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We calculate the total thrust resulting from the interaction between charged scalar modes and a
superradiant Reissner-Nordström black hole, when the modes are deflected by a hemispherical perfect
mirror located at a finite distance from the black hole’s horizon.
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I. INTRODUCTION

The superradiance phenomenon in black hole physics
refers to the emergence of a particle from a scatte-
ring process with more energy than that of the incident
state. This implies that energy can be extracted from a
black hole.
However, the above description raises two important

questions. First, what happens to the one-way nature of
the black hole horizon? The answer is that energy is
extracted from the black hole in plane wave states that do
not contain information. Second, as energy is taken from
the black hole, how do we ensure that its entropy does
not decrease? The answer lies in the fact that super-
radiance only occurs when there is a second charge
which allows the horizon area to increase as the energy is
removed [1].
Initially, superradiance was described in the context of

Kerr black holes, where angular momentum serves as the
second charge [2]. However, it can also be observed in
electrically charged Reissner-Nordström black holes [3].
The advantage here is that these black holes are spherically
symmetric, making the analysis of wave modes around
them simpler.
The purpose of this note is to investigate whether the

superradiant effect can be harnessed to extract momentum
from a black hole and generate thrust.

II. THE SETUP

The idea we want to test is whether the superradi-
ant phenomenon, which allows us to extract energy
from a black hole, can be also used to extract momen-
tum. To keep the calculations as simple as possible, we

concentrate in a spherically symmetric charged black
hole. In contact with a thermal bath, the black hole
superradiates low energy charged particles until equi-
librium is reached. To collect the momentum, we use a
semispherical mirror centered at the black hole, as
shown in Fig. 1.
To make this proposal concrete, we set a Reissner-

Nordström black hole in asymptotically flat space as a
background solution. The bath is made of probe plane wave
modes of a charged massive scalar field, featuring a thermal
energy distribution at finite chemical potential. The scalar
modes are scattered by the black hole and reflected at the
mirror, ultimately leading to the total thrust that we aim to
compute.
In order to do that, we first solve the classical scattering

problem of a scalar plane wave hitting the black hole and
mirror system. Then, putting the scalar on a thermal
atmosphere corresponds to averaging on the plane wave
directions isotropically, and on its energy with a thermal
Bose-Einstein distribution.
The total thrust can be then calculated as the flux of the

scalar energy momentum tensor on a sphere centered at the
black hole and enclosing the mirror.

FIG. 1. A hemispherical perfect mirror around a Reissner-
Nordström black hole.
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III. SCALAR MODES ON A
REISSNER-NORDSTRÖM BLACK HOLE

Reissner-Nordström black holes are charged solutions to
the Einstein-Maxwell field equations, which have a metric
and an electromagnetic field with the form [4]

ds2 ¼ −fdt2 þ 1

f
dr2 þ r2dΩ2

2 A ¼ hdt ð1Þ

here the lapse fðrÞ and the electrostatic potential hðrÞ are
functions of r given by

f ¼ 1 −
2M
r

þQ2

r2
h ¼ −

Q
r
þ μ ð2Þ

The integration constants M and Q correspond to the
ADM mass and charge respectively. Nonextremal solu-
tions M > Q generically have two horizons that we
denote r ¼ r�.
The equation for a charged Klein-Gordon field with

charge e and mass m in the above background reads

1

r2
∂rðr2f∂rΦÞþ

�
1

r2
∇2

Ω −
ð∂t − iehÞ2

f
−m2

�
Φ¼ 0 ð3Þ

where ∇2
Ω is the Laplace operator on the two-sphere,

with eigenvalues −lðlþ 1Þ and eigenfunctions given
by the spherical harmonics Ym

l ðθ;ϕÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið2lþ 1Þ=4πp

×ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðl −mÞ!=ðlþmÞ!p
eimϕPm

l ðcos θÞ where Pm
l is the

associated Legendre polynomial. If we consider a solution
with energy ω we can decompose the scalar field as

Φðr; θ;ϕ; tÞ ¼ e−iωt
X
l;m

αml RlðrÞYm
l ðθ;ϕÞ ð4Þ

Where αml are coefficients that depends on ω which are
determined once the boundary conditions are imposed.
Plugging back into the equations of motion, we get an
equation for the radial dependence in the form

1

r2
∂r ðr2f∂rRlÞ þ

�ðωþ ehÞ2
f

−
lðlþ 1Þ

r2
−m2

�
Rl ¼ 0

ð5Þ
Notice that the equation is independent of the spherical
index m, which was anticipated in (4) when we omitted to
include it as a label for Rl.
We solve the above equation imposing causal (ingoing)

boundary conditions at the outer horizon rþ. At infinity, we
impose the conditions of a scattering problem: an incident
Coulomb wave with energy ω and propagating in an
arbitrary direction ň, added to the corresponding scattered
outgoing spherical wave. The inner and outer solutions are
matched at a finite radius r0 > rþ, where we place a perfect
mirror in the southern hemisphere (Fig. 1) at which the
scalar field vanishes.

A. Boundary conditions at the horizon

Close to the outer black hole horizon r ¼ rþ, the lapse
function can be expanded as fðrÞ ¼ 4πTBHðr − rþÞ where
TBH ¼ f0ðrþÞ=4π is the Hawking temperature [5]. The
radial equation is then approximated by

∂
2
logðr−rþÞRl þ

�
ω − ωs

4πTBH

�
2

Rl ≃ 0 ð6Þ

where we defined the superradiant frequency ωs as ωs ¼
eðμBH − μÞ with μBH ¼ Q=rþ Eq. (6) has two linearly
independent solutions representing ingoing and outgoing
waves. We call ulðrÞ the solution to the full radial
equation (5) that close to the black hole horizon behaves
as an ingoing wave

ulðrÞ ≃ eiκ logðr−rþÞ with κ ¼ −
ω − ωs

4πTBH
ð7Þ

This represents a plane wave with group velocity
vg ¼ ∂ω=∂κ ¼ −4πTBH. Since vg < 0 then wave packets
(i.e., information) are falling into the black hole horizon.
On the other hand the phase velocity is vf ¼ ω=κ ¼
−4πTBHω=ðω − ωsÞ. Then, if ω < ωs we have vf > 0

and plane waves (i.e., energy) are being radiated from
the horizon. This condition characterizes a superra-
diant mode.
Notice that the superradiant behavior takes place as

long as ωs ≠ 0 or in other words μ ≠ μBH. This can be
interpreted as the black hole not being at equilibrium
with its environment. Indeed, since AðrþÞ ¼ μ − μBH,
the gauge field does not vanish at the horizon, which
would imply a conical singularity in the corresponding
Euclidean continuation.
Imposing ingoing boundary conditions at the horizon

entails writing the solution in the form (4) in the region
between the horizon and the mirror, choosing the ingoing
form for the radial part RlðrÞ ¼ ulðrÞ,

Φ−ðr;ϑ;φ; tÞ ¼ e−iωt
X
l;m

aml
ulðrÞ
ulðr0Þ

Ym
l ðθ;ϕÞ; rþ < r< r0:

ð8Þ

Here we rescaled the coefficient as αml ¼ aml =ulðr0Þ in
order to simplify the forthcoming calculations.

B. Boundary conditions at infinity

When the radial coordinate goes to infinity, we can
expand the radial equation (5) as

1

r2
∂rðr2∂rRlðrÞÞþ

�
k2 −

2η

r
−
lðlþ 1Þþ � � �

r2

�
RlðrÞ ¼ 0

ð9Þ
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with k2 ¼ ðωþ eμÞ2 −m2 and η ¼ Qðωþ eμÞ − 2Mk2 −
Mm2. This corresponds to a Coulomb scattering problem,
with solutions behaving as outgoing spherical waves [6].
Calling ð−iÞlþ1vlðrÞ to the solution to the full radial
equation (5) that matches such behavior at infinity, we have

vlðrÞ ≃
1

ðkrÞ1þiη e
ikr ð10Þ

The scattered part of the scalar field can then be written
as in (4) with the radial solution replaced by its outgoing
form RlðrÞ ¼ vlðrÞ,

Φscatðr; θ;ϕ; tÞ ¼ e−iωt
X
l;m

bml
vlðrÞ
vlðr0Þ

Ym
l ðθ;ϕÞ; r > r0;

ð11Þ
where again we have rescaled αml ¼ bml =vlðr0Þ for
future use.
Regarding the incident wave, we consider a plane wave

with momentum k⃗ ¼ kň, with ω� ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þm2

p
− eμ,

and amplitude A�
k⃗
, which in the Coulomb background

picks a power law factor. It can be decomposed in outgoing
and ingoing spherical waves as

Φincðr; θ;ϕ; tÞ ¼ N �
4π

Ak⃗e
iðkrň·ř−ω�tÞðkrÞ−iηð1 − ň · řÞ−iη

≃ −iN �A�
k⃗

X
lm

Ym�
l ðňÞYm

l ðθ;ϕÞ

×

�
eikr

ð2krÞ1þiη − ð−1Þl e−ikr

ð2krÞ1−iη
�
e−iω�t:

ð12Þ
Now, calling ilþ1wlðrÞ to the solution that behaves as the
parenthesis at infinity, we can write the incident part of
the scalar field as

Φincðr; θ;ϕ; tÞ ¼ e−iω�t
X
l;m

cml
wlðrÞ
wlðr0Þ

Ym
l ðθ;ϕÞ; r > r0;

ð13Þ
with cml ¼ ilN �A�

k⃗
Ym�
l ðňÞwlðr0Þ. Notice that at infinity

we have wlðrÞ ∝ RefvlðrÞg and since both wlðrÞ, vlðrÞ
solve the same linear equation, then this relation holds
for all r.
The outer solution is a superposition of the incident

and the scattered parts. In consequence, for r > r0 the
solution reads

Φþðr; θ;ϕ; tÞ ¼ Φincðr; θ;ϕ; tÞ þΦscatðr; θ;ϕ; tÞ

¼ e−iω�t
X
l;m

�
bml

vlðrÞ
vlðr0Þ

þ cml
wlðrÞ
wlðr0Þ

�

× Ym
l ðθ;ϕÞ; r > r0: ð14Þ

C. Matching at the mirror

The mirror is a hemispherical shell centered at the black
hole that sits at a fixed radius at the southern hemisphere.
For a perfect mirror the scalar field vanishes at its surface.
We then impose that the scalar field must be zero at r ¼ r0
for π

2
≤ θ ≤ π,

Φðr0; θ;ϕ; tÞ ¼ 0
π

2
≤ θ ≤ π: ð15Þ

On the other hand, the wave function is continuous on the
sphere r ¼ r0,

Φþðr0; θ;ϕ; tÞ ¼ Φ−ðr0; θ;ϕ; tÞ 0 ≤ θ ≤ π; ð16Þ

whereas the radial derivative is continuous only on the
northern hemisphere

d
dr

Φþðr; θ;ϕ; tÞjr¼r0 ¼
d
dr

Φ−ðr; θ;ϕ; tÞjr¼r0 0 ≤ θ ≤
π

2
:

ð17Þ

These three matching conditions at r ¼ r0 determine the
coefficients aml and bml in (8) and (11) in terms of cml in (13)
or, equivalently, the incident amplitudes A�

k⃗
. In particular,

continuity of the wave function at r ¼ r0 implies

bml ¼ aml − cml ð18Þ

so we just have to determine the coefficients aml . Since the
solution vanishes at the mirror, we have

0 ¼
X
lm

aml Y
m
l ðθ;ϕÞ for

π

2
≤ θ ≤ π: ð19Þ

On the other hand, continuity of the radial derivative at
r ¼ r0 implies

0 ¼
X
l;m

ðHlaml − Ilcml ÞYm
l ðθ;ϕÞ for 0 ≤ θ ≤

π

2
; ð20Þ

where

Hl ¼ u0lðr0Þ
ulðr0Þ

−
v0lðr0Þ
vlðr0Þ

;

Il ¼ w0
lðr0Þ

wlðr0Þ
−
v0lðr0Þ
vlðr0Þ

¼ −
i

kr20fðr0Þ
1

wlðr0Þvlðr0Þ
: ð21Þ

In the second equality we use the Wronskian definition and
the asymptotic value of the functions. Expressions (19) and
(20) hold for any ϕ∈ ð0; 2πÞ so they immediately lead to

0 ¼
X∞
l¼jmj

ð−1Þlaml
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2lþ 1Þ

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl −mÞ!
ðlþmÞ!

s
Pm
l ðxÞ; ð22Þ
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0 ¼
X∞
l¼jmj

ðHlaml − Ilcml Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2lþ 1Þ

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl −mÞ!
ðlþmÞ!

s
Pm
l ðxÞ;

ð23Þ

for each m∈Z and 0 ≤ x ¼ cos θ ≤ 1. Using that the
associated Legendre polynomials Pm

l ðxÞ and Pm
l0 ðxÞ are

orthogonal in the interval (0,1) whenever l − l0 is even,
we obtain

0 ¼ aml −
X
l0≥jmj

ðγmll0 − δll0 Þaml0 ; ð24Þ

0 ¼ Hlaml − Ilcml þ
X
l0≥jmj

ðγmll0 − δll0 ÞðHl0aml0 − Il0cml0 Þ;

ð25Þ

where we have introduced the coefficients

γmll0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2lþ 1Þð2l0 þ 1Þðl −mÞ!ðl0 −mÞ!

ðlþmÞ!ðl0 þmÞ!

s

×
Z

1

0

dxPm
l ðxÞPm

l0 ðxÞ; ð26Þ

which take the particular values γmll0 ¼ 0 for l − l0 even
and γmll ¼ 1.1 Note that with this values the only nonzero
components in the sums (24) and (25) are with l − l0 odd,
but the used notation is more convenient. The matrix γm

of coefficients γmll0 is real and symmetric and it satis-
fies ðγmÞ2 ¼ 2γm and ðγm − 1Þ−1 ¼ γm − 1 (where 1 is the
identity matrix). The set of matrices γm is even in the index
m satisfying γ−m ¼ γm.
Replacing expression (24) in (25) and regrouping the

coefficients, the result reads

X∞
h¼jmj

Mm
lha

m
h ¼

X∞
l0¼jmj

cml0Il0γ
m
ll0 ; ð27Þ

valid for any l ≥ jmj and where

ðMmÞlh ¼ ½−Hðγm − 1Þ − ðγm − 1ÞHþ γmHγm�lh ð28Þ

with H a diagonal matrix of elements Hl. As a conse-
quence, we finally have

aml ¼
X∞
l0¼jmj

ðOm
ll0 þ δll0 Þcml0 ; bml ¼

X∞
l0¼jmj

Om
ll0c

m
l0 ; ð29Þ

where

Om
ll0 ¼ −

i
k r20fðr0Þ

1

wl0 ðr0Þvl0 ðr0Þ
½M−1

m γm�ll0 − δll0 ð30Þ

With this, we get the coefficients al and bl in terms of
the functions ulðrÞ, vlðrÞ and wlðrÞ, which have to be
obtained numerically by solving the radial equation (5)
with the appropriate boundary conditions (7), (10) and (12)
respectively, and the matrix elements γmll0 of (26).

D. Numerical analysis

In this section we analyze the classical field obtained
from the previous sections that fulfill all the boundary
conditions. To do so, we need to obtain numerically the
radial solutions ulðrÞ, vlðrÞ and wlðrÞ of the radial
equation (5), and compute γmll0 . These components char-
acterize the field obtained in the whole space, in terms of
the incident wave amplitude A�

k⃗
and direction ň which are

free parameters.
In order to obtain numerically ulðrÞ that satisfies the

near horizon behavior (7), first we extend the ingoing
wave to a finite radius away from the horizon to avoid the
singularity, and then solve numerically up to the mirror.
On the other hand, vlðrÞ and wlðrÞ are obtained numeri-
cally by shooting, integrating from some arbitrary initial
condition at the mirror up to a distance where the
space-curvature effect is negligible; and there fitting
with the asymptotic behavior (10) and (12). For further
details, see the open code [7]. Lastly, the matrix of
coefficients γmll0 are numerical integrals which can be
seen in Appendix B 1.
To gain some intuition on the resulting field, we first

consider the flat space case (see Fig. 2, first line) with
an isotropic set of incoming waves with equal fixed
amplitude A�

k⃗
. In this case, the radial solutions are the

spherical Bessel functions ð−iÞlþ1ulðrÞ ¼ ð−iÞlþ1wlðrÞ ¼
jlðkrÞ and the first kind spherical Hankel functions

ð−iÞlþ1vlðrÞ ¼ hð1Þl ðkrÞ. On the left plot we see the charge
density jΦ2j on a plane that contains the z axis. We can see
the spherical aberration pattern in the form of a high
intensity vertical region at the center of the plot, as expected
for a hemispherical mirror. The field Φ as a function of the
variable z is depicted on the right, where we can see how
the matching works at the mirror radius. We can expect
that, as particles are coming from every direction, the
mirror would move downward, since there are more
particles impinging from the concave side of the mirror.
As a consequence, we have a ‘background force’ acting on
the mirror.
Next we consider the charged black hole background in

the second and third lines of Fig. 2. There, we show two
different energies, the plots on the second line correspond
to the nonsuperradiant regime ω > ωs, while those on the

1Had we considered a mirror with the form of a spherical cap
or zone instead of a full hemisphere, we would have to deal with
two different set of γm matrices, both with nonvanishing elements
for l − l0 even.
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third have superradiant energies ω < ωs. Again, we can see
how the matching of the field works in the z direction and
also the behavior near the black hole. On the left we can see
clearly how the black hole rocket works, as the energy
going out from the black hole due to superradiance pushes
on the mirror.

IV. CALCULATION OF THE THRUST

A. Quantization

In the previous sections we have written the full solution
for a classical scalar field corresponding to an incident
plane wave that scatters at the hemispherical mirror and

FIG. 2. Classical field for a superposition of incident waves with 0 ≤ θ ≤ π with m ¼ 0.1 and e ¼ 0.5. Left: amplitude jΦj2 on a
transverse plane containing the z axis. Right: fieldΦð0; 0; zÞ as a function of z. First line: on flat spaceM ¼ Q ¼ 0with k ¼ 0.3. Second
and third lines: on a black hole with M ¼ 10, Q ¼ 0.99M, with k ¼ 0.6 (nonsuperradiant mode) and k ¼ 0.3 (superradiant mode)
respectively.
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satisfies ingoing conditions at the black hole horizon. Next,
we will submerge the setting in a bath of charged scalar
particles [8] at temperature T and chemical potential μ. In
order to satisfy the canonical relation ½Φðt; x⃗Þ; Φ̇†ðt; y⃗Þ� ¼
iδð3Þðx⃗ − y⃗Þ, we chose the normalization

N � ¼ jω� þ eμj
2π2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffijωþω−j
p 1ffiffiffiffiffiffiffiffiffiffiffiffiffi�2ω�

p ð31Þ

In this way, the operators Â†
k⃗
and B̂†

k⃗
, which are the quantum

upgrade of the amplitudes Aþ
k⃗
and A−

k⃗
of the classical field

(12), create particles and antiparticles with momentum
k⃗ and satisfy the usual algebra ½Âk⃗; Â

†
k⃗0
� ¼ ½B̂k⃗; B̂

†
k⃗0
� ¼

ð2πÞ3δðk⃗ − k⃗0Þ.
Now we assume an isotropic thermal distribution of

plane waves with temperature T and chemical potential μ.
This implies that the expectation values of the quadratic
operators Â†

k⃗
Âk⃗0 and B̂†

k⃗
B̂k⃗0 are given by the thermal Bose-

Einstein distribution, in the form [9]

hÂ†
k⃗
Âk⃗i ¼

1

e
ωþ
T − 1

ð2πÞ3δ3ðk⃗ − k⃗0Þ;

hB̂†
k⃗
B̂k⃗i ¼

1

e−
ω−
T − 1

ð2πÞ3δ3ðk⃗ − k⃗0Þ: ð32Þ

Any other expectation value quadratic in those operators
is zero.

B. Total thrust

To calculate the thrust induced on the system by the field
modes, we use the energy momentum tensor of the scalar
field. The flux of any of its spatial components through a
spherical surface enclosing the system at infinity gives the
total force in the corresponding direction.

Fj ¼
Z
r→∞

dΩ2 nirTij

¼
Z
r→∞

dΩ2 ð∂jr Trr þ ∂jθTrθ þ ∂jφTrφÞ; ð33Þ

where the indices i, j refer to the asymptotic Cartesian
coordinates xi, and the unit vector nir points in the radial
direction.
In the first term in (33) we have ∂ir ¼ xi=r ¼

ðcos φ sin θ; sin φ sin θ; cos θÞ. Due to the symmetry of
the setting, the energy momentum tensor at spatial infinity
does not depend on φ so the only nonvanishing component
of the thrust from the first term in the integrand points
in the z direction. Regarding the second term, we have
r∂iθ ¼ ðcos φ cos θ; sin φ cos θ;− sin θÞ, so again only
the z component remains. For similar reasons, there is no
contribution from the third term. We are left with

Fj¼δjz2π

Z
π

0

dθ sin θðcos θr2Trr−sin θrTrθÞjr→∞ ð34Þ

We use the energy momentum tensor obtained as the
mean value of the corresponding quantum expression
(see Appendix A). The needed components Trr and Trϑ
at r → ∞ are

Trr ¼
1

2
ð∂0t∂t þ ieμð∂0t − ∂tÞ þ ∂r∂

0
r −m2 þ e2μ2Þ

× h∶Φ̂†ðxÞΦ̂ðx0Þ∶ijx0¼x ð35Þ

Trθ ¼
1

2
ð∂r∂0θ þ ∂

0
r∂θÞh∶Φ̂†ðxÞΦ̂ðx0Þ∶ijx0¼x ð36Þ

with the colons ∶ · ∶ denoting normal ordering. Here rTrθ

vanishes at infinity and for r2Trr we have (see Appendix A)

r2Trr ¼
Z

∞

0

dk
jωþ þ eμj2k2
πjωþω−j

×

�
1

ωþðe
ωþ
T − 1Þ −

1

ω−ðe−
ω−
T − 1Þ

�

×
X
l;l0;m

Ull0Ym�
l ðθ;ϕÞYm

l0 ðθ;ϕÞ ð37Þ

where we defined

Um
ll0 ¼

X
l00¼jmj

ei
π
2
ðl−l0Þ jwl00 ðr0Þj2

v�lðr0Þvl0 ðr0Þ
Om�

ll00O
m
l0l00

þRe

�
ei

π
2
ðl−l0Þ wlðr0Þ

vl0 ðr0Þ
Om

l0l

�
: ð38Þ

Inserting into (33) and computing the angular integral,
we get

Fz ¼
1

πr20fðr0Þ
Z

∞

0

dk
jωþ þ eμj2k2
πjωþω−j

×

�
1

ωþðe
ωþ
T − 1Þ −

1

ω−ðe−
ω−
T − 1Þ

�

×
X
m

X
l¼jmj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl −mÞðlþmÞ
ð2lþ 1Þð2l − 1Þ

s

×Re

�
1

v�l−1ðr0Þvlðr0Þ
�
½M−1

m γm��l−1;l − ½M−1
m γm�l;l−1

þ 2i
X

l00¼jmj

½M−1
m γm��l−1;l00 ½M−1

m γm�l;l00
k r20fðr0Þ jvl00 ðr0Þj2

��
ð39Þ

where m∈Z, l∈N0 and we have changed the overall sign
in order to obtain the force acting on the system.
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C. Numerical results

The numerical analysis of the force (39) starts by
noticing that it depends on the same classical pieces
as in Sec. III D, i.e., the inverse operator M−1

m , the
matrices γm and the radial solutions evaluated at the
mirror radius.
To understand how superradiance works, we plot in

Fig. 3 (left) the dispersion relation ω� ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þm2

p
− eμ

as compared to the superradiant frequency ωs. The inter-
section at k ¼ ks divides the k axis into two regions:
For k ≥ ks we have no superradiance and we expect to have
a positive thrust force (pushing the mirror upward).
For k ≤ ks on the other hand, the system superradiates
and thus we expect a negative thrust force (pushing the
mirror downward). Moreover, in Fig. 3 (right) we plot
the superradiant frequency ωs as a function of the black
hole charge, showing that it is maximal for the extremal
black hole, while it goes to −μ in the Schwarzschild limit.

We start by calculating the thrust without any black
hole, corresponding to an isotropic superposition of
modes with momentum k. As anticipated in Sec. III D,
we get a nonvanishing background force, see Fig. 4.
This happens because the mirror at rest is not in
thermodynamic equilibrium with the thermal bath. As
it is accelerated through the bath, the force eventually
equilibrates with the drag on the opposite side, resulting
in an equilibrium state in which the mirror moves with
constant velocity. The background force depends on the
parameters T and μ, being not sensitive to the particle
mass m or charge e.
We move now to the case in which a charged black

hole sits at the centre of the geometry. In Fig. 5 we
show the thrust force for two different black holes, from
which the background contribution has been substracted.
We consider one case which is not favorable to super-
radiance (left) and another one with a large superradiance
region (right). As it could have been expected, there is a
change of sign in the resulting force as we move into
the superradiance region. These plots correspond to an
isotropic superposition of modes with fixed k, the total
thrust corresponding to the integral over k. We see that in
the less superradiant case the total area bellow the curve
is positive, while in the more superradiant case it is
negative.
These results imply that it is possible to use the

superradiant process to effectively build a “superradiant
black hole rocket.” As we discuss in what follows, the
rocket parameters can be optimized to maximize the
resulting thrust.
The parameters of the thermal bath T and μ only

appear in the force (39) through the prefactor con-
taining the Bose-Einstein distribution. This dependence
is easy to analyze with the help of the plots in Fig. 5.
Indeed, since the modes with small k have a larger
weight for lower the temperatures, we can always get a
negative (superradiant) total force. This can be seen in

FIG. 3. Superradiant phenomenon. Left: plane wave frequency ω� and superradiant frequency. The green region is the superradiant
region and the green dot mark the intersection at ks. Right: behavior of the superradiance frequency ωs with the ratio Q=M and the
charge e.

FIG. 4. Thrust force without the black holeM ¼ 0,Q ¼ 0. This
plot corresponds tom ¼ 0.1, e ¼ 3m, μ ¼ −0.01, T ¼ 0.07. The
points represent the values of the integrand in (39) as a function of
k, and the resulting thrust force is given the area under the
interpolating curve.
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the plot in Fig. 6 (left). On the other hand, the modes
with smaller k get a larger weight as the chemical
potential approaches its limiting values �jmj=e. This
results in a change of sign of the total force as the
superradiant region become dominant, see the plot in
Fig. 6 (right).

Lastly, we studied the variation of the thrust as a func-
tion of the mirror radius r0. We first plot in Fig. 7 the
background force without the black hole, as a function
of the mirror radius and for different values of the thermal
parameters. As expected, it vanishes at r0 ¼ 0 and grows
monotonically with r0. Then, in Fig. 8 we obtain the thrust
force in the presence of the black hole, varying the mirror
radius r0 for different values of the temperature T and
chemical potential μ. We see that the sign of the force
can change with the radius and, more interestingly, a set
of peaks appear for discrete and approximately evenly
spaced radii.
To further understand such “resonant” modes, in

Fig. 9 we plot the force (39) for an isotropic super-
position of modes with a fixed value of k as a function
of the mirror radius. We see that the resulting peaks
coincide almost perfectly with the zeros of the radial
function ulðrÞ. This supports the interpretation of the
peaks as due to the modes that would resonate on a
closed cavity with similar radius. For a more detailed
analysis, see Appendix B 4.

FIG. 5. Black hole thrust force obtained by removing the background. The green regions are superradiant. Left: we takeQ ¼ 0.8M for
a smaller superradiant region. Right: we take Q ¼ 0.99M for a bigger superradiant region. These plots correspond to r0 ¼ 5rþ,
m ¼ 0.1, e ¼ 3m, μ ¼ −0.01, T ¼ 0.07. The points represent the values of the integrand in (39) as a function of k, and the resulting
thrust force is given the integral under the interpolating curve.

FIG. 6. Thrust force as a function of the thermal bath parameters, with the same background parameters as in Fig. 5 (left).

FIG. 7. Background force for different thermal baths and mirror
radii, from r0 ¼ 0.1 to r0 ¼ 80.
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V. DISCUSSION

In this note, we calculated the thrust on a semispherical
mirror centered around a charged black hole, which is
immersed in a thermal bath made of charged scalar particles.
We dubbed the system a “black hole superradiant rocket.”

We obtained the resulting force as a function of the
black hole parameters mass and charge, the thermal bath
parameters temperature and chemical potential, and the
rocket parameter corresponding to the mirror radius. We
compared it with the equilibration thrust that we would
obtain in the absence of the black hole.
We found that within the superradiant regime there is

a net force acting on the system, originated on the super-
radiant modes. Furthermore, we identified that by fine-
tuning external and rocket parameters, this force can be
optimized to maximize its value. Particularly noteworthy
are the resonant peaks in the thrust profile, reminiscent
of the well-known “black hole bomb” modes [10]. The
presence of these peaks can be understood as follows: the
resonant modes of the black hole bomb do not disappear
as we open a hole in the spherical mirror enclosing the
black hole; rather, they shift and are smoothed out,
persisting even when the hole becomes a full hemisphere.
Leveraging these resonances by adjusting the mirror’s
radius to coincide with one of these peaks allows for the
extraction of maximum thrust.
The results we have obtained represent just one instance

of a broader phenomenon: an object near a superradiant
black hole experiences a force due to the superradiant
modes. We deliberately chose a semispherical mirror to

FIG. 8. Total thrust force obtained as a function of the mirror radius r0 normalized with the horizon rþ at different T and μ. Here we fix
Q ¼ 0.99M and e ¼ 5m.

FIG. 9. Total thrust force obtained as function of the mirror
radius r0 normalized with the horizon rþ at k ¼ 0.37. Here we fix
Q ¼ 0.99M, e ¼ 5m, T ¼ 0.07 and μ ¼ −0.01. The blue and red
lines correspond to the zeros of Re½ulðrÞ� and Im½ulðrÞ�
respectively for l ¼ 0.
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match the horizon’s geometry, making it easier to establish
a separable system and formulate dynamics through a
boundary value problem. However, the mirror’s shape
could potentially vary to include any arbitrary spherical
cap or zone, which would imply adding more γm matrices
in our calculations.
A related but slightly different calculation would involve

computing the flux of the energy-momentum tensor on
a surface that encloses only the mirror, excluding the
black hole. This would yield the force acting on a semi-
spherical sail.
To explore slightly more realistic scenarios, one could

attempt to solve the problem for a superradiant Kerr black
hole. In such cases, selecting a mirror shape corresponding
to a constant radius value within a coordinate system
where the scalar equations can be separated is crucial.
Additionally, it would be worthwhile to calculate the force
originating from a fermionic thermal bath. These consid-
erations are essential steps before applying any of our
present results to astrophysical settings, such as estimating
the force exerted by a superradiant Kerr black hole on
surrounding objects [11–13].

APPENDIX A: ENERGY-MOMENTUM TENSOR

The Lagrangian of a free complex scalar field is
given by:

L≕ ð∂αΦ̂Þð∂αΦ̂†Þ −m2Φ̂Φ̂†∶ ðA1Þ

From this we can compute its energy-momentum tensor:

Tμν ¼
∂L

∂ð∂μΦ̂Þ∂νΦ̂þ ∂L

∂ð∂μΦ̂†Þ∂νΦ̂
†− gμνL

¼ ð∂μ∂0νþ ∂
0
μ∂ν− gμνð∂0α∂α −m2ÞÞð∶Φ̂†ðxÞΦ̂ðx0Þ∶Þjx0¼x

ðA2Þ

where we write ∂μΦ̂ðxÞ ¼ ∂
0
μΦ̂ðx0Þjx0¼x in order to simplify

the notation. However, since we are interested in a thermal
bath of particles and antiparticles at temperature T and
chemical potential μ, then it will be more useful to take the
mean value of the energy-momentum tensor:

Tμν¼
1

2
ð∂μ∂0νþ∂

0
μ∂ν−gμνð∂0α∂α−m2ÞÞh∶Φ̂†ðxÞΦ̂ðx0Þ∶ijx0¼x

ðA3Þ

the prefactor 1=2 is to avoid double counting. Finally, we
couple the gauge field,(

∂μΦ̂†ðxÞ → ∂μΦ̂†ðxÞ þ ieAμΦ̂†ðxÞ
∂
0
μΦ̂ðx0Þ → ∂

0
μΦ̂ðx0Þ − ieA0

μΦ̂ðx0Þ
ðA4Þ

and obtain the energy-momentum tensor:

Tμν ¼
1

2
ðð∂μ þ ieAμÞð∂0ν − ieA0

νÞ
þ ð∂0μ − ieA0

μÞð∂ν þ ieAνÞ
− gμνðð∂0α − ieA0

αÞð∂α þ ieAαÞ −m2ÞÞ
× h∶Φ̂†ðxÞΦ̂ðx0Þ∶ijx0¼x ðA5Þ

Now, for the calculation of the thrust force in Sec. IV B
we only need to compute Trr and Trθ in the limit r → ∞.
In this limit, the gauge field will be just Aμ ¼ A0

μ ¼ μ, then
for the components of interest we have:

Trr ¼
1

2

�
∂
0
t∂t þ ieμð∂0t − ∂tÞ þ ∂r∂

0
r −

1

r2
∂
0
θ∂θ

−
1

r2sin2ðθÞ ∂
0
ϕ∂ϕ −m2 þ e2μ2

�
× h∶Φ̂†ðxÞΦ̂ðx0Þ∶ijx0¼x ðA6Þ

Trθ ¼
1

2
ð∂r∂0θ þ ∂

0
r∂θÞh∶Φ̂†ðxÞΦ̂ðx0Þ∶ijx0¼x ðA7Þ

Therefore, in order to obtain these components of the energy-
momentum tensor, it only remains to obtain the expected
value of the fields h∶Φ̂†ðxÞΦ̂ðx0Þ∶i. Since we are computing
the energy-momentum tensor at infinity, the field at infinity is
given by two contributions Φ̂ ¼ Φ̂inc þ Φ̂scatt, the incident
and the scattered components at infinity. Thus,we can use this
contributions of the field to separate the expectation value as:

h∶Φ̂†ðxÞΦ̂ðx0Þ∶ijx0¼x¼½h∶Φ̂scat†ðxÞΦ̂scatðx0Þ∶i
þh∶Φ̂scat†ðxÞΦ̂incðx0Þ∶i
þh∶Φ̂inc†ðxÞΦ̂scatðx0Þ∶i
þ nh∶Φ̂inc†ðxÞΦ̂incðx0Þ∶i�jx0¼x ðA8Þ

where the pure incident field term vanisheswhenwe integrate
in all directions (it is the total force without the mirror). In the
same way, the momentum energy tensor can be separated by
writing: (

Trr ¼ Tscat=scat
rr þ Tscat=inc

rr þ T inc=scat
rr

Trθ ¼ Tscat=scat
rθ þ Tscat=inc

rθ þ T inc=scat
rθ

ðA9Þ

In order to obtain each of this terms, we will need the fields
expectation value, but first we will compute the mean value
between the operators b̂ml and ĉml which are present in the field
definitions (14).

1. Mean values between operators b̂ml and ĉml
Starting from the definition of the incident field

operator (13) but using the normalization of the quan-
tum field (31):

ĉml ¼ ωþ þ eμ

2π2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffijωþω−j

p ei
π
2
lffiffiffiffiffiffiffiffiffiffi

2ωþ
p Âk⃗Y

m�
l ðňÞwlðr0Þ ðA10Þ
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and its analogue for antiparticles,

ˆ̃cml ¼ ωþ þ eμ

2π2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffijωþω−j

p ei
π
2
lffiffiffiffiffiffiffiffiffiffiffiffiffi

−2ω−
p B̂k⃗Y

m�
l ðňÞwlðr0Þ ðA11Þ

where we used jω� þ eμj ¼ ωþ þ eμ. We can immediately obtain the expectation value of the quadratic operator ĉm†
l ĉml

over all directions of incidence:Z
dň dň0 hĉm†

l ĉm
0

l0 i ¼
Z

dň dň0
ei

π
2
ðl0−lÞ

ð2π2Þ2 ffiffiffiffiffiffiffiffiffiffi
2ωþ

p ffiffiffiffiffiffiffiffiffi
2ω0þ

p ðωþ þ eμÞðω0þ þ eμÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffijωþω−j
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffijω0þω0

−j
p

× Ym
l ðňÞYm0�

l0 ðň0Þw�
lðr0Þwl0 ðr0ÞhÂ†

k⃗
Âk⃗0 i ðA12Þ

Using the Bose-Einstein distribution (32) and writing the Dirac delta in spherical coordinates,Z
dň dň0 hĉm†

l ĉm
0

l0 i ¼
Z

dň dň0
ei

π
2
ðl0−lÞ

π
ffiffiffiffiffiffiffi
ωþ

p ffiffiffiffiffiffiffi
ω0þ

p ðωþ þ eμÞðω0þ þ eμÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffijωþω−j
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffijω0þω0

−j
p

× Ym
l ðňÞYm0�

l0 ðň0Þw
�
lðr0Þwl0 ðr0Þ
e
ωþ
T − 1

δðk − kÞ
k2

δðθ − θ0Þδðϕ − ϕ0Þ
sinðθÞ ðA13Þ

The integral is over all the possible directions but not over k, then by doing the angular integration it remains:Z
dň dň0 hĉm†

l ĉm
0

l0 i ¼
ðωþ þ eμÞ2
π jωþω−j

jwlðr0Þj2
ωþðe

ωþ
T − 1Þ

δðk − k0Þ
k2

δll0δmm0 ðA14Þ

Proceeding in the same way for antiparticles, the expectation value of the quadratic operator is obtained considering all
directions of incidence, where the change of sign in the exponential is due to the change in the Bose-Einstein distribution:Z

dň dň0 h ˆ̃cm†
l

ˆ̃cm
0

l0 i ¼ −
ðωþ þ eμÞ2
π jωþω−j

jwlðr0Þj2
ω−ðe−

ω−
T − 1Þ

δðk − k0Þ
k2

δll0δmm0 ðA15Þ

Moreover, using the result (A14) and the classical result (29) we can obtain the mean value between ĉml and b̂ml over
all directions: Z

dň dň0 hĉm†
l b̂m

0
l0 i ¼

Z
dň dň0

�
ĉm†
l

X∞
l00¼jm0j

ĉm
0

l00Ol0l00

�
¼

X
l00¼jm0j

Ol0l00

Z
dň dň0 hĉm†

l ĉm
0

l00 i

¼ Ol0l
ðωþ þ eμÞ2
π jωþω−j

jwlðr0Þj2
ωþðe

ωþ
T − 1Þ

δðk − k0Þ
k2

δmm0 ðA16Þ

Analogously, other useful results are obtained:Z
dň dň0 hb̂m†

l ĉm
0

l0 i ¼ O�
ll0

ðωþ þ eμÞ2
π jωþω−j

jwl0 ðr0Þj2
ωþðe

ωþ
T − 1Þ

δðk − k0Þ
k2

δm0m ðA17Þ
Z

dň dň0 hb̂m†
l b̂m

0
l0 i ¼

X∞
l00¼jmj

O�
ll00Ol0l00

ðωþ þ eμÞ2
π jωþω−j

jwl00 ðr0Þj2
ωþðe

ωþ
T − 1Þ

δðk − k0Þ
k2

δmm0 ðA18Þ

In addition, we obtain the same expressions between the antiparticles operators ˆ̃cml and ˆ̃b
m
l by using (A15).Z

dň dň0 h ˆ̃cm†
l b̂m

0
l0 i ¼ −Ol0l

ðωþ þ eμÞ2
π jωþω−j

jwlðr0Þj2
ω−ðe−

ω−
T − 1Þ

δðk − k0Þ
k2

δmm0 ðA19Þ
Z

dň dň0 hb̂m†
l

ˆ̃cm
0

l0 i ¼ −O�
ll0

ðωþ þ eμÞ2
π jωþω−j

jwl0 ðr0Þj2
ω−ðe−

ω−
T − 1Þ

δðk − k0Þ
k2

δm0m ðA20Þ
Z

dň dň0 hb̂m†
l b̂m

0
l0 i ¼ −

X∞
l00¼jmj

O�
ll00Ol0l00

ðωþ þ eμÞ2
π jωþω−j

jwl00 ðr0Þj2
ω−ðe−

ω−
T − 1Þ

δðk − k0Þ
k2

δmm0 ðA21Þ
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We then have the needed tools to compute the expectation values of the fields.

2. Expectation values h∶Φ̂†ðxÞΦ̂ðx0Þ∶i
The quantisized version of the classical fields obtained in Sec. III B are

Φ̂scatðr; θ;ϕ; tÞ ¼
Z

∞

∞
d3k

X
l;m

�
e−iωþt b̂ml

vlðrÞ
vlðr0Þ

Ym
l ðθ;ϕÞ þ e−iω−t ˆ̃b

m†
l

v�lðrÞ
v�lðr0Þ

Ym�
l ðθ;ϕÞ

�
ðA22Þ

Φ̂incðr; θ;ϕ; tÞ ¼
Z

∞

∞
d3k

X
l;m

�
e−iωþt ĉml

wlðrÞ
wlðr0Þ

Ym
l ðθ;ϕÞ þ e−iω−t ˆ̃cm†

l
w�
lðrÞ

w�
lðr0Þ

Ym�
l ðθ;ϕÞ

�
ðA23Þ

First we obtain h∶Φ̂scat†ðxÞΦ̂scatðx0Þ∶i, then replacing with (A22) and expanding the product we have:

h∶Φ̂scat†ðxÞΦ̂scatðx0Þ∶i ¼
Z

d3k d3k0
X
l;m

X
l0;m0

�
eiðωþ t−ω0

þt
0Þ v�lðrÞvl0 ðr0Þ
v�lðr0Þvl0 ðr0Þ

Ym�
l ðθ;ϕÞYm0

l0 ðθ0;ϕ0Þhb̂m†
l b̂m

0
l0 i

þ e−ið−ω−tþω0
−t0Þ vlðrÞv�l0 ðr0Þ

vlðr0Þv�l0 ðr0Þ
Ym
l ðθ;ϕÞYm0�

l0 ðθ0;ϕ0Þh ˆ̃bm
0†

l0
ˆ̃b
m
l i
�

ðA24Þ

where we used that the only non zero mean value is hb̂m†
l b̂m

0
l0 i (as discussed in Sec. A 1). Also, using spherical coordinates

we can use the angular integral (A18), obtaining then the mean value of the fields:

h∶Φ̂scat†ðxÞΦ̂scatðx0Þ∶i ¼
Z

dk
ðωþ þeμÞ2k2
π jωþω−j

X
l;l0;m

X
l00¼jmj

jwl00 ðr0Þj2
�
eiωþ ðt−t0Þ v�lðrÞvl0 ðr0Þ

v�lðr0Þvl0 ðr0Þ
Ym�
l ðθ;ϕÞYm

l0 ðθ0;ϕ0ÞO�
ll00Ol0l00

ωþðe
ωþ
T − 1Þ

− eiω−ðt−t0Þ vlðrÞv�l0 ðr0Þ
vlðr0Þv�l0 ðr0Þ

Ym
l ðθ;ϕÞYm�

l0 ðθ0;ϕ0ÞO�
l0l00Oll00

ω−ðe−
ω−
T − 1Þ

�
ðA25Þ

In the same way we can obtain the expectation value h∶Φ̂scat†ðxÞΦ̂incðx0Þ∶i, then replacing with (A22) and (A23) we
have:

h∶Φ̂scat†ðxÞΦ̂incðx0Þ∶i ¼
Z

d3k d3k0
X
l;m

X
l0;m0

�
eiðωþt−ω0

þt
0Þ v�lðrÞwl0 ðr0Þ
v�lðr0Þwl0 ðr0Þ

Ym�
l ðθ;ϕÞYm0

l0 ðθ0;ϕ0Þhb̂m†
l ĉm

0
l0 i

þ e−ið−ω−tþω0
−t0Þ vlðrÞw�

l0 ðr0Þ
vlðr0Þw�

l0 ðr0Þ
Ym
l ðθ;ϕÞYm0�

l0 ðθ0;ϕ0Þh ˆ̃cm0†
l0

ˆ̃b
m
l i
�

ðA26Þ

Using the angular integrals (A16) and (A17), we then obtain the expectation value of the fields:

h∶Φ̂scat†ðxÞΦ̂incðx0Þ∶i ¼
Z

dk
ðωþ þ eμÞ2k2
π jωþω−j

X
l;m;l0

jwl0 ðr0Þj2
�
eiωþðt−t0Þ v�lðrÞwl0 ðr0Þ

v�lðr0Þwl0 ðr0Þ
Ym�
l ðθ;ϕÞYm

l0 ðθ0;ϕ0ÞO�
ll0

ωþðe
ωþ
T − 1Þ

− eiω−ðt−t0Þ vlðrÞw�
l0 ðr0Þ

vlðr0Þw�
l0 ðr0Þ

Ym
l ðθ;ϕÞYm�

l0 ðθ0;ϕ0ÞOll0

ω−ðe−
ω−
T − 1Þ

�
ðA27Þ

Finally, we proceed in the same way for h∶Φ̂inc†ðxÞΦ̂scatðx0Þ∶i, so replacing with (A22) and (A23) we have:

h∶Φ̂inc†ðxÞΦ̂scatðx0Þ∶i ¼
Z

d3k d3k0
X
l;m

X
l0;m0

×

�
eiðωþt−ω0

þt
0Þ w�

lðrÞvl0 ðr0Þ
w�
lðr0Þvl0 ðr0Þ

Ym�
l ðθ;ϕÞYm0

l0 ðθ0;ϕ0Þhĉm†
l b̂m

0
l0 i

þ e−ið−ω−tþω0−t0Þ wlðrÞv�l0 ðr0Þ
wlðr0Þv�l0 ðr0Þ

Ym
l ðθ;ϕÞYm0�

l0 ðθ0;ϕ0Þh ˆ̃bm0†
r0 0

ˆ̃cml i
�
: ðA28Þ
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Using the angular integrals (A16) and (A17), we then obtain the expectation value of the fields:

h∶Φ̂inc†ðxÞΦ̂scatðx0Þ∶i ¼
Z

dk
ðωþ þ eμÞ2k2
π jωþω−j

X
l;m;l0

jwlðr0Þj2
�
eiωþðt−t0Þ w�

lðrÞvl0 ðr0Þ
w�
lðr0Þvl0 ðr0Þ

Ym�
l ðθ;ϕÞYm

l0 ðθ0;ϕ0ÞOl0l

ωþðe
ωþ
T − 1Þ

− eiω−ðt−t0Þ wlðrÞv�l0 ðr0Þ
wlðr0Þv�l0 ðr0Þ

Ym
l ðθ;ϕÞYm�

l0 ðθ0;ϕ0ÞO�
l0l

ω−ðe−
ω−
T − 1Þ

�
: ðA29Þ

We can now continue with the computation of each term of the energy-momentum tensor in (A9).

3. Computation of Trr

We obtain the component Trr of the energy-momentum tensor separating the different field contributions:

Trr ¼ Tscat=scat
rr þ Tscat=inc

rr þ T inc=scat
rr ðA30Þ

where each of this part satisfies the definition (A6):

Trr ¼
1

2

�
∂
0
t∂t þ ieμð∂0t − ∂tÞ þ ∂r∂

0
r −

1

r2
∂
0
θ∂θ −

1

r2sin2ðθÞ ∂
0
ϕ∂ϕ −m2 þ e2μ2

�
h∶Φ̂†ðxÞΦ̂ðx0Þ∶ijx0¼x ðA31Þ

Now we need to replace with each fields expectation value computed in Sec. A 2. Beginning with Tscat=scat
rr , we will use

the result (A25):

Tscat=scat
rr ¼ 1

2

�
∂
0
t∂t þ ieμð∂0t − ∂tÞ þ ∂r∂

0
r −

1

r2
∂
0
θ∂θ −

1

r2sin2ðθÞ ∂
0
ϕ∂ϕ −m2 þ e2μ2

�
h∶Φ̂scat†ðxÞΦ̂scatðx0Þ∶ijx0¼x ðA32Þ

since we are interesting in the limit r → ∞, the angular derivatives will vanish at leader order (since the angular dependence
are only in the spherical harmonics). First we will obtain the terms with time derivatives ∂t:

∂
0
t∂th∶Φ̂scat†ðxÞΦ̂scatðx0Þ∶i ¼

Z
dk

ðωþ þ eμÞ2k2
π jωþω−j

X
l;l0;m

X
l00¼jmj

jwl00 ðr0Þj2

×

�
ω2þeiωþðt−t0Þ v�lðrÞvl0 ðr0Þ

v�lðr0Þvl0 ðr0Þ
Ym�
l ðθ;ϕÞYm

l0 ðθ0;ϕ0ÞO�
ll00Ol0l00

ωþðe
ωþ
T − 1Þ

− ω2
−eiω−ðt−t0Þ vlðrÞv�l0 ðr0Þ

vlðr0Þv�l0 ðr0Þ
Ym
l ðθ;ϕÞYm�

l0 ðθ0;ϕ0ÞO�
l0l00Oll00

ω−ðe−
ω−
T − 1Þ

�
ðA33Þ

and

ieμð∂0t − ∂tÞh∶Φ̂scat†ðxÞΦ̂scatðx0Þ∶i ¼
Z

dk
ðωþ þ eμÞ2k2
π jωþω−j

X
l;l0;m

X
l00¼jmj

jwl00 ðr0Þj2

×

�
2eμωþeiωþðt−t0Þ v�lðrÞvl0 ðr0Þ

v�lðr0Þvl0 ðr0Þ
Ym�
l ðθ;ϕÞYm

l0 ðθ0;ϕ0ÞO�
ll00Ol0l00

ωþðe
ωþ
T − 1Þ

− 2eμω−eiω−ðt−t0Þ vlðrÞv�l0 ðr0Þ
vlðr0Þv�l0 ðr0Þ

Ym
l ðθ;ϕÞYm�

l0 ðθ0;ϕ0ÞO�
l0l00Oll00

ω−ðe−
ω−
T − 1Þ

�
: ðA34Þ

Putting these terms together and using the dispersion relation (10), we can write for the energy-momentum tensor:

Tscat=scat
rr ¼ 1

2
ðk2 þ ∂r∂

0
rÞh∶Φ̂scat†ðxÞΦ̂scatðx0Þ∶ijx0¼x: ðA35Þ
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Now all that remains to be done are the radial derivatives. Since the function vlðrÞ satisfies the boundary condition at
infinity (discussed in Sec. III B) given by:

vlðrÞ ≃ e−i
π
2
ðlþ1Þ e

iðkr−η ln 2krÞ

kr
ðA36Þ

and whose derivative at leading order is

∂rvlðrÞ ≃ i e−i
π
2
ðlþ1Þ e

iðkr−η ln 2krÞ

r
¼ ikvlðrÞ: ðA37Þ

Then, at leading order in this limit, we have for the component Tscat=scat
rr :

Tscat=scat
rr ¼ k2h∶Φ̂scat†ðxÞΦ̂scatðx0Þ∶ijx0¼x: ðA38Þ

Now, replacing with (A25), using the asymptotic limit (A36) of vlðrÞ and taking x0 ¼ x, we obtain:

Tscat=scat
rr ¼

Z
∞

0

dk
ðωþ þ eμÞ2k2
π jωþω−j

X
l;l0;m

X
l00¼jmj

jwl00 ðr0Þj2
r2

×

�
ei

π
2
ðl−l0ÞO�

ll00Ol0l00

ωþðe
ωþ
T − 1Þ

Ym�
l ðθ;ϕÞYm

l0 ðθ;ϕÞ
v�lðr0Þvl0 ðr0Þ

−
e−i

π
2
ðl−l0ÞO�

l0l00Oll00

ω−ðe−
ω−
T − 1Þ

Ym
l ðθ;ϕÞYm�

l0 ðθ;ϕÞ
vlðr0Þv�l0 ðr0Þ

�
: ðA39Þ

Moreover, noting that it can be exchanged l ↔ l0 since it is summing over all possible values of l and l0, then we finally
have:

Tscat=scat
rr ¼

Z
∞

0

dk
ðωþ þ eμÞ2k2
π jωþω−j

X
l;l0;m

X
l00¼jmj

jwl00 ðr0Þj2
r2

ei
π
2
ðl−l0ÞO�

ll00Ol0l00
Ym�
l ðθ;ϕÞYm

l0 ðθ;ϕÞ
v�lðr0Þvl0 ðr0Þ

×

�
1

ωþðe
ωþ
T − 1Þ −

1

ω−ðe−
ω−
T − 1Þ

�
ðA40Þ

We compute now the component Tscat=inc
rr in the same way by using the definition of Trr in (A6) and the expectation

value obtained in (A27). First, notice that the time dependence is the same than in the previous case with scat=scat fields
(since the difference between the fields are in the radial functions), then using (A35) we have:

Tscat=inc
rr ¼ 1

2
ðk2 þ ∂r∂

0
rÞh∶Φ̂scat†ðxÞΦ̂incðx0Þ∶ijx0¼x

¼
Z

dk
ðωþ þ eμÞ2k2
2π jωþω−j

X
l;m;l0

jwl0 ðr0Þj2
�
ðk2 þ ∂r∂

0
rÞeiωþðt−t0Þ v�lðrÞwl0 ðr0Þ

v�lðr0Þwl0 ðr0Þ
Ym�
l ðθ;ϕÞYm

l0 ðθ0;ϕ0ÞO�
ll0

ωþðe
ωþ
T − 1Þ

−ðk2 þ ∂r∂
0
rÞeiω−ðt−t0Þ vlðrÞw�

l0 ðr0Þ
vlðr0Þw�

l0 ðr0Þ
Ym
l ðθ;ϕÞYm�

l0 ðθ0;ϕ0ÞOll0

ω−ðe−
ω−
T − 1Þ

�
x0¼x

ðA41Þ

Again, to compute the radial derivatives we use the asymptotic of vlðrÞ (A36) but we also need the asymptotic behavior
of wlðrÞ (also discussed in Sec. III B):

wlðrÞ ≃ i
e−iðkr−η ln 2krþlπ

2
Þ

2kr
ðð−1Þl − ei2ðkr−η ln 2krÞÞ ðA42Þ

and whose derivative at leader order is

∂rwlðrÞ ≃
e−iðkr−η ln 2krþlπ

2
Þðð−1Þl þ ei2ðkr−η ln 2krÞÞ

2r
ðA43Þ
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Then, replacing in Tscat=inc
rr with this asymptotic functions behavior and taking x0 ¼ x we have:

Tscat=inc
rr ¼

Z
dk

ðωþ þ eμÞ2k2
π jωþω−j

X
l;m;l0

jwl0 ðr0Þj2
2r2

�
ei

π
2
ðl−l0Þ

v�lðr0Þwl0 ðr0Þ
Ym�
l ðθ;ϕÞYm

l0 ðθ;ϕÞO�
ll0

ωþðe
ωþ
T − 1Þ

−
e−i

π
2
ðl−l0Þ

vlðr0Þw�
l0 ðr0Þ

Ym
l ðθ;ϕÞYm�

l0 ðθ;ϕÞOll0

ω−ðe−
ω−
T − 1Þ

�
ðA44Þ

Since l and l0 are dummy indices, we can simplify a bit by interchanging l ↔ l0 in the second line, finally getting:

Tscat=inc
rr ¼

Z
dk

ðωþ þ eμÞ2
π jωþω−j

k2

2r2
X
l;m;l0

ei
π
2
ðl−l0ÞYm�

l ðθ;ϕÞYm
l0 ðθ;ϕÞ

�
w�
l0 ðr0Þ

v�lðr0Þ
O�

ll0

ωþðe
ωþ
T − 1Þ −

wlðr0Þ
vl0 ðr0Þ

Ol0l

ω−ðe−
ω−
T − 1Þ

�
ðA45Þ

We compute now the component T inc=scat
rr in the sameway by using the definition of Trr in (A6) and the expectation value

obtained in (A29). Again, the time dependence is the same as in the other cases. Then, using (A35) we have:

T inc=scat
rr ¼ 1

2
ðk2 þ ∂r∂

0
rÞh∶Φ̂inc†ðxÞΦ̂scatðx0Þ∶ijx0¼x

¼
Z

dk
ðωþ þ eμÞ2k2
2π jωþω−j

X
l;m;l0

jwlðr0Þj2
�
ðk2 þ ∂r∂

0
rÞeiωþðt−t0Þ w�

lðrÞvl0 ðr0Þ
w�
lðr0Þvl0 ðr0Þ

Ym�
l ðθ;ϕÞYm

l0 ðθ0;ϕ0ÞOl0l

ωþðe
ωþ
T − 1Þ

−ðk2 þ ∂r∂
0
rÞeiω−ðt−t0Þ wlðrÞv�l0 ðr0Þ

wlðr0Þv�l0 ðr0Þ
Ym
l ðθ;ϕÞYm�

l0 ðθ0;ϕ0ÞO�
l0l

ω−ðe−
ω−
T − 1Þ

�
x0¼x

: ðA46Þ

Replacing with the asymptotic functions behavior and taking x0 ¼ x we have:

T inc=scat
rr ¼

Z
dk

ðωþ þ eμÞ2k2
π jωþω−j

X
l;m;l0

jwlðr0Þj2
2r2

�
e−i

π
2
ðl0−lÞ

w�
lðr0Þvl0 ðr0Þ

Ym�
l ðθ;ϕÞYm

l0 ðθ;ϕÞOl0l

ωþðe
ωþ
T − 1Þ

−
ei

π
2
ðl0−lÞ

wlðr0Þv�l0 ðr0Þ
Ym
l ðθ;ϕÞYm�

l0 ðθ;ϕÞO�
l0l

ω−ðe−
ω−
T − 1Þ

�
: ðA47Þ

Since l and l0 are dummy indices, we can simplify a bit by interchanging l ↔ l0 in the first line, finally getting:

T inc=scat
rr ¼

Z
dk

ðωþ þ eμÞ2
π jωþω−j

k2

2r2
X
l;m;l0

e−i
π
2
ðl−l0ÞYm

l ðθ;ϕÞYm�
l0 ðθ;ϕÞ

�
wl0 ðr0Þ
vlðr0Þ

Oll0

ωþðe
ωþ
T − 1Þ −

w�
lðr0Þ

v�l0 ðr0Þ
O�

l0l

ω−ðe−
ω−
T − 1Þ

�
ðA48Þ

Note that comparing with the component Tscat=inc
rr in (A45) we have:

T inc=scat
rr ¼ ðTscat=inc

rr Þ� ðA49Þ

Lastly, bringing together the three calculated terms in Trr (expressions (A40), (A45) and (A49) and multiplying by r2

(as appears in the total thrust force in Sec. IV B) we obtain:

r2Trr ¼ r2Tscat=scat
rr þ 2r2Re½Tscat=inc

rr �

¼
Z

∞

0

dk
ðωþ þ eμÞ2k2
π jωþω−j

X
l;l0;m

	 X
l00¼jmj

jwl00 ðr0Þj2 eiπ2ðl−l0Þ
Ym�
l ðθ;ϕÞYm

l0 ðθ;ϕÞ
v�lðr0Þvl0 ðr0Þ

Om�
ll00O

m
l0l00

�
1

ωþðe
ωþ
T − 1Þ−

1

ω−ðe−
ω−
T − 1Þ

�

þ 2Re

�
1

2
ei

π
2
ðl−l0ÞYm�

l ðθ;ϕÞYm
l0 ðθ;ϕÞ

w�
l0 ðr0Þ
v�lðr0Þ

Om�
ll0

ωþðe
ωþ
T − 1Þ−

1

2
ei

π
2
ðl−l0ÞYm�

l ðθ;ϕÞYm
l0 ðθ;ϕÞ

wlðr0Þ
vl0 ðr0Þ

Om
l0l

ω−ðe−
ω−
T − 1Þ

�

:

ðA50Þ
Ifwenow interchangel ↔ l0 in the last line, replacewith the conjugate and regrouping the remaining terms,we can finallywrite:
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r2Trr ¼
Z

∞

0

dk
ðωþ þ eμÞ2k2
π jωþω−j

�
1

ωþðe
ωþ
T − 1Þ −

1

ω−ðe−
ω−
T − 1Þ

�X
l;l0;m

Ull0Ym�
l ðθ;ϕÞYm

l0 ðθ;ϕÞ ðA51Þ

where we defined

Um
ll0 ¼

X
l00¼jmj

ei
π
2
ðl−l0Þ jwl00 ðr0Þj2

v�lðr0Þvl0 ðr0Þ
Om�

ll00O
m
l0l00 þRe

�
ei

π
2
ðl−l0Þ wlðr0Þ

vl0 ðr0Þ
Om

l0l

�
: ðA52Þ

4. Computation of Trθ

We now compute the other energy-momentum tensor component of interest for calculating the thrust force in Sec. IV B,
rTrθ. We use its definition (A7):

Trθ ¼
1

2
ð∂r∂0θ þ ∂

0
r∂θÞh∶Φ̂†ðxÞΦ̂ðx0Þ∶ijx0¼x ðA53Þ

and we calculate this component using each expectation value of the field obtained in Appendix A 2. Beginning with the
component Tscat=scat

rθ , we use (A25):

rTscat=scat
rθ ¼ 1

2
rð∂r∂0θ þ ∂

0
r∂θÞh∶Φ̂scat†ðxÞΦ̂scatðx0Þ∶ijx0¼x

¼
Z

dk
ðωþ þ eμÞ2k2r
2π jωþω−j

X
l;l0;m

X
l00¼jmj

jwl00 ðr0Þj2
�
eiωþðt−t0Þ ∂rv

�
lðrÞvl0 ðr0Þ

v�lðr0Þvl0 ðr0Þ
Ym�
l ðθ;ϕÞ∂0θYm

l0 ðθ0;ϕ0ÞO�
ll00Ol0l00

ωþðe
ωþ
T − 1Þ

− eiω−ðt−t0Þ ∂rvlðrÞv�l0 ðr0Þ
vlðr0Þv�l0 ðr0Þ

Ym
l ðθ;ϕÞ∂0θYm�

l0 ðθ0;ϕ0ÞO�
l0l00Oll00

ω−ðe−
ω−
T − 1Þ

þ eiωþðt−t0Þ v
�
lðrÞ∂0rvl0 ðr0Þ
v�lðr0Þvl0 ðr0Þ

∂θYm�
l ðθ;ϕÞYm

l0 ðθ0;ϕ0ÞO�
ll00Ol0l00

ωþðe
ωþ
T − 1Þ

− eiω−ðt−t0Þ vlðrÞ∂
0
rv�l0 ðr0Þ

vlðr0Þv�l0 ðr0Þ
∂θYm

l ðθ;ϕÞYm�
l0 ðθ0;ϕ0ÞO�

l0l00Oll00

ω−ðe−
ω−
T − 1Þ

�
x0¼x

ðA54Þ

Using the asymptotic form of vlðrÞ in (A36) and taking x0 ¼ x we have:

rTscat=scat
rθ ¼

Z
dk

ðωþ þ eμÞ2
2π jωþω−j

ik
r

X
l;l0;m

X
l00¼jmj

jwl00 ðr0Þj2

×

�
ei

π
2
ðl−l0Þ O�

ll00Ol0l00

v�lðr0Þvl0 ðr0Þ
�
Ym
l0 ðθ;ϕÞ∂θYm�

l ðθ;ϕÞ − Ym�
l ðθ;ϕÞ∂θYm

l0 ðθ;ϕÞ
ωþðe

ωþ
T − 1Þ

�

− e−i
π
2
ðl−l0Þ O�

l0l00Oll00

vlðr0Þv�l0 ðr0Þ
�
Ym
l ðθ;ϕÞ∂θYm�

l0 ðθ;ϕÞ − Ym�
l0 ðθ;ϕÞ∂θYm

l ðθ;ϕÞ
ω−ðe−

ω−
T − 1Þ

��
ðA55Þ

Note that this component is Oðr−1Þ.
We obtain in the same way the component rTscat=inc

rθ by using (A27):

rTscat=inc
rθ ¼ 1

2
rð∂r∂0θ þ ∂

0
r∂θÞh∶Φ̂scat†ðxÞΦ̂incðx0Þ∶ijx0¼x

¼
Z

dk
ðωþ þ eμÞ2k2r
2π jωþω−j

X
l;m;l0

jwl0 ðr0Þj2
�
eiωþðt−t0Þ ∂rv

�
lðrÞwl0 ðr0Þ

v�lðr0Þwl0 ðr0Þ
Ym�
l ðθ;ϕÞ∂0θYm

l0 ðθ0;ϕ0ÞO�
ll0

ωþðe
ωþ
T − 1Þ

þ eiωþðt−t0Þ v
�
lðrÞ∂0rwl0 ðr0Þ
v�lðr0Þwl0 ðr0Þ

∂θYm�
l ðθ;ϕÞYm

l0 ðθ0;ϕ0ÞO�
ll0

ωþðe
ωþ
T − 1Þ − eiω−ðt−t0Þ ∂rvlðrÞw�

l0 ðr0Þ
vlðRÞw�

l0 ðr0Þ
Ym
l ðθ;ϕÞ∂0θYm�

l0 ðθ0;ϕ0ÞOll0

ω−ðe−
ω−
T − 1Þ

− eiω−ðt−t0Þ vlðrÞ∂
0
rw�

l0 ðr0Þ
vlðr0Þw�

l0 ðr0Þ
∂θYm

l ðθ;ϕÞYm�
l0 ðθ0;ϕ0ÞOll0

ω−ðe−
ω−
T − 1Þ

�
x0¼x

ðA56Þ
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Using the asymptotic form of vlðrÞ and wlðrÞ in (A36) and (A42) respectively, and taking x0 ¼ x we have:

rTscat=inc
rθ ¼

Z
dk

ðωþ þ eμÞ2k2r
4π jωþω−j

k
r

X
l;m;l0

jwl0 ðr0Þj2
�
ei

π
2
ðl−l0þ1Þðð−1Þl0e−i2kr − 1Þ

v�lðr0Þwl0 ðr0Þ
Ym�
l ðθ;ϕÞ∂θYm

l0 ðθ;ϕÞO�
ll0

ωþðe
ωþ
T − 1Þ

þ ei
π
2
ðl−l0þ1Þðð−1Þl0e−i2kr þ 1Þ

v�lðr0Þwl0 ðr0Þ
∂θYm�

l ðθ;ϕÞYm
l0 ðθ;ϕÞO�

ll0

ωþðe
ωþ
T − 1Þ

−
e−i

π
2
ðl−l0þ1Þðð−1Þl0ei2kr − 1Þ

vlðr0Þw�
l0 ðr0Þ

Ym
l ðθ;ϕÞ∂θYm�

l0 ðθ;ϕÞOll0

ω−ðe−
ω−
T − 1Þ

−
e−i

π
2
ðl−l0þ1Þðð−1Þl0ei2kr þ 1Þ

vlðr0Þw�
l0 ðr0Þ

∂θYm
l ðθ;ϕÞYm�

l0 ðθ;ϕÞOll0

ω−ðe−
ω−
T − 1Þ

�
: ðA57Þ

Also, note that this component is Oðr−1Þ.
Finally we obtain the component T inc=scat

rθ by using (A29):

rT inc=scat
rθ ¼ 1

2
rð∂r∂0θ þ ∂

0
r∂θÞh∶Φ̂inc†ðxÞΦ̂scatðx0Þ∶ijx0¼x

¼
Z

dk
ðωþ þ eμÞ2k2r
2π jωþω−j

X
l;m;l0

jwlðr0Þj2
�
eiωþðt−t0Þ ∂rw

�
lðrÞvl0 ðr0Þ

w�
lðr0Þvl0 ðr0Þ

Ym�
l ðθ;ϕÞ∂0θYm

l0 ðθ0;ϕ0ÞOl0l

ωþðe
ωþ
T − 1Þ

þ eiωþðt−t0Þ w
�
lðrÞ∂0rvl0 ðr0Þ

w�
lðr0Þvl0 ðr0Þ

∂θYm�
l ðθ;ϕÞYm

l0 ðθ0;ϕ0ÞOl0l

ωþðe
ωþ
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Using the asymptotic form of vlðrÞ and wlðrÞ in (A36) and (A42) respectively, and taking x0 ¼ x we have:
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Again, note that this component is Oðr−1Þ.
In conclusion, bringing together the three components

of Trθ we see that this component is Oðr−1Þ. On the
other hand, the other term in the force is r2Trr (which we
already computed in Sec. A 3) and it is Oðr0Þ. Therefore,
at leading order when r → ∞, the component rTrθ
vanishes.

APPENDIX B: NUMERICAL COMPLEMENT

1. γm analysis

The results obtained in Secs. III D and IV C depend onm
matrices of coefficients γmll0 [defined in (26)] and which do
not depend on the system parameters. As can be seen in

Fig. 10, these matrices have their highest value on the
diagonal γmll ¼ 1 and oscillate around zero as we move
away from the diagonal. This behavior will allows us to cut
down the matrix and still grasp the physics of it.

FIG. 10. Matrix of coefficients γmll0 with m ¼ 0.
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2. Numerical cutoff

In order to obtain the numerical results we need to
defined a cutoff in the sums over l (cutting l we have cut
the sum over m as well since l > jmj). To do so, first
we notice that the result for the matching in Sec. III C
depends on the radial functions evaluated at the mirror.
Moreover, the result depends indirectly on the inverse of
the derivative2 R0

lðrmÞ (these are inside the definition ofHl
which is inside of Mm defined in (28); for our results we
need the inverse ðMmÞ−1). Then, analyzing the radial
equation (5):

1

r2
∂rðr2fðrÞ∂rRlðrÞÞ

þ
�ðωþ e hðrÞÞ2

fðrÞ −
lðlþ 1Þ

r2
−m2

�
RlðrÞ ¼ 0 ðB1Þ

If we define

ylðrÞ ¼ r2fðrÞR0
lðrÞ ðB2Þ

we have:

y0lðrÞ ¼−r2
�ðωþ ehðrÞÞ2

fðrÞ −
lðlþ 1Þ

r2
−m2

�
RlðrÞ ðB3Þ

R0
lðrÞ ¼

ylðrÞ
r2fðrÞ ðB4Þ

Note that the parenthesis ððωþehðrÞÞ2
fðrÞ − lðlþ1Þ

r2 −m2Þ vanishes
at a certain value of l (for k and r fixed), therefore the
derivative y0lðrÞ is zero and we have a minimum of R0

lðrÞ.
Then, for this value of l we have a maximum of ðR0

lðrÞÞ−1,
so taking r ¼ rm we define lcutoff as:

ðωþ ehðr0ÞÞ2
fðr0Þ

−
lcutoffðlcutoff þ 1Þ

r20
−m2 ¼ 0 ðB5Þ

which depends on the value of k. This behavior can be seen
in Fig. 11, where the predicted peak is near the lcutoff.
Then, to ensure that we are having a good approximation in
the numerical analysis we take lmax ¼ lcutoff þ 10. From
Fig. 11 we also see that for l > lmax and far away from the
diagonal this does not go to zero, which means that the
matching will be better if we take more l. However, for
the thrust force (39) we only need the values near the
diagonal which we see that go to zero for l > lmax. Then,
this value is a good cutoff to calculate the thrust force we
are interested in.

3. Matching at the mirror

In Sec. III D we show the obtained scalar field in the
whole space. In Fig. 12 we show how this field fulfills
the 3 matching conditions at the mirror radius studied in
Sec. III C by using the cutoff for l discussed in the previous
section. First, we see the fieldsΦþ andΦ− at r ¼ rm where
we notice that both curves coincide in the whole sphere and
are zero at the mirror position, so continuity and the perfect
mirror condition is satisfied. Second, we see the radial
derivatives of the fields where we notice that the curves
match pretty well, so continuity of the derivative (where
there is no mirror) is satisfied. This matching condition can
be improved by taking more values of l. However, we see
that the used cutoff already gives a good approximation of
the analyzed system.

4. Resonance on the electromagnetic cavity

In this section we study the case of a pure electromag-
netic case where we change the black hole for a perfect
conductor sphere of the same radius rþ, maintaining the
spherical mirror. To obtain the solution in this case, we
consider a combination of the spherical Bessel solutions
(the exact radial solutions of (5) in the case without the
black hole) such that it vanishes at the conductor sphere:

ulðrÞ ¼ ylðkrþÞjlðkrÞ − jlðkrþÞylðkrÞ ðB6Þ

FIG. 11. Elements of Om
ll0 þ δll0 with m ¼ 0 and k ¼ 0.3, we mark the value lcutoff ¼ 14 (in this case) where a peak is predicted.

2Here we use the notation RlðrÞ to refer to all the radial
solutions ulðrÞ, vlðrÞ and wlðrÞ.
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In Fig. 13 we show the total thrust obtained for a fix value
of k (this is, without performing the integral in k) in the same
way than the background force in Sec. IV C and using the
previous radial function. Moreover, we show the zeros of
the function (B6) as a function of r for different l. This zeros
correspond for a resonant modes in the case of a closed

cavity, then we see in 13 that the peaks coincide perfectly
with the resonantmodeswhere the lowestl are dominant. As
l grows, they group together next at the right of the peaks.
Therefore, we conclude that the peaks observed in Sec. IV C
are a characteristic of the geometry and not due to the black
hole, although these are modified by its presence.
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