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The quintet of Dirac 4 x 4 matrices suggests that the fundamental dimension of the internal (spin) space
is n = 5, instead of the conventional dimension n = 4. Then instead of the conventional 4 x 4 tetrads
(vierbein), gravity is described in terms of the 5-bein (fiinfbein or five legs). We discuss the properties of the
spacetime geometry induced from this 5-leg Dirac spinor theory, where the spin connection contains
10 x 4 = 40 elements instead of 24 elements in the tetrad formulation of the general relativity theory.
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I. INTRODUCTION

In the modern formulation of general relativity the
spacetime metric is not the primary object. The reason is
that the metric does not describe the interaction between
gravity and Dirac fermions. Gravity enters the Dirac equation
in terms of the vierbein (or tetrads), the 4 x 4 matrix e,
which is the primary object. The metric is the secondary
object—the bilinear combination of tetrads. The index u
refers to coordinates of the curved spacetime, and the index a
refers to the internal space, which is the SO(1, 3) spin space.

In more general theories, which combine general rela-
tivity with Standard Model, the higher-dimensional internal
spaces can be considered. The internal space may include
the groups of Standard Model and the fermionic families.
Examples are the SO(1,7) and SO(3, 11) groups [1,2], the
Clifford algebra CI(0, 6) [3], higher-spin fields [4-7], etc.
The situation when the dimension of the internal space n is
larger or smaller than the dimension D of the spacetime
takes place also in condensed matter, where the rectangular
vielbein naturally emerge [8—10]. Such examples suggest
the possibility to describe gravity using the rectangular
D x n vielbein with n # D.

In principle, vielbein’s legs are not necessary associated
with the local axes of spacetime coordinate system. They
can be the emergent fields, which have nothing to do with
the geometry of spacetime. Examples are the Akama-
Diakonov-Wetterich theory [11-15] and superfluid *He
in the B-phase [16], where the dynamical vielbein emerge
as the bilinear combinations of the fermionic fields. In this
case it is also natural that the dimension of spin space can
be larger than the dimension of the coordinate space.
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In the Dirac equation in D = 4, the dimension of the
Dirac spinor y is 4. If we consider only single fermionic
species and ignore the gauge degrees of freedom, then from
the properties of the Dirac matrices it follows that the
internal spin space may have dimension n = 5. Moreover,
n =5 is the largest possible dimension of the internal spin
space for Dirac fermions. This suggests that the spin group
SO(1,4) and the corresponding 4 x 5 rectangular vielbein
can be the natural elements of the theory describing the
interaction of Dirac fermions with gravity.

In this paper we consider the 5-bein (fiinfbein) Dirac
spinor theory. Our notations and conventions are as
follows. Spacetime coordinates are labeled by indices from

the Greek alphabet u,v,... =0, 1, 2, 3, while the spin
indices a, b, ... = 0, 1, 2, 3, 4 take the values from the Latin
alphabet.

II. FONFBEIN DIRAC EQUATION

The fundamental quintet of the Dirac 4 x 4 matrices I'*
with a =0, 1, 2, 3, 4, which obey the anticommutation
relations,

{re, 1} =24, n* =diag(1,-1,-1,-1,-1), (1)

can be introduced in terms of the conventional 4 x 4 Dirac
y-matrices. Using Peskin-Schroder notations [17] for y
matrices in terms of the Pauli matrices = and ¢ one has

(a=0), (2)
I:=y"=ir,0* (a=1,2,3), (3)

0= yo =1

i=—iys=it; (a=4), (4)

1
5 €abcac "T'TTTe = TOD'TOT = 1. (5)
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Here €,,,.4, is the five-dimensional totally antisymmetric
Levi-Civita tensor; its only nontrivial component is
€01234 = +1, hence also %1% = 41.

In order to formulate the dynamics of a spinor field in the
curved four-dimensional spacetime, we combine the 4 x 5
vielbein ¢4 and five matrices I'?, which form the 5-vector in
spin space, into a 4 x 4 Dirac matrices y*(x) = e (x)I
which form the 4-vector on the spacetime. The resulting
Dirac equation for a fermion with the rest mass M in the
curved manifold then reads

(ieal*V, — M)y = 0. (6)

This wave equation is covariant under arbitrary general
coordinate transformations, x — x(x’), on the spacetime
manifold and under the local SO(1,4) transformations in
spin space:

e — A, v — Uy, (7)

U™'TU = A9, TP, (8)

The orthogonal 5 x5 matrices A%, (x) (such that
A4 NP d = ) generate the SO(1,4) spin transforma-
tions U(x) by means of the operators

Sab — 4—1 e, 1), ()

The latter determine the covariant spinor derivatives in
terms of the spin connection @, = —@y,,,. Explicitly, for
the fermion wave function one has

i
Vi =0y +oy. o, :Ewabﬂsab- (10)

Note that the SO(1,4) spin connection contains 10 x 4 =40
elements instead of 24 elements in the tetrad formulation
of the general relativity (GR) theory. By evaluating the
commutator of covariant derivatives,

i
=35 Qabyvsabwv (1 1)

(vuvy - vyvﬂ)w )

we derive the spin field strength, or a spin curvature:
Q) = 0,0, — 0,0%, + @ 0, — @ @y, (12)
It is worthwhile to recall the key algebraic relations:
e, Sbc] _ i(r]“brc _ Wacrb>’ (13)
(e, §bey = gabedeg, (14)

Furthermore, the SO(1,4) generators (9) satisfy

[Sab’ SCd} — i(—SaCﬂbd + Sad,,lbc
+ Sbcnad _ del,lac)’ (15)

ac,,bd

(’1 n _nadnbc + gabcdel'*e). (16)

| =

{Sab’ Scd} —

I1I. SPACETIME GEOMETRY INDUCED
BY SO(1.4) SPIN STRUCTURE

We treat {el,w,,} as the fundamental internal spin
variables in this approach. Let us demonstrate that they give
rise to an induced geometrical structure on the spacetime
manifold, that encompasses the metric ¢* and the linear
connection 4,

The traditional 4 x 4 spacetime metric is expressed in
terms of the 4 x 5 vielbein in a pretty much the same way as
in the tetrad GR,

g = eaein . (17)

This metric ¢"* then enters the usual equations for the
electromagnetic gauge fields and for the other bosonic
fields, which do not depend on spin degrees of freedom.
Obviously, the spacetime metric (17) is a symmetric
covariant second rank tensor field, and it is invariant under
arbitrary local SO(1,4) transformations (7) in the
spin space.

Provided the spacetime metric is nondegenerate (i.e.,
detg" # 0), we can construct the inverse tensor field g,,.
However, since (17) relates four- and five-dimensional
spaces, the rectangular 4 x 5 vielbein e/, cannot be inverted.
Nevertheless, we can introduce a 5 x 4 matrix

6; = nabg’welé’ (18)

which by construction is semi-inverse of the original
vielbein, in the sense that

ejen, = by, (19)
However,
edel, =117, # &7, (20)

From the definition, we prove that this is an idempotent
object (hence, a projector),

e 11¢, = 11, (21)

In general, it depends on the spacetime coordinates,
I, =11, (x).

Despite its peculiar properties above, the semi-inverse
matrix is a quite valuable variable because with its help one
can define the new hybrid object,
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0%, = 0,ef —0,e4 + wpel — 'y el (22)
Together, the spin curvature (12) and the spin forsion (22)
play the role of the generalized structure relations in
spin space.

After these preliminaries, we are in a position to discuss
the linear connection I, on the curved spacetime mani-
fold. Let us demonstrate how it arises from the crucial
consistency condition of the internal SO(1,4) spin struc-
ture with the geometrical structure of the spacetime:

Vot =00+ + o0 —r'ow, =0.  (23)

Making use of (10) and (13), we recast (23) into an
equivalent form,

Ve, =a,e, + F”,We’; - wbaﬂez =0. (24)

Since the vielbein cannot be inverted, one cannot solve this
to find the spin connection a)h,m in terms of the spacetime
geometrical structures. However, with the help of the semi-
inverse matrix ey we straightforwardly derive from (24),

I, = eg‘a)"bﬂez + eGo,ep. (25)

Summarizing, we have demonstrated that the SO(1,4)
spin structure induces the geometrical structure of the
spacetime,

(ea, @p,) = (g".T%,), (26)
by means of (17) and (25).

IV. PROPERTIES OF INDUCED
SPACETIME GEOMETRY

In general, the metric-affine manifold, endowed with the
metric and the linear connection {¢*”,I'%,}, is character-
ized by the curvature, torsion and nonmetricity [18].

By differentiating (24) we derive the integrability con-
dition of this consistency relation:

R eh — QP e8 =0, (27)

which relates the spacetime curvature

Ra/)’,,w — aﬂra/}y _ ayraﬂﬂ + Fa,mri[)’y _ Fa/lyl—%/}uv (28)
and the SO(1,4) spin curvature (12). Thereby, with the
help of the semi-inverse vielbein from (27) we find the
spacetime curvature in terms of the spin curvature:

Raﬁ/w = Q“b}wegez. (29)

By contraction, we derive the corresponding relations for
the Ricci tensor and the curvature scalar:

R

w — RA/MD = e?zezgab/lw (30)

R=g"R,, = éiesQ" . (31)

Using (17) and (25), we straightforwardly verify that the
spacetime connection I, is compatible with the metric:

Vug? = 0,97 + 17,07 +17,,9% =0.  (32)

In other words, the induced spacetime geometry has the
vanishing nonmetricity.
However, the induced spacetime torsion
T¢, =T*

My 77

I, =e0",. (33)

can be nontrivial, in general, which is explained by the
larger number of components (4 x 10 =40) of the SO(1,4)
spin connection.

Multiplying the generalized Dirac equation (6) by
(—ieZF“V” — M), with an account of the key consistency
condition (23), one obtains the generalized Klein-Gordon
equation:

¢V, V, + TV, + R+ M*)y =0. (34)
Here the operators

T = iS%elet el®F (35)
1 ab ¢cd P v
R = ES S eaebg(,’dﬂlﬂ (36)

are determined by the SO(1,4) spin torsion and curvature.
Using (15) and (16) we can reduce (36) to

R 1
R = e isheQ ., eaet + Eeabcdel“"ﬂ"d,weﬁez, (37)

which generalizes the earlier results [19,20]. The two last
terms are trivial in Einstein’s GR.

V. UNDERSTANDING
RECTANGULAR VIELBEIN

A. Asymmetric splitting of vielbein

The structure of an arbitrary 4 x 5 vielbein can be quite
complicated, in general but from the formal mathematical
point of view this is a rectangular matrix,

0 0 L0 L0 0
eg €} € e | €
N RN B 1
) e) el e el ‘ el
R I S 2 |” (38)
e el e €3 ‘ e;
303 3 3 3
e e e e ‘ e

064076-3



YURI N. OBUKHOV and G.E. VOLOVIK

PHYS. REV. D 109, 064076 (2024)

and it is natural to split this matrix into a square 4 x 4 block
ey (witha = 0, 1, 2, 3) and treat the last column k* := ¢/, as
an additional 4-vector element.

Using this decomposition el = {eh, K"}, we recast the
Dirac equation (6) into an equivalent form

(ieay*V, +ysk*V, — M)y = 0. (39)

We immediately recognize this as a particular case of the
so-called standard-model extension (SME), where the
variable k* manifests the Lorentz-violating effects, see
Kostelecky et al. [21,22]. This appears to be a natural
result, since the spin group SO(1,4) is indeed an extension
of the Lorentz SO(1,3) symmetry.

On the other hand, inserting ef, = {ek, k*} into (17), we
find for the induced spacetime metric,

(0)
g = g — . (40)

0
where the first term, ;,3, = e’ée;n“ﬂ, is constructed with
the standard four-dimensional flat Minkowski 7% =
diag(1,—1,—1,—-1). The representation (40) is known as
the generalized Kerr-Schild ansatz, which is a powerful tool
widely used in gravity theory to generate exact solutions of
the gravitational field equations, see [23-25]. Of special
interest is the case when k* is null (lightlike) vector field

0
with respect to both metrics ¢*“k,k, = gﬁ”z’kﬂk,, = 0. The
representation (40) may be particularly useful for the study
of physical effects in the Kerr geometry (with a nontrivial
torsion, in general), such as the superradiance [26,27], for
example, however, this goes beyond the scope of the
present paper.

B. Symmetric five-leg vielbein
The Euclidean four-dimensional space with ¢** = o =
diag(1,1,1,1) (where p, v =0, 1, 2, 3), T'* = iy* (for
a=1, 2, 3) and I'* = y5, can be constructed using the
symmetric five-leg vielbein—the vertices of the 4-simplex:

S D .
ViV5 V5 Vs s

Note that the internal spin group is the Euclidean SO(5).
The hyperpyramid is fully symmetric:

eyt +ei+eh+e, =0, u=0,12.3, (42)
4

O et = 5 a=>b, (43)

Su€aeh = — =, a#b. (44)

This has natural geometrical connection to two golden
ratios, ¢, and ¢_:

LY (45)
di+p_=1, ¢+_¢—:\/§- (46)

C. Vacuum quasicrystal

The rectangular vielbein emerges also in such condensed
matter systems as quasicrystal; the structure in the (D = 3)-
dimensional space, which is obtained from a regular space
crystal in dimension n > D by dimensional reduction [28].
The quasicrystal structure can be described as a system of n
crystallographic planes, X%(x) = 2zN%, NY€Z with
a =1,2, ..., n. The elasticity properties of the quasicrystals
are described by the so-called elasticity vielbein, which are
the gradients of the phase functions:

ef(x) =0,Xx), =123 a=12..n (47)

The five-leg vielbein in Eq. (41) can be considered in
terms of the quasicrystalline vacuum, which is obtained by
reduction from the regular 5D crystal to the 4D space:

e;=0,X"(x), u=0,1,23, a=0,1,2,3,4. (48)
In the flat spacetime, this gravitational quasicrystal-
line vacuum looks as uniform, since g¢* = =
diag(1,1,1,1).

In the elasticity vielbein approach, the curvature and
torsion are obtained by introduction of the topological
defects into the crystal structure—dislocations and discli-
nations [29-31].

VL DE SITTER SPACETIME
AND DE SITTER GROUP SO(1.4)

The 4 x 5 vielbein can be also obtained if one considers
the de Sitter spacetime as the (1 4 3)-hypersurface in the
(1 + 4)-dimensional Minkowski spacetime M, 4. With the
Cartesian coordinates X“,a =0, 1, 2, 3, 4, and the line
element ds? = 1,,dX*d X" on M 4, the de Sitter space T, 5
can be embedded in it as the hyperboloid [32],

Nap XX = —£2 (49)

The constant parameter ¢ is called a radius of the de Sitter
space X;3. The embedding (49) can be, for example,
conveniently described in parametric form by the
Cartesian coordinates x* = (¢, x,y,2):

X0=2f(r)S(1), X*=¢f(r)C(2), (50)

Xl=x, X’=y, &’=gz (51)
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where 2 = x? 4+ y* + z* and the functions

2

f= 1—%, C=cosh(t/£), S=sinh(t/£).  (52)

Thereby, on the hypersurface (49) the metric is induced
ds* = G dxtdx", G = e;jel’fqah, (53)
by the 5 x 4 vielbein of the embedding (50), (51):

fC - S _s8

’f ’f ‘f
e 0 1 0 0
gi="s=]0 0 1 0 [ (54

0 0 0 1

C € C
s % % %

The resulting induced metric (53),

g v x,»xj ) l?J LR ]
u 0 -5 —

describes X, ; as a homogeneous four-dimensional space-
time of constant curvature R%,, = #((ﬁgm — 859p,)-
Transforming from the Cartesian (x,y,z) coordinates to
the spherical ones (r, 6, ¢), we can recast (53)—(55) into a
familiar de Sitter line element

2 dr?
ds? — <1 _?> dr? — e r*(d6? + sin* 0d¢?). (56)

fZ

Geometrically, the orthogonal group SO(1,4) is the
group of motions of the de Sitter space, and the latter
arises as homogeneous X3 = SO(1,4)/SO(1,3) space.
Hence, it is common to call SO(1,4) a de Sitter group.
Choosing the point X§ = {0,0,0,0,7} €X; 5 as a center,
we have as its stabilizer the Lorentz group SO(1, 3) formed

L
by 5x5 matrices A% =(59), with LeSO(1,3).
Accordingly, the action of the 10-parameter de Sitter group
SO(1,4) is naturally parametrized by the product of 5 x 5

matrices,
LS
A= AN, (57)

L
where A is an arbitrary 6-parameter Lorentz rotation, and

s
the matrix A describes a 4-parameter de Sitter boost
that maps the center Xfj€X;; to an arbitrary point
X = £1° €%, 5, with n 11" = —1. Explicitly,

5['1 - <Sa[j 1
b= 4
l‘ﬁ t

a

1t
a o B
), S =8+ ar (58)

where a, =0, 1, 2, 3, and 1, = n,4t", with the four-
dimensional Minkowski metric 7,4 = diag(1,—1,-1,-1).

In the limit of # — oo, the de Sitter space X; 5 reduces
to the flat spacetime R%g,, =0 with (55) becoming the
standard Minkowski metric, whereas the de Sitter group
SO(1,4) reduces to the corresponding group of motions of
the Minkowski spacetime M3, i.e., the 10-parameter
Poincaré group. In terms of the Lie algebras, the reduction
of so(1,4) to the Poincaré algebra is known as the Inonii-
Wigner contraction [33].

Interestingly, Dirac [34] proposed an alternative wave
equation for a spin—% particle in the de Sitter spacetime,
which was later revisited by Giirsey and Lee [35], by
making use of the 5D Clifford algebra (1) and the
embedding geometry (49). Despite certain formal similar-
ities, that spinor wave equation is quite different from our
approach based on the 4 x 5 vielbein.

VII. CONCLUSION

The generalized Dirac equation (6) suggests a nontrivial
extension of the Lorentz SO(1,3) spin group to the de
Sitter group SO(1,4), introducing the rectangular 4 x 5
vielbein ¢/ as a new fundamental variable along with
the spin connection @, = —wy,, that is necessary to
provide the covariance of the Dirac wave equation under
arbitrary general coordinate transformations on the space-
time manifold and under the local de Sitter SO(1,4)
transformations (7) in spin space.

Here we demonstrated that the fundamental spin variables
{€l, @y, } give rise to an induced geometrical structure on
the spacetime manifold (26), and determine the metric g**
and the linear connection "4, via (17) and (25), respec-
tively. The resulting Riemann-Cartan spacetime geometry is
characterized by the vanishing nonmetricity (32), whereas
the nontrivial spacetime curvature and torsion are con-
structed in terms of the spin curvature and the spin torsion
via (29) and (33).

The use of rectangular vielbeins introduces a new field-
theoretic approach for the discussion of the physically
important questions such as the chirality issue and the
possible Lorentz symmetry violation, that allows for an
interesting mixing of internal and spacetime symmetries,
thereby naturally taking gravity into account; however,
without bringing in extra spacetime dimensions of the
Kaluza-Klein type. Among other prospective applications
of rectangular vielbeins, it is also worthwhile to mention
the study of their potential role in condensed matter
physics [8-10,16].
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