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We study the modular symmetry in magnetized T2g torus and orbifold models. The T2g torus has the
modular symmetry Γg ¼ Spð2g;ZÞ. The magnetic flux background breaks the modular symmetry to a
certain normalizer NgðHÞ. We classify remaining modular symmetries by magnetic flux matrix types.

Furthermore, we study the modular symmetry for wave functions on the magnetized T2g and certain
orbifolds. It is found that wave functions on magnetized T2g as well as its orbifolds behave as the Siegel
modular forms of weight 1=2 and ÑgðH; hÞ, which is the metaplectic congruence subgroup of the double

covering group of NgðHÞ, ÑgðHÞ. Then, wave functions transform nontrivially under the quotient group,

Ñg;h ¼ ÑgðHÞ=ÑgðH; hÞ, where the level h is related to the determinant of the magnetic flux matrix.

Accordingly, the corresponding four-dimensional chiral fields also transform nontrivially under Ñg;h

modular flavor transformation with modular weight −1=2. We also study concrete modular flavor
symmetries of wave functions on magnetized T2g orbifolds.

DOI: 10.1103/PhysRevD.109.065011

I. INTRODUCTION

One of the significant mysteries in particle physics is
the origin of the flavor structure of quarks and leptons
such as their hierarchical masses, flavor mixing angles, and
CP phases. Many scenarios have been studied. Among
them, one of the interesting approaches is to assume certain
non-Abelian discrete flavor symmetries such as SN , AN ,
Δð3N2Þ, and Δð6M2Þ among generations of quarks and
leptons [1–6].
As the origin of flavor symmetries, the geometrical

symmetries of compact spaces predicted in higher-dimen-
sional theories such as superstring theory have been
attractive. (See, e.g., Refs. [7,8].) The modular symmetry
is the geometrical symmetry of compact spaces such as tori,
orbifolds, and Calabi-Yau manifolds as the transformation
of cycle basis. Recently, the modular symmetry has been
attractive since it includes certain non-Abelian discrete
flavor symmetries such as S3, A4, S4, and A5 [9]. Thus, the
modular symmetry can be a source of flavor symmetries of
quarks and leptons, obtained from the compactification.
Actually, various bottom-up approaches of model building
have been studied [10–20], in which the assumed modular
flavor symmetries play an important role to determine the

flavor structure of quarks and leptons from the geometrical
parameters called moduli. (See for more Ref. [21].)
In top-down approaches, on the other hand, it is

important to look for what modular flavor symmetries of
chiral fields such as quarks and leptons appear in an
effective theory of superstring theory. For example, the
ten-dimensional (10D) N ¼ 1 supersymmetric Yang-Mills
theory with nonvanishing magnetic fluxes on a torus or its
orbifold is an interesting effective theory of magnetized
D-brane models in superstring theory [22–25]. Magnetized
D-brane models have several interesting features. Multi-
generational chiral fermions [26–35] (including three gen-
erations of chiral fermions [36–38]) can be obtained by
specific magnetic fluxes and boundary conditions. Their
Yukawa couplings [26,32,33,39] as well as higher-order
couplings [40] and also Majorana neutrino mass terms
generated by D-brane instanton effects [41,42] can be
calculated analytically since we can find their wave
functions explicitly. (See for D-brane instanton computa-
tions Refs. [43,44].) Actually, realistic quark and lepton
masses and mixing angles as well as CP phases have been
realized in Refs. [39,45–52].
These magnetized torus and orbifold models have the

modular symmetry.1 Their effective field theory is con-
trolled by the modular symmetry. The torus T2 has a single
complex structure modulus and the modular symmetry
SLð2;ZÞ. The modular symmetry and its implications onPublished by the American Physical Society under the terms of
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1For heterotic orbifold models, see Refs. [53–57].
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the flavor structure in the magnetized T2 and its certain
orbifold models with a single complex structure modulus
have been studied in Refs. [30,58] and in detail in
Refs. [59,60]. (See also Refs. [61–70].)
Generic compact space has many moduli, and they have

a larger modular symmetry, Spð2g;ZÞ. That can lead to a
rich flavor structure. Such symplectic modular symmetries
were studied in Calabi-Yau compactifications [71–74]
and others [75–78]. The torus T2g has the modular sym-
plectic symmetry Spð2g;ZÞ. In this paper, we extend the
above analysis on magnetized T2 and orbifold models to
the magnetized T2g (including T4 and T6) and its certain
orbifold models. We study the modular flavor symmetry in
these higher-dimensional torus and orbifold models with
magnetic fluxes.
This paper is organized as follows. We review the

modular symmetry on T2g in Sec. II A and modular forms
in Sec. II B. In Sec. III, we review magnetized T2g com-
pactification. Then, we study the modular symmetry in
magnetized T2g and orbifold compactifications. Generally,
the modular symmetry on T2g with a magnetic flux can be
smaller than that on T2g without a magnetic flux. Hence, we
classify the modular symmetry, which is consistent with a
magnetic flux in Sec. IVA, and then we study the modular
flavor symmetry of wave functions on magnetized T2g as
well as orbifold by general analysis and concrete examples
in each class, in Sec. IV B. In Sec. V, we conclude this
study. In Appendix A, we discuss the algebraic relation
between the S transformation and the general T trans-
formation. In Appendix B, we derive the Landsberg-Schaar
relation. In Appendix C, we prove that the generators of
Δð96Þ × Z4 satisfy the algebraic relation. In Appendix D,
we discuss the modular flavor symmetry with the moduli
that are proportional to the unit matrix.

II. MODULAR SYMMETRY ON T2g

AND MODULAR FORMS

In this section, we review the modular symmetry on T2g

and modular forms. (See, e.g., Refs. [77,79–87].) A 2g-
dimensional torus T2g can be constructed asCg=Λ, whereΛ
is a lattice on Cg spanned by 2g numbers of lattice vectors
αj and βj (j ¼ 1;…; g). We write complex coordinates of
αj and βj as αj ¼ tðα1j;…; αgjÞ and βj ¼ ðβ1j;…; βgjÞ,
respectively. Then, the ath component of the complex
coordinate on Cg, ua, can be written as

ua ¼
Xg
j¼1

αaj x
j þ βaj y

j ðxj; yj ∈RÞ: ð1Þ

We also define the jth component of the complex coor-
dinate on T2g, zj, as

zj ¼ ðα−1Þjaua ¼ xj þ Ωj
ky

k ð0 ≤ xj; yk ≤ 1Þ; ð2Þ

where the g × g complex matrix, Ω ¼ α−1β, is called the
complex structure moduli. Here, we consider that the
complex structure moduli lie on the Siegel upper-half
plane, defined as

Hg ¼ fΩ∈GLðg;CÞjtΩ ¼ Ω; ImΩ > 0g: ð3Þ
Then, the lattice identification is written by

zþ ek ∼ zþΩek ∼ z; ð4Þ
for ∀ k, where the jth component of ek is δj;k. The metric of
T2g is given by

ds2 ¼ dūadua ¼ ðα†αÞijdz̄idzj ¼ 2hijdz̄idzj; ð5Þ

and then the volume of T2g can be calculated as

VolðT2gÞ ¼
Z
T2g

dgzdgz̄
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j detð2hÞj

p
¼ j detðα†αÞj2 detð2ImΩÞ: ð6Þ

The gamma matrices on T2g, Γz̄i , and Γzj , satisfying
fΓz̄i ;Γzjg ¼ 2hij, are given by

Γz̄i ¼ ½ðα†Þ−1�iaΓūa ; Γzj ¼ ½α−1�jbΓub ; ð7Þ

where Γūa and Γub are the gamma matrices on Cg,
satisfying fΓūa ;Γubg ¼ 2δa;b.

A. Modular symmetry on T2g

Now, let us review the Siegel modular symmetry on T2g.
Let us consider the following lattice transformation:� tγðβÞ

tγðαÞ

�
¼
�
A B

C D

�� tβ
tα

�
¼
�
Atβ þ Btα

Ctβ þDtα

�
;

γ ¼
�
A B

C D

�
∈ Spð2g;ZÞ≡ Γg; ð8Þ

where the almost complex structure,

J ¼
�

0 Ig
−Ig 0

�
; ð9Þ

needs to be invariant, i.e.,

tγJγ ¼ J;⇒ tAC ¼ tCA; tBD ¼ tDB; tAD− tCB ¼ Ig:

ð10Þ

Since the lattice spanned by γðαÞ and γðβÞ is the same as
the lattice spanned by α and β, there is Γg ¼ Spð2g;ZÞ
symmetry in T2g compactification. Associated with the
lattice transformations in Eq. (8), the moduli Ω and the
coordinate z transform as
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γ∶Ω ¼ α−1β → γðΩÞ ¼ γðαÞ−1γðβÞ
¼ ðAΩþ BÞðCΩþDÞ−1; ð11Þ

γ∶z ¼ α−1u → γðzÞ ¼ γðαÞ−1u ¼ tðCΩþDÞ−1z: ð12Þ
Equation (11) is called the (inhomogeneous) Siegel modu-
lar transformation. Here, we call Eqs. (11) and (12) the
Siegel modular transformation.
The generators of the Siegel modular group, Γg ¼

Spð2g;ZÞ, are given by

S ¼
�

0 Ig
−Ig 0

�
; Tab ¼

�
Ig Bab

0 Ig

�
; ð13Þ

where Bab are concretely written as

B11 ¼ 1; ð14Þ
for g ¼ 1,

B11 ¼
�
1 0

0 0

�
; B22 ¼

�
0 0

0 1

�
; B12 ¼

�
0 1

1 0

�
;

ð15Þ
for g ¼ 2, and

B11 ¼

0B@ 1 0 0

0 0 0

0 0 0

1CA; B22 ¼

0B@ 0 0 0

0 1 0

0 0 0

1CA;

B33 ¼

0B@ 0 0 0

0 0 0

0 0 1

1CA; B12 ¼

0B@ 0 1 0

1 0 0

0 0 0

1CA;

B13 ¼

0B@ 0 0 1

0 0 0

1 0 0

1CA; B23 ¼

0B@ 0 0 0

0 0 1

0 1 0

1CA; ð16Þ

for g ¼ 3. The generators in Eq. (13) satisfy the following
relations:

S2 ¼
�−Ig 0

0 −Ig

�
¼−I2g≡R;

S4 ¼R2 ¼ I2g;

ðSTabÞ3 ¼
�

Bab −IgþB2
ab

Ig−B2
ab Bab

�
;

ðSTabÞ6 ¼
�−Igþ 2B2

ab 0

0 −Igþ 2B2
ab

�
¼ A−Igþ2B2

ab
≡U;

ðSTabÞ12 ¼ I2g;

RX¼XRðX¼ S;TabÞ; ð17Þ

where we denote

AX ≡
�
X 0

0 tX−1

�
∈ Spð2g;ZÞ; X∈GLðg;ZÞ; ð18Þ

and then A�Ig ¼ �I2g. Note that Eq. (17) corresponds to

the S3 transformation in the space spanned by lattice
vectors αc and βc (c ≠ a, b). In Appendix A, we discuss
the algebraic relation between ths S transformation and the
general T transformation generated by the Tab transforma-
tion. Under the S and Tab transformations, z and Ω
transform as

S∶ðz;ΩÞ → ðγðz;ΩÞÞ ¼ ð−Ω−1z;−Ω−1Þ;
Tab∶ ðz;ΩÞ → ðγðz;ΩÞÞ ¼ ðz;Ωþ BabÞ: ð19Þ

B. Modular forms

Now, let us review the Siegel modular forms. First, we
introduce the principal congruence subgroup of level n,

ΓgðnÞ ¼
�
γ0 ¼

�
A0 B0

C0 D0

������A0 B0

C0 D0

�
≡
�
Ig 0

0 Ig

�
ðmod nÞ

�
; ð20Þ

in particular, Γgð1Þ ¼ Γg. The Siegel modular forms fðΩÞ
of integral weight k and level n at genus g are holomorphic
functions of Ω that satisfy

γ∶fðΩÞ → fðγðΩÞÞ ¼ Jkðγ;ΩÞρðγÞfðΩÞ;

Jkðγ;ΩÞ ¼ ½detðCΩþDÞ�k; γ ¼
�
A B

C D

�
∈Γg; ð21Þ

Jkðγ2γ1;ΩÞ ¼ Jkðγ2; γ1ðΩÞÞJkðγ1;ΩÞ;
ρðγ2γ1Þ ¼ ρðγ2Þρðγ1Þ; γ1; γ2 ∈Γg; ð22Þ

with

ρðγ0Þ ¼ I; γ0 ∈ΓgðnÞ: ð23Þ

Thus, ρ is a unitary representation of the quotient group,
Γg;n ¼ Γg=ΓgðnÞ, so-called the finite Siegel modular group.
In other words, the Siegel modular forms transform non-
trivially under the finite Siegel modular transformation,
Γg;n. Concretely, we obtain the relations

ρðRÞ2 ¼ ρðSÞ4 ¼ ½ρðSÞρðTabÞ�12 ¼ ρðTabÞn ¼ I;

ðρðRÞ ¼ ρðSÞ2 ¼ ½ρðSÞρðTabÞ�6 ¼ Iðn ¼ 2ÞÞ; ð24Þ

and also
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ρðRÞ ¼ ρðSÞ2 ¼ ð−1ÞgkI
ð⇐fðΩÞ ¼ fðS2ðΩÞÞ ¼ ð−1ÞgkρðSÞ2fðΩÞÞ: ð25Þ

Then, we also find that

ρðRÞρðXÞ ¼ ρðXÞρðRÞ ðX ¼ S; TabÞ: ð26Þ

On the other hand, the overall factor Jkðγ;ΩÞ is called the
automorphic factor, and it can be uniquely determined
once γ is given.
Here, we comment on the stabilizer, H, and the nor-

malizer, NgðHÞ, mentioned in Ref. [77]. When the moduli
Ω are restricted to a certain region, as shown in Sec. IVA,
the modular symmetry is reduced from the Siegel modular
group, Γg, to the normalizer NgðHÞ, called the Siegel
modular subgroup. When Ω is fixed to a certain form in the
region, the stabilizer H is the unbroken group that is
generated by the modular transformation such that Ω is
invariant. In general, the stabilizer is a normal subgroup
of NgðHÞ. As with ΓgðnÞ and Γg;n ¼ Γg=ΓgðnÞ, we can
consider the principal congruence subgroup of NgðHÞ,

NgðH; nÞ≡ fγ0 ∈NgðHÞjγ0 ≡ I2g ðmod nÞg; ð27Þ

and the quotient group, Ng;nðHÞ ¼ NgðHÞ=NgðH; nÞ, is
called the finite Siegel modular subgroup.

We extend the above analysis for wave functions ψðz;ΩÞ
in Sec. IV B. To see that, however, we have to introduce
the Siegel modular forms of the half-integral weight. First,
we introduce the metaplectic double covering group of
Γg ¼ Spð2g;ZÞ,

Γ̃g ¼ fSpð2g;ZÞ ¼ fγ̃ ¼ ½γ; ϵ�jγ ∈Γg; ϵ∈ f�1gg: ð28Þ

The multiplication is given by

γ̃1γ̃2 ¼ ½γ1; ϵ1�½γ2; ϵ2� ¼ ½γ1γ2; Aðγ1; γ2Þϵ1ϵ2�
≡ ½γ1;2; ϵ1;2� ¼ γ̃1;2 ∈ Γ̃g; ð29Þ

where Aðγ1; γ2Þ denotes the Rao’s 2-cocycle [88],2 satisfy-
ing the following relation:

ðγ̃1γ̃2Þγ̃3 ¼ γ̃1ðγ̃2γ̃3Þ;
⇔ Aðγ1; γ2ÞAðγ1γ2; γ3Þ ¼ Aðγ1; γ2γ3ÞAðγ2; γ3Þ: ð30Þ

In particular, the generators of Γ̃g ¼ fSpð2;ZÞ are given by

S̃≡ ½S; ð−1Þg�; T̃ab ≡ ½Tab; 1�; ð31Þ

and they satisfy the following relations:

S̃2 ¼ ½−I2g; 1�≡ R̃; R̃2 ¼ S̃4 ¼ ½I2g; ð−1Þg�; R̃4 ¼ S̃8 ¼ ½I2g; 1�≡ Ĩ2g;

ðS̃T̃abÞ3 ¼ ½ðSTabÞ3; ð−1Þg0−1�; ðS̃T̃abÞ6 ¼ ½A−Igþ2B2
ab
; ð−1Þg−1�;

ðS̃T̃abÞ12 ¼ ½I2g; ð−1Þg−g0 �≡ Ũ; Ũ2 ¼ ðS̃T̃abÞ24 ¼ ½I2g; 1� ¼ Ĩ2g;

R̃ X̃ ¼ X̃ R̃; Ũ X̃ ¼ X̃ Ũ; ðX̃ ¼ S̃; T̃abÞ; ð32Þ

with

g0 ¼
�
1 ða ¼ bÞ
2 ða ≠ bÞ : ð33Þ

Similarly, we can introduce the metaplectic congruence subgroup of level nð∈ 4ZÞ,
Γ̃gðnÞ ¼ fγ̃0 ¼ ½γ0; ϵ�∈ Γ̃gjγ0 ∈ΓgðnÞ; ϵ ¼ 1g: ð34Þ

Then, the Siegel modular forms fðΩÞ of half-integral weight k=2 and level n at genus g are holomorphic functions ofΩ that
satisfy

Γ̃g ∋ γ̃∶fðΩÞ → fðγ̃ðΩÞÞ ¼ J̃k=2ðγ̃;ΩÞρðγ̃ÞfðΩÞ; J̃k=2ðγ̃;ΩÞ ¼ ϵkJk=2ðγ;ΩÞ ¼ ϵk½detðCΩþDÞ�k=2; ð35Þ
J̃k=2ðγ̃2γ̃1;ΩÞ ¼ ½Aðγ1; γ2Þ�kJ̃k=2ðγ̃2; γ̃1ðΩÞÞJ̃k=2ðγ̃1;ΩÞ; ρðγ̃2γ̃1Þ ¼ ρðγ̃2Þρðγ̃1Þ; γ̃1; γ̃2 ∈ Γ̃g; ð36Þ

with

ρðγ̃0Þ ¼ I; γ̃0 ∈ Γ̃gðnÞ: ð37Þ

2See also Ref. [89].
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Here, we note that γ̃ðΩÞ ¼ γðΩÞ, and we choose ð−1Þgk=2 ¼ e−πigk=2. Thus, ρ is a unitary representation of the quotient
group, Γ̃g;n ¼ Γ̃g=Γ̃gðnÞ, called the metaplectic finite Siegel modular group. In other words, the Siegel modular forms
transform nontrivially under the metaplectic finite Siegel modular transformation, Γ̃g;n. Concretely, we obtain the relations

ρðR̃Þ4 ¼ ρðS̃Þ8 ¼ I; ρðŨÞ2 ¼ ½ρðS̃ÞρðT̃abÞ�24 ¼ I; ρðT̃abÞn ¼ I;

ðρðR̃Þ ¼ ρðS̃Þ2 ¼ Iðn ¼ 2ÞÞ; ð38Þ

and also

ρðR̃Þ ¼ ρðS̃Þ2 ¼ eπigk=2I ð⇐fðΩÞ ¼ fðS̃2ðΩÞÞ ¼ e−πigk=2ρðS̃Þ2fðΩÞÞ; ð39Þ

ρðR̃Þ2 ¼ ρðS̃Þ4 ¼ ð−1ÞgkI ð⇐fðΩÞ ¼ fðS̃4ðΩÞÞ ¼ ð−1ÞgkρðS̃Þ4fðΩÞÞ; ð40Þ

ρðŨÞ ¼ ρðS̃T̃abÞ12 ¼ ð−1Þðg−g0ÞkI ð⇐fðΩÞ ¼ fððS̃T̃abÞ12ðΩÞÞ ¼ ð−1Þðg−g0ÞkρðS̃T̃abÞ12fðΩÞÞ: ð41Þ

Then, we also find that

ρðR̃ÞρðX̃Þ ¼ ρðX̃ÞρðR̃Þ; ρðŨÞρðX̃Þ ¼ ρðX̃ÞρðŨÞ; ðX̃ ¼ S̃; T̃abÞ: ð42Þ

On the other hand, the overall factor Jkðγ;ΩÞ, called the
automorphic factor, can be uniquely determined once γ̃ is
given.
Similarly, we can consider the double covering group of

NgðHÞ, ÑgðHÞ, and the metaplectic congruence subgroup
of level nð∈ 4ZÞ, ÑgðH; nÞ, by replacing γ ∈Γg in Eq. (28)
with γ ∈NgðHÞ and replacing γ0 ∈ΓgðnÞ in Eq. (34) with
γ0 ∈NgðH; nÞ, respectively. In that case, ρ is a unitary
representation of the quotient group, Ñg;nðHÞ ¼ ÑgðHÞ=
ÑgðH; nÞ, called the metaplectic finite Siegel modular
subgroup.

III. MAGNETIZED T2g COMPACTIFICATION

In this section, we review a T2g compactification with a
background magnetic flux, so-called a magnetized T2g

compactification [26,32]. We introduce the following Uð1Þ
magnetic flux:

F ¼ π½tNðImΩÞ−1�ijðidzi ∧ dz̄jÞ; ð43Þ
with

tðNΩÞ ¼ NΩ; ð44Þ
which is needed for the magnetic flux F to be the (1,1) form
(F-flat condition). Here, N denotes the g × g flux matrix
and the flux must be quantized, i.e., Nij ∈Z. It is induced
by the gauge potential,

AðzÞ ¼ πIm½tðNz̄ÞðImΩÞ−1dz�

¼ −
πi
2
½tðNz̄ÞðImΩÞ−1�kdzk þ

πi
2
½tðNzÞðImΩÞ−1�kdz̄k

¼ Azkdz
k þ Az̄kdz̄

k: ð45Þ

Here, we do not consider Wilson lines. Under the lattice
translations, it transforms as

Aðzþ ekÞ ¼ AðzÞ þ d½πtNðImΩÞ−1Imz�k
¼ AðzÞ þ dχekðzÞ; ð46Þ

Aðzþ ΩekÞ ¼ AðzÞ þ d½πImfðNΩ̄ÞðImΩÞ−1zg�k
¼ AðzÞ þ dχΩekðzÞ: ð47Þ

It corresponds to the Uð1Þ gauge transformation. Through
the covariant derivative with Uð1Þ unit charge, q ¼ 1,

D ¼ d − iAðzÞ

¼
�
∂zk −

π

2
½tðNz̄ÞðImΩÞ−1�k

�
dzk

þ
�
∂z̄k þ

π

2
½tðNzÞðImΩÞ−1�k

�
dz̄k

¼ Dzkdz
k þDz̄kdz̄

k;

wave functions on the magnetized T2g with q ¼ 1 satisfy
the following boundary conditions:

Ψðzþ ek;ΩÞ ¼ e2πi
tαSekeiχek ðzÞΨðzÞ; ð48Þ

Ψðzþ Ωek;ΩÞ ¼ e2πi
tβSekeiχΩek ðzÞΨðzÞ; ð49Þ

where αS ¼ tðαS1;…;αSgÞ and βS ¼ tðβS1;…; βSgÞ with 0 ≤
αSk; β

S
k ≤ 1 are called as the Scherk-Schwarz (SS) phases.

Note that the Wilson line phases can be converted into the
SS phases through a proper redefinition of fields [28]. We
consider solutions of the zero-mode Dirac equation,
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iDΨðz;ΩÞ ¼ iðΓzkDzk þ Γz̄kDz̄kÞΨðz;ΩÞ ¼ 0; ð50Þ

with the boundary conditions in Eqs. (48) and (49). When
all eigenvalues of N are positive in addition to Eq. (3), only
the component of Ψðz;ΩÞ whose chirality on ∀ zkðk ¼
1;…; gÞ is positive has the detN number of degenerated
zero modes,

ψ ðJþαS;βSÞ;N
T2g ðz;ΩÞ ¼ ½VolðT2gÞ�−1=2ðdetNÞ1=4

× e−2πi
tðJþαSÞN−1βSeπi

tðNzÞðImΩÞ−1Imzϑ

×
� tðJ þ αSÞN−1

−tβ

	
ðNz;NΩÞ; ð51Þ

for ∀ J∈ΛN, where ϑ denotes the Riemann-theta function
defined by

ϑ

� ta
tb

	
ðν;ΩÞ ¼

X
l∈Zg

eπi
tðlþaÞΩðlþaÞe2πitðlþaÞðνþbÞ;

a; b∈Rg; ν∈Cg; ð52Þ

and ΛN denotes the lattice cell spanned by

tNek ðk ¼ 1;…; gÞ: ð53Þ

This means that

ψ ðJþtNekþαS;βSÞ;N
T2g ðz;ΩÞ ¼ ψ ðJþαS;βSÞ;N

T2g ðz;ΩÞ: ð54Þ

The normalization condition is given byZ
T2g

dgzdgz̄
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j detð2hÞj

p 

ψ ðJþαS;βSÞ;N
T2g ðz;ΩÞ

��
ψ ðKþαS;βSÞ;N
T2g

× ðz;ΩÞ ¼ ½detð2ImΩÞ�−1=2δJ̄;K: ð55Þ

Finally, we give a comment on the four-dimensional
(4D) low-energy effective field theory. We assume that 4D
N ¼ 1 supersymmetry remains, although our results on
modular flavor symmetries in the following sections are
independent of whether supersymmetry remains or not.
Higher-dimensional fields Φðx; zÞ are decomposed as
follows:

Φðx; zÞ ¼
X
n;I

φI
nðxÞψ I

nðzÞ; ð56Þ

i.e., the Kaluza-Klein decomposition. Here, I denotes the
degeneracy index for a fixed mass level n. The lowest
modes with n ¼ 0 are relevant to the 4D effective field
theory, although they may be degenerate. We naturally
assume the canonical kinetic term of Φðx; zÞ. Then, we
integrate the extra dimension so as to obtain the Kähler
potential of 4D low-energy effective field theory,

Kðφ; φ̄Þ ¼ ZJ̄Kφ
J
0ðxÞ†φK

0 ðxÞ; ZJ̄K ¼ ½detð2ImΩÞ�−1=2δJ̄;K:
ð57Þ

In the following section, we study the modular symmetry
in the magnetized T2g and its orbifold compactifications.
Since the field Φðx; zÞ is invariant under the modular
symmetry, the modular transformation of the 4D fields
φI
0ðxÞ is inverse to one of ψ I

0ðzÞ [90].3 Hereafter, we
consider the modular transformation for the zero-mode
wave functions in Eq. (51).

IV. MODULAR SYMMETRY IN MAGNETIZED T2g

AND ORBIFOLD COMPACTIFICATIONS

In this section, we study the modular symmetry in
magnetized T2g and orbifold compactifications.

A. Modular symmetry consistent
with magnetized fluxes

First, in this subsection, let us see what kind of the
modular symmetry is consistent with a magnetic flux
matrix N. By using Eqs. (11), (12), and (44), we can find
that Eq. (43) is invariant and Eq. (44) is consistent for the
modular transformation by γ ¼ ðAC B

DÞ, when the following
conditions:

ðCΩþDÞ−1 tNðCΩþDÞ ¼ N ⇒ tCN ¼ CN;
tD ¼ DtN; ð58Þ

t½NðAΩþBÞðCΩþDÞ−1�¼NðAΩþBÞðCΩþDÞ−1
⇒AN¼NA; BtN¼NB; ð59Þ

are satisfied. In particular, for the N matrix to be consistent
with generators in Eq. (13), the following relations:

tN ¼ N; ð60Þ

Bab
tN ¼ NBab; ð61Þ

have to be satisfied.4 The N matrix that satisfies Eqs. (60)
and (61) for ∀ a; b is just N ¼ nI. However, it is too
restrictive for the N matrix, and then we consider other
compactifications with a more relaxed N matrix while the
restricted modular symmetry than Γg appears. In particular,
to study nontrivial modular symmetry, we consider N
matrices that are consistent with S and certain T trans-
formations generated by combinations of some of Tab.
Thus, we consider the case that Eqs. (3), (44), and (60), i.e.,

3Note that the modular transformation corresponds to the
change of basis ψ I

0ðzÞ.4See also Ref. [34].
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Ωij ¼ Ωji; ð62Þ

Nij ¼ Nji; ð63ÞX
k

NikΩkj ¼
X
k

ΩikNkj; ð64Þ

⇔
X
k≠i;j

ðNikΩjk − NjkΩikÞ

þ ½ðNii − NjjÞΩij − NijðΩii −ΩjjÞ� ¼ 0; ð65Þ

are satisfied. Hereafter, we denote ΔNij ≡ Nii − Njj and
ΔΩij ≡Ωii − Ωjj. Obviously, we find ΔNji ¼ −ΔNij and
ΔΩji ¼ −ΔΩij. Equation (65) is concretely written as

ΔN12Ω12 − N12ΔΩ12 ¼ 0; ð66Þ

for g ¼ 2 and8>><>>:
ðN31Ω23 − N23Ω31Þ þ ðΔN12Ω12 − N12ΔΩ12Þ ¼ 0

ðN12Ω31 − N31Ω12Þ þ ðΔN23Ω23 − N23ΔΩ23Þ ¼ 0

ðN12Ω23 − N23Ω12Þ þ ðΔN31Ω31 − N31ΔΩ31Þ ¼ 0

;

ð67Þ

⇔

0B@ΔN12 N31 −N23

−N31 ΔN23 N12

N23 −N12 ΔN31

1CA
0B@Ω12

Ω23

Ω31

1CA
−

0B@N12

N23

N31

1CA
0B@ΔΩ12

ΔΩ23

ΔΩ31

1CA ¼

0B@ 0

0

0

1CA; ð68Þ

for g ¼ 3. In the case of g ¼ 1, obviously, any moduliΩ are
consistent with an arbitrary magnetic flux (matrix)N. In the
following, we classify the modular symmetry, which is
consistent with a magnetic flux matrix N, for g ¼ 1, 2, 3.
First, let us see the case of g ¼ 1. The complex structure

modulus and the modular symmetry, which are consistent
with the magnetic flux (matrix), are summarized in Table I.

(i) Class (1-1-a) There is only one case for g ¼ 1. Since
any moduli Ω ¼ τ are consistent with a magnetic
flux (matrix) N ¼ n, we can consider S and Tð11Þ
transformations, which generate a Γ1 ¼ Spð2;ZÞ ¼
SLð2;ZÞ transformation. In particular, between S
and Tð11Þ, the following relation:

ðSTð11ÞÞ3 ¼ I2; ð69Þ

is satisfied. The stabilizer is H ¼ f�I2g ¼ Zt
2,

which acts on z ¼ z1 as

�I2∶ z1 → �z1: ð70Þ

Hence, the T2=Zt
2 twisted orbifold also has the same

modular symmetry.
Next, let us see the case of g ¼ 2 in the following classes.

The complex structure moduli and the modular symmetry,
which are consistent with the magnetic flux matrix in each
class, are summarized in Table II.
Class (2-1) In this class, we consider the case with

N12 ¼ 0. Equation (66) is written by

ΔN12Ω12 ¼ 0; ð71Þ

TABLE II. The complex structure moduli (in the third column) and the modular symmetry (in the fourth column) are consistent with
the magnetic flux matrix (in the second column) in each class.

Class Magnetic flux matrix N Complex structure moduli Ω Modular symmetry NðclassÞ
2 ðHÞ (generators)

(2-1-a)
�
n 0

0 n

� �
τ11 τ12
τ12 τ22

�
¼Pi;j¼1;2 τijBij

Γ2 ðS; Tabð∀ a; bÞÞ

(2-1-b)
�
n11 0

0 n22

� �
τ11 τ12
τ12 τ22

�
¼Pk¼1;2 τkkBkk

⊗2
k¼1Γ1k

ðgenerators of Γ1k
Þ

(2-2-a)
�

n n12
n12 n

� �
τ τ12
τ12 τ

�
¼ τBI2 þ τ12B12

Nð2−2−aÞ
2 ðHÞ ðS; TI2 ; T12Þ

(2-2-b)
�
n11 n12
n12 n22

� �
τ þ τNN12=p τNN12=p
τNN12=p τ

�
¼ τBI2 þ τNBN2

Nð2−2−bÞ
2 ðHÞ ðS; TI2 ; TN2

Þ

TABLE I. The complex structure modulus (in the third column) and the modular symmetry (in the fourth column) are consistent with
the magnetic flux (matrix) (in the second column) in the class.

Class Magnetic flux (matrix) N Complex structure moduli Ω Modular symmetry NðclassÞ
1 ðHÞ (generators)

(1-1-a) n τ Γ1 ðS; Tð11ÞÞ
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and it is satisfied for ∀ΔΩ12. This class is further classified
as follows.
Class (2-1-a) In this class, we also consider the case with

ΔN12 ¼ 0, i.e.,

N ¼
�
n 0

0 n

�
¼ nI2: ð72Þ

Equation (71) is also satisfied for ∀Ω12, i.e.,

Ω ¼
�
τ11 τ12

τ12 τ22

�
¼
X
i;j¼1;2

τijBij: ð73Þ

Then, we can consider S and Tabð∀ a; bÞ transformations,
which generate the Γ2 ¼ Spð4;ZÞ transformation. In par-
ticular, among S and Tab, the following relations:

ðST11Þ6 ¼ AB11−B22
; ðST11Þ12 ¼ I4;

ðST22Þ6 ¼ AB22−B11
; ðST22Þ12 ¼ I4;

ðST12Þ3 ¼ AB12
; ðST12Þ6 ¼ I4; ð74Þ

are satisfied. The stabilizer isH ¼ f�I4g ¼ Zt
2, which acts

on z ¼ tðz1; z2Þ as

�I4∶
�
z1

z2

�
→

��z1

�z2

�
: ð75Þ

Hence, the T4=Zt
2 twisted orbifold also has the same

modular symmetry.
Class (2-1-b) In this class, we consider the case with

ΔN12 ≠ 0, i.e.,

N ¼
�
n11 0

0 n22

�
: ð76Þ

Equation (71) is satisfied for Ω12 ¼ 0, i.e.,

Ω ¼
�
τ11 0

0 τ22

�
¼
X
i¼1;2

τiiBii: ð77Þ

This is nothing but direct products of magnetized T2 com-
pactification. Then, we can consider Skk and Tkk (k¼1, 2)

transformations, which generate the Nð2−1−bÞ
2 ðHÞ¼

⊗2
k¼1Γ1k

¼⊗2
k¼1SLð2;ZÞk transformation. Between Skk

and Tkk, the following relation:

ðSkkTkkÞ3 ¼ I2; ð78Þ

is satisfied. In particular, the stabilizer is H ¼ f�I4;
�AB11−B22

g ¼ ⊗2
k¼1Z

tk
2 , which acts on z ¼ tðz1; z2Þ as

�AB11−B22
∶
�
z1

z2

�
→

� �z1

∓ z2

�
; ð79Þ

in addition to Eq. (75). Hence, the ⊗2
k¼1T

2
k=Z

tk
2 twisted

orbifold also has the same modular symmetry.
Class (2-2) In this class, we consider the case with

N12 ≠ 0. Equation (66) is written by

ΔN12Ω12 ¼ N12ΔΩ12: ð80Þ

This class is further classified as follows.
Class (2-2-a) In this class, we also consider the case with

ΔN12 ¼ 0, i.e.,

N ¼
�

n n12
n12 n

�
: ð81Þ

Equation (80) is satisfied for ΔΩ12 ¼ 0 and ∀Ω12, i.e.,

Ω ¼
�

τ τ12

τ12 τ

�
¼ τ

X
i¼1;2

Bii þ τ12B12

≡ τBI2 þ τ12B12: ð82Þ

Then, we can consider S, T12, and TI2 with B ¼ BI2

transformations, which generate the Nð2−2−aÞ
2 ðHÞ trans-

formation. In particular, between the S and TI2 trans-
formations, the following relation:

ðSTI2Þ3 ¼ I4; ð83Þ

is satisfied. In particular, the stabilizer is H ¼ f�I4;
�AB12

g ¼ Zt
2 × Zp

2 , which acts on z ¼ tðz1; z2Þ as

�AB12
∶
�
z1

z2

�
→

��z2

�z1

�
; ð84Þ

in addition to Eq. (75). Hence, the T4=ðZt
2 × Zp

2 Þ twisted
and permutation orbifold also has the same modular
symmetry.
Class (2-2-b) In this class, we consider the case with

ΔN12 ≠ 0, i.e.,

N ¼
�
n11 n12
n12 n22

�
: ð85Þ

Equation (80) is satisfied if the following condition:
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Ω12∶ N12 ¼ ΔΩ12∶ΔN12; ð86Þ
is satisfied, i.e.,

Ω ¼
�
τ þ τNΔN12=p τNN12=p

τNN12=p τ

�
¼ τ

X
i¼1;2

Bii þ τNðΔN12=pB11 þ N12=pB12Þ

≡ τBI2 þ τNBN2
; ð87Þ

where p ¼ gcdðΔN12; N12Þ. Note that the classes (2-1-b)
and (2-2-a) are specific cases of the class (2-2-b). Then, we
can consider S, TI2 , and TN2

with the B ¼ BN2
trans-

formations, which generate the Nð2−2−bÞ
2 ðHÞ transforma-

tion. In particular, when ΔN12 ¼ N12, between S and TN2
,

the following relation:

ðSTN2
Þ5 ¼ I4; ð88Þ

is satisfied, as shown in Appendix A. The stabilizer is
H ¼ f�I4g ¼ Zt

2, which acts on z ¼ tðz1; z2Þ as Eq. (75).
Hence, the T4=Zt

2 twisted orbifold also has the same
modular symmetry.
Finally, let us see the case of g ¼ 3 in the following

classes. The complex structure moduli and the modular
symmetry, which are consistent with the magnetic flux
matrix in each class, are summarized in Table III.
Class (3-1) In this class, we consider the case with

N12 ¼ N23 ¼ N31 ¼ 0. Equation (68) is written by

0B@ΔN12 0 0

0 ΔN23 0

0 0 ΔN31

1CA
0B@Ω12

Ω23

Ω31

1CA ¼

0B@ 0

0

0

1CA; ð89Þ

and it is satisfied for ∀ΔΩ12, ∀Ω23, and ∀Ω31. This class
is further classified as follows.
Class (3-1-a) In this class, we also consider the case with

ΔN12 ¼ ΔN23 ¼ ΔN31 ¼ 0, i.e.,

N ¼

0B@n 0 0

0 n 0

0 0 n

1CA ¼ nI3: ð90Þ

Equation (89) is satisfied for ∀Ω12, ∀Ω23, and ∀Ω31, i.e.,

Ω ¼

0B@ τ11 τ12 τ13

τ12 τ22 τ23

τ13 τ23 τ33

1CA
¼

X
i;j¼1;2;3

τijBij: ð91Þ

Then, we can consider the S and Tabð∀ a; bÞ transforma-
tions, which generate the Γ3 ¼ Spð6;ZÞ transformation. In
particular, among S and Tab, the following relations:

TABLE III. The complex structure moduli (in the third column) and the modular symmetry (in the fourth column) are consistent with
the magnetic flux matrix (in the second column) in each class.

Class Magnetic flux matrix N Complex structure moduli Ω Modular symmetry NðclassÞ
3 ðHÞ (generators)

(3-1-a)  n 0 0

0 n 0

0 0 n

! P
i;j¼1;2;3 τijBij Γ3 ðS; Tabð∀ a; bÞÞ

(3-1-b)
�
Nð2−1Þ 0

0 n33

� P
kk τkkBkk ðþτ12B12Þ Nð2−1Þ

2 ðHÞ × Γ1 ðgenerators of Nð2−1Þ
2 ðHÞ andΓ1Þ

(3-2-a)
�
Nð2−2Þ 0

0 n33

�
with Eq. (99)

τBI2 þ τNBN2
þ τ33B33 Nð2−2Þ

2 ðHÞ × Γ1 ðgenerators of Nð2−2Þ
2 ðHÞ andΓ1Þ

(3-2-b)
�
Nð2−2Þ 0

0 n33

�
with Eq. (103)

τBI2 þ τNBN2
þ τ33B33 þ τ0B0

� Nð3−2−bÞ
3 ðHÞ ðgenerators of Nð2−1Þ

2 ðHÞ; T 0
�Þ

(3-3)  n11 n12 n13
n13 n22 0

n13 0 n33

! τBI3 þ τNBN3
þ τN−1BN−1

3 Nð3−3Þ
3 ðHÞ ðS; TI3 ; TN3

; TN−1
3
Þ

(3-4-a)  n11 n12 n13
n13 n22 n23
n13 n23 n33

!
with Eq. (119)

τBI3 þ τNBN3
þ τN−1BN−1

3 Nð3−4−aÞ
3 ðHÞ ðS; TI3 ; TN3

; TN−1
3
Þ

(3-4-b)  n11 n12 n13
n13 n22 n23
n13 n23 n33

!
with Eq. (124)

τBI3 þ τ012B
0
12 þ τ023B

0
23 þ τ031B

0
31 Nð3−4−bÞ

3 ðHÞ ðS; TI3 ; T
0
12; T

0
23; T

0
31Þ
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ðST11Þ6 ¼ AB11−B22−B33
; ðST11Þ12 ¼ I6;

ðST22Þ6 ¼ AB22−B33−B11
; ðST22Þ12 ¼ I6;

ðST33Þ6 ¼ AB33−B11−B22
; ðST33Þ12 ¼ I6;

ðST12Þ6 ¼ AB11þB22−B33
; ðST12Þ12 ¼ I6;

ðST23Þ6 ¼ AB22þB33−B11
; ðST23Þ12 ¼ I6;

ðST31Þ6 ¼ AB33þB11−B22
; ðST31Þ12 ¼ I6; ð92Þ

are satisfied. The stabilizer isH ¼ f�I6g ¼ Zt
2, which acts

on z ¼ tðz1; z2; z3Þ as

�I6∶

0B@ z1

z2

z3

1CA →

0B@�z1

�z2

�z3

1CA: ð93Þ

Hence, the T6=Zt
2 twisted orbifold also has the same

modular symmetry.
Class (3-1-b) In this class, we consider the case with

ΔN23 ≠ 0, ΔN31 ≠ 0, and also ΔN12 ¼ 0, i.e.,

N ¼

0B@ n 0 0

0 n 0

0 0 n33

1CA: ð94Þ

Equation (89) is satisfied forΩ23 ¼ Ω31 ¼ 0 and ∀Ω12, i.e.,

Ω ¼

0B@ τ11 τ12 0

τ12 τ22 0

0 0 τ33

1CA
¼
X
i;j¼1;2

τijBij þ τ33B33: ð95Þ

This is nothing but direct products of magnetized T4 with the
class (2-1-a) andT2 compactifications. Thus,we can consider

the Nð3−1−bÞ
3 ðHÞ¼Γ2×Γ1¼Spð4;ZÞ×SLð2;ZÞ transfor-

mation. The T4=Zt
2 × T2=Zt

2 twisted orbifold also has the
same modular symmetry. On the other hand, when we have
ΔN12 ≠ 0, ΔN23 ≠ 0, and also ΔN31 ≠ 0, i.e.,

N ¼

0B@ n11 0 0

0 n22 0

0 0 n33

1CA; ð96Þ

Equation (89) is satisfied for Ω12 ¼ Ω23 ¼ Ω31 ¼ 0, i.e.,

Ω ¼

0B@ τ11 0 0

0 τ22 0

0 0 τ33

1CA
¼
X

i¼1;2;3

τiiBii: ð97Þ

This is nothing but direct products of magnetized T4 ¼
T2 × T2 with the class (2-1-b) and T2 compactifications.

Thus, we can consider the Nð3−1−cÞ
3 ðHÞ ¼ ⊗3

k¼1Γ1k
¼

⊗3
k¼1SLð2;ZÞk transformation. The ⊗3

k¼1T
2
k=Z

tk
2 twisted

orbifold also has the same modular symmetry.
Class (3-2) In this class, we consider the case withN23 ¼

N31 ¼ 0 and N12 ≠ 0. Equation (68) is written by0B@ΔN12 0 0

0 ΔN23 N12

0 −N12 ΔN31

1CA
0B@Ω12

Ω23

Ω31

1CA ¼

0B@N12ΔΩ12

0

0

1CA;

ð98Þ

and it is satisfied for ∀ΔΩ23 and ∀ΔΩ31. This class is
further classified as follows.
Class (3-2-a) In this class, we also consider the case

satisfying

ΔN23ΔN31 þ N2
12 ≠ 0;

⇔ N33 ≠
ðN11 þ N22Þ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ΔN2

12 þ ð2N12Þ2
p
2

; ð99Þ

that is,

N ¼

0B@ n11 n12 0

n12 n22 0

0 0 n33

1CA;

n33 ≠
ðn11 þ n22Þ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðn11 − n22Þ2 þ ð2n12Þ2

p
2

: ð100Þ

In particular, when ΔN12 ¼ 0 ⇔ n11 ¼ n22 ¼ n and
n33 ≠ n� n12, Eq. (98) is satisfied for ΔΩ12 ¼ Ω23 ¼
Ω31 ¼ 0 and ∀Ω12, i.e.,

Ω ¼

0B@ τ τ12 0

τ12 τ 0

0 0 τ33

1CA
¼ τ

X
i¼1;2

Bii þ τ12B12 þ τ33B33

¼ τBI2 þ τ12B12 þ τ33B33: ð101Þ

This is nothing but products of magnetized T4 with the
class (2-2-a) and T2 compactifications. Thus, we can

consider the Nð3−2−aÞ
3 ðHÞ ¼ Nð2−2−aÞ

2 ðHÞ × Γ1 transforma-
tion. The T4=ðZt

2 × Zp
2 Þ × T2=Zt

2 orbifold also has the
same modular symmetry. On the other hand, when
ΔN12 ≠ 0, Eq. (98) is satisfied if Ω23 ¼ Ω31 ¼ 0 and
Eq. (86) is satisfied, i.e.,
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Ω ¼

0B@ τ þ τNΔN12=p τNN12=p 0

τNN12=p τ 0

0 0 τ33

1CA
¼ τBI2 þ τNBN2

þ τ33B33: ð102Þ
This is nothing but products of magnetized T4 with the
class (2-2-b) and T2 compactifications. Thus, we can

consider the Nð3−2−bÞ
3 ðHÞ ¼ Nð2−2−bÞ

2 ðHÞ × Γ1 transforma-
tion. The T4=Zt

2 × T2=Zt
2 twisted orbifold also has the

same modular symmetry.
Class (3-2-b) On the other hand, in this class, we

consider the case satisfying

ΔN23ΔN31 þ N2
12 ¼ 0;

⇔ N33 ¼
ðN11 þ N22Þ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ΔN2

12 þ ð2N12Þ2
p
2

; ð103Þ

that is,

N ¼

0B@ n11 n12 0

n12 n22 0

0 0 n33

1CA;

n33 ¼
ðn11 þ n22Þ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðn11 − n22Þ2 þ ð2n12Þ2

p
2

∈Z: ð104Þ

In particular, when ΔN12 ¼ 0 ⇔ n11 ¼ n22 ¼ n and n33 ¼
n� n12, Eq. (98) is satisfied for ΔΩ12 ¼ 0, ∀Ω12, and
Ω31 ¼ �Ω23, i.e.,

Ω ¼

0B@ τ τ12 τ0

τ12 τ �τ0

τ0 �τ0 τ33

1CA
¼ τBI2 þ τ12B12 þ τ33B33 þ τ0ðB13 � B23Þ;
≡ τBI2 þ τ12B12 þ τ33B33 þ τ0B0

�: ð105Þ
On the other hand, when ΔN12 ≠ 0, Eq. (98) is satisfied if
Eq. (86) and

Ω23∶ Ω31 ¼ N12∶ΔN32 ¼ ΔN31∶N12 ¼ r�23∶r�13
ðgcdðr23∶r13Þ ¼ 1Þ ð106Þ

are satisfied, i.e.,

Ω ¼

0B@ τ þ τNΔN12=p τNN12=p τ0r�13
τNN12=p τ τ0r�23
τ0r�13 τ0r�23 τ33

1CA
¼ τBI2 þ τNBN2

þ τ33B33 þ τ0
X
i¼1;2

r�i3Bi3

≡ τBI2 þ τNBN2
þ τ33B33 þ τ0B0

�: ð107Þ
Note that the former case is the specific case of the latter case.
Then, we can consider T 0

� with the B0
� transformation in

addition to transformations by Nð3−2−aÞ
3 , which generate the

Nð3−2−bÞ
3 ðHÞ transformation. In particular, when n11 ¼

n22 ¼ n andn33 ¼ n� n12, betweenS andT 0
�, the following

relations:

ðST 0
�Þ4 ¼ A∓B12−B33

; ðST 0
�Þ8 ¼ I6; ð108Þ

are satisfied, as shown in Appendix A. Except for the case
with n11 ¼ n22 ¼ n and n33 ¼ nþ n12, the stabilizer is
H ¼ f�I6g ¼ Zt

2, which acts on z ¼ tðz1; z2; z3Þ as

�I6∶

0B@ z1

z2

z3

1CA →

0B@�z1

�z2

�z3

1CA: ð109Þ

Hence, theT6=Zt
2 twisted orbifold also has the samemodular

symmetry. When n11 ¼ n22 ¼ n and n33 ¼ nþ n12, on the
other hand, the stabilizer is H ¼ f�I6;�AB12þB33

g ¼
Zt

2 × Zp
2 , which acts on z ¼ tðz1; z2; z3Þ as

�AB12þB33
∶

0B@ z1

z2

z3

1CA →

0B@�z2

�z1

�z3

1CA; ð110Þ

in addition to Eq. (109). Hence, the T6=ðZt
2 × Zp

2 Þ twisted
and permutation orbifold also has the same modular
symmetry.
Class (3-3) In this class, we consider the case with

N12 ≠ 0, N13 ≠ 0, and N23 ¼ 0 case, i.e.,

N ¼

0B@ n11 n12 n13
n12 n22 0

n13 0 n33

1CA: ð111Þ

Equation (68) is written by0B@ΔN12 N31 0

−N31 ΔN23 N12

0 −N12 ΔN31

1CA
0B@Ω12

Ω23

Ω31

1CA ¼

0B@N12ΔΩ12

0

N31ΔΩ31

1CA:

ð112Þ
Then, it is satisfied when the following relations,

Ω12 ¼ τNN12=pþΔN23

N31

Ω23;

Ω31 ¼ τNN31=p;

ΔΩ12 ¼
ΔN12

N12

Ω12 þ
N31

N12

Ω23;

ΔΩ31 ¼
ΔN31

N31

Ω31 −
N12

N31

Ω23;

ΔΩ23 ¼ −
ΔN12

N12

Ω12 −
ΔN31

N31

Ω31 þ
N2

12 −N2
13

N12N13

Ω23; ð113Þ
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are satisfied, i.e.,

Ω ¼ τ

0B@ 1 0 0

0 1 0

0 0 1

1CAþ τN

0B@ΔN12=p N12=p N13=p

N12=p 0 0

N13=p 0 −ΔN23=p

1CA
þ τN−1

0B@ ðΔN12ΔN23 þ N2
13Þ=p2 N12ΔN23=p2 0

N12ΔN23=p2 0 N12N13=p2

0 N12N13=p2 ðΔN12ΔN23 þ N2
13 − N2

12Þ=p2

1CA
¼ τ

X
i¼1;2;3

Bii þ τN

�
ΔN12=pB11 − ΔN31=pB33 þ

X
i¼2;3

N1i=pB1i

�
þ τN−1 ½ðΔN12ΔN23 þ N2

13Þ=p2B11 − ðΔN12ΔN23 þ N2
13 − N2

12Þ=p2B33 þ ΔN12ΔN23=p2 þ N12N13=p2B23�
≡ τBI3 þ τNBN3

þ τN−1BN−1
3
; ð114Þ

where p ¼ gcdðΔN12;ΔN23; N12; N13Þ. Then, we can consider S, TI3 , TN3
with B ¼ BN3

, and TN−1
3

with B ¼ BN−1
3

transformations, which generate the Nð3−3Þ
3 ðHÞ transformation. In particular, when ΔN12 ¼ ΔN23 ¼ ΔN31 ¼ 0 and

N12 ¼ N13, among TI3 , TN3
, TN−1

3
, and S, the following relations:

ðSTI3Þ3 ¼ I6;

ðSTN3
Þ4 ¼ −AB11þB23

; ðSTN3
Þ8 ¼ I6;

ðSTN−1
3
Þ3 ¼ AB11þB23

; ðSTN−1
3
Þ6 ¼ I6; ð115Þ

are satisfied, as shown in Appendix A. Except for the casewithΔN23 ¼ 0 andN12 ¼ N13, the stabilizer isH ¼ f�I6g ¼ Zt
2,

which acts on z ¼ tðz1; z2; z3Þ as Eq. (109). Hence, the T6=Zt
2 twisted orbifold also has the same modular symmetry.

When ΔN23 ¼ 0 and N12 ¼ N13, on the other hand, the stabilizer is H ¼ f�I6;�AB11þB23
g ¼ Zt

2 × Zp
2 , which acts on

z ¼ tðz1; z2; z3Þ as

�AB11þB23
∶

0B@ z1

z2

z3

1CA →

0B@�z1

�z3

�z2

1CA; ð116Þ

in addition to Eq. (109). Hence, the T6=ðZt
2 × Zp

2 Þ twisted and permutation orbifold also has the same modular symmetry.
Class (3-4) In this class, we consider the case with N12 ≠ 0, N23 ≠ 0, and N31 ≠ 0. Equation (68) is written by0B@ΔΩ12

ΔΩ23

ΔΩ31

1CA ¼

0B@N−1
12 0 0

0 N−1
23 0

0 0 N−1
31

1CA
0B@ΔN12 N31 −N23

−N31 ΔN23 N12

N23 −N12 ΔN31

1CA
0B@Ω12

Ω23

Ω31

1CA

¼

0BB@
ΔN12

N12
Ω12 þ N31

N12
Ω23 −

N23

N12
Ω31

− N31

N23
Ω12 þ ΔN23

N23
Ω23 þ N12

N23
Ω31

N23

N31
Ω12 −

N12

N31
Ω23 þ ΔN31

N31
Ω31

1CCA: ð117Þ

Note that it is required that

ΔΩ12 þ ΔΩ23 þ ΔΩ31 ¼ 0;

⇔



ΔN12

N12
− N2

31
−N2

23

N23N31

ΔN23

N23
− N2

12
−N2

31

N31N12

ΔN31

N31
− N2

23
−N2

12

N12N23

�0B@Ω12

Ω23

Ω31

1CA ¼ 0: ð118Þ

This class is further classified as follows.

KIKUCHI, KOBAYASHI, NASU, TAKADA, and UCHIDA PHYS. REV. D 109, 065011 (2024)

065011-12



Class (3-4-a) In this class, we consider the case with the vector,0BBBBB@
ΔN12

N12
− N2

31
−N2

23

N23N31

ΔN23

N23
− N2

12
−N2

31

N31N12

ΔN31

N31
− N2

23
−N2

12

N12N23

1CCCCCA ≠

0B@ 0

0

0

1CA: ð119Þ

In this case, there are 2 degrees of freedom of the vector, tðΩ12;Ω23;Ω31Þ, which satisfies Eq. (118). Indeed, that vector can
be written as 0B@Ω12

Ω23

Ω31

1CA ¼ τN

0B@N12

N23

N31

1CAþ τN−1

0B@N23N31 − N12N33

N31N12 − N23N11

N12N23 − N31N22

1CA; ð120Þ

and then, from Eq. (117), we can obtain that0B@ΔΩ12

ΔΩ23

ΔΩ31

1CA ¼ τN

0B@ΔN12

ΔN23

ΔN31

1CAþ τN−1

0B@N2
31 − N2

12 − ΔN12N33

N2
12 − N2

31 − ΔN23N11

N2
23 − N2

12 − ΔN31N22

1CA: ð121Þ

Thus, the moduli can be written by

Ω ¼ τ

0B@ 1 0 0

0 1 0

0 0 1

1CAþ τN=pN

0B@N11 N12 N31

N12 N22 N23

N31 N23 N33

1CA
þ τN−1=pN−1

0B@ N22N33 − N2
23 N23N31 − N12N33 N12N23 − N31N22

N23N31 − N12N33 N33N11 − N2
31 N31N12 − N23N11

N12N23 − N31N22 N31N12 − N23N11 N11N22 − N2
12

1CA
¼ τ

X
Bii þ τN

X
Nij=pNBij þ τN−1

X
Ñij=pN−1Bij

≡ τBI3 þ τNBN3
þ τN−1BN−1

3
; ð122Þ

where pN and pN−1 denote the greatest common divisor of all elements of the N matrix and the adjugate matrix Ñ [defined
by N−1 ¼ ðdetNÞ−1Ñ], respectively. Note that the class (3-3) is the specific case of the class (3-4-a). Then, we can consider

S, TI3 , TN3
with B ¼ BN3

, and TN−1
3

with B ¼ BN−1
3
, which generate the Nð3−4−bÞ

3 ðHÞ transformation. The stabilizer is

H ¼ f�I6g ¼ Zt
2, which acts on z ¼ tðz1; z2; z3Þ as Eq. (109). Hence, the T6=Zt

2 twisted orbifold also has the same
modular symmetry.
Class (3-4-b) In this class, we consider the case that

N ¼

0B@n11 n12 n31
n12 n22 n23
n31 n23 n33

1CA;

8>><>>:
n11 ¼ nþ n31n12

n23
∈Z

n22 ¼ nþ n12n23
n31

∈Z

n33 ¼ nþ n23n31
n12

∈Z

; ð123Þ

which satisfies 0BBBBB@
ΔN12

N12
− N2

31
−N2

23

N23N31

ΔN23

N23
− N2

12
−N2

31

N31N12

ΔN31

N31
− N2

23
−N2

12

N12N23

1CCCCCA ¼

0B@ 0

0

0

1CA: ð124Þ
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Equation (118) is satisfied for ∀Ω12, ∀Ω23, and ∀Ω31. By combining Eq. (117), the moduli in this case are given by

Ω ¼ τ

0B@ 1 0 0

0 1 0

0 0 1

1CAþ τ012

0B@ ðN2
31 − N2

23Þ=p2
12 N23N31=p2

12 0

N23N31=p2
12 0 0

0 0 N2
31=p

2
12

1CA

þ τ023

0B@N2
12=p

2
23 0 0

0 ðN2
12 − N2

31Þ=p2
23 N31N12=p2

23

0 N31N12=p2
23 0

1CA

þ τ031

0B@ 0 0 N12N23=p2
31

0 N2
23=p

2
31 0

N12N23=p2
31 0 ðN2

23 − N2
12Þ=p2

31

1CA ð125Þ

¼ τ
X

i¼1;2;3

Bii þ τ012ðN23N31=p2
12B12 þ N2

31=p
2
12B33 þ ðN2

31 − N2
23Þ=p2

12B11Þ

þ τ023ðN31N12=p2
23B23 þ N2

12=p
2
23B11 þ ðN2

12 − N2
31Þ=p2

23B22Þ
þ τ031ðN12N23=p2

31B13 þ N2
23=p

2
31B22 þ ðN2

23 − N2
12Þ=p2

31B33Þ
≡ τBI3 þ τ012B

0
12 þ τ023B23 þ τ031B

0
13; ð126Þ

where p12 ¼ gcdðN23; N31Þ, p23 ¼ gcdðN31; N12Þ, and
p31 ¼ gcdðN12; N23Þ. Then, we can consider S, TI3 , T

0
12

with B ¼ B0
12, T

0
23 with B ¼ B0

23, and T 0
31 with B ¼ B0

31,

which generate the Nð3−4−bÞ
3 ðHÞ transformation. In particu-

lar, when N12 ¼ N23 ¼ N31, among T 0
12, T

0
23, T

0
31, and S,

the following relations:

ðST 0
12Þ3 ¼ AB12þB33

; ðST 0
12Þ6 ¼ I6;

ðST 0
23Þ3 ¼ AB23þB11

; ðST 0
23Þ6 ¼ I6;

ðST 0
31Þ3 ¼ AB31þB22

; ðST 0
31Þ6 ¼ I6; ð127Þ

are satisfied. The stabilizer is generally H ¼ f�I6g ¼ Zt
2,

which acts on z ¼ tðz1; z2; z3Þ as Eq. (109). Hence, the
T6=Zt

2 twisted orbifold also has the same modular sym-
metry. In particular, when τ012 ¼ τ023 ¼ τ031 is also satisfied,
the stabilizer becomes H ¼ f�I6;�AB12þB33

;�AB23þB11
;

�AB31þB22
;�AP231

;�AP312
g ¼ Zt

2 × S3, which acts on z ¼
tðz1; z2; z3Þ as

�AP231
∶

0B@ z1

z2

z3

1CA →

0B@�z2

�z3

�z1

1CA; ð128Þ

�AP312
∶

0B@ z1

z2

z3

1CA →

0B@�z3

�z1

�z2

1CA; ð129Þ

�AB31þB22
∶

0B@ z1

z2

z3

1CA →

0B@�z3

�z2

�z1

1CA; ð130Þ

in addition to Eqs. (109), (110), and (116). We note that

AB12þB33
AB31þB22

¼ AB31þB22
AB23þB11

¼ AB23þB11
AB12þB33

¼ AP231
;

AB31þB22
AB12þB33

¼ AB23þB11
AB31þB22

¼ AB12þB33
AB23þB11

¼ AP312
: ð131Þ

Hence, the T6=ðZt
2 × S3Þ orbifold also has the same

modular symmetry.
In the above cases, not only the magnetic flux F but the

gauge potential A and the covariant derivative D as well as
the Dirac operator iD are invariant under the corresponding
modular transformation.

B. Modular symmetry of wave functions
on magnetized T2g and orbifold models

Now, let us see the modular symmetry of wave functions
on magnetized T2g in Eq. (51). First, for the boundary con-
ditions of wave functions on magnetized T2g in Eqs. (48)
and (49) to be consistent with the modular transformation,
particularly for S and T transformations, the following
conditions:

S transformation ⇒ βSk ¼ αSk ¼ 0; or 1=2; ð132Þ
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T transformation ⇒ ðNBÞii þ ð2tαSBÞi
¼
X
k

ðNik þ 2αSkÞðBÞki ∈ 2Z; ð133Þ

are required,5 in addition to Eqs. (62)–(65), whereB denotes
a g-dimensional symmetric matrix generated by some
combinations of Bab. In particular, to consider the full Γg ¼
Spð2g;ZÞ transformation for wave functions on magnetized
T2g, it is required that theN matrix is in the class (g-1-a) with
n∈ 2Z and the SS phases are αSk ¼ βSk ¼ 0. Hereafter, we
consider vanishing SS phases, and thenwe omit the SS phase
indices. In this case, to satisfy Eq. (133), theN matrix in each
class must be ∀Nij ∈ 2Z. In the following, we often denote
the N matrix as

N ¼ sN0; ð134Þ

where s is the greatest common divisor of all components of
the N matrix, ∀Nij.
When the above conditions, including conditions in

individual classes discussed in the previous subsection,
are satisfied, wave functions on magnetized T2g in Eq. (51)
transform under the modular transformation [34,87] as

γ̃∶ψJ;N
T2g ðz;ΩÞ → ψJ;N

T2g ðγ̃ðz;ΩÞÞ
¼ J̃1=2ðγ̃;ΩÞρT2gðγ̃ÞJKψK;N

T2g ðz;ΩÞ; ð135Þ

S̃ ¼ ½S; ð−1Þg�∶ J̃1=2ðS̃;ΩÞ ¼ ð−1Þgðdetð−ΩÞÞ1=2;

ρT2gðS̃ÞJK ¼ ð−eπi=4Þgffiffiffiffiffiffiffiffiffiffiffi
detN

p e2πi
tJN−1K; ð136Þ

T̃ ¼ ½T; 1�∶ J̃1=2ðT̃;ΩÞ ¼ 1; ρT2gðT̃ÞJK ¼ eπi
tJBN−1JδJ;K:

ð137Þ

This means that the wave functions behave as the Siegel
modular forms of weight 1=2. Then, as mentioned in
Sec. III, the corresponding 4D chiral fields, φJðxÞ, also
transform as

γ̃∶φJðxÞ → J̃−1=2ðγ̃;ΩÞρ̄T2gðγ̃ÞJKφKðxÞ: ð138Þ

This means that the 4D chiral fields transform nontrivially
under the ρ̄T2gðγ̃Þ modular flavor transformation with
modular weight −1=2,6 which can also be found from
Eq. (55). In the following, we study under what modular
flavor group the wave functions transform nontrivially.
Here, we note that the following relation [34,87] should, in
particular, be satisfied,

ψJ;N
T2g ðÃ�

X ðz;ΩÞÞ ¼ J̃1=2ðÃ�
X ;ΩÞρT2gðÃ�

X ÞJKψK;N
T2g ðz;ΩÞ

¼ ψXJ;N
T2g ðz;ΩÞ;

Ã�
X ≡ ½AX;�1�∶ J̃1=2ðÃ�

X ;ΩÞ ¼ �ðdetXÞ1=2;
ρT2gðÃ�

X ÞJK ¼ �ðdetXÞ−1=2δXJ;K: ð139Þ

Indeed, as for the S2 ¼ A−Ig ¼ −I2g transformation, we can
find that

ρT2gðR̃ÞJK ¼ ρT2gðS̃Þ2JK ¼ eπig=2δ−J;K:

ρT2gðR̃Þ2JK ¼ ρT2gðS̃Þ4JK ¼ ð−1ÞgδJ;K;
ρT2gðR̃Þ4JK ¼ ρT2gðS̃Þ8JK ¼ δJ;K: ð140Þ

As for the ðSTÞn ¼ AΩn
0
transformation, it depends on the

detailed structure of the Bmatrix in the T transformation, as
in Appendix A. For example, when B2 ¼ Ig is satisfied, we
can find that

½ρT2gðS̃ÞρT2gðT̃Þ�3JK ¼ e−πin
B
−=2δBJ;K;

½ρT2gðS̃ÞρT2gðT̃Þ�6JK ¼ ð−1ÞnB−δJ;K;
½ρT2gðS̃ÞρT2gðT̃Þ�12JK ¼ δJ;K; ð141Þ

where nB− denotes the number of negative eigenvalues of
the B matrix and we apply the g-dimensional Landsberg-
Schaar relation,

1ffiffiffiffiffiffiffiffiffiffiffi
detN

p
X

K ∈ΛN

eπi
tKN−1BK ¼ eπiðg−2nB−Þ=4ffiffiffiffiffiffiffiffiffiffiffiffij detBp j

X
K ∈ΛB

e−πi
tKNB−1K;

ð142Þ

for the above calculations. (See Appendix B for the
Landsberg-Schaar relation.) By considering Eqs. (140)
and (141), we can also find that

½ρT2gðS̃ÞρT2gðT̃Þ�6JK ¼ ð−1Þg0−1e3πiðg−g0Þ=2δð−Igþ2B2
abÞJ;K;

½ρT2gðS̃ÞρT2gðT̃Þ�12JK ¼ ð−1Þg−g0δJ;K;
½ρT2gðS̃ÞρT2gðT̃Þ�24JK ¼ δJ;K: ð143Þ

Similarly, by utilizing the relation in Eq. (142), we can
calculate the other relations among S and T, e.g.,

½ρT4ðS̃ÞρT4ðT̃Þ�5JK ¼ −δJ;K ðT ¼ TaaT12ða ¼ 1; 2ÞÞ;
½ρT4ðS̃ÞρT4ðT̃Þ�10JK ¼ δJ;K; ð144Þ

½ρT4ðS̃ÞρT4ðT̃Þ�4JK ¼ −δΩ4
0
J;K

ðT ¼ TabTbcðða; b; cÞ ¼ ð1; 2; 3Þ; ð2; 3; 1Þ; ð3; 1; 2ÞÞÞ;
½ρT4ðS̃ÞρT4ðT̃Þ�8JK ¼ δJ;K: ð145Þ

5When B ¼ BIg , it is consistent with the analysis in Ref. [60].
6That is, the sign of the modular weight of 4D fields is flipped

from one in extra dimensions.
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In addition, we obtain the following relations among T
transformations:

ρT2gðT̃XÞhXJK ¼δJ;K;hX¼
�
sdetN0 ððBXÑ0Þii∈2Z for ∀iÞ
2sdetN0 ðotherwiseÞ ;

½ρT2gðT̃XÞρT2gðT̃YÞ�JK¼½ρT2gðT̃YÞρT2gðT̃XÞ�JK; ð146Þ
where TX and TY denote T transformations with B ¼ BX
and B ¼ BY , respectively. Thus, the wave functions on
magnetized T2g in Eq. (51) behave as the Siegel modular
forms of weight 1=2 and ÑgðH; hÞ, and then they transform
nontrivially under the Ñg;hðHÞ ¼ ÑgðHÞ=ÑgðH; hÞ modu-
lar flavor transformation, where h denotes the least
common multiple of all orders of hX. In particular, we

denote Ñðg−1−aÞ
g ðHÞ≡ Γ̃g, Ñðg−1−aÞ

g ðH; hÞ≡ Γ̃gðhÞ, and

then Ñðg−1−aÞ
g;h ≡ Γ̃g;h, with h ¼ 2n.7

Furthermore, when we consider the T2g orbifold con-
structed by identifying a stabilizer AX ∈Z2 transformation
(e.g., discussed in Ref. [33]8), the wave functions on the
magnetized T2g=Z2, ψ

J;N
T2g=Zm

2

ðz;ΩÞ, which satisfy the boun-
dary condition for the AX ∈Z2 transformation,

ψJ;N
T2g=Zm

2

ðXz;ΩÞ ¼ ð−1ÞmψJ;N
T2g=Zm

2

ðz;ΩÞ; ð147Þ

as well as the boundary conditions in Eqs. (48) and (49), can
be expanded by wave functions on the magnetized T2g as

ψJ;N
T2g=Zm

2

ðz;ΩÞ ¼ N T2g=Z2
ðψJ;N

T2g ðz;ΩÞ þ ð−1Þmψ tXJ;N
T2g ðz;ΩÞÞ;

ð148Þ
and then they transform under the AX transformation as

ψJ;N
T2g ðÃ�

X ðz;ΩÞÞ ¼ J̃1=2ðÃ�
X ;ΩÞρT2g=Zm

2
ðÃ�

X ÞJKψK;N
T2g=Zm

2

ðz;ΩÞ
¼ ð−1ÞmψJ;N

T2g=Zm
2

ðz;ΩÞ;
Ã�
X ≡ ½AX;�1�∶J̃1=2ðÃ�

X ;ΩÞ
¼ �ðdetXÞ1=2; ρT2g=Zm

2
ðÃ�

X ÞJK
¼ �ð−1ÞmðdetXÞ−1=2δJ;K; ð149Þ

where m and N T2g=Z2
denote the eigenvalue of the AX ∈Z2

transformation and the normalization factor such that
Eq. (55) is also satisfied, respectively. Similarly, we can
find that the behavior of wave functions on the magnetized
T2g=Z2 under themodular transformation is the same9 as that

of wave functions on the magnetized T2g. The difference is
just the basis of the representation. In particular, in the
orbifold eigenbasis, the representation can be block diagon-
alized by orbifold eigenvalues. In other words, once the
orbifold eigenvalue is fixed, we can obtain a smaller
representation in the orbifold case than in the T2g case, in
general. Hence, we basically consider the orbifold case,
hereafter.
Now, let us see concrete modular flavor symmetry of

lower-dimensional (two-, three-, and four-dimensional)
wave functions on magnetized T2g orbifolds. In particular,
we mainly discuss g ¼ 2 cases. For g ¼ 1 cases, we have
studied g ¼ 1 cases in Refs. [59,60]. On the other hand,
while a lot of g ¼ 3 cases can be studied in ways similar to
g ¼ 2 cases, the generation numbers become larger in
general, and then the modular flavor groups become larger
and the analysis becomes more complicated. Hereafter, we
often use the following notation:

jJ1;…; Jgi≡ ψJ;N
T2g ðz;ΩÞ with J ¼ tðJ1;…; JgÞ: ð150Þ

At first, let us see the class (g-1-a) with n∈ 2Z. Wave
functions on magnetized T2g as well as T2g=Zt

2 transform
nontrivially under the Γ̃g;2n modular flavor transformation.
For example, n ¼ 2 is the minimal example. For the g ¼ 1
case, in Ref. [60],10 it was found that two-dimensional Zt

2

twisted even ðmt ¼ 0Þ modes on magnetized T2=Zt
2 trans-

form nontrivially under Γ̃1;4 ≃ T 0 ⋊ Z4 ≃ S̃4 [92]. Let us see
the g ¼ 2 case, i.e.,

N ¼
�
2 0

0 2

�
¼ 2I2;

Ω ¼
�
τ11 τ12

τ12 τ22

�
¼

X
i;j¼1;2;3

τijBij: ð151Þ

In this case, the following four-dimensional Zt
2 twisted

even ðmt ¼ 0Þ modes11 on magnetized T2=Zt
2:

jJ1; J2i ¼

0BBB@
j0; 0i
j1; 0i
j0; 1i
j1; 1i

1CCCA; ð152Þ

transform under S and Tab transformations as

7For g ¼ 1, it has been studied in Ref. [59].
8See also Refs. [34,35].
9As discussed in Ref. [70], if Z2 eigenvalues around orbifold

singular points convert into localized fluxes on the orbifold
singular points, which can be potentially required even for the
total magnetic flux on the fundamental domain of the T2g orbifold
to be integer quantized, the modular weight can be shifted.

10See also Ref. [91].
11The four-dimensional modes can be modular forms at z ¼ 0.
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ρT4=Z0
2
ðS̃Þ ¼ i

2

0BBB@
1 1 1 1

1 −1 1 −1
1 1 −1 −1
1 −1 −1 1

1CCCA; ρT4=Z0
2
ðT̃12Þ ¼

0BBB@
1

1

1

−1

1CCCA;

ρT4=Z0
2
ðT̃11Þ ¼

0BBB@
1

i

1

i

1CCCA; ρT4=Z0
2
ðT̃22Þ ¼

0BBB@
1

1

i

i

1CCCA; ð153Þ

which satisfy the following relations:

ρT4=Z0
2
ðS̃Þ2 ¼ −I;

½ρT4=Z0
2
ðS̃ÞρT4=Z0

2
ðT̃12Þ�6 ¼ −I;

½ρT4=Z0
2
ðS̃ÞρT4=Z0

2
ðT̃11Þ�6 ¼ ½ρT4=Z0

2
ðS̃ÞρT4=Z0

2
ðT̃22Þ�6 ¼ −iI;

ρT4=Z0
2
ðT̃12Þ2 ¼ I; ρT4=Z0

2
ðT̃11Þ4 ¼ ρT4=Z0

2
ðT̃22Þ4 ¼ I;

ρT4=Z0
2
ðT̃abÞρT4=Z0

2
ðT̃cdÞ ¼ ρT4=Z0

2
ðT̃cdÞρT4=Z0

2
ðT̃abÞ ða; b; c; d∈ f1; 2gÞ: ð154Þ

Then, they transform nontrivially under the Γ̃2;4 modular
flavor transformation.12 We note that we can similarly
consider the g ¼ 3 case; eight-dimensional Zt

2 twisted even
ðmt ¼ 0Þ modes on magnetized T6=Z2 with N ¼ 2I3
transform nontrivially under the Γ̃3;4 modular flavor trans-
formation. Moreover, by combining the classes (1-1-a) and
(2-1-a), we can similarly consider the classes (2-1-b) and
(3-1-b). In the above example, if τ12 is restricted to τ12 ¼ 0,
it corresponds to the specific case of the class (2-1-b).
Hence, the four-dimensional Ztk

2 twisted even ðmtk ¼
0; k ¼ 1; 2Þ modes on magnetized T2=Zt1

2 × T2=Zt2
2 in

Eq. (152) transform nontrivially under the Γ̃1;4 × Γ̃1;4 ¼
S̃4 × S̃4 modular flavor transformation. Furthermore, if
there is a constraint between τ11 and τ22 such that τ11 ¼
τ22 ¼ τ in addition to τ12 ¼ 0, i.e., Ω ¼ τI, the three-
dimensional Zt

2 twisted even ðmt ¼ 0Þ and Zp
2 permutation

even ðmp ¼ 0Þ modes13 on magnetized T2=ðZt
2 × Zm

2 Þ,

jJ1; J2i ¼

0B@ j0; 0i
1ffiffi
2

p ðj1; 0i þ j0; 1iÞ
j1; 1i

1CA; ð155Þ

transform nontrivially under the Γ0
1;4 ≃ S04 ≃ Δ0ð24Þ ≃

½ðZ2 × Z0
2Þ ⋊ Z3� ⋊ Z4 modular flavor transformation with

weight 1 [60,66], where we can write the generators of Z2,
Z0
2, Z3, and Z4 as

a ¼ T2ST2ST2; a0 ¼ ST2S−1T−2;

b ¼ TS3T2; c ¼ ST2ST3; ð156Þ

respectively, and we can indeed check the relations among
them;

a2 ¼ a02 ¼ b3 ¼ c4 ¼ 1 ðc¼ −1Þ;
aa0 ¼ a0a; bab−1 ¼ a−1a0−1; ba0b−1 ¼ a;

cac−1 ¼ a0−1; ca0c−1 ¼ a−1; cbc−1 ¼ b−1: ð157Þ

On the other hand, if the constraints are τ11 ¼ τ22 ¼ τ and
τ12 ≠ 0, it corresponds to the specific case of the class
(2-2-a). Hence, the three-dimensional modes on magnet-
ized T2=ðZt

2 × Zm
2 Þ in Eq. (155) transform under the S,

TI2 ¼ T11T22 and T12 transformations as

ρ
T4=ðZ0t

2
×Z

0p
2
ÞðS̃Þ ¼

i
2

0B@ 1
ffiffiffi
2

p
1ffiffiffi

2
p

0 −
ffiffiffi
2

p

1 −
ffiffiffi
2

p
1

1CA;

ρ
T4=ðZ0t

2
×Z

0p
2
ÞðT̃I2Þ ¼

0B@ 1

i

−1

1CA;

ρ
T4=ðZ0t

2
×Z

0p
2
ÞðT̃12Þ ¼

0B@ 1

1

−1

1CA; ð158Þ

which satisfy the following relations:

12The order is too large to specify the concrete modular flavor
group.

13The three-dimensional modes can be modular forms at
z ¼ 0.
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ρ
T4=ðZ0t

2
×Z

0p
2
ÞðS̃Þ2 ¼ −I;

½ρ
T4=ðZ0t

2
×Z

0p
2
ÞðS̃ÞρT4=ðZ0t

2
×Z

0p
2
ÞðT̃I2Þ�3 ¼ I;

½ρ
T4=ðZ0t

2
×Z

0p
2
ÞðS̃ÞρT4=ðZ0t

2
×Z

0p
2
ÞðT̃12Þ�3 ¼ −iI;

ρ
T4=ðZ0t

2
×Z

0p
2
ÞðT̃12Þ2 ¼ I; ρ

T4=ðZ0t
2
×Z

0p
2
ÞðT̃I2Þ4 ¼ I;

ρ
T4=ðZ0t

2
×Z

0p
2
ÞðT̃I2ÞρT4=ðZ0t

2
×Z

0p
2
ÞðT̃12Þ ¼ ρ

T4=ðZ0t
2
×Z

0p
2
ÞðT̃12ÞρT4=ðZ0t

2
×Z

0p
2
ÞðT̃I2Þ: ð159Þ

Then, they transform under the Ñð2−2−aÞ
2;4 ðHÞ modular flavor transformation. Actually, when we define

ã ¼ TI2T12ST12TI2S
−1TI2T12ðST12Þ3; ã0 ¼ STI2T12S−1T−1

12T
−1
I2
;

b ¼ TI2S
3T2

I2
; c0 ¼ ST2

I2
ST3

I2
ðST12Þ3;

d ¼ ðST12Þ3; ð160Þ

we can find that they satisfy the following relations:

ã4 ¼ ã04 ¼ b3 ¼ c02 ¼ d4 ¼ 1;

ãã0 ¼ ã0ã; bãb−1 ¼ ã−1ã0−1; bã0b−1 ¼ ã; c0ãc0−1 ¼ ã0−1; c0ã0c0−1 ¼ ã−1; c0bc0−1 ¼ b−1;

dx ¼ xdðx ¼ ã; ã0; b; c0Þ; ð161Þ

that is, the three-dimensional modes in Eq. (155) transform nontrivially under the Δð96Þ × Z4 modular flavor
transformation. Notice that we can find the following relation between ãð0Þ in Eq. (160) and að0Þ in Eq. (156):

ðãð0ÞÞ2 ¼ að0Þ: ð162Þ

We can check it in Appendix C. Therefore, we can obtain two patterns of breaking chains, i.e.,

ð163Þ

As another example of the class (2-2-a), let us consider the case that

N ¼
�

4 −2
−2 4

�
¼ 2

�
2 −1
−1 2

�
¼ 2N0; detN ¼ 4 detN0 ¼ 12; Ñ ¼ 2Ñ ¼ 2

�
2 1

1 2

�
;

Ω ¼
�

τ τ12

τ12 τ

�
¼ τBI2 þ τ12B12: ð164Þ

In this case, the following three-dimensional Zt
2 twisted odd ðmt ¼ 1Þ and Zp

2 permutation odd ðmp ¼ 1Þ modes:

jJ1; J2i ¼

0BB@
1ffiffi
2

p ðj−1; 3i − j3;−1iÞ
1
2
ðj1; 0i − j0; 1i þ j2; 1i − j1; 2iÞ

1ffiffi
2

p ðj2; 0i − j0; 2iÞ

1CCA; ð165Þ

transform under the S, TI2 , and T12 transformations as
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ρ
T4=ðZ1t

2
×Z

1p
2
ÞðS̃Þ ¼ −

1

2

0B@ 1
ffiffiffi
2

p
1ffiffiffi

2
p

0 −
ffiffiffi
2

p

1 −
ffiffiffi
2

p
1

1CA;

ρ
T4=ðZ1t

2
×Z

1p
2
ÞðT̃I2Þ ¼

0B@ eπi=3

eπi=3

e4πi=3

1CA ¼ eπi=3

0B@ 1

1

−1

1CA;

ρ
T4=ðZ1t

2
×Z

1p
2
ÞðT̃12Þ ¼

0B@ e−πi=3

eπi=6

e2πi=3

1CA ¼ e−πi=3

0B@ 1

i

−1

1CA; ð166Þ

which satisfy the following relations:

ρ
T4=ðZ1t

2
×Z

1p
2
ÞðS̃Þ2 ¼ I;

½ρ
T4=ðZ1t

2
×Z

1p
2
ÞðS̃ÞρT4=ðZ1t

2
×Z

1p
2
ÞðT̃I2Þ�3 ¼ I;

½ρ
T4=ðZ1t

2
×Z

1p
2
ÞðS̃ÞρT4=ðZ1t

2
×Z

1p
2
ÞðT̃12Þ�3 ¼ iI;

ρ
T4=ðZ1t

2
×Z

1p
2
ÞðT̃I2Þ2 ¼ ρ

T4=ðZ1t
2
×Z

1p
2
ÞðT̃12Þ4 ¼ e2πi=3I;

ρ
T4=ðZ1t

2
×Z

1p
2
ÞðT̃I2ÞρT4=ðZ1t

2
×Z

1p
2
ÞðT̃12Þ ¼ ρ

T4=ðZ1t
2
×Z

1p
2
ÞðT̃12ÞρT4=ðZ1t

2
×Z

1p
2
ÞðT̃I2Þ: ð167Þ

Then, they transform nontrivially under the Ñð2−2−aÞ
2;12 ðHÞ

modular flavor transformation. We note that wave functions
in the class (2-2-a) generally transform nontrivially under

the Ñð2−2−aÞ
2;2s detN0 ðHÞ modular flavor transformation. Actually,

similar to Eq. (158), we can find that the three-dimensional
modes in Eq. (165) transform nontrivially under the
Δð96Þ × Z4 × Z3 modular flavor transformation, where
the generators of Δð96Þ × Z4 are in Eq. (160) replacing
S, TI2 , and T12 with the following s, t, and t12,:

s¼SðST12Þ−3; t¼T12T−2
I2
ðST12Þ−6; t12¼TI2T

4
12ðST12Þ6;

ð168Þ

respectively, while the Z3 generator is e ¼ T2
I2
¼ T4

12,
satisfying

e3 ¼ 1; ex ¼ xe ðx ¼ ã; ã0; b; c0; dÞ: ð169Þ

Here, if τ12 is restricted to τ12 ¼ 0, i.e., Ω ¼ τI, the three-
dimensional modes in Eq. (165) transform nontrivially
under the S3 × Z3 ≃ ðZ0

3 ⋊ Z2Þ × Z3 modular flavor trans-
formation with weight 1, where the generators Z0

3, Z2, and
Z3 are written as

p ¼ STI2 ; q ¼ T3
I2
; e ¼ T2

I2
; ð170Þ

satisfying

p3 ¼ q2 ¼ e3 ¼ 1; q−1pq ¼ p2; ex ¼ xe ðx ¼ p; qÞ:
ð171Þ

Therefore, we can obtain the following breaking pattern:

Δð96Þ × Z4 × Z3⟶
τ12¼0

S3 × Z3: ð172Þ

So far, we have seen the modular flavor symmetry of three-
dimensional Zt

2 twisted odd ðmt ¼ 1Þ and Zp
2 permutation

odd ðmp ¼ 1Þ modes in Eq. (165). On the other hand, the
following two-dimensional Z2 twisted even ðmt ¼ 0Þ and
Z2 permutation odd ðmp ¼ 1Þ modes,

jJ1; J2i ¼
 

1
2
ðj1; 0i − j0; 1i − j2; 1i þ j1; 2iÞ

1ffiffi
2

p ðj2;−1i − j−1; 2iÞ

!
; ð173Þ

transform under S, TI2 , and T12 transformations as

ρ
T4=ðZ0t

2
×Z

1p
2
ÞðS̃Þ ¼ −

iffiffiffi
3

p
�

1
ffiffiffi
2

pffiffiffi
2

p
−1

�
;

ρ
T4=ðZ0t

2
×Z

1p
2
ÞðT̃I2Þ ¼

�
eπi=3

−1

�
;

ρ
T4=ðZ0t

2
×Z

1p
2
ÞðT̃12Þ ¼

�
eπi=6

−i

�
; ð174Þ

which satisfy the following relations:
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ρ
T4=ðZ0t

2
×Z

1p
2
ÞðS̃Þ2 ¼ −I;

½ρ
T4=ðZ0t

2
×Z

1p
2
ÞðS̃ÞρT4=ðZ0t

2
×Z

1p
2
ÞðT̃I2Þ�3 ¼ I;

½ρ
T4=ðZ1t

2
×Z

0p
2
ÞðS̃ÞρT4=ðZ0t

2
×Z

1p
2
ÞðT̃12Þ�3 ¼ iI;

ρ
T4=ðZ0t

2
×Z

1p
2
ÞðT̃I2Þ ¼ ρ

T4=ðZ0t
2
×Z

1p
2
ÞðT̃12Þ2;

ρ
T4=ðZ0t

2
×Z

1p
2
ÞðT̃12Þ3 ¼ iI;

ρ
T4=ðZ0t

2
×Z

1p
2
ÞðT̃I2Þ3 ¼ ρ

T4=ðZ0t
2
×Z

1p
2
ÞðT̃12Þ6 ¼ −I;

ρ
T4=ðZ0t

2
×Z

1p
2
ÞðT̃I2ÞρT4=ðZ0t

2
×Z

1p
2
ÞðT̃12Þ

¼ ρ
T4=ðZ0t

2
×Z

1p
2
ÞðT̃12ÞρT4=ðZ0t

2
×Z

1p
2
ÞðT̃I2Þ: ð175Þ

Then, they transform nontrivially under the Ñð2−2−aÞ
2;12 ðHÞ

modular flavor transformation. Actually, when we define

s ¼ S−1; t ¼ S2TI2 ; c ¼ STI2T12; ð176Þ

we can find that they satisfy the following relations:

s2 ¼ −1; s4 ¼ t3 ¼ ðstÞ3 ¼ c2 ¼ 1;

c−1xc ¼ x0 ðx; x0 ∈T 0Þ: ð177Þ

Thus, the two-dimensional modes in Eq. (173) transform
nontrivially under the T 0 ⋊ Z2 modular flavor transforma-
tion. Here, if τ12 is restricted to τ12 ¼ 0, i.e., Ω ¼ τI, the
two-dimensional modes in Eq. (173) transform nontrivially
under the T 0 modular flavor transformation with weight 1,
where the generators are s and t in Eq. (D15). Therefore, we
can obtain the following breaking pattern:

T 0 ⋊ Z2⟶
τ12¼0

T 0: ð178Þ

Similarly, let us see the following example of the class
(2-2-b) with the ΔN12 ¼ N12 case:

N ¼
�

2 −2
−2 4

�
¼ 2

�
1 −1
−1 2

�
¼ 2N0;

detN ¼ 4 detN0 ¼ 4; Ñ ¼ 2Ñ ¼ 2

�
1 −1
−1 2

�
;

Ω ¼
�
τ þ τN τN

τN τ

�
¼ τBI2 þ τNBN2

: ð179Þ

In this case, the following four-dimensional Zt
2 twisted

even ðmt ¼ 0Þ modes14:

jJ1; J2i ¼

0BBB@
j0; 0i
j0; 1i
j1;−1i
j−1; 2i

1CCCA; ð180Þ

transform under the S, TI2 , and TN2
transformations as

ρT4=Z0
2
ðS̃Þ ¼ i

2

0BBB@
1 1 1 1

1 −1 1 −1
1 1 −1 −1
1 −1 −1 1

1CCCA;

ρT4=Z0
2
ðT̃I2Þ ¼

0BBB@
1

i

i

−1

1CCCA;

ρT4=Z0
2
ðT̃N2

Þ ¼

0BBB@
1

i

1

−i

1CCCA; ð181Þ

which satisfy the following relations:

ρT4=Z0
2
ðS̃Þ2 ¼ −I;

½ρT4=Z0
2
ðS̃ÞρT4=Z0

2
ðT̃I2Þ�3 ¼ I;

½ρT4=Z0
2
ðS̃ÞρT4=Z0

2
ðT̃N2

Þ�5 ¼ −I;

ρT4=Z0
2
ðT̃I2Þ4 ¼ I; ρT4=Z0

2
ðT̃N2

Þ4 ¼ I;

ρT4=Z0
2
ðT̃I2ÞρT4=Z0

2
ðT̃N2

Þ ¼ ρT4=Z0
2
ðT̃N2

ÞρT4=Z0
2
ðT̃I2Þ: ð182Þ

Then, they transform nontrivially under the Ñð2−2−bÞ
2;4 ðHÞ

modular flavor transformation. We note that wave functions
in the class (2-2-b) generally transform nontrivially under

the Ñð2−2−bÞ
2;2s detN0 ðHÞ modular flavor transformation. Here, the

above S, TI2 ¼ T11T22, and TN2
¼ T11T12 transformations

in Eq. (181) correspond to the S, T11T22, and T11T12

transformations in Eq. (153), respectively. Actually, we can
find that the four-dimensional modes in Eq. (180) transform
nontrivially under the ½ðZ4 × Z2 × Z2Þ ⋊ ðZ2 × Z2Þ� ⋊ A5

modular flavor transformation. If τN is restricted to τN ¼0,
i.e., Ω ¼ τI, the four-dimensional modes in Eq. (180)
transform nontrivially under the Γ̃0

1;4 ≃ S04 modular flavor
transformation with weight 1. Therefore, we can obtain the
following breaking pattern:

½ðZ4 × Z2 × Z2Þ ⋊ ðZ2 × Z2Þ� ⋊ A5⟶
τN¼0

S04: ð183Þ
Now, we can similarly consider the case of the class

(3-2-a). As a specific case, let us see the following example
of the class (3-2-b) with the N11 ¼ N22 ¼ n ¼ 4 and
N33 ¼ nþ N12 ¼ 4 − 2 ¼ 2 case, i.e.,14The four-dimensional modes can be modular forms at z ¼ 0.
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N ¼

0B@ 4 −2 0

−2 4 0

0 0 2

1CA¼ 2

0B@ 2 −1 0

−1 2 0

0 0 1

1CA¼ 2N0;

Ω¼

0B@ τ τ12 τ0

τ12 τ τ0

τ0 τ0 τ33

1CA¼ τBI2 þ τ12B12 þ τ33B33 þ τ0B0þ: ð184Þ

In this case, the following four-dimensional Zt
2 twisted even ðmt ¼ 0Þ and Zp

2 permutation odd (mp ¼ 1) modes:

ρ
T6=ðZ0t

2
×Z

1p
2
ÞðS̃Þ ¼

e3πi=4ffiffiffi
6

p

0BBB@
1

ffiffiffi
2

p
1

ffiffiffi
1

pffiffiffi
2

p
−1

ffiffiffi
2

p
−1

1
ffiffiffi
2

p
−1 −

ffiffiffi
2

pffiffiffi
2

p
−1 −

ffiffiffi
2

p
1

1CCCA;

ρ
T6=ðZ0t

2
×Z

1p
2
ÞðT̃I2Þ ¼

0BBB@
eπi=3

−1
eπi=3

−1

1CCCA; ρ
T4=ðZ0t

2
×Z

1p
2
ÞðT̃12Þ ¼

0BBB@
eπi=6

−i
eπi=6

−i

1CCCA;

ρ
T6=ðZ0t

2
×Z

1p
2
ÞðT̃33Þ ¼

0BBB@
1

1

i

i

1CCCA; ρ
T4=ðZ0t

2
×Z

1p
2
ÞðT̃ 0þÞ ¼

0BBB@
1

1

−1
−1

1CCCA; ð185Þ

satisfy the following relations:

ρ
T6=ðZ0t

2
×Z

1p
2
ÞðS̃Þ2 ¼ −iI;

½ρ
T6=ðZ0t

2
×Z

1p
2
ÞðS̃ÞρT6=ðZ0t

2
×Z

1p
2
ÞðT̃I2Þ�6 ¼ −iI; ½ρ

T6=ðZ0t
2
×Z

1p
2
ÞðS̃ÞρT6=ðZ0t

2
×Z

1p
2
ÞðT̃33Þ�6 ¼ −I;

½ρ
T6=ðZ1t

2
×Z

0p
2
ÞðS̃ÞρT6=ðZ0t

2
×Z

1p
2
ÞðT̃12Þ�6 ¼ iI; ½ρ

T6=ðZ1t
2
×Z

0p
2
ÞðS̃ÞρT6=ðZ0t

2
×Z

1p
2
ÞðT̃ 0þÞ�4 ¼ I;

ρ
T6=ðZ0t

2
×Z

1p
2
ÞðT̃I2Þ ¼ ρ

T6=ðZ0t
2
×Z

1p
2
ÞðT̃12Þ2; ρ

T6=ðZ0t
2
×Z

1p
2
ÞðT̃ 0þÞ ¼ ρ

T4=ðZ0t
2
×Z

1p
2
ÞðT̃33Þ2;

ρ
T6=ðZ0t

2
×Z

1p
2
ÞðT̃12Þ3 ¼ iI;

ρ
T6=ðZ0t

2
×Z

1p
2
ÞðT̃I2Þ3 ¼ ρ

T6=ðZ0t
2
×Z

1p
2
ÞðT̃12Þ6 ¼ −I; ρ

T6=ðZ0t
2
×Z

1p
2
ÞðT̃ 0þÞ2 ¼ ρ

T4=ðZ0t
2
×Z

1p
2
ÞðT̃33Þ4 ¼ I;

ρ
T4=ðZ0t

2
×Z

1p
2
ÞðT̃XÞρT4=ðZ0t

2
×Z

1p
2
ÞðT̃YÞ ¼ ρ

T4=ðZ0t
2
×Z

1p
2
ÞðT̃YÞρT4=ðZ0t

2
×Z

1p
2
ÞðT̃XÞ ðX; Y ¼ I2; 12; 33;þÞ: ð186Þ

Then, they transform nontrivially under the
Ñð3−2−bÞ

3;12 ðHÞ modular flavor transformation. Actually,
we can similarly find that the four-dimensional
modes transform nontrivially under the ðT 0 ⋊ A4Þ ⋊
Z4 modular flavor transformation. If τ0þ is restricted to
τ0þ ¼ 0, they transform nontrivially under the ðT 0 ⋊
Z2Þ × ðT 0 ⋊ Z4Þ modular flavor transformation, which
is nothing but the direct product of T4=ðZ0t

2 × Z
1p
2 Þ

with the N matrix in Eq. (164) and T2=Z0t
2 with

N ¼ 2. Therefore, we can obtain the following break-
ing pattern:

ðT 0 ⋊ A4Þ ⋊ Z4⟶
τ0þ¼0ðT 0 ⋊ Z2Þ × ðT 0 ⋊ Z4Þ: ð187Þ

Finally, let us see the specific cases of the classes (3-3)
and (3-4). First, let us see the specific case of the class (3-3)
[and also the class (3-4-a)] with N11 ¼ N22 ¼ N33 and
N12 ¼ N13, i.e.,
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N ¼

0B@ 4 2 2

2 4 0

2 0 4

1CA ¼ 2

0B@ 2 1 1

1 2 0

1 0 2

1CA ¼ 2N0;

detN ¼ 8 detN0 ¼ 32; Ñ ¼ 4Ñ ¼ 4

0B@ 4 −2 −2
−2 4 1

−2 1 4

1CA;

Ω ¼

0B@ τ þ τN−1 τN τN

τN τ τN−1

τN τN−1 τ

1CA
¼ τBI3 þ τNBN3

þ τN−1BN−1
3
: ð188Þ

In this case, the generation number of zero modes on mag-
netized T2=ðZt

2 × Zp
2 Þ with ðmt;mpÞ ¼ ð0; 1Þ; ð1; 0Þ; ð1; 1Þ

is 6 while that of zero modes on magnetized T2=ðZt
2 × Zp

2 Þ
with ðmt;mpÞ ¼ ð0; 0Þ is 14. Hence, the modular flavor
groups, generated by those dimensional representations
of S, TI3 , TN3

, and TN−1
3

transformations, become larger
and complicated, and then we were not able to specify
the modular flavor groups. Next, let us see the specific
case of the class (3-4-b) with N11 ¼ N22 ¼ N33 and
N12 ¼ N23 ¼ N31, i.e.,

N ¼

0B@ 4 2 2

2 4 2

2 2 4

1CA ¼ 2

0B@ 2 1 1

1 2 1

1 1 2

1CA ¼ 2N0;

detN ¼ 8 detN0 ¼ 32; Ñ ¼ 4Ñ ¼ 4

0B@ 3 −1 −1
−1 3 −1
−1 −1 3

1CA;

Ω ¼

0B@ τ þ τ023 τ012 τ031
τ012 τ þ τ031 τ023
τ031 τ023 τ þ τ012

1CA
¼ τBI3 þ τ012B

0
12 þ τ023B

0
23 þ τ031B

0
31: ð189Þ

In this case, the generation number of Zt
2 twisted even

ðmt ¼ 0Þ modes on magnetized T2=Zt
2 is 20 while that of

Zt
2 twisted odd ðmt ¼ 1Þ modes on magnetized T2=Zt

2 is
12. Hence, the modular flavor groups, generated by those
dimensional representations of S, TI3 , T

0
12, T

0
23, and T 0

31

transformations, become larger and complicated, and then
we were not able to specify the modular flavor groups.

V. CONCLUSION

We have studied the modular symmetry in magnetized
T2g and orbifold models. There is Γg ¼ Spð2g;ZÞ modular
symmetry on T2g and its orbifold by the stabilizerH. When
a magnetic flux is introduced on T2g as well as its orbifold,
the modular symmetry is reduced from Γg to a certain

normalizer NgðHÞ. We have classified the remaining
modular symmetry by magnetic flux matrix types in
Sec. IVA. Furthermore, we have studied modular sym-
metry for wave functions on the magnetized T2g and certain
orbifolds in Sec. IV B. We have found that wave functions
on magnetized T2g as well as its orbifolds behave as the
Siegel modular forms of weight 1=2 and ÑgðH; hÞ, which
is the metaplectic congruence subgroup of the double
covering group of NgðHÞ, ÑgðHÞ. Then, they transform
nontrivially under the quotient group, Ñg;h ¼ ÑgðHÞ=
ÑgðH; hÞ, where the level h is related to the determinant
of the magnetic flux matrix. Accordingly, the correspond-
ing 4D chiral fields also transform nontrivially under the
Ñg;h modular flavor transformation with modular weight
−1=2. We have also studied concrete modular flavor
symmetries of wave functions on the magnetized T2g

orbifold. The study in this paper is extended from the
studies in Refs. [59,60,66] and one specific application of
the study in Ref. [77].
Our results are important to study four-dimensional

effective field theory derived by torus and orbifold com-
pactifications with a magnetic flux background, in particu-
lar, the realization of quark and lepton masses. We would
investigate the realistic model building in the magnetized
T2g orbifold models elsewhere to understand quark and
lepton masses as well as their mixing angles from their
modular flavor symmetries.
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APPENDIX A: ðSTÞn TRANSFORMATION

In this appendix, we discuss the algebraic relations
between the S transformation and the general T trans-
formation generated by the Tab transformation. Generally,
ðSTÞn can be written as

ðSTÞn ¼
�−bn−1 bn

−bn bnþ1

�
; bnþ1 ¼ −bnB− bn−1; ðA1Þ

with

ST ¼
�−b0 b1
−b1 b2

�
¼
�

0 Ig
−Ig −B

�
; ðA2Þ

where B denotes a general g × g symmetric matrix. Here,
we assume Ω0 (detΩ0 ≠ 0) such that it satisfies

Ω0 þ B ¼ −Ω−1
0 ; ðA3Þ

⇔ −ðΩ0 þ BÞ−1 ¼ Ω0; ðA4Þ
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that is, Ω0 is nothing but the fixed point of the ST
transformation in moduli space. Then, the recursion for-
mula in Eq. (A1) can be rewritten by

ðbnþ1Ωn
0Þ − ðbnΩn−1

0 ÞΩ2
0 ¼ Ig: ðA5Þ

Furthermore, by introducing

ξ≡ ðIg −Ω2
0Þ−1 ðdetðIg � Ω0Þ ≠ 0Þ; ðA6Þ

the recursion formula can be solved as

bn ¼ ðIg −Ω2
0Þ−1ðIg −Ω2n

0 ÞΩ−ðn−1Þ
0 ¼

Xn−1
k¼0

Ω2kþ1−n
0 ; ðA7Þ

where we use the following relation:

ðIg −Ω2
0Þ−1ðIg −Ω2n

0 Þ ¼
Xn−1
k¼0

Ω2k
0 ; ðA8Þ

for the last equality. Now, we can rewrite Eq. (A1) as

ðSTÞn ¼
�−bnΩ0 þ Ωn

0 bn
−bn bnΩ−1

0 þ Ωn
0

�
;

bn ¼ ðIg −Ω2
0Þ−1ðIg − Ω2n

0 ÞΩ−ðn−1Þ
0 : ðA9Þ

In particular, when it is satisfied that Ω2n
0 ¼ Ig ⇔ bn ¼ 0,

ðSTÞn can be written as

ðSTÞn ¼
�Ωn

0 0

0 Ωn
0

�
¼ AΩn

0
;

ðSTÞ2n ¼ I2g: ðA10Þ

Then, in the case that Ω2nþ1
0 ¼ Ig, we can find that

ðSTÞ2nþ1 ¼ I2g.
Let us see the meaning of the result in detail. When we

consider Ω ¼ Ω0, ðz;Ω0Þ transform under the ST trans-
formation as

ST∶ðz;Ω0Þ → ðΩ0z;Ω0Þ: ðA11Þ

In addition, if Ωn
0 ¼ Ig ⇔ ðSTÞn ¼ I2g, we can find that

ðSTÞn ¼ I2g∶ ðz;Ω0Þ → ðΩn
0z;Ω0Þ ¼ ðz;Ω0Þ: ðA12Þ

This means the Zn transformation.
From now on, we discuss how to determine the fixed

point Ω0 and the order n such that ðSTÞn ¼ I2g. First, the
fixed point Ω0 with Ωn

0 ¼ Ig is written by the diagonalized
matrix and a real orthogonal matrix O as

Ω0 ¼ O−1diagðe2πiki=nÞO;

ReΩ0 þ iImΩ0 ¼ O−1diagðcosð2πki=nÞÞO
þ iO−1diagðsinð2πki=nÞÞO: ðA13Þ

In addition, from Eq. (A3), we can obtain that

ReΩ0 ¼ O−1diagðcosð2πki=nÞÞO ¼ −
1

2
B: ðA14Þ

Thus, the B matrix determines ReΩ0, the eigenvalues, and
the O matrix. In addition, from the result, we can also find
ImΩ0 and the order n. Here, we note that Bij ¼ 0;�1 by
considering that the fixed point Ω0 is on the fundamental
region, jð2ReΩ0Þijj ≤ 1. In the following, we show the
above analysis concretely through examples.
First, let us consider the g ¼ 1 case:
(i) When we consider B ¼ 1, that is ST transformation,

we obtain ReΩ0 ¼ −1=2 ¼ cosð2π=3Þ, and then

Ω0 ¼ e2πi=3;

Ω3
0 ¼ I1 ⇔ ðSTÞ3 ¼ I2: ðA15Þ

(ii) When we consider B ¼ 0, that is S transformation,
we obtain ReΩ0 ¼ 0 ¼ cosð2π=4Þ, and then

Ω0 ¼ e2πi=4;

Ω2
0 ¼ −I1 ⇔ S2 ¼ −I2;

Ω4
0 ¼ I1 ⇔ S4 ¼ I2: ðA16Þ

(iii) When we consider B ¼ −1, that is ST−1 trans-
formation, we obtain ReΩ0 ¼ 1=2 ¼ cosð2π=6Þ,
and then

Ω0 ¼ e2πi=6;

Ω6
0 ¼ −I1 ⇔ ðST−1Þ6 ¼ −I2;

Ω6
0 ¼ I1 ⇔ ðST−1Þ6 ¼ I2: ðA17Þ

Next, let us consider the g ¼ 2 case:
(i) When we consider B¼ðb11

0
0
b22
Þ, that is STb11

11 T
b22
22

transformations, with bii¼0;�1, we obtain

Ω0 ¼
�
e2πi=n1 0

0 e2πi=n2

�
;

ni ¼
8<:

3 ðbii ¼ 1Þ
4 ðbii ¼ 0Þ
6 ðbii ¼ −1Þ

;

Ωlcmðn1;n2Þ
0 ¼ I2 ⇔ ðSTb11

11 T
b22
22 Þlcmðn1;n2Þ ¼ I4: ðA18Þ

These are nothing but T2 × T2 cases.

(ii) When we consider B ¼ ð 1
�1

�1
1
Þ, that is ST11T22T�1

12

transformation, and B¼ ð−1�1
�1
−1Þ, that is ST−1

11T
−1
22T

�1
12

transformation, we obtain
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Ω0 ¼ O−1
�
e2πi=4 0

0 �1

�
O: ðA19Þ

From it, however, there is no solution since
detðI −Ω2

0Þ ¼ 0.
(iii) When we consider B ¼ ð 0

�1
�1
0
Þ, that is ST�1

12 trans-
formations, we obtain

Ω0 ¼ O−1
�
e2πi=3 0

0 e2πi=6

�
O

¼
 ffiffi

3
p
2
i ∓ 1

2

∓ 1
2

ffiffi
3

p
2
i

!
;

Ω3
0 ¼ �B12 ⇔ ðST�1

12 Þ3 ¼ �AB12
;

Ω6
0 ¼ I2 ⇔ ðST�1

12 Þ6 ¼ I4: ðA20Þ

(iv) When we consider B ¼ ð 1
�1

�1
−1Þ, that is ST11T−1

22T
�1
12

transformation, we obtain

Ω0 ¼ O−1
�
e2πi=8 0

0 e6πi=8

�
O

¼
 
− 1

2
þ iffiffi

2
p ∓ 1

2

∓ 1
2

1
2
þ iffiffi

2
p

!
;

Ω4
0 ¼ −I2 ⇔ ðST11T−1

22T
�1
12 Þ4 ¼ −I4;

Ω8
0 ¼ I2 ⇔ ðST11T−1

22T
�1
12 Þ8 ¼ I4: ðA21Þ

Similarly, we can find that ðST−1
11T22T�1

12 Þ5 ¼ I4.

(v) When we consider B ¼ ð 1
�1

�1
0
Þ, that is ST11T�1

12

transformation, we obtain

Ω0 ¼ O−1
�
e2πi=5 0

0 e4πi=5

�
O

¼

0BBB@
− 1

2
þ i

2

� ffiffiffiffiffiffiffiffiffi
5þ ffiffi

5
p
10

q
þ

ffiffiffiffiffiffiffiffiffi
5−
ffiffi
5

p
10

q �
∓
�

1
2
þ i

2

� ffiffiffiffiffiffiffiffiffi
5þ ffiffi

5
p
10

q
−

ffiffiffiffiffiffiffiffiffi
5−
ffiffi
5

p
10

q ��
∓
�

1
2
þ i

2

� ffiffiffiffiffiffiffiffiffi
5þ ffiffi

5
p
10

q
−

ffiffiffiffiffiffiffiffiffi
5−
ffiffi
5

p
10

q ��
i
2

� ffiffiffiffiffiffiffiffiffiffiffi
5þ2

ffiffi
5

p
5

q
þ

ffiffiffiffiffiffiffiffiffiffiffi
5−2

ffiffi
5

p
5

q �
1CCCA;

Ω5
0 ¼ I2 ⇔ ðST11T�1

12 Þ5 ¼ I4: ðA22Þ

Similarly, we can find that ðST22T�1
12 Þ5 ¼ I4.

(vi) When we consider B ¼ ð−1�1
�1
0
Þ, that is ST−1

11T
�1
12 transformation, we obtain

Ω0 ¼ O−1
�
e2πi=10 0

0 e6πi=10

�
O

¼

0BBB@
1
2
þ i

2

� ffiffiffiffiffiffiffiffiffi
5þ ffiffi

5
p
10

q
þ

ffiffiffiffiffiffiffiffiffi
5−
ffiffi
5

p
10

q �
∓
�

1
2
− i

2

� ffiffiffiffiffiffiffiffiffi
5þ ffiffi

5
p
10

q
−

ffiffiffiffiffiffiffiffiffi
5−
ffiffi
5

p
10

q ��
∓
�

1
2
− i

2

� ffiffiffiffiffiffiffiffiffi
5þ ffiffi

5
p
10

q
−

ffiffiffiffiffiffiffiffiffi
5−
ffiffi
5

p
10

q ��
i
2

� ffiffiffiffiffiffiffiffiffiffiffi
5þ2

ffiffi
5

p
5

q
þ

ffiffiffiffiffiffiffiffiffiffiffi
5−2

ffiffi
5

p
5

q �
1CCCA;

Ω5
0 ¼ −I2 ⇔ ðST−1

11T
�1
12 Þ5 ¼ −I4;

Ω10
0 ¼ I2 ⇔ ðST−1

11T
�1
12 Þ10 ¼ I4: ðA23Þ

Similarly, we can find that ðST−1
22T

�1
12 Þ10 ¼ I4.

Finally, let us consider the g ¼ 3 case:

(i) When we consider B ¼

0B@ b11 b12 0

b12 b22 0

0 0 b33

1CA, that is STb11
11 T

b22
22 T

b33
33 T

b12
12 transformation, B ¼

0B@ b11 0 b13
0 b22 0

b13 0 b33

1CA, that

is STb11
11 T

b22
22 T

b33
33 T

b13
13 transformation, and B ¼

0B@b11 0 0

0 b22 b23
0 b23 b33

1CA, that is STb11
11 T

b22
22 T

b33
33 T

b23
23 transformation, with

bij ¼ 0;�1, they are nothing but T4 × T2 cases.
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(ii) When we consider B ¼

0B@ 0 0 �11

0 0 �21

�11 �21 0

1CA, that is ST�11
13 T�21

23 transformation, we obtain

Ω0 ¼ O−1

0B@ e6πi=8 0 0

0 e2πi=8 0

0 0 e4πi=8

1CAO

¼

0BBB@


1
2
þ 1

2
ffiffi
2

p
�
i ð�11Þð�21Þ



− 1

2
þ 1

2
ffiffi
2

p
�
i ∓1

1
2

ð�11Þð�21Þ


− 1

2
þ 1

2
ffiffi
2

p
�
i



1
2
þ 1

2
ffiffi
2

p
�
i ∓2

1
2

∓1
1
2

∓2
1
2

iffiffi
2

p

1CCCA;

Ω4
0 ¼ −ðð�11Þð�21ÞB12 þ B33Þ ⇔ ðST�11

13 T�21
23 Þ4 ¼ −Að�11Þð�21ÞB12þB33

;

Ω8
0 ¼ I3 ⇔ ðST�11

13 T�21
23 Þ8 ¼ I6: ðA24Þ

Similarly, we can find that ðST�11
12 T�21

23 Þ8 ¼
ðST�11

12 T�21
13 Þ8 ¼ I6.

APPENDIX B: THE LANDSBERG-SCHAAR
RELATION

We derive the g-dimensional Landsberg-Schaar relation
with N and B matrices, satisfying

Nij ¼ Nji;

Bij ¼ Bji;

ðNBÞij ¼ ðNBÞji;
ðNBÞii ∈ 2Z; ðB1Þ

where i; j∈ f1; 2;…; gg. In the process of the derivation of
the Landsberg-Schaar relation, we use the Poisson resum-
mation formula, and to make it converge, we introduce an
infinitesimal positive number ϵ (0 < ϵ ≪ 1).
First, we introduce the following function fðAÞ to

describe the Poisson resummation formula with g × g
symmetric matrix A:

fðAÞ ¼
X
K ∈Zg

e−π
tKAK: ðB2Þ

We find the Poisson resummation formula

fðAÞ ¼ 1ffiffiffiffiffiffiffiffiffiffi
detA

p fðA−1Þ: ðB3Þ

Next, we define A−1 as

A−1 ¼ iB−1N þ ϵIg: ðB4Þ

We will take the limit ϵ → þ0 later to obtain the
Landsberg-Schaar relation. Hereafter, we ignore higher-
order terms of ϵ because the final result we obtain is
unaffected. Then, A can be written as

A ¼ −iBN−1 þ ϵB2N−2: ðB5Þ

Now, fðAÞ can be written as

fðAÞ ¼
X
K ∈Zg

e−π
tKð−iBN−1þϵB2N−2ÞK

¼
X
K ∈Zg

e−πϵ
tðBN−1KÞðBN−1KÞeπitKBN−1K

¼
X
L∈ΛN

X
J∈Zg

e−πεðtJBþtLBN−1ÞðBJþBN−1LÞ

× eπiðtJNþtLÞBN−1ðNJþLÞ

¼
X
L∈ΛN

eπi
tLBN−1L

X
J∈Zg

e−πϵ
tðJþN−1LÞB2ðJþN−1LÞ; ðB6Þ

where we write K ¼ NJ þ L (J∈Zg; L∈ΛN) in the third
equality and we use ðNBÞii ∈ 2Z in the fourth equality. In
the limit ϵ → þ0, we can obtain

lim
ϵ→þ0

fðAÞ ¼ lim
ϵ→þ0

1

j detBj
1

ϵg=2

X
L∈ΛN

eπi
tLBN−1L; ðB7Þ

where we use the formula of the Gaussian integral with
multiple variables. On the other hand, fðA−1Þ= ffiffiffiffiffiffiffiffiffiffi

detA
p

can
be written as

MODULAR SYMMETRY IN MAGNETIZED T2g TORUS AND … PHYS. REV. D 109, 065011 (2024)

065011-25



1ffiffiffiffiffiffiffiffiffiffi
detA

p fðA−1Þ

¼ 1ffiffiffiffiffiffiffiffiffiffi
detA

p
X
K∈Zg

e−π
tKðiB−1NþϵIgÞK

¼ 1ffiffiffiffiffiffiffiffiffiffi
detA

p
X
K∈Zg

e−πϵ
tKKe−πi

tKB−1NK

¼ 1ffiffiffiffiffiffiffiffiffiffi
detA

p
X
L∈ΛB

X
J∈Zg

e−πϵ
tðBJþLÞðBJþLÞe−πitðBJþLÞB−1NðBJþLÞ

¼ 1ffiffiffiffiffiffiffiffiffiffi
detA

p
X
L∈ΛB

e−πi
tLB−1NL

X
J∈Zg

e−πϵ
tðJþB−1LÞB2ðJþB−1LÞ; ðB8Þ

where we write K ¼ BJ þ L (J∈Zg, L∈ΛB) in the third
equality and we use ðNBÞii ∈ 2Z in the fourth equality. In
the limit ϵ → þ0, we can obtain

lim
ϵ→þ0

1ffiffiffiffiffiffiffiffiffiffi
detA

p fðA−1Þ ¼ lim
ϵ→þ0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jdetNj

p eπiðgþ2ðnN−−nB−ÞÞ=4ffiffiffiffiffiffiffiffiffiffiffiffijdetBp j
×

1

jdetBj
1

ϵg=2

X
L∈ΛB

e−πi
tLB−1NL; ðB9Þ

where we use the formula of the Gaussian integral with
multiple variables and we take ð�iÞx=2 ¼ e�πix=4 with the
number of negative eigenvalues of the B- (N-)matrix,
nB− (nN− ).
Thus, we can obtain the g-dimensional Landsberg-

Schaar relation:

e−πin
N
−=2ffiffiffiffiffiffiffiffiffiffiffiffiffij detNp j

X
K ∈ΛN

eπi
tKN−1BK ¼ eπig=4e−πin

B
−=2ffiffiffiffiffiffiffiffiffiffiffiffij detBp j

X
K ∈ΛB

e−πi
tKNB−1K:

ðB10Þ

In Eq. (142), we assume that all eigenvalues of theN matrix
are positive, i.e., nN− ¼ 0.

APPENDIX C: THE GENERATORS OF Δð96Þ × Z4

In this appendix, we prove the generators in Eq. (160)
satisfy the algebraic relations of Δð96Þ × Z4 in Eq. (161),
where S, TI2 , and T12 satisfy the following relations:

T2
12 ¼ 1;

ðST12Þ3 ¼ −i1;

ðST12Þ6 ¼ S2 ¼ −1;

ðST12Þ12 ¼ S4 ¼ ðSTI2Þ3 ¼ 1;

T4
I2
¼ 1: ðC1Þ

In addition, from Eq. (70) in Ref. [60], the above Eq. (158)
also satisfies

1 ¼ ðS−1T−1
I2
STI2Þ3

¼ ðTI2STI2SSTI2Þ3
¼ ðTI2S

3T2
I2
Þ3

¼ ðT2
I2
S3TI2Þ3

¼ ðS3T3
I2
Þ: ðC2Þ

We note that, in Ref. [60], we have already proved that
the generators in Eq. (156) satisfy the algebraic relation of
S04 ≃ Δ0ð24Þ in Eq. (157). First, we can easily check that
d ¼ ðST12Þ3 satisfies

d4 ¼ 1; ðC3Þ

dx ¼ xdðx ¼ ã; ã0; b; c0Þ: ðC4Þ

Next, ã0 can be rewritten as

ã0 ¼ STI2T12S−1T−1
12T

−1
I2

ðC5Þ

¼ STI2ST12S−1T−1
I2
ðST12Þ3

¼ T−1
I2
S−1T−1

I2
T12TI2STI2SðST12Þ3

¼ T−1
I2
ST12STI2S

−1ðST12Þ3
¼ T−1

I2
T−1
12 ST12TI2S

−1

¼ T−1
12T

−1
I2
STI2T12S−1; ðC6Þ

and then we can prove that

ã02 ¼ STI2T12S−1T−1
12T

−1
I2
STI2T12S−1T−1

12T
−1
I2

¼ STI2T12S−1STI2T12S−1T−2
12T

−2
I2

¼ ST2
I2
S−1T−2

I2

¼ a0: ðC7Þ

Similarly, ã can be rewritten as

ã ¼ TI2T12ST12TI2S
−1TI2T12ðST12Þ3

¼ T2
I2
ST12TI2S

−1ðST12Þ3
¼ ST12TI2S

−1T2
I2
ðST12Þ3; ðC8Þ

and then we can prove that

ã2 ¼ T2
I2
ST12TI2S

−1ðST12Þ3ST12TI2S
−1T2

I2
ðST12Þ3

¼ T2
I2
ST2

I2
ST2

I2

¼ a: ðC9Þ
They are the proof of Eq. (162). Hence, by considering
Eq. (157), we can obtain that

ã4 ¼ 1; ðC10Þ
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ã04 ¼ 1: ðC11Þ

We can also check that

ã ea0 ¼ ã0ã ¼ ST2
I2
S−1TI2T12ðST12Þ3: ðC12Þ

Similarly, since b in Eq. (160) and b in Eq. (156) are the
same, we can obtain that

b3 ¼ 1: ðC13Þ
On the other hand, by considering that c in Eq. (156)
satisfies that

c2 ¼ S2; ðC14Þwe can obtain that

c02 ¼ 1: ðC15Þ
We also obtain

c0bc0−1 ¼ cbc−1 ¼ b−1: ðC16Þ
The other relations can be checked that

bãb−1 ¼ TI2S
3T2

I2
ST12TI2S

−1T2
I2
T−2
I2
S−3T−1

I2
ðST12Þ3

¼ S−1T−1
I2
STI2ST12ðST12Þ3

¼ S−1T−2
I2
S−1T−1

I2
T−1
12 ðST12Þ3

¼ ðST12Þ−3T−1
12T

−1
I2
ST−2

I2
S−1

¼ ã−1ã0−1; ðC17Þ

bã0b−1 ¼ TI2S
3T2

I2
T−1
I2
T−1
12 ST12TI2S

−1T−2
I2
S−3T−1

I2

¼ TI2STI2T12ST12T2
I2
T−1
I2
S−1T−1

I2
T−1
I2
S−1T−1

I2

¼ S−1T−1
I2
S−1S−1T−1

12 S
−1T2

I2
STI2SSTI2SS

−2ðST12Þ−3
¼ S−1T−1

I2
T−1
12 S

−1T2
I2
ST2

I2
SðST12Þ3

¼ S−1T12T−1
I2
S−1ST2

I2
ST2

I2
ðST12Þ3

¼ ST12TI2S
−1T2

I2
ðST12Þ3

¼ ã; ðC18Þ

c0ãc0−1

¼ ST2
I2
ST3

I2
STI2T12S−1T2

I2
T−3
I2
S−1T−2

I2
S−1ðST12Þ3

¼ ST2
I2
S3TI2T

2
I2
S3TI2T12S−1T−1

I2
S−1T−1

I2
T−1
I2
S−1ðST12Þ3

¼ ST−1
I2
S−3T−2

I2
T12TI2SSTI2STI2ðST12Þ3

¼ S−1T−1
I2
ST12STI2ðST12Þ3

¼ S−1T−1
I2
T−1
12 ST12TI2

¼ TI2T12ST−1
12T

−1
I2
S−1

¼ ã0−1; ðC19Þ

c0ã0c0−1 ¼ ST2
I2
ST3

I2
T−1
I2
T−1
12 STI2T12S−1T−3

I2
S−1T−2

I2
S−1

¼ T−1
I2
T−1
12 ST

2
I2
S3TI2T

2
I2
S3TI2T12TI2T

−1
I2
S−3T−2

I2
T−1
I2
S−3T−2

I2
S−1

¼ T−1
I2
T−1
12 ST

−1
I2
S−3T−2

I2
T12TI2T

2
I2
S3TI2S

−1

¼ T−1
12T

−1
I2
S−1T−1

I2
S−1T−1

I2
T12T2

I2
S3TI2S

−1

¼ T12ST12T2
I2
S3TI2S

−1

¼ ST12ST2
I2
STI2S

−1ðST12Þ−3
¼ ST−1

12T
−1
I2
TI2STI2TI2STI2S

−1ðST12Þ−3
¼ ST−1

12T
−1
I2
S−1T−2

I2

¼ ã−1; ðC20Þ

where we also used the following relation proved in
Ref. [60]:

ST2p
I2
S−1T2q

I2
¼ ðST2

I2
S−1ÞpT2q

I2
¼ T2q

I2
ST2p

I2
S−1; p; q∈Z:

ðC21Þ
Therefore, the generators in Eq. (160) satisfy the algebraic
relations of Δð96Þ × Z4 in Eq. (161).

APPENDIX D: MODULAR FLAVOR SYMMETRY
WITH Ω = τIg CASE

In this appendix, let us see the modular flavor symmetry
of wave functions on magnetized T2g and its orbifolds, in
particular, for the Ω ¼ τIg case. First, in the Ω ¼ τIg case,
we can consider the Γ1 ¼ SLð2;ZÞmodular transformation
for any N matrices. In addition, in order for the modular

MODULAR SYMMETRY IN MAGNETIZED T2g TORUS AND … PHYS. REV. D 109, 065011 (2024)

065011-27



transformation to be consistent with the boundary con-
ditions of wave functions on magnetized T2g as well as its
orbifolds, it is required that the diagonal elements of the N
matrix must be even (Nii ∈ 2Z) in the case of the vanishing
SS phases. In this case, the wave functions on magnetized
T2g transform under the modular transformation as

Γ̃1 ∋ γ̃∶ ψJ;N
T2g ðz;ΩÞ → ψJ;N

T2g ðγ̃ðz;ΩÞÞ
¼ J̃g=2ðγ̃;ΩÞρT2gðγ̃ÞJKψK;N

T2g ðz;ΩÞ; ðD1Þ

S̃ ¼ ½S; ð−1Þg�∶ J̃g=2ðS̃;ΩÞ ¼ ð−1Þgð−τÞg=2;

ρT2gðS̃ÞJK ¼ ð−eπi=4Þgffiffiffiffiffiffiffiffiffiffiffi
detN

p e2πi
tJN−1K; ðD2Þ

T̃Ig ¼ ½TIg ; 1�∶ J̃g=2ðT̃Ig ;ΩÞ ¼ 1;

ρT2gðT̃IgÞJK ¼ eπi
tJN−1JδJ;K; ðD3Þ

where ρT2g satisfy the algebraic relations in Eq. (140), the
top of Eq. (141) with B ¼ Ig and nB− ¼ 0, and Eq. (146).
Thus, the wave functions behave as the modular forms of
weight g=2 and Γ̃1ðhÞ, and then they transform under the
Γ̃1;h ¼ Γ̃1=Γ̃1ðhÞ modular flavor transformation nontri-
vially. Note that, for g ¼ 2, it corresponds to the Γ0

1;h ¼
Γ1=Γ1ðhÞ modular flavor transformation. From now on, we
show concrete modular flavor symmetries of three-dimen-
sional wave functions. g ¼ 1 cases have been studied in
Refs. [59,60]. Once we study g ¼ 2 cases, we can similarly
study the g ¼ 3 case, and the result is similar to g ¼ 1 cases
by replacing the modular weight from 1=2 to 3=2.
Hence, we show examples of g ¼ 2 cases, in particular.
Moreover, the cases of the class (2-1) have been studied in
Refs. [60,66]. Then, let us see the case of the class (2-2).
First, let us see the case of the class (2-2-b).

Reference [33] shows that only Zt
2 twisted odd (mt ¼ 1)

modes with detN ¼ 7 are three-dimensional modes on
magnetized T4=Zt

2 with vanishing SS phases and Nii ∈ 2Z.
In this case, we can find that s ¼ 1 and Ñ0

ii ¼ Ñii ∈ 2Z.
Hence, the order h is determined as h ¼ detN ¼ 7. In
addition, by considering that the wave functions are Zt

2

twisted odd modes, we obtain the following algebraic
relations:

ρT4=Z1
2
ðS̃Þ2 ¼ I;

½ρT4=Z1
2
ðS̃ÞρT4=Z1

2
ðT̃I2Þ�3 ¼ I;

ρT4=Z1
2
ðT̃I2Þ7 ¼ I: ðD4Þ

Thus, the three-dimensional modes transform nontrivially
under the Γ1;7 ¼ PSLð2;Z7Þ modular flavor transforma-
tion. Indeed, let us see the following example:

N ¼
�
2 1

1 4

�
¼ N0; detNð0Þ ¼ 7; Ñð0Þ ¼

�
4 −1
−1 2

�
:

ðD5Þ

The three-dimensional Zt
2 twisted odd (mt ¼ 1) modes,

jJ1; J2i ¼

0BB@
1ffiffi
2

p ðj1; 1i − j2; 4iÞ
1ffiffi
2

p ðj1; 2i − j2; 3iÞ
1ffiffi
2

p ðj1; 3i − j2; 2iÞ

1CCA; ðD6Þ

transform under the S and TI2 transformations as

ρT4=Z1
2
ðS̃Þ ¼ 2ffiffiffi

7
p

0BB@
sin
�
6π
7



sin
�
4π
7



sin
�
2π
7



sin
�
4π
7



− sin

�
2π
7



sin
�
6π
7



sin
�
2π
7



sin
�
6π
7



− sin

�
4π
7



1CCA;

ρT4=Z1
2
ðT̃I2Þ ¼

0B@ e4πi=7

e8πi=7

e2πi=7

1CA; ðD7Þ

which satisfy the algebraic relations in Eq. (D14) and also

½ρT4=Z1
2
ðS̃Þ−1ρT4=Z1

2
ðT̃I2Þ−1ρT4=Z1

2
ðS̃ÞρT4=Z1

2
ðT̃I2Þ�4 ¼ I:

ðD8Þ

Thus, they transform nontrivially under the Γ1;7 ¼
PSLð2;Z7Þ modular flavor transformation.
Next, let us see the case of the class (2-2-a). There are

two types of examples, besides one in Eqs. (164)–(172),
such that there appear three-dimensional modes on mag-
netized T4=ðZt

2 × Zp
2 Þ with vanishing SS phases and

N11 ¼ N22 ¼ n∈ 2Z. The first one is that the N matrix
is given by

N ¼
�
4 3

3 4

�
¼ N0; detNð0Þ ¼ 7; Ñð0Þ ¼

�
4 −3
−3 4

�
:

ðD9Þ

The three-dimensional Zt
2 twisted odd (mt ¼ 1) and Zp

2

permutation even (mp ¼ 0) modes,15

jJ1; J2i ¼

0BB@
1ffiffi
2

p ðj3; 3i − j4; 4iÞ
1ffiffi
2

p ðjj2; 2i − j5; 5iÞ
1ffiffi
2

p ðj1; 1i − j6; 6iÞ

1CCA; ðD10Þ

15There are no Zt
2 twisted odd and Z

p
2 permutation odd modes.

In other words, all Zt
2 twisted odd modes are Zp

2 permutation
even.
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also transform under S and TI2 transformations as Eqs. (D7)
and (D8), and then they also transform nontrivially
under the Γ1;7 ¼ PSLð2;Z7Þ modular flavor transforma-
tion. On the other hand, the second one is that the N matrix
is given by

N ¼
�
4 1

1 4

�
¼ N0; detNð0Þ ¼ 15; Ñð0Þ ¼

�
4 −1
−1 4

�
:

ðD11Þ

The three-dimensional Zt
2 twisted odd (mt ¼ 1) and Zp

2

permutation odd (mp ¼ 1) modes,

jJ1; J2i ¼

0BB@
1
2
ðj2; 1i − j1; 2i − j3; 4i þ j4; 3iÞ

1
2
ðj3; 1i − j1; 3i − j2; 4i þ j4; 2iÞ

1ffiffi
2

p ðj3; 2i − j2; 3iÞ

1CCA; ðD12Þ

transform under S and TI2 transformations as

ρ
T4=ðZ1t

2
×Z

1p
2
ÞðS̃Þ¼−

1ffiffiffi
5

p

0B@2sin
�
3π
10



2sin

�
π
10



−
ffiffiffi
2

p

2sin
�
π
10



2sin

�
3π
10


 ffiffiffi
2

p

−
ffiffiffi
2

p ffiffiffi
2

p
−1

1CA;

ρ
T4=ðZ1t

2
×Z

1p
2
ÞðT̃I2Þ¼

0B@e16πi=15

e4πi=15

e10πi=15

1CA; ðD13Þ

which satisfy the following algebraic relations:

ρ
T4=ðZ1t

2
×Z

1p
2
ÞðS̃Þ2 ¼ I;

½ρ
T4=ðZ1t

2
×Z

1p
2
ÞðS̃ÞρT4=Z1

2
ðT̃I2Þ�3 ¼ I;

ρ
T4=ðZ1t

2
×Z

1p
2
ÞðT̃I2Þ5 ¼ e4πi=3I: ðD14Þ

Then, they transform nontrivially under the Γ1;15 modular
flavor transformation. Actually, when we define

s ¼ S; t ¼ T6
I2
; c ¼ T5

I2
; ðD15Þ

we can find that they satisfy the following relations:

s2 ¼ 1; t5 ¼ ðstÞ3 ¼ c3 ¼ 1; cx ¼ xc ðx ¼ s; tÞ:
ðD16Þ

Thus, they transform nontrivially under the A5 × Z3 modu-
lar flavor transformation.
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