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Higher-order scalar-tensor theories having an instantaneous mode do not develop the Ostrogradsky
instability even if a seemingly dangerous mode is present. Such theories satisfy only partially the degeneracy
conditions that are usually imposed to remove the dangerous mode completely, and are dubbed as unitary
degenerate higher-order scalar-tensor (U-DHOST) theories. We study weak gravitational fields sourced by
nonrelativistic matter distributions in U-DHOST theories. In contrast to the case of totally degenerate
theories where nonlinear derivative interactions are crucial for exhibiting the Vainshtein mechanism and its
partial breaking, we show that in generic U-DHOST theories the linear analysis is sufficient for weak
gravitational fields. We identify the subset of U-DHOST theories in which solar system tests are evaded and
gravitational waves propagate at the speed of light. Such theories can however be tested with cosmological
observations. We also point out that there is a particular case of U-DHOST theories where nonlinear
derivative interactions play an important role as in totally degenerate theories. In that case, it is found,
however, that the Vainshtein mechanism does not operate and gravitational forces are modified.
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I. INTRODUCTION

The great interest in the mysterious mechanism for
driving the accelerated expansion of the present Universe
has been stimulating the study of modified gravity over
the years. Adding a scalar degree of freedom on top of the
tensorial (gravitational-wave) degrees of freedom is
the simplest way of modifying general relativity. Since the
rediscovery [1,2] of the Horndeski theory [3], a consid-
erable effort has been devoted to attempts to generalize
scalar-tensor theories of gravity without evoking the
dangerous Ostrogradsky ghosts (see, e.g., Refs. [4,5] for
a review). The Horndeski theory is the most general
scalar-tensor theory with second-order field equations,
and hence trivially evades the Ostrogradsky ghosts. A
naive expectation is that extending the Horndeski theory to
higher-derivative field equations would inevitably lead to
Ostrogradsky ghosts. However, one still has healthy scalar-
tensor theories with only one scalar and two tensorial
degrees of freedom if the system is degenerate. The first
example that exploits this loophole is obtained by applying
a derivative-dependent disformal transformation to the
Horndeski theory [6]. Rewriting the Horndeski action by
the use of the Arnowitt-Deser-Misner (ADM) formulation
and then liberating the coefficient of each term from
the Horndeski tuning, one can arrive at a degenerate
theory relatively easily [7]. Systematic constructions and
classifications of degenerate higher-order scalar-tensor
(DHOST) theories are presented in Refs. [8—10]. More
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recently, novel higher-order scalar-tensor theories were
derived by applying to the Horndeski theory a generalized
disformal transformation containing yet higher deriva-
tives [11-13]. The consistency of matter couplings in the
theories generated via generalized disformal transformation
is nontrivial and has been investigated in Refs. [14—16].
In DHOST theories, a set of conditions are imposed
among the otherwise arbitrary functions in the Lagrangian
to make the system degenerate and thus remove would-be
dangerous Ostrogradsky modes. The point here is that the
degeneracy conditions are introduced so that the system is
degenerate irrespective of the choice of time slicing.
Recently, a further generalization of higher-order scalar-
tensor theories has been proposed in which the degeneracy
conditions are satisfied only when the scalar degree of
freedom is homogeneous on constant time hypersurfaces,
i.e. in the unitary gauge [17]. Such relaxed versions of
degenerate theories are dubbed as unitary degenerate higher-
order scalar-tensor (U-DHOST) theories. In U-DHOST
theories, an apparent additional degree of freedom appears
away from the unitary gauge. However, this degree of
freedom turns out to be an instantaneous mode (a non-
propagating “shadowy mode” in the terminology of
Refs. [17,18]) satisfying an elliptic equation on spatial
hypersurfaces rather than a hyperbolic equation. Its configu-
ration is therefore completely determined by boundary
conditions and hence a shadowy mode is harmless.
Interestingly, U-DHOST theories can resolve the strong
coupling problem of stealth solutions in DHOST theo-
ries [19]. Furthermore, U-DHOST theories have been used
to reformulate the action for DHOST theories in Ref. [20].

© 2024 American Physical Society
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The purpose of the present paper is to study a phenom-
enological aspect of such higher-order scalar-tensor theo-
ries satisfying the degeneracy conditions only partially (i.e.
only in the unitary gauge) and having an instantaneous
mode. More specifically, we study weak gravitational fields
produced by a nonrelativistic source in U-DHOST theories
and highlight the difference from the case of totally
degenerate theories. In Horndeski and DHOST theories,
nonlinear derivative interaction terms play a crucial role in
determining a weak-field configuration. In the (quadratic)
Horndeski theory, the scalar degree of freedom is screened
and the standard behavior of gravity is recovered in the
vicinity of a source due to this nonlinear effect [21-23],
which is called the Vainshtein mechanism. In generic
(quadratic) DHOST theories, while screening is complete
in the exterior region of a source, a partial breaking of the
Vainshtein mechanism occurs and gravitational forces are
modified in the matter interior [24—26]. There is a particular
subset of DHOST theories in which the breaking of
screening occurs in a different way [27,28]. In this paper,
we extend these previous works to U-DHOST theories.

The paper is organized as follows. In the next section, we
briefly review U-DHOST theories. Then, in Sec. III, we
derive the effective action governing weak gravitational
fields in U-DHOST theories. We introduce so-called
effective field theory (EFT) parameters, emphasizing
how the degeneracy conditions in DHOST theories are
relaxed in U-DHOST theories in terms of the EFT
parameters. In Sec. IV, we consider generic U-DHOST
theories and show that a linear analysis is sufficient for
weak gravitational fields as opposed to the case of fully
degenerate theories in which nonlinear derivative inter-
actions play an important role. On the basis of the linear
analysis, we identify a subset of U-DHOST theories that
evades experimental tests. However, the analysis performed
in Sec. IV is not valid if the functions in the Lagrangian
satisfy a certain relation. This special case is investigated in
some detail in Sec. V. We draw our conclusions in Sec. VL.

II. QUADRATIC U-DHOST THEORIES

Using the notations ¢, = V,¢ and ¢,, =V, V ¢ for
derivatives of the scalar field ¢, the action for quadratic
U-DHOST theories [17] is written as

5
S:/d4x\/1“g[P+QD¢+fR+ZA1L1+£m}7 (1)
I=1
with

Ll = ¢/u/¢/w’ L2 = (DQI))Z,
L4 = ¢M¢m/¢yl¢b

L3 = D¢¢ﬂ¢mx¢yv
LS = (¢”¢/ax¢y)21 (2)

where P, Q, and f are arbitrary functions of ¢ and
X =~g"¢,p,/2, and R is the Ricci scalar. The five

coefficients A(,...,As are also functions of ¢ and X,
and they are expressed in terms of f and four arbitrary
functions ay, ..., a4 of ¢ and X as

S f
Alzal—ﬁ, A2:(12+ﬁ,
/o fx 1
3:ﬁ—7+2a1a3+2 303+ﬁ a,,
fx S aj
Ay = e e T i
Tat YT T X
a,  fx 1 as 1?2
5*ﬁ—m+a1 <W+3a§+y>+az<3a3+ﬁ> .
(3)
Therefore, five of the six functions (f,A,...,As) are

independent. We include the Lagrangian for minimally
coupled matter L. In this paper, this is taken to be
nonrelativistic matter.

U-DHOST theories are degenerate only in the unitary
gauge and do not satisfy all the degeneracy conditions
imposed on totally degenerate theories. In the following
cases, the above action reduces to that of DHOST theo-
ries [8]. The class Ia degeneracy conditions are satisfied if

ay =—a, #0, (4)

as = 2as (%—c@)f—l— (%—4a3>fx’ (5)

where fy := 0f/0X (and in what follows we will use the
same notation for the other functions). In this class, only a,,
as, and f are arbitrary. The class Ia theories are generated
from the Horndeski theory by performing a disformal
transformation [29]. The class Ila degeneracy conditions
are satisfied if

—-2X
=15, (©
a2 AR, )

2X2f

In this case, a;(# 0), a>(# —a;), and f(# 0) are arbitrary.
The class Ila theories are disformally disconnected from the
Horndeski theory [29], and cosmological solutions in this
class of theories exhibit instabilities either in the scalar or
tensor sector [30,31]. In this paper, we are interested in the
phenomenology of U-DHOST theories, and hence do not
impose the above additional conditions that force the
system to degenerate in any gauge.

We will expand the action (1) in perturbations around a
cosmological background with ¢ = ¢(r). For such an
analysis, it is convenient to introduce the effective Planck
mass M defined by
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1‘42 = 4Xa1 (8)

and the dimensionless parameters ar, @y, f1, 3, @1, Ay,
and ay, (the so-called EFT of dark energy parameters)
defined by1

My =2(f —2Xa;),  MPay=2(f -2Xfx—2Xa,).
M2B,:=4X*(a; +3ay)a;, M>p,:=48X>(a; +3a,)a3,
M3 = —4X(fx —2Xay),

M?a; ==—6X(a; +a,), M?*ay,:=8X(a,+Xay),
MPay, =—8X(a, + Xay), )

where the right-hand side quantities are evaluated at ¢ =
¢ (1) and hence these parameters are functions of time. We
will assume that the dimensionless EFT parameters are of
order O(1) (or smaller) when they are nonvanishing. Note
that #, can be expressed in terms of the other parameters as
By =—667/(1 + a;). See Appendix A for some details on
how the EFT parameters are defined.

The degeneracy conditions in class la DHOST theories
impose

ap =0, Ay = Ay,

By = =262(1 + ay) + (1 + ar)pi], (10)

while those in class IIa DHOST theories read

(U +ap)(1+ap)

2(1+ay)’
1+aT ’

07
ap # TFay

ﬂlz ’ ﬂ3:

(11)

In U-DHOST theories, we need to require none of these
conditions, and hence all the EFT parameters are in
principle arbitrary (except for f,, which is subject to the
aforementioned relation).

One might be interested in theories in which the
propagation speed of gravitational waves, cgw, iS equal
to that of light. The gravitational-wave sector has nothing to
do with the degeneracy conditions, and it is easy to see that
ctw = f/(2Xa,). In terms of the EFT parameters, the
conditions under which cgw = 1 read

ar = 0, Qg = —Qyq. (12)
Note, on the other hand, that there is a subtlety when
applying the LIGO bound on the speed of gravitational
waves to modified gravity as an alternative to dark
energy [33].

"The parameters ay; and ay, here are different from those
introduced in Ref. [32].

III. EFFECTIVE ACTION FOR WEAK
GRAVITATIONAL FIELDS

We now derive the action governing weak gravita-
tional fields around a cosmological background in
U-DHOST theories. The metric in the Newtonian gauge
is written as

ds? = —[1 +20(r, D)]d7* + a(1)[1 — 2¥(r, %)|dF2,  (13)

and the scalar field is given by

¢ = po(t) + x(1,X). (14)

We expand the action (1) in perturbations, keeping
nonlinear terms with possibly large spatial gradients V
on scales much smaller than the Hubble horizon scale. To
do so, it is convenient to assign a small bookkeeping
parameter ¢ to the perturbations @, ¥, and z. Keeping the
terms containing at least two spatial derivatives, the
perturbative expansion of the Lagrangian for quadratic
U-DHOST theories yields

L~ V22, V4e2,
Vi, Vi,
VZet, V4et, Voet
V2, V4ed, Voe,
V2eb, V4eb, VOef, V8l
V3¢, Ve, Vo, Ve8¢,
V2¢8, V4 e8, VoS V8eS. V10g8
V22, ..., (15)

where the first line gives linear terms in the field
equations and the other lines show nonlinearities.
(From the structure of the Lagrangian of quadratic
U-DHOST theories we see that there appears no term
of the form V2"~V with n > 5.) Among those nonlinear
terms, the underlined two terms contain the largest
numbers of spatial derivatives per field and we assume
that they can be as large as the terms in the first line. It can
then be seen that all the other nonlinear terms are smaller.
The situation here is essentially the same as that in
Horndeski and DHOST theories. The only new ingredient
in U-DHOST theories is the term in the first line that
scales as ~V*e?,

We thus keep the terms that scale as V22, V42, V4e3,
and V%" in the perturbative expansion, and obtain
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2

L = 2a (1@ + 2P + c37) V27 + c, PV2D + s PVP 4 c®V2D + (7P + cs® + coit)V2r —l— (Vz )?
1 1 - -
+ LS + L a(VPa)? 4+ — 5 (ba® + b3lp)5§al + 5 (0@ + bs¥)EF
1
?(bétv W+ bsV,® + bgV,7)V;7V,V; 7t+ Jr(V2 )?
i4( L+ d\ Ly + dyViaV 7V ViaV Vi) | — aDp, (16)
a
where
g(33a1 = (vzﬂ')z - V,-Vjﬂv,-vjﬂ, ; = (vzﬂ')z + vivJ‘ﬂ'vivJ’ﬂ',
1 1 - 1
L5 = —E(vn)Zv%, L5 = ) (Vr)2E54, Ly = —E(Vn')zé'j, (17)

and p = p(1,X) is the nonrelativistic matter overdensity.
Here, a dot denotes differentiation with respect to ¢. The
explicit expressions for the coefficients ¢y, ¢,, ... in terms
of the EFT parameters are given in Appendix B. The
coefficients ¢, b;, and d; vanish in the case of class Ia
totally degenerate theories. We have only one term that
scales as ~V*e?, ¢,0(V?x)?, and all the other terms scale as
~V2n=Den wwith n =2, 3, and 4. The latter terms are
essential in the Vainshtein regime in Horndeski and
DHOST theories, while, as we will see, the former term
plays a crucial role in U-DHOST theories with a; # 0.

We assume that M is of order of the Planck mass Mp;. We
also assume that ¢py = O(MH,), where H, is the Hubble
parameter today. This is a natural assumption given that ¢
is supposed to be a dark energy field. It then follows from
the explicit expressions that the orders of magnitude for the
coefficients are given as in Table L.

IV. LINEAR REGIME IN THEORIES
WITH a+a, #0

Let us first consider static gravitational fields in the linear
regime in theories with a; 4+ a, # 0 (and hence a; # 0) by
dropping all the nonlinear interaction terms in Eq. (16). The
linear equations of motion read

2
A\ V2r + ey VW + 2cs V2D = e (18)
V2 + V2@ + 2¢5s VY =0, (19)
C]VZ(D + szzlp + 2C3v277: + 2C]0v4ﬂ' = 0, (20)

It may therefore be appropriate to write this quantity as
Sp(t,X).

|
where we set a = 1. After simple algebra we have

[—cicc4 + cles + 3 + c3(c — 4esc)
0]
+ (c2 —dcscg)c o VAV ¥
VA
¢ —des(ez +¢oV?)
= | —cicy +2¢4(c3 + o V?)

2C1C5 — CyCy

[k (21)

It can be seen from the orders of magnitude of the
coefficients that

TABLE I. Orders of magnitude for various quantities.
Quantity Order
0.50 MPIHO
M My,
ar, Ay, aAp, Ay, Ay, ﬁl’ ﬁ3 1

Ci, € M1
Cc3 M_2
Cy4, C5, Cq 1

€7, €3 M~'Hj!
C9, C1p M_zHa2
by, by M3 Hy?
b27 EZ’ b3a 535 b4s b5 ]‘4_21'162
be> be M~ Hy?
dy, dy, dy M~ Hg*
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—c1Cy¢y+cies+c5ce+c3(c—4esce) + (c3—4esce)cigV?

=0O(M2)
l“(0421—40506)010V2 (22)

=a; x O(M™2H;*V?)

on subhorizon scales satisfying a; V2 > H3. Similarly, we
have

C% - 4C5(C3 + Clovz) >~ —4C5C10v2, (23)
—c1¢y + 2¢4(c5 + ¢1gV?) 2 2¢401 V2. (24)

Using the expressions for the coefficients in terms of the
EFT parameters, we thus obtain

V20 ~ 47G\ 7, (25)
P Ciz‘(’;)q) (26)
a Vi [ Eentaltall Jh )
where
827G {2(1 - ai(; t ?1T)+ aT)ﬁ}] # (28)

That 7 obeys the fourth-order differential equation with
respect to the spatial coordinates signals the presence of
the instantaneous mode. Noting that ¢; ~ ¢, = O(M™1),
we have

Viz X H}

ar, 7 M2V2 V2¢ ~ ﬁ V2¢ < VZ(I) (29)
and we can thus check that the fluctuation of the scalar field
is suppressed compared to the gravitational potential. As far
as the metric perturbations @ and ¥ on small scales are
concerned, we do not need the explicit expressions for ¢y,
¢y, and c3 in order to give a prediction.

The above expressions themselves are not particularly
new, as they were already obtained in Ref. [31]. However,
Ref. [31] focuses on the case of totally degenerate
theories and it is argued that if the class Ila degeneracy
conditions are satisfied then the effective gravitational
coupling G( 170) diverges, as seen from Eq. (11). In

contrast, in U-DHOST theories, GE\‘,’”&O) is finite and the
standard Newtonian behavior of gravity is reproduced
thanks to the breaking of the degeneracy conditions.
Note, however, that we still have W # ® in general,
and the parametrized post-Newtonian parameter y =
¥/® is given by y = (1 +ay)/(1 + ar), which must
satisfy |y — 1| < 107> according to the experimental con-
straints in the Solar System [34]. Therefore, only the

subset of theories satisfying |ay — az| < 107> is phenom-
enologically acceptable.

As opposed to the Vainshtein regime in Horndeski and
DHOST theories, the linear study is sufficient in the present
analysis of U-DHOST theories with a; # 0. For example,
one could have nonlinear terms of order O(b,(V?x)?) and
O(d,(V?x)?) in the 7-equation of motion (20). However, it
is easy to see that the former and latter terms are suppressed
respectively by (H3/V?)® and (H3/V?*)®* compared to
the linear terms. Thus, the linear result here is not inter-
vened by the nonlinear derivative interaction terms that are
relevant to the Vainshtein mechanism in Horndeski and
DHOST theories. In other words, the Vainshtein mecha-
nism does not work to make ¥ = @, and as a result a; and
ay are indeed constrained by the experiments in the Solar
System as stated above.

Even if one sticks to theories with cgw = 1 and no
deviations from the standard GR result in the Solar
System,3 a large theory space is still allowed. In terms
of the functions in the Lagrangian, the condition ay =
ar = 0 implies

but a,, as, and a, are free as long as a, # —a;.

So far we have considered static gravitational fields, but
the result can be extended straightforwardly to allow for
time dependence. Reviving the scale factor, it is easy to see
that even in a time-dependent setup one has

=426\ p(1,3).  (31)

vz(b - 1 + ar Vz‘{‘
a  \l+ay) a
This result is valid in the limit V> > @>H} and can be used
for studying the evolution of cosmological density pertur-
bations at deep subhorizon scales. Note, however, that there
must be deviations from GR on large scales even in theories
with ar = ay (in addition to a possible time dependence of

Gy (@.70) ), as seen from Eq. (21). Cosmological tests of such

theones would therefore be intriguing.

V. VAINSHTEIN REGIME IN THEORIES
WITH at+a,= 0

A. Modified gravitational forces

Let us now turn to the case where one of the class la
degeneracy conditions is satisfied, a; +a, =0, but
another condition (5) is not satisfied. In this case, we have

a; = ay; — ay, = 0, and hence the higher-derivative term

3N0te, however, that here we have only evaluated the para-
metrized post-Newtonian parameter y. It would be interesting
to calculate all the parametrized post-Newtonian parameters in
U-DHOST theories [35].
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with the coefficient ¢,q which played an essential role in the
previous section vanishes.” Upon substituting a; =
ay; — ayy = 0, the apparent form of the Lagrangian
(16) is identical to that obtained in quadratic DHOST
theories [25,26], with all the terms being of order
O(V?"=Dgm), which implies that the nonlinear derivative
interaction terms are no longer negligible. The difference
from the previous analysis of totally degenerate theories is
that in U-DHOST theories S5 is an independent parameter
that is free of the degeneracy conditions (10). As we will
see below, this drastically modifies the gravitational forces
around a source in contrast to the case of the Horndeski and
DHOST theories.

We focus on the nonlinear Vainshtein regime in which
we have

Vo VY

a? a?

(V2z)2  p Vir
~— 3> —, 32
a*X  M*T Md? (32)

One can estimate that this approximation is valid on scales
smaller than the Vainshtein radius (rgHy?)'/3, where rg is
the Schwarzschild radius of the gravitational source. We
consider a static and spherically symmetric setup in the
Vainshtein regime. Setting again a = 1 and using r = |X|,
the equations of motion take the form

djézdjll’:djﬂ:()’ (33)

dr dr dr

where

Jo = —(ag —ay +4p,)r(IV)* = (2p, + f5)r* T

M(r)
— B +2(1 AL 34
Par’® +2(1 + ay)r A (34)
Ty = apr(IU)? 4+ 2ay IV + 2(1 + ay)r*®’
=2(1 + ap)r*¥', (35)

Tz = 2(=ay +ay =2 + f3) TV + (2, + f3) r* I D"
+2(ap = 2ay) Tl = 2a, 2 TT'P"
+ (ay —ar —ay +4p,)(IT)?
£ (4, + )T (I 42T, (36)

and we introduced ay = ay; = ay», I1:= 7/+/2X, and the
enclosed mass inside a sphere of radius r:

M(r) = 4z A " p(x)xdr. (37)

*In principle, one can consider a background satisfying
ar, =0 and ay; # ay, by carefully tuning the model so that
ar(45/2) = ax(¢5/2) and ax(¢5/2) # axx(#5/2). We do not
study this case.

Here a prime stands for differentiation with respect
to r. Regularity at r = 0 fixes the integration constants,
leading to

jcp:jly:jn:o- (38)

To make the difference from DHOST theories explicit,
we introduce the new parameter £(# 0) defined by

By = =221 +ay) + (1 +ar)pi] + & (39)

which characterizes the breaking of one of the degeneracy
conditions (10). Hereafter we consider the theories with
cgw = | by setting

ar = O, Ay = —0g. (40)
This is the phenomenologically most interesting case.
Moreover, with this restriction, we have less complicated

equations while we do not lose the essential physics of
U-DHOST theories. From J¢ = 0 and Jy = 0, we obtain

2(1+ay+p1)* = ¢g|r*e!
(aH—|—2ﬁ1)rX

“amr T2

3 Plan+p) (1 Hay+ ) -ERX, (41)

201+ ay + p1)* — &Y

M
=(1+ aH)W+ 2(1 + ay)(ay + 2p1)rX

2B (1 + )~ EPX )

where X := (IT")?>(> 0). Equivalently, one can write

3 M/8xM?

(am +2B1)r
r gl
+m{|:(aH+ﬁl)<l+aH+ﬁl>_§ ¥
- |:ﬂl(l+aH +ﬁ1)—§]q”}’ (43)
X = i[‘P' — (14 ay)?]. (44)

9971

These equations can be used to eliminate @', ¥/, ®”, and ¥
from 7., yielding

T < I [ERPX" 4 28r X!
+4(ay +26)(1 —ay —34,)X =S8] =0, (45)

where

064091-6



WEAK-FIELD REGIME OF SCALAR-TENSOR THEORIES WITH ...

PHYS. REV. D 109, 064091 (2024)

S = d(ay + 2ﬂ1)4ﬂMW
M/
+[2(aﬂ+ﬁl>(1+aH+ﬂl)_§]W- (46)

We discard the solution IT" = 0, because this branch does not
satisfy (32) and hence is not the solution we are looking for
in the nonlinear regime. We therefore consider the branch in
which the expression inside the square brackets in Eq. (45)
vanishes:

ERX" £ 268X +4(ay +28)) (1 —ay =3 X =S.  (47)

Now the particular nature of U-DHOST theories is manifest.
If £ =0, this reduces to an algebraic equation giving the
Vainshtein solution obtained in the previous studies of
DHOST theories [24-26]. If £ # 0, Eq. (47) is a differential
equation signaling the presence of an instantaneous mode.

One can obtain the general solution to Eq. (47).
Substituting then the solution to Egs. (41) and (42), one
can express @ and ¥’ in terms of M. However, to contrast
our result with the previous one in DHOST theories
[25,26], it is more convenient to proceed in a different
way and derive a single third-order differential equation
for the potential ®. This can be done as follows. Using
|

Gy oM _Bilag +51)
2(ay +20))

> -I-aH
r r

G;?L:())MN i — |:(a[.1 + 3,31) }% +a

Eq. (41), its derivative, and Eq. (47), one can express X and
X' in terms of @ and @”: X = (...)D + (...)®",
X' =(...)@" + (...)@". Equating the derivative of the
former to the latter, we obtain the following third-order
equation for ®:

.0 + % _ ElG](\(/XL:O)M”, (48)
where
o= r2d — G;{;L:O)M, (49)
and
872G\ = ! (50)
N M2 (1 —ay =3p1)
- 5
B, = , 51
4(1 —ay = 3p,)(ay +2p) 51
- (ag+51)*
s s—_ 3 . 52

We then eliminate X and A" from Eq. (42) to get

[1]

—

1

[x

(yl_ﬂl(aH+ﬂl)6//:|
B 20ay +26)° |

In the case of £ = 0, Egs. (48) and (53) reproduce the result obtained in Refs. [25,26].

The general solution to Eq. (48) is obtained as

G(U’L =0)

—_
=
—

c=—1 N [r”+ /rx”-/\/l”(x)dx—r"- /rx”+/\/l”(x)dx
Ry R

E.(ny—n_) X

where

(1+/1-4/E), (55)

nitz

N =

and C; and C, are integration constants. In the first line, the
lower bounds of the integrals are arbitrary, but for con-
venience, we set them to be the radius of the spherical
object Ry. Since M” = 0 for r > Ry, the first line vanishes
in the region exterior to the object. In the second line, we
introduced R, and the total mass M, := M(R) so that the
integration constants C; and C, are dimensionless. Note that
1 —4/Z, can be negative, and in that case /1 —4/Z, in
the equations here and hereafter should be replaced by

iv/T—4/Z.].

] +C,G M, (Ri

0

) L1060 M, (RL) T (54)
0

|

In the following analysis, we assume that ay, B, and &
are small numbers of O(¢). It then follows that E, = O(1)
and E; = O(¢). This assumption is used to estimate
the corrections to the standard result in general relativity.
If 6 is suppressed by a factor of order O(e), so is

v — GE\‘,'L:O)M /r?, and the deviation from general rela-
tivity is expected to be small.

In the region exterior to the spherical object, we have
M" =0, and hence

(ap=0)
G M
' = NTO [1+ Ag(r)], (56)
(a;=0)
G M
w_IN_ 770 . 011 + Ag(r)], (57)
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where

Aolr) =C, (—) e (—) SET

0 0

A(r) =0, (Ro> " (RO) L (59)
with
5 _ B 1 pilay +51)
G=-g [(””*)“’1%/3 e 2(aH+2ﬂ1>}c“ (60
&= ”[<1+n Yoty + 3, + 1%}62. (61)

Substituting Eqs. (56) and (57) to Eq. (43), we obtain

X_

{IL Mo[ 2ﬁ1(1+aﬁ+ﬁ1)—§A¢

r day(ay +26))
20y +p)(1 +ay +p1) = ¢

+
day(ay +2p))

AT} . (62)

To see the difference from the result in the Horndeski and
DHOST theories, i.e., the deviation from the standard
(post-)Newtonian behavior, it is necessary to determine
the integration constants C; and C,. For this purpose, let us
turn to discuss the boundary conditions.

In the vicinity of the center, we have M =~ (47/3)p(0)r
and hence it follows from Eq. (54) that

Ei (a,=0) (o= :
~ 871Gy, 0 D,Gy
’ <1+6H*> PO+ M0<Ro>

+ DG\ M0<R0> . (63)
with
= Ry" [R
Dy =C 2 o l_n )/\BIOA 0x"—/\/l”(x)dx, (64)
E.(ny —n_
g Ry [R
D, = C2+:(Vll—l’l)/\20£ Ox”+./\/l”(x)dx. (65)
E.(ny —n_

Let us consider the following three cases: (i) 0 <E, <4
(ne=(1/2)(1£i\/|1-4/E,])); ) E, < -1/60rE, > 4
(1/2<n, <3,-2<n_<1/2);and (iii)) —-1/6 < E, <0
(n, >3, n_ <-=2). At the center, we impose that the
curvature tensors do not diverge. Since the curvature
tensors D ®”, W ~ ¢/r3, this amounts to requiring that
D, ™3 and D,r"-~3 do not diverge as r — 0. Therefore, in
all the above cases one can fix the integration constant C, as

—
=)
=

Rn, R
D,=0=C=—cF / " M (x)d
2 1= 77 (s —n) M, x (x)dx
(66)
Furthermore, in cases (i) and (ii), one can fix C; as
= Ry [Fo
D=0=C =— 1 0 / - M (x)dx
1 1 =.(n, —n ) My Jo x (x)
(67)

The precise values of the integration constants depend on
the detailed information of the density profile. However,
one can roughly estimate their size as C;, = O(¢), and
hence the correction terms Ag and Ay are suppressed by €
if the EFT parameters are as small as O(e).

Having determined the integration constants C, , in cases
(i) and (ii), we now see that in case (i) the gravitational
potentials have the correction terms showing an oscillatory
behavior. The correction terms grow as

A¢,AT~O(6)X,/RLCOS (; |1—4/E*|1nr>,
0
O(e) x [-L sin < [1-4/Z,|1n r) (68)
Ry

and would eventually dominate over the Newtonian term.
What is more problematic is that these oscillatory correc-
tions appear as O(e™!) x Ag, O(e™") x Ay in Eq. (62) and
thus the second and third terms easily make X negative.
Recalling that X = (IT')?> must be non-negative, case (i) is
not acceptable [except for the case where the parameters are
fine-tuned so that the coefficients of the second and third
terms in Eq. (62) vanish].

In case (ii), the correction terms in Egs. (56) and (57)
grow as ~r"+ with 1/2 < n, <3 and dominate immedi-
ately over the standard Newtonian forces. Therefore, this
case is also dangerous.

In contrast, in case (iii), ®” and ¥" do not diverge at the
center even if D; # 0. Instead, one can set C; = 0 so that
the correction terms fall off as ~r"- with n_ < -2.
Therefore, there are small corrections to the gravitational
forces and they remain small:

Agp~ e<i) o< (69)

Ry

For a quasicircular orbit, this modification causes the
anomalous perihelion advance per orbit
¢ = nr[r* (Ao /1) = O(Ag). (70)

For Mercury we have d¢p ~ e x 10>"-, while the observa-
tional error of the advance of Mercury’s perihelion is given
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by 65, ~107'% [36], leading to the bound € x 10**- < 10710
(note that the power n_ depends on the parameters). Using
Moon we obtain a similar bound.

In the interior region, the additional corrections come
from nonvanishing M’ and M”, as seen from Egs. (53)
and (54). Note that, for given M = M(r), these
corrections appear in a different way from the case of

|

G OM[ 1

DHOST theories (2, = 0), because in the DHOST case
we simply obtain ¢ = Z,G\*~° M”2 without solving
the second-order differential equation for o. In the
simple case of constant matter density where M(r) =
My(r/Ry)? for r <R, it follows from Eq. (54) that
the correction to the Newtonian force in the interior
region is given by

— 65]

2 r o\ ne—3 (71)
= 2 1+68, A-5,(5/-E +V4-5,) \R, ‘

Here, we presented only the result of case (iii) (—1/6 < E, <0, n, > 3, n_ < —2) since the correction in the exterior
region remains small only in this case, as we have seen above. For completeness, we present the exterior solution explicitly,

Gy~ M,

/ N — _ .
i 2 - 2

Note that @' is continuous across r = Ry.

VI. CONCLUSIONS

Higher-order scalar-tensor theories in general have
unstable Ostrogradsky modes due to the higher-derivative
nature of the field equations. To evade this instability, the
degeneracy conditions are imposed among functions in the
Lagrangian so that the kinetic matrix is degenerate in any
gauge. The dangerous Ostrogradsky mode is thus removed
in such (totally) DHOST theories [8—10]. Recently, it was
noticed that one can have healthy higher-order scalar-tensor
theories even if the degeneracy conditions are satisfied
only in the unitary gauge and are thus broken partially.
A seemingly dangerous mode then appears, but it is an
instantaneous mode obeying an elliptic equation on space-
like hypersurfaces, and hence the system is free from
instabilities under appropriate boundary conditions. Such
theories are called U-DHOST theories, whose action is
given by Eq. (1) with Egs. (2) and (3).

In this paper, we have studied weak gravitational fields
produced by a nonrelativistic source in U-DHOST theories.
We have paid particular attention to the role of nonlinear
derivative interactions that are essential for the Vainshtein
screening mechanism in the Horndeski theory [21-23] and
its breaking in theories beyond Horndeski [24-28].

First, we have considered the generic U-DHOST theories
satisfying A; + A, = a; + a, # 0, characterized by a; # 0
in terms of the so-called EFT parameters. In sharp contrast
to the case of totally degenerate theories, we have found
that nonlinear terms can never be important and the linear
analysis is sufficient in the weak-field regime of U-DHOST
theories. Since the Vainshtein screening mechanism does
not come to help at all, we need to tune to some extent the
form of the Lagrangian in order to pass solar-system tests.

1231 ( r )”-
— . 72
\/4 - E* (5\/_5* - \/4 - E*) RO ( )

|

We have identified the subset of U-DHOST theories
evading the experimental tests, which is characterized by
f=r1(®),a, = f/2X # —a,, with the other functions of ¢
and X being free [see Egs. (1)—(3) for the more explicit
form of the action]. Note that, thanks to the detuning of the
degeneracy conditions, U-DHOST theories are free from
the pathology of the diverging Newton constant and
unavoidable gradient instabilities pointed out in totally
degenerate theories with a; # 0 [31].

Our results show that there exists a large family of
healthy, viable scalar-tensor theories in the U-DHOST
class. Then, it would be interesting to explore cosmologies
of U-DHOST theories and test them against cosmological
observations such as the cosmic microwave background,
using, for example, the Boltzmann solver developed for
higher-order scalar-tensor theories in Refs. [37-39]. This is
left for further study.

We have also investigated the special case where
a; xA; + A, =a; +a, =0, but the remaining one of
the degeneracy conditions is still violated. In this case, the
nonlinear derivative interactions play a key role in deter-
mining the behavior of weak gravitational fields as in the
Vainshtein regime of totally degenerate theories.
Technically, the problem essentially reduces to solving
an algebraic equation for the first derivative of the fluc-
tuation of the scalar field, #/, in the case of totally
degenerate theories. In contrast, we need to solve a
differential equation for z’ in U-DHOST theories (with
a; = 0). As a result, we have found that the Vainshtein
screening mechanism does not work well both inside and
outside a matter object, giving rise to modifications of
gravitational forces. The detail of modifications depends on
the density profile of matter as well as the theory param-
eters in a complicated way, and in some cases the
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modifications are too large at large distances from the
source, invalidating the models.
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APPENDIX A: THE NONLINEAR EFFECTIVE
ACTION AND THE EFT PARAMETERS

Writing the metric as ds* = —N2d? + y;(dx*+
Nidt)(dx/ + N/dt), one can express the U-DHOST action
(1) in the unitary gauge in terms of the ADM variables as

S = /dtd3x\/77N{P + OK + (f + 2XA1)K{K; — (f —2XA,)K? + fR®)

24
N

where X := ¢3/(2N?), K; ; is the extrinsic curvature of
spatial hypersurfaces, R®) is the three-dimensional Ricci
scalar,

Vi=to, <@> LolNig, (A2)

N '\ N N N

and a; := 9;N/N. Here we defined the functions P and Q of
tand N as

P==P+\/)_(/X%dy,

N . 2
Q 1= —sign(qbo) /X \/5Qy(¢7’ y)dy - %flﬁ (A3)

+ == (=fx + Ay — XA;)KV + [A| + Ay — 2X (A3 + Ay) + 4X?As]V2 +4X (—fx — A + XA4)a,~a’}, (A1)

[
In deriving the above expression we used the fact that for
any function F of ¢y and X the following combination is a
total divergence:

VIN |(F 4+ 2XFy)V + %FK F2XF,|.  (A4)

The above action is then expanded around a flat FLRW
background in terms of the perturbation of the lapse
function, SN = N — 1, and the perturbation of the extrinsic
curvature, §K! = K/ — H§!. We obtain the action of the
form

M? S 2
S = /dtd3x\/;77{(l + 6N) {51{{51{; - (1 +§aL>5K2] 4+ (1 + a7)R®) + 4HazdNSK + (1 + ay)SNR®)

—+ 4ﬁ15K5V +ﬁ25V2 —|—ﬂ3a,~ai - aVl5N5K{5Kl/ + avz5N5K2 —+ HZaK5N2 —+ },

where 8V := N/N — (N'/N)o;N and the ellipses represent
the terms that are irrelevant for weak fields in the
quasistatic regime (the last term H?axdN? is also irrel-
evant for that case). The EFT parameters introduced in the
main text are defined as the coefficients in the above
effective action.

Let us comment on the stability of linear perturbations in
U-DHOST theories. The quadratic action for scalar per-
turbations around a cosmological background can be
derived from Eq. (AS). It is known that the scalar
perturbations are unstable in fully degenerate theories with
a; # 0 in the case where tensor perturbations are stable,
M?>0,1+ ar > 0[30,31]. This is not always the case if
the degeneracy conditions are relaxed.

[
It is convenient to introduce ¢ defined as

£=¢—BioN, (A6)

where ¢ is the wusual curvature perturbation, y;; =
a?(1)e*6;;. Ignoring the effect of matter fields, the quad-
ratic action for 5 on subhorizon scales can be written as [31]

_ s @M 6(1+ay) zo B o
5= [0 AL g - 8 qagy.

(A7)

where a; # 0 has been assumed and
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2(1+a)*2(14ay)? — (1 +ar)p3]
4(1+ap)(I+ap)p +2(1+ap)pi+ (1 +a,)*ps
(A8)

B:=

Note that B neither vanishes nor diverges if one relaxes the
degeneracy condition on f;. To avoid ghost and gradient
instabilities on subhorizon scales we need to require that

1 -
LI/ 0, B > 0. (A9)

ap,
|

The stability conditions for superhorizon perturbations are
much more complicated and can be found in Appendix D
of Ref. [31].

APPENDIX B: THE COEFFICIENTS IN THE
EFFECTIVE LAGRANGIAN

The coefficients in the effective Lagrangian (16) are
given explicitly by

2 .
cp = —%{H[Z% —2ay + 20, + f3(1 +ay)] + B3},

4
Cy = %{H[O‘M +ay(l +ay) —ar] +ay},

1
C3 = ——{H2[4GB(1 +ay)

—4(ay + ay + agay — ar) + (1 + ay)?ps)

+ H(4 + 4ag — day + 8ay, + P + ayfs) + H[dap — 4ay + sy + 2(1 + ay)Bs] + B}

o

+ [H(L 4 ay) (4p) + B3) + 4P + B3] —— 200X

cy =4(1 + ay), cs = =2(1 +ar),
4 2
c7 ::_—(aH—aL), Cg :=—~_(2ﬂ1+ﬁ3)’
0 ¢0
1
bl = 6X¢O {H[lZaB - 3aH(aM + 3) + 4'aL(ZaM -

—3ay + 8ay + 3(ay; —861)} + [3(4B1 + Bs)

1 d bo

l; -0 M2
! 3M2¢0th( W) = g5

avz),

1
x \¢

(ayy —

~ 1
by == —— (2a;, + ay; — ay,), by =

4
2 a

b4:=—g<aH—?L), bs =
1

5 -
T__aL>7 bs =
1 4
X <2ﬁ1 + B3 _§GL>’ bg =

1
(b + b3) -

¢o p+p
4x2 2M2X’

— (4B + P3) 5
=P,

1 a
Co ’=ﬁ(4ﬂ1+/53)7 C10 ==—3—)L(,
3) + 3ay(ay; — 881 —2) + 9ar — 3ay]
bo
— 8ay | 22
alx
1 1 5
by = 3% [ ay —4p + (aVl +ayy) + 304,

3 6X’

aj,

4
be = — - — , d, =— —,
o 2poX (3 ot an a”) 17 Tox 6X2
- 1 /4 1 4
d, ’=@<§%+0‘v1 —05\/2), d, ’=m<4ﬁ1+ﬁ3—§%>, (B1)
where ar, ay, pi, B3, ar, ay;, and ay, are the EFT parameters defined in Eq. (9), ay, and ap are given by
2 d. .,
M*Hay, = — M=, (B2)
dr
MZHC(B = (3fX + 2XfXX + Al - 2A2 - 2XA2X + 3XA3 + 2X2A3X — 2XA4 + 4X2A5)¢Oq'50
—2H(fx +2A; 4+ 2XA x + 3A; + 6XAsx + 3XA3)X + (f4 + 2Xf px + XOx)do. (B3)

H := a/a, and we used the homogeneous part of the field equations to simplify the expression for ¢; and express it in terms

of the background energy density p and pressure p.
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