the
Dirac inner product (-|-). Instead, if the Hamiltonian is
f-pseudo-Hermitian, the eigenstates with real eigenvalues
become orthogonal with respect to the inner product (-|#-).
As a result, the matrix elements are defined in terms of this
inner product as follows:

4) = @i ()p); = (i ()|p).  (3.10)
In this way, we define the expectation value of the quantum
field operator as

P(x) = (aly(x)]a),. (3.11)
Note that the operator #} and the field operator “(x) do not,
in general, commute.

By postulating that the expectation values of quantum
fields possess the same transformation properties as
classical field functions under the Poincaré group, we
establish a connection between the transformation proper-
ties of quantum fields and their classical counterparts. In
the quantum field theory literature, this is known as the
“correspondence principle” [54,55].

A typical element (e, A) €ISO(1,3)" of the proper
Poincaré group is composed of a translation by a constant
4-vector e€R!3 and a proper Lorentz transformation
A €SO(1,3)". Under these transformations, the expect-
ation value of the quantum field operator undergoes
changes in three distinct representations of the proper
Poincaré group:

(1) The infinite-dimensional “‘coordinate representa-

tion” acting on the spacetime coordinates:

(e,A): R1? 1 R!?

x> (e, AN)[x]=A-x+e  (3.12)
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(2) The infinite-dimensional “Fock-space representa-
tion” (U, F), acting on states in Fock space:

Ule,N):F > F

la) > U(e, A)la). (3.13)

(3) The “finite-dimensional representation” (D,C") of
the proper Lorentz group SO(1,3)", mixing com-
ponents of an n-component field:

D(A): C" > C"

> D (A (3.14)

where a,bel, ..., n.

IV. FOCK-SPACE REPRESENTATIONS
OF THE PROPER POINCARE GROUP

In the previous section, we showed that the conjugate
field " evolves with a different Hamiltonian to . As a
result, the bilinear combination " in the Lagrangian is
not invariant under time translations (3.4). Moreover, if we
look at the full proper Poincaré group ISO(1,3)", we see
that the non-Hermiticity of the Hamiltonian implies non-
Hermiticity of other generators (3.6), unless they commute
with the Hermitian operator 7. Thus, if we wish to construct
a quantum field theory that is invariant under ISO(1, 3)",
we cannot construct it from i and . Instead, we need to
find a new quantum field operator i that transforms in the
“dual” representation of i, just as we did with the “dual”
wave function in Sec. II.

To find the “dual” field operator, we consider (U ,F) to
be a representation of the proper Poincaré group ISO(1, 3)"
on the Fock space F. We define a “dual” representation
(U*, F*) on the “dual” Fock space F* as

Definition 4.1 (Dual Fock-space representation).

U (e A): F* v F*

(@ = U (e.N)[(@] := (@] U " (e, N).  (4.1)

Here, (| € F* are the “dual” states, i.e., the states that
transform in the “dual” Fock-space representation. For an

ii-pseudo-unitary representation (7, F), the “dual” states
are related to the “bra” states by (@| = (a|7.

However, as noted in the previous section, if the quantum
field @ is multicomponent, its components will mix under
finite-dimensional representations (D, C") of the proper
Lorentz group SO(1, 3)". We define a “dual” representation
(D*,C™) on the “dual” vector space C"* as

Definition 4.2 (Dual finite-dimensional representation).

D*(A): €™ > C™

y' e DY (N =3 DTA(N). (4.2)

Given that the quantum field operator i transforms in a
Fock-space representation (U, ) and a finite-dimensional
representation (D, C"), we define the “dual” field operator
" as the field operator that transforms in a “dual” Fock-
space representation (U, F*) and a “dual” finite-dimen-
sional representation (D*,C"™). We then say that the
quantum field " transforms in the “dual” representation
of .

We postulate that, under the proper Poincaré group
ISO(1,3)", the expectation value of an n-component
quantum field (3.11) transforms as an n-component
classical function:

ISO(1,3)": x+—>x=A-x+e,

W(x) > P () = D (A) PP (x),

Pl (x) > 9T () = PP (x)D1,4(A).  (4.3)
Here, ¥“(x) == (a|yr*(x)|a) is the expectation value of the
quantum field ¥ transforming in the finite-dimensional
representation (D, C"), while ¥ (x) = (a|y™(x)|a) is the
expectation value of the “dual” quantum field ¥ trans-
forming in the “dual” finite-dimensional representation
(D*,C").

Considering that the states |a) € F transform under the
Fock-space representation (U7, F) and their “dual” states
(ale F* under the “dual” Fock-space representation

((7*,.7—"*):

Lo
w»n
o
—
—
[O¥]
S—
—
=
=
X
—
[
~
CH

(4.4)

we derive the transformation laws for the quantum field ¢ and its “dual” y:
U~ (e, N)p(x)U(e. A) = Dy (AP (A~ (x — ¢)), (4.5)
U~ (e, Ny (x) U (e, A) = ™ (A7 (x = €)D", (A).
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Taking the Hermitian conjugate of Eq. (4.5), we obtain
the transformation law for the conjugate field '

A

U (e, Ayt (x) U~ (e, A) = ¢ (A" (x — £))DT,*(A),
(4.7)

which clearly shows that the Hermitian-conjugate field vr"
does not transform in the “dual” representation of ,
unless U and D are both unitary representations, i.e., the
Hamiltonian A is Hermitian. In fact, in Sec. IV B, we
demonstrate that nonunitary Fock-space representations
(U, F) of the proper Lorentz group SO(1,3)" imply
nonunitarity of the finite-dimensional representations
(D,C") and vice versa. For now, let us assume that the
Fock-space representation is #-pseudo-unitary U7 U = #,
which is the case for an #-pseudo-Hermitian Hamiltonian
H. We also assume that the finite-dimensional representa-
tion is z-pseudo-unitary DzD = 7 with respect to some
n x n Hermitian matrix z: C" — C". Using this, we
rearrange Eq. (4.7):

A

U~ (e, M) o™ (x)a] U (e. A)

= [~ (AT (x — €))az] D™, (A). (4.8)
This is exactly the transformation law of the “dual” field

(4.6). Hence, in general, the “dual” field operator will be of
the form

(4.9)

Since 7:F +— F can in general be a coordinate trans-
formation (e.g., parity), we need to include its action on
the coordinates x” (e.g., x*) in the definition of the “dual”
field. The field (4.9) transforms in the “dual” representa-
tion of the proper Poincaré group. As we did not assume
anything about the spin of the quantum field yr, the
definition in (4.9) holds for fields of any spin. Thus,
we will use it to define the “dual” fields for non-Hermitian
scalar and fermionic quantum field theories in Secs. V
and VI

In the following subsections, we examine how
quantum fields behave under the generators of spacetime
translations and proper Lorentz transformations. In par-
ticular, in Sec. VI A, we derive Hamilton’s equations,
confirming that they are inconsistent for the quantum field
i and its Hermitian conjugate ', but are in agreement
with the “dual” field " defined above. In Sec. VI A, we
show that non-Hermiticity of the Fock-space generators,
originating from the non-Hermitian Hamiltonian H,
directly leads to non-Hermitian generators of finite-
dimensional representations of the proper Lorentz group
SO(1,3)".

A. Spacetime translations

Consider a translation by a constant 4-vector
x> x' = x4+ ¢&. The corresponding transformation of a
quantum field ¢, according to Eq. (4.5), is

U~ (e (1) U(e) = i (x —e). (4.10)
Here, U(e) = U(e, 1) for some constant 4-vector £ € R!,

Since the components of a multicomponent field do not
mix under spacetime translations, the only representations
acting on the quantum field are the Fock-space and
coordinate representations. Both of these can be expanded
in terms of their generators:

Ule) = e”  and yo(x—¢) = eWpe(x),  (4.11)
where P* are the four generators of spacetime translations
in the Fock-space representation and d, are the generators
of spacetime translations in the coordinate representation.
Expanding each side in Eq. (4.10) gives us the relation-
ship between the generators of spacetime translations for
Fock-space and coordinate representations:
W(x). P,] = 0, (x). (4.12)
Notably, for u =0, we recover Hamilton’s equation of
motion:
(). B] = i (). (4.13)
Taking a Hermitian conjugate of the above, we find that
the conjugate field " evolves with Hermitian conjugates of
these generators:

A

[t (x). P}] = i0,9" (), (4.14)
In particular, for 4 = 0, the conjugate field /" evolves with
H instead of H:

[ (x), B7] = i (x). (4.15)

In Sec. III, we showed that if the Hamiltonian is
f-pseudo-Hermitian, then the 3-momentum operator P’ is
also #j-pseudo-Hermitian, i.e., P/ = 4P~ fori = 1, 2, 3.
Hence, it is Hermitian if and only if it commutes with 7.
Using this, we rearrange the commutator:

[ (on, P = i0, (i (on).  (4.16)
We see that the “dual” field defined by Eq. (4.9) will evolve
with the same set of generators of spacetime translations as
the quantum field y:

W (x). P,] = i (x). (4.17)
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In particular, the “dual” field y' evolves with the same
Hamiltonian A:

(4.18)

Thus, a Lagrangian composed of the “dual” field " and the
quantum field  will yield consistent equations of motion,
and the bilinear terms " will be invariant under spacetime
translations.

B. Proper Lorentz transformations

Consider a proper Lorentz transformation x — x' = A - x.
Unlike spacetime translations, proper Lorentz transforma-
tions mix the components of multicomponent fields (both
classical and quantum). Hence, the corresponding trans-
formation of an n-component quantum field y“ according
to Eq. (4.5) is

U~ (M) (x)U(x) = D4 (AP (A7'x).  (4.19)
Here, U(A) = U(0,A), for some proper Lorentz trans-
formation A € SO(1,3)". The mixing of field components
is described by an n xn matrix D(A), given by an
n-dimensional matrix representation of the proper Lorentz
group SO(1,3)".

The representations acting on a quantum field are the
Fock-space, finite-dimensional, and coordinate representa-
tions. All of these can be expanded in terms of their
generators:

U(A) = et
ll'\/a (A—lx) — e—%wwm"“li/a (x) ,

Dab(A) = e%w;w(MW)“b’ and
(4.20)

where J** are the six generators of rotations and boosts in the
Fock-space representation, M*" are the n X n matrix gen-
erators of rotations and boosts in the n-dimensional matrix
representation, and m,, = x,d, — x,0, are the generators of
rotations and boosts in the coordinate representation.

Expanding each side in Eq. (4.20) gives us the relation-
ship between the generators of proper Lorentz transforma-
tions SO(1, 3)" for the Fock-space, finite-dimensional, and
coordinate representations:

(). 3] = (M), + imvse, )b (x).  (421)

Taking a Hermitian conjugate of the above equation, we
find that the conjugate field " evolves with Hermitian
conjugates of these generators:
[§719(x). ) = o () (—(MP), 0 4 imm5,7). (4.22)
For a unitary finite-dimensional representation (D,C"),
the generators M*" = M* are Hermitian. This would

imply that the Fock-space generators J*" = J* are also
Hermitian, meaning the Fock-space representation (f] ,F)is
unitary. However, according to Sec. III, if the Hamiltonian
operator His i-pseudo-Hermitian, i.e., H' =7 H#H™", then
other generators of the proper Lorentz transformations are
also #-pseudo-Hermitian: J*** = #J*#~!. Hence, the Fock-
space generators J* are Hermitian if and only if they
commute with 7. Thus, if the Fock-space generators are
not Hermitian, neither are the generators of finite-dimen-
sional representations and vice versa.

Using the pseudo-Hermiticity of the Fock-space gener-
ators, we can rewrite Eq. (4.22) as

(719 ()AL, 7] = i~ ()R (=M™ + im). (4.23)
We can use a biorthonormal basis [3,5] to construct a
Hermitian n x n matrix z: C" — C”" such that the gener-
ators M = gM* 7! are n-pseudo-Hermitian. This means
that the finite-dimensional representation D'zD = 7 is
m-pseudo-unitary. In the next section, we will show how
to construct pseudo-Hermitian finite-dimensional represen-
tations from the representation theory of SO(1,3)".

Further, applying the pseudo-Hermiticity of matrix
generators, we find the field which evolves with the same
set of generators as the field operator yr:
(i7" (x)im, 3] = 7 () im(=Me + i) (4.24)
This is exactly the “dual” field defined in Eq. (4.9). Thus,
the “dual” field ' evolves with the same generators of

proper Lorentz transformations as ¥ in Eq. (4.21):
57 (x). 7] = 7 () (= (M), im5,%). (4.25)

Hence, bilinear operators of the form "y will be invariant
under the proper Lorentz transformations.

V. PSEUDO-HERMITIAN FINITE DIMENSIONAL
REPRESENTATIONS

If we consider a multicomponent quantum field y* (e.g.,
a fermion field), its components will mix under proper
Lorentz transformations SO(1,3)". The action of the
proper Lorentz group on an n-component field is given
by an n-dimensional matrix representation (D, C"):

D(A): C" > C"

i > DO (AN, (5.1)
Here, D(A) is an n x n matrix determined by a proper
Lorentz transformation A € SO(1,3)".

In Eq. (4.22), we noted that if the generators of the Fock-
space representation are non-Hermitian J™#* # J*_ then the
generators of finite-dimensional representations are not, in
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general, Hermitian either M # MM, Nonetheless, if we
can find a Hermitian n x n matrix z: C" — C", such that
these generators are z-pseudo-Hermitian M*' = gM* 77!,
then we can derive the dual quantum field ', which
transforms in the dual representation of the quantum
field yr.

In this section, we explore how the pseudo-Hermitian
finite-dimensional representations naturally emerge in
the representation theory of the proper Lorentz group
SO(1,3)". The (complexified) Lorentz Lie algebra
80(1,3)c = 8[(2,C) @ 81(2,C) is a direct sum of two
Lie algebras of the complex special linear group SL(2, C)
[56]. This allows us to obtain all finite-dimensional
representations, both Hermitian and non-Hermitian, of
the Lorentz Lie algebra 8o(1,3) from the finite-dimen-
sional representations of 8[(2,C) [57]. We then exponen-
tiate these to obtain all finite-dimensional representations of
the proper Lorentz group SO(1,3)".

We use these pseudo-Hermitian representations to con-
struct the dual quantum field operator for the simplest
trivial representation (0,0) of the spin-0 scalar field and a
more complicated case of the smallest nontrivial represen-
tations (3,0) and (0,3), which represent spin-} left- and
right-handed spinors, respectively. Finally, we show how to
construct pseudo-Hermitian representations and the dual
quantum field for Dirac fermions, which are the direct sum
(0,3) @ (3.0) of right- and left-handed spinors.

A. Irreducible representations of 3[(2,C)
The complex special linear group SL(2, C) is the group
of complex 2 x 2 matrices with a unit determinant:
SL(2,C) = {A€GL(2,C)|det(A) = 1}.  (5.2)

It has the Lie algebra 3[(2, C), which is a complex vector
space of traceless complex 2 x 2 matrices:

8((2.C) = {X € gl(2.C)|Tr(X) = 0}

- spanC{Ja = %,a - 1,2,3}. (5.3)

The Lie algebra 8[(2,C) = 8u(2). is isomorphic to the
complexified Lie algebra 8u(2)c of the special unitary
group SU(2). In simpler terms, 81(2, C) is the vector space
81(2) spanned over complex numbers instead of real
numbers. Thus, in the literature, it iS common to write
the Lorentz Lie algebra as a direct sum $u(2) @ 3u(2).

The generators of 8[(2,C) are J, = %, where o, are the
Pauli matrices. The Lie brackets for this basis are

Vo Ip] = i€aped e (5.4)

The Lie algebra of 8[(2,C) possesses the structure of
“ladder operators,” which we obtain by defining a new
basis:
§I(2,C) = SpanC{J3,J+,J_} with Jj: = Jl + l.]2 (55)
Here, J . are the raising and lowering operators with the Lie
brackets:
[(J3,J4] = £J4, Vi, J ]| =2J;. (5.6)

Now, let (p, V) be a representation of 8[(2,C) on some

finite-dimensional vector space V:

p:8L(2,C) — gl(2,C), p(X): V=V

X p(X) v p(X)[v]. (5.7)
The dimension of a representation is defined as the
dimension of the vector space dim(p) = dim(V). It is also
common to refer to the vector space V as the representation
space of a representation p. In the context of “standard”
quantum field theory, we assume representations of 31(2, C)
to be Hermitian:

p(J) =p(J,), VY ael,23. (5.8)
Note that the representation p(X)" # p(X) on a general
element X €31(2,C) is not, in general, Hermitian, as
8[(2,C) is a complex vector space. Hence, the definition
of a Hermitian representation is basis dependent.

However, in general, the representations of 81(2,C)
need not be Hermitian. Given that p(J;) is finite
dimensional and diagonalizable, we use the ladder oper-
ators (5.5) to obtain all irreducible representations of
8[(2,C) [57]. An irreducible representation is a repre-
sentation that cannot be broken down into smaller subset
representations while preserving properties of the Lie
algebra.

All of the irreducible representations (p;, V;) of 8{(2, C)
can be classified by an integer or half-integer number
JjE {0% 1,...} = N/2. The dimension of each represen-
tation is dim(p;) = dim(V;) = 2j + 1 and the representa-
tion space V; C C¥*1,

Let us consider a representation (p;,V;) and let p;(J3)
be non-Hermitian. As we assumed p(J3) to be diagonaliz-
able, we can use its eigenvectors to construct a biortho-
normal basis [3,5], from which we obtain a Hermitian
matrix z: V; — V; such that p;(J3)" = zp;(J3)z"" is z-
pseudo-Hermitian. As representations preserve the Lie
bracket:

pi(Ja)pi(Jp)] = pj([Jar Ip)) = i€apepi(Je)s  (5.9)
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we have that the other generators are also z-pseudo-
Hermitian:

pida) = mpy (T ). (5.10)

We call this representation a z-pseudo-Hermitian repre-
sentation of 8[(2,C). Note that, for a general element
X €81(2,C) the representation p;(X)" # zp;(X)z~" is not
z-pseudo-Hermitian. Thus, the definition of a pseudo-
Hermitian representation is basis dependent.
The smallest irreducible representations of 31(2, C) are
(1) j=0,p9(J,) =0, V a€{1,2,3}, and V, C C is
the trivial representation of 81(2,C). It vanishes
whether (pg, V) is Hermitian or non-Hermitian.
) jz%,p?(]a) =Ja Y a€{l1,2,3}, and V, C C.
Here, (p{;,V%) is the smallest nontrivial Hermitian

representation of 31(2,C).

Any non-Hermitian representation (py, V1) will be
related to the Hermitian representation via a sim-
ilarity transformation:

pi(Ja) = VIV (5.11)

We use a biorthonormal basis to construct a 2 x 2
matrix z: Vi = Vi such that (p%, V'i) is w-pseudo-

Hermitian:

Vo) = apy)a. (5.12)

B. Irreducible representations
of the proper Lorentz group
Having classified all irreducible representations of
8[(2,C), we can obtain all irreducible representations of
the proper Lorentz group SO(1,3)". This follows from the
fact that the complexified Lorentz Lie algebra 8o(1,3), =
8[(2,C) @ 381(2,C) is a direct sum of two Lie algebras
8[(2,C) [or 8u(2)c depending on the literature].
The proper Lorentz group SO(1,3)" is a Lie group of
4 x 4 matrices:

SO(1,3)"
={A€GL(4,R)|ATgA=g,det(A)=1 and A% >1}.
(5.13)
Here, G = diag(l, —1,—1,-1) is the Minkowski metric.

The Lorentz Lie algebra 8o(1, 3) is a real vector space of
traceless 4 x 4 matrices:

30(1,3) = {Megl(4,R)|M = —gM " g, Tr(M) = 0}
= spang{R,, B,,a =1,2,3}. (5.14)

It has six generators: three rotation generators R, and three
boost generators B,, which form a basis of 8o0(1,3). The

complexified Lorentz algebra is just the complex vector
space:
80(1,3)c = spanc{R,,B,,a = 1,2,3}. (5.15)
Most literature on the representation theory does not
distinguish between the Lie algebra and its complexifica-
tion. This is because the majority of the results from the
complexified Lie algebra can be directly applied to the
original Lie algebra by taking the vector space to span over
the real numbers instead of the complex numbers.
Let us define a new basis for the Lorentz Lie algebra
80(1,3)¢:
Tu = (lRa - Ba)’

1
Ko=5(iR,+B,).  (5.16)

| —

The Lie bracket for this basis is exactly that of
8[(2,C) & 381(2,0C):

[Ta’Tb]:igabcch [KaaKb]:igachcv [Ta»Kb]:O'

(5.17)

Hence, the Lorentz Lie algebra 8o(1, 3) is isomorphic to
the direct sum 8[(2,C) & 31(2,C).

Now consider two irreducible representations (p;,V;)

and (py, Vi) of 8[(2, C). We can construct a corresponding
irreducible representation of 31(2,C) & 8[(2,C):

Ki(X,Y) = pj(X) ® Toppy + Tojpq @ pi(Y)
X,Yesl(2,C).
(5.18)

for any two elements

All irreducible representations of 8[(2,C) @ 31(2,C) are
obtained from (k;, V), where the representation space of
Kji is a tensor product Vj; == V; @ V; C CH T+ The
dimension of this representation is dim(k ;) = dim(V ) =
(2j+1)(2k+1). All irreducible representations of
8[(2,C) @ 31(2,C) are classified by two integer or half-
integer numbers (j, k), where j, k€ {0,%, 1,...} =N/2.

The relationship between the elements of the complexi-
fied Lorentz Lie algebra 80(1,3)c and 8[(2,C) & 381(2,C)
is given explicitly through an isomorphism:

Kie(To) 2 xji(J4,0) = p;(Jo) ® Ty and
Kie(Ka) 2 xj(0,J,) = Toj41 ® pr(Ja)-
This allows us to obtain all irreducible representations

(kjx. Vji) of the Lorentz Lie algebra 80(1, 3) by going back
to the basis of rotation and boost generators:

1

(5.19)

Kie(Ry) = =i[p;(Jo) ® Toppy + Tajuy @ pi(Ja)]s

Kie(Ba) = =p;(Ja) @ Vo1 + Tajp1 ® pi(Jo)- (5.20)
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Thus, the (j,k) representation for any element M =
a’R, + p*B,€80(1,3) with a*,p*€R of the Lorentz
Lie algebra 8o(1,3) is given by

Kit(M) = p;j(=X") @ Tops + Taj1 ® pi(X),  (5.21)
where we defined the coefficient X* := f* — ia“ € C so that
X =X*J,€81(2,C) is an element of the Lie algebra
8[(2, C). Hence, the Eq. (5.21) explicitly maps an element
of 8[(2,C) to an element of the Lorentz Lie algebra
30(1,3).

Let us consider two pseudo-Hermitian representations
(p;»V;) and (py. Vi) of the Lie algebra 8((2,C):

Voand  pp(J,)" = mpo ()t

(5.22)

Pj(Ja)T =nip;(Ja)7;

where V; € C¥*! and V; € C**!. Here, x; is some (2j +
1) x (2j + 1) Hermitian matrix and 7; is a (2k+ 1) x
(2k + 1) Hermitian matrix, which can be found by con-
structing a biorthonormal basis and diagonalizing p;(J3)
and py(J3), respectively.

Now taking a Hermitian conjugate of this representation:

Kie(M)"=—=(7; @ 1) [p;(X) @ Toy1 + Toj11 @ pi(—XT)]
x(m;®@m)™", (5.23)

we find that it is related to the parity transformation of M:

Ki(ApMAp) = pi(X) ® Tosr + Tojp1 ® pr(=X7).
(5.24)

Here, Ap = diag(1l,—1,-1,—-1)€S0(1,3) is the parity
matrix, which is an improper discrete Lorentz trans-
formation. We used its action on the rotation and boost
generators:
APRaAP = Ra

and APBaAP - —Ba. (525)

However, the action of parity interchanges representation
(j, k) with (k, j) and swaps the order of the tensor product,
up to some similarity transformation:
Kjk(APMAP) = SKkj(M)S_l, (526)
where S is some (2j+1)2k+1)x(2j+1)(2k+1)
similarity matrix.
Thus, the (/, k) representation of the Lorentz Lie algebra

80(1,3) will be anti-pseudo-Hermitian with respect to the
interchange of (j, k) and (k, j):

Ki(M)" = =7k (M), where 7 = (7; ® m;)S.

(5.27)

Let (D, V) be arepresentation of the proper Lorentz group
SO(1,3)" on some finite-dimensional vector space V:

D:SO(1,3)'—GL(V),
A D(A)

D(A): VsV

v D(A)o].  (5.28)

All finite-dimensional representations (D, V) of the
proper Lorentz group SO(1,3)" can be obtained from the
representations (k ;;, ;) of the Lorentz Lie algebra 8o(1, 3)
via the exponential map:

Djk(A) — ekik(M) — oo’k (Ra)+Fkx(Ba) (5.29)
We call this the (j, k) representation of the proper Lorentz
group SO(1,3)" for some integer or half-integer numbers
j.ke{0.4.1,...} =5

Given two pseudo-Hermitian representations of 8[(2, C),

the corresponding (/, k) representation of the proper Lorentz
group SO(1,3)" will be pseudounitary with respect to the
interchange of (j, k) and (k, j):
Djk(/\)T = eKjk(M)T = ﬁe_Kk/(M)ﬁ = ﬁDk](A)_] ﬁ'_l . (530)
Hence, all finite-dimensional pseudounitary representations
of the proper Lorentz group SO(1, 3)" can be obtained from
finite-dimensional pseudo-Hermitian representations of the
Lie algebra 8[(2, C).

In the following subsections we look for pseudounitary
representations of SO(1,3)" for the trivial representation
(0, 0) of scalar fields and the smallest nontrivial represen-
tations (0,1) and (1, 0) of right- and left-handed spinors, as
well as (0,1) @ (,0) representation of fermions.

C. Scalar fields

Scalar fields transform in the trivial (0,0) representation
of the proper Lorentz group SO(1,3)". The representation
space Voo = Vo ® V, C C is just a subset of the complex
numbers. The j =0 representation of the Lie algebra
8[(2,C) vanishes po(J,) =0 for all generators of
8[(2,C) [56], regardless of whether it is Hermitian or
non-Hermitian. Thus, from Eq. (5.20), we see that the
trivial representation of rotation and boost generators
koo(R,) = kgo(B,) = 0 also vanishes. Thus, the corre-
sponding (0,0) representation of the proper Lorentz group
SO(1,3)" is found via the exponential map in Eq. (5.29) to
be unity:

Dgo(A) = e®*wRa)+H%0(Ba) = 0 =1,V AeSO(1,3)".
(5.31)
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Hence, Dyy(A)' =zDyy(A)"'z~' =2z~ =1 is z-pseudo-
unitary for any real number z€R (as # needs to be
Hermitian).

We use Eq. (4.9) to define the dual scalar field operator:

¢ (x) =a"'¢" (Wi, with zeR. (5.32)

For a single-component scalar field, z €R can be any
real number. However, this is not true if we consider
multicomponent scalar/pseudoscalar fields. In the case of
an n-component scalar field &”(x), ae{l,2,...,n}, the
dual n-component field is defined via

A1 A1 ~
(x) =A""] ()i,
At . ek ) 1\
X)= X T 2+ A
G2 (xX) =1 by (x")Amy 5 )= B (5.33)
o a1t 5
b (x) ="y (X")ipm,,
Here,
' (x)
px)=1|
¢"(x)
is an n-component scalar/pseudoscalar field and
7 0 - 0
0 V%)
H pr—
0 7,
is a diagonal matrix of real numbers z, 7, ..., 7, € R.

Returning to the construction of pseudo-Hermitian
quantum field theories, we require the Lagrangian operator

L(x) to be
(1) Invariant under proper Poincaré transformations:

(2) #-pseudo-Hermitian: Z(x")" = 7 L(x)7".
In the case of noninteracting theories, the kinetic and
diagonal mass terms are of the form qZT (x)¢(x), which are
both Poincaré invariant and 7-pseudo-Hermitian. More
generally, however, we can include a mass mixing. In this
case, there will be a nondiagonal mass term of the from

%T (x)B(x), where B is some n x n nondiagonal matrix.
Under the action of the proper Poincaré group, we have

1S0(1,3)": @' (x)B(x)
A — %A —
¢ (A (x=2))[D7 (A)BD(A)|p(A™ (x—¢)). (5.34)
For n-component scalars/pseudoscalars, the n-dimensional

proper Lorentz transformation is just the n x n identity
matrix, i.e.,

Dyp(A) 0 ... 0
0 DOO(A)
D(A) = ' . =1,. (5.35)
6 | DOO(A)

Hence, the mass mixing terms are Poincaré invariant.
However, the mixing term is #-pseudo-Hermitian:

2t 5 & AT Lt A
(¢ (")Bp(x"))" = il (x)TI"' B g (x)]~!
i 5 ~

(x)Bp(x)]i"
if and only if B = IIBII™! is II-pseudo-Hermitian. This
places restrictions on the matrices B and I1.

In Sec. VI, we study an example of this type of Lagrangian.
We consider a 2-component scalar field with mass mixing

term of the form £(x) = gﬁﬂ(x)(i)z(x) —gﬁﬂ(x)c;ﬁl(x). In
matrix form this term is

(51 o)
B = .
-1 0
However, the matrix B is I1-pseudo-Hermitian if and only if
7y, = —mq, which restricts IT to the form:

(o 1)
IT .
0 -1

In the example, this is a parity matrix that reflects the intrinsic
parities of a scalar component ¢' and a pseudoscalar

<%0

il (5.36)

(5.37)

(5.38)

component ¢ in the 2-component scalar field ¢ = (g;)

D. Two-component spinors

Unlike for the case of scalar fields, the representations
(5.0) and (0, ), which correspond to left- and right-handed
spinors, are nontrivial. The dual left- and right-handed field
operators are obtained via Eq. (4.9). However, introduction
of the dual field alone is insufficient to formulate a Lorentz-
invariant spinor Lagrangian. This is due to the dependence
of the kinetic terms on the Pauli matrices, which do not
transform in the same representation of SO(1,3)" as the
quantum field operators. Our goal is to write down the
spinor Lagrangian which transforms in the same represen-

tation of the proper Poincaré group ISO(1,3)". Having the
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spinor Lagrangian in hand, we obtain a pseudo-Hermitian
representation for Dirac fermions (0,1) @ (,0). However,
a comprehensive study of a specific example of a non-
Hermitian fermionic quantum field theory is beyond the
scope of this work.

The smallest nontrivial irreducible representations
of the Lorentz Lie algebra 8o(1,3) are (3,0), acting on
the left-handed spinor ¥, and (0,3), acting the right-
handed spinor yrg:

O~ (A () U(A) = Dyy(A)fr(A™'x),

O (NPRD(A) = Dy(A)is(A).  (539)

We obtain the 2 x 2 matrix representations (Dy. C?) and
(DO%, C?) of the proper Lorentz group SO(1,3)" via the
exponential map in Eq. (5.29):

(M) KoL (M)

Dy(A)=e®"" and Dy(A)=e"",  (5.40)
where M = o“R, + f*B,€380(1,3),a%,f*€R is a gen-
eral element in the Lorentz Lie algebra 30(1, 3). The 2 x 2

matrix representations (ky, C*) and (k. C*) of the Lorentz
Lie algebra 8o(1,3) are related to the 2 x 2 matrix
representation (p%,Cz) of 81(2,C) via Eq. (5.21):

ky(M) = pi(X) and k(M) = py(=XT).  (5.41)
We can map any element in the Lorentz Lie algebra
M € 30(1,3) to an element X € 8[(2,C).

If the representation (p% , C?) is non-Hermitian, we have
seen that we can use a biorthonormal basis [3,5] to
construct a 2 x 2 Hermitian matrix z: C? — C? such that
the representation is z-pseudo-Hermitian:

py(J)! = myd ) (542)

2
This leads to Lorentz Lie algebra representations being
anti-z-pseudo-Hermitian under an interchange of left-
handed (5.0) and right-handed (0, ) representations:

2

(5.43)

Hence, the representations of the proper Lorentz group are
z-pseudo-unitary under the interchange of left-handed and
right-handed representations:
D%O(A)Jr = IEDO%(A>_IJT_1, DO%(A)T = JZD%O(A)_lﬂ'_l.

(5.44)

As shown in Sec. IV we can write down the dual field
operator, provided the finite-dimensional representations

kip(M)" = =z (M)~ and  kpy(M)" = —zxyy(M)z~".

are pseudounitary. Thus, we define the dual left- and right

handed quantum field operators using Eq. (4.9):

oAl — p=LaT s d of N N AT

gy (x) = i~ (i and g (x) = i~ g (x) i,
(5.45)

where 7:x + x"7 is the coordinate transformation of
x€R"? under .

Indeed, we can check that, under the proper
Lorentz group SO(1,3)", the left-handed dual field v,
transforms under the dual representation of the right-
handed spinor §; and the right-handed dual field y
transforms under the dual representation of the left-
handed spinor ¥, :

(5.46)

Hence, the typical mass terms in the non-Hermitian spinor
Lagrangian

L iR(x) and FRpL)  (5.47)
are both 7-pseudo-Hermitian and invariant under proper
Poincaré transformations. Moreover, in the Hermitian
limit, where 77 = Tand 7 = 1,, we recover the mass terms
of the Hermitian spinor Lagrangian:

P ()Wr(x) and Gp(x)gL(x).  (5.48)
However, even with the dual spinor fields, the kinetic
terms will not be Lorentz invariant. This is because the
kinetic terms involve Minkowski 4-vectors in the Hermitian
representation of 8[(2, C). Consider the kinetic terms in the
Hermitian spinor Lagrangian [56]
i) () and GR)Apie(x).  (549)
Here, [d] is a map from Minkowski 4-vectors to 2 x 2

matrices defined as (for more details see Sec. VII in
Ref. [56]):

[: R'3 — Mat,(R!3),
0> (0] = 0,0,

op = [0]p = 5,0". (5.50)
We have defined 5 = (d°, —9') to be the parity trans-
formation of the 4-vector ¢/, and the four-Pauli matrices are
0, = (1,,0;) and 6, = (15, -0;).

The map [| gives an explicit relationship between the
proper Lorentz group SO(1,3)" and the complex special
linear group SL(2,C):
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SO(1,3)": Mat,(R!3) > Mat,(R"3),
[0] = [A- 0] = A[d]AT,
[0]p > [A-0]p = A7 [0],A7". (5.51)

Here, A € SL(2,C) is a 2 x 2 matrix in the complex special
linear group, see Eq. (5.2). Indeed, we can write any
element of SL(2,C) in terms of its Lie algebra generators
X €381(2,C):

1(X) Koy (M)

A=eX =V =T —pr(A), (552)

where we have used Eq. (5.41), which relates the j :%

representation of 8[(2,C) to the (0.1) representation

of 80(1,3). We also note that (p!, C?) is the Hermitian
2

j :% representation  of 8[(2,C), meaning that

Pi(J,)" = pl'(J,) = J,. Thus, we also denote (D}, C")
2 2 2

to be the unitary representation of SO(1,3)" with respect to
the interchange of (0,1) and (3,0), such that D&(A)T =
2

D} (A)~" [note that A € SL(2, C) is not unitary]. Hence, the
2

derivative matrices [d] and [d], transform in the unitary
representation of the proper Lorentz group, while the spinor
fields transform in the pseudounitary representation. Due to
this discrepancy, the kinetic terms will not be Lorentz
invariant:

> Dy () DY (WOIDY () D). (553
#1, #1

B30 > D1 (A DY (A) 0, Diy(A) Doy

(5.54)

However, the z-pseudo-Hermitian representation (p% ,C?)
is related to the Hermitian representation (pi',C?) by a
2

similarity transformation (5.11):

py(X) = vpf;(x)v—1 =VXxv-L (5.55)

Thus, the z-pseudo-unitary representation of the proper
Lorentz group SO(1,3)" is related to the unitary one via
a similarity transformation:

DO%(A):VDBI%(A)V” and D%O(A):(VTﬂ)‘ID%’é(A)(VTﬂ).
(5.56)

Using this property, we define a new map from
Minkowski 4-vectors to 2 x 2 matrices:

{}: R > Mat,(R!?), (5.57)

0> {0} =VI[d|Viz = Vo,Vino", (5.58)

Opr>{0}pi=n' V0],V =a"1Vi"l5, V=104, (5.59)
We can check that this map indeed transforms in the
n-pseudo-unitary representation of the proper Lorentz group:

SO(1.3)": Mat,(R!3) > Mat, (R!3),
{0} > {A-0} =D (A){0} Dy (M),

{o}p>{A-0}p= D%O(A){a}PDO%(A)_l .
(5.60)

Hence, the kinetic terms in a non-Hermitian spinor
Lagrangian, which are both 7j-pseudo-Hermitian and Lorentz
invariant, will be of the form

GO0 and FR(0) k(). (561)
Thus, combining the mass terms in Eq. (5.47) with the
kinetic terms in Eq. (5.61) we can write down the non-
interacting part of the non-Hermitian spinor Lagrangian as

L(x) = ri (x) {0}, (x) + g () {0} pia (%)

— i (O (x) = (L) (5.62)
This Lagrangian is both #j-pseudo-Hermitian and invariant
under proper Poincaré transformations ISO(1,3)", as
required. Moreover, in the Hermitian limit, it reduces to
the free Hermitian spinor Lagrangian.

E. Four-component fermions

Having found the pseudo-Hermitian representations of
right- and left-handed spinors, we are able to obtain the
corresponding pseudo-Hermitian representation of Dirac
fermions. The Dirac fermion is a 4-component field,
which transforms under the direct sum (0,3) @ (5.0) of
right-handed and left-handed spinor representations of the
proper Lorentz group [56].

We begin by defining a new representation on the
Lorentz Lie algebra 80(1,3) by taking a direct sum
of the left- and the right-handed spinor representations
s = Ko1 @ ki over the direct sum of their representation

spaces C*> @ C? ~ C*:
s(M): C* @ C? — C*,
g @V, > s(M)[irg @ v, ]

= (koy @ Ky)(M)[iig @ Y] (5.63)

As s(M) is a direct sum, it can be written as 4 x 4 block-
diagonal matrix acting on a 4-component quantum field
composed of 2-component spinors:
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S(M) [ @ 0] = (KO%“‘” 0 )(w>

0 Ko (M) )\,

:(ﬂ%éﬁo p%:xf))(gf)' (5.64)

Here, we used Eq. (5.41), which relates the j :% repre-
sentation of 81(2, C) to the (4,0) and (0, 1) representations
of the Lorentz algebra 8o(1, 3).
A more familiar basis is defined by acting on the rotation
and boost generators:
Sap = i€peS(R.) and Sy, = —is(B,). (5.65)
It obeys the Lorentz Lie bracket in Eq. (3.7) and can be
written as the commutator of the gamma matrices:

P
S/,w =7 [yln 7/1/]'

" (5.66)

However, here, the gamma matrices 7, (a = 1, 2, 3) are not
in the Hermitian representation of 8[(2, C). Instead, they
are in the (p% ,C?) m-pseudo-Hermitian representation of
8[(2, C). This is due to the pseudo-Hermitian nature of the
representation (s, C*) defined in Eq. (5.64). Hence, in the
Weyl (chiral) basis, the gamma matrices are given by

. 0 p%(gﬂ)
= p%(gﬂ) 0 .

Note that p(0y) = pi(1,) & 8L(2,C) is not an element of
the Lie algebra 8[(2, C). Instead, we have a Lie bracket

(5.67)

LD%(Up)’p%(GU)] = 2i6ﬂu5yb€ahcp%(ac)' (568)
The z-pseudo-Hermitian representation will be related to the

Hermitian representation via a similarity transformation:

pi(e,) = Vo, V! = p%(oo) =0y = 1. (5.69)

Thus, the gamma matrix 7, is the same for Hermitian and
z-pseudo-Hermitian representation. We can also check that
the gamma matrices y, obey the Clifford algebra

{77/47 }71/} = 29#1/“47 <570)
where g, = diag(1, -1, -1, —1) is the Minkowski metric.

The Poincaré invariant, pseudo-Hermitian spinor
Lagrangian in Eq. (5.62) can be written in the 4-component
Weyl (chiral) basis as

o 5)C)
ot i (o) () e

We define the 4-component Dirac fermion and its dual as

) = F)
(5.72)

If we expand the partial derivative matrices in terms of their
definition in Eq. (5.57), then we can write the Lagrangian in
terms of gamma matrices:

(x)< (VVim)=' 0

D ) = i)

(5.73)

As we see, while the mass term is of the usual form of the
Dirac Lagrangian, the kinetic term has picked up a matrix
VViz. Here, 7 is the 2 x 2 matrix constructed using a
biorthonormal basis for 81(2,C) and V is the matrix
diagonalizing the representation of pL (J3). Hence, if the

eigenstates of p (J3) have a positive norm with respect to

the inner product (-|z-), then VViz = 1, is just the identity.
On the other hand, if the eigenstates have indefinite norm
with respect to (-|z-), then VViz = C is the C matrix, i.e.,
the discrete symmetry of p,(J3), meaning [ps(J3), C] =0,
which we find from the biorthonormal basis for our system
[3,5]. We call this matrix C due to convention across
the literature of non-Hermitian quantum mechanics [7];
however, it has nothing to do with charge conjugation.

VI. EXAMPLE: PT-SYMMETRIC
SCALAR FIELD THEORY

Before concluding this work, we consider a concrete
example of a PT-symmetric scalar field theory. The theory
is composed of two complex scalar fields with a non-
Hermitian mass mixing matrix. This archetypal model,
introduced in Ref. [49], has been considered in a number of
existing works (see, e.g., Refs. [37,51]). In this section, we
show how it can be formulated consistently based on our
preceding discussions.

A. Naive Lagrangian
Following the strategy of appending non-Hermitian
terms to an otherwise Hermitian Lagrangian, it is tempting
to write the Lagrangian density, as was done in Ref. [49]:

L(x) = 0"®"(x)0,®(x) — @' (x) M*®(x). (6.1)
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Here, ® = (g;) is a 2-component complex scalar field composed of a scalar component @' and a pseudoscalar component

®2. The Lagrangian’s non-Hermiticity arises from the presence of a non-Hermitian mass matrix:

wz<ﬁ

_u?

u
2) + M,

ms;

i (6.2)

Naively, we might assume the standard parity P and time-reversal T transformation properties of scalar and pseudoscalar

fields as follows:

P: ®'(x) > @ (xF) = +0' (x)
@?(x) > O (xP) = —®2(x)

T: ®'(x) > & (x7) = 40" (x)
O (x) k> @ (") = +0% (x)

Here, P is the “parity” matrix:

(o 5)
P = ,
0 -1

reflecting the intrinsic parity +1 of the scalar and —1 of the
pseudoscalar field. Furthermore, we observe that the mass
matrix is P-pseudo-Hermitian, i.e., M2" = PM*P~!, with
respect to the parity matrix P. Indeed, the classical

Lagrangian is PT symmetric under the standard parity
and time-reversal transformations in Eq. (6.3):

(6.5)

PT:L(x) = LPT(xPT) = L(x). (6.6)

Let us now consider the corresponding quantum
Lagrangian operator L:F +— F, acting on the Fock
space F:

L(x) = 09’ ()9,(x) = §' (0)M*(x). (6.7

Here, ¢ = (g

composed of a scalar field operator &51 and a pseudoscalar

field operator ﬁ)z. The corresponding standard scalar and
pseudoscalar transformations under parity and time-rever-
sal are

) is the 2-component quantum field operator

1
2

>

P PY (P =+ ()

PP =4

_ﬁx}éﬁﬂmﬂzwwx

vl
~
N—

} = O(x) > O (xF) = PO(x),

} = O(x) > OT(x7) = &*(x).

(6.3)

(6.4)

|
where P: F > Fisthe parity operator and T:F Fis
the time-reversal operator, both acting on Fock space F.

Indeed, the quantum Lagrangian is P-pseudo-Hermitian
under the standard parity transformation in Eq. (6.8):

L(xP) =P L(x)P". (6.10)

We can check that the corresponding Hamiltonian operator:

Hz/ﬁ%w$&m@m—w$@mﬂw

+ @' ()M P(x)] (6.11)
is also ﬁ—pseudo—Hennitian, 1.e., B =PAaAP.
However, for a non-Hermitian Hamiltonian, the standard
scalar/pseudoscalar parity transformation is incorrect. This
can be seen implicitly by parity-transforming Hamilton’s
equation:
P:{p(x). H) = idop(x) > [P ()P~ PAP]
= iPayp(x)P~
= [Py(x"), H] = iPdy(xP). (6.12)
Multiplying the left-hand side by P~!, and since the
Hamiltonian A is independent of x, we can relabel x” to
X, giving

P: [p(x). H] = idoh(x) = [p(x). H'] = ioph(x). (6.13)

By virtue of the non-Hermiticity of the Hamiltonian,
H' # H, we see that the field operator cannot transform
under parity in the usual way.

We can also see this explicitly by acting with parity on
the momentum decomposition of the field q?ﬁ Varying the
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Lagrangian with respect to 47)"', gives the Euler-Lagrange
equation for ¢:
00,0 (x) + M*p(x) = 0. (6.14)

The general solution to this equation can be written in
momentum space as

.
b0) = [ G5 QE e a(0.5) + e 0.)

(6.15)

where E; =/ p*1, + M? is the 2 x 2 energy-momentum
matrix, which is nondiagonal and non-Hermitian due to the
non-Hermiticity of M?. Here, & and ¢' are the 2-component
annihilation and creation operators.

As the non-Hermiticity comes purely from the mass
matrix, it affects the y = 0 component of the 4-momentum,
i.e., the energy p° = E 5» but not the 3-momentum p. At
t =0, the annihilation a(0,p) and creation &(0, p)
operators do not depend on the energy and only on the
3-momentum. Thus, at t = 0, they are not affected by the
non-Hermiticity of the Lagrangian and should transform
under parity and time reversal in the standard way:

Peti(0, p)yP~! = Pt (0, -p)

Pei(0, p)yP~! = /(0,—p) P/ (6.16)
Teti0,p)T " = &'i(0,-p),

Tei(0,p)T~" = 2i(0, -p). (6.17)

Here, a! and ¢'! transform as scalars with positive intrinsic parity +1, whereas > and ¢'? transform as pseudoscalars with
negative intrinsic parity —1. Moreover, at t = 0, they should have the usual commutation relations:

[a'(0. 5).a%(0.4)] = [¢'(0. p). £7(0. §)] = 6" (22)*5) (5 - ).

[2(0.5). /(0.4)] = [a'(0. p). €7(0.§)] = 0.

(6.18)

Hence, if we act with parity on the momentum decomposition of the field g}S in Eq. (6.15), we find that its parity

transformation is indeed nontrivial:

A A N 4
PPt =P / (27:)’3

Now consider the Euler-Lagrange equations of motion.
If we vary the Lagrangian with ¢, then we get the Euler-

Lagrange equation for ¢':

09,¢"(x) + ¢’ (x)M? = 0. (6.20)

However, it is not the Hermitian conjugate of the Euler-
Lagrange equation for (2) given in Eq. (6.14) by virtue of the
non-Hermiticity of the mass mixing matrix, M? # M?:

(00,07 (x)+ ¢ (x)M?)F =0= 09, (x) + M p(x) =0.
(6.21)
These issues are a direct consequence of the fields g?b and

¢" being governed by two different Hamiltonians, A and
H, respectively. As described in the preceding section, we

REL) 7" a(0, p) + ¢ 2 (0, p)] # PH(x").

A

(6.19)

[

fix this by determining the dual field g;ST and using it to
construct a consistent Lagrangian operator.

B. Poincaré-invariant Lagrangian

Our prescription for a self-consistent non-Hermitian
quantum field theory suggests that we should begin with

a Lagrangian built from the field operator czr and its dual ;ﬁ-i-:

L(x) = 0, (x)0,P(x) — §' (x) M (x).

Here, we have the same non-Hermitian mass mixing matrix
as in Eq. (6.2). The dual field for an n-component scalar
field is given by Eq. (5.33). In this example, n = 2, and the
dual field is

(6.22)

<0

0
() = 71T (ATL, with TT= (”1 ) (6.23)
0 V%)
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At this point, the operator 7 and the matrix IT are yet to be
determined.

By construction, this Lagrangian is 7/-pseudo-Hermitian
and the mass matrix is [I-pseudo-Hermitian:

LY =aLx)H™" and M? =TMAT.  (6.24)
In the previous subsection, we found that the “naive”
Lagrangian and the Hamiltonian operator are fJ—pseudo—
Hermitian with respect to the parity operator P and the
mass matrix is P-pseudo-Hermitian with respect to the
parity matrix P given in Eq. (6.5). Hence, this suggests
natural choices for the operator 7] to be the parity operator P
and II to be the parity matrix P.

Indeed, if we vary the Lagrangian in Eq. (6.22) with ¢,

we get the Euler-Lagrange equation for the dual field c;ﬁT:

T

0,4 (x) + ¢ (x)M? =0, (6.25)

In momentum space, it has a solution

N 33
¥ = / (;’T’j 67(0. )™ + 2(0. B)e=7 ] (2E;5)

(6.26)

This is exactly the parity transformation of ¢ found in
Eq. (6.19), which can be rewritten as

¢ (x) = P1d (xF)PP. (6.27)

We note that this matches the construction proposed in
Ref. [51]. Given the dual field above, the Lagrangian in
Eq. (6.22) operator is indeed 75—pseud0—Hermitian:

LIxPy =P Lx)PL (6.28)

Having chosen # to be the parity operator P, a natural
choice for the inner product yielding real eigenspectra

would be (-|P-). However, if we wish for the Fock-space

. .. Y 5
3-momentum operator to remain Hermitian P = P, we

must recognize that the inner product (-|-) will not be
invariant under space translations:

(@ P|p) > (aleie Peica|g) = (a|Peea|p). (6.29)

This is because the parity operator flips the sign of the
3-momentum, i.e.,

PPP|p.k) =PPPH-p,j) = (=p)P*P|-p. j)
= (=p)P*Pi|p,i) = —P|p. k), (6.30)

so that

A

b _p

v

P (6.31)
As we established in Eq. (3.6), to preserve Poincaré
invariance, all of the generators must be 7#-pseudo-
Hermitian. Hence, they are Hermitian if and only if
they commute with 7. However, if we wish to keep the
3-momentum operator Hermitian, it will not commute with
the parity operator, and the theory with 77 = P will then not
be Poincaré invariant.

C. C operator

In PT-symmetric quantum mechanics, where the
Hamiltonian is non-Hermitian, but PT-symmetric, i.e.,
[H, PT] = 0, we discover an additional discrete symmetry,
denoted as C such that [H, C] = 0 and C*> = 1 [7]. Despite
its name, this symmetry is unrelated to charge conjugation.
In the PT-unbroken phase, where the Hamiltonian has real
eigenvalues, we use this symmetry to construct a positive-
definite metric PC. This metric ensures that the eigenstates
of the Hamiltonian are orthogonal with respect to the
positive-definite inner product (-|PC-).

It turns out that such a symmetry exists in any discrete
pseudo-Hermitian system, provided it is diagonalizable. In
our example, this system is the P-pseudo-Hermitian mass
mixing matrix. It is diagonalizable with an eigenspectrum
M?|yy 5) = i ,|wy ), where iy is the “~7 and i, is the
“+” root, respectively [49]:

2 2 2
ms—m . 2
Ll N BT

2 2 my—mj
(6.32)

_ 9 m%—l—m%
mi,=

We have chosen m? > m3 so that v> 0. The mass

eigenvalues m;, €ER are real for v <1 and the mass
eigenstates will be “pseudo” orthonormal with respect to
the indefinite inner product (:|-)p, = (:|P-):

for m,ne{1,2}.

<l//m|l//n>P = (_l)mémn (633)

Here, the normalized mass eigenstates are [49]

(6.34)

with normalization constant N = [2(v/1—1%— (1 —12))]™.

As mentioned, this system will have an additional
discrete symmetry [M?, C] = 0 with C* = 1,. While this
symmetry exists for both real and complex mass eigen-
values, in the case of real eigenspectrum, it will be related
to the parity matrix via [51]
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2 1 1 v
C:ZI|Wn>®<Wn|P:m<_U —l> and

1 <1 y)
1-2\v 1)

Hence, the mass eigenstates will be orthogonal with respect
to a positive-definite inner product (-|-) po = (-|PC-):

PC = (6.35)

Wulwn)pc = 0mn  form,ne{l,2},  (6.36)
As the pseudo-Hermiticity of our Lagrangian arises

entirely from the P-pseudo-Hermitian mass mixing matrix,
the P-pseudo-Hermitian Hamiltonian operator H is also
diagonalizable. Thus, it also contains a discrete symmetry
[I:I , (t’} =0 with C> = 1. A difficult, but possible, way to
find this symmetry is to take an infinite sum of multiparticle
eigenstates of A similar to Eq. (6.35). However, a more
straightforward approach would be to notice that C matrix
is just the parity matrix P in the basis where M? is
nondiagonal [37]:

J1_.2
M2=RD?R~" with R:N<_1+ -y g >

v —1+V1-1?

In the eigenbasis of M?, the C is just the parity matrix P [37]:

C = RPR™'. (6.38)
Hence, the C operator is just the parity operator P in the
eigenbasis of the Hamiltonian operator H:

H=RDR'-C=RPR, (6.39)

where D: F > Fis the diagonalized Hamiltonian operator.

Since, the diagonalized mass mixing matrix commutes
with parity, ie., [D,P] =0, so does the diagonalized
Hamiltonian operator [D,P] = 0. It follows that C acts
on the annihilation/creation operators just as the parity
operator P, but with C instead of P as given in Eq. (6.16):

Ca(0,p)C™" =ca(0,-p),
Ca'(0.5)C" =a*(0.-p)C.

Cet(0,p)C = cet(0.-p),
Ce(0.p)C =¢(0.-p)C.
(6.40)

Indeed, if we expand the Hamiltonian in terms of creation
and annihilation operators, then we find that it commutes

(6.37) with C:
|
N d3p At 2N AT 2 Atifn N B (O = PN N
H= 2n) [a"(0. p)E3a’(0, p) + ¢"(0. p)ES¢/ (0. p)] = CHC™ = H. (6.41)
/4
This is due to the matrix C commuting with E; = +/ p*1, + M?. Also, the operator C will square to unity:
C2a(0, p)C* = a(0,p) = C* =1. (6.42)
The easiest way to find the operators P and C is to use the Baker-Campbell-Hausdorf formula:
7 7z [ Lp ijal _ Atini ni pijati _ i afi
P =exp —i5 2n) (aﬁ Plas —ajal 5+ esPUes — cﬁc_ﬁ) , (6.43)
2 d3p AT i) ATEAG Al UAT/ Al ATL
C =exp —15 22)] ( 5 C 5 azals+ cﬁC s — Ci)c—ﬁ) , (6.44)
where a; = a(0, p) and ¢ := ¢(0, p) are creation/annihilation operators at ¢ = 0.
The important property of the C operator is that it flips the sign of the 3-momentum operator:
CPC|p.k) =CPCH|=p. j) = (=p)C*Cl-p. j) = (=p)CH*CY|p. i) = —p|p.k), (6:45)
so that
CPC=-P. (6.46)
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As noted in the previous subsection, the parity operator also
flips the sign of the 3-momentum operator. Thus, if we wish
to keep the 3-momentum operator Hermitian, the theory
with 77 = P will not be Poincaré invariant. However, the
existence of the discrete symmetry C, allows us to construct
a new positive-definite metric operator PC, such that the
eigenstates of the Hamiltonian operator are orthogonal
with respect to the positive-definite inner product
(-|)p¢ = (/PC-) and have positive norms. But more
importantly, if we choose 7 = PC it commutes with the
3-momentum operator:

(PC)PI(PC) = P (6.47)

Hence, the 3-momentum can simultaneously be Hermitian
and ﬁ@—pseudo—Hermitian, leaving the theory Poincaré
invariant.

Therefore, in Eq. (5.33), we take /7 = 75@, IT1 = PC and
the coordinates remain unchanged under this transforma-
tion, i.e., x¥¢ = x, so that the dual field is

$'(x) = (PO (D)(POPC.  (6.48)
Both the Lagrangian and the Hamiltonian are 75@—pseud0—
Hermitian:

A

Zix) = (POLG)PE) and AT = (POADPE) .
(6.49)

The inner product (-[PC-) yields a theory that is invariant
under proper Poincaré transformations.

VII. CONCLUSION

In this work, we have considered a generalization of the
Poincaré group when the generator of time translations, i.e.,
the Hamiltonian operator, is non-Hermitian. The time evo-
lution of the quantum field operator y and its Hermitian
conjugate i are then governed by distinct Hamiltonians, &
and H', respectively. As a consequence, a theory built from yr
and " exhibits inconsistent equations of motion and lacks
Poincaré invariance. We have also shown that when the
Hamiltonian is non-Hermitian, its non-Hermiticity extends to
the other group generators, such as space translations,
rotations, and boosts. Specifically, if the Hamiltonian is
diagonalizable, we can always find an operator 77 such
that A" = ﬁﬁ]ﬁ‘l, which implies that the Hamiltonian
is #-pseudo-Hermitian. The pseudo-Hermiticity of the
Hamiltonian leads to pseudo-Hermiticity of the other gen-
erators in the Poincaré algebra. These generators become
Hermitian if and only if they commute with #.

For a quantum field theory to be Poincaré invariant, the
Lagrangian should transform as a single object under the
proper Poincaré group. However, we observe that the field
operator y and its Hermitian conjugate y" transform in two
different representations, leading to the lack of Poincaré
invariance in both the Lagrangian and the theory as a
whole. This prompts us to search for a new conjugate field,
which we refer to as the “dual” field. This dual field
operator, denoted by ', transforms in the dual represen-
tation of yr. In Sec. IV, we found it to have a general form,
which holds for fields of any spin j:

Pl (x) = 27 (2 (7.1)

Herein, the operator # is such that the Hamiltonian is
i-pseudo-Hermitian, x" is the coordinate transformation with
respect to the operator 7 (e.g., parity x*), and the matrix 7 is
such that the finite-dimensional Lorentz representations are
z-pseudo-Hermitian. Equation (7.1) is the central result
of this work, and we have demonstrated its importance using
a simple model of two complex scalar fields with non-
Hermitian mass mixing, where the Hamiltonian is pseudo-
Hermitian with respect to the parity operator P.

With this result, we have established a fundamental
framework for developing self-consistent non-Hermitian
quantum field theories. By laying down these foundational
principles, we pave the way for future applications, in
particular in the challenging context of interacting non-
Hermitian quantum field theories.

Note added. After the preprint of this work was posted,
Ref. [58] appeared, which brought the earlier work [59] to
our attention. The construction of the dual field for the
second-order fermionic theory described in these works,
while not motivated by Poincaré invariance, bears some
similarities with the construction described here, and we
leave a detailed application of the present approach to this
theory for future work.

No data were created or analyzed in this study.
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