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An interesting idea, dating back to Feynman [Report from Chapel Hill Conference, edited by
C. M. DeWitt and D. Rickles (1957)], argues that quantum mechanics may break down for large masses
if one entertains the possibility that gravity can be “classical,” thereby leading to predictions different from
conventional low-energy quantum gravity. Despite the technical difficulty in testing such deviations, a large
number of experimental proposals have been put forward due to the high level of fundamental interest.
Here, we consider the Schrodinger-Newton (SN) theory and the correlated worldline (CWL) theory, and
show that they can be distinguished from conventional quantum mechanics, as well as each other, by
performing pulsed optomechanics experiments. For CWL specifically we develop a framework resembling
the commonly used “Heisenberg-picture” treatment of coupled oscillators, allowing one to perform simple
calculations for such systems without delving into the deeper path-integral formalism. We find that
discriminating between the theories will be very difficult until experimental control over low frequency
quantum optomechanical systems is pushed much further. However, the predicted departures of SN and
CWL from quantum mechanics occur at the same scale, so both alternative models could in principle be

probed by a single experiment.
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I. INTRODUCTION

A. Motivations

Ever since quantum mechanics (QM) was discovered,
reservations have been posed about its applicability at
macroscopic scales. In recent decades QM has been tested
in experiments on superconducting SQUID devices [1],
which confirmed the QM predictions made by Leggett et al.
[2]; similar tests were also done in magnetic systems [3].
A key question—of just how macroscopic were the super-
positions involved in the SQUID tests—is still being
debated [4-6].

However, such experiments do not test the most
widely discussed mechanism for a breakdown of QM, that
coming from gravitation [7—10]. To test this requires “mass
superpositions,” in which a sufficiently massive object is
quantum delocalized. Such experiments are very difficult—
the largest “2-slit” mass superpositions achieved so far
involve molecules with mass ~34,000 amu [4].

At issue here are two of the biggest questions in physics,
viz., (a) how can one reconcile QM with general relativity
(GR), which governs physics at large scales; and (b) how to
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reconcile quantum superpositions with the everyday mac-
roscopic world of definite classical states (often called the
“measurement problem”).

The claim is that these problems may be resolvable in a
theory wherein gravity causes a breakdown of QM.
Candidates for this theory [11] include:

(1) Collapse models: A phenomenological nonrelativ-
istic approach in which a universal noise field,
arising from gravity, causes collapse of the Schro-
dinger wave-function [12-14]. Recent experiments
seem to have ruled out this “CSL collapse” idea
[15,16], both for general collapse scenarios, and for
the “gravitational collapse” version.

(ii) Schrodinger-Newton: A semiclassical approach,
again nonrelativistic, in which gravity modifies
the Schrodinger equation to a “Schrodinger-
Newton” (SN) equation for the wave-function dy-
namics [10,17,18], leading to a dynamics different
from standard QM for this wave function. Ap-
proaches like this have been criticized because they
allow superluminal signal propagation [19,20], and
for other reasons [21].

© 2024 American Physical Society
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A careful examination of these criticisms reveals
that such superluminal signal propagations all arise
from the prescription that once a measurement is
made locally, a system’s wave function simultane-
ously collapse across the entire constant-time slice
of space-time. Superluminal signal propagation can
then be circumvented if the wave function used to
generate gravity at each point is instead taken to be
the “local conditional state” that is only sensitive to
measurement results within the past light cone,
leading to a “causal conditional” formulation [22],
which we shall adopt in this paper. We do caution
that while this formulation avoids superluminal
signal propagation, it has not been shown to be
generalizable to full general relativity with general
covariance.

(iii) Correlated worldlines: A covariant relativistic field-
theoretic approach in which the fundamental objects
are the path integral “histories” of the matter and
metric quantum fields. Although these fields are
quantized, their histories are coupled by gravity
(also quantized), and this modifies their dynamics
and causes a breakdown of the superposition prin-
ciple [23,24]. For large masses this leads to a “path-
bunched” dynamics which eventually becomes
classical. The form of this “correlated worldline”
(CWL) theory is actually fixed by very general
considerations, with no adjustable parameters, and
it turns out to satisfy all the relevant Ward identities
[25], has a consistent classical limit (Einstein’s
theory), and consistent expansions in both Newton’s
constant Gy and 7.

Each of these theoretical approaches helps to give a
framework for experiments to work in—in principle they
give predictions different from QM and from each other.
Such theoretical frameworks are very important for any
experimental tests—it is hard to test a theory unless one can
compare specific predictions with those of competitors.

What then is the best way to test theories of this kind?
Feynman’s original thought experiment [7,8] involved a
2-path system, and there have been several analyses of
2-path experiments since then, both phenomenological
[9,26], and microscopic [24,27].

However a genuine 2-path interference experiment for a
massive object is forbiddingly difficult, simply because the
de Broglie wavelength is far too short (for an object having
the Planck mass M ,, moving at ~1 m/ sec, the de Broglie
wavelength A ~ 5 x 107>7 m). Instead the interest of the
community has focused primarily on optomechanical
experiments, and there is good reason for this—systems
such as LIGO have shown how fantastically sensitive an
optomechanical setup can be, in spite of a large variety of
noise and decoherence sources [28]. In this paper we
investigate a class of tests that may be done with opto-
mechanical experiments, and provide detailed predictions

for the Schrodinger-Newton and CWL theories, and
for QM.

B. Optomechanical experiments

The sensitivity of some optomechanical systems is such
that if QM is obeyed at the mass scale of the LIGO mirrors
(i.e., 40 kg), then one may at some point expect to see clear
evidence for the macroscopic quantum behavior of these
mirrors [29]. Such an observation would constitute an
increase in the mass scale at which QM has been verified by
a factor of 7 x 10?, and would thus certainly have
extremely important consequences for future physics.

However, as we will argue here, it will not in fact be so
easy to eliminate competitor theories to QM; and in
optomechanics experiments it will require advancing
the frontier of present experimental capabilities. This
is because the competing theories only show sharp
differences from QM under certain circumstances, i.e.,
for nonlinear measurements and/or non-Gaussian states.
Thus, the Gaussian-shaped quantum delocalization most
commonly achieved in optomechanical systems will look
almost identical whether the physics is fundamentally
described by QM, Schrodinger-Newton, or CWL theory.

So far ideas for optomechanical tests of QM at the
macroscopic scale mostly involve, in one way or another,
the probing of the motion of macroscopic mechanical
oscillators. The use of an optomechanical set-up to test
low-energy quantum gravity was apparently first suggested
20 yrs ago [30,31], within the context of Penrose’s idea [10]
that self-gravitational effects could dephase state super-
positions of a massive body; this idea was later discussed
using a Schrodinger-Newton equation for the wave-
function dynamics [32,33], as well as in the related semi-
classical gravity approach [34].

There have been many more recent proposals for
optomechanical tests of QM. Perhaps the best known
example is the observation of suspended test masses (the
LIGO system being a classic example of this). At first
glance these experiments [35,36] indicate that the test
mirrors are behaving quantum mechanically—however,
as noted above, we will show in this paper that the issue
is more subtle. Other proposals include the measurement of
nanosphere dynamics [37] and membranes [38]. General
reviews of this field also exist [39,40].

Most of these optomechanical designs involve quantifi-
able mass displacements between the elements of two or
more quantum states in a state superposition, i.e., they
involve mass superpositions. In what follows we will
develop a theoretical framework which allows us to analyze
a variety of different experiments designed to look for
departures from QM in such mass superpositions. One
important piece of this work is the quantitative discussion
of the effects of thermal noise and other environmental
effects. The other is a new convenient framework for
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studying oscillator systems within the CWL theory. CWL is
based upon an infinite number of coupled systems in a
path-integral formalism, and may be perceived as techni-
cally foreboding. To remove this obstacle we have devel-
oped a simple framework, specifically for studying
oscillators, which resembles Heisenberg picture oscillator
creation/annihilator operators calculus.

Provided one ignores the coupling of an optomechanical
system to its environment, optomechanical experiments are
in principle straightforward to analyze, since we are essen-
tially just dealing with a set of coupled oscillators (of which
one or more can be considered to be macroscopic).

Most of this paper will be focused on the example of a
fairly simple optomechanical system, which nevertheless
captures all of the essential features we require. This will be
a single optical cavity, fed by an external driving laser, in
which one of the two mirrors is mobile. The cavity optical
field then couples to the mechanical motion of the mirror—
both motions are quantized, and we are interested in the
way in which the dynamics of a macroscopic mirror is
predicted to be affected by gravity, in the case of 3 different
theories, viz., (i) traditional QM, (ii) CWL theory, and
(iii) Schrodinger-Newton theory.

We also consider a specific experimental design, which
has been widely discussed in the present context, this being
a pulsed optomechanics setup [41], in which the external
laser is pulsed. We propose a specific protocol based on
a series of pulses. This test is designed such that one
expects a certain outcome to occur with probability zero in
QM, but with a nonzero probability in both SN and CWL
theory.

C. Organization of paper

Our paper is organized as follows: we begin in Sec. II
with a presentation of the optomechanical setup, designed
for readers who do not work in quantum optics. The role of
an dissipative coupling to the environment also turns out to
be important, particularly for the CWL theory where it
facilitates “path bunching” [24,42].

In Sec. III we briefly describe the SN approach to low-
energy quantum gravity; the description is fairly brief since
this has been reviewed elsewhere, and previous discussions
of tests of QM in SN theory already exist. In Sec. IV we
recall the salient details of the CWL theory, and then in
Sec. V we then give a detailed discussion of the behavior of
a simple harmonic oscillator in CWL theory. In Sec. VI we
then move on to the description of a cavity optomechanics
experiment in CWL theory.

All of this prepares the ground for a discussion of
experiments using the three theories. Section VII focuses
on the specific case of a pulsed optomechanics experiment.
One can compare the “ground states” of the system for the
three theories (QM, CWL, and SN), insofar as these states
are properly defined. Finally, Sec. VIII gives a general
discussion of our results, and our conclusions.

We find that for typical values of experimental param-
eters currently prevailing, the difference in predictions of
the three theories for optomechanical experiments are very
small—however, we see that they can be calculated, with
no adjustable parameters. We thus conclude that to test
these theories it will require significant advances in the
control of quantum states of low frequency massive
oscillators (e.g., torsional pendulums).

II. CONVENTIONAL CAVITY OPTOMECHANICS

Before looking at how an optomechanical system will
behave in theories where QM breaks down, we first
consider how it behaves in conventional theory. By this
we mean a theory in which QM is obeyed at low energies,
and wherein low-energy quantum gravity is described by a
path integral in which one integrates out the quantized
metric field ¢#(x) according to the usual rules of quantum
field theory (QFT).

A. QM description of optomechanical experiments

There is a large variety of different experimental opto-
mechanical systems [43], and one can certainly treat each
of these individually. However the key physics is summa-
rized in the setup shown in Fig. 1(a), where one assumes a
cavity optical mode with resonant frequency w.,, to be
excited by an external drive laser, and wherein one of the
cavity mirrors, of mass M, is mobile and behaves as a
harmonic oscillator with frequency ®,,; the other mirror is
fixed rigidly.

M,
NI ?.""z :<— Q,(t)

(a)

(c)

t t
Jl=1L =
t

(b)

FIG. 1. The optomechanical system considered in the text. In
(a) we show the cavity schematically; the laser field is injected
from the right, and the oscillating mirror of mass M, is on the left
side of the cavity. In (b) the pulse sequence protocol is shown as a
function of time. In (c) we show a spacetime diagram for a pulsed
optomechanics experiment, with time along the vertical axis;
the initial state (at bottom) and the final state (at top) have all the
energy in the cavity mode, with a stationary mirror; the
intermediate state has an oscillating mirror. The mirror coordinate

is Q,(1).
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If both mirrors were dynamical, or there was another
mechanical oscillator nearby, conventional low-energy quan-
tum gravity predicts graviton-mediated correlations between
the massive oscillators’ motion. Genuine experimental pro-
posals based on variants of this setup have been put forth to
measure these correlations, and thereby test conventional
quantum gravity at low-energies [44]. In this paper we will
focus only on systems with just one moveable mass, so that
conventional gravitational effects are negligible.

If there are departures from QM to be seen in such an
optomechanical system, it is most natural to assume they
will be shown in the dynamics of the massive moveable
mirror. This assumption simply reflects the belief that QM
has been adequately tested on microscopic systems, and on
excitations of the EM field A#(x). If one is interested in
departures from QM caused by gravity, we note that
interactions between A*(x) and the metric field ¢"*(x)
are here completely negligible.

To be specific we assume the moveable mirror to be in
the form of a cylindrical plate, of radius R, thickness L,
and density p,. The internal structure can be amorphous or
crystalline, and as we note below, some quantitative
differences between the two can show up in experiments.

A detailed description of the mirror and its interaction
with the quantized EM field is actually quite complicated.
In particular one needs to account for:

(i) The structure of the mirror surface. This may be very
complex, with multiple layers having different
dielectric properties. At length scales > a,, the
interatomic spacing, one may model these using a
position dependent dielectric function ¢(r, w). How-
ever the microscopic structure of the mirror, both in
the surface layers and in the bulk, is also relevant,
because dynamic defects (often modeled as “two
level systems™) will interact with both mechanical
and EM modes.

(i) Both the fundamental mechanical mirror coordinate
and the other higher mechanical modes interact
dissipatively with the mirror supports, whatever
these may be—this interaction involves microscopic
defects of various kinds.

In a simplified treatment these details are ignored, and
one uses a model in which the pressure on the mirror from
the cavity optical mode gives a simple linear bilinear
coupling 1QATA between the mirror center of mass
coordinate Q and the cavity photon operators A", A, with
a coupling 4 = —0dp®@cay (Q)|g—o- The cavity photons also
couple to an external driving laser, whose ‘“classical”
amplitude inside the cavity is written as

ain(t) = e_itha)caVLa(t) (1)

NG

where a(f) is a slowly varying (relative to the main
frequency wy ) envelope pulse profile; this amplitude gives

the mean number of photons sustained in the cavity mode
by the laser.

Our system is then that illustrated in Fig. 1(a). The
Hamiltonian for this system is written in the form of a pair
of coupled oscillators with a driving force coupled to the
optical cavity oscillator, viz.,

P> Mw? . 1
H= | — " Q2 ATA+
5o o ()
- /IQATA - \/’z(ATain + Aai*n) (2)

where +/k is a phenomenological coupling constant

between the driving laser and the cavity mode in question.
We also introduce operators a,a’, with a =A —a,

which describe photon fluctuations about the mean photon

amplitude in the cavity. In the same way we define

“phonon” operators b, b" for the mirror coordinate Q.
We then have

H = w,b'b+ wga'a— g(t)(b+ b")(ae™ + afe7it)
(3)

plus irrelevant constants. We have here defined an opto-
mechanical coupling strength as

g(t) = /Iz(,a(t) (4)

where z, is the zero point amplitude for the moveable
mirror. Notice that ¢() essentially measures the strength of
the indirect interaction between the incoming laser field
and the mechanical oscillator, simply because the cavity
photon density is entirely dominated by this field, with only
small fluctuations around it. Thus, by switching on and off
the laser field, we can to first approximation switch on and
off the optomechanical coupling, neglecting only the
correction due to small photon fluctuations.

Finally, let us pass to the interaction picture, with
b — e7n'h, a — ¢~='q, and define the laser detuning
frequency A = wy — w.,,. Our quantum optomechanical
Hamiltonian is now given by the simple form

Hint — —g(t)(be_i“’"*t + bfeia)mt)(aeim + a’l'e—iAt) (5)

so that we have isolated out the effect of the interaction
between the cavity fluctuation photons and the mechanical
quanta, with the coupling strength g(7) being proportional
to the driving laser field amplitude.

Consider now the effect of the driving laser on the
system. We note from Eq. (5) that in the “red-detuned” case
when A = —w,,, the effect of the driving laser field in the
combined space of the optical/mechanical oscillations is
simply to “rotate” the basis—i.e., we can swap the energy
back and forth between the 2 oscillation modes. Let us
define the phase factor
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(1) = / ' drg(x) (6)

which gives the integrated effects of the coupling over time.
Again in the resonant case, we see that when ¢(t) =
(n+ %)71'/ 2 we precisely swap the states of the mechanical
and optical oscillators, whereas when ¢(¢) = nz, we return
the system to its ¢ = O state; here n is an integer.

This suggests applying a pulse sequence exactly analo-
gous to that in spin echo experiments. We start at t = 0 with
the mechanical oscillator in its ground state and the cavity in
some excited state, and then apply a z/2 pulse, effectively
loading the cavity state into the mechanical oscillator. We
then let the system evolve—and later we apply a second /2
pulse. If the system has evolved coherently, without
decoherence, then we should recover the initial r = O state.

Formally, we choose a pulse sequence such that g(¢) has

the form
(2n+ )z t—11,
t) = ~——— |rect| —2L2

+rect<t_étp _tp(T+ tp))] (7)

which describes a rectangular pulse of duration ¢, followed
by a free evolution for time 7', and then another rectangular
pulse of duration 7,. The amplitude is chosen such that
¢(1) = (n + )7 between the pulses and (1) = (2n + 1)z
after both pulses, for some positive integer n. This pulse
sequence is shown as a function of time ¢ in Fig. 1(b).

It is also useful to plot the time evolution of the system,
during this pulse sequence, on a spacetime diagram. This is
shown in Fig. 1(c). Physically what happens is that in the
initial (unpulsed) state the mirror is stationary; all of the
energy is in the cavity mode. The first pulse is then applied,
and the mirror now oscillates, having acquired the energy
from the cavity mode. The second pulse then returns the
energy to the cavity mode, and the mirror is again stationary.

As we will see, the interest of this sort of protocol for
testing QM lies in the fact that corrections to QM caused by
gravity can alter the mirror dynamics, and prevent the system
from returning precisely to its initial state, after the sequence
of pulses just described. Depending on what sort of theory
we are dealing with, this may or may not look like a
decoherence effect. By construction, such a pulse protocol
will leave zero excitations in the mirror degree of freedom if
QM is the correct description of the dynamics whereas (as
we will see in later sections) both SN and CWL predict a
nonzero occupation number, so this experiment could in
principle distinguish between QM, SN, and CWL theory.

Schemes like this, where phonon/photon numbers
are measured, are sometimes referred to as “nonlinear
measurement” protocols. Moreover the intermediate state
is a Fock state excitation which is an example of a

“non-Gaussian state.” It is not obvious a priori why linear
measurements and Gaussian states are not sufficient for
distinguishing the three theories, and this will be explained
in detail in a later section. Given that we have not yet
introduced the technical description of SN and CWL we
must leave it for the moment as a statement of fact that, at
least for CWL theory, linear measurements on Gaussian
states are insensitive to departures from QM.

B. Dissipation and decoherence

Any complete description of the optomechanical system
also has to include its coupling to background environ-
mental degrees of freedom, which lead to both dissipation
and decoherence effects. If the optomechanical system is in
thermal equilibrium with the environment, then this envi-
ronment also sets the effective temperature of the system.
Since any tests of QM or alternative theories to QM may be
sensitive to temperature as well as to dissipation and
decoherence effects, it is important to quantify them.

Here we just describe the key environmental couplings
and how they are parametrized—their effects are dis-
cussed below.

The optomechanical coordinate Q and its conjugate
momentum P couple to two kinds of environment, as follows:

(1) There is a coupling to delocalized modes, modeled

themselves by oscillator coordinates (g, px); we
write the Hamiltonian as H.; = H,(P, Q) + H*C,
where H,(P, Q) is just the mechanical oscillator
Hamiltonian in Eq. (2), and where the “oscillator
bath” part of the Hamiltonian is [45-47]

N,

Hose — Z[Fk(P, Q)xk + Gk(P, Q)pk]

k=1

1 (p?

+3 ; <51—’; + m,@%xi) (8)
The couplings Fi(P,Q) and Gi(P,Q) are
~0(N;l/ 2), so that in the “thermodynamic limit”
where the number of bath oscillators N, > 1,
appropriate to a macroscopic environment of delo-
calised oscillators, these couplings are small.

(ii) There is a coupling to localized modes (primarily
defects in the mirror coatings), which are commonly
modeled as a set of 2-level systems, with a “spin
bath” environmental term [48,49]:

Ny Ny
H® = F(P,0:{0,})+ Y h,-0,+> Vot
H Hp'

©)

Here the Pauli spins {5, } are the environmental varia-
bles, with 4 = 1,2, ...N, and the couplings F (P, Q; {aﬂ})
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and the local fields h, may now be independent of N, and
are not necessarily weak (unlike the couplings in the
oscillator bath model). These couplings are in general
functions of the entire set of bath spins.

The interactions V:ﬁ ) o;fzf; , between the spin bath modes
can be weak or strong depending on what these modes are
(the dipolar interactions between defects in the mirror
coating can be strain-mediated or electric dipole interaction
mediated, with nearest-neighbor interactions of strengths
up to hundreds of Kelvin).

For any well-designed mirror one typically assumes that
these environmental effects are weak and that they can be
parameterized by an effective Q-factor for the mirror, with
Q > 1. This amounts to assuming an oscillator bath model
for the environment, with the additional assumption that
this bath is in equilibrium at some temperature 7. If the
coupling of the spin bath modes to the mirror is weak, and
if the inter-defect coupling is weak, then one can map the
spin bath to an oscillator bath [48], justifying this step. In
our view this assumption needs further investigation, but
we will adopt it here.

Under these (quite stringent) circumstances one can
describe the classical behavior of the mirror as a classical
damped oscillator. The quantum dynamics is described by a
quantum oscillator coupled to a quantized oscillator bath.
Both of these models have been studied for conventional
quantum systems in great depth [50]. Later in this paper we
will discuss what happens in the CWL and SN models.

III. SCHRODINGER-NEWTON THEORY

The Schrédinger-Newton (SN) theory is a nonrelativistic
modification of the Schrodinger equation in which QM
breaks down because of a “self-interaction” mediated by
the Newtonian gravitational interaction. It us thus a theory
in which the matter particles are quantized (nonrelativisti-
cally) and the Newtonian gravitational field is treated
classically.

From this point of view one can perhaps think of SN
theory as a nonrelativistic variant of a semiclassical gravity
theory (we recall that semiclassical gravity is defined by the
field equation G, (x) = (T, (w(x))), where w(x) is the
matter wave-function, and k = 827Gy /c* in MKS units).
SN theory has been extensively reviewed [13,14].

For our purposes we wish to consider SN theory for an
extended body. The Hamiltonian of the center of mass of an
extended object with mass M is given in SN theory by

2

p
H=-uT VG + V(X ) (10)

where Vg is the nongravitational part of the potential
energy, and Vs is the gravitational potential, which
depends on the objects center of mass wave function
w(x). In the regime when the quantum uncertainty in
the center of mass motion is much less than the zero-point

uncertainty of nuclei near their equilibrium positions, this
can be simplified into

2
V=105 (x  (x))? (1)
where Qgy is the Schrodinger-Newton frequency, and (x)
the expectation value of the position in the quantum state .

The structure of semiclassical gravity becomes nonun-
ique when measurements are made. First of all, it is clear
that after a projective measurement is made at f,, the
quantum state y should be projected to the eigenstate v’
consistent with the result of measurement—as already
noted by Page and Geilker [26]. However, if we use the
collapsed state function y’ for times greater than ¢, this is
not frame independent, and will allow superluminal signal-
ing, as Polchinski noted somewhat later [19]. In the causal
conditional formulation of semiclassical gravity [22], for
measurements made at space-time event (#,, X,), one will
incorporate its result in the future light cone of this event.

For experiments whose light crossing time is much
shorter than the timescale of the experiment, the causal
conditional formulation has a negligible difference from a
theory in which one instantly collapses the quantum state.
Let us consider a test mass with mass M monitored by light,
with phase modulation of light due to the test masses
detected via homodyne detection. The stochastic master
equation for this is then given by [22]

i~ a ia
dp = ——[H,pldt —— X, &, p||dt — —= [, p]d 12
o [H.pldr = - (% [%. 7] ﬁ[x,p] W (12)
where
82 222 2 (a_ [2\)2
0P mod | mod(i-(3)
H=— 1
2m 2 + 2 (13)
with measurement record given by
dw
dt = a(X)dt + — 14
i = o) + T (14)

Here (-) signifies that we take the expectation value using p,
with

(x) = u(%p) (15)

Here dW is a Wiener increment, and the stochastic differ-
ential equations follow the Ito rule,

dW? = dt. (16)

The formulation here, except the last term of Eq. (13),
follows the standard “quantum trajectory” treatment of
continuous position measurement, which can be found in
the textbook [51] and the review article [40].
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For Gaussian states, which are completely characterized
by expectation values (%), (p) and the covariance matrix
components V,, V., and V,, ,, there is a self-contained set
of equations for these first- and second moments [22]. At
steady state, for the second moments, we have

h 1

Vi = (17)
V2MQ /1 4 VT + A
nooA
Vip =V =5 18
P 214 VT AT 18)
MQ V1I+AY (19)

y == Y 1
PP 21+ V1 F AR

Here we have defined

/ | ha?

Interestingly, these second moments are the same as those
obtained in standard quantum mechanics—if the oscilla-
tor’s mechanical resonant frequency were upshifted to €.
This is consistent with the intuition that in semiclassical
gravity, the “self-interaction” term increases the oscillation
frequency of the oscillator’s quantum uncertainty, as
indicated in Fig. 1 of Ref. [17].

In the limit of very weak measurement, with A < 1, this
is the ground state of a harmonic oscillator with eigenfre-
quency Q. This is a squeezed state with

Oy
Ve = ) V3. (21)

a)m
— vac
Vxx - V)C)C ’

Q
This state has a squeeze factor of

Oy

Q

le —

(22)

IV. CORRELATED WORLDLINE THEORY

We now turn to the CWL theory. We begin with a brief
description of its salient features, followed by a discussion
of how one can treat extended massive bodies. In the next
section we deal with the specific case of a massive
oscillator.

A. Key results from CWL theory

Introductory discussions of CWL theory have appeared
in a few places, either as general overviews [11], or in the
introductory sections of more specialized papers [24,42]. In
this section we very briefly recall those features of CWL
theory relevant to this study.

1. Propagator in CWL theory

CWL theory is formulated in terms of paths (for
particles) or “histories” (for fields). Thus one starts from
Feynman paths; recall that the conventional nonrelativistic
Feynman propagator K,(2,1) for a particle with action
S,[0], between states |1) = |Q,) and |2) = |Q,) at times #,
and 1,, is

K1) = [ Doenie (23)

in which one sums over all different possible paths for the
system, with each path contributing independently to
the sum.

In the CWL theory one uses the same action, but there is
a key difference in the evaluation of path integrals; now one
has interactions between all the paths, mediated by the
spacetime metric field ¢**(x) (which we will often write as
g). The CWL propagator K(2, 1) for a particle is then found
by labeling each of the different paths ¢, in a multiplet of N
paths by the index k =1,2,...N. One then defines the
propagator for the combined SHO + metric field system
between 2 spacetime hypersurfaces X and X,, as:

K(2,1)= lim (Ky(2,1))"V

i s [ Dol [T [©pgpeiscana]
_IJEEO[NN/I) Dge GgH/ Dqke oqug:|
I k=174
(24)

in which §¢?, h4b, are the initial and final induced metrics,
specified on the initial and final hypersurfaces £; and %,
respectively. Henceforth we will simple take these hyper-
surfaces to be time slices at times ¢, and t,. The factor A/
is a normalization factor which we will not need.

The action S, gy, g] in (24) is written for a point-particle.
In the next subsection we discuss how things work for an
extended mass. More generally CWL theory can be used
for a set of quantum matter fields, in which case the paths
are replaced by “histories,” i.e., the functional integration
over different configurations of the fields [24].

As discussed in some detail in Ref. [24], the expression
(24) can be evaluated both in exact form and as a
perturbation expansion in the Newtonian coupling Gy;
both forms are useful. The exact result, up to an overall
renormalization, 1S

IC(Z, 1) = ei(SG[§21]+V/0<2v1\§21)), (25)

in which g,; is that metric which satisfies the conditional
stationary phase requirement
1)

59 (Sclgl +wo(2.119))] =5, = 0. (26)
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i.e., it is the solution to this differential equation with the
metric g(x) subject to the boundary condition that the
induced metrics on ¥, and X, are h¢* and §h4® as before.
The phase wy(Q,, O]go) appearing in this equation is just
the logarithm of a conventional propagator, given for a
system with coordinate Q by

Ko(Q2, 01]go) = eo(CxCilw) (27)

where g, is the background spacetime.
One then finds that

5 1(0,|T,,[x[g]|O1)
s Vo119 =3 2<Q2|Q1> 1
= 2R (2. 1lx.0) (28)

which defines the quantity y,,(2, 1|x, g), which is basically
a complex-valued matrix element. We think of it as a
“conditional stress-energy,” i.e., the stress energy T, (x),
subject to the condition that Q(f) propagates between Q)
on X, (i.e., at time t;) and Q, on X, at time #,, on a
background metric g. Another way to think of y,, (2, 1|x, g)
is as an expectation value of T, (x), but one which is
conditional on the pre- and postselection of states |Q;) and
|Q,) respectively (what is often referred to as a “weak
measurement” [52,53]).

The first functional derivative 6S;/d¢ is of course that
which normally defines the Einstein tensor G, as it
appears in the equation of motion G, (x) = 82GyT,,(x).
However here we have instead that

G/AU(QZI ()C)) = SHGN)(}L/(zﬂ 1|x’ ng) (29)

in which the left- and right-hand sides are complex valued.
Turning now to the perturbative expansion of (2, 1),
we show in Fig. 2 the first few terms; for a detailed
discussion see Ref. [24]. We emphasize two points here:
(i) The key physical point is that there are now
attractive gravitational interactions between all paths
of a given particle or matter field. In general one
expects these interactions will cause all the paths to
“bunch” together, provided one can get rid of the
kinetic energy stored up in relative motions between
them—we will often in this paper refer to this as the
“internal” CWL energy. However, this bunching
interaction is negligible unless the mass M of the
object is sufficiently large [24,42].

There are several ways that path bunching can
occur. If, for example, the matter system is coupled
to a cold environment, then the energy in the matter
paths will be dissipated into this environment, and
the loss of kinetic energy in the matter paths then

Y
0‘ .0

——=e— @ O
(i) (i) (i)
&> >
(iv) (v) (vi)

FIG. 2. Low-order contribution to the propagator /C(2,1) in
CWL theory; the thick dark lines represent the oscillator
coordinate @, an the hatched lines represent gravitons. In
CWL theory, graph (i) is a “rainbow” graph, (ii) is a tadpole
graph, and (iii) incorporates a 3-graviton vertex. Graph (iv) de-
scribes graviton exchange between a pair of paths for the
oscillator, and graphs (v) and (vi) exchange gravitons between
triplets of paths. Graphs (i)—(iii) give zero contribution in CWL
theory, whereas graphs (iv)—(vi) all give finite contributions.

allows them to bunch. Note however that if the
environment is hot, the opposite can happen.

(i) Many of diagrams that one sees in conventional

quantum gravity are actually absent in CWL theory.
For example, the “rainbow graph” in Fig. 2, which in
conventional theory gives the lowest-order radiative
correction to the dynamics of the mass M, is absent.
As a general rule, there is no contribution in CWL
theory from any diagram in which a loop integral
contains a graviton line.

However, one finds that if path bunching has occurred,
all the conventional diagrams are restored [24], since the
separate paths now collapse into one single “semiclassical”
path. In this way the interactions between separate paths are
transformed into self-interactions for the classical path.

2. Extended mass in CWL theory

All of the above results are formal. We now discuss what
happens when one applies them to the motion of a non-
relativistic extended solid mass. It is clear from the lowest-
order calculations done in CWL theory [24,42], up to
~O(Gy), that for masses M ~ 10717 kg or greater, one has
to do all CWL calculations for an extended mass. This mass
is far less than the Planck mass M, ~2 x 107® kg. An
object of mass ~10~'7 kg will have linear dimension
~1.5 x 1077 m, and (for SiO,) contain ~3 x 10% ions.

We also note that this mass may have an internal
structure ranging from entirely crystalline order to one
that is completely amorphous. The question at issue is
then—what is the effective CWL interaction between
different paths for the center of mass motion of this mass?
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This question has been examined in detail elsewhere
[54,55]; here we just summarize the results which will be
needed in the rest of this paper.

We first note that almost all of the mass of the object is
contained in the nuclei. To calculate the CWL interaction
between 2 paths of the entire mass, one begins by
describing the extended mass by the standard nonrelativ-
istic action

Slfa) = [ an [ﬁj%q - i Via-a)| - G0)

where the 3-vectors (1) label the positions of each of the
N ions as a function of time ¢, and the {m ;} are the masses
of the nuclei at sites {;} in the system.

We now define the relative coordinates r;() by
q; = R, +r;, where

R, (1) = Zq,(t (31)

is the center of mass of the body (so that Z 1 = =0).

In ordinary QM the dynamics of this system is then
obtained, in path integral theory, by separating out the
center of mass and rotational dynamics of the entire
extended mass, from the internal phonon modes [54,55].
Let us here ignore rotational modes modes here, and
assume for the moment that the object is at low tempera-
ture, with 7 <50 K (we restore the effect of thermal
phonons later). One then finds, as expected, that for a
given center of mass trajectory R,(7), which then deter-
mines the equilibrium paths ¥;(7) for each nucleus, the
paths of each individual nucleus show quantum fluctua-
tions in the quantum fluctuation coordinate u;(#) around
the equilibrium paths (so that r = ¥ 4 u).

At low T, these fluctuations are nothing but the zero-
point phonons of the system. For a crystalline system these
phonons have dispersion

where V;; = =r,—-T;

correlator is

and the phonon

()il (1) =¥Zl)l/2

N 47 (mim,
é(l éﬁ

XM i[K-Fyj—wy, (1 —1)] (33)
Zwkﬂ

At low T the zero-point amplitude &, of these fluctua-
tions can be estimated in various ways—thus, in a simple

Debye model one has &, ~37(m6),)~1/2, and more gen-

erally, one has &, ~a,Eq/Ec, where a, is the typical
nearest neighbor distance between nuclei, Eg the character-
istic elastic energy and E. the characteristic Coulomb
energy in the solid. Typically one has &, ~ 1-3 x 10712 m
ie., & ~ 10’ nuclear radii.

Now in a CWL calculation to lowest-order in Gy, in
which pairs of paths for the extended mass interact via
nonrelativistic Newtonian interactions, one must then
evaluate a sum over all pairs of interactions of form

Verr[R, R’a;{u'(t) u';(1)}]

m;m

:‘GNZ] D1E (1) - (R

LJ

J

o(1)+F;+u/5(1))]
(34)

and, once one has then path integrated over all pairs of
paths {u;(r)),u’;())} for the phonon fluctuations, we get
an effective interaction V. (R, R}) between pairs of paths
for the center of mass coordinate of our extended body.

The general results are quite complicated [54,55]. Let us
consider the case of an amorphous system, which is gives
an approximate description of many of the mirrors used in
optomechanical systems (for the discussion of different
crystalline system see Refs. [54,55]). For simplicity we will
assume m; = m for all the ions in the system.

We then get the result shown in Fig. 3 for the
effective CWL interaction, as a function of the distance
R=|R,—R’,|. There is a slowly varying part, fairly
accurately described by

—GM2Eﬁ<ﬁy RL> (35)

Viow (R) = R

Bulk
“smoothed”
potential

Spike
potential

FIG. 3. The effective potential acting between the center of
mass coordinates of a pair of paths, for an extended massive body.
The bulk smoothed potential is Vg, (R) from Eq. (35), and the
“spike” potential is given in Eq. (37). The width and depth of the
spike contribution are exaggerated.
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where, as before, L, is the spatial extent of the massive
body (in this case, the width of the mirror along the
direction it moves), where a, is the typical lattice spacing,

and where
1
:V;5/3/ d3r/ & 36
v v VST (36)

is an O(1) constant characterizing the shape of the body
(here V, = nR2L, is the volume of the system). We also
have, in the center of the slowly varying potential, a spike
potential, which itself is accurately described by

_ —%Erf (%;) (37)

Vspike<R)

with a characteristic range ¢&,,.

Because of this attractive interaction between pairs of
paths, the paths will exhibit characteristic oscillations
around each other (see Fig. 4). The period of each of
these oscillations depends on their amplitude:

(i) For the slowly varying bulk part of the potential, one

has an oscillator frequency

. 1/2
Wp = <6 73GN,00> (38)

where again p, = M/zR2L, is the average mass
density of the mirror. The timescale of these oscil-
lations is long—thus, for amorphous SiO,, one finds
a period 75 = 27/wp ~ 21.2 mins. We note that the
period is independent of the size of the mirror—this

FIG. 4. Trajectories of a pair of paths for a single object, under
the influence of attractive gravitational CWL interactions (sche-
matic). In (i) these are shown in the absence of any path bunching,
for a conservative system. In (ii) the paths are rapidly bunching as
CWL gravitational energy is lost via emission of bath excitations.
Solid lines are paths for the object, hatched lines are gravitons,
and dotted lines are bath excitations.

is because an increase in this size increases the
strength of the coupling between the paths, but also
increases the inertia associated with each path.

(i) On the other hand the oscillation frequency inside
the central spike potential is

2Gm\?

which is considerably higher; for amorphous SiO,,
we get a period 7, = 27/ wg, ~ 16 secs; again, this
period is independent of the size of the mirror.
Finally, let us note that one can generalize these
calculations to finite temperature 7". For a general crystal-
line structure the results are rather complicated; however,
for the isotropic amorphous system with a single ionic
species just discussed, the modification is very simple. One
finds that we must replace the factor &, in the above
equations by a T-dependent &,(7), with

2() = 2% / %E g(E)|1+2n(ET)]  (40)

in which n(E, T) is the Bose distribution function, and g(E)
the phonon density of states. In a simple Debye model, with
Debye energy 0p, this just gives

, nr[1 1 [0 E
So=—1 |:49D+9%)A dEeﬂhE_ 1] (41)
where f = 1/kT; this just reduces to the expression given
previously as 7 — 0. Note that while the spike potential is
noticeably affected by a finite 7, the slowly varying bulk
part is completely unaffected—this is because it is deter-
mined by the smoothed density of the system.

B. Factorizability of CWL states

A key motivation for discussing the pulsed optome-
chanics experiment is the insensitivity of Gaussian oscil-
lator states to CWL interactions. It is useful to give a simple
explanation of why this is. Let us consider first a simple
perturbative argument, to lowest order in the gravitational
coupling, and suppose we have a simple harmonic oscil-
lator (SHO) subject to some time-dependent force F(t),
with action

SulalF) = [ | ym(a? = i) - Flat0)| 2

with coordinate z(7).

In CWL theory at lowest order in Gy we simply deal
with pairwise interactions between paths [24,42]. We can
then define “sum” and “difference” variables for the 2 paths

q,() and ¢,(t) of the system, given by Q =1(g; + ¢5)
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and z =1 (g, — g,). Then then, up to O(Gy), the propa-
gator for the oscillator is

2 0
:K51(2,1|F)/ DQ/ Dz

%(SO[Q+Z|F]+SO[Q ZlF] explSCWL[Z] (43)

K(2,1|F)

where Scw [z] is the CWL action representing the coupling
between the pair of paths ¢, g,. Note that there is no
requirement in the following argument for the CWL
interaction to be harmonic, as we have so far assumed
for an extended body. We could, for example, choose a
Newtonian form between pairs of paths for a point particle,
for which one has

Gm?*> [t dt
_Gm [ di 44
SCWL B /z] ‘Z(Z)| ( )

in which the paths for Q(¢) have boundary conditions
QO(t;) = Oy and Q(1,) = Q,, while the paths for z(¢) have
boundary conditions z(#;) = z(t,) = 0.

It is immediately clear that in the case where we have a
quadratic form in g and ¢ for the action S, [¢|F], as given in
(42), then the double path integral in (43) factorizes [42].
The result is then

1 2 . 0 .
2,1|F) = ———— D LS+[QF]/ Dyeis-l2]
KQ1IF) = e 7 | Doeb " [[pee

(45)
where the two action terms are
1 .
5.0l =2 [ i3m0 - 0307 - F)00)
1 Gm? dt
S_[Z]=2/dt2m(z —60 )+T m (46)

in which the time integrals are taken between ¢; and 1,.
F), of factor-

ized form, i.e., we have

K2,

F) = Ko(2,1|F)K¢(0,0) (47)

where the first term K((2,1|F) is the conventional
QM propagator for a driven oscillator, and where
K(0,0) describes the “path-bunching” dynamics of the
relative coordinate z(r) between the 2 paths, here in the
Newtonian limit.

This argument generalizes to the full situation with N
paths. The path integral for a CWL propagator contains the
action

Setr = ZS() a) + ZSCWL - qv] (48)

kK

and if the system is an oscillator we have, as before, that

=7 [ am@? - w00

+Z/dr 2 —wkz2) (49)

ZSO [Qk]

where Q = N7' ", g, and z; = ¢, — Q are the new sum
and difference coordinates [compare, e.g., Eq. (46)]. Thus
again the path integral factorizes.

We can now conclude the proof of our claim from Sec. II
A. For such a factorized path-integral the “‘sum” coordinate
decouples from the “difference” coordinates. If the initial
state is Gaussian, it too will factorize into a Gaussian for the
sum coordinate and Gaussians for the difference coordi-
nates. Evolution under the factorized propagator preserves
this form and the final state continues to be factorized.
From here follows the main point, the CWL interactions
occur only betweeen the difference coordinates but a linear
measurement (i.e., of the position of the particle) is only
sensitive to the sum coordinate. This is a simple fact about
how the different paths in CWL do not describe different
particles, rather they are different paths (or histories) of the
same particle. For nonlinear measurements or non-
Gaussian states the factorization between sum and differ-
ence coordinates is spoiled and the CWL interactions play a
nontrivial role. However, for linear measurements and
Gaussian states the CWL effects simply decouple.

V. OSCILLATORS IN CWL THEORY

In traditional QM one defines quantum states at specific
times; in QFT one can define state functionals on specific
hypersurfaces (which in flat spacetime are usually chosen
to be time slices). In CWL theory, one can adapt the
standard QFT treatment to give a definition of states on a
spacelike hypersurface.

Rather than give a general treatment, we simply work
things out for the case of a harmonic oscillator. One can
give explicit results for this case, and it is of course directly
related to the optomechanical system we are dealing with.

A. CWL oscillator states

The conventional action for the SHO is just

S, =3 [ diM(Q" = 0,07) (50)

and in what follows we will define the notion of “state” for
the SHO, focusing on the ground state, and then we will
show how to calculate this in CWL theory.
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1. Ground state of SHO

Conventional QM. For conventional QM we define the
evolution of a quantum state |y (7)) in the usual way,

= cae )
n

where the ¢, are the eigenstates of the Hamiltonian. One
can formally extract the ground state of this system by
rotating to Euclidean time, i.e., let t = —iz, so that [56]

—hmg c e "By

where we have assumed E; = 0 and a unique ground state.
For a any state such that (¢, # 0, we then have the ground
state wave function

(1)) = e ™y) (51)

lim |y (7)

T—00

= colwo), (52)

wo(Q) o lim (Qly (7). (53)

In a path integral treatment, this simply means that we
have a ground state wave function given (up to normali-
zation), for a system whose Lagrangian is a function of a
coordinate Q, by

vo(Q) = / % pge-sila (54)

where the Euclidean action is produced by the same
rotation to imaginary time. Thus, e.g., for a Lagrangian
of form

1 w44, dax

L= -V({g; 55
we get the Euclidean action
0 1 .dq;dg
1] = drl=m* 2Lk L yvitg WYL (5
sellaf = [ r[zm LS V({gh)|. (56)

Note that we leave the initial condition for each g;
unspecified because it is clear that the final result is
insensitive to this data. It is often convenient to choose

gj(—=00) = 0.

CWL states. Consider the general result given in Eq. (24)
for the propagator K(2, 1) in CWL theory, between states
1=, attime ¢; and 2 = Q, at time 7,. Let us generalize
this somewhat so that the system propagates between
arbitrary states |a) and |f), and also carry out the functional
integration in (24) over the metric field ¢**(x).

Kipa) = fim | [ dvrecn®((s)a

We are then left with

s s . N
K, a) = 1\%1_{20 [/ Dql.../ Dqu’S[{qk”]N (57)

where the effective (nonrelativistic) CWL action for our
SHO contains not only the oscillator potential in Eq. (50),
which acts equally on all of the CWL paths and which has
frequency w,,, but also the CWL interactions between all of
the paths. We will assume this interaction to be that derived
in the last section, containing the slowly varying term
Vaow(q: —q;) in Eq. (35), along with the spike term
Vike(9i — q;) in Eq. (37).

We will assume the system to be at very low 7', and that the
system has been prepared so that the paths have collapsed to
the point where they are all confined to the interpath spike
potential (for what happens at finite temperature, see the end
of this section). In this case we will simply write the spike
potential as an approximate harmonic potential well, with
frequency wgy (where “SN” denotes ‘“Schrodinger-
Newton”). The assumption is that wgy ~ @y, i.€., that value
givenin Eq. (39) for the spike oscillation frequency is a good
approximation to the true value wgy.

In this case we can write the effective CWL action
in (57) as

j dg;\?
SZEZ/dt[M<E) Ma)mqj
1 Mo
—ETSNZ(%—%)Z}

and the Euclidean form of this, which we shall use below, is

then
A e
NZ(% ar) }

Returning now to our propagator K (S, a), we notice that
each of the initial states is the same (equal to |@)) and
likewise for the final states (equal to |f8)); this is what we
mean by a propagator.

However suppose we wish to examine the state at some
intermediate time (we assume here flat space). Then we can
cut the propagator on the intermediate time slice ((for more
details, see Ref. [24]). We can then equivalently write the
propagator as

/Dq1 /Dqu’S“q/ ]

(58)

(59)

l\JI'—‘

(60)
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lo >

FIG. 5. The “path multiplet” state functional ¥({y;},a). A
physical system (here an oscillator with coordinate g) propagates
from an initial state |@) at time ¢, to a state |¥) at time 7. In CWL
theory one follows the fate of N different paths for this object,
which includes CWL interactions between the paths, thereby
correlating them. The final position of the jth path is y;.
Oscillator paths are shown as solid lines, gravitons interactions
between these paths as hatched lines.

where the intermediate “path multiplet” state function (for
N paths) is defined by

Y({y;}.a / Dy, .. / DayeStall. (61)

In what follows we will sometimes abbreviate the term
“path multiplet” to “pathlet” and refer to individual paths as
“replicas.” We can represent the function in (61) in
diagrammatic form as shown in Fig. 5.

Note that this intermediate state function ¥ is in general
quite complicated—the effect of the CWL gravitational
interactions is to correlate the paths, and so the functional ¥
will not factorize into a product over each path. Note also
that we have defined ¥({y;}, ) starting from the initial
state |a); but there is nothing stopping us from also writing
a functional ¥({y;}. #) which starts from the final state |3).
Our choice simply makes the traditional choice of retarded
boundary conditions.

Finally, note that the intermediate state function is not an
“observable” since all of the paths have different endpoints.
Once computed, proper observables can be derived by
integrating wave-functions against this functional. We will
often find it useful to describe the evolution of these
intermediate state functions via intermediate state propa-
gators,

kb o) =TI [Py ) i), (62

J J

where each replica g; may have its own start and endpoints
independent of the other paths. The utility of this object is

obvious, aside from the Nth root in the definition of the
CWL propagator we simply have a conventional unitary
quantum mechanical system of N particles coupled via
gravity. The properties of, and rules for manipulating, these
“intermediate” quantities are then identical to those in QM.
Only at the end of the computation when we are to compute
probabilities do we perform the novel-to-CWL Nth root
and encounter somewhat unfamiliar structures.

B. Euclidean time evolution

We now choose the intermediate state function to be a
representation of the ground state of the system. That is, we
write the Euclidean path integral

gl N
Yo({y;}) = Dql.../ DgyeSellaill  (63)

in which we can now drop all reference to the initial state—
this is precisely the maneuver we used in ordinary QM to
define the ground state using a path integral [in Eq. (54)].
The Euclidean effective action in (63) is just that given
in Eq. (59).

Let us now evaluate this function. Since the action is
quadratic, the integral is Gaussian and can be performed
exactly via saddle-point evaluation. The saddle-point equa-
tion, i.e., classical equation of motion, is

qu,
dr?

(a)m + C‘)SN)‘I wSNQ (64)

where we have defined the average coordinate

0=— Zq] (65)

We can see in (64) that each replica behaves like a
(Euclidean) simple harmonic oscillator, with effective
frequency Q = \/wj, + w3y, and driving force F(r) =
mw3y0(t) determined by the average motion of all
replicas.

We can obtain an equation of motion for Q by summing
over the different pathlets in (64), and it is simply

d
e =vie (66)

The average pathlet coordinate for the oscillator system
evolves without CWL corrections. We can immediately
solve this equation for Q,

O(z) = Ye™r, (67)

where we have eliminated the solution which is divergent

as 7 — —oo, and we have defined the average final
: _ 1

coordinate ¥ =5 > v;.
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With this solution for Q(z) in hand, the equation of
motion (64) literally describes independent forced
oscillators.

Given the simplicity we have found in the equation of
motion, it is useful to go back to the action (59) and rewrite
it to demonstrate this factorization explicitly. To do so, note
that the interaction can be written as

2
%zk:(q —q)’=2) g;-2N @ quk)
J J

=2) ¢} -2NQ”. (68)
J

We can insert this simple result directly into the action to
write it as

_N”Z“‘)%N / 0 drQ*

0 1 (dg;j\* 1 2 2 \,2
+;/_mdr{5m<ﬁ> +§m(a)m+a}SN)qj .

(69)

SE:

Aside from the first term, the action is simply that of N
identical oscillators.

The on-shell action, i.e., that evaluated on the saddle-
point solution, can be simplified further if we use the
standard “integrate-by-parts and apply the equation of
motion” trick to rewrite the kinetic term as

[ ()

m dq. =0 0 1
=5 [qcz d'rl} - /_ dr {2 mg2qd - EmwéNQCI}

(70)
The total on-shell action is then
—wa%N dqi.
Sp =N /_ drQ* + Z [qm / .
1
—i—imw%NZ/ drQq; .. (71)
_/ -0

We now recognize that the final term, after evaluating the
sum over j, exactly cancels the first term. The whole result
for the on-shell action is simply

m dq;.
SE = 2 Z |:qjcl dj l:| . (72)

J

It remains only to solve for g; ;.

The general form of the solution to (64) is

0
gje(t) = ajeQ’ + bje_QT - a)éN/ d7G(z,7)0(7),
(73)
where the Green’s function is
© d) e—il(r—f’) e—Q|T—T’|
G(r,7) = - — = - 74
(7.7) /_mzn,12+92 20 (74)

Regularity as 7 — —oo requires b; = 0, and we fix a; by
imposing ¢;(0) = y;. Using the explicit solution for Q(z)
in (67) we can then write down the remarkably simple
solution for each replica’s trajectory,

4jaa(e) = (3 = Y)e + Ve,
Substituting this solution into Eq. (72) for the on-shell

action, we arrive at our final expression for the CWL
ground state “wave function”

(75)

wll) = (~pat). 0

with

. . 1 .
AR = 2mQsi* —Zm(Q—wm)Nﬂ/ﬂk, (77)
where 1/ is a vector of ones. For future applications it is

often useful to write it as

. o .
Ik = 2mw,,e*&* + 2mw,, N 11k, (78)

where we have identified the effective squeezing parameter

1 Q w3 wgn \*
—_In[2) =N —SN 7
(o) =wro((3)) o
and the dimensionless CWL correlation parameter

wm—Q:_w§N+O wsn\*
®, 2w2, w,, '

One key limitation is that the oscillator center of mass
coordinate is well within the “spike” potential shown in
Fig. 3. As such they rely on our assumption of very low
temperatures, which, as we discuss in the next section, will
typically not apply for real experiments.

5=

(80)

VI. OPTOMECHANICS IN CWL THEORY

We now turn to a detailed description of our optome-
chanical system in CWL theory. To do this it is convenient
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to introduce a holomorphic (coherent state) description of
the photon variables, using a coherent state path integral
generalized to CWL theory. This work is done in prepa-
ration for the next section, where we show how one
describes a pulsed optomechanics experiment of the kind
described in the introduction.

We will be introducing coherent states for actions taking
the general form

Sla,) Z/dt( 07~ Viay)

/ AV —q)  (81)

/#k

in which V(g;) is just the quadratic mechanical mirror
potential:

2

may,
q; (82)

2

V(Clj) =

and where the CWL potential VEWVL is also a quadratic
form, describing the bottom of the spike potential intro-
duced earlier:

mawsN
2

VEWL( (qj — ai)*. (83)

9= q) =
Thus we are typically interested in very low temperatures,
when the center of mass motion of the system is confined to
this spike potential (i.e., to length scales ~107'2 m or less).

A. Coherent state representation

To evaluate the intermediate state propagator for the
oscillator, and later for an optomechanical system, it is
convenient to utilize a coherent state representation.

To develop this, we first note that the CWL interaction
has a useful simplifying feature; we can write

1 mawsg mawsg 11k
ﬁz B N(‘]j—‘]k)zz 3 NCIJ k(fslk—T . (84)
J#k

Using this notation, the CWL action reads

mQ? ,
SH{q;}] —/dt< q;9' - 5 q,qu”‘), (85)
where we have defined a matrix

wgy V1

Vit = ok ,
QN

(86)

and we have defined the shifted frequency Q2 = w2, + w3y

In what follows we will be working only to leading
order in the dimensionless CWL coupling strength
€2 = w3y /2Q°.

We will also make frequent use of the matrix

j1k
pit =gt~ 2l (87)

which to leading order is the square root of V/X,

To move toward a a coherent state representation, we
first integrate in the momentum variable. That is, we
multiply by

=11 / Dpje ] o) (88)
J

which puts the intermediate state propagator into first-order
form

k(s =T1( [ 2, ["2a))

J

In the present form we have fixed boundary data for the
positions an unfixed boundary data for the momenta. We
can however change basis quite easily by fixing, e.g., the
momenta and not the positions, the initial positions and
final momenta, or linear combinations of positions and
momenta, provided we supplement the action with appro-
priate boundary terms so that the variational problem is
well posed.

The coherent state representation follows from defining

the new variables

in terms of which the CWL action is simply

S[{b;.b;}] =

—1 k
V2mQ f"p

2 Q jkp (90)

= —ibI (1) P b (1)

+ / di(ib’ P b* — Qb7 P3 %) (91)

Since the equations of motion which follow from this
action are first-order, we must fix mixed boundary data in
the propagator in order for the variational problem to be
well posed. We then get
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R o - o
KB} A =H< / " DF, /,3 ) pbj> exp {/ﬂf)Jijbk(tf)—i—i / dBP B — QB PN (92)
J J

The coherent state path-integral is almost trivial to
evaluate, because the anti-holomorphic variables b/ appear
only as Lagrange multipliers. We can thus immediately
integrate them out, forcing the holomorphic variables b/ to
satisfy an equation of motion. The result is

KBy ABYY) = exp[BVIP bk (1, {8Y)] (93)

where the b, (1, {ﬂ;i)}) satisfy the first order equations of
motion

ib" —QP;bl =0 (94)

with the boundary conditions b;(0) = ﬁy).
As an aside, we should note that these variables make it
trivially quick to find the ground state of the CWL

oscillator. The effective Hamiltonian can be read off as
H = Qb/P3 bk, (95)

and since the matrix P? is positive definite the ground state
is the state for which all b; = 0. Translating this to an
operator statement it reads

(e mam i =0 o0

which is satisfied by the wave function
mQ .
‘I‘O({x]}) = exp [—Tfojkxk] . (97)

This result agrees precisely with the wave function derived
above [Eq. (76)] using a different method.

B. Effect of finite temperature

All of the above calculations are essentially done in the
limit where temperature 7 — 0; physically, the assumption
is the thermal energy kT < |Vl the depth of the spike
potential, i.e., that the system is confined to the spike
potential in Eq. (37).

To see how realistic this is, let us consider an example.
Suppose we have a mirror-shaped mass M = 40 kg, made
from SiO,, with thickness L, = 16 cm, and diameter d, =
35 cm (this is the mass and shape of the advanced LIGO
mirror). The we find the following results:

(i) The depth of the smoothed potential well is

|V imooth| ~GM? /L, ~5.17 x 102 eV =6 x 10! K,

and the bulk small oscillation frequency is wp =
8.5 x 10~* Hz, so that the period of oscillation is
75 = 2n/wp ~ 123 mins.

(i) The depth of the spike potential well is |Vspike| ~
GMm,/¢&,, where we will pick a mass m,, ~ 30 amu,
and zero point length &, ~4 x 10713 m. One then
finds that |Vge|~20.8x107*eV~24K (e,
corresponding to a frequency ~500 GHz). The small
oscillation frequency is then oy = wgy =0.37 Hz,
so that the oscillation period is gy ~ 8.5 secs.

From these numbers we see that unless the system is at
temperatures < 24 K, i.e., cooled to liquid “He temper-
atures or below, it will not be described by the zero-T
calculations just performed. At room temperature its
motion will in fact hardly depend on the spike potential,
and it will be in a high-T state, oscillating rather slowly in
the smooth bulk potential.

From a purely theoretical point of view one can adopt
two different approaches to the problem of describing the
finite-7" motion.

The first is to simply assume that not only is the entire
system in thermal equilibrium, but the that the internal
“kinetic” CWL degrees of freedom are also in thermal
equilibrium with each other, at the same temperature. In
this case one can redo the zero-T calculations just done in a
finite-7' generalization of the formalism. It is intuitively
obvious that when k7 > |V,i.|, the CWL oscillation
frequency will drop from wgy down to wp, and the
magnitude of the corrections to conventional QM will then
be ~(wg/w,,)?, i.e., far smaller again than even the very
small corrections we have just derived for the 7 = O case.

The second way one can approach this problem is by
looking at the “quantum relaxational dynamics” of the
system, and in particular at the way in which the CWL
internal kinetic degrees of freedom relax to the “central”
QM dynamics. In fact this relaxation may be very slow,
because they may be very weakly coupled to each other.
Thus, for our mechanical mirror system, in many cases the
internal CWL degrees of freedom {q }, associated with the
kth path, may be very far from equilibrium with the center
of mass coordinate R,(f), and at a quite different
temperature.

One obvious way that this mutual equilibrium can be
established is via the surrounding environment. To see how
this happens, let us assume the mirror is coupled to an
oscillator bath at a temperature 7, with the oscillator
Hamiltonian given in Eq. (8).

It is then possible to evaluate the dynamics of the
oscillator center of mass density matrix p(Q, Q', ) as
a function of time in CWL theory, by generalizing the work
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done in this paper. To do this is quite lengthy, so here we

simply describe some of the conclusions:

(a) Without loss of generality we can keep only the
coupling F,(P,Q) in the mirror-bath interaction
[47]. We then find that in addition to this direct
coupling between the mirror center of mass coordinate
Q and the bath modes {x,}, there is also a coupling
between all the internal CWL degrees of freedom (i.e.,
the internal relative coordinates ¢; — gy between
different paths ¢, g for the mirror) and the difference
coordinates x, — x;, for the bath variables.

(b) One can see how this works already by doing a
calculation at leading order in perturbation theory,
in which only the CWL interactions between pairs of
paths are incorporated. To evaluate p(Q, Q’, t|) one
averages over the bath variables in the usual way. In
CWL theory one then finds two influence functionals
in p(Q, Q', 1|), one for the summed (center of mass)
coordinate (Q + Q')/2, and the other for the differ-
ence coordinate (Q — Q’)/2 which, at O(Gy) repre-
sents the internal CWL mode. For the F,(P,Q)
coupling just given, one finds this influence functional
to be

Flu, '] :exp/drl /drz(u(TQ) —u(ry))
X [D(t) — 10)u(zy) — D (1) — 1)1/ (15)]
(98)

where the effective dynamic coupling, mediated by the
bath, between the relative CWL coordinates, is

D) =Yg (P12

2
q 979

u=(0-0")/2

(99)

|: in+2COSO)qT:|
X e .

efos — 1

(c) Asaconsequence of this, the internal CWL modes will
gradually equilibrate at the temperature of the bath.
The timescale can be very long—as already noted

|

e e 17 m i

previously [24], if the characteristic frequency of
relative oscillations between internal CWL modes is
wsn, and for a given Q-factor describing the oscillator
decay when it is in contact with the bath, we find that a
decay time 7z ~ Q/wgN. Since Q may be as high
as 108, this can give times of thousands of years. If
however Q ~ O(1), then the internal CWL degrees of
freedom can relax to the bath temperature in
times ~10 secs.

VII. PULSED OPTOMECHANICS EXPERIMENT

We now return to the experimental protocol described in
Sec. I, in which the rectangular pulse g(7) in Eq. (7) is
applied using the external laser. As a reminder, the idea
we’d previously alluded to was to start with a mechanical
oscillator in its ground state and the cavity mode in an
excited state, apply a pulse to completely swap their states,
wait a duration 7', and then apply a pulse to completely
swap their states back (see Fig. 1).

We will discuss first the CWL theory and then the SN
theory—the case where ordinary QM applies will be
obvious as the limit where Gy — O.

A. Pulsed optomechanics in CWL theory

To treat the pulsed system in CWL theory we first write
down the expression for the CWL propagator for our
general optomechanical system in coherent state represen-
tation, and then specialize to the case of the pulsed
experiment described in the introduction. The most inter-
esting thing to do is compare the state of the system before
and after pulses, which we do by preparing the initial state
of the mirror as a Fock state.

1. CWL propagator

We begin again with the general optomechanical
Hamiltonian (2) given in Sec. II. To write the propagator
in CWL theory we write set up N-path multiplets for both
the cavity mode and the mechanical oscillator, and couple
them according to Eq. (2), via the position coordinate. The
CWL action is then

mQ? " .
gV + Gg AT ).

5 (100)

where we are no longer explicitly writing the classical drive terms.
If we now pass to the CWL (anti-)holomorphic variables, expand about the classical equilibrium, and perform a variable
change to move to a “corotating frame,” a; — e~"='a;, b; — e~ ¥p j» we find the CWL action corresponding to the

J
interaction Hamiltonian (5) to be
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Haj’ J° j’ bj}] = _iaj(tf)aj(tf) - il;j(tf>ijbk(tf)

. _ . 171
+ / dz<ia-/aj+ibfpjkbk S

2Q

with corresponding CWL propagator K ;; = K ({

DY ABY. o

b’bk + g(1)(b;e™™ ¥ + b ¥)(al e + Zz-fe‘iA’)) (101)

4 }), such that

e_igltfﬁ(/.f) B e_i")ca"tf&(/f) B ) )
Ki=11 ( / " Db, /ﬂ D, / " Da, / , Da.,-> exp (iS[{@;. a;. b, b, }]). (102)
J j %
2. Red-detuned pulse
Let us now consider a finite duration pulse, i.e., g(#) which has compact support and laser detuning A = —Q. If we now

apply the standard rotating wave approximation we can retain only the “beam-splitter interaction terms,”

S{aj.a;,bj.b;}] = —ial(tg)a;(ty) — ib/(t;)Pb*(t5) + / dz(iafa.,- + ib/ P b* + Qé?

to get

ik o
Tblb + g(t)(bjaf + bja/)>

(103)

The form of this action makes the path-integral very simple; we can immediately integrate over the Lagrange multipliers
ai, b; j» yielding delta functions enforcing the equations of motion

G
Pyb* = —ig(t)a; — iQe? Tbk

—ig(t)b;

(104)

11k
(105)

To solve this system of equations, we first define “mean” variables A = N~'1/b »B=N -117p ;- We can isolate equations
of motion for A and B by summing over j in Eqs. (111) and (112), to get

A =—ig(1)B (106)
B =—ig(t)(1 + €?)A — iQe2B. (107)
The solution is
( A(t)> oo [ A0 cos@(0) iB(0) sin(r) ~ 5 (%A(O) - iB(O)) sin @ (1) o)
el ’

B(1) B(0) cos (1) — iA(0) sin ®(r) — 5 (%B(O) + iA(O)) sin &(r)

where we have defined the integrated pulse strength A(0) = 1 N0
— LS (110)

) E( )‘/ (). (109) NS

and we have assumed that the optomechanical coupling is
stronger than the CWL interaction ®(¢) > ¢?Qt. The initial
values are the mean values of the initial data for the various
replicas,

As a sanity check we can see that when € = 0 we recover
the expected Rabi oscillations between the phonon and
photon operators.

Now with the mean variables solved for, we can
substitute them back into Egs. (111) and (112), to obtain
the equations of motion for each replica
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a; = —ig(t)b; (111)
bl = —ig(t)a; — ie? <%A(t) + QB(t)). (112)
The solutions are
<aj(t)> B (aﬁ-[) cos (1) —iﬁy) sinqﬁ(t))
bi(t) ) \ B cos (1) — i sin (1)
/ df< 9 4z )—i—QB(r))
icos(t)sing(z) —ising(t) cos p(z
% ( sin ¢(t) sin () + cos ¢(t) cos ¢(7) )
(113)

where ¢(¢) is again the uncorrected integrated pulse, i.c.,
= [{ drg(r). We can now write the final expression for
the CWL propagator in (102), viz.,

KB a1 487 "))
= exp (e~ iraal (1) + e PRD, (1)) (114)

where a;(t), b;(t) are the solutions given in (113). This
expression can be used to answer a variety of optome-
chanics questions in CWL theory.

3. Fock state probabilities

One place we expect to see a signature of CWL theory is
when the mechanical oscillator is prepared in a Fock state.
The red-detuned regime studied above is perfect for this, as
it allows one to effectively transfer quantum states into the
oscillator.

Consider the following scenario in standard quantum
mechanics. By taking € =0, Eq. (113) tells us that
excitations will rotate between the mechanical oscillator
and the cavity mode. In particular, if we were to apply a
pulse such that ¢(t;) = z/2 we would precisely swap the
states of the two oscillators. In principle one could prepare

=0, with

the cavity in some excited state, aﬁ’) # 0, and then apply a
7/2 pulse, effectively loading the cavity state into the
mechanical oscillator. This nontrivial state would then
evolve coherently, and then another z/2-pulse could be
applied at a later time to transfer the mechanical oscillator
state back to the cavity mode. One could then perform a
photon count on the cavity mode and if the entire evolution
was coherent one expects to recover the initial photon state
with high fidelity.

In CWL there are a number of steps in this protocol
where the physics may differ from conventional quantum

the mechanical oscillator in its ground state, ﬂ;i)

mechanics. First, we have seen that the system dynamics
during the pulse are modified such that a z/2-pulse does
not completely swap the oscillator states and this ineffi-
ciency would manifest during the both the loading and the
readout pulses. Additionally, in the absence of optome-
chanical coupling there is still a nontrivial modification to
the oscillator dynamics because of the CWL interactions.

Let us actually compute the CWL modifications to this
specific process. To be specific, we will again chose the
pulse profile to be that given in Eq. (7) and shown in
Fig. 1(b), which describes a rectangular pulse of duration
t,, followed by a free evolution for time 7', and then another
rectangular pulse of duration 7,.

We will assume that pulse sequence duration is short
compared with the CWL interaction timescale, i.e., so that
2t, + T < (¢*Q)7", and that the mechanical oscillator is

initially in its ground state, ﬂ;i) =0.
With all of these choices the solutions (113) simplify
considerably,

1 :
a;j(2t, +T)=—a; )—l—zezﬂ(t +7) <N2ay)> (115)
J

2 (2n :: ks (% zj:@i))

We can see clearly how the CWL corrections alter the
result so that the excitation does not completely rotate back
into the cavity mode after the pulse sequence. The
propagator for the system for this process is thus

bi(2t, +T) = (116)

k(P a1, (0,d"}) = exp [CFal’]  (117)
where we have defined
" ) (i 1t
é‘ —¢ la)nvlfa] 6] + l€ Q(tp + T)T
o =) (2n+ 1)m 11
: 2 Q1) (_f)< 11
+ ie“e ﬁj n N (118)

How can we use this result to predict photon counting
statistics? It is actually quite simple because the coherent
state path-integral is a generating function for Fock ampli-
tudes. This can be seen immediately in operator notation;
from an unnormalized coherent state |a) = ¢*'|0) one
obtains Fock states by simple differentiation

L& la)| . (119)

I = Fda ™,

Fock state transition amplitudes immediately follow
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1 d" d" N
— U
m!n! dp™ do" (BlUla) a=p=0

We can utilize this to “prepare” a single photon initial
state in our optomechanical (ystem by differentiating (117)

with respect to all of the ;" and then setting all of the

a§ )= 0. This is trivial to do, and we obtain the amplitude

to evolve from an oscillator in its ground state plus a single
cavity photon into CWL coherent states as

(m|U(1)|n) =

(120)

K({‘}f%a;f)},{o,l}):ﬂck (121)
k=1

To describe a photon counting measurement, we must
further differentiate this result. Since the result is a
homogeneous polynomial of degree N in the &(f ) and

ﬂ( /) there are two replica symmetric poss1b111tles every
rephca has one cavity photon and zero mechanical exci-
tations, or zero cavity photons and one mechanical
excitation.

The zero photon case is straightforward to compute; one
gets

(2n+1)ﬂ}NN! (122)

K({1,0},{0,1})= |:l€ e~y 2 N

The one photon case requires a little more algebra, but the
result is

K({0.1}.{0.1}) —ig d;’N (Hck)

. ix\ N
— (—p~iweytp\N 1-=
(et (1)

&f70

. N
x el T (N — ix)—Nr<1 +N, 1+ i—),
X

(123)

where x = ?Q(1, + 7).

We can now take these amplitudes and compute the
preprobabilities (i.e., the probabilities before we renorm-
alize them to sum to unity). We have

p(0) = Jim [K({1.0}. 0. 1))
_ (@)2, (124)
and, amusingly,
p(1) = fim [K({0.1}, (0. 1)) /¥
~1. (125)

The true probabilities are given by a simple renormalization
of these

P(0) = ¢* (w)z

(126)

Of course, by design, we find probabilities P(0) = 0 and
P(1) =1 in the limit of conventional QM. The deviations
from QM are the main result of our calculation.

B. Pulsed optomechanics in Schrodinger-Newton

1. Pulse protocol result

We begin again from the discussion of SN theory given
in Sec. III, where we derived the form for the covariance
matrix components under conditions of a weak measure-
ment. Here we can see that the mass behaves as an
oscillator with eigenfrequency Q. During the pulsed opto-
mechanics experiment that follows, it continues to act as
such an oscillator. We will adopt the Heisenberg picture,
and use B and B as the annihilation and creation operator
of this w, effective oscillator, and A and A" as those of the
cavity mode. During the pulse, we have

A=—i(w, — QA - lgm/a;'an (127)
A w

B = —igy4/ —mA 128

i90 o) ( )

Here we are in the rotating frame in which Q oscillation
frequency is removed for both B and A, and in this case the
operator A will have a detuning of w,, — Q. The g, here is
the designed optomechanical coupling in standard quantum
mechanics, such that each pulse will lead to a (2n + 1)z
rotation between the mechanical and optical modes. It is

multiplied by an additional factor \/w,,/Q since the
physical coupling between Q and A'A is fixed, and now
the relation between Q and B is a modified one

. h B+ B
] 129
Q w3 (129)

and

(130)

while in standard quantum mechanics we have
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- )
go = AA \/;; (131)
At time #, we have
N b — iA sin @ _ _2igsin®
{A(r)] o ST Jagra Nz
B - _ 2igsin® iA sin @
B(t) Vi a cos @ +7\/m_2
A0
x [A( )} (132)
B(0)
with
VAag: + A%t
P = %, (133)
and
9=90V0,/Q  A=w,-Q (134)

We can invert Eq. (132) and take the Hermitian conjugate,
obtaining

~ cos @ — —Asin® __ 2igsin®
{AT(O)] =% VAg A2 Vag+a?
AT
1
X [u( )] (135)
B'(1)

Starting from an initial state with only one photon in the
cavity, we have

n iAs Asin® \ .
A1(0)[0) = % Kcoscp - )AT(:)

V4G + A?
2igsin @

- \/ﬁy@] 10),

where the first term contains one photon in the cavity and
the second term contains zero photon in the cavity. After
two pulses with (n + 1/2)z rotation, each with

(136)

t, = (n+1/2)2/g, (137)

for cavity mode, zero-photon and one-photon probabilities
are given by

(2n+ 1)m\?
Po = <4) et pi=l-pp. (138

Note that here p is a factor e? greater than the CWL case.

2. Finite temperature effects
In the presence of thermal fluctuations, let us consider
two effects. First being the imperfect preparation of the
ground state, while the second being thermal disturbances
during the pulses. When considering thermal noise, let us
take wgy — 0, and have

A=—ig,B (139)

B= _iQOA - 7mB -V 2y mFq (140)
Here Fy, is a classical thermal force acting on the slowly
varying amplitude B. Assuming that it has a white spectrum
(in the case of viscous damping), and imposing that the
variance of B caused by Fy, to be kzT/(hw,,), we obtain a
double-sided spectral density of

o 27m kB T

Sp. = 141
Fun hw,, ( )
which also leads to
y 2y mkgT
(Fa(Fu(1)) ==, P=5(t = 1) (142)
wm
Then, solving Egs. (139) and (140) leads to
~ ~ 2t .
A() = —A0) — i / Fo(¢) sin(gf)dr',  (143)
0
which leads to
e . 21,
A"(0)]0) = A"(1)|0) + i/ Fu(?) sin(gt')dr'|0). (144)
0
This causes a zero-cavity-photon probability of
47/ t kBT kBT
h— P2 D@ty . 145
W= "o, e, (1P

The imperfect preparation of ground state for the oscillator
gives rise to initial excitations in B(0)—but in the case
wgny — 0 that does not show up in the number of cavity
photons at 7 = 21, because A(t) is unrelated to B(0). This
means imperfect initial-state preparation due to thermal
noise is less important than thermal excitations during the
pulsed optomechanics process.

In order for the pulsed optomechanics regime to work, 7,
cannot be much less than 1/w,,, hence the requirement for
pd to be less than unity is

ksT
<1. 146
hw,,Q "~ (146)
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As we have seen earlier in this section, both CWL and SN
theory predicts a py ~ 1 when wgy is comparable to w,,.
Assuming that thermal noise acts similarly, the will require
then conclude that the regime for the CWL and SN
experiment to work will be

kT
hwosnQ

<1 (147)

Wy ~ WN>

For Tungsten, we have wgy = 27 x 4.0 mHz, which leads
to the following requirements on the mechanical oscillator:

T
o~ 2 x40 mHz, 5 <2x 1073 K. (148)

In principle this mechanical frequency could be achieved
with optomechanical systems based on torsional pendu-
lums. To achieve the necessary temperatures and Q-factor
however goes beyond present-day capabilities. Given that
both SN and CWL both predict departures from QM for this
experimental protocol with these experimental parameters,
one can certainly view these parameters as an exciting target
for future experimental work in quantum optomechanics.

VIII. DISCUSSION AND CONCLUSIONS

The results given in the bulk of this paper are somewhat
technical—here we would like to give a more general
discussion of what one learns from these calculations. One
general conclusion is that it is likely to be quite difficult to
test the CWL theory with present day quantum optome-
chanical technology—however there is a clear target for
future experimental parameters which could test both CWL
and SN theory.

In Sec. IVB we demonstrate the primary obstacle to
performing simple tests of CWL, i.e., for linear measure-
ments and Gaussian states CWL predicts no departures
from QM. It follows that:

(i) To see any observable difference between CWL
predictions and ordinary QM predictions for an
oscillator, we must use non-Gaussian input states,
or else a nonlinear measurement of the states must be
employed (as in our example of the pulsed opto-
mechanics experiment). Even then, as we have seen,
the predicted differences may be very small, because
of the large frequency mismatch between typical
mechanical oscillator frequencies @ and the very
low Schrodinger-Newton frequency wgy. None-
theless, in this paper we have performed a concrete
computation of the predicted departure from QM for

a particular pulse protocol and it unambiguously
demonstrates the need for better quantum control
over low frequency mechanical oscillators.

(i1) Alternatively, one can employ what are effectively
anharmonic effective potentials governing the sys-
tem dynamics. This opens up a wide set of pos-
sibilities which we will not explore here.

One might add as a corollary to this that recent
observations of “squeezed state” behavior in a LIGO-type
system [36] only shows that the mirror dynamics is not
classical—they do not yet allow one to discriminate
between QM predictions and the predictions of either
CWL or SN theory. Under the usual conditions in which
LIGO is operated, the behavior will be indistinguishable
from the QM predictions.

For SN theory there is not such a strict statement about
linear measurements and Gaussian states, and one could
aim to test SN using different experimental techniques. It is
interesting though that both CWL and SN predict nearly
identical probabilities for the pulsed optomechanics experi-
ment discussed herein. This offers the exciting opportunity
for a single experiment to simultaneously test both models
against QM.

Regardless of experimental details, it seems clear that the
magnitude of the departures from QM will be controlled
by the ratio of a characteristic mechanical frequency w
with the Schrodinger-Newton frequency Qqy, suggesting
that these models may be best tested by quantum opto-
mechanics experiments operating in the mHz regime. Our
estimates on the required temperature and Q-factor are
certainly difficult to achieve for such a low frequency
oscillator, so it may be that one needs a more innovative
experimental protocol than what we have discussed
here.
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